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Abstract

We give the generalized triangle inequalities which determine the possible A-valued
side lengths of n-gons in thick Euclidean buildings of rank 2.

1 Introduction

Let X be a symmetric space of noncompact type or a thick Euclidean building. We are inter-
ested in the following geometric question:

Which are the possible side lengths of polygons in X ?

In this context the appropriate notion of length of an oriented geodesic segment is given by a
vector in the Euclidean Weyl chamber A.,,. associated to X. If X = G/K is a symmetric space,
the full invariant of a segment modulo the action of G is precisely this vector-valued length
since we can identify X x X/G = A,y (cf. [KLM09a]). For X a Euclidean building the same
notion of vector-valued length can be defined (cf. [KLMO9b]). We denote by P,(X) C A”,.
the set of all possible A.,.-valued side lengths of n-gons in X.

An algebraic question (the so-called Eigenvalue Problem), which goes back to 1912 when it
was already studied by H. Weyl, is closely related to a special case of the geometric question
above, namely, for the symmetric space X = SL(m,C)/SU(m). It is one of the motivations

for considering this geometric problem. The Eigenvalue Problem asks:
How are the eigenvalues of two Hermitian matrices related to the eigenvalues of their sum?

We refer to [KLMO09a)] for more information on the relation between these two questions and
[Fu00] for more history on this problem.

In [KLMO09a] and [KLMO09b] it is shown that the set P,(X) depends only on the spherical
Coxeter complex associated to X (i.e. on the spherical Weyl chamber A,,). We will therefore
sometimes refer to P, (Aspn) as the set of side lengths of n-gons in X a symmetric space or a
Euclidean building with A, as spherical Weyl chamber.
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For a symmetric space X = G/ K the set of possible side lengths has been completely deter-
mined in [KLM09a]: P, (X) is a finite sided convex polyhedral cone and it can be described as
the solution set of a finite set of homogeneous linear inequalities in terms of the Schubert cal-
culus in the homology of the generalized Grassmannian manifolds associated to the symmetric
space G/ K. It follows, that for a Euclidean building X’ with the same associated spherical Weyl
chamber A, as X, the set P,(X’) is also a finite sided convex polyhedral cone determined by
the same inequalities as P, (X) = Pn(LDspn)-

As already pointed out in [KLMOQ9b] for the case of exotic spherical Coxeter complexes (i.e.
when it is the Coxeter complex of a Euclidean building but it does not occur for a symmetric
space) the structure of the set P, (As,,) cannot be described with this method, since we do
not have a Schubert calculus for these Coxeter complexes. Thus, the structure of P,,(A,) for
these Coxeter complexes and even its convexity were unknown. It is clear that we can restrict
our attention to irreducible Coxeter complexes. By a result of Tits [Ti77], exotic irreducible
Coxeter complexes occur only in rank 2. Our main result is the description of P, (X)) in this
case (compare with Theorem [6.14)).

Theorem 1.1. For a Euclidean building X of rank 2, the space P, (X) is a finite sided convex
polyhedral cone. The set of inequalities defining P,(X) can be given in terms of the combina-
torics of the spherical Coxeter complex associated to X .

The inequalities given in our main theorem coincide with the so-called weak triangle in-
equalities (cf. [KLMO09al, Sec. 3.8]). Moreover, our arguments also work (see Remark [6.12])
to prove the weak triangle inequalities for buildings of arbitrary rank (cf. [KLMO09a, Thm.
3.34]). For symmetric spaces, these inequalities correspond to specially simple intersections of
Schubert cells in the description of P, (X) given in [KLMO09a]. Their description depend only
in the Weyl group of X and therefore, they can be defined for arbitrary Coxeter complexes.

Consider the side length map o : Pol,(X) = X™ — Al . The set P,(X) which we are
interested in is nothing else than the image of 0. We use a direct geometric approach to
describe this image. Our main idea is to study the singular values of o by deforming the sides
of a given polygon in X. This strategy was already used for the case of symmetric spaces by B.
Leeb in [Le] to give a simple proof of the Thompson Conjecture (cf. [KLM09al Theorem 1.1]).
In this paper we adapt this variational method to the case of Euclidean buildings and use it to
describe the space P, (X).

Throughout this paper we state the results, whenever possible, in such a way that they
apply to Euclidean buildings of arbitrary rank. In particular, Sections [ [l and (except
Lemma and Proposition [6.7) do not use the assumption on the rank of the building. And
when we do use the assumption, we indicate it explicitly in the statement of the corresponding
result.

The set of inequalities obtained in Theorem [Tl constitute an irredundant system defining
the polyhedral cone P,(X). The inequalities given by Schubert calculus in [KLMO09a] are
known to be irredundant for the cases of type A, (see [KTWO04]), however, these seem to be
the only cases. A smaller set of inequalities is given in [BK0G] by defining a new product in the
cohomology of flag varieties. The irredundancy of this set has been recently shown in [Rel0].

After a first version of this paper was written, the author learned about a recent related



paper of Berenstein and Kapovich [BKal(Q], where the generalized triangle inequalities for rank
2 are also determined by a different approach.

Acknowledgments. 1 would like to thank Bernhard Leeb for bringing this problem to my
attention and sharing his ideas in the case of symmetric spaces with me.
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2 Preliminaries

A very good introduction to the concepts used in this paper is the work [KL98| ch. 2-4]. We
refer also to [BH99| for more information on metric spaces with upper curvature bounds and
to [KLMO9b, ch. 2-3] for the different concepts of length in Euclidean buildings.

2.1 CAT(0) spaces

Recall that a complete geodesic metric space X is said to be CAT'(0) if the geodesic triangles
in X are not thicker that the corresponding triangles in the Euclidean space.

For two points z,y € X we denote with xy the geodesic segment between them. The link
>, X is the completion of the space of directions at x with the angle metric. ﬁ € ¥, X denotes
the direction of the segment xy at x.



Two complete geodesic lines 7,7, are said to be parallel if they have finite Hausdorff
distance, or equivalently, if the functions d(-,7;)|,,_, are constant. The parallel set P, is defined
as the union of all geodesic lines parallel to . It is a closed convex set that splits as a metric
product P, = R x Y, where Y is also a CAT(0) space.

For a polygon p, or more precisely, an n-gon in X we mean the union of n oriented geodesic
segments Toxy,...,T,_1T, With z, = zg. Since geodesic segments in CAT'(0) spaces between
two given points are unique, we can also describe p by its vertices. We write p = (zg, ..., Tp_1).
The union ¢ of n oriented geodesic segments xoxy, ..., T, 1T, Where x, # xo will be called a
polyhedral path and we write ¢ = (xo, ..., z,).

2.2 Coxeter complex

A spherical Cozeter complex is a pair (S, W) consisting of a unit sphere S with its usual metric
and a finite group W of isometries, the Weyl group, generated by reflections on total geodesic
spheres of codimension one. A Weyl chamber in S is a fundamental domain of the action
W ~ S. The model Weyl chamber is defined as Ay, := S/W. We say that two points in S
have the same W -type (or just type) if they belong to the same W-orbit.

A EBuclidean Coxeter complex is a pair (E, Wesy) consisting of a Euclidean space E and a
group of isometries W,s¢, the affine Weyl group, generated by reflections on hyperplanes and
such that its rotational part W := rot(W,s) is finite. The set of fixed points of reflections
in W,yss are called walls of (E, Wesr). We define the W, ss-type of a point in E as above. To
(E, Wars), we can associate the spherical Coxeter complex (S, W), where S := 0 F is the Tits
boundary of E. The Fuclidean model Weyl chamber A.,. is the complete Euclidean cone over
Asph-

The link ¥, F of a point € E is naturally a spherical Coxeter complex with Weyl group
Staby,,,(x). We will also use another structure on ¥, &/ as a Coxeter complex with Weyl group
W. This will be given by the natural identification ¥, F = 0. F.

The refined length of the oriented geodesic segment xy C E is defined as the image of (z,y)
under the projection £ x E — (E X E)/W,ss. The A-valued length, or just length, is the image
of the refined length under the natural forgetful map (E x E)/W,rs — Acye. We denote with
o the length map assigning to a segment its A-valued length.

We can also define the refined length of an oriented segment xy in the spherical Coxeter
complex (S, W) analogously as the image of (z,y) under the projection S x S — (S x S)/W.

2.3 Buildings

For an introduction to spherical and Euclidean buildings from the point of view of metric
geometry, we refer to [KLI§].

Let X be a thick Euclidean building modelled in the Euclidean Coxeter complex (E, Wory).
The concepts of refined length and A-valued length of an oriented geodesic segment xy C X can

be also defined naturally by identifying an apartment containing xy with the Coxeter complex
(B, Wagy).



For a polygon p = (zo,...,2,—1) in X, we write o(p) = (o(xoz1),...,0(xn_120)) € AL,

and call o : X" — Al the side length map. The space P, (X) := o(X") is the set of possible
A-valued side lengths of n-gons in X. We say that a polygon in X is regular if all its sides
are regular, that is if their A-valued lengths lie in the interior of A.,.. The space of regular

polygons is an open dense subset of X™.

We will use following result from [KLMO9b|] concerning the refined side lengths of polygons
in X. We reproduce here its statement for the convenience of the reader.

Theorem 2.1 (Transfer theorem). Let X and X' be thick Euclidean buildings modelled on
the same Euclidean Coxeter complex (E,Wesy). Let p = (xo,...,2,—1) be a polygon in X and
let zyz! be a segment in X' with the same refined length as xox,. Then there exists a polygon
p = (x4, 2, ..., 20 1) in X" with the same refined side lengths as of p.

»Un—1

3 The set of functionals £,

We fix a vertex vy of (E, Weysy) with Stabw,,,(vo) = W. We obtain in this way an identification
E = RYI™F By fixing vy we get an embedding W < W, and also the (coarser) structure
(E, W) as Euclidean Coxeter complex. We will think of the Euclidean Weyl chamber A, =
E/W as embedded in E, such that A.,. is a fundamental domain of the action W ~ E. Hence,
the cone point of A.,. corresponds to vy.

Let n € E be a maximal singular unit vector, i.e. 7o) is a vertex of (X,,E, W). We define
the following linear functional:

ly: Aeye = R
v (v,m)

where (-,-) denotes the standard scalar product on R¥™ ¥ We denote with £,, the finite set of
functionals on A?,. of the form L(es,...,e,) =l (e1) + - - -+ 1, (e,) where all the n; have the

same W-type. We write L = (,,,...,[,,) for such a functional.

Let Hy denote the hyperplane L=1(0) N A" _for L € L,. We call Hy a wall in A”,.. The

set of walls Hj divide A7, in finitely many convex polyhedral cones. We denote with C,

the family of the interiors of these cones, i.e. C, is the set of the connected components of
int(AZuc) \ ULEEn HL'

4 Polygons

4.1 Holonomy map

Let p = (zo,...,Tp_1) be an n-gon in X. We say that a n-tuple F = (F},..., F},) of apartments
in X supports the polygon p if e; := x;_1x; C F; and the convex set F; N F;; is top dimensional
and contains xz; in its interior.

Remark 4.1. If p is a regular polygon then there always exists an n-tuple F supporting p. F

can be constructed as follows: Let A € ¥, X be an apartment containing xox7 and Tozn_; and
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take v € A antipodal to :)Tavl> . Extend the segment zgx; a little further than z( in direction
of v to a segment xjz;. Inductively for i = 1,...,n — 1 choose F; € X to be an apartment
containing x;_,z; and an initial part of x;x;11 and extend z;z;4; in F; a little further than z;
to a segment z;x;+1. Finally choose F,, to contain x/,_,x¢ and an initial part of oz, and xgxy.
This last step is possible because of our first choice of 2. The polyhedron F; N F;;; contains a
regular segment with z; in its interior. In particular F; N F;.; is top dimensional.

Let now p be a polygon and F an n-tuple supporting it. Notice that the convex set F;NF;
is a neighborhood of z; in F; and Fj;,,. Therefore we have:

So we have a natural map ¢; : S; — S;11 (just take parallel transport in F;,; along the
side e;41) and an associated holonomy map ¢, : S; — S; defined as the composition ¢, =
Ditn_10---00ir1 o ¢;. We introduce also the following notation:

OF = Piip10- 0@ Si— Sivk

If we identify S; with J,F; in the natural way, we obtain a structure of spherical Coxeter
complex on S; with Weyl group W. With this structure the maps ¢; are isomorphisms of
Coxeter complexes and the holonomy map ¢, is an element of the Weyl group W. In particular
the set of fixed points of ¢, is a singular sphere in (S;, W). Notice that the holonomy map (and
therefore also its fixed points set) depends on the choice of the n-tuple F supporting p. We
will make use of this flexibility later.

4.2 Opening a polygon in an apartment

Let p = (xg,...,%,-1) be a n-gon in X and let F be an n-tuple supporting it. We construct
points 2 € Fy, i = 1,...,n inductively as follows: for ¢ = 0,1 just set zf, = zo and 2} = 4
and suppose we have already constructed z}. For each x € F} we can identify naturally ¥, F}
with Oy F1 thus giving it a structure of spherical Coxeter complex with Weyl group W. Let
¥i : Si — ¥ F be a isomorphism of spherical Coxeter complexes such that wl(zl:)s—,_l) ) =azhxl_.
Notice that if p is regular such an isomorphism is unique. Let now z;,, be the point in F} such
that d(«}, z, ;) = d(z;, ;41) and 2}, 2} | = Ui(Z;, Zi41) (see Fig.[M). We remark that in general
xl # xy and (zg,...,2

') is a polygonal path hence the expression “opening a polygon”. We
can continue this process and define 2, € Fy for j > n.

The isomorphisms 1); can be chosen (and we do so) so that the induced automorphisms of

(Sluw)

are just the identity map.



Figure 1: Opening a triangle

4.3 Folding a polygon into an apartment

This construction was first considered in [KLMOS|, Sec. 6.1].

For simplicity on the notation, suppose p = (zg,x1,22) is a triangle in X. There is a
partition y; = 21,91, ..,Yr = T of the segment x5 such that the triangles (o, y;, y;y1) for
t =1,...,k — 1 are contained in an apartment A;. We define points g; in the apartment A,
inductively as follows: for i = 1 set y; = y1 = x; and suppose we have already defined y;. Let
Bi » A; = Aj be an isomorphism of Euclidean Coxeter complexes, such that 5(zoy;) = xo¥;.
We define ;11 := B(y;+1). We say that the polygon p = (x¢, 91, ..., Ux) is the result of folding
the triangle p into A;. We say that the points ¢; for i = 2, ...,k — 1 are the break points of the
folded polygon p. Notice that the segments zgx; and xgrs have the same refined side lengths as
the segments xo0; and zoJ, respectively. Write yo = zo and define ¢; := 7;5;_1 and & = m ,
analogously éz '= ;Yi—1 and éz = UilYit1-

A billiard triangle is a polygon p = (xo,%1,...,Jx) in an apartment A; such that for
1 = 2,...,k — 1 the directions CAZ and él are antipodal in the spherical Coxeter complex
(34, A1, Stabw,,,(9;)) modulo the action of the Weyl group Stabw,,,(7:). Clearly, a folded
triangle is a billiard triangle. Conversely, the next condition is necessary and sufficient for a
billiard triangle to be a folded triangle.

Fori=2,...,k—1 there is a triangle (], &, 7}) in the spherical building 34X such that

i i
d(¢l, &) = m and the refined lengths of (/m] and &1] are the same as of (;y;xo and &yizo
respectively.

We investigate now the relation between the constructions of opening and folding a polygon.
Let p = (xo, x1,x2) be a triangle in X and let F be a triple supporting p. Observe that we can
choose A; = Fy. Let p = (xo,%1,...,Ux) be the folded triangle. Again we identify naturally
Y F; = S; with 0, Fj for each x € Fj and give the structure of spherical Coxeter complex with
Weyl group W.

Forve=1,...,k =1 Let oy : So = X, F5 — S; = ¥y, F be an isomorphism of spherical
Coxeter complexes so that a;((;) = ;. Notice that for i = 1 we just have a; = ¢, . Analogously,

let ay, : S3 = X,,F3 — S7 be an isomorphism so that oy (¢, = z277) = ék and let o : S =
Yoo F1 — S be so that ag(zox3) = JoUr = (o- Observe that if p is regular, then the «; are
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unique.

Since p = (2o, ¥1,...,Yx) is a billiard triangle, there are isometries p; of Fj in the affine
Weyl group W,y for i =0, ...,k such that CAZ-QZ-,LLZ-(QZ-H; has the same refined length as (;§;. In
particular for i = 2,...,k — 1 the points §;_1, ¥, 1i(9;+1) lie on a geodesic segment. Hence, we

call the p; the straightening isometries. It holds:

p1 00, 0 po(G1) = iy

where 2, is constructed as in Section {2 Consider the natural action of y; on S;. The
straightening isometries can be chosen (if p is regular then they are unique) such that

O = [ © Oi1 forz'zl,...,k:—?

It follows that
,uglo,u];lo-no,ul_l:¢Oo¢20(j)1:¢p:51—>51

is the holonomy map at x;.

as(éa) A

Figure 2: Folding and opening a triangle

The constructions for n-gons (n > 3) are analogous.

5 Critical values of the side length map o

For a regular value of the side length map o we mean a value s € P,(X) for which there is
a polygon p with o(p) = s and such that o is an open map at p. First we give a sufficient
condition in terms of the holonomy map for o(p) being a regular value of o.

Proposition 5.1. Let p be an n-gon in X and F an n-tuple supporting p. Suppose that the
holonomy map ¢, has no fized points, then the space P,(X) is a neighborhood of o(p) in AL, ..



Proof. Choose € > 0 so that B,,(ne) C F; N F;y; for all i. For v € S; and for 0 < t < ne we
write exp(tv) to denote the point x € F; N F;,; with d(z,z;) =t and T4 = .

We want to vary the polygon p along v € S; to a polygon p, = (xf,...,z0_,) with side
lengths o(ey) = o(e;) for j # 4. For this, let t < € and define 7, = exp(t¢}(v)) for
k = 0,...,n — 1 where the subindices are considered modulo n. Notice that for 7 # 7 the

segment e = r¥_;z7 is just a translation in the apartment Fj of the segment e;. Hence the
condition on the side lengths above is clearly fulfilled. But since ¢}'(v) = ¢,(v) # v we get (see
Fig. B])

o(e}) = o(exp(d(i1, ;) Tii@; — t (dp(v) = v))).

Tit1

Figure 3: Variation of the side ¢;

Since ¢, has no fixed points the set {o(e}) | v € S;, 0 <t < €} is a neighborhood of o(e;)
in Agye. This means that we can deform every side length of p independently, thus P,(X) is a
neighborhood of o(p) in A?, O

euc’

The next proposition says that for a building with only one vertex the critical values of o
must lie in the walls H7,.

Proposition 5.2. Let p be an n-gon in a thick Fuclidean building X which has only one vertex.
Let F be an n-tuple supporting p. Suppose that the holonomy map ¢, fixzes a maximal singular
direction. Then there exists a functional L € L,,, such that L(o(p)) = 0.

Proof. First observe that we have a natural identification of any apartment with R¥™X since
we assumed that X has only one vertex. This gives us also an identification Wz = W. Let
n € 51 be a maximal singular direction fixed by ¢, : S1 — S;. Let v € F} be a unit vector with
direction 1 € S;. Now open the polygon p = (zy, ..., z,) in the apartment F} to the polygonal
path p' = (2{,...,2,,,). We can also fold p into F} and obtain the straightening isometry
= pg opy oot Recall that u(a), ;) = 24 and u(v) = v since p induces the holonomy
map. It then follows that (z},v) = (2], 4,v).

Now let 7; € E be a maximal singular unit vector of the same W-type as 7, such that
ly,(0(zi12;)) = (o — xf_;,v). Set L = (l,,,,...,1,,), then

)
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We use next the result in [KLMO09b] that P, (X) depends only on the spherical Coxeter
complex to transfer the result above to arbitrary buildings.

Corollary 5.3. Let s € P,(X)Nint AZ

euc

Then Pn(X) is a neighborhood of s in A

euc”

and suppose that L(s) # 0 for all functionals L € L,.

Proof. By [KLM09b] we may assume that X has only one vertex. Let p be a regular polygon
with o(p) = s and let F be an n-tuple supporting p. By Proposition the holonomy map

has no fixed points. The result now follows from Proposition 5.1l O
Lemma 5.4. Let py, be a sequence of reqular n-gons in X such that o(pg) — s in Al,., then
there exists an n-gon p in X such that o(p) = s.

Proof. We assume again that X has only one vertex. Let p, = (zf,...,2%_|) and let F}, =

(FF, ..., F*) be n-tuples supporting py. After transferring the polygons py (cf. Theorem 2.1])
we may assume that the sides zfiz} lie in the same apartment F' and that zf lie in the same
Euclidean Weyl chamber A.,. C F. After a small perturbation of the polygons we may also

suppose that x% lie in the interior of A.,.. We open now the polygons py in the apartment F
to polygonal paths pj, = (a:’g’, :zk/)

If :B’S/ — 00 in F, then for k big enough p) must be completely contained in the interior of
Acye. In particular, folding the polygon py into F' cannot have break points. This implies that
Pk is contained in the apartment F' for k big enough. Since o(py) — s, then it is clear that the
polygons py subconverge in F' modulo translations in F' to a polygon p with o(p) = s.

Suppose now that x’g, stay in a bounded region. Then after taking a subsequence we can
/

assume that the polygonal paths pj converge to a polygonal path p’ = (zy,...,2)) with A-

valued side lengths s. We want now to lift this polygonal path near the polygons pi. Let
pk . F¥ — F be the isomorphisms of Euclidean Coxeter complexes that send z¥_ z% to 2% 'z

So we have x¥ € pF(FF N EE)) = pb (FF N FLEL). Hence, for k big enough we have ) €
PE(FE QPR ) = oy (FF 0 PR and we can define 2F = (p8)71(a!) = (pby,) (1) € F* 1 Fl,
Then g, := (2&,...,2F) is a polygonal path with the same side lengths as p/, i.e. o(qy) = s.
However g, may still not be a closed polygon.

Notice that d(zf, 28) = d(a}, k') and d(zF,zk) = d(z,, z*"), thus d(z5, 2F) < d(a}, =&') +

n»rn

d(z! Ik/) — 0. On the other hand, observe that :B’S/ and Iﬁ/ have the same W, ss-type and

ny'n
k

¥) can only take

finitely many values. It follows that for k big enough 2§ = 2* and ¢ is a closed polygon with
A-valued side lengths s. O

therefore also z§ and 2F have the same type. But W,;; is finite, so d(z}, 2

Corollary 5.5. For any open cone C € C,, the intersection P,(X)NC' is empty or C. Moreover,
if C C Pu(X), then C C Pp(X).

Proof. The intersection P, (X) N C' is open by Corollary 5.3 and closed by Lemma [5.4] O
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6 The generalized triangle inequalities

6.1 Crossing the walls Hj,

Suppose p is a polygon in X with o(p) = s € Hy for some functional L € L,. Considering
Corollary [5.5] the natural question is if there is a cone C' € C, such that s € C C P,(X). We
would also like to describe all cones in C,, with this property. With this in mind we investigate
in this section following question. When can we find polygons p’ with A-valued side lengths
near s and such that L o o(p) > 0 (or < 0)7 For this we might try to study the side lengths of
small perturbations of p. However since a Euclidean building has dimension equal to his rank,
we do not have much flexibility to perturbate the polygon. Thus we must be more compliant
with the variations of p that we want to admit. Therefore we will often have to translate the
polygon to other place in X where we can perform the perturbations.

Let L = (Iy,,...,l;,) be a functional in £,,. For the rest of this section p = (xo,...,Zp-1)
will be always a regular n-gon such that o(p) € Hy.

Let F be a n-tuple of apartments supporting p. Let v;,w; € S; be maximal singular
directions (in the structure coming from S; = 0, F; with Weyl group W) such that if y; €
F;, z; € F;{, are unit vectors with base point x; and directions v; and w; respectively, then
(o)) = (ei,ys) and I, (o(€iy1)) = (€i+1,2). Observe that v;, w; are of the same W-type

as 1;,...,n, We will therefore sometimes write [,, oo = (-,v;) and [,,,, o 0 = (-, w;). Notice

MNi+1
that y; is just the parallel translation along e; in F; of z;_q, that is v; = ¢;_1(w;_1).

Lemma 6.1. If in the notation above v; # w; for some i, then for any neighborhood U of o(p)
in A there exist n-gons py,py in X with o(p;) € U and Loo(p1) > 0> Loo(py).

euc

Proof. The proof is similar to the one of Proposition Bl For € > 0 small, let 2 := exp(ev;).
Consider the polygon p; := (zg, ..., 2}, ..., Zu_1), then

L(o(p1)) = ly(o(xoxy)) 4 -+ (@12 + €Yi, Ys) + (Tiip1 — €¥i, zi) + -+ + Iy, (0(Tn-170))
= L(o(p)) + (i, yi) — (yi» 1)) > L(o(p)) = 0.

Analogously for py := (1, ...,exp(ew;), ..., x,—1) we have L(o(ps2)) < L(c(p)) = 0. O

Assume now that v; = w; € S; for all 7. In particular, the holonomy map ¢, : S; — S; has
the fixed point v;. Let v; (resp. A;) be the line (i.e. complete geodesic) in F; (resp. Fj1) with
z; = 7(0) = \;(0) and v; = 4;(0) = A;(0). If ; = \; for all 4, then the polygon p is contained
in a parallel set, namely the set P,; of all lines parallel to 7.

Lemma 6.2. Suppose p is not contained in any parallel set P, where v is a geodesic line with
n = y(oc0) such that v; = zh) for alli. Then for any neighborhood U of o(p) in AL, there exist
n-gons pi,pe in X with o(p;) € U and Lo o(py) > 0> Loo(ps).

Proof. Let P = (vg,...,v,_1) be an n-tuple of geodesic segments v; : [s7,sT| — X with
v;(0) = x;, ; = v;. and such that the convex hull CH(v;,v;11) is a (2-dimensional) flat
quadrilateral. Such a P exists, just take the initial parts of the geodesics v; N A;. Suppose
| =

now that P is maximal, i.e. the segments v; cannot be extended. If |s 00, then the v; are
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parallel geodesic lines and p C P,,. Hence at least one of s* or —s~ must be < co. Suppose
s = st < oo (the other case is analogous).

Now we want to displace p along 1; to the region, where it does not look locally like a

parallel set anymore: set p' = (x, ..., 2, ) = ((s), ..., Vn-1(s)). Then p’ is an n-gon with
o(p') = o(p). Choose apartments A; containing the convex sets CH(v;—1,v;). Let w; =

—v;(s) € Ly (A; N Aiyy) and let v; € Xy Ay, wi € Xy Ajy1 be the antipodes of u; in X, A; and
Y Aia respectlvely.

If v} = w} for all 4, then we can extend the v; inside A; N A;;; contradicting the maximality
of P. Hence, there is a j such that v} # wj.

Lol . ! .0 !/ ! .0 !/ ! .0 ! :
Moreover, if it holds for all ¢ that d(z}z], ,v]) = d(zjx}, ,,w}), then wajz!,  v] is a geodesic
segment in 3, X of length 7. Let z;y1 € A;q be a point near x},, with 27,211 = vi;. We can
choose z;;1 close enough to x;,,, so that o}z, is a regular point in the same Weyl chamber as
—— —— ——
zix; . It follows that 72,11 lies in the intersection of the segments w;xjz}, v; and w;xjx] w;.

Thus w;z}z;41v; is a geodesic segment of length 7. Let now z; € A; be a point with zz; = v}
and so that CH (2}, z;, zi11) is a flat triangle. It follows that the union of the (2-dimensional)
flat convex sets CH (x;, i1, 25,1, 2;), CH(2}, 41, 2i41) and CH (2], 241, %) is a flat convex
quadrilateral. (See Figuredl) Notice also that v;(s™)z; are extensions of the geodesic segments
vi(s7)vi(sT). Thus this contradicts as well the maximality of P. Hence, there is a j such that

d(x ' s ]) > d( +1,w’)

N
Vit
|

|
Zi+1

/
Tit1

Ti+1

Figure 4: Extending the geodesics v;

Let 7; := exp(ev]) in A; for some small ¢ > 0. Then o(Z;2},,) = o(2j2},,) — e =

o(z;xj11) — en for some unit vector 77 € E of the same type as 1);41. By the above consideration
~ —> % /

we must have 7] # 1,1, otherwise d(z7’; 1, v}) = d(2}2};, w}). In particular [, , (o (:L"ijﬂ)) =

(o(xjzjt1) —€m, Mjv1) > by, (0(x52511)) — € On the Othef hand, 1, (o(2_,2;)) = (2}_,2} +

v, vj) = l J(o(xjx;)) + e Thus, for py == (2,...,Z;,...,2;,_;) we have L(o (pl) >

L(o(p)) =
Analogously for py := (27, ... ,exp(ew)), ..., x;, ;) we get L(o(pz)) < L(o(p)) = 0. O

n—1

The next question is what happens when p is contained in such a parallel set P,. In this last
situation we cannot always get the same conclusion as in Lemmata and [6.2] For instance,
if the wall H, lies in the boundary of P, (X), then we can cross Hy, in one direction but not in
the opposite one.
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Remark 6.3. Suppose that p is contained in P,. Let b, : X — R be a Busemann function
associated to n_ = y(—o0) (see e.g. [KLMOQO9bL Sec. 2.2] for a definition). Then by considering
an apartment parallel to v containing the side z;_;x;, we see that [, (o(x;_12;)) = b, (z;) —
by_(z;—1). In particular

n

L(o(p) = by, (0(x021)) + - -+ + Iy, (0(2n-120)) = Y (by (w:) = by_(5-1)) = 0.

i=1

Thus, if p’ is the result of a small variation of the polygon p within the parallel set P, it still
holds L(a(p')) = 0.

The next lemma gives a contition that let us cross the wall Hy, in the positive direction.

Suppose p is contained in P,. Assume also that there are vertices z;,x;,z;41 of p with
the following property. Let Ay, A; be apartments in P, containing the segment z;z,4; and an
initial part of the segment x;z; and x4 2, respectively. Let y; € Aj for k = 0,1 be points in
the initial parts of the segments z;z; and x;,;x; respectively. Thus x;x;1,y; are flat triangles
in Aj. Suppose that for some k& = 0,1 there is a singular hyperplane wy C Aj; such that the
directions 17 = y(c0), T;7;4; and (—1)*y.z; 4 lie in the same open half space determined by
wy, (after the natural identification of 0, A; and X, A; for x € A;). (See Figure[d)

wo nT p
0

Yo

Figure 5: Setting of Lemma

Lemma 6.4. Under the assumptions above, for any neighborhood U of o(p) in AL, there is
an n-gon p in X with o(p) € U and Lo o(p) > 0.

Proof. We show the lemma when the singular hyperplane wy, exists for £ = 0. The other case
k =1 is analogous.

Denote h* the open half space of Ay determined by wy containing the direction y(d=00). Let
¢ > 0 be small. First we displace the polygon p along v such that z; lies in A" and d(x;, wy) < e.
Let Aj be an apartment in X such that Ay N Aj = h=. Let 2; € Af be the point such that

d(yo, 2) = d(yo, z;) and yo—z; = yo—:z;-. Let z € Aj be the reflection of z; in the hyperplane wy.

Observe that z; ¢ Ag and x4, ¢ Ap. It follows that o(2}x;,1) = o(22541). In particular
l77j+1 (U(I;:CJ#l)) = l77j+1 (U(ij+1)> = <ij+17 77) = l77j+1 (U(xjxj-l-l)) + <ij777> > l77j+1 (U(:ijj-i-l))'

Notice that the refined length of z’z; is the same as of x;z;. Hence, by Theorem 2.1 we can
transfer the polygon (2, %411, ..., ;) to a polygon (z}, 2}, . .., ;) with the same A-valued side
lengths. The n-gon p = (2}, ¥}, , ..., ¥}, Tjy1,. .., x;_1) satisfy the conclusion of the lemma. [
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If the polygon p is completely contained in an apartment in P,, then the condition for the
lemma above can be stated more easily.

Corollary 6.5. Suppose p is contained in an apartment A C P,. Suppose there are two sides
TiTiv1, T of p and a singular hyperplane w C A, such that the directions n = y(c0), m
and m lie in the same open half space determined by w. Then for any neighborhood U of
o(p) in AL, there is an n-gon p in X with o(p) € U and Lo o(p) > 0.

euc

Proof. Consider the segments dy = x;z; and dy = z;x;. After a small variation of the polygon
p inside of the apartment A, we may assume that d; (and therefore also ds) is regular. Then
for one k = 1,2, it must hold, that d; and 7 lie in the same open half space determined by w.
Suppose w.l.o.g. k = 1. Then Lemma applies for the vertices z;, x;, xj41. O

Let us assume now that the building X has rank 2. We explain another method special for
this case to cross the wall Hy.

Let p = (o, 1, x2) be a regular triangle contained in P, but not contained in any apartment.
It is easy to see, that when we fold p into an apartment A, it has exactly one break point. After
relabeling the vertices we can assume that the break point y lies in the side x25 and that the
sides of the folded triangle p = (29 = x, 21 = x1, ¥y, T2) do not intersect in their interiors (see
Figure [@l). After displacing p along v we can assume that y is a vertex of X. We can take 7 to
be contained in A and go through y.

Lemma 6.6. We use the setting above (in particular, rank(X) = 2). Suppose that the Weyl
chamber containing yx; is not adjacent to ,v. Then for any neighborhood U of a(p) in A3,
there are triangles py,ps in X with o(p;) € U and Lo o(py) > 0> Lo a(ps).

Proof. We identify A with R? by taking y to the origin. For a unit vector a € A we write
hE := {£(-,a) > 0}. Let £ C A be the singular line through y such that ¥,¢ is adjacent to
the simplicial convex hull of yzjyd» and the directions n = y(c0), yz; and yis are in the same
open half plane determined by ¢. It exists by the assumptions of the lemma. Let ¢/ C A be
the reflection of ¢ in . Let u,v, v’ be unit vectors orthogonal to 7, ¢ and ¢ respectively and
such that zo € hy, and n = v(c0) € hf N A, Then the simplicial convex hull of y_:c{gz is
3, (kN k). (See Figure [6l)

Let A3 be an apartment in X such that AN As = h; Nh;. Let 25, € A3 be the point so

—  —
that d(zo,x}) = d(xg, Z2) and zory = xoZy. Notice that iy ¢ Az, thus, i, # &5. Observe also
that @, ¢ P,, hence, x}, # 5.

Let ¢ := 7(—00). The concatenation of the segments y_aﬁy—% € ¥,A and y—%gﬁ% € ¥, A; gives
a segment in ¥, X of length 7 (see Figure [7l). Therefore z,yz, is a geodesic segment and the
triangle p’ = (xg, 1, 25) =: (20, 21, 22) has the same side lengths as p. Set A; := A and let A,
be an apartment in X containing the segment z; 2.

Let v; be the geodesic rays with 1;(0) = z; and v;(—o0) = (. Then CH(v;,vi41) are (2-
dimensional) flat stripes. We want to see that the v; cannot be extended to parallel geodesic
lines. Suppose then the contrary: there are paralle_l) geodesic lines v/ containing v;. Set n' :=
vi(0co). Then p’ C Y := B, and in particular, yC,yz € ¥,Y. Since TERERS XA are
antipodal regular points, the apartment containing them is unique. Therefore ¥,4, C ¥,V
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¢ ! 0

Figure 6: The folded triangle p

. . —
and in particular, yn’ € 3, A,.

—

Let k € {1,2} so that the Weyl chamber containing yi is adjacent to X,¢'. Let o, C
Y, Ag,_1 be the Weyl chamber containing @ and let 6, € ¥,(A; N A3) be the antipodal
chamber to 0. (See Figure [0 for £ = 2.) Notice that yCyz intersects 6y, in its interior. In

particular 6, C X,Y. It follows that the unique apartment containing o and &y is contained
in EyY, i.e. EyAgk_l C EyY

Figure 7: X, X

Let 0 C ¥,(A; N A3) C X,Y be the Weyl chamber adjacent to ¢. The Weyl chamber
containing yz3_j is antipodal to o. Hence, the unique apartment containing ¢ and yzs_j is
contained in ¥,V i.e. ¥, A5 o C X,Y.

We have conclude that A, A3 C £,Y = Yy Py, but this is not possible because of the
construction of Az. Therefore the geodesic rays v; cannot be extended to complete parallel
geodesic lines. The lemma now follows from Lemma and its proof. O]

We can show now that for rank 2 the space P, (X) is a polyhedral cone. Its convexity will
be shown in the next section.

Proposition 6.7. If X has rank 2, then P,(X) is a union of the closures of polyhedral cones
n Cp,.
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Proof. We have already seen in Corollary that if for C' € C, holds P,(X) N C # (0, then
C C Pu(X). Now let p = (zg,...,2,_1) be a polygon in X. We want to show that o(p) is
contained in C for some C' € C,. Since any polygon can be approximated by regular polygons,
we may assume that p is regular. Suppose now s := o(p) € Hy. If for any neighborhood U of s

we can find polygons with side lengths in U \ Hy, then we are done. Indeed, in this case, there
is an open cone C € C, such that P,(X)NC # @ and s € C.

Suppose then that for some neighborhood U of o(p) we cannot find polygons p’ with side
lengths in U and L o o(p’) # 0. Lemmata and implies that p lies in a parallel set P,
and the functional L is given in p by taking scalar product with the direction of n = ~(00).
Suppose first that the triangle t = (g, x1,x2) lies in an apartment parallel to v. Then it is
easy to see that Lemma must apply for one of the functionals L' = (I,,,1,,,l,) or =L,
where 7 is so that I,y (o(22x0)) = (2220, 7). If ¢ is not contained in an apartment, then we fold
it into an apartment as in the setting of Lemma [6.6l Then, either Lemma applies or the
Weyl chamber containing the direction Z;z,.; of the side of ¢ with the break point must be
adjacent to ~. If the last occurs, it is again easy to see, that Lemma must apply for L' or
—L'. In either case, we find a triangle t' = (z{, ], z5) with L'(o(t)) # 0 and such that (modulo
displacement along ) the refined side lengths of ¢’ are as near as we want to the ones of ¢.
After a small variation of the polygon (zo, %2, ..., z,_1) inside the parallel set P, and displacing

7

it along ~y, we obtain a polygon g = (x(, x5, ..., z'_;) so that the refined side length of z(z is
1 1

the same as of z(z3. Then by the Transfer Theorem 2.1 we can glue ¢t and ¢ along z(z/, and
/i

xgxhy to a polygon p’ with A-valued side lengths near s and L(o(p)) # 0. O

Remark 6.8. Proposition is also true in rank > 2 by the results of [KLMO09a] and
[KLMO09b]. However our proof here uses Lemma [6.6] which we only showed in rank 2.

6.2 The boundary of P,(X)

We have seen in the previous section different methods which allows to cross certain walls Hy,
within the space P, (X). We will show in this section that for the case of buildings of rank 2 the
walls where this method cannot be applied are precisely the walls that determine the boundary
of P,(X). That is, if a wall cannot be crossed with the methods of Section [6.], it is because
that wall cannot be crossed at all.

First we characterize the walls H; that cannot be crossed with the methods above in terms
of the combinatorics of the associated spherical Coxeter complex (S,W). Let n € A.e C E
be a maximal singular unit vector (we use the same notation as in Section B]). We define the
following set of singular hyperplanes of E through v, (i.e. walls of (E,W)):

T, :={w C E | wis a wall of (E, W) not containing n}.
For each element w € W = Staby, ,,(vo) we define the subset of T

T ={w €T | nand wA,, lie in the same half space determined by w}.

Finally define B, as the set of n-tuples (11,...,7,) € (Wn)" such that for i = 1,...,n there
are w; € W with w;n; = n and with the following properties:
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(¥) Tw NIy =0 for all i # j,

T9 =T,

()

)

et

For 7 = (m,...,n,) € Wn)" write Ly = (I,,,...,1,,). Let B, C L, be the union of the
sets {L; | N € B,} for all maximal singular unit vectors 7 € Agye.

We will see in Lemma below that the walls H;, that cannot be crossed with our previous
methods are precisely the ones of the form Lz with 7 = (1, ..., n,) satisfying the property (x).
A motivation for this property () can already be seen in Corollary [6.5. The property (k) is
introduced to avoid later obvious redundancies in the set of generalized triangle inequalities.
This can be seen in the Proposition [6.11].

Lemma 6.9. If (E,W) has rank 2, then 1 € B, if and only if for i = 1,...,n we can find
w; € W with w;n; = n such that there exist j,j" € {1,...,n}, j # j with wjAey. antipodal to
WjrAeue and w;Aeye adjacent to —n fori # j,j'.

Proof. (<). w;Au. is antipodal to wj A, if and only if 7,7 = T, \ T;Jj/. On the other hand,
wiAeye is adjacent to —n if and only if T3 = .

(=). By property (xx), there is a j with 7,,” # 0. If T,” = T, then w;Acye = Aeye and
the assertion is clear. Otherwise let ¢; € Tﬁj 7 be the singular line adjacent to WiAeye. Let £y
be the other singular line adjacent to w;A.... Then ¢y ¢ T7. Let j’ be such that fy € T;fjl, it
follows that ¢; ¢ T,;U " and wjr Aeye must be antipodal to w;Agye. The rest follows as in the first
part. U

Remark 6.10. The <« direction in Lemma holds for arbitrary rank. Let BY C L, be
the set of functionals L; for 7 with this property (the assumption in the < direction). The
inequalities L < 0 for L € BY are the so-called weak triangle inequalities (cf. [KLMO09al Section
3.8]). Thus, Lemma [6.9 states that BY C B, and for rank 2 also holds B,, = BY.

)
T‘n ! \Z(\ wj Amm
Aeuc

Wi Aeu(t( n
wd

W]/Aau(:

Figure 8: B/Y: weak triangle inequalities

Proposition 6.11. Suppose X has rank 2. For any n-gon p in X and any functional L € B,
holds L o o(p) < 0. That is,

Pa(X) C () {L <0}

LeB,
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Moreover, if n € (Wn)" satisfies the property (x) but not the property (xx), then there is a
7' € B, so that L o o(p) < Ly o o(p) for all n-gons p in X. If p is regular, then the strict
inequality holds.

Proof. Let p = (xo,...,%,-1) be an n-gon in X. For the functional L = (,,,...,1,,) € B,, let
w; € W and 7,7 be as in Lemma [6.9. Notice that since for i # j, j’, w;Aeye is adjacent to —n
and w;n; = n then we have [,, <[,y in A,,. for all 1’ of the same type as 1. That is, [,, is the
smallest functional of the same type as 7. After shifting the subindices of the polygon and the
functional we can assume that 7 = 1.

Suppose first that j* = j — 1, that is 5/ = n. Fold the polygon p into an apartment A,
so that the broken sides are x1zs,..., 7, o1, 1. Let p: A — E be an isometry that sends
xo to the vertex of A.,. C FE, induces an isomorphism of the Coxeter complexes (0,,A, W)
and (E, W) and so that p(zozr1) C w1Aeyue. Notice that p is not necessarily an isomorphism of
Coxeter complexes with the Weyl group W, ;. Denote with ¢ the image under p of the folded
polygon. By folding E onto the Euclidean Weyl chamber w;A.,. with the natural “accordion”
map, we obtain a further folded polygon ¢’ = (yo, . . ., yx) where yq is the vertex of A.,. and the
A-valued side lengths of yoy1, yxyo C wi1Aeye are the same as for xgr; and x,,_1x( respectively.
Observe that ¢ is not necessarily a billiard polygon in (E, Wesr), but if the side z,z,41 of p
is broken in ¢’ to the sides Ysysi1, Ys+1Yst2, - - - Yi—1Ys, then the vectors o(ysysi1), - - -, 0(Ye—1Yt)
are just multiples of o(z,x,,1). This means, that if W ., is the group generated by W,s; and
the whole translation group of F, then ¢ is a billiard polygon in (E,W,;;). Notice also that
for r # 1,n holds I,, (o(yivi+1)) < (Yi41,m) — (wi, ) because of the observation at the beginning
of the proof. It follows that

lp(0(212)) + -+ by, (0(Tp—2n-1)) < (Yr, M) — (Y1, 1)

On the other hand, since yoy1, Yryo C w1 Aeue and w,Aeye 18 antipodal to wyAgy. it follows that

by (0(zor1)) = by (0(yoyn)) = (y1,m) — (yo,m) and by, (0(zn120)) = Iy, (0(Yrt0)) = (Yo, m) —
(y, ). Hence, L(a(p)) < (yx,m) — (yr,m) + (yu,m) — (Yo, m) + (Yo, m) — (yx,m) = 0.

The general case now follows from the special case above by considering the polygons p; =
(xj_1,Tj-1,%j,...,%j_2), i.e. p is the polygon p with the vertices xj,xj41,...,2;_o deleted,
and py = (xj_1,2_1,%j,...,2j_9) with the functionals (l,]j,, Lnjs bpjns -+ lnjul) respectively
(lnj, l,];, lnj,H, e lnjfl). Indeed, notice that since w;A.,. and wj A, are antipodal, it follows
by (0(2j1251)) = =ly, (0 (zj125 1))

For the second assertion, let w;n; = n satisfy the property (x). It is easy to see that in rank
2 at most for two indices ¢ can hold 7" # (). Let j # j' be so that T;* = ) for all i # j, j'. If
n does not satisfy the property (%), then wjyA.,. is not antipodal to w;jA.,.. Let w; € W be
so that w;A.,. is antipodal to w;A.,.. From the property (x) follows that for 7, := dzj_ln holds

lnj/ <5, and since 7); # ;s the strict inequality holds for regular segments. O

Remark 6.12. The same proof as for the first assertion of Proposition [6.11] works for buildings
of arbitrary rank to prove the weak triangle inequalities (see Remark [6.10]). That is,

Pu(X)C [ {L <0}

LeBY
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Lemma 6.13. Suppose X has rank 2 and let p be a reqular n-gon in X. Suppose that o(p) € Hp,
for some functional L with L,—L € L, \ B,. Then for any neighborhood U of o(p) in AL,
there exist n-gons py,ps in X with o(p;) € U and Loo(py) > 0> Lo o(ps).

Proof. Suppose that for a neighborhood U of o(p) in AZ

euc?

we cannot find a polygon p; in X
with o(p;) € U and Lo o(p;) > 0. (The other inequality follows considering the functional
—L.) It follows from Lemmata and that p lies in a parallel set P, and the functional
L in p is just given by taking scalar product with the direction of y(c0). Fold the polygon
in an apartment A C P, so that the broken sides are z1xs,...,2p—22y—1. Let p: A — E be
an isomorphism that sends n = y(00) to the singular direction in A, of the same type. By
abusing the notation, we write also 7 to denote the unit vector in A.,. with direction p(n).

Suppose X has only one vertex and ~ goes through it. Then the break points of the folded
polygon all lie on 7. We may assume that the folded polygon has only one break point because
any two consecutive break points can be simultaneously unfolded. Let k be so that the break
point y lies on the side zpzgy 1 (if there is no break point we take & = n — 1). Then the
folded polygon has the form p' = (xg,z1,..., %k, Y, Tha1,- -+, Tno1). Let w; € W be so that
w; Aeye contains the direction p(:ﬁi) for 1 <11 < k, p(:)@) for i = k + 1, p(m) for
kE+2<i<n-—1,and p(&,_17¢) for i = n, respectively. Then the functional L is just given
by (Lyys- -1y, ) for g = w;'n. After a small variation inside the parallel set P, we may assume
that the segments zor, and x¢Zp,1 are regular. Let «, 8 € W be so that aA.,. contains the
direction p(:ﬂ) and BA.,. contains p(Zri179). Let 6 € W be such that A.,. and §A.,. are
antipodal. For w € W set @ := dw.

Consider the regular polygon ¢ = (o, ...,z;) C A and the functional L' = (I,,,,..., 1, ly)
for n := a~'n. That is, L’ is the functional given in ¢ by taking scalar product with the
direction 1. Hence L'(0(q)) = 0. Set (71,..., Tk, Tet1) := (w1, ..., wg, @&). Suppose that there
are 1 <i < j < k+1such that T, N T, # 0. Corollary 6.5 and its proof imply that there is a
polygon ¢’ = (2o, . .., 2x) with L'(c(q")) > 0 and with refined side lengths as near as we want to
those of ¢ modulo displacement along 7. We can then choose zj, € P, near z; such that xyzj,
has the same refined side length (again modulo displacement along ) as zpz,. The functional
(=l lyyrs - - -5 Iy,) applied to the polygon (zg, ), Tp41, - - -, Tn_1) is 0 because it is contained in
the parallel set P,. After displacing the polygon (xo, 2}, Tk+1, - . ., Zn—1) along v we can glue it
together to ¢’ and obtain a polygon p; with A-valued side lengths as near as we want to those
of p and with L(o(p;)) > 0 (compare with the proof of Proposition [6.7)). This contradicts the
assumption at the beginning of the proof. Thus, T NT;)’ = @ for all 1 < i < j < k+ 1. Since

q is a regular polygon with L(c(q)) = 0, then by the second claim in Proposition .11 we must
also have T/¥ =T, \ .!1 T, or equivalently, T* = (J T2

1=1

Analogously, considering the polygon (xo, Tx41,...,Zn-1) We obtain T/ N T,” = () for all
k+2§i<j§nande: U 7.
i=k42

Consider now the triangle ¢ = (xo, 2, Tx41) with the functional L" = (Io-1,, Iy, lg-1,). Let

, , . . — ,
wy41 € W be so that wj_ A, contains the direction p(yZy41). Then w1 Nrt1 = Weg1Mr1 = 1
We want to show that (o, wy41, 3) or (o, wy, 4, f) have the property (x). By Lemma [6.4] applied
to the side xoxy we get T, N Tnﬁ =0 =Ty NT,""". Again by Lemma now applied to the
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side x, 179 we obtain Tnﬁ NT,**" = . Therefore if T or Tnﬁ = (), then we are done, so suppose
both are nonempty. Now by Lemma one of aA e, BAcue O wii1Ac,. must be adjacent to
p(7). Notice that for w € W, wA.,. is adjacent to p(v) if and only if 7 € {0, T, }. This and
T NTP =0 imply that wyi1Aee must be adjacent to p(y). T NT;*** = () implies that 75"
must be empty and we are also done in this case.

So we have conclude that 7 = (1,...,7,) has the property () and since p is a regular
polygon with L(o(p)) = 0, it follows from Proposition [6.11] that L € B,,. O

Now we are ready to prove our main theorem.

Theorem 6.14. Let X be a building of rank 2. P,(X) is a convex polyhedral cone determined
by the inequalities {L < 0} for L € B,,. That is,

Pu(X) = () {L <0}

LeBy,

This inequalities constitute an irredundant set of inequalities.

Proof. Let Q C C, be the subset of open cones such that [ {L <0} = |J C. Analogously,
LeBy ceQ

let Q' C C, be the subset of open cones such that P,(X) = |J C (this can be done by
ceq’
Proposition [6.7). We have shown in Proposition that @' C Q. Let Cy € @' and C € Q.

Take a chain Cy,C4,...,C, = C € @ such that C; N C;,, is a face of codimension one. We
prove now inductively that C; € @’. Suppose then that C; € @' and take a regular polygon
p with o(p) in the interior of the face C; N Cy, ;. Since C; N Cy,; is not in the boundary of
Npes, 1L < 0}, it lies in a wall Hy, with neither L, —L in B,. It follows from Lemma that
Pn(X) N Ciyq is not empty and therefore C; 1 C P,(X). Thus C € @, and Q = Q'.

For L € B, it is clear that we can find a regular polygon p in an apartment A and v C A
a maximal singular line, such that the functional L in p is given by taking scalar product with
the direction of n = y(00). In particular, L(o(p)) = 0. It is also clear that we can find a regular
polygon p’ in P, but not contained in any apartment and such that the functional L in p’ is
also given by taking scalar product with the direction of 7. It follows from Lemmata and
that L is the only functional in B,, for which it can hold L(o(p’)) = 0. Thus the inequalities
{L <0} with L € B,, are irredundant. O
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