CALDARARU’S CONJECTURE AND TSYGAN’S FORMALITY

DAMIEN CALAQUE, CARLO A. ROSSI, AND MICHEL VAN DEN BERGH

ABSTRACT. In this paper we complete the proof of Caldararu’s conjecture on
the compatibility between the module structures on differential forms over
poly-vector fields and on Hochschild homology over Hochschild cohomology.
In fact we show that twisting with the square root of the Todd class gives an
isomorphism of precalculi between these pairs of objects.

Our methods use formal geometry to globalize the local formality quasi-
isomorphisms introduced by Kontsevich and Shoikhet (the existence of the
latter was conjectured by Tsygan). We also rely on the fact - recently proved
by the first two authors - that Shoikhet’s quasi-isomorphism is compatible with
cap product after twisting with a Maurer-Cartan element.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Throughout k is a ground field of characteristic 0. In this introduction (X, O) is
a ringed sitd] such that O is a sheaf of commutative k-algebras. We fix in addition
a Lie algebroid £ over (X, O).

Roughly speaking a Lie algebroid is a sheaf of O-modules which is also a sheaf
of Lie algebras which acts on O by derivations. See §3.I1 Standard examples of
Lie algebroids are the tangent bundle on a smooth manifold and the holomorphic
tangent bundle on a complex manifold. Readers not familiar with Lie algebroids
are advised to think of £ as a tangent bundle (holomorphic or not) for the rest of
this introduction. Concepts like “connection” take their familiar meaning in this
context. In fact: our main reason for working in the setting of Lie algebroids is
that these allow us to treat the algebraic, holomorphic and C'*°-cases in a uniform
way.

1.1. The Atiyah and Todd class of a Lie algebroid. From now on we make
the additional assumption that the Lie algebroid L is locally free of rank d as an
O-module.

The Atiyah class A(L) € Ext' (£, £* ® £) = H (X, £* ® Endp (L)) of £ may for
example be defined as the obstruction against the existence of a global £-connection
on L. See 6l for more details.

We work over sites instead of spaces to cover some additional cases which are important for
algebraic geometry (like algebraic spaces and Deligne-Mumford stacks). Readers not interested
in such generality may assume that (X, Q) is just a ringed space.
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The i-th scalar Atiyah class a;(£) of £ is defined as

a;(L) = tr(/\ A(L)) € H'(X, A\ £7),
where A\’ is the map
N\ (L7 @End(£)® » A\ £* @ End(L)
given by composition on End(£)®" and the exterior product on (£*)®¢ and where tr

is the usual trace on End(L), extended linearly to a map A’ £* @ End(L) — A\’ £*.
The Todd class td(£) of L is derived from the Atiyah class A(L) by the following

familiar formula:

(1.1) td(L) = det(%> cePuix, A\,

i>0
where the function
(1.2) q(z)

B x
1 —exp(—2x)

is extended to A L* ® End(L) wvia its formal Taylor expansion. In this way the
Todd class td(L) of £ can be expressed in terms of the scalar Atiyah classes of L.

1.2. Gerstenhaber algebras and precalculi. By definition a Gerstenhaber al-
gebra is a graded vector space equipped with a Lie bracket [—, —] of degree zero
and a commutative, associative cup product U of degree ond] such that the Leibniz
rule is satisfied
[a,bUc] = [a,b)Uc+ (—1)PH+Dp g, ]

If A is a Gerstenhaber algebra then a precalculus [12] over A is a quadruple
(A, M,1,L) where M is a graded vector space and + : A®@ M — M and L :
A® M — M are linear maps of degree 1 and 0 respectively such that : makes

M into an (A[—1],U)-module and L makes M into an (A, [—, —])-Lie module and
such that the following compatibilities hold for a,b € A

(13) 1oLy — (_1)(Ia|+l)|b‘Lbla = Ua,b]

(1.4) Lo + (= 1)1, Ly = Laus

A precalculus is not the same as a Gerstenhaber module. The second equation in
the previous display is not correct for a Gerstenhaber module.

Below @ will be referred to as “contraction” and L as the “Lie derivative”. Fur-
thermore we will often write a N'm for 1,(m) and as such refer to it as the “cap
product”.

1.3. Poly-vector fields, poly-differential operators, differential forms and
Hochschild chains in the Lie algebroid framework. For a Lie algebroid £
the sheaves of L-poly-vector fields and L-differential forms are defined as
n+1 —n
0= @ AL o =PAC
n>—1 n<0

where the wedge products are taken over Ox.

2Note that our grading conventions are shifted with respect to the usual ones.
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The sheaf Tpﬁoly(X ) becomes a sheaf of Gerstenhaber algebras when endowed
with the trivial differential, the Lie algebroid version of the Schouten—Nijenhuis
Lie bracket and the exterior product. Our grading convention is such that the Lie
bracket and wedge product are of degree 0 and 1 respectively.

We equip QF(X) with the trivial(!) differentiaf], and also with the contraction
operator and Lie derivative with respect to L-poly-vector fields. In this way the pair
(Tpﬁoly(X ), 2%(X)) becomes a sheaf of precalculi. In our conventions the contraction
operator and Lie derivative have degrees 1 and 0 respectively.

The Lie algebroid generalization of the sheaf of L-poly-differential operators
is denoted by leoly(X ) [2L28]. Tt is the tensor algebra over O of the universal
enveloping algebra of £ (see §3.3] below).

The sheaf Dgoly(X ) has similar properties as the standard sheaf of poly-differential
operators on X (see e.g. [I7]). In particular it is a differential graded Lie algebra
(shortly, from now on, a DG-Lie algebra) and also a Gerstenhaber algebra up to
homotopy. For the definition of the differential, the Lie bracket (of degree 0) and

the cup product (of degree 1) see §3.3

The sheaf of £-Hochschild chains O}foly(X ) may be defined as the O-dual of
DL

poly(X ) (although we use a slightly different approach). Furthermore there is a
differential by as well as actions N, L of D (X) on C%, (X) which make the

poly poly
pair (leoly (X), C}foly(X )) into a precalculus up to homotopy. We refer to 3.4

Finally, we recall that there is a Hochschild-Kostant—Rosenberg (HKR for short)
quasi-isomorphism from T}:ﬁ)ly (X) to Déoly (X); dually, there is a HKR quasi-isomor-
phism from C’Ifoly(X) to QF(X). As in the classical case where £ is the tangent
bundle neither of these HKR quasi-isomorphisms is compatible with the Gersten-

haber and precalculus structures up to homotopy.

1.4. Main results. Now we consider the derived category D(X) of sheaves of k-
vector spaces over X. When equipped with the derived tensor product this becomes
a symmetric monoidal category. Furthermore, viewed as objects in D(X), both

Tpﬁoly(X ) and Dgoly(X ) are honest Gerstenhaber algebras and their combination

with Q(X) and Cpfoly(X ) yields precalculi.
Our first main result relates the Todd class of a Lie algebroid (as discussed
in §IT)) to the failure of the HKR isomorphisms to preserve these precalculi struc-

tures.

Theorem 1.1. Let £ be a locally free Lie algebroid of rank d over the ringed site
(X,0x). Then we have the following commutative diagram of precalculi in the
category D(X):

HKROL\/m .
poly

(1.5) T

poly

(X) (X)

y y
OL(X)~—o L (X)),
(X) (+/5d(£)A—)oHKR poty (X)

3The De Rham differential dz on QF(X) is not part of the precalculus structure. In the
operadic setting of [12], d;, appears as a unary operation and not as a differential.
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where the vertical arrows indicate actions and the horizontal arrows are isomor-
phisms. Here A denotes the left multiplication in Q- (X) and v denotes the contrac-
tion action of Q*(X) on Tﬁ(X)E

The convention that wavy arrows indicate actions will be used throughout below.
The following corollary will be applied to Caldararu’s conjecture below.

Corollary 1.2. There is a commutative diagram of precalculi:

HKRov
my A VB
(16) @m,nZOH (X7/\ ﬁ) —H (X7 Dgoly(X))
y y

H™(X,\" £*) =~ H*(X, C~,.(X)).
D, o H XA (\)/td(_ﬁ)A_)oHKR (X, CPy (X))

with H* (X, —) denoting the hypercohomology functor.
Proof. This follows by applying the functor H®(X, —) to the commutative diagram

3. O

If we consider only the Lie brackets and the Lie algebra actions then the horizon-
tal isomorphisms in the commutative diagram (3] are obtained from the horizontal
arrows in diagram (7)) below, which is part of our second main result:

Theorem 1.3. Assume that R C k. Let L be a locally free Lie algebroid of rank d
over the ringed site (X,0). There exist sheaves of differential graded Lie algebras
(g%,d;, [, i) and sheaves of DG-Lie modules (m¥,b;, L;) over them as well as Loo-
quasi-isomorphisms U, from g& to g5 and S, from m5 to m£, which fit into the
following commutative diagram:

e

(1.7) Tpﬁ)]y(X)( E1£ 95 ? Doty (X) -
L Ll L2 // L
v \ o, i 4
QF(X)C mf m§ 2oty (X)

where the hooked arrows are strict (i.e. DG-Lie) quasi-isomorphisms.

1.4.1. Comments on the results and the proofs. The proof of Theorems [T and [[.3]
depends on the simultaneous globalization of a number of local formality results
due to Kontsevich [I7] (see also [18]), Tsygan [26], Shoikhet [2T] and the first two
authors [4HG]. This globalization is performed by a functorial version of formal
geometry [7] (see also [29]).

The proof of Theorem [I.1] roughly speaking involves the construction of a mor-
phism up to homotopy between the precalculus structures up to homotopy on
(T}ily(X), OF(X)) and (D}foly(X), C}foly(X)). In this paper we do not construct a
full “precalculuss,”-quasi-isomorphism between these structures (in the case that £
is a tangent bundle this has been done in [12] using operadic methods; actually, in
loc. cit., the authors work in the “calculuss,” setting, encoding also the De Rham

4Note that normally we view Q£ (X) as a module over T (X). In the definition of the horizontal
arrows in the diagram (5] the opposite actions appear for reasons that are mysterious to the
authors.
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differential, which is not part of the precalculus structure as observed before). On
the other hand, in contrast to loc. cit., the results we prove are explicit and this
fact is essential to recover Caldararu’s conjecture as formulated in [9] (see Theorem
[ below).

We are able to obtain such explicit results by starting with the local quasi-
isomorphisms of Kontsevich and Shoikhet which are given by explicit formulee (in
contrast to, say, Tamarkin’s local G-quasi-isomorphism [24]). While these are a
priori only Lo.-quasi-isomorphisms they are nonetheless compatible with products
up to homotopy [6,I7] in a strong explicit sense and this turns out to be enough
for our purposes.

As the local quasi-isomorphisms of Kontsevich and Shoikhet are defined over R
(see §5.4)) we have to assume R C k in the statement of Theorem [[L3] However
enough coefficients are rational (and computable), which in turn allows us to prove
Theorem [Tl over an arbitrary field of characteristic zero. This idea was already
used in [7]. See 7.3l For Theorem we could likely have started with a
Tamarkin-style local quasi-isomorphism [24] defined over Q, but since the coeffi-
cients of such a local quasi-isomorphism are not explicit, the result would not be
immediately applicable to Theorem [I1]

The existence of the upper horizontal isomorphism in (LE]) has been proved
independently in [7,[IT], while its explicit form has been computed in [7]. The
existence of the lower horizontal isomorphism has been shown in [12]. As observed
above, our approach via Kontsevich’s and Shoikhet’s local formality formulee allows
us to compute it explicitly.

1.5. Caldararu’s conjecture. Assume now that X is a smooth algebraic or com-
plex variety. Caldararu’s conjecture (stated originally in the algebraic case) asserts
the existence of various compatibilities between the Hochschild (co)homology and
tangent (co)homology of X (see below). For the full statement we refer to [9]. The
results in this paper complete the proof of Caldararu’s conjecture.

We now explain this in more detail. The Hochschild (co)homology [23] of X is
defined as

HH"(X) = EXt?)XXx (OA, Oa) (n> 0)
HH,, (X) = Tor®** (O, 04)  (n <0)

n

where A C X x X is the diagonal. From these definitions it is clear that HH®(X)
has a canonical algebra structure (by the Yoneda product) and HHe (X)) is a module
over it.
Furthermore if we put £ = Tx then it is proved in [§] (and partially in [30]) that
there are isomorphisms of algebras and modules
HH*(X) ———— H*(X, D% (X))

poly

HHv (X) H* (X, Cvfoly(X )

where on the right-hand side we consider only the part of the precalculus given by
the cup and cap product.
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We define the tangent (co)homology of X by

HT*(X) = (H(X, /\ Tx), HQW(X) = @ H* (X, Q).
where now (1% denotes the graded sheaf of differential forms on X.
The commutative diagram (L6]) then yields the following

Theorem 1.4 (“Caldararu’s conjecture”). For a smooth algebraic or complex va-
riety X over k there is a commutative diagram of k-algebras and modules

(1.8) HT* (X) Vo e
g g
HOW(X) HH. (X),

(1/$d(X)A—)oHKR
where td(X) is the Todd class for L = Tx.

Theorem [[4] completes the proof of the parts of Caldararu’s conjecture [9] which
do not depend on X being proper. The cohomological part (the upper row in the
above diagram) had already been proved in [7] and is also an unpublished result of
Kontsevich.

In the proper case there is an additional assertion in Caldararu’s conjecture
which involves the natural bilinear form on HH4(X). We do not consider this
assertion in the present paper as it has already been proved by Markarian [19]
and Ramadoss [20]. If we combine Theorem [[L8 with the results of Markarian and
Ramadoss we obtain a full proof of Caldararu’s conjecture. Let us also mention that
in the compact Calabi-Yau case Caldararu’s conjecture has been proved in [I5].

Acknowledgment. We express our gratitude to the anonymous referees for the care-
ful reading of the manuscript. Their comments have helped us improve the paper.

2. NOTATION AND CONVENTIONS

As stated already we always work over a ground field k of characteristic 0; un-
adorned tensor products are over k.

Most objects we consider are equipped with a topology which will be explic-
itly specified when needed. However if an object is introduced without a specific
topology, or if the topology is not clear from the context, then it is assumed to be
equipped with the discrete topology.

Many objects we will encounter are Z-graded. Koszul’s sign rule is always as-
sumed in this context. For a double or higher complex we apply the sign rule with
respect to total degree.

3. SOME RECOLLECTIONS ON LIE ALGEBROIDS AND RELATED TOPICS

3.1. Generalities on Lie algebroids. In this section R is a commutative k-
algebra.

Definition 3.1. A Lie algebroid L over R is a Lie algebra over k£ which is in
addition an R-module and is endowed with an anchor map p : L — Dery(R)
satisfying the compatibility

(31) [ll,Tlg] = p(ll)(T)lg + T[ll,lg], reR, l;eL,i=1,2.
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The basic example of a Lie algebroid over R is L = Dery(R) with the identity
anchor map and the commutator Lie bracket.

If L is a Lie algebroid then R® L is a Lie algebra with Lie bracket [(r, 1), (', )] =
(p()(r") = p(I")(r), [1,1']). We define the universal enveloping algebra Ug(L)
of L to be the quotient of the enveloping algebra associated to the Lie algebra R® L
by the relation r @ l =71l (r € R,l € R® L).

For the sake of simplicity, below we will usually omit the anchor map p from the
notation, unless it is necessary for the sake of clarity.

The universal enveloping algebra of a Lie algebroid satisfies a universal property
similar to that of an ordinary enveloping algebra. This implies for example that the
anchor map p uniquely extends to an algebra morphism from Ug(L) to Endy(R),
or equivalently: it yields a left Ur(L)-module structure on R. For reasons which
will become clear later we assume that our Lie algebroids are free of rank d over R.

3.1.1. L-poly-vector fields and L-differential forms over R. To a Lie algebroid L
over R we associate

(32) TpLoly(R) = @ /\717«%+1L,
n>—1

(3.3) OFR) =P Ag"L", L* =Homg(L, R).
n<0

We refer to (B2)) and (B3) as the spaces of L-poly-vector fields and L-forms
on R.

As an exterior algebra TpLoly(R) has a wedge product which we denote by U (“the
cup product”). The extension of the Lie bracket on L to a bi-derivation on TpLoly(R)
defines a Lie bracket which is called the Schouten—Nijenhuis bracket and is denoted
by [—, —]. Note that with our grading conventions the cup product has degree one
and the Lie bracket has degree zero. The cup product and the Lie bracket make
TpLOly(R) into a (shifted) Gerstenhaber algebra with trivial differential.

On the other hand, QF(R) is obviously a graded algebra with respect to the
wedge product. In addition there is an analogue dj, of the De Rham differential on
QF(R), which is given on generators by

dp(r)(l) = U(r)
dr (%)l 12) = L7 (12)) — L(I*(l)) — ([l L2]),
forre R, I,l; € L,i=1,2,1* € L*, and is extended uniquely by Leibniz’s rule.
The natural contraction operation of L-forms on R with respect to L-poly-vector
fields is denoted by N (the “cap product”). The Lie derivative L of L-forms on
R with respect to L-poly-vector fields is specified in the usual way wvia Cartan’s

homotopy formula as the commutator of d;, and the contraction. The pair
((TL (R)a [_7 _]a U)a (QL(R)v ﬁ, L))

poly

forms a precalculus (see §I.2I).

3.1.2. L-connections. As usual L is a Lie algebroid over R.

Definition 3.2. Let M be an R-module M. An L-connection on M is a k-linear
map V from M to L* ®p M, which satisfies Leibniz’s rule

(3.4) V(rm) =di(r)@ m+rVm, r € R, m € M.



CALDARARU’S CONJECTURE AND TSYGAN’S FORMALITY 9

The L-connection V is said to be flat, if V2 = 0. Equivalently, the assignment
I — V,, where V; denotes the action of V followed by contraction with respect to
[, defines a Lie algebra morphism from L to Endy(M).

If we let I € L act as V; then a flat L-connection on M extends to a left Ug(L)-
module structure on M.

Furthermore a flat L-connection V on M can be extended to a differential (de-
noted by the same symbol) on the graded R-module QF(R) ®zr M wvia Leibniz’s
rule

V(iw®@gm)=dwegm+ (-1)“wAvVm, weQl(R), me M.

3.1.3. L-differential operators over R. In this section we define the algebra of poly-
differential operators of a Lie algebroid and we list some of its properties. We give
some explicit formulae along the lines of [6].

As in the case of ordinary Lie algebras Ur (L) (see §3.I]) may be naturally filtered
by giving R filtered degree 0 and L filtered degree 1. In particular

FOUR(L) = Ra FlUR(L) =R® L7
We view Ug(L) as an R-central bimodule via the natural embedding of R into
Ug(L). Explicitly, if we denote this embedding by 4 therl]
(3.5) rD = Dr ' i(r)D, r € R,D € Up(L)

Moreover Ug(L) is an R-coalgebra [2§], i.e. Ur(L) possesses an R-linear coproduct
A :Ug(L) - Ur(L)®rUg(L) and an R-linear counit, satisfying the usual axioms.
The comultiplication actually takes values in

(Ur(L) ®r Ur(L))’

={> D;®E; € Ur(L)®r Ur(L) |Vr € R: Y _ Dji(r)® E; = »_ D; ® Eyi(r)
J J J
which is an R-algebra even though Ur(L) ® g Ur(L) is not.
The comultiplication A and counit € are given by similar formule as in the Lie
algebra case

A(r)=r®rl=1Q®gr reR
(3.6) All)=1l®rl1+1®pl lelL
' A(DE) = D(l)E(l) & D(Q)E(Q) D,E € UR(L)
(D) = D(1)

In the third formula we have used Sweedler’s convention. The expression on the
right-hand side is well defined because it is the product inside the algebra (Ur(L)®g
Ugr(L))'. In the fourth formula we have used the natural action of Ur(L) on R (see
).

The algebra (better: in the terminology of [2/28] “the Hopf algebroid”) Ug(L)
may be thought of as an algebra of L-differential operators on R: in the case
L = Derg(R) and R smooth over k then Ug(L) coincides with the algebra of
differential operators on R.

5Note that there is an at first sight more natural right R-module structure on Ur(L) given by
the formula Dr = Di(r). This alternative right module structure will not be used in this paper.
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3.1.4. L-jets. Let (Ur(L))<y, be the elements of degree < m with respect to the
canonical filtration on Ug(L) introduced in §3.1.3] The L-n-jets are defined as

J'L = HOHlR(UR(L)Sn, R)

(this is unambiguous, as the left and right R-modules structures on Ug(L) are the
same, see ([B.3])). We also put

(3.7) JL =Hompg(Ug(L), R) = projlim J" L (as Ug(L) = injlim(Ugr(L))<p).

JL has a natural commutative algebra structure obtained from the comultiplication
on Ug(L). Thus for ¢1,¢2 € JL, D € Ur(L) we have

($192)(D) = ¢1(D1))$2(D(2)) ,

and the unit in JL is given by the counit on Ug(L).
In addition JL has two commuting left Ug(L)-module structures which we now
elucidate. First of all there are two distinct monomorphisms of k-algebras

a1 :R— JL:r— (D~ re(D)),
ag :R— JL:r— (D~ D(r)).

It will be convenient to write R; = «;(R) and to view JL as an Ry — Re-bimodule.
There are also two distinct commuting actions by derivations of L on JL. Let
leL,¢eJL,DeUg(L).

'Vi(¢)(D) = 1(6(D)) — ¢(ID)
*Vi(¢)(D) = ¢(DI)

Again it will be convenient to write L; for L acting by ‘V. Then V defines a
flat L;-connection on JL, considered as an R;-module. The connection 'V is the
well-known Grothendieck connection. It follows that JL is a Ug(L)1 — Ug(L)2-
bimodule (with both Ur(L); and Ug(L)2 acting on the left).

The Ur(L)2 action on JL takes the very simple form

(D - ¢)(E) = ¢(ED)
(for D, E € Ug(L)2, ¢ € JL).
Define € : JL — R by €(¢) = ¢(1) and put J°L = kere. Then JL is complete for

the J¢L-adic topology and the filtration on JL induced by B7) coincides with the
J¢L-adic filtration. If we filter JL with the J¢L-adic filtration then we obtain

(3.8) grJL = SpL*

and the R; and Rs-action on the r.h.s. of this equation coincide (here and below
the letter S stands for “symmetric algebra”).

The induced actions on gr JL = SpL* of | € L, considered as an element of L,
and L, are given by the contractions ¢_; and i;, respectively.

In case R is the coordinate ring of a smooth affine algebraic variety and L =
Derg(R) then we may identify JL with the completion R®R of R® R at the kernel
of the multiplication map R® R — R. The two actions of R on JL are respectively
R®1 and 1®R.

Similarly a derivation on R can be extended to R®R in two ways by letting it
act respectively on the first and second factor. Since derivations are continuous
they act on adic completions and hence in particular on JL. This provides the two
actions of L on JL.
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In the sequel we will view the action labelled by “1” as the default action. Ie.
we will usually not write the 1 explicitly.

3.2. Relative poly-vector fields, poly-differential operators. We need rela-
tive poly-differential operators and poly-vector fields. So assume that A — B is a
morphism of commutative k—algebras. Then

POIV; @ oly7

n>—1

poly A @ Dpoly A

n>-—1

where 7, (B) = N5 Dera(B). Similarly, D", ,(B) € Homy(B®+(+1) B)
consists of those A-linear maps from B®4("*1 to B, which are A-linear differential
operators on B in each argument.

It is easy to see that Tpoly,4(B) is a Gerstenhaber algebra when equipped with
the Schouten bracket and the exterior product. Similarly Doy, 4(B) is a graded
subspace of the relative Hochschild complex C'§ (B) and since differential operators
are closed under composition one easily sees that it is in fact a sub-By-algebra, see
Appendix [A] for more details on By.-algebras.

If A and B are DG-algebras then we equip Tpoly,a(B), Dpoly,4(B) with the total
differentials [dp, —] and [dp, —] + d g where dg denotes the Hochschild differential.
Similar results now apply.

3.3. The sheaf of L-poly-differential operators.

Definition 3.3. For a Lie algebroid L over R we define the graded vector space
Déoly(R) of L-poly-differential operators on R as the tensor algebra over R of
Ug(L) with shifted degree, i.e.

® n+1
poly @ Ur(L ntD),

n>—1
The action of Ur(L) on R extends to a map
(3.9) DX (R) — Homy (R®" ™, R)
defined by
(D1®®@Dpy1)(r1 ® -+ @rpp1) = Di(r1) - Dpy1(Tng1)

whose image lies in the space Dpo1y(R) of poly-differential operators on R.
Dﬁoly(R) is a Byo-algebra. In particular it is a DG-Lie algebra and furthermore
it is a Gerstenhaber algebra up to homotopy. In Appendix [A] we give the formulse
for the full B.-structure. Here we content ourselves by reminding the reader of

the basic operations.

The Gerstenhaber bracket on DL 1y (R?) is defined by

(3.10)  [D1,Do] = Di{Ds} — (=1)/P1IP2I Dy i DY, Dy € DL, (R), i =1,2.

poly
where
|D1]
Di{Ds} =Y " (-1)P1(1d® ®AIP*l @ id®IP117%) (D) - (1% ® Dy @ 19121177
=0
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It is a Lie bracket of degree 0. The special element p = 1 ®r 1 € Dﬁ(ﬁy(R) =

Ugr(L) ®r Ugr(L) satisfies g, u] = 0. The Hochschild differential is defined as
the operator dy = [u, —|.

The cup product on Dgoly(R) is defined by
(3.11) Dy U Dy = (—1)IP1=0(P2=D D, @4 D,
(See also Appendix [A] for an explicit derivation of the previous Formula).

One may now show that these operations make the 4-tuple (D, (R),dn, [, ],U)
into a Gerstenhaber algebra up to homotopy (see Lemma [A]]). Indeed if R is
smooth over k and L = Derg(R) is the tangent bundle then the operations we
have defined are the same as those one obtains from the identification leoly(R) =
Dyory (R) where we view the right-hand side as a sub-Boo-algebra of the Hochschild

complex C*(R) of R (cfr. §3.2).

It is in fact, as we explain now, not necessary to verify that we have defined a
homotopy Gerstenhaber structure on DL | (R). Indeed the results can be obtained

poly
directly from the known results for the Hochschild complex (see [I3[14]). Similarly
it is not necessary to write explicit formulae for [—, —] and U (or for the whole

Bo-structure for that matter). This point of view will be useful when we consider
Hochschild chains as in that case the formulse become more complicated.

The Ls-action on JL commutes with the Rj-action (see §3.1.4) so we obtain a
ring homomorphism

UR2 (LQ) — DR1 (JL) D (9 — D(H))
and hence a map

(3.12) DI2 (R) — Dyoly.r, (JL) .

of Gerstenhaber algebras up to homotopy. The right-hand side has an R;-connection
given by ['V, —] and it follows from [7| Prop. 4.2.4, Lemma 4.3.4] that the left-hand
side of ([BI2)) is given by the horizontal sections for this connection.

Now as discussed in §3.2) we know that Dyoly g, (JL) is a Bso-algebra and it
is an easy verification that the braces and the differential, which make up the
Beo-structure, are horizontal for ['V, —]. Hence the Boo-structure on Dyoly. g, (JL)
descends to leoly(R) and one verifies that its basic operations are indeed given by
the formule we gave earlier.

3.4. The Hochschild complex of L-chains over R. We start with the following
definition.

Definition 3.4. For a Lie algebroid L over R, the graded R-module
JL®r=P  p <0
L )
(3'13) Cpoly,p(R) B {R7 p = O)
is called the space of Hochschild L-chains over R.

Our aim in this section will be to show that the pair
(DL (R)u CLoly (R))

poly p
is a precalculus up to homotopy. We will do this without relying on explicit for-
mulae (as they are quite complicated). Instead we will reduce to a relative version
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of [6] which discusses Hochschild (co)homology. Explicit formulae are given in Ap-
pendix [Bl

Let us first remind the reader that if A is a k-algebra then the pair (C*(A), Ce(A))
consisting of the spaces of Hochschild cochains and chains is a precalculus up to
homotopy. For C*(A) this is just the (shifted) homotopy Gerstenhaber structure
which we have already mentioned in §3.3] and which was introduced in [13][14].

The full precalculus structure up to homotopy on (C*®(A),Ce(A)) is a more
intricate object. A complete treatment in a very general setting has been given in
[6]. It is shown that the precalculus structure can be obtained from two interacting
Bs-module structures on Cs(A). These By-module structures are obtained from
brace-type operations. For more operadic approaches see [12].

Although we do not really use them, for the benefit of the reader we state the
well-known formulae for the contraction, the Lie derivative and the differential. If
P e Cm™ (A) = Hom(A®™ A) and (ag| - |a;) € C—(A) = A®'L then we have

vp(aol -+ lay) = (aoPlar, ..., am)|am+1| -+ |ar)
t—m—+1
Lp(agl...la;) = Z (=)= Yiag] - |ag_1|P(ai, - .., Gism—1)|@ipm]| - |ar)
1=0 -
+ > (D)™(Pla . an a0, Gmersi-2)am—rsio | lasy)
l=t—m-+2

The differential by is defined as L, where p is the multiplication, considered as an
element of Hom(A%2 A).
(R), Chony (R))

» ~'poly

(R).

To construct the precalculus structure up to homotopy on (Déoly

we proceed as in §3.31 We first define an object that is larger than C}foly

Definition 3.5. The space of L-poly-jets over R is the completed space of relative
Hochschild chains Cr, o(JL). Explicitly

(3.14) Crye(JL) = @ JLEm 71
p<0

The Grothendieck connection 'V on JL (see §3.1.4) yields a connection on

CA'RM.(JL) by Leibniz’s rule to which we also refer to as the Grothendieck con-
nection. The following result was proved in [3].

Proposition 3.6. For a Lie algebroid L over a commutative ring R as above, there
is an isomorphism of graded vector spaces

(3.15) Cr,o(JL)'Y = CE | (R)

poly
which sends
~ 1
¢1 & ¢2 R (bp S CRl,—p(JL) v
to

€(¢1)¢2 Q- Q® ¢p € Cpl)/oly,lfp(R)

Proof. The arguments of the proof of [3] Prop. 1.11], can be repeated almost ver-
batim. (I
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The formulee from [6] for the Hochschild complexes now yield that
(Dpoy. (L), Cry 0 (JD)) C (Cr* (L), Cry a(JL))

is a precalculus up to homotopy. Furthermore one verifies that the formulse in
[6] are compatible with the Grothendieck connection V. Hence the precalculus
descends to one on

1 -~ 1
(316) (DPOI%RI (']L) V, ORL'(']L) ) (Dpoly (R)a O}foly (R))
where we use ([BI12) as well as Proposition B.Gl

It remains to check that this construction coincides with the standard one for
a smooth commutative algebra. Namely, if R/k is smooth and L is the tangent
bundle then we have

Dpoly(R) = DPOIY(R)
We also have JL = R®R (see §3.1.4) and in this way we obtain an isomorphism
(3.17)
Cloy—p(R) = (RRR)®MP — REPTL: (1 ®51)8 - B(ry®sp) = (11 7p) 0510 - -+ D)y

which yields an isomorphism of graded vector spaces

Chaty(R) = Cu(R)

P
Thus we have an isomorphism of pairs of graded vector spaces

(318) (Dpoly( ) C'poly( )) = (DPOIY(R)7 C' (R))
The right-hand side is a precalculus up to homotopy (as it is basically a pair of

spaces of Hochschild chains/cochains).

Lemma 3.7. The precalculus up to homotopy on the right-hand side of (BI8) is
the same one as the one we have constructed on the left-hand side.

Proof. Note that going from the pair (k, R) to (R, JL) is a base extension by R
(since JL = R®R). Since the formulz in [6] are clearly compatible with base
extension we have that the precalculus structure on
(3.19) (Dyoty. 7(L), Cr,e (L)) = (R®Dpary(R), RECo(R))
is obtained by base extension from the one on

(Dpoly(12), Co(R))
Furthermore one checks that the Grothendieck connections on Dpery r(JL) and
CRr.e(JL) under the isomorphism (319) act by the standard Grothendieck connec-
tion on the copy of R appearing on the left of ® and trivially on Dy (R), Ce(R).
Hence its invariants are precisely Dpory (R), Co(R). This finishes the proof. O
3.5. The Hochschild—Kostant—Rosenberg Theorem in the Lie algebroid

framework. We recall the Lie algebroid version of the famous cohomological Hochschild—
Kostant—Rosenberg (shortly, HKR) quasi-isomorphism; for a proof, we refer to [2].

Theorem 3.8. We consider a Lie algebroid L over R in the sense of Definition[3.1],
which is assumed to be free of rank d over R.
Then, the map

1
(320)  HKR(4 A---AlL) = (—1)25" § o) OR - OR lo(p)
UGG
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(R),0) to (Df,,(R), dn).

s ; L
defines a quasi-isomorphism of complexes from (T, poly

poly

There is a dual version of Theorem [B.8] which will also be needed.

Theorem 3.9. The quasi-isomorphism [B20)) induces the quasi-isomorphism
HKR(a) = a o HKR
of complexes from (CL | (R),bu) to (2*(R),0).

poly

4. FEDOSOV RESOLUTIONS IN THE LIE ALGEBROID FRAMEWORK

4.1. Introduction. The aim of this section is to discuss Fedosov resolutions [10]
in the Lie algebroid framework. These are needed to formulate and prove the
globalization result, which in turn leads to the main results.

To help the reader understand our algebraic setup (which was inspired by [29])
we give some motivation for the definitions in the subsequent sections. For the sake
of exposition we assume in this introduction that X is some kind of d-dimensional
smooth space and L is an appropriate version of the tangent bundle of X.

One of the applications of formal geometry is the globalization of local coordinate
dependent constructions. For example using the Darboux Lemma it is trivial to
quantize a symplectic manifold locally but such local quantizations are coordinate
dependent and they do not globalize easily. The same is true for the local formality
morphisms (see 5.4l below for more details) which we use in this paper.

The idea is then to replace X by a much larger infinite dimensional space
Xeoord 5 X that parametrizes formal local coordinate systems on X. For ex-
ample if X is an algebraic variety then the fiber at 2 € X in X°°°™ is given by the
k-algebra isomorphisms O x.o = k[[t1,....tq]]. An equivalent way of saying this is
that X°°°rd yniversally trivializes the jet bundle (@va)me x over X.

Local constructions can be tautologically globalized to X" and this should
be followed by some type of descent for X°°™d/X . A general procedure to do this
is to resolve Ox by a De Rham-type complex over O ycoora but this does not really
work as the fibers of X¢°°*d — X are not contractible.

However in the aforementioned examples the local constructions are all compat-
ible with linear coordinate changes. So if we define X = X°°rd/Gl; then the
constructions descend to X*f and as the fibers of X /X are contractible we can
descend further to X.

In this paper we work over a general locally free Lie algebroid £ rather than T'x.
In this setting we define the analogue of X% as the space which universally
trivializes the space of jet bundles for £ (see §3.1.4)).

4.2. Setup. As a general principle we work on the presheaf level in this paper,
performing sheafification only as the very last step of the constructions. This means
that we may throughout replace all spaces by rings and locally free sheaves may be
treated as free modules.

As before we consider a Lie algebroid L over a ring R in the sense of Definition 311
i.e. L is free of rank d over R.

First we discuss Fedosov resolutions of L-poly-vector fields and L-poly-differential
operators as Gerstenhaber algebras up to homotopy, referring to [7] for details. Fi-
nally, we discuss Fedosov resolutions of QF(R) (see (33)) and CZ | (R) (see (313))

poly
which are compatible with the precalculus structure up to homotopy.
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4.3. The (affine) coordinate space of a Lie algebroid. For a Lie algebroid L
over R as above, its coordinate space R°°*%L has been introduced and discussed
in details in [7,27], to which we refer for a more extensive treatment.

As explained in §&.1] the main property of R°°*%L is the existence of an iso-
morphism of R%*%L_algebras
(4.1) t: RMEQp JL — ROV gy . xg] = ROVERF, F = k[x1,. .., z4],

and Rl is universal with respect to this property, i.e. if there is an R-algebra

W, such that there is a W-linear isomorphism W&z, JL — W]z1,...,z4], then
there exists a unique morphism R 4L — 1.

We note in particular that in contrast to JL the ring R°°"%% is not an adic
topological ring: it is equipped with the discrete topology (like R).

Example 4.1. Assume R = k[z1,...,24] and L = Deri(R). As explained in
[27, §6.1.5][29] we have

RO = Ryt i=1,...,d, @ € N\ {0}der(ys.., )
where ¢; is the j-th standard basis vector in 7%, and the subscript det(yi,e,; ) refers
to the localization at the indicated element. As in this case X = Spec R has
global coordinates x1,...,x, the coordinate ring of the jet bundle JL is equal to

R[y1,- .. ,ya] where y; is a local version of the global coordinate ;. The morphism ¢
is the “universal Taylor expansion” morphism

t(yi) = Z Yi,al®
«

As a consequence of the universal property of Re°*d:L Reoord,.L aqmits an action
of GLg4(k), such that the following identity holds true on R*4LRF for A € GLg(k)

(A_1®A)|JL =Idy

where JL is considered as a subalgebra of R©"4L@F through (@I).
By means of R°°"L we consider the graded algebra C°°"E = Q) peoora r ®Qp,

QF1(Ry). Tt has the structure of a DG-algebra with differential dcoora, . = A0, coora,r 0,
1+1®qp, dz,, and inherits from Rl a rational GLg(k)-action.
The universal isomorphism (1)) extends to an isomorphism

(4.2) t: 0 bLQp JL — O Y [gy, L 2y],

where we used the respective obvious identifications

CO VR peoora.r (ROY @R, JL) 2 Qpeoora By, (24 (R1) @, JL) =2 CO" YRR, JL,
Ceoord LG (Rcoord,L®F) o geoord Lz ).

We endow the graded algebra on the left-hand, resp. right-hand, side of ([2]) with

the following natural differential

(4.3) Lyyecord — A0, coora,r GA@QRl 1+ 1®QR1 'V, resp.

(4.4) d = dgeoora, L @1,

where 'V has been introduced in Subsection B4 Both ([@3) and {4) are, by con-
struction, flat C°°*%L_connections on the respective spaces, and the obvious inclu-

sions from C°°*4L into C0r L@ JL and C<°*4Lzy, ... z,4] are morphisms of
DG-algebras.
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The main property of the connections (L3 and () lies in the existence of a
canonical Maurer—Cartan element in C°°°*%L: namely, according to [27, Sub-
section 1.6] and [T, Subsection 5.2], there exists a unique element w of C*°**%L&Der (F)
of degree 1, satisfying

to lvcoord o t_l —d= w,

where the expression on the left-hand side is naturally viewed as a C°°°"L_linear
derivation of F'. Furthermore, w satisfies the Maurer—Cartan equation in the DG-
Lie algebra C°*4L@Der(F), i.e.

1
dw + E[w,w] =0,

(which implies that d + [w, e] is a flat connection on C°°*%L[z;, ... 24]) and the
verticality condition
(4.5) Lww=1®wv, ve gly(k)

(here, ¢, on the left-hand side denotes the contraction operation on C°°**%% with
respect to v, coming from the infinitesimal action of gl;(k) on R®°°*%E; 4 on the
right-hand side denotes the linear vector field associated to v, acting on F).

Finally, we consider the affine coordinate space R of a Lie algebroid L
over R: it is simply the GL4(k)-invariant ring

RaH,L _ (Rcoord,L)GLd(k)

It is an R-algebra in an obvious way, and enjoys a universal property similar to the
one satisfied by R¢°'4L for which we refer to [7, Subsection 5.4].

Example 4.2. Continuing Example[]] assume R = k[z1, ..., 24] and L = Dery(R).
We now have

RML = Rlyio: i=1,...,d, o] > 2],

where | o | denotes the norm of a multiindex in N?. We observe that R*% is an
(infinite) polynomial ring, while R°°°*~ is not, due to the localization.

Similarly, we have the DG-algebra C*E = Q) paee 1 ®ag, Q51 (Ry), with differ-
ential dparrz = do e, ®0r, 1 +1®0,, dr,. We may further consider the graded
algebra

CaH’L</X\)Raff,L (RaH’L</X\)Rl JL) 2 ) patt.n @QRI (QLI (R1) ®r, JL) = CaH’L@)Rl JL,
endowed with the natural differential
Lyaft — do e r ®QR1 1+ 1®QR1 v,

making the natural inclusion C*%L — C*LQp JI into a morphism of DG-
algebras. Obviously, 'V¢°'d descends by its very construction to C*HL®p JL
and identifies with 'Waf,

Lemma 4.3. R*L s of the form S ® R where S is an (infinitely generated)
polynomial ring.

Proof. See [7l, §5.3]. O

Note that this depends on our standing assumption that L is free and furthermore
the decomposition R* = S ® R is not canonical.
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4.4. Fedosov resolutions of L-poly-vector fields and L-poly-differential
operators on R. In this section, we recall briefly the main results of [7, §4.3], to
which we refer for more details. We consider relative poly-differential operators and
poly-vector fields (see §3.2)) in the following situation: (A,d4) = (C*L deas,r)
and (B,dg) = (C*HL@p, JL, 'V,

Theorem 4.4. For a Lie algebroid L over R as above, there exist quasi-isomorphisms
of Gerstenhaber algebras up to homotopy

(4.6)
(Tp{‘oly(R)v 0, [ ) ]7 U) = (T;{g]y(RQ)v 0, [ ) ]7 U) — (Tpoly,Cafva(CamL@Rl JL)a 1vaﬁ7 [ , ]7 U) ,

(4.7)

(Dloy(R),du, [, 1,U) = (D2, (Re), du, [, 1,U) = (Dpory,casr (C*TL @R, JL), 'V +dy, [, ],U).

Proof. We refer to [7] for details. For example the map (A7) is derived by suitable
base extension from ([BI2]). For the fact that the maps are quasi-isomorphisms we
refer to [7, Prop. 7.3.1]. O

4.5. The Fedosov resolution of L-forms on R. We consider the precalculus
(Q"(R),0,L,N) of L-forms over the Gerstenhaber algebra (T (R),0,[ , ],U),
described in §3.IF we describe now a well-suited resolution of (QX(R),0,L,N) which
is compatible with the Fedosov resolution (T}, catr.r (C* L@ g, JL), 1V [ ], )
from Theorem [£.4]

Theorem 4.5. For a Lie algebroid L over R as above, there exists a quasi-isomorphism
of precalculi as in the following commutative diagram g:

(TL (R),O,[ ) ]a U) = (TL2 (RQ)aov[ ) ]a U)(—> (T oly,Caff’L(OaHl7L®R1JL>a 1Vaﬁa[ ) ]7U) )

poly poly P
¢ y
(QX(R),0,L,M) = (252(R2), 0, L, f——— (Qunr 3., o V2T, 1,0)

the vertical arrows denoting the contraction and Lie derivative.

Proof. We refer to [7, §4.3.3]: we observe that the construction of the quasi-
isomorphism uses a dualization of the construction of the quasi-isomorphism (6],
and that contraction operations and differentials are preserved by the above quasi-
isomorphism, whence all algebraic structures are preserved. O

4.6. The Fedosov resolution of L-chains on R. We consider the DG-algebra
(CHL@p JL,1VAT) | and to it we associate the C*FL_relative Hochschild chain
complex, i.e.

acaff,Ly.(Caﬂ"L@Rl JL) = @ (CaH’L@)Rl JL)®caff,L(—P+1)
p<0

= @ (C* o, P ) -
p<0

= OaH)L@)Rl éRl,'(JL)a

GQA, for a topological k-algebra A, denotes the continuous De Rham complex. A similar
convention holds for an extension of topological algebras B/A.
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Further, we have the identification
CaH’L</X\>R1 @Rl o(JL) = Qpast.z @QRI (QL1 (R1)®R1 @Rl 0 (JL)) .
and one checks that the differentials coming from the Grothendieck connection on
each side are the same. lLe.
Wl =dq ., ®1+18'Y,

Proposition 4.6. For a Lie algebroid L over R as above, the cohomology of
(acaff,Lﬁ.(OaH’L(%Rl JL), 1Vaﬂ) is concentrated in degree 0, where

o (écaff,Ly.(cafva@Rl JL), 1vaff) ~ Ok

poly

(R).
Proof. Taking the inverse of (B.I0) we obtain a morphism
CL(R) 2= Cr, o(JL)'Y <5 Cr, o(JL)

poly

which extends to a morphism
(4.8)

(Cé/oly(R%O) - (QR“‘“’L@)QRI (QLl (Rl)(/gRlaqu‘(‘]L)) 7dQRaff,L ®1+1® 1V)
We will show that it is a quasi-isomorphism. To this end we make use of the

identification R*L = S ® R given in Lemma B3l The right-hand side of the
extended morphism becomes

(058 (28 (1), Cr, (L)) ds @ 141 17)

Using a filtration argument together with a suitable version of Poincaré’s Lemma
for S, the previous complex is quasi-isomorphic to

(QLl (Rl) OR, aRl,'(JL)a 1V)
It remains to show that for each p <0
(" (Ry) @r, Cr, (L), V)

has cohomology in degree 0. Filtering this complex with respect to the J-adic
filtration and taking the associated graded complex one verifies that one obtains

(QF(R) ®r, S(L*)®7P71,d)

where the differential d is obtained from the action of L on S(L*)®P*™! by con-
traction. Using again a suitable version of Poincaré’s Lemma one finds that the
resulting complex is indeed exact in degrees < 0. (]

Theorem 4.7. For a Lie algebroid L over R as above, there is a quasi-isomorphism
of precalculi up to homotopy as in the following commutative diagram:

poly

(D]I;my(R),dH,[ , ]7u) _ (DL2

¥ \i

(Cp

poly

the vertical arrows denoting the contraction and Lie derivative.

(Rs),du, [, ],U)— (Dpory.care (C*HL@ R, JL), 'V +dy, [, ],U),

(R), by, L, N)C (écaff,Ly.(Caffo@Rl JL), 'V 4 by, L, m)
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5. GLOBALIZATION OF TSYGAN’S FORMALITY IN THE LIE ALGEBROID
FRAMEWORK

The present section is devoted to the proof of Theorem We first briefly
review some basic facts on Ly-algebras, Lo.-modules and related morphisms. This
is discussed in [7, §6] for L..-morphisms. Here we add a discussion on the descent
procedure for Lo,-modules over L.-algebras and related morphisms.

Then, we add a short excursus on Kontsevich’s and Shoikhet’s formality the-
orems: we focus on the main properties of both formality morphisms, without
delving into the technical details of their respective constructions.

Finally, we give the main lines, along which the globalization of Tsygan’s for-
mality can be proved: the proof is a combination of the properties of Kontsevich’s
and Shoikhet’s Lo,-morphisms with the Fedosov resolutions from 4l

5.1. Descent for L..-algebras and L..-modules. We discuss a series of descent
scenarios for Ly.-algebras, L,.-modules and related morphisms, which are modelled
after the formalism for descent of differential forms in differential geometry. The
verification of the results in this section are along the same lines as [27, §7.6, §7.7].
To clearly separate all the various cases we have numbered them.

(1) To start it is convenient to work over an arbitrary DG operad O with underlying
graded operad 0] (thus we forget the differential on ©O). Assume that g is an algebra
over O and consider a set of O-derivations (1o )yes of degree —1 on g (s is an index
set, without any additionnal structure). Put L, = dgt, + tydg. This is a derivation
of g of degree zero which commutes with dg. Put

(5.1) g°={weg|Ywes: ,w=L,w=0}

It is easy to see that g° is an algebra over O as well. Informally we will call such a
set of derivations (iy)yes an s-action.

(2) Assume that M is a g-module and assume that s also acts on M, in a way
compatible with the action of s on g, i.e. a general element v of s determines an
operator ¢, on M, such that Leibniz’s rule holds true for the operations (5(71) ®
(g®"‘1 ® M) — M. Again, we set L, = dasty + tydas, which is a derivation of
degree 0 on M compatible with the derivations L, on g, dj; being the differential
on M.

(3) The above constructions apply in particular if g is an L.-algebra. Assume that
it has Taylor coefficients @),,, n > 1. Then L, is defined by means of dg = @)1, and
the derivation property of ¢, reads as

(5.2)
- i—1 S 4g .
o @l 2)) = S COEHEBINQ (00 vz w) 2y €0 G =1

i=1

Under these conditions the Loo-structure descends to g°.
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(4) Similarly if M is an Lo.-module over g defined by Taylor coefficients R,, then
the compatibility condition is
(5.3)

Ly (Rp(x1,...,xn;m)) = Z(—l)zé;1 ‘IjHiRn(xl, ey Xy ey T )+
i=1

+ (—1)2?:1 I“'"’"_an(:vl, ceTpitem), me M, x; €9, j=1,...

If this holds true then M® becomes an L.,-module over g°.

(5) We also need descent for L..-morphisms. This does not immediately fall under
the operadic framework given in (1), (2) but it is easy enough to give explicit
formulee like (&2), (@3). Thus assume ¢ : g — b is an Lo,-morphism between
L.-algebras with s-action. Under the following compatibility condition
(54) Lv(wn(xla cee ,In)) = Z(_l)z:i;i |mj\+(i71)wn(xl, sy Ty e ,In)

i=1
zj€9, j=1,...,n, n>1, ¢ descends to an L -morphism 9° : g° — b*.

(6) Let ¢ : g — b be a morphism between L..-algebras with s-action such that the
descent condition (4] holds, and let N be an Lo.-module over b equipped with a
compatible s-action. Let Ny be the pullback of N along . Then the s-action on
Ny is compatible with the s-action on g.

(7) Now assume that g is an L.-algebra and M, N are Lo,-modules over g. Assume
that all objects are equipped with an s-action and that the descent conditions are
satisfied.

Assume that ¢ : M — N is an Ly.-module morphism. Then the condition for ¢
to descend to an Loo-morphism M?® — N7 is
55) by (Pr(T1, .o ;M) = Z(—l)zé: waH(i_l)gon(:Cl, N IR ey A B

. i=1

+ (_1)2?:1 lmi|+n<ﬂn(xla sy T L’Um)a
formeM, zje€g, j=1,...,n, n>1.

5.2. Twisting of L..-algebras and L..-modules. We refer to [10, §2], for a
very detailed exposition of L,.-algebras, L..-modules and the associated twisting
procedures. See also [31].

Convention. We will work with infinite sums. We assume throughout that the
occurring sums are convergent and that standard series manipulations are allowed.
This will be the case in our applications.

If (g,Q) is an Loo-algebra then the Maurer-Cartan equation is defined as

oo

1
5.6 —Qn(w, - ,w) =0,
(56) Y G )
J
and a solution w € g7 is called a Maurer—Cartan element (MC element for short).
Below we will only use DG-Lie algebras and in this case (B.0]) reduces to the finite

sum )
dw + E[w,w] =0.

S 1.
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A MC element defines a new “twisted” DG-Lie structure on g (denoted by g,,) with
Taylor coefficients

Qw.nxa"'a Qn wx,"'7xn7 nz]‘
; (21 Z +J 1 )
J
If g is actually a DG-Lie algebra then twisting keeps the bracket but changes the

differential to

do =dg + [w, =]
If b is another L, algebra, v is an L.,-morphism from g to h and w is a MC element
in g then

(5.7) => _wn W)

n>1

is a MC element in b.
We may also twist ¢ with respect to w, so as to get an Ls.-morphism ), from
gw t0 gy (w), Where

Yo (T1,. .. Tn Z 1/)n+] Wy Xy Ty ), 1> 1L
;v_/
J>0 j
If M is an L,,-module over a DG-Lie algebra with Taylor coefficients R,, and w € g1
is a MC element then we may define a twisted Lo, structure on M, over g, by the
formula

Rw,n(xla"'axn7 Z Rn+] y W Ilv"'vxn;m)v TLZO
]

>0/
J= J

If g is a DG-Lie algebra and M is a DG-Lie module over g then twisting keeps the
g-action on M but changes the differential on M to

d,=d+we.

Twisting of modules is compatible with pullback. More precisely if ¥ : g — b is an
Lso-morphism, N is an Ly,-module over h and w € g1 is a MC element then we
have

(5.8) (N @) ) = (N )

If p: M — N is an Lo,-morphism of DG-Lie modules over the DG-Lie algebra g

and w is a MC element in g1 then we obtain a twisted Ls.-morphism ¢, : M, — N,
which is defined by

(5.9) Con(T1, ..., Tp;m) = Z ,i'gon_kj(w, e W Xy Ty, 1> L
EE

5.3. Compatibility of twisting and descent. Assume now that g is a DG-Lie

algebra equipped with an s-action and that w € g; is a MC element. Then s still

acts on g, where we forget here about the differential: in fact, the concept of an

s-action only refers to the underlying Lie algebra structure on g. However g° and

g7, will be different (as the Lie derivative L, for v € s will be different).
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If (M,R) is an L..-module over g which is also equipped with a compatible
s-action then the s-actions on g, and M, are compatible provided the following
condition holds

(5.10) R, (tyw,x2,...;xy;m) =0,2; €9, i =2,...,n, n>2 m€E M.
This condition is automatic if M is a DG-Lie module.

If ¢ : g — b is an Loo-morphism of DG-Lie algebras equipped with an s-action
and the descent condition (B.4) is satisfied for ¢ then an easy computation (see
e.g. [27, §7.7]) shows that the same descent condition will be satisfied for 4, if the
following condition holds

(5.11) Un(bpw, Tay ..., xy) =0, &, €9, 1 =2,...,nSES n>2

Furthermore if in this setting IV is an Lo,-module over h with compatible s-action
such that the compatibility condition (BI0) holds then the corresponding condition
will hold for Ny.

Similarly if we have an Lo.-morphism ¢ : M — N between DG-Lie modules
over a DG-Lie algebra g such that g, M, N are equipped with compatible s-actions
in such a way that the descent condition (B.0]) holds for ¢ then the same descent
condition will be satisfied for ¢, if the following condition holds

on(tyw, o, ... ;xy;m) =0, meM, z; €9, 1 =2,....,nn>2 sES.

5.4. Kontsevich’s and Shoikhet’s formality theorems. In this brief section,
we quote (without proofs) Kontsevich’s and Shoikhet’s formality theorems, along
with the relevant properties, which we will need later in the proof of globalization
results.

We consider the algebra F' = k[z1,...,x4] of formal power series in d variables
over a field k containing R.

To F, we associate the DG-Lie algebras (Tpo1y (F),0, [, ]), resp. (Dpoly (F), du, [, 1),
of formal poly-vector fields, resp. formal poly-differential operators, on F; further,
we consider the DG-Lie modules (2x, 0, L), resp. (Cu (F), by, L), over (Toory (F),0,[, 1),
resp. (Dpoly (F),du, [, ]), where Qg denotes the continuous De Rham complex of F'
with De Rham differential d, and Cy (F) is the continuous Hochschild chain complex
of F.

The following is Kontsevich’s celebrated “formality” result.

Theorem 5.1 ([I7]). There is an Loo-quasi-isomorphism
u: (Tpoly(F)voa[ ) ]) - (Dpoly(F)vdHa[ ) ])7
enjoying the following properties:

i) the first Taylor coefficient of U coincides with the Hochschild—Kostant—
Rosenberg quasi-isomorphism

1
HKR(D;, A~ A ;) = (—1) "5 Z O @ @0
UGG
from the DG-vector space (Tpoly(F) 0) to the DG-vector space (Dpoly (F), dm).
i) Ifn>2, and v;, i =1,...,n, are elements of poly( ), then

un(’yla" 7’711) =0.
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iit) If n > 2, v is a linear vector field on F (i.e. an element of gl;), i,
i=2,...,n are general elements of Tpoy(F'), then

Un(y1,72,---57) = 0.

By composing the action L of D01y (F') on C, (F) with the L.o-quasi-isomorphism I/
from Theorem 51l C (F') inherits an Lo-module structure over the DG-Lie algebra

(Tpoly(F)aov [ ) ])
The first part of the following theorem was a conjecture by Tsygan [26] which
has been proved by Shoikhet in [2I]. The second part has been proved in [10].

Theorem 5.2. There is an Loo-quasi-isomorphism

S: (O.(F),bH,LOZ/{) — (QF,O,L)

of Loo-modules over the DG-Lie algebra (Tpoy(F),0,[ , |), enjoying the following
properties:

1) the 0-th Taylor coefficient of S coincides with the Hochschild—Kostant—
Rosenberg quasi-isomorphism

1
HKR((ao|---|ap)) = Haodal -+ day

from the DG-vector space (CA'.(F),bH) to the DG-vector space (2, 0).
it) If n > 1, v1 is a linear vector field on F, ~;, i = 2,...,n are general
elements of Tpoly(F), and ¢ is a general element of Ce(F), then

Sn(115-- -, i) = 0.

5.5. Formality theorem in the ring case. This section is devoted to the proof
of a Tsygan-like formality theorem in the case of a Lie algebroid L over a k-algebra
R, such that L is free over R of rank d: the proof combines Shoikhet’s formality
theorem with the Fedosov resolutions from {4l

Theorem 5.3. Assume R C k. For a Lie algebroid L over R as above, there exist
DG-Lie algebras (gF,d;,[ , 1), DG-Lie modules (m¥ b;,L;) over g;, i = 1,2, and
Loo-quasi-isomorphisms U, from g¥ to gt and &1 from m& to ml, which fit into
the following commutative diagram:

b1
(512) T;%oly(R)c gf - g% )D]I)/oly(R) ’
L) Ly Lo LY
v v ) v v
QF(R)C my my 2Cony (R)

such that the induced maps

7L (R) — H*(D% | (R),dn), H*(CL, (R),bu) — QX (R)

poly poly poly

on (co)homology coincide with the respective HKR-quasi-isomorphisms. The mor-
phisms indicated by hooked arrows are actual quasi-isomorphisms of DG-Lie alge-
bras and DG-Lie modules respectively.
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Proof. The first step in the proof of Theorem may be borrowed from [7, §7.3].
Namely, we consider the following graded vector spaces:

Ccoord1L®Tpoly(F) = T ('coord, L (CCOOFd,L@F)7

poly,

L3 AL~
e ®Dp01y(F) ~ Dpoly)Ccoord,L(Ccoor ’ ®F),
coord, L. S
C ®QF = Q@coord,L@}:‘/ccoord,L,
COVERCL(F) = Coeona.r o [CO I RF),

where the DG-algebra C°°"%:L has been introduced in §23}, and where Ceoora.c " (CeoordLZF)
denotes the C<°°"d-L_relative Hochschild chain complex of the DG-algebra C<" 4L F .

The Maurer—Cartan form on C°"4L&F introduced in §43] defines a twisted
differential d,, = d + w on the listed graded vector spaces and as explained in §5.2]
d,, is compatible with the respective DG-Lie algebra and DG-Lie module structures.

Thus, formal geometry provides us with the following DG-Lie algebras and re-
spective DG-Lie modules:

(Tpoly)Ccoord,L (C’COOY‘LL@F), dy, [ , ]) , (Dpoly)Ccoord,L (Ccoord,L@)F)’ dy + dm, [ , ]) .
\ \
(Qccoord’L(/X\)F/Ccoord’L s dw, L) (CCcoolAdyL (CCOOrd,LQ’éF), dy, + bHa L)

We repeat that, viewing all DG-Lie algebra and DG-Lie module structures above
as Loo-structures, the differential d,, is the twist of the standard structures with

respect to the MC element w of C°°"SL@Der(F) = T}?Oly Creoord. L (Ceoor b LY,

The Loo-quasi-isomorphism U of Theorem B1] extends C°°"%L-linearly to an
Lo-quasi-isomorphism

Z/{L . (Tpolyﬁccoord,L (CCOOTd,L@F)7 d, [ 5 ]) — (Dpoly7ccoord,L (CCOOI‘d,L@F), d + dH, [ 5 ]) .

The composition of the DG-Lie action L of D 1, ceoora,r (C°H L@ F) on accoord,Lﬁ. (Ceoord L)
with the L,-quasi-isomorphism U7 endows the latter graded vector space with a
structure of L-module over the DG-Lie algebra T}, ), ceoora. (C0TdE ®F), which
is obtained by C°"%L base extension of the corresponding L..-module structure
of Co(F) over Tpory(F).

Accordingly, the L..-quasi-isomorphism S of Theorem extends to an Lo-
quasi-isomorphism of L..-modules

SL . (accoord,L7.(Ccoord)L®F)7d+bH7LOuL) - (QCcoord,L®F/Ccoord,L7d7L)

both viewed as Lo-modules over T}, ceoord,z (CoeordLZF),

As outlined in §5.2] we may apply the twisting procedures for L..-algebras, L..-
modules and Ls.-morphisms to the present case, where the MC element is the
Maurer—Cartan form w: thus, we get an L.-morphism U, ,

uL,w : (Tpoly,CCOOrd,L (Ccoord’L@)F)vdwa [ ) ]) - (Dpoly,CCOOrd,L(Ocoord7L®F)7dw + de [ ’ ]) ’
where here and below we used Property i) of Theorem [5.1] which yields that the
MC element U (w) equals w.

The Loo-morphism Uy, , yields an L,-module structure on GCcoord,L). (CeoordLZF)
over the w-twisted DG-Lie algebra T},q1y, ceoora, (CoordLZF),
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Translating (8] to the present case we have
(écmd,L,(CCOOTdeeBF), dw + by, Lo uL,w)

— (Gt o(CHIER), 0+ by, Loty

w

from which we get an L..-quasi-isomorphism
SL,w : (aCcoord,Lﬁ.(Ocoord7L®F), dw + bH7 Lo L{L,w) — (Qccoord,L®F/Ccoord,L 5 dw, L)

of Loo-modules.
Using the isomorphism (£2) we obtain isomorphisms of DG-Lie algebras and
respective DG-Lie modules

(Tpoly,CCOOrd’L(Ocoord’L(/g\)F)vdwv [, ]) = (Tpoly,CCOOrd’L(Ocoord’L(/g\)Rl JL), 1vcoordv [, ]) )

(Dpoly,CCOOrd’L (CCOOM)L@F), dy +du, [, ]) = (Dpoly,CCOOrd’L (Ocoord’L(/g\)Rl JL), tyeeord 4 du, [, ]) )

)
)
(QCcoord,L®F/Ccoord,L7dw7L) = (QCcoord,L®RlJL/Ccoord,L7 Lyeoord, L) ,
(écmd,L,(CCOdeL@F), d + ba, L) ( eooma o (CO YLD g JL), 1V 4 by L) :
an Lo.-morphism
UM (Tors peoorann (C L@ JL), 10000 [ 1) o (Do geoora (COOMLE gy JL), 1000 1y [ 7))

p
which yields an Lo-module structure on Ceoora.r S(C LG g LY over Tyory ceoora,r (COU YL@ g, JL),
and finally an L..-morphism

Szoord . (Occoord’L7.(Ccoord,L®Rl JL), lvcoord 4 bH7 Lo uioord) N (QCCOOM,L@F/CCOOM’L, 1Vcoord7 L) .

We recall from §43 that there is a rational action of GL4(k) on C°°*%L which
extends in a natural way to a (topological) rational action on all DG-Lie algebras
and DG-Lie modules above. The previous actions determine infinitesimally actions
of gl,;(k) on all DG-Lie algebras and DG-Lie modules considered so far in the sense
of 5.2

The Lo-morphism Uy, ., descends with respect to the action of the set s = gl (k)
(using the notation of §5.2)), because the descent condition (BIT]) is satisfied as a
consequence of Property #ii) of Theorem [BE.1] and of the verticality property (£3)
of w.

Similarly, Property #i) of Theorem 5.2l together with the verticality property
of w implies that Sg ., descends with respect to the action of gl,;(k) (see §5.3).
Summarizing all arguments so far, and because of the compatibility of the GL4(k)-
action with the isomorphism ([@2]), we get Loo-morphisms

(Uzoord)g[d(k) . (T oly, Ceoord L (Ccoord,L&x\)R1 JL), lvcomrd7 [ : ])g[d(k)

p
- (Dp01y7ccoord,L(Ccoord’L@)RlJL), 1vcoord + de[ : ])g[d(k)
and
~ ~ alq (k)
(Szoord)g[d(k) . (Cvocoord’L7.(Cvcoo1rd,L®R1 JL), lvcoord 4 bH, L Ouzc)ord) d

3

aly(k)
1 d
(Qccoord,L @F/Ccoord,L ) VCOOT 3 L)
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Repeating almost verbatim the arguments at the end of [7, §7.3.3], there are obvious
isomorphisms of DG-Lie algebras and DG-Lie modules

(Tooty. ot (COTL @ g JL), 'V [ ]) 2 (T 1y ceoora n (COO L@ g, JL), Pve00rd [ Dgrdw),
(Dpoty.core.r (C*T LB g, JL), 'V 4 dpy, [, 1) 2 (Dpoty.ceomar (COEG g JLY, 10 -y [ 1) *)
(Qcafvat%F/Caff,L, 1VaH,L) = (QCcoord,L®F/Ccoord,L7 Lyeoord L)g‘d(k) ,
(GCafﬂL,o(Caﬁ’L@Rl JL), 'V by, L) =] (éccoord,L,.(Ccoord’L@)Rl JL), 'veeord by, L)g[d(k) _

We now set,
g = Thory o (CHL@ R JL), gk = Dyory coten (C*H L@ g, JL),
My’ = Qean iz, /o my = Cearer o (C*TESp, JL),

and Uy, =U gff, &L= Ssz: combining all the results so far, we get the commutative
diagram (5I2]), and to prove the claim, it remains to show that i(;, and &, are
L o-quasi-isomorphisms.

The proof of the fact that 4, is a quasi-isomorphism can be found in [7, §7.3.4];
the proof of the fact that & is a quasi-isomorphism is dual. We will now sketch
it.

The Loo-morphism &y, is obtained from Sg, ., using the isomorphism (£2) and
by ([.9) the Taylor components of S, ., are given by

1
SL,w,n(’yh cees Y C) = Z ﬁSL,n-i-m(wa ey Wy Y1y e ey U C),

m>0 m

vi € Tpolyﬁccoord,L (Ccoord,L@)F)’ c e Occoord,L).(Ccoord’L@)F).

T,

are bi-graded complexes: the first degree is the natural degree coming from
while the second degree is associated to poly-vector degree, (shifted) Hochschild de-
gree, (negative) form degree and (negative) Hochschild degree respectively.

The component Sy, 0 can be written into a sum

1
Sr.wole) = —Sh(w,...,w;c);
) = T il

n

oly,Ceoord, L (Ccoord)L®F)’ DpOlchcoord‘L (CCOOTd7L®F)7 QCCOOrdJ@F/CCoord,L and CCCoord,L ,0 (CCOOrd,L@F)
Ccoord,L
)

the grading property of the L..-quasi-isomorphism & of Theorem implies that
the component S, ; of S w0 indexed by n has bi-degree (n, —n).

Dualizing [7, Lemma 7.3.2], and using Property i) of Theorem [£.2] we get the
following commutative diagram of graded vector spaces:

(5.13) Ly (R) = Ceor LG, (F)

HKRl lsﬁ,w,o
QL(R)( 5 Ccoord,L@QF

where the morphism HKR on the left vertical arrow has been defined in Theo-
rem [3.9
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The twisting procedure and the descent procedure by the isomorphism (2]
produce the commutative diagram

Céoly( )(—) CC““*L,O(C&H)L@Rl JL)
HKRl 670
Or (R)% QCaff,L®Rl JL/Caft, L

out of the commutative diagram (5I3); the above bi-gradings naturally translate
into bi-gradings on Qcus.rgp/car.r and acaff,Lﬁ.(CaH’LééF). The component &, o
is a sum of terms &7 ;, n > 0, of bi-degree (n, —n).

We now prove that the morphisms &, o and &% o coincide at the level of co-
homology. For this, we consider on the double complexes Qearrrg F/Catt L and

Ccaff,L7.(C&ﬂ‘ L®F) the filtration with respect to the second degree: then, the cor-
responding spectral sequences degenerate at their first terms, because of the results
of §I.5, §2.6 and the resulting complexes consist of single columns (Q£(R),0) and

(Cpoly(R) by ). Thus, the respective second terms of the spectral sequences coincide

with Q% (R) and with H*(C[,, (R),bx). Since both spectral sequences degenerate
at their first term (i.e. the cohomology with respect to the first degree is concen-
trated in degree 0), & ¢ and 6%)0 obviously coincide at the level of cohomology,
and this ends the proof. O

5.6. Functoriality property of Theorem We consider two Lie algebroids
(L, R), (M, S) as above.

Definition 5.4. An algebraic morphism from (L, R) to (M,S) consists of a
pair (¢,)\), where i) A is a k-algebra morphism from R to S, and i) £ is a Lie
algebra morphism from L to M, enjoying the following compatibility properties
with respect to the corresponding anchor maps:

A(U(r)) = L()(N(r)), L(rl) = X(r)e(l), r € R, L € L.

The universal property of the universal enveloping algebra of a Lie algebroid
yields, for any algebraic morphism ¢ = (¢, A) from (L, R) to (M, S), a Hopf alge-
broid morphism ¢p : Ug(L) — Ug(M). Thus, (¢,\) defines a morphism ¢p of
Beo-algebras from D\ (R) to D) (S): in particular, it restricts to a morphism
of Gerstenhaber algebras up to homotopy.

Further, the algebraic morphism ¢ defines a morphism ¢ : Tpoly
by extending (via the S-linear wedge product) the assignment

7:SQrL— M:s®prl— sl(l)

(R) = Tg(S)

poly

Since (¢, \) preserves the anchor map and Lie bracket, we have a morphism of
Gerstenhaber algebras from TZ | (R) to T2, (S).

poly poly

Proposition 5.5. We assume (L, R), (M,S) to be Lie algebroids over R and
S respectively, and ¢ = (£,\) to be an algebraic morphism between them as in
Definition[57]; we further assume that the morphism

7:SQrL— M:s®prl— sl(l)

is an isomorphism of S-modules.
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The morphism (¢, \) determines a morphism of DG-algebras
(QF(R),dL) 25 (QM(S),du)

which satisfies

(5.14) po(yNw) = or(7) NeaW), 7 € Thyy(R), we QX (R),
and a morphism of DG-algebras

py:JL = JM,
which satisfies
(5.15) Ma(E)) = ¢s()(¢p(E)), a€ JL, E € Ur(L),
(5.16) es('Via) ='Vypes(a), a € JL, L€ L,
(5.17) s (CVia) =*Vpyes(a), a € JL, L€ L,

and which commutes with the algebra monomorphisms «;, i = 1,2 (see §3.1.7).

Proof. Since @7 is an isomorphism of S-modules, we define pq on L-differential
forms on R via

wal(r) = Ar), ea(l™)(st(l)) = sA(*(l)), re R, s€ S, le L, "€ L",

and we extend it to QF(L) by R-linearity and by multiplicativity with respect to
the wedge product.

To prove that g intertwines dy, and djy, it suffices to verify the claim on R and
L*. In the first case, we have

pa(dr(r))(st(l)) = sA(dL(r)(1)) = sA(I(r)) = st()(A(r)) = st(D)(pa(r)) = du(pa(r))(s(1)),
for a general element r of R, s of S and [ of L, while in the second case we have
wa(dpl™Ys1(l1), s2€(l2)) = s182A(d Ll (11, 12))

= s152A(11(I"(12))) = s182A(l2 (1" (1)) — s152A(1"([11, 12]))

= s10(11)(s2) A" (I2)) + s152£(1) (A" (I2))) —

— 82(l2)(s1)A(" (1)) — s182L(l2) (A" (11)))—
— 51€(11)(52) A" (I2)) + s2£(12) (s1) A" (1)) — s182A(1" (11, 12]))
= (s14(11)) (pa(I")(s2£(12))) — (s2£(l2)) (o (") (s1€(11)))—

(")
—pa(l*)(s1(11)(52)L(l2) — s2£(l2)(s1)¢(l1) + s182€([l1,12]))
=dam(pa(l™))(s14(l1), s2£(12)).

By compatibility with wedge products, it suffices to prove (EI4)) for v in R or in
L, and for a general w: we check exemplarily the claim for v in L, i.e.

ea(lNw)(s1l(L), -, 5p0(,)) = 51+ s, M N W) (s -+, 1))
=51 spAw(l i, .., 1))
= SDQ(W)(K(Z)J Sl[(ll)J EER) S;Dg(lp))
= (pr() Nea(w))(s1€(l1), - -, spl(lp)).

We now define the morphism ¢ on JL: for a general element a of JL, we set

p1(0)(s) = sA(a(1)), @s(@)(st(l) - £(1,)) = sA(alli-- 1)), s € S, i € L.
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It is sufficient to define ¢; on such elements of Ug(M), since, being pr an iso-
morphism of S-modules, a general element of Ug(M) is a sum of elements of the
form

(s1£(11)) - -+ (spL(lp)) = s1£(l1)s2L(l2) - - - 5L (1)
= 51(£(11)(s2))l(I2) - - pL(lp) + s182L(1)(I2) -~ spl(lp) = -+,

where the product has to be understood in Ug(M).

Since ¢p is defined by extending A and ¢ in a way compatible with the Lie
algebroid structure of Ug(L), (BI5) follows immediately.

As for (BI0), it suffices to check the identity on R and on elements of Ug(M) of
the form s€(l1)---£(l,). In the first case, we have for s € S, [ € L

("Vewes(@) (s) = LI)(s(a)(5)) — () (€(l)s)
= L) (sM(1))) = p(@)(E(D)s)
= L(D)(s)AM(1)) + st (1)) = s (@) (£(1)(s)) — ps(a)(st(1))
= st(A(a(1)) = sA(a(l))
= sM(('Via)(1))

As for the second case, we have for « € JL, I,l; € L, i=1,...,p, s€ S

("Vewps (@) (st(ln) - - £(1p)) = £(1) (¢ ()(85(11) A(lp))) = (@) (E(D)st(l) - - £(Ip))
(

¥ a)(f(l) () -~ £(1p))

¢
¢ afly---1p)))

(D (sA(ally 1)) =
(D()AMaly -+ -1p)) + st (A(
— s (a)(E(1)(s)e(lr) - - £(Ly)
= sA(l(a(ly - 1p))) — sA(@)(Uly -+ 1p)
= s ('Via)(st(la) - £(1)).

The identity (BI7) as well as the compatibility with «;, ¢ = 1,2 are verified by
similar computations. O

Assume now that ¢ = (£, \) : (L, R) — (M, S) is as in the previous lemma and
that ¢ : S®r L — M is an isomorphism. As always we assume that L (and hence
M) is free of rank d. Looking at associated graded objects we see that the extended
map

(5.18) S1®p, JL—= JM : s ® a— spy(a)

is an isomorphism. Hence any R;-linear differential operator on JL can be extended
to an Sp-linear differential operator on JM. We use this to define a map

¥D : DRl (‘]L) — DS1 (JM)
and a corresponding map of Bs.-algebras

(5.19) ©p * Dyoly,Rr, (JL) = Dpoly,s, (JM)

) = p(a)(st(D)e) -

(lp))
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such that the following diagram is commutative

YD

(5.20) Dt (R) ——— D%ly(S)

Dyoy.r, (JL) —5~ Droly,s1 (JM)

where the vertical monomorphisms have been defined in (B12).

An easy computation shows that ¢p in (BI2)) commutes with the action of the
Grothendieck connection ['V, —]. It follows by the discussion in §3.3]that if we take
the invariants for ['V, —] of the lower line in (5.20) we obtain the upper line.

We extend ¢ to a map of graded vector spaces
9c : Cre(JL) = Csa(IM) 101 @+ @ an = @) @ - @ ()

which is again essentially just base extension over S/R. This map obviously com-
mutes with the Grothendieck connection 'V. We obtain a map of pairs of graded
vector spaces

(¢0,%¢) : (Dpoty, r(JL), Cr,e(JL)) = (Dpoly,s(JM), Cre(JL))

and as this map is just base extension over S/R it is compatible with all structures
defined in [6], hence in particular with the DG-Lie algebra and DG-Lie module
structures and also with the precalculi up to homotopy.

Taking invariants for 'V and using ([3I6) we obtain a commutative diagram of
precalculus structure up to homotopy

(DL, (R),du, [, ],U) === (DM, (S),dn, [, ],U) .
v v
(C;%oly(R)v by, L, ﬁ) T)' (C%Iy(s)v by, L, ﬁ)

One also obtains from Proposition a commutative diagram of precalculi.

L
(Tpoly poly

(1), 0,[, 1,0) =2 (T3,(8),0,[, 1,0)
(R0, 1) —— (0(5).0,1,7)

Furthermore from (5I8) and the universal property of coordinate spaces (see (A1)
we obtain an R-algebra morphism from R4l to §e0ordM Tt extends further to
a morphism of DG-algebras from CrdL to C0ord:M thanks to (5.I6) and the fact
that ¢q is a morphism of DG-algebras from QL (R) to QM (S).

Finally, the algebraic morphism (¢, \) induces precalculi morphisms (up to ho-
motopy) between all corresponding Fedosov resolutions, since the monomorphism
as and the connection 2V, which are needed in the construction of the Fedosov
resolutions of §4l (we refer to [7] for more details thereabout), have been proved to
be preserved by (£, \).

As a consequence of these arguments, we deduce the following theorem, which
expresses the functoriality properties of the commutative diagram (5.12]) of Theo-
rem
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Theorem 5.6. For a general algebraic morphism ¢ = (¢, \) from (L, R) to (M,S)
as in Definition[5.4] which induces an isomorphism S@grL = M of S-modules, and
such that L is free of rank d, the Loo-quasi-isomorphisms Uy, Unr, S and Sy of
DG-Lie algebras and DG-Lie modules fit into the commutative diagram

s
(521) Tp%oly (R)( g% - gé )D]I)/oly(R) ’
YT l le YD l YD l
)11
Ty (9)C g}l —>glf DL (S)
v \ Sur 1 y
QM(S)¢C m{’ m3! °Cooy ()
S
Q" (R)C mf ~———my <———Cg, (R)

where we have borrowed notation from Proposition [5.3; all such morphisms are
compatible with respect to the composition of algebraic morphisms between Lie al-
gebroids.

Note that Theorem [5.6l makes no reference to the (homotopy) precalculus struc-
tures which we discussed above; we will need these below.

5.7. Proof of Theorem We now collect the results of §5.5 and §5.6] to give
the proof of Theorem [[L3] via a well-suited gluing procedure.

We consider a ringed site (X, O), and a sheaf of Lie algebroids £, such that £
is locally free of rank d over O. We replace X by its full subcategory of objects U
such that L£(U) is free over O(U). This does not change the category of sheaves.

All sheaves of DG-Lie algebras and DG-Lie modules in the commutative di-
agram (7)) are obtained by sheafifying the corresponding presheaves of DG-Lie
algebras and DG-Lie modules, i.e.

U—-TSD0w),  U-DED oW,

poly poly

U — QfO o)), U-cEYow)).

poly
Since L is locally free of order d over O, for a morphism V' — U in X, the cor-
responding restriction morphism (O(U), L(U)) — (O(V), L(V)), yields an isomor-
phism
Thus, any restriction morphism as above may be viewed as an algebraic morphism
between Lie algebroids, satisfying the isomorphism property of Theorem
If we then consider the DG-Lie algebras and DG-Lie modules

U—grD vomf@ =12

(3
Theorem [£.3] produces, for any U in X, L..-quasi-isomorphisms i,y and &,
which fit into a commutative diagram (&.12). By Theorem these are actually
morphisms of presheaves.

Sheafifying all presheaves and morphisms between presheaves concludes the
proof.
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6. THE RELATIONSHIP BETWEEN ATIYAH CLASSES AND JET BUNDLES

In the present section we review some technical results from [7, §8], to which
we refer for more details. We need only the main notation and conventions for use
in {1

For a field k£ of characteristic 0, we consider a sheaf £ of Lie algebroids over a
ringed site (X, O), which is locally free of rank d over O.

We have a short exact sequence of O1-Os-bimodules

0L > J L5020

where O;, i = 1,2, denotes a copy of O embedded in JL via the monomorphism «;
and where J!£ was introduced in §3.1.41
For a general O-module &£, tensoring over Oy yields a short exact sequence

0—=L"RpE—=J LR, E —=E ——=0

which we will call the £-Atiyah sequence. The £-Atiyah class Az (E) of € over L is
the extension class of this sequence in Exty, (€, L* @p E). As explained in §IT] if
€ is a vector bundle, the i-th scalar Atiyah class az ;(€) of € is defined as

(6.1) aci(€) =tr(/\ Ac(£)) e HY(X, \ L),
Below we will only consider the case &€ = L. In that case we simplify the notation to
A(L) =Ac(L),  ai(L) =aic(L)

Observe that the a;(£) are cohomology classes. We now outline how we may realize
them as explicit cocycles.

By the very construction of
DG-algebras
(6.2)

0L (X)C—9> Caﬂ’£®019Jﬁ/01(—) Ccoord,ﬁ@)o1 QJL/Ol ~ Ccoord,ﬁ@QF '

CeoordL and C*£ | there are natural morphisms of

The differentials on the first three DG-algebras are the natural ones (see §43).
The differential on the fourth DG-algebra is d + L, for a certain MC element
w € CNLG Der(F) and d the natural differential. See again 2.3l

The MC element w can be expressed as

w :nawa,ia;mu i=1,...,d,

where 7, is in C°°"%£ and has degree 1, wa,i belongs to F' and 0y, = 0/0x;.

If we define = to be the matrix with entries
(6.3) Zij = Nadp(0s,Wa,i) € COMEROR,
where dr is the De Rham differential on Qr, then on the nose we have
Tr(E") € C" R0k
Furthermore it is true that
(d+L,)(Tr(E2™)) =0

It is shown in [7, §8] that Tr(=") is actually the image of a (necessarily unique)
element in Caﬂ’ﬁ(@@lﬁ Jr)0,- Abusing notation somewhat we will still write this
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element as Tr(Z"). It is still a cocycle and in this way represents an element of
’I‘r(En) € F(Xu H2n(caﬂ7£®019(]£/01))
which maps naturally to the hypercohomology
H2n (X, Caff,[,@)ol QJL/Ol)

Further, we observe that the injection Q(X) 4 C’aﬂ’ﬁ(@olQJﬁ/@l of DG-algebras
is a quasi-isomorphism, as discussed in §&5 Thus # induces an isomorphism

P H™ (X, A"L*) = H* (X, Q5(X)) =2 HY (X, O£ 80,0 2/0,)

The following identity is [7l eq. (8.8)]
(6.4) an(L) = H(§)"! (Tf(an)) cn> 1,

which indeed expresses a, (L) in terms of the explicit cocycle Tr(Z").

7. PROOF OF THEOREM [ 1]

The aim of this Section is to prove Theorem [[.T] which implies Caldararu’s con-
jecture (Theorem [[]) as has been outlined in the introduction.

For this purpose, we first remind the reader of the main result of [6] about
compatibility between cap products. We then prove a ring-theoretical globalized
version of this result (compare to the proof of Theorem [5.3]). By functoriality (see
§5.0), we obtain the sheaf-theoretical globalization. Finally, using results of [6],
we compute explicitly the isomorphism appearing in the compatibility between
cap products, which we identify with the action of the homological HKR-quasi-
isomorphism followed by left multiplication by the square root of the (modified)
Todd class.

7.1. A memento of compatibility between cup and cap products. In this
section, we present a memento of the main results of [6l[7] concerning compatibility
between cup and cap products respectively.

First of all as before F' is the algebra of formal power series in d variables over the
field k& which we assume to contain R for now. We recall the existence of (homotopy)
Gerstenhaber algebra structures on Tpoly (F') and Dpoly (F'), which together with Qg
and C,(F) yield (homotopy) precalculi [6].

We recall also the Lo.-quasi-isomorphisms U introduced in Theorem Bl and S
introduced in Theorem We denote by U,, n > 1, resp. S,, n > 0, the n-th
Taylor component of U, resp. S.

We further consider a commutative DG-algebra (m, dy,). The precalculus struc-
tures on (Tpoly(F),2p) and (Dpoly(F),é. (F)), can be extended by m-linearity
to precaleuli (T% (F), Q%) = (Tpory (F)@m, Qp&m) and (DT, (F), C™F)) =

(Dpoly,m(F&M), Co m (FEm))).

Convention. Below we will work with potentially infinite series with coefficients in
m. We make the standard assumption that we are in a setting where all these series
converge and standard series manipulations are allowed. In our actual application
all series will be finite for degree reasons.
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A MC element v of F) can be written as a sum

poly(
Y=7-1tN+tn+rto,

where ~; is an element of T™, (F) of poly-vector degree i, i > —1, which satisfies

poly
the Maurer—Cartan equation

1
dm’}/+§

We denote by U(7) the image of a MC element v as above with respect to U (see
ED)). This is again a MC element. Further, we set

Z u’n,+1 -"77571)7 Y1 6jﬂ’oly(F‘)
n>0 nt M

Syo(c) =

n>0

[v,7] = 0.

n

S (y,...,7:¢), c€ C™(F).
———

n

n'

Since and S, are L-quasi-isomorphisms, U, 1 and S, g are both quasi-isomorphisms
of DG-vector spaces.

Theorem 7.1. For a general commutative DG-algebra (m,dy) as above, and for
a general MC' element v of poly(F), Uy 1 and Sy descend to quasi-isomorphisms
of (homotopy) precalculi, fitting into the commutative diagram

(T, (), o+ 0], [ 1,0) = (D, (F), o+ i + (), ), [, ,0)

~ v
\ S R
(2B, dm + Ly Ly 0) =————— (C(F),dm + but + Ly, L)

in the sense that Uy 1 and Sy o preserve Lie brackets, Lie actions, cup and cap
products up to homotopy.

Kontsevich [I7] has first stated and proved that U, ; defines a quasi-isomorphism
of Gerstenhaber algebras up to homotopy from T3¢, (F) to DJJ, (F) in the sense
specified above. We observe that the identity Uy 1([v1,72]) = [Uy,1(11), Uy, (72)] at
the level of cohomology, for ~; in Tpoly(F), i = 1,2, holds true, because U is an L .-
morphism: in particular, there is a homotopy operator describing the compatibility
with Lie brackets, expressible in terms of the Taylor components of U twisted by the
MC element 7. On the other hand, the identity Uy 1 (71 Uv2) = Uy, 1(71) Uy, 1(72)
at the level of cohomology comes from a more complicated identity up to homotopy:
in this situation, the homotopy operator is not expressible in terms of the Taylor
components of . For an explicit description of the homotopy operator, we refer
to [G7IS]

The actual formulation of Theorem [T.] has been first proposed as a conjecture
in the particular case, where v is a (formal) Poisson structure, by Shoikhet [21]:
this conjecture has been first proved in [22] only in degree 0 and later in [5] for
all degrees. A more general result has been stated and proved in [6], to which
we refer for more details. The identity S, (L, ,(71)(c)) = L4, (Sy,0(c)) at the
level of cohomology, for v; in T};‘(‘)ly(F ), ¢ in CA':“(F ), is a consequence of the fact
that Sg 4 is an Loo-morphism of L.,-modules (in particular, there is a homotopy
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formula involving the Taylor components of U« and S, twisted by «). The identity
Syo0ly () Ne) =7 NS,y o(c) at the level of cohomology holds true in virtue of
a homotopy formula, but the corresponding homotopy operator does not involve
the Taylor components of U and S: such an operator has been explicitly described
in [6].

We briefly review in section §7.1.1] below the construction of the homotopy op-
erator for the compatibility between cap products.

7.1.1. The homotopy formula for the compatibility between cap products. For later
computations, we write down the explicit homotopy operator for the compatibility
between the N-actions: namely, for a MC element v as in Theorem [Z.I] for v,
a general element of T (F) and ¢ a general element of C™(F), we have the
homotopy relation
(7.1)

SyoUya(r1) Ne) =1 NSy 0(c) = (dm + Lv)%f(%ac) + Hi(dm% + [, ml o)+

+ (_1)‘71|H§(Vla dwme + buc+ LU(V)C)7

where

1 o
(72) Hf('}/h C) = Z E Z WD,FSF(FYlv REEREENE C)a

n>0 " F695+1,m+1 n

¢ being of Hochschild degree —m.

In ([Z2), the second sum is over “S-admissible graphs” of type (n + 1,m + 1):
these are directed graphs with n + 2 vertices of the first type and m + 1 cyclically
ordered vertices of the second type and with an orientation of the outgoing edges
from vertices of the first type, and with a special vertex of the first type, labelled by
0. The vertices of the second type can be only endpoints of edges, and S-admissible
graphs do not contain edges starting and ending at the same vertex; finally, the
vertex 0 has only incoming edges.

To the vertex 1 of the first type of an S-admissible graph I' is assigned the poly-
vector field ~1: the number of outgoing edges from 1 equals the poly-vector degree
of ~1 plus 1. To any other vertex of the first type, except 0, is assigned a copy of
the MC element . To the i-th vertex of the second type is assigned the i 4+ 1-th
component of the Hochschild chain c¢. Pictorially, here is an S-admissible graph of
type (4, 5), with corresponding coloring by poly-vector fields and Hochschild chains:

aq

Figure 1 - An S-admissible graph of type (4,5)
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The differential form Sr(y1,7,...,7,¢) is defined explicitly in [5L6L21].
——

n

[e]
More important for our purposes is the integral weight Wp r, for a general
S-admissible graph of type (n + 1, m + 1),

(73) WDJ‘ = ‘/)Jr Wp -
yn+1,7n+1
(e} +

First of all, ),, 1 ,,,,1 denotes the codimension-1-submanifold (with corners) of the
compactified configuration space ’DI +1,m+1 of n+ 1 points in the punctured unit
disk D* and m + 1 cyclically oriented points in S', consisting of configurations of
points, where the point labelled by 1 moves on a smooth curve from the origin to
the first point T (with respect to the cyclic order) in S'. Graphically,

1
O+

Figure 2 - A general configuration of points in ¥,, 1,41

In Figure 1, the dashed line represents the curve, along which the point 1 (labelled
as “o”) moves. The differential form wp p associated to a graph in QSJerH is a
product of smooth 1-forms on D; +1,m+1° the basic ingredient is a slight modifica-
tion of the exterior derivative of Kontsevich’s angle function, see [6,[17] for more
details.

For the globalization procedure of the compatibility between cap products, we
need the following technical Lemma, which corresponds, in the present framework,

to Theorem [5.2] 7).

Lemma 7.2. IfT' is an S-admissible graph in g§+1)m+1, n > 1, and at least one
of the poly-vector fields i, i # 1, is linear on F', then

[}
Wp,rSr(v1,72s- - Ynt1,¢) = 0.

(e} +
Proof. The first point of the first type in Y, 4,1, by the very construction of
o] +
Yt 1.my1, moves from the origin 0 to the first point in S* with respect to the cyclic

order: to the former point is associated the poly-vector field v;. Any other point
associated to a vertex of the first type moves freely in the punctured unit disk D*.

Without loss of generality we assume 2 to be an m-valued linear vector field: the
valence (i.e. the number of outgoing edges) of the corresponding vertex of the first
type is 1, while the linearity of v implies that there can be at most one incoming
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edge to the vertex corresponding to 2. This follows from the construction of the
differential form Sr(y1,7v2,-- -, Yn+1,C)-

Thus, we may safely restrict to S-admissible graphs I', such that the vertex 2
has valence exactly 1 and with at most one incoming edge.

If the vertex labelled by 2 does not have incoming edges, the corresponding

[e]
integral weight W p r vanishes by dimensional reasons: in fact, we integrate a 1-form
(corresponding to the only outgoing edge from 2) over a 2-dimensional submanifold
(with corners) of D*.
If the vertex labelled by 2 has exactly one incoming and one outgoing edge,
we may apply [6, Lemma 6.1], to yield the vanishing of the corresponding weight

Wo.r. O

7.2. The proof of Theorem [1.1] in the ring case. We will first assume that
the ground field contains R. At the end of the section we will show how to get rid
of this restriction.

We consider a Lie algebroid L over R as in Definition B.1] free of rank d over R.
Then, we set (m,dy) = (C°'4L d), where d = dQRcoordyL(/ngRl 1+ 1<§>QR1 dr, (see
43 for more details), and the Maurer—Cartan form w is an m-valued vector field
on F obeying

1
dw + E[w,w] = 0.

By Theorem [B1] i) we have U(w) = w. Furthermore one checks that by degree
reasons U, and S, yield finite sums when evaluated on specific elements. The same
goes for the associated homotopies. So the results of §7.1] apply.

Combining the arguments of the proof of Theorem [£.3] with Theorem [l we get
the following commutative diagram of precalculus structures up to homotopy
(7.4)

~ Uy, .
(Tpoly)Caff,L (CaH’L@)Rl JL), 1Vaﬁ, [, ], U) — (Dpoly7Caff,L (OaH’L®Rl JL), tyaft 4 du, [, ], U)
\ \
Sro

(Qcaff~L®R1JL/Caff,L, 1Vaﬂ7 L, ﬁ) (acaff*L,.(CaH’L@)Rl JL), lvaﬂ' + bH7 L, ﬁ)

The fact that 4y, 1 preserves the respective Lie brackets up to homotopy is a con-
sequence of the fact that £y, is an Lo,-morphism; similarly, the fact that &y, o
preserves the Lie module structure up to homotopy is a consequence of the fact
that & is an Lo.-morphism of L,,-modules.

On the other hand, &z, ; is compatible with respect to the products labelled by
U up to homotopy by the results of [7, §10.1].

As for the compatibility between the actions labelled by N up to homotopy, we
first observe that the homotopy formula () is well-defined in the case (m,dy) =
(CcoordL d) and v = w, with the same notation as above: by the same arguments
as in the proof of Theorem [5.3]it remains to prove that the homotopy operator ([(2])
descends to a homotopy operator

5’3‘2 : Tholy,catt.r (OaH’L@)Rl JL) ® acaff,L).(OaH’L@)Rl JL) — Qcaff,L®R1 JL/Catt.L -

This holds true as a consequence of Lemma together with the verticality prop-
erty of the Maurer—Cartan form w, see §4.3
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If we now couple the commutative diagram (4] with the results of §4.41 §4.0]
and §4.6] and using the same notation introduced at the end of the proof of Theo-
rem [£.3] we get the following commutative diagram of precalculi up to homotopy

Ur 1
(75) Tp%oly(R)( g% g% )Dﬁoly(R) :
I .
QF(R)S mf <= m} "Croy (R)

The quasi-isomorphisms 4y, 1 and &y, ¢ are obtained from Uy, ,, 1 and Sy, 4,0 respec-
tively by means of the descent procedure: since w is an m-valued vector field in
T (F) = gf, form = Ceoord L we can use the results of [7} §10.1], and [6] §6], to
evaluate explicitly Uz, ., 1 and St o 0, namely

(7.6) Urw1 =HKR o tj,), Spwo=jw)AHKR,

where

—_
—
—

e j(w) =de = —,
i o=t

with E as defined in (63). To interpret (Z7) one should expand the right-hand
side formally in terms of Tr(E™) and then substitute the expression for = given in
[G3). This yields an element of C°°"4L&0 1 of degree 2n. Thus j(w) is a sum of
elements in C°" %L @O of even total degree.

By the discussion in §Gl the element Tr(Z") € CeoordbL@0 p may be interpreted
as an element in C*H2®n Q /o, via the inclusions ([6.2]). Hence the same holds
for j(w). We keep the same notation for this reinterpreted version of j(w).

We thus get the following formulse:

(78) uL,l =HKR o Li(w)) 6[,70 = ](w) A HKR.

7.3. Functoriality properties of the commutative diagram (7). The com-
putations in the proof of Proposition imply the following theorem, expressing
the functoriality properties of the commutative diagram ([Z.3]).

Theorem 7.3. For a general algebraic morphism (¢, \) from (L, R) to (M,S) as
in Definition [5.4 which induces an isomorphism S @r L = M of S-modules, and
such that L is free of rank d over R there exist quasi-isomorphisms 3, 1, YUnr 1,
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G0 and Gy, fitting into the commutative diagram of precalculi up to homotopy

HLJ:HKROL]'(&,L)

(79) T;{‘oly (R)( gf g% 7l);I)‘oly (R) )
YT l YT ‘/ YD l YD l
LlM,l :HKROLJ'(N )
Tpf\(/)[ly(s)c g{\/f — gé\/[ )DpMoly(S)
L Ly Lo L
v \ . v v
GM,OZJ(UJ]\/[)/\HKR
QM (8)C mi! my! 2Coary (S)
GL,():j(wL)/\HKR
QF(R)C m{ my "Crory (1)

where we borrow notation from Proposition [5.0, and where wy, and wyy, denote
the Maurer—Cartan form on C%L gnd C* UM respectively. The precalculus
structures up to homotopy on (gf,m}), x = L, M, i = 1,2, are defined as in 5.3
Moreover the implied homotopies are in a similar way functorial for algebraic mor-
phisms (¢, \) from (L, R) to (M, S) satisfying S @r L = M.

Almost all important objects appearing in Theorem [.3] have already appeared
in Theorem [5.6] hence the functoriality properties extend to the present situation.
The commutativity of the upper and lower squares involving j(w) follows from the
compatibility of the inclusions (6:2)) with the base extension S/R. The functoriality
properties of the implied homotopies are verified in the same way. See [7, Lemma
10.1.1] for results on i, 1 and related homotopies; in virtue of Lemma [T2] the ho-
tomopy expressing the compatibility of &, o with cap products descends correctly
on C** and the functoriality properties of such a homotopy follow along the
same lines of the functoriality properties in Theorem (.6, as the homotopy under
consideration is expressed in terms of scalar combinations of poly-differential op-
erators associated to certain graphs, as the L.,-quasi-isomorphisms of Kontsevich
and Shoikhet.

7.3.1. Arbitrary base fields. We now briefly indicate how we may replace k by a
general field of characteristic zero. Our arguments depend on the existence of a
number of explicit homotopies. These homotopies are constructed as scalar linear
combinations of poly-differential operators indexed by certain graphs, where the
scalars depend only on the corresponding graphs. For the arguments to work the
coefficients need to satisfy certain linear equations. These equations have a solution
over R (given that over this field we have homotopies that work). Thus they have
a solution over any field of characteristic zero.

We will now be more specific. We refer to [7, §10.4] for what concerns Lie
brackets and cup products; here we concentrate on the compatibility between cap
products. We embed k in a field K containing R. By virtue of [6, §6], /1 and
S,y,0 are defined over Q and thus k (while they are a priori defined over R C K).

Then observe that equation () is linear in the coefficients Wp 1 of Hf . Since we
already have a solution of these equations in R C K, we get one in k by applying
any projection K — k.
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7.4. Proof of Theorem [I.7] in the global case. Let (X,0) be a ringed site
and £ be a locally free sheaf of Lie algebroids over O of rank d. We denote by
D(X) the derived category of sheaves of k-vector spaces over X. According to
the results of Section [3 transported to the framework of sheaves of k-vector spaces,
(T}ily(X ), Q4 (X)) and (leoly(X ), C}foly (X)) are precalculi up to homotopy. There-
fore, viewed as objects of D(X) they are genuine precalculi.

Additionally, the sheafification procedure can be applied to the commutative
diagram (Z9), in virtue of the results of §7.3 (using the fact that the homotopies
are functorial as well) : if we further consider the resulting commutative diagram
of sheaves of k-vector spaces in the derived category D(X), then using (64) we get
the commutative diagram of precalculi

TP£01}’ (X) glﬁ ’
HKROer(C)l/2 QL‘,(X) mlﬁ
cﬁ(g)l/fAHKR
DE,, (X) ‘ a% J(W)AHKR
O;foly (X) mé:

where all horizontal and vertical arrows represent isomorphisms in the derived cat-
egory D(X). Here td(£) is the modified Todd class of £ which is obtained by
replacing the function ¢(z) in the definition of the Todd class (see (L2)) by

~ X
q(I) - er/2 _ e—x/2°

Hence at this point we have proved Theorem [[LT] provided that we replace the Todd
class by the modified one. To obtain the result for the ordinary Todd class we
follow the method of [7, §10.3]. We have

td(£) = td(L) det(e~AE)/2)
td(L)e~ THAL)/2

td(L)e= D)/

In other words it is sufficient to prove that (Le,al(ﬁ)/4,e“1(£)/4 A —) defines an
automorphism of the precalculus (Téﬂy(X ), QX (X)).

Via the inclusions (6.2)) together with ([6.4) we may as well prove that (¢, tez)/4, e T"E/AA
—) defines an automorphism of the precalculus (C°°™ 4 &T, o, (F), C" @0 k) or
equivalently that (t1y(z), — Tr(E) A —) act as derivations. The fact that tp.(z) is
a derivation with respect to the cup product and Lie bracket has been checked
in [7, §10.3]. So it remains to show compatibility with the cap product and Lie
derivative.

As Tr(E) =3, , Nadr(9iw!,) we first derive some identities for tq,., and dpb A —
with b in F. '
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First we claim
(7.10) dpb A (DN o) = —tap(D) Mo+ (=1)PHD A (dpb A o)

forbe F, D € Tpay(F), 0 € Qp. If D = DU D, and (710) holds for Dy, Dy then
it holds for D as well. To see this note

dpb A (D1 UDy)N o) =dpbA (DN (DyNo))
= —14,5(D1) N (DaNo) 4+ (=D)PIHD A (dpb A (Dy N o))
= —14,p(D) N (Do) — (=)PIHID A g (Do) N o
+ (=)D D A Dy 0 (dpb A o)
= —14,5(D1UDy) No + (—1)P1YP241 (D U Dy) N (dpb A o)

So we only have to consider the case where D is a function or a vector field. The
case that D is a function is trivial so assume that D is a vector field. In that case
we find for the right-hand side of (ZI0)

—tapp(D)No+ (=DIPHID A (dpbAo) = DbNo — Db Ao +drbA(DNo)
=dpbA (DNo)

which is equal to the left-hand side of ([ZI0]).
For the Lie derivative we use Lp = [dp, D N —]. It is clear that dp and dpb A —
commute. We then compute using (Z10)

dpb ALpo = dpb A (dp(DNo) — (—=)PH D Ndpo)
= —dp(dpbA (DNo)) + (=1)Pldpb A (DN dpo)
= dr(tapp(D) N o) + (=D)IPIdp(D N (dpb A o))
+ (=D)IPHy (D) Ndo — DN (dpb A dpo)
=L,,,,0(0) + (-1)!P'Lp(drb A o)

If ) is an odd element in C°°°*4 then tndpbD = NtdppD and LipapoD (o) = Lta,op (o) =
—nL,, , (o). Using this we find

Tr(E)A(DNo) = —inE)(D)No+ DN (Tr(E) Ao)

Ldpb

and
TL”(E) ANLpo = _LLTr(E)D(U) + LD(TI’(E) A\ 0')

We conclude that (v1y(=), — Tr(Z2) A —) does indeed define a derivation of precalculi.

APPENDIX A. EXPLICIT FORMULZ FOR THE By,-STRUCTURE ON
POLY-DIFFERENTIAL OPERATORS

In this appendix and the next one we develop the precalculus structure on L-
chains over L-cochains up to homotopy. The results in these appendices are pro-
vided for background and are not essential for the results in the body of the paper.
The graded vector space V = Dgoly(R) is naturally a Bs.-algebra. This means
that the cofree coassociative coalgebra (with counit) T(V') is canonically equipped
with the structure of a DG bialgebra. The notion of B..-algebra has been intro-
duced in [1]; though, we make use here mainly of the By.-algebra structure given

by braces [13[14], to which we refer for more details, see also [6l Sections 1,2].
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The corresponding associative product m on T(V') is uniquely determined by its
Taylor components m,, , : TP(V) @ T4(V) — V. We have m,, , =0 if p # 1 and
(A1)
my ¢(D® (D1 ®---® Dg)) =D{Dy,..., Dg} =

_ > (—1)Zh=1 1Pkl (ik—1)

1<ig < <ig<|IDI+XIZ] 1Dyl 41

(1®<i1—1) ® APl g 18(i2—i1-1D11-1) g AlD2l g ... g 1®la=ig_1=1Dg_11=1) g AlDgl g 1®UDI+TI] \Db\ﬂ'q>> (D)

(1®<i1—1) © Dy ©1802=11-ID1-D g p_ g g 18la=ig—1-1Dg_11-D g p_ g 18(PI+TI] \Db\—iw) ,
for elements D, D;, i =1,...,q, of D} | (R), where |—| denotes the (shifted) degree
of elements of D) (R): accordingly, we have [D{Dy, ..., Dg}| = |D|+ > 2!_, | D,
and thus all brace operations are of degree zero. In the sum (AT, we have 1 < iy,
it +|Dil +1 <ipp1, k=1,...,qg—1,ig+ |Dy| <|D|+>?_, |Ds| 4+ 1. The sign
conventions are taken from [6]. The brace operations (AJ)) satisfy an infinite family
of quadratic identities (see e.g. [0]), which are equivalent to the associativity of the
product m.

We define the cup product by means of the brace operations, see also [6LI3], via
the assignment

(A.2) Dy U Dy = (—1)/P1H Dy Dy}, D; € DL, (R), i =1,2.

poly

It is obvious that the cup product has (shifted) degree 1. An easy verification using
Formula (A]) shows that the previous definition of cup product coincides with the
one given in Formula (&I)).

We now have the following compatibilities

Lemma A.1. The degree 0 operation (3I0) and the degree 1 operation (A2) satisfy
the following properties:

(A3)
[D1, Do) = —(=1)P21P21[Dy, D],
(A4)
[D1,[Ds, D3]] = [[D1, Ds], D3] + (=1)!P*1P21[Dy, [Dy, D3]],

(A5)

Di1UDy = (—1)(|D1|_1)(‘D2‘_1)D2 UD;+ (dH(Dl{D2}) - (dHDl){Dg} - (—1)|D1|D1{dHD2}> ,
(A.6)

Dy U (Dg U D3) = (Dl U Dg) U Ds,

and

(A7)
[Dl, Do U D3] = [Dl, Dz] U D3+ (—1)‘D1‘(‘D2‘71)D2 U [Dl, D3] + (—1)|D1| (dH(Dl{D2, Dg})—

(duD1){ Dy, D3} — (=1)!P1I D {dy Dy, D3} — (—1)D1+|D2|D1{D2,dHD3}),

for general elements D; of Dgoly(R), i=1,2,3, and where dg = [y, o], p =1®x1.
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APPENDIX B. THE PRECALCULUS STRUCTURE ON L-CHAINS

We need results from [6L25] about algebraic structures on Hochschild (co)chains,
which have to be adapted to the Lie algebroid framework.

According to [6L25], there are two distinct, non-compatible, left B.,-module
structures on the Hochschild chain complex of A, viewed as a Boo-algebra with
respect to the brace operations ([(AT]). Equivalently, we view the two left Bu-
module structures on the Hochschild chain complex as the data of two left actions
my,;, ¢ = 1,2, on the left comodule cofreely cogenerated by the Hochschild chain
complex of A over the coalgebra cofreely cogenerated by the Hochschild cochain
complex of A.

These results can be applied to the present situation with due changes: C Re(JL)
has two left Bso-module structures over the Bo-algebra DI | (R).

We borrow the main notation and sign conventions from [6]. We denote by
my,;, ¢ = 1,2 the two left Bo-module structures on aR,(JL): they are uniquely
determined by their Taylor components
(B.1)

(mpd (PR Q1@ 8Qy)®a® (R1® @ Ry))) (D)=

—la|=|P|=2{_, 1Qpl4+r+1 mod (—|a|+1)
= 3 3 (—) S lal =D+ 1Qp 1y —D+ECoy [ Rel(ke —1=1)

t=—la|->{_; |Qyl—gq+1 mod (—|a|+1) I1<j1 < <ig<—lal
1<ky < <kp<|a|+|P|+1

o(Slal=1+1) () ((A(\PHZEZI 1Qp1+X021 1Re) g 1@ (—lal=IPI=S{_y 1Qp| =Sty [Rel)y(py
(1(j1*l) ®A‘Q1‘ R ® 1®(jq7jq717‘Qq71‘71) ®A\Qq\ ® 1®(*\a\*jq*\Qq\+k1) ®A‘R1‘ ® - ®

-1
@1®Gkr—Fr_1=|Rp_11=1) o AlRr| g 1@(al+IPI+E]_1 1Qp 1+ [Rel+i=kr—1) o 1@(=lal=|P|=Xf_; |Qp| =Xl \Rc\)> P)

(19D eQ . 1201 i-1712-11"D g g, § 18(-1e1~da 1R TF) g}, @ ... @

@180r—kr_1=|Rp_11=1) g p o 1@Ual+IPIFTI_ | 1QuI+E(11 [Rel+l—kr—1) o 1 ®(~lal=IPI=X{_; Q| -Ti_; U%\))) )

where o is the operator on éR).(JL) defined via
U(G)(DO &) - D,‘a‘) = G(Dl &) - D,‘a‘ (024 Do), D, € UR(L), 1=0,..., —|a|,

which obviously satisfies (=141 = id, and the indices in the summation satisfy
l§.717.71+|Ql|+1 Sji-i-l?izlv"'uq_17jq+|Qq| < _|a|7 kl+|R1|+1§kl+17
i=1,...,r =1, ke +|Re| <la| + |P| + 30, |Qu| + X5y |Re| +1—1, and

(B.2)

(mY% (@@ (R1 @ @ Ry) (D) =

_ > (—1ySi=1 [ Rellic=1)

1< < <ip<—|al

o <<1®i1 ® AlR1l g 18Ga—i1—|R11-1) g AlR2l g . g 1®lr—ir_1=|Rp_11=1) g AlRrl g ®UDI+XIZ] \Rd—m) (D)

(1®i1 ® Ry ©1802-11-1B1I-D g poo o @Gr—ir_1—|Re11-1) o p o ®UDIFTZ] \Rd—w))) ,

where the summation is over indices i1, . . . , i,, such that 1 < iy, ix+|Dg|+1 < ipy1,
k=1,...,p—1,14p + |Dp| < —|a|. We observe that the components of my, resp.
my,, are non-trivial only if p < 1, with no restrictions on ¢, r, resp. only if ¢ = r = 0,
with no restrictions on p.

It is not difficult but quite tedious to verify that both (B) and (B2) have
degree 0 and satisfy an infinite family of quadratic relations involving braces.
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The Taylor components of my, ;, ¢ = 1,2, permit to define a pairing of degree 0
between DL (R) and Cg(JL) via

poly

(B.3) Lpa=m; 3’ (D®a)+(-1)Pm)% (a@ D), D € DL, (R), a € Cra(JL).

poly(

Similarly, we may consider two distinct pairings between DX
for p as above,

(R) and Cg.o(JL):

poly

(B.4) Dna=(-1)Pmp’(ne Dea),

(B.5) anD = (-1)lm;$ (n@a® D), DeDL | (R), a€ Cra(JL).

poly(

It follows from their very definition that both (B.4) and (B.A]) have degree 1.

Lemma B.1. The pairing (B3) of degree 0 and the pairings (BA4) and (B3) of
degree 1 satisfy the following properties:

(B.6)

L[Dl,Dz]a’ =Lp, (LD204) - (_1)‘D1HD2‘LD2 (LDla)7

(B.7)

Dna=(-1)IPI=0ad=Dgn D+ (bH(mlL’le’O(D ®a) —mp§°(duD @ a) — (~1)/Pm} % (D @ bHa))
(B.8)

Dlﬂ(Dgﬂa) = (Dl UDz)ﬂa

(B.9)
(aﬂDl)ng :aﬁ(DlLJDg),

(B.10)
Lp, (DyNa) = [Dy, Do) Na+ (—1)P1UP=D Dy ALy a0+ (1)1 (bH(mlL’ll’O(Dl ® Dy ® a))

)

—mlLllo(dHD1®D2® a) — (- 1)|D1|mi’11’0(D1®dHD2®a)

(1) PP O(D, @ Dy @ ba)).

(B.11)
Lp, (N Dy) = Lp,an Dy + (—1)IP10¢=Da 0 [Dy, Dy) + (—1)1P1 (bH(mlL’ (D1 @ a® Dy))

—mlLOll(dHDl ®a® Dy) — (—1)|D1| X 1(D1 ® bua @ D)
—(~1)IPr el YDy @ a @ dHDQ)) ,
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and finally
(B.12)

LDluDga + (_

- (D1 ALp,a+ (—1)(IP1=D(D2l+lal=Dp - Dl)

1)AP=DAD2 =D,

+ (=1)lal(P21-1) (LDIGQDH (—1)Prl+al=1)(ID:1=1) py, QLDIG)
1)(ID2—-1) ([DI,DQ] Aa+ (—1)(lal=DUDsl+D2l=1) g A [DI,DQ])

)

+(=1)

+(-1)lP ‘bH(miz( © R @ Rg)) — (=1)P!'mp5* (bra @ Dy @ Dy)
+(=1)P 00’2(a®dHD1®D2) + (=1)/DilHIDe] 002( ® Dy @ dyDs)
+(=1)

+(=1)

K \bH(m2g2(a®D2®D1))—(—1)\D2\m002(bHa®D2®Dl)
1‘ 002( ®dHD2®D1) ( 1)|D1|+‘D2‘ 002( ®D2®dHD1)

for a general element a of CRﬁ.(JL) and general elements D, D;, i = 1,2, of
DL (R), and where by = L,,, for ju as before.

poly

As for Lemma[A.T] the proof essentially makes use of the brace identities, of the
fact that mp ;, ¢ = 1,2, is a left action with respect to the brace operations, and
of the fact that my ; and my 5 satisfy a weak compatibility, as explained in more
details in [0].

Both actions my, ; and my, » are compatible with the Grothendieck connection,
ie.

L,

1vl(mggﬁr(D®Q1®-~-®a®R1® )) T D@ @'V R ®---

Wi(mdy (Dre - @a)) =mby (D1 @@ Via), p 20,

for D, D; (i=1,...,p),Q; (j=1,...,q9), R (k=1,...,r) elements of Dpoly(R)
and a of éR (JL). Both identities follo from the fact that 'V commutes with
the operator o and from the fact that Ur(L) is a Hopf algebroid, in particular, the
comultiplication is an algebra morphism.

Then, in virtue of Lemmal[B], the pairings (B.3)), (B.4)) and (B.3]) are compatible
with the Grothendieck connection, implying in particular that the Hochschild dif-
ferential is also compatible therewith. By the very same arguments, Formulze (B1),
(By), (B9), (BI0), (BII) and (BI2) are compatible with the Grothendieck con-
nection, whence (Ker(*V) N Cr.o(JL), by, L,N), where N denotes here both (B)
and (B3, inherits a structure of precalculus up to homotopy over the Gerstenhaber
algebra (D[, (R),du, [, ],U) up to homotopy.

For the sake of completeness, we write down explicit formuleae for the Hochschild
differential by on the complex of Hochschild L-chains on R and for the pairing (B.)
between DL (R) and C% (R); in [8], we will deduce the same formula in the

poly poly
framework of homological algebra and derived functors. Explicitly,

by (a) = aody,
anD = (_1)|a|a(D ®re), a€C oly( ), D€ Dpoly(R)

We observe that (B6) implies that by, the Hochschild differential on L-chains, is
compatible with respect to (B3], and that (BI0) and [BI1l in the special case

), q,m >0,
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D; = u, imply that by satisfies Leibniz’s rule with respect to (B4) and (BX)
respectively.

Thus, combining these arguments with Proposition B.6l we have the following
important

Theorem B.2. For a Lie algebroid L over the ring R as above, the twist of (B.3)),

B4), (BA) and of the Hochschild differential by with respect to the isomorphism (315)
endow Céoly(R) with a structure of precalculus up to homotopy over the Gersten-

haber algebra (D5, (R),du, [ , ],U) up to homotopy.
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