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UNIVERSAL INTEGRABILITY OBJECTS

HERMAN BOOS, FRANK GÖHMANN, ANDREAS KLÜMPER,

KHAZRET S. NIROV, AND ALEXANDER V. RAZUMOV

ABSTRACT. We discuss the main points of the quantum group approach in the theory
of quantum integrable systems and illustrate them for the case of the quantum group
Uq(L(sl2)). We give a complete set of the functional relations correcting inexactitudes
of the previous considerations. A special attention is given to the connection of the
representations used to construct the universal transfer operators and Q-operators.

1. INTRODUCTION

The modern approach to a wide class of quantum integrable systems is based on
the concept of a quantum group introduced by Drinfeld and Jimbo [17, 20]. Here all
the objects describing the model and related to its integrability are obtained from the
universal R-matrix of the underlying quantum group. For the first time this approach
was used by Bazhanov, Lukyanov and Zamolodchikov [5, 6, 7], see also the paper [2].

The universal R-matrix is an element of the tensor product of two copies of the quan-
tum group under consideration. The objects related to integrable systems are obtained
by fixing representations of the factors of the tensor product. By historical reasons, it
is customary to call the representation space of one of the factors the auxiliary space,
and the representation space of the other one the quantum space. For definiteness, we
assume that the auxiliary space is associated with the first factor, and the quantum
space with the second one. In fact, fixing the representation for the auxiliary space we
define an object related to integrability, while the choice of the representation for the
quantum space defines a physical model. For example, a square lattice vertex model
and the related spin chain arise when we take for the quantum space a tensor power of
finite-dimensional representations of a quantum group. The basic example here is the
six-vertex model and the XXZ spin chain. If the quantum space is the representation
space of a certain infinite-dimensional vertex representation of the quantum group,
we have a two-dimensional quantum field theory.

If we fix the representation for the auxiliary space only, we obtain universal objects
which do not depend on the physical model. It appears that it is possible to derive for
these objects the universal functional relations responsible for the integrability, see, for
example, [2, 8]. The functional relations for a concrete physical model can be obtained
then by fixing the representation of the quantum group in the quantum space.

In this talk we shortly discuss the main points of the quantum group approach and
illustrate them for the case of the quantum group Uq(L(sl2)). We give a complete set
of the functional relations correcting inexactitudes of the previous considerations. A
special attention is given to the connection of the representations used to construct the
universal transfer operators and the universal Q-operators. Additional details can be
found in the paper [11].
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2. QUANTUM GROUP APPROACH

2.1. General remarks.

2.1.1. Quantum groups. Let g be a Kac–Mody algebra [23]. A quantum group Uq(g)
determined by g is a Hopf algebra of a special type. As a Hopf algebra, it is supplied
with an associative multiplication with a unit, a coassociative comultiplication with a
counit, and an antipode.

The quantum group Uq(g) can be considered as a ’deformation’ of the enveloping
algebra of the Lie algebra g. Depending on the sense of q, there are at least three
definitions of a quantum group. According to the first definition, q = exp h̄, where h̄
is an indeterminate, according to the second one, q is an indeterminate, and according
to the third one, q = exp h̄, where h̄ is a complex number such that q 6= 0,±1. In
the first case a quantum group is a C[[h̄]]-algebra, in the second case a C(q)-algebra,
and in the third case it is just a complex algebra. For our purposes, it seems that it is
most convenient to use the third definition. Therefore, we define a quantum group as
a C-algebra, see, for example, the books [22, 15, 18].

For any Hopf algebra A with the comultiplication ∆ we can define the opposite
comultiplication:

∆op = Π ◦ ∆,

where Π is the element of End(A ⊗ A) defined by the equation1

Π(a ⊗ b) = b ⊗ a.

A Hopf algebra A is said to be almost cocommutative, if there exists an invertible element
R ∈ A ⊗ A such that

∆op(a) = R∆(a)R−1.

An almost cocommutative Hopf algebra A is called quasitriangular, if

(∆⊗ id)(R) = R13R23, (id ⊗ ∆)(R) = R13R12. (2.1)

In this case the element R is called the universal R-matrix. The universal R-matrix
satisfies the Yang-Baxter equation for the universal R-matrix

R12 R13 R23 = R23 R13 R12. (2.2)

Any quantum group Uq(g) is a quasitriangular Hopf algebra.

2.1.2. Spectral parameter. Assume that a quasitriangular Hopf algebra A is endowed
with a family of automorphisms Φν, ν ∈ C×, satisfying the equation

Φν1
◦ Φν2 = Φν1ν2 . (2.3)

The spectral-parameter-dependent universal R-matrix is defined as

R(ζ1|ζ2) = (Φζ1
⊗ Φζ2

)R,

and the Yang–Baxter equation for the universal R-matrix (2.2) gives the Yang–Baxter
equation for the spectral-parameter-dependent universal R-matrix,

R12(ζ1|ζ2)R
13(ζ1|ζ3)R

23(ζ2|ζ3) = R23(ζ2|ζ3)R
13(ζ1|ζ3)R

12(ζ1|ζ2). (2.4)

In the case when
(Φν ⊗ Φν)R = R (2.5)

one has
R(ζ1ν|ζ2ν) = R(ζ1|ζ2)

1In general, if A1 and A2 are two algebras, we denote by Π the element of Hom(A1 ⊗ A2, A2 ⊗ A1)
defined by the equation Π(a1 ⊗ a2) = a2 ⊗ a1.
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for any ν ∈ C×. Here it is possible to define the universal R-matrix depending on only
one spectral parameter

R(ζ) = R(ζ|1).

Then one has

R(ζ1|ζ2) = R(ζ1ζ−1
2 ),

and the spectral-parameter-dependent Yang–Baxter equation reads

R12(ζ1ζ−1
2 )R13(ζ1ζ−1

3 )R23(ζ2ζ−1
3 ) = R23(ζ2ζ−1

3 )R13(ζ1ζ−1
3 )R12(ζ1ζ−1

2 ).

A simplest way to construct a family of automorphisms Φν, satisfying equation (2.3),
is to assume that the Hopf algebra A is endowed with a Z-gradation,

A =
⊕

m∈Z

Am.

It is easy to see that the grading automorphisms

Φν(a) = ∑
m∈Z

νmam, (2.6)

where a = ∑m am, am ∈ Am, satisfy equation (2.3).

2.2. Universal integrability objects from the universal R-matrix.

2.2.1. Preliminaries. Let Uq(g) be a quantum group. Note that the universal R-matrix
for Uq(g) is in fact an element of Uq(b+) ⊗ Uq(b−) ⊂ Uq(g) ⊗ Uq(g), where b+ and
b− are the standard Borel subalgebras of g [30, 25, 28, 31, 24]. Therefore, to construct
universal integrability objects we need representations of Uq(b+). One can obtain rep-
resentations of Uq(b+) from representations of Uq(g) by the restriction, however, we
need also representations which cannot be obtained by this procedure.

Below ϕ is a representation of Uq(g) in a vector space V, and ρ is a representation
of Uq(b+) in a vector space W which cannot be extended to a representation of the full
quantum group Uq(g).

We assume that a family of automorphisms Φν, ν ∈ C×, of Uq(g), satisfying equation
(2.3), is fixed and define the families of representations

ϕζ = ϕ ◦ Φζ , ρζ = ρ ◦ Φζ ,

parametrized by the spectral parameter ζ.

2.2.2. R-operators and R-matrices. For any ζ1, ζ2 ∈ C× we define

Rϕ(ζ1|ζ2) = (ϕ ⊗ ϕ)(R(ζ1 |ζ2)) = (ϕζ1
⊗ ϕζ2

)(R).

It is clear that Rϕ(ζ1|ζ2) is an element of End(V) ⊗ End(V) ∼= End(V ⊗ V). We call

it an R-operator. If V = Ck one can identify Rϕ(ζ1|ζ2) with the corresponding k2 × k2

matrix called an R-matrix. The Yang–Baxter equation for the universal R-matrix (2.2)
or for the spectral-parameter-dependent universal R-matrix (2.4) give the usual Yang–
Baxter equation

R12
ϕ (ζ1|ζ2) R13

ϕ (ζ1|ζ3) R23
ϕ (ζ2|ζ3) = R23

ϕ (ζ2|ζ3) R13
ϕ (ζ1|ζ3) R12

ϕ (ζ1|ζ2).

If equation (2.5) is valid, one can define the R-operator with one spectral parameter

Rϕ(ζ) = Rϕ(ζ|1)

which satisfies the Yang–Baxter equation of the form

R12
ϕ (ζ1ζ−1

2 ) R13
ϕ (ζ1ζ−1

3 ) R23
ϕ (ζ2ζ−1

3 ) = R23
ϕ (ζ2ζ−1

3 ) R13
ϕ (ζ1ζ−1

3 ) R12
ϕ (ζ1ζ−1

2 ).
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One can also define an R-operator using two different representations of Uq(g), say
ϕ1 : Uq(g) → End(V1) and ϕ2 : Uq(g) → End(V2). In this case we use the notation

Rϕ1,ϕ2(ζ1|ζ2) = (ϕ1ζ1
⊗ ϕ2ζ2

)(R).

It is clear that the operator Rϕ1,ϕ2(ζ1|ζ2) is an element of End(V1) ⊗ End(V2) ∼=
End(V1 ⊗ V2). It is useful to introduce the linear mapping

Řϕ1,ϕ2(ζ1|ζ2) = P ◦ Rϕ1,ϕ2(ζ1|ζ2),

where the mapping P is the element of Hom(V1 ⊗V2, V2 ⊗V1) defined by the equation

P(v1 ⊗ v2) = v2 ⊗ v1.

The mapping Řϕ1,ϕ2(ζ1|ζ2) is an element of Hom(V1 ⊗V2, V2 ⊗V1) which serves as the
intertwiner for the representations ϕ1ζ1

⊗∆ ϕ2ζ2
and ϕ2ζ2

⊗∆ ϕ1ζ1
of Uq(g) in the vector

spaces V1 ⊗ V2 and V2 ⊗ V1 respectively.2 To show this, first write

ϕ2ζ2
⊗ ϕ1ζ1

= Π ◦ (ϕ1ζ1
⊗ ϕ2ζ2

) ◦ Π.

Note that the first Π at the right hand side of the above equation is an element of
Hom(End(V1) ⊗ End(V2), End(V2) ⊗ End(V1)), and the second one is an element of
End(Uq(g)⊗ Uq(g)). Since Uq(g) is an almost cocommutative Hopf algebra, we come
to the equation

Π((ϕ2ζ2
⊗ ϕ1ζ1

)(∆(a))) = (ϕ1ζ1
⊗ ϕ2ζ2

)(R∆(a)R−1).

Taking into account that

Π(M1 ⊗ M2) = P−1 ◦ (M1 ⊗ M2) ◦ P

for any M1 ∈ End(V1) and M2 ∈ End(V2), we obtain

(ϕ2ζ2
⊗∆ ϕ1ζ1

)(a) = Řϕ1,ϕ2(ζ1|ζ2) ◦ ((ϕ1ζ1
⊗∆ ϕ2ζ2

)(a)) ◦ (Řϕ1 ,ϕ2(ζ1|ζ2))
−1.

Thus, the representations ϕ1ζ1
⊗∆ ϕ2ζ2

and ϕ2ζ2
⊗∆ ϕ1ζ1

are equivalent and the map-

ping Řϕ1,ϕ2(ζ1|ζ2) is the corresponding intertwiner.
The explicit forms of R-matrices were obtained from the corresponding universal R-

matrices for some representations of the quantum groups Uq(L(sl2)) [24, 27, 32, 14, 13,
9], Uq(L(sl3)) [32, 14, 13, 9] and Uq(L(sl3, µ)) [24, 10], where µ is the standard diagram
automorphism of sl3 of order 2.

2.2.3. Universal monodromy operators and universal transfer operators. We define a univer-
sal monodromy operator Mϕ(ζ) by the equation

Mϕ(ζ) = (ϕζ ⊗ id)(R).

It is clear that Mϕ(ζ) is an element of the algebra End(V)⊗ Uq(g).
The transfer operators are obtained via taking the trace over the representation space

V of the representation ϕ used to define the monodromy operators. We denote by tr
the usual trace on the algebra of endomorphisms under consideration.

In general, if trA is a linear mapping from an algebra A to C, satisfying the cyclic
property

trA(a1a2) = trA(a2a1),

we say that trA is a trace on A. It is useful to have in mind that a linear combination of
traces on an algebra A is a trace on A.

2We use the notation ⊗∆ to distinguish between the tensor product of representations and the usual
tensor product of mappings, so that (ϕ ⊗∆ ψ)(a) = (ϕ ⊗ ψ)(∆(a)).
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If ϕ is a representation of an algebra A in a vector space V, we denote

trϕ = tr ◦ ϕ.

It is evident that trϕ is a trace on the algebra A. Due to the cyclic property of a trace, if
two representations ϕ1 and ϕ2 of an algebra A are equivalent, then trϕ1

= trϕ2 .
Let t be a group-like element of A. This means that

∆(t) = t ⊗ t. (2.7)

Starting with the universal monodromy operator Mϕ(ζ), we define the corresponding
universal transfer operator as

Tϕ(ζ) = (tr ⊗ id)(Mϕ(ζ)(ϕζ (t)⊗ 1)) = (trϕζ
⊗ id)(R(t ⊗ 1)).

It is common to call t a twist element.
An important property of transfer operators is their commutativity. Let ϕ1 : Uq(g) →

End(V1) and ϕ2 : Uq(g) → End(V2) be two representations of Uq(g). Using the defini-
tion of the universal transfer operator written as

Tϕ(ζ) = (trϕζ
⊗ id)(R12t1),

we obtain

Tϕ1
(ζ1)Tϕ2(ζ2) = (trϕ1ζ1

⊗ trϕ2ζ2
⊗ id)(R13R23t1t2).

Now rewriting equation (2.7) as

∆(t) = t1t2

and having in mind (2.1), we see that

(∆⊗ id)(R(t ⊗ 1)) = R13R23t1t2.

Thus, we have

Tϕ1
(ζ1)Tϕ2(ζ2) = (trϕ1ζ1

⊗∆ϕ2ζ2
⊗ id)(R(t ⊗ 1)).

In a similar way we determine that

Tϕ2(ζ2)Tϕ1
(ζ1) = (trϕ2ζ2

⊗∆ϕ1ζ1
⊗ id)(R(t ⊗ 1)).

Since the representations ϕ1ζ1
⊗∆ ϕ2ζ2

and ϕ2ζ2
⊗∆ ϕ1ζ1

are equivalent, we have

Tϕ1
(ζ1)Tϕ2(ζ2) = Tϕ2(ζ2)Tϕ1

(ζ1). (2.8)

Let us prove one more useful property of the universal transfer matrices. Let a be a
group-like element of Uq(g). Since

∆(a) = ∆op(a),

we have

R12a1a2 = a1a2R12.

If a commutes with the twist element t, then

R12t1a1a2 = a1a2R12t1.

Assuming that a is an invertible element, we can rewrite this equation as

(a1)−1((R12t1) a2) a1 = a2(R12t1).

Now applying to both sides mapping (tr ◦ ϕζ)⊗ id, we see that

Tϕ(ζ)a = a Tϕ(ζ)

for any invertible group-like element a ∈ Uq(g) commuting with the twist element t.
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2.2.4. Universal L-operators and universal Q-operators. L-operators play in the construc-
tion of Q-operators the same role as monodromy operators in the construction of
transfer operators, and the definition of L-operators is very similar to the definition
of the monodromy operators. The main distinction here is that to define L-operators
we use the representation ρ of Uq(b+) which cannot be extended to a representation
of Uq(g). In fact, to obtain some useful objects one should choose representations ρ
defining L-operators and Q-operators to be related to representations ϕ used to define
the monodromy operators and the corresponding transfer operators. Presently, we do
not have a full understanding of how to do it. It seems that the representation ρ should
be obtained from the representation ϕ via some limiting procedure, see [3, 19] and the
example below.

We define a universal L-operator by the equation

Lρ(ζ) = (ρζ ⊗ id)(R).

It is clear that Lρ(ζ) is an element of End(W)⊗ Uq(b−).
The corresponding universal Q-operator is defined by the relation

Qρ(ζ) = (tr ⊗ id)(Lϕ(ζ)(ρζ (t)⊗ 1)) = (trρζ
⊗ id)(R(t ⊗ 1)).

Since Řρ,ϕ(ζ1, ζ2) is the intertwiner of the representations ρζ1
⊗∆ ϕζ2

and ϕζ2
⊗∆ ρζ1

they are equivalent. Therefore, one has

Qρ(ζ1)Tϕ(ζ2) = Tϕ(ζ2)Qρ(ζ1), (2.9)

where we assume that the same twist element is used to define both the universal
Q-operator and the universal transfer matrix. As well as for the case of universal
transfer operators, one can show that any group-like element commuting with the
twist element commutes with Q-operators defined with the help of this twist element.

Using only the definition of Qρ(ζ), one can not prove the commutativity of Qρ(ζ)
for different values of the spectral parameter because ρ cannot be extended to a rep-
resentation of the whole algebra Uq(g) and the corresponding intertwiner cannot be
constructed in a direct way. However, as for the case of universal transfer matrices,
also here we can obtain the equation

Qρ1
(ζ1)Qρ2(ζ2) = (trρ1ζ1

⊗∆ρ2ζ2
⊗ id)(R(t ⊗ 1)) (2.10)

valid for any representations ρ1 and ρ2 of Uq(b+). Analysing the tensor product of the
representations ρ1 and ρ2 one obtains information about the product of the operators
Qρ1

(ζ1) and Qρ2(ζ2). In this way one can prove the functional relations.

3. EXAMPLE. UNIVERSAL INTEGRABILITY OBJECTS

We consider the example of the quantum group Uq(L(sl2)). The necessary represen-
tations of Uq(L(sl2)) and of the corresponding Borel subalgebra can be constructed by
using the homomorphisms to the quantum group Uq(sl2) and to the q-oscillator alge-
bra Oscq respectively. Therefore, we start with a discussion of the simplest representa-
tions of these algebras.
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3.1. Quantum group Uq(sl2).

3.1.1. Definition. Let h̄ be a complex number such that q = exp h̄ is not equal to 0
and ±1. We assume that qν, ν ∈ C, means the complex number exp(h̄ν). The quantum
group Uq(sl2) is a unital associative C-algebra generated by the elements E, F, and

qνH , ν ∈ C, with the following defining relations

q0 = 1, qν1 Hqν2 H = q(ν1+ν2)H, (3.1)

qνHEq−νH = q2νE, qνHFq−νH = q−2νF, (3.2)

[E, F] = κ−1
q (qH − q−H). (3.3)

Here and below κq = q − q−1. Note that qνH is just a notation, there is no an element
H ∈ Uq(sl2). In fact, it is constructive to identify H with the standard Cartan element
of the Lie algebra sl2, and νH with a general element of its Cartan subalgebra h = CH.
Using this interpretation, one can say that qνH is a set of generators parameterized by
the elements of the standard Cartan subalgebra of sl2.

The quantum group Uq(sl2) is also a Hopf algebra with the comultiplication

∆(qνH) = qνH ⊗ qνH ,

∆(E) = E ⊗ 1 + q−H ⊗ E, ∆(F) = F ⊗ qH + 1 ⊗ F,

and the correspondingly defined counit and antipode.
The monomials EiFjqνH for i, j ∈ Z≥0 and ν ∈ C form a basis of Uq(sl2). There is

one more basis defined with the help of the quantum Casimir element C which has the
form

C = EF + κ−2
q (qH−1 + q−H+1) = FE + κ−2

q (qH+1 + q−H−1).

Here and below we use the notation qνH+µ = qµqνH , ν, µ ∈ C. One can verify that C

belongs to the center of Uq(sl2). It is clear that the monomials of the form Ei+1CjqνH ,

Fi+1CjqνH and CjqνH for i, j ∈ Z≥0 and ν ∈ C also form a basis of Uq(sl2).

3.1.2. Simplest modules and representations. The simplest Uq(sl2)-modules have a basis

consisting of eigenvectors of the operators corresponding to the elements qνH . Let v

be such a vector. It follows from (3.1) that3

qνHv = qνµv

for some µ ∈ C. The number µ is called a weight, and the vector v a weight vector of
weight µ.

The defining relations (3.2) immediately give

qνHEv = qν(µ+2)Ev, qνHFv = qν(µ−2)Fv.

These relations suggest us to consider a free vector space generated by the vectors vn,
n ∈ Z, such that

Fvn = vn+1.

If qνHv0 = qνµv0, then we have

qνHvn = qν(µ−2n)vn.

As for the action of E on vn, it is natural to assume that

Evn = cnvn−1

3Here and below considering representations we use the module notation.
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for some complex constants cn. Now the defining relation (3.3) gives

cn+1 = cn + [µ − 2n]q,

and, therefore,

cn = λ + [n]q[µ − n + 1]q

for some constant λ ∈ C. Here and below

[ν]q = κ−1
q (qν − q−ν) =

qν − q−ν

q − q−1

for any ν ∈ C.
We obtain a Uq(sl2)-module determined by the equations

qνHvn = qν(µ−2n)vn, (3.4)

Evn = (λ + [n]q[µ − n + 1]q)vn−1, Fvn = vn+1. (3.5)

We denote this module by Ṽµ,λ and the corresponding representation by π̃µ,λ. The

action of the quantum Casimir operator on the vectors of the module Ṽµ,λ is

Cv = κ−2
q (λ + qµ+1 + q−µ−1)v.

Introduce for the Uq(sl2)-module Ṽµ,λ a new basis formed by the vectors

un = vn+k

for some k ∈ Z. Simple calculations give

qνHun = qν(µ−2k−2n)un,

Eun = (λ + [k]q[µ − k + 1]q + [n]q[µ − 2k − n + 1]q)un−1, Fun = un+1.

Thus the modules Ṽµ,λ with

λ = λ0 + [k]q[µ0 − k + 1]q, µ = µ0 − 2k

are isomorphic for all k ∈ Z and fixed µ0 and λ0.

3.1.3. Highest weight modules. Consider the Uq(sl2)-module Ṽµ,λ and assume that

λ + [n]q[µ − n + 1]q = 0

for some n ∈ Z. Shifting the basis we see that up to an isomorphism we can assume
that this equation is valid for n = 0, so that λ = 0. Hence, we have

Ev0 = 0.

It is clear that the vectors vn, n ∈ Z≥0, form a basis of a Uq(sl2)-submodule. We denote

it by Ṽµ and the corresponding quotient representation by π̃µ . The module Ṽµ is a
highest weight module with highest weight µ.

If µ equals a non-negative integer m, the linear hull of the vectors vn with n > m is

a Uq(sl2)-submodule of Ṽm isomorphic to the module Ṽ−m−2. We denote the corre-

sponding finite-dimensional quotient module Ṽm/Ṽ−m−2 by Vm and the correspond-
ing quotient representation by πm.
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3.1.4. Traces. The trace defined by a representation π̃µ,λ for a general λ is singular.
However, for λ = 0, using the representation π̃µ and denoting

t̃rµ = trπ̃µ ,

we obtain that

t̃rµ(E
i+1CjqνH) = 0, t̃rµ(F

i+1CjqνH) = 0,

and that

t̃rµ(C
jqνH) = κ

−2j
q (qµ+1 + q−µ−1)j qνµ

1 − q−2ν

for |q−2ν| < 1. If |q−2ν| > 1 the trace of CjqνH can be defined by analytic continuation.
Using the finite-dimensional representation πm and denoting

trm = trπm ,

we obtain

trm(E
i+1CjqνH) = 0, trm(F

i+1CjqνH) = 0,

trm(C
jqνH) = κ

−2j
q (qm+1 + q−m−1)j [m + 1]qν .

One easily obtains the equation

trm = t̃rm − t̃r−m−2 (3.6)

which actually follows from the definition of the representation πm.
One can define

trµ = t̃rµ − t̃r−µ−2 (3.7)

for an arbitrary µ ∈ C. The mapping trµ is a trace on Uq(sl2), however, it is not
generated by a representation of Uq(sl2).

3.2. q-oscillators.

3.2.1. Definition. We start with reminding the necessary definitions, see, for example,
the book [26]. Let h̄ be a complex number such that q = exp h̄ 6= 0,±1. The q-oscillator
algebra Oscq is a unital associative C-algebra with generators b†, b, qνN , ν ∈ C, and
relations

q0 = 1, qν1 Nqν2 N = q(ν1+ν2)N, (3.8)

qνNb†q−νN = qνb†, qνNb q−νN = q−νb, (3.9)

b†b = κ−1
q (qN − q−N), b b† = κ−1

q (qN+1 − q−N−1). (3.10)

It is easy to understand that the monomials (b†)i+1qνN , bi+1qνN and qνN for i ∈ Z≥0

and ν ∈ C form a basis of Oscq.

3.2.2. Simplest modules and representations. The simplest Oscq-modules have a basis

consisting of eigenvectors of the operators corresponding to the elements qνN . If v
be such a vector, then it follows from (3.8) that

qνNv = qνλv

for some λ ∈ C. In turn, the defining relations (3.9) give

qνNb†v = qν(λ+1)b†v, qνNb v = qν(λ−1)b v.
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Having these equations in mind, let us consider a free vector space generated by the
vectors vn, n ∈ Z, and try to endow it with a structure of an Oscq-module assuming
first that

b†vn = vn+1.

Now, if we assume additionally that qνNv0 = qνλv0, then

qνNvn = qν(λ+n)vn,

and it is natural to expect that the action of b on vn is given by the equation

b vn = cnvn−1

for some complex constants cn. It follows from the defining relations (3.10) that cn =
[λ + n]q. Now one can verify that the relations

qνNvn = qν(λ+n)vn,

b†vn = vn+1, b vn = [λ + n]qvn−1

endow the vector space under consideration with the structure of an Oscq-module.

We denote this module by Wλ and the corresponding representation by χλ. It is quite
evident that the modules Wλ with λ = λ0 + k are isomorphic for all k ∈ Z and fixed
λ0.

Now consider the Oscq-module Wλ and assume that [λ + n]q = 0 for some n ∈ Z.
Up to an isomorphism of Oscq-modules one can assume that n = 0 so that [λ]q = 0. It
is the case if λ = 0 or λ = πi/h̄. Here we have

b v0 = 0.

It is clear that the vectors vn with n ≥ 0 form a basis of an Oscq-submodule of Wλ. In

the case where λ = 0 we denote it by W+ and the corresponding representation by χ+.
Explicit expressions for the action of the generators on the basis vectors vn, n ∈ Z≥0,
of the Oscq-module W+ are

qνNvn = qνnvn, (3.11)

b†vn = vn+1, b vn = [n]qvn−1, (3.12)

where we assume that v−1 = 0.
Let W− be a free vector space generated by vectors vn, n ∈ Z≥0. One can see that

the relations

qνNvn = q−ν(n+1)vn, (3.13)

b vn = vn+1, b†vn = −[n]qvn−1, (3.14)

where we again assume that v−1 = 0, endow W− with the structure of an Oscq-

module. We denote the corresponding representation of Oscq by χ−. One can show

that this Oscq-module is isomorphic to the quotient Oscq-module W0/W+.

3.2.3. Traces. The trace on the algebra Oscq defined with the help of the representation

χλ for a general λ is singular. Using the representation χ+ and denoting

tr+ = trχ+ ,

we see that

tr+((b
†)i+1qνN) = 0, tr+(b

i+1qνN) = 0,
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and that

tr+(q
νN) =

1

1 − qν
,

for |q| < 1. For |q| > 1 we define the trace tr+ by analytic continuation. One can also
define

tr− = trχ− .

however, one can easily show that tr− = −tr+.

3.3. Quantum group Uq(L(sl2)).

3.3.1. Definition. It is convenient to start with the definition of Uq(L̃(sl2)). Remind

that L(sl2) is the loop Lie algebra of the simple Lie algebra sl2, and L̃(sl2) is its stan-
dard central extension, see, for example, the book by Kac [23].

The Cartan subalgebra of L̃(sl2) is

h̃ = CH ⊕Cc,

where H is the standard Cartan element of sl2 and c the central element. Define the
Cartan elements

h0 = c − H, h1 = H

so that one has
h̃ = Ch0 ⊕Ch1.

The simple positive roots α0, α1 ∈ h̃∗ are given by the equations

αj(hi) = aij,

where

(aij) =

(
2 −2

−2 2

)
.

Let, as before, h̄ be a complex number, such that q = exp h̄ 6= 0,±1. The quantum

group Uq(L̃(sl2)) is a C-algebra generated by the elements ei, fi, i = 0, 1, and qx, x ∈ h̃,
with the relations

q0 = 1, qx1 qx2 = qx1+x2 , (3.15)

qxeiq
−x = qαi(x)ei, qx fiq

−x = q−αi(x) fi, (3.16)

[ei, f j] = κ−1
q δij (q

hi − q−hi) (3.17)

satisfied for all i and j, and the Serre relations

e3
i ej − [3]qe2

i ejei + [3]qeieje
2
i − eje

3
i = 0, (3.18)

f 3
i f j − [3]q f 2

i f j fi + [3]q fi f j f 2
i − f j f 3

i = 0 (3.19)

satisfied for all distinct i and j.
The quantum group Uq(L(sl2)) can be defined as the quotient algebra of the quan-

tum group Uq(L̃(sl2)) by the two-sided ideal generated by the elements of the form
qνc − 1, ν ∈ C×. In terms of generators and relations the quantum group Uq(L(sl2)) is

a C-algebra generated by the elements ei, fi, i = 0, 1, and qx, x ∈ h̃, with the relations

(3.15)–(3.19) and the additional relation4

qν(h0+h1) = 1. (3.20)

4Note that h0 + h1 = c, so that qν(h0+h1) = qνc.
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The quantum group Uq(L(sl2)) is a Hopf algebra with the comultiplication ∆ de-
fined by the relations

∆(qx) = qx ⊗ qx, (3.21)

∆(ei) = ei ⊗ 1 + q−hi ⊗ ei, ∆( fi) = fi ⊗ qhi + 1 ⊗ fi, (3.22)

and with the correspondingly defined counit and antipode.
Below we denote the standard Borel subalgebras of the Lie algebra L(sl2) by b+ and

b−. The Borel subalgebra Uq(b+) is the subalgebra generated by e0, e1 and qx, x ∈ h̃.

The Borel subalgebra Uq(b−) is generated by f0, f1 and qx, x ∈ h̃.

3.3.2. Jimbo’s homomorphism and universal transfer operators. Following Jimbo [21], we
define a homomorphism

ϕ : Uq(L(sl2)) → Uq(sl2)

by the equations

ϕ(qνh0) = q−νH, ϕ(e0) = F, ϕ( f0) = E,

ϕ(qνh1) = qνH , ϕ(e1) = E, ϕ( f1) = F.

Let π̃µ be the highest weight infinite-dimensional representation of Uq(sl2) with high-
est weight µ described above. We define a representation ϕ̃µ of Uq(L(sl2)) as

ϕ̃µ = π̃µ ◦ ϕ.

Slightly abusing notation, we denote the corresponding Uq(L(sl2))-module by Ṽµ and
the representation by π̃µ. We see that for this module one has

qνh0 vn = q−ν(µ−2n) vn, qνh1 vn = qν(µ−2n) vn, (3.23)

e0 vn = vn+1, e1 vn = [n]q[µ − n + 1]q vn−1, (3.24)

f0 vn = [n]q[µ − n + 1]q vn−1, f1 vn = vn+1. (3.25)

In the case when µ equals a non-negative integer m we again abuse notation and de-
note the corresponding Uq(L(sl2))-module and representation by Vm and πm.

To introduce the spectral parameter we endow Uq(L(sl2)) with a Z-gradation as-

suming that the generators qx, x ∈ h̃, belong to the zero-grade subspace, the genera-
tors ei belong to the subspaces with the grading indices si, and the generators fi belong
to the subspaces with the grading indices −si. Then for the mapping Φν, defined by
equation (2.6), we have

Φν(q
x) = qx, Φν(ei) = νsiei, Φν( fi) = ν−si fi.

Below we use the notation s = s0 + s1. Note that with this definition of a Z-gradation
equation (2.5) is true. It is useful to assume that the actual spectral parameter is a
complex number u, such that

ζ = qu = eh̄u. (3.26)

This assumption allows us to uniquely define arbitrary complex powers of ζ.

Using the mapping Φν, we come to the Uq(L(sl2))-module Ṽ
µ
ζ for which we have

qνh0 vn = q−ν(µ−2n) vn, qνh1 vn = qν(µ−2n) vn, (3.27)

e0 vn = ζs0 vn+1, e1 vn = ζs1 [n]q[µ − n + 1]q vn−1, (3.28)

f0 vn = ζ−s0 [n]q[µ − n + 1]q vn−1, f1 vn = ζ−s1 vn+1. (3.29)
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The corresponding representation is denoted by π̃
µ
ζ . When µ equals a non-negative

integer m we use for the corresponding finite-dimensional module and representation
the notations Vm

ζ and πm
ζ .

Now we define the universal monodromy operators

M̃µ(ζ) = (ϕ̃
µ
ζ ⊗ id)(R), Mm(ζ) = (ϕm

ζ ⊗ id)(R)

and the universal transfer operators

T̃µ(ζ) = ((tr ⊗ id) ◦ (ϕ̃
µ
ζ ⊗ id))(R(t ⊗ 1)) = ((t̃rµ ⊗ id) ◦ (ϕζ ⊗ id))(R(t ⊗ 1)),

Tm(ζ) = ((tr ⊗ id) ◦ (ϕm
ζ ⊗ id))(R(t ⊗ 1)) = ((trm ⊗ id) ◦ (ϕζ ⊗ id))(R(t ⊗ 1)).

Here µ is an arbitrary complex number and m is a non-negative integer. From the
explicit expression for the universal R-matrix [31] it follows that

T0 = 1.

Taking into account equation (3.6), we see that

Tm(ζ) = T̃m(ζ) − T̃−m−2(ζ).

This equation suggests a definition for any complex number µ of the universal transfer
operator

Tµ(ζ) = T̃µ(ζ) − T̃−µ−2(ζ) = ((trµ ⊗ id) ◦ (ϕζ ⊗ id))(R(t ⊗ 1)), (3.30)

where trµ is the trace on Uq(sl2) defined by equation (3.7). The universal transfer
operators Tµ(ζ) possess the evident property

T−µ−2(ζ) = −Tµ(ζ).

In particular, one has T−1(ζ) = 0.

3.3.3. Representations of the Borel subalgebras and universal Q-operators. As we noted
above, to construct universal L-operators and universal Q-operators we need repre-
sentations of the Borel subalgebra Uq(b+) which cannot be extended to representa-
tions of the total quantum group Uq(L(sl2)). We consider two methods to obtain such
representations.

First note that if ϕ is a representation of Uq(b+) and ξ ∈ h̃∗, then the mapping ϕ[ξ]
defined by the equations

ϕ[ξ](ei) = ϕ(ei), ϕ[ξ](qx) = qξ(x)ϕ(qx)

is a representation of Uq(b+) called a shifted representation. It follows from (3.20) that
we have to assume that

ξ(h0) = −ξ(h1).

One can show that for ξ 6= 0 this representation cannot be extended to a representa-
tion of Uq(L(sl2)). It follows from the formula for the universal R-matrix given by
Khoroshkin and Tolstoy [31] that the universal L-operator defined with the help of the
representation ϕ[ξ] is connected with the universal monodromy operator defined with
the help of the representation ϕ by the relation

Lϕ[ξ](ζ) = Mϕ(ζ) qξ(h1)(h1+2φ)/2. (3.31)

Here and below we assume that the twist element is of the form

t = qφh1 , (3.32)
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where φ is a complex number. As follows from (3.21) the element t is group-like. We
see that the use of shifted representations does not give anything really new.

Let us now start with the representation ϕ̃
µ
ζ and try to consider the limit µ → ∞.

Looking at relations (3.27) we see that we cannot take it directly for ϕ̃
µ
ζ . Therefore, we

consider first a shifted representation ϕ̃
µ
ζ [ξ] of Uq(b+) for which we have

qνh0 vn = q−ν(µ−2n−ξ(h0))vn, qνh1 vn = qν(µ−2n+ξ(h1))vn, (3.33)

e0vn = ζs0 vn+1, e1vn = ζs1 [n]q[µ − n + 1]qvn−1. (3.34)

Assume that
ξ(h0) = −ξ(h1) = µ, (3.35)

and introduce a new basis
wn = q−n(µ+1)s0/svn.

The relations (3.33) take the form

qνh0 wn = q2νnwn, qνh1 wn = q−2νnwn,

and instead of (3.34) we have

e0wn = (q(µ+1)/sζ)s0 wn+1,

e1wn = (q(µ+1)/sζ)s1 κ−1
q (q−n − q−2µ+n−2)[n]qwn−1.

Denote by ρ
+, µ
ζ the representation of Uq(b+) determined by the equations

qνh0 vn = q2νnvn, qνh1 vn = q−2νnvn,

e0vn = ζs0 vn+1, e1vn = ζs1 κ−1
q (q−n − q−2µ+n−2)[n]qvn−1,

and by ρ+ζ its limit as µ → ∞ given by the relations

qνh0 vn = q2νnvn, qνh1 vn = q−2νnvn, (3.36)

e0vn = ζs0 vn+1, e1vn = ζs1 κ−1
q q−n[n]qvn−1. (3.37)

The used notation is justified below where we consider an interpretation in terms of
q-oscillators.

It is clear that there is an isomorphism

ρ
+, µ
ζ

∼= ϕ̃
µ

q−(µ+1)/sζ
[ξ],

where ξ is defined by (3.35), and if we define a universal Q-operator by the equation

Q(ζ) = ζsh1/4((tr ⊗ id) ◦ (ρ+ζ ⊗ id))(R(t ⊗ 1)), (3.38)

we have the equation

Q(ζ) = ζsh1/4 lim
µ→∞

(
T̃µ(q

−(µ+1)/sζ)q−µ(h1+2φ)/2
)

.

A few remarks on the definition of Q(ζ) are in order.
The element ζsh1/4 is introduced to have a simple form of the universal TQ-relations.

In fact, this element is defined as

ζsh1/4 = qush1/4,

see (3.26). Since the elements qνh1 , ν ∈ C, are invertible group-like elements commut-
ing with the twist element (3.32), they commute with the universal transfer matrices
and Q-operators, see sections 2.2.3 and 2.2.4.
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One can also consider the limit µ → −∞. Here one defines the mapping ξ by the
relations

ξ(h0) = µ + 2, ξ(h1) = −µ − 2 (3.39)

and introduces a new basis in Ṽ
µ
ζ given by the equation

wn = κn
q q−n(n+1)/2qn(µ+1)s0/svn.

The relations (3.33) take now the form

qνh0 wn = q2ν(n+1)wn, qνh1 wn = q−2ν(n+1)wn,

and instead of (3.34) we have

e0wn = (q−(µ+1)/sζ)s0 κ−1
q qn+1wn+1,

e1wn = −(q−(µ+1)/sζ)s1(1 − q2(µ−n+1))[n]qwn−1.

Denote by ρ
−, µ
ζ the representation of Uq(b+) determined by the equations

qνh0 vn = q2ν(n+1)vn, qνh1 vn = q−2ν(n+1)vn,

e0vn = ζs0 κ−1
q qn+1vn+1, e1vn = −ζs1(1 − q2(µ−n+1))[n]qvn−1,

and by ρ−ζ its limit as µ → −∞ given by the relations

qνh0 vn = q2ν(n+1)vn, qνh1 vn = q−2ν(n+1)vn, (3.40)

e0vn = ζs0 κ−1
q qn+1vn+1, e1vn = −ζs1 [n]qvn−1. (3.41)

There is an evident isomorphism

ρ
−, µ
ζ

∼= ϕ̃
µ

q(µ+1)/sζ
[ξ]

with ξ defined by (3.39). Introducing a new universal Q-operator

Q(ζ) = ζ−sh1/4((tr ⊗ id) ◦ (ρ−ζ ⊗ id))(R(t ⊗ 1)), (3.42)

we see that

Q(ζ) = ζ−sh1/4 lim
µ→−∞

(
T̃µ(q

(µ+1)/sζ)q−(µ+2)(h1+2φ)/2
)

.

It is instructive to compare the consideration given in the present section with the
formulae of the paper [4].

3.3.4. Interpretation in terms of q-oscillators. Return again to relations (3.36) and (3.37)
describing the representation ρ+ζ . Assume that the operators qνN , b† and b act in the

representation space in accordance with (3.11) and (3.12). This allows us to write (3.36)
and (3.37) as

qνh0 vn = q2νNvn, qνh1 vn = q−2νNvn,

e0vn = ζs0 b†vn, e1vn = ζs1 κ−1
q b q−Nvn.

These equations suggest a homomorphism ρ : Uq(b+) → Oscq defined by

ρ(qνh0) = q2νN , ρ(qνh1) = q−2νN ,

ρ(e0) = b†, ρ(e1) = κ−1
q b q−N.

Using the representations χ+ and χ− of Oscq, we can now define the representations

ρ+ = χ+ ◦ ρ, ρ− = χ− ◦ ρ
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of the Borel subalgebra Uq(b+). We denote the Uq(b+)-modules corresponding to the

representations ρ+ζ and ρ−ζ by W+
ζ and W−

ζ . It is easy to see that relations (3.36) and

(3.37) describe the representation ρ+ζ as it should be in accordance with the notation

used.
It is evident that the equations

σ(h0) = h1, σ(h1) = h0,

σ(e0) = e1, σ(e1) = e0, σ( f0) = f1, σ( f1) = f0

define an automorphism of Uq(L(sl2)) and, via the restriction, an automorphism of
Uq(b+). Therefore, the mapping

ρ = ρ ◦ σ

is a homomorphism from Uq(L(b+)) to Oscq, and the mappings

ρ+ = χ+ ◦ ρ, ρ− = χ− ◦ ρ

are representations of Uq(b+). We denote the Uq(b+)-modules corresponding to the

representations ρ+ζ and ρ−ζ by W
+
ζ and W

−
ζ . One can be convinced that relations (3.40)

and (3.41) describe the representation ρ−ζ .

3.3.5. On generalized Q-operators. The authors of the paper [29] introduced the so called
generalized Q-operators. To this end they tried to find more general representations of
Uq(b+). The idea was to consider a free vector space generated by vectors un, n ∈ Z,
and to use the ansatz

qνh0 un = q2νn+νδun, qνh1 un = q−2νn−νδun,

e0un = ζs0 un+1, e1un = ζs1 cnun−1,

where δ and cn are some complex constants. To obtain a representation of Uq(b+) one
should satisfy (3.15), the first equation of (3.16) and the Serre relations (3.18). It is clear
that only the Serre relations are not satisfied yet. To satisfy them one has to assume
that

cn−3 − [3]qcn−2 + [3]qcn−1 − cn = 0.

The general solution for this recurrence relation is

cn = γ0 − γ1q−2n − γ2q2n,

where γ0, γ1 and γ2 are arbitrary complex constants.
In a general case the trace defined with the obtained representation is singular. Let,

however, cn = 0 for some n. Up to equivalence of representations we can assume that
c0 = 0, or equivalently

γ0 = γ1 + γ2. (3.43)

In this case the vectors un, n ∈ Z≥0 form an invariant subspace. We denote the corre-

sponding Uq(b+)-module by U
δ,γ1,γ2
ζ .

Consider the case when γ1 6= 0 and γ2 6= 0. Here it is convenient to introduce new
parameters δ1 and δ2 such that

γ1 = q2δ1 , γ2 = q2δ2 ,

and a new basis formed by the vectors

vn = κ
−2ns0/s
q q−n(δ1+δ2)s0/sun.
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One easily obtains that

e0vn = (κ2/s
q q(δ1+δ2)/sζ)s0 vn+1, e1vn = (κ2/s

q q(δ1+δ2)/sζ)s1 [n]q[δ1 − δ2 − n]qvn−1.

Remembering equation (3.33) and (3.34), we see that in the case under consideration
there is the isomorphism

U
δ,γ1,γ2
ζ

∼= Ṽδ1−δ2−1

κ2/s
q q(δ1+δ2)/sζ

[ξ]

with the element ξ ∈ h̃∗ determined by the equations

ξ(h0) = δ + δ1 − δ2 − 1, ξ(h1) = − δ − δ1 + δ2 + 1.

Now assume that γ2 = 0 and γ1 6= 0. Here γ0 = γ1, and introducing the basis
formed by the vectors

vn = κ
−ns0/s
q q−2nδ1s0/sun,

we determine that

e0vn = (κ1/s
q q2δ1/sζ)s0 vn+1, e1vn = (κ1/s

q q2δ1/sζ)s1 q−n[n]qvn−1.

Having in mind equations (3.36) and (3.37), we conclude that

U
δ,γ1,0
ζ

∼= W+

κ1/s
q q2δ1/sζ

[ξ],

where ξ is defined by the equations

ξ(h0) = δ, ξ(h1) = −δ

The last nontrivial case is when γ1 = 0 and γ2 6= 0. Here defining a new basis by
the relation

vn = κn
q κ−2ns0/s

q q−2nδ2s0/sq−n(n+1)/2un,

we obtain

e0vn = (κ2/s
q q2δ2/sζ)s0 κ−1

q qn+1vn+1, e1vn = −(κ2/s
q q2δ2/sζ)s1 [n]qvn−1.

Taking into account equations (3.40) and (3.41), we see that there is the isomorphism

U
δ,0,γ2
ζ

∼= W
−

κ2/s
q q2δ2/sζ [ξ],

where

ξ(h0) = δ − 2, ξ(h1) = − δ + 2.

In fact, one can show that even in the case when (3.43) is not satisfied there are iso-
morphisms of Uq(b+)-modules defined in this section with Uq(b+)-modules defined
in sections 3.1.2 and 3.2.2 for λ 6= 0. However, in this case we meet the problem of the
singularity of the trace. Thus, the generalized Q-operators introduced in the paper [29]
are equivalent either to usual transfer operators or to usual Q-operators. Nevertheless,
the additional representations considered in the present paper and in [29] can be used
to establish the integrability of some interesting quantum systems, see, for example,
[1].
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4. EXAMPLE. UNIVERSAL FUNCTIONAL RELATIONS

4.1. Commutativity relations. It is worth to remind that since qνh1 for any ν ∈ C is an

invertible group-like element of Uq(L(sl2)) and commutes with the twist element qφh1 ,

it commutes with the universal transfer operators T̃µ(ζ), Tµ(ζ) and with the universal

Q-operators Q(ζ), Q(ζ).
There are functional relations which are due only to the fact that the universal

transfer operators and the universal Q-operators are constructed from the universal
R-matrices. These are the commutativity relations for the universal transfer matrices

[T̃µ1
(ζ1), T̃µ2(ζ2)] = 0, [Tµ1

(ζ1), Tµ2(ζ2)] = 0, [T̃µ1
(ζ1), Tµ2(ζ2)] = 0 ,

see relation (2.8), and the commutativity of the universal transfer operators and the
universal Q-operators

[T̃µ(ζ1),Q(ζ2)] = 0, [T̃µ(ζ1),Q(ζ2)] = 0 ,

[Tµ(ζ1),Q(ζ2)] = 0, [Tµ(ζ1),Q(ζ2)] = 0 ,

see relation (2.9).
Another set of commutativity relations follows from the properties of the represen-

tations used to define the universal transfer operators and the universal Q-operators.
Having in mind that the universal Q-operators are obtained from the universal trans-
fers operators by limiting procedure and that the universal transfer operators com-
mute, we obtain

[Q(ζ1),Q(ζ2)] = 0, [Q(ζ1),Q(ζ2)] = 0, [Q(ζ1),Q(ζ2)] = 0 .

4.2. Universal TQ-relations. We see that the universal Q-operators Q(ζ) and Q(ζ)
commute for coinciding and different values of the spectral parameters. More de-
tailed information on their product can be obtained from relation (2.10). Analysing
the structure of the representation ρ+ζ1

⊗∆ ρ−ζ2
[6, 12, 11], one can see that the Uq(b+)-

module W+
ζ1
⊗ W−

ζ2
has an increasing filtration

{0} = (W+
ζ1
⊗ W−

ζ2
)−1 ⊂ (W+

ζ1
⊗ W−

ζ2
)0 ⊂ (W+

ζ1
⊗ W−

ζ2
)1 ⊂ . . . ,

where (W+
ζ1
⊗ W−

ζ2
)k are Uq(b+)-submodules with the quotient modules

(W+
ζ1
⊗ W−

ζ2
)k/(W+

ζ1
⊗ W−

ζ2
)k−1

∼= Ṽ
µ
ζ [ξk]. (4.1)

Here the elements ξk ∈ h̃∗ are determined by the relations

ξk(h0) = µ + 2k + 2, ξk(h1) = −µ − 2k − 2, (4.2)

The parameters ζ and µ are connected with the parameters ζ1 and ζ2 as

ζ = (ζ1ζ2)
1/2, qµ+1 = (ζ1/ζ2)

(s0+s1)/2. (4.3)

The inverse transformation to the parameters ζ1 and ζ2 is

ζ1 = q(µ+1)/sζ, ζ2 = q−(µ+1)/sζ.

It follows from relations (3.38), (3.42), (4.1) and (3.31) that

Q(q(µ+1)/sζ)Q(q−(µ+1)/sζ) = T̃µ(ζ)
q−(µ+1)φ

q(h1+2φ)/2 − q−(h1+2φ)/2
.
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Hence, we have

T̃µ(ζ) = q(µ+1)φC Q(q(µ+1)/sζ)Q(q−(µ+1)/sζ), (4.4)

where
C = q(h1+2φ)/2 − q−(h1+2φ)/2.

Rewriting (4.4) as

T̃µ(q
ν/sζ) = q(µ+1)φC Q(q(µ+ν+1)/sζ)Q(q−(µ−ν+1)/sζ) (4.5)

and introducing new parameters

α = µ + 1 + ν, β = −(µ + 1) + ν, (4.6)

we come to the equation

T̃(α−β)/2−1(q
(α+β)/2sζ) = q(α−β)φ/2C Q(qα/sζ)Q(qβ/sζ).

Using (4.4), we easily determine that

qγφ/2T̃(α−β)/2−1(q
(α+β)/2sζ)Q(qγ/sζ) = qαφ/2T̃(γ−β)/2−1(q

(γ+β)/2sζ)Q(qα/s ζ) (4.7)

and that

q−γφ/2T̃(α−β)/2−1(q
(α+β)/2sζ)Q(qγ/sζ) = q−βφ/2T̃(α−γ)/2−1(q

(α+γ)/2sζ)Q(qβ/sζ).
(4.8)

It follows from (3.30) and (4.4) that for the universal transfer operators Tµ(ζ) we
have

Tµ(ζ) = C
[

q(µ+1)φQ(q(µ+1)/sζ)Q(q−(µ+1)/sζ)− q−(µ+1)φQ(q−(µ+1)/sζ)Q(q(µ+1)/sζ)
]

.

(4.9)
In particular, for µ = 0 we come to the Wronskian type relation

C
[

qφQ(q1/sζ)Q(q−1/sζ)− q−φQ(q−1/sζ)Q(q1/sζ)
]
= 1 .

From (4.9) it is easy to obtain the equation

T(α−β)/2−1(q
(α+β)/2sζ) = C

[
q(α−β)φ/2Q(qα/sζ)Q(qβ/sζ)− q(β−α)φ/2Q(qβ/sζ)Q(qα/sζ)

]
,

which implies that

qγφ/2T(α−β)/2−1(q
(α+β)/2sζ)Q(qγ/sζ) + qαφ/2T(β−γ)/2−1(q

(β+γ)/2sζ)Q(qα/sζ)

+ qβφ/2T(γ−α)/2−1(q
(γ+α)/2sζ)Q(qβ/sζ) = 0, (4.10)

and that

q−γφ/2T(α−β)/2−1(q
(α+β)/2sζ)Q(qγ/sζ) + q−αφ/2T(β−γ)/2−1(q

(β+γ)/2sζ)Q(qα/sζ)

+ q−βφ/2T(γ−α)/2−1(q
(γ+α)/2sζ)Q(qβ/sζ) = 0. (4.11)

We call the equations (4.10) and (4.11) the universal TQ-relations. Putting

α = γ − 2, β = γ + 2,

we obtain the relations of more usual form,

T (ζ)Q(ζ) = qφQ(q2/sζ) + q−φQ(q−2/sζ) ,

T (ζ)Q(ζ) = q−φQ(q2/sζ) + qφQ(q−2/sζ) ,
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where we denote T (ζ) = T1(ζ).

4.3. Universal TT-relations. Using relation (4.4), we obtain from (4.7), or from (4.8),
the equation

T̃(α−β)/2−1(q
(α+β)/2sζ)T̃(γ−δ)/2−1(q

(γ+δ)/2sζ)

= T̃(γ−β)/2−1(q
(γ+β)/2sζ)T̃(α−δ)/2−1(q

(α+δ)/2sζ).

For the universal transfer operators Tµ(ζ) defined by (3.30) we obtain

T(α−β)/2−1(q
(α+β)/2sζ)T(γ−δ)/2−1(q

(γ+δ)/2sζ)

= T(α−γ)/2−1(q
(α+γ)/2sζ)T(β−δ)/2−1(q

(β+δ)/2sζ)

− T(β−γ)/2−1(q
(β+γ)/2sζ)T(α−δ)/2−1(q

(α+δ)/2sζ).

We call these relations the universal TT-relations. There are two interesting special cases
of these relations. In the first case we put

α = γ + 2, β = δ + 2

and obtain

Tµ(q
1/sζ)Tµ(q

−1/sζ) = 1 + Tµ−1(ζ)Tµ+1(ζ) ,

where µ = (γ − δ)/2 − 1. In the second case we put

α = γ + 2, β = γ − 2

and obtain

T (ζ)Tµ(q
−(µ+1)/sζ) = Tµ+1(q

−µ/sζ) + Tµ−1(q
−(µ+2)/sζ) ,

where again µ = (γ − δ)/2 − 1.

5. CONCLUSION

We gave and discussed general definitions and facts on the application of quantum
groups to the construction of functional relations in the theory of integrable systems.
As an example, we reconsidered the case of the quantum group Uq(L(sl2)) related to
the six-vertex model and the XXZ spin chain. We gave the full set of the functional
relations in the form independent of the representation of the quantum group in the
quantum space. The specialization of the universal TQ-relations and universal TT-
relations to the case of the isotropic six-vertex model is obtained by other methods in
the papers [16, 4].
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