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An effective version of a theorem of Kawamata,
on the Albanese map
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To any smooth complex projective variety X are associated an abelian
variety Alb(X) of dimension ¢(X) := h*(X, O), its Albanese variety, and a
morphism ay : X — Alb(X), the Albanese map, which are very useful tools
to study the geometry of X.

Kawamata proved in [K] that when the Kodaira dimension x(X) is zero,
the Albanese map is an algebraic fiber space, which means that:

® ayx is surjective;
e the fibers of ax are connected.

This kind of result (especially the second part) yields for example birational
characterizations of abelian varieties: X is birational to an abelian variety if
and only if £K(X) = 0 and ¢(X) = dim(X).

However, the vanishing of x(X) is not an effective condition (it means
that the plurigenera P,,(X) := h°(X,w®) are all 0 or 1 when m > 0 and
that one of them is 1). It is therefore natural to try to prove the same result
with weaker and effective assumptions on the plurigenera of X.

For the surjectivity of ay, this was done in a series of articles initiated
by Kollar ([Koll), followed by Ein and Lazarsfeld ([EL]) and later by Hacon
and Pardini ([HP]) and Chen and Hacon ([CH4]), who proved that ax is
surjective if 0 < P,,(X) < 2m — 3 for some m > 2, or if P3(X) = 4. We put
here the finishing touch to this series by proving the following optimal result

(Theorem [2.8)).

Theorem Let X be a smooth complex projective variety. If

0< Pp(X)<2m—2
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for some m > 2, the Albanese map ax : X — Alb(X) is surjective.

When C' is a smooth projective curve of genus 2, we have P,,(C) = 2m—1
for m > 2. However ac : C'— Alb(C) is not surjective. This example shows
that without other assumptions, our bound is optimal.

As far as connectedness of the fibers of the Albanese map is concerned,
they were no previous results in that direction. The main purpose of this
paper is to show that there exists a similar effective criterion for the Al-
banese morphism to be an algebraic fiber space. More pecisely, we prove the
following optimal bound (Theorem B.1] and Theorem B.3)).

Theorem Let X be a smooth complex projective variety. If Pi(X) =
P2 (X) = 1, or Zf
0< Pp(X)<m-—2

for some m > 3, the Albanese map ax : X — Alb(X) is an algebraic fiber
space.

Hacon and Pardini show in [HP] that for varieties with P3(X) = 2 and
q(X) = dim(X), the Albanese map ay : X — Alb(X) is a double covering.
Hence ay is surjective but does not have connected fibers. Furthermore,
P,(X) =m — 1 for any odd m > 3. From this example, we see that our
result is optimal to a large extent.

As mentioned above, this criterion yields a numerical birational charac-
terization of abelian varieties by adding ¢(X) = dim(X) to its hypotheses.
The results and constructions developed here also lead to explicit descrip-
tions of varieties with ¢(X) = dim(X) and small plurigenera, in the line of
the series of papers [CHI|, [CH4], [HP], and [HI]. For example, we can get
a complete description of varieties with P(X) = 2 and ¢(X) = dim(X). We
will come back to this in a future article.

1 Preliminaries

In this section we recall several theorems which will be used later. Through-
out this article, we work over the fied of complex numbers and we denote
numerical equivalence by =.

Vanishing theorem. We state a result of Kollar ([Koll, 10.15), which was
generalized later by Esnault and Viehweg.



Theorem 1.1 (Kollar, Esnault-Viehweg) Let f : X — Y be a surjective
morphism from a smooth projective variety X to a normal variety Y. Let
L be a line bundle on X such that L = f*M + A, where M is a Q-Cartier
Q-divisor on Y and (X, A) is klt. Then,

a) R f.(wx ® L) is torsion free for j > 0;

b) if in addition, M is big and nef, H'(Y, R? f.(wx ® L)) =0 for all i > 0
and all 3 > 0.

Cohomological support loci. These were first studied by Green and
Lazarsfeld for the canonical bundle in [GL1] and [GL2], through their generic
vanishing theorems. Simpson also contributed to the subject ([5]).

Let X be a smooth projective variety and let .# be a coherent sheaf on
X. The cohomological support loci of .# are defined as

Vi(X, #) = (P € Pic’(X) | H'(X, 7 @ P) £ 0},
which we often write as V;(.%).

GV-objects. These were first considered by Hacon in [H2] and systemati-
cally studied by Pareschi and Popa in [PP]. In this paper, we just need to
consider GV-sheaves with respect to the universal Poincaré line bundle.

Definition 1.2 A sheaf % on X is called a GV-sheaf if
COdimPico(X) Vi(F) =i
for all i > 0.
Let ax : X — A be the Albanese map of X; then Pic’(X) is isomorphic
to the dual abelian variety A. Let M be an ample line bundle on A. We

denote by M its Fourier-Mukai transform, which is a locally free sheaf on A
(see [Mul). Let ¢ps : A — A be the standard isogeny induced by M; then

¢*MA/4\V ~ H°(M) ® M. Consider the cartesian diagram:
)/(t LBt

Xl axl (1)

A\ oM A

Hacon proved the following theorem in [H2|] (it was later generalized by
Pareschi and Popa in [PP] Theorem A):
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Theorem 1.3 Let .7 be a coherent sheaf on a smooth projective variety X.
IfH (X, gp*Mﬁ’@a}M) =0, for allt > 0 and any sufficiently ample M, then
F is a GV-sheaf.

Finally, the following elementary lemma from [HP] will frequently be
used.

Lemma 1.4 Let X be a smooth projective variety, let L and M be line bun-
dles on X, and let T C Pic’(X) be a subvariety of dimension t. If for some
positive integers a and b and all P € T, we have h°(X,L ® P) > a and
RO(X, M ® P7') >0, then P(X, L@ M) >a+b+t—1.

2 When is the Albanese map surjective?
In this section I use the language of asymptotic multiplier ideal sheaves.
However many of the ideas come from [Kol], [HP], and [H2].

Lemma 2.1 Suppose that f : X — Y s a surjective morphism between
smooth projective varieties, L is a Q-divisor on X, and the Iitaka model

of (X, L) dominates Y. Assume that D is a nef Q-divisor on Y such that
L+ f*D is a divisor on X. Then we have

H(Y, R f(Ox(Kx + L+ [*D)® Z(||LI]) ® Q) = 0,
foralli>1, >0, and all Q € Pic’(X).

PROOF. Let m > 0 be such that mL is a divisor and _Z (||L|]) = _# (|mL]|)
([L], §11.2). Let H be a very ample divisor on Y. By assumption there exists
an integer ¢ > 0 such that [tmL — f*H| is non-empty. Let p: X' — X be a
log resolution such that:

prtmL — fH| = [Lo|+ Y biF,

where |L;| and | Lo| are base-point-free, > . a,F; and . b; F; are the fixed divi-
sors, and ), F;+Exc(p) is a divisor with simple normal crossings (SNC) sup-

Eort. Since 7 (||L|]) = 7 (X|mL]), we also have # (||L||) = _# (& |tmL]),
ence 3 aiFiJ )

tm

AL =0 (K - |
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Take
B, = D+ Z%Fi € p*[tmL|

By = Dyt bF € p'ftmL — f*H|

where Dy € |L;| and Dy € |Ls| are general elements, so that By + B is a
divisor with SNC support. We then show that for £ > 0 large enough,

]{?Bl + BQ Zz CLZ'F’Z‘
e i &)
(k4 1)tm tm
) ) kB, + By > (ka; + b)) F; . .
I h — | = ¢ ] i . ,
t is obvious that {(k n 1)th L (= 1)im We write ;- = m; + s;

with m; = ULEJ Then,

{%%ﬁ:ZW”

Because H is very ample on Y, we have b; > a;. Write b; = a; + ¢;, with
¢; > 0. Then,

(kas+b) | = ((k+Daite), | .
i - | e — | |

7 %

Since 0 < s; < 1, we can let £ > 0 be large enough such that s; + i <1,

k—l—cli)tm
and this implies (). Then by local vanishing (|L], Theorem 9.4.1),

Rf.(0x(Kx+ L+ f'D)® (L)) ® Q)

. kB; + B
= R(fop)(Ox (Kx +p'L+p f*D— {WJ +1°Q)), (3)

for all 7 > 0. We also have

kB, + B

(k+1)tm
KL I H kB, + By
WL WD =W = e T e {w+1mn}
I kB, + B,
E * * * *D .
'uf(k+1)tm+'uf +{(k+1)tm}

5



So Theorem [IL.1] gives us that

: , kB, + By
H'(Y, R’ O (K *L L— | —mm—— * =0,

forall i > 1, all j > 0, and all @ € Pic’(X). By (3), this proves the lemma.
O

The following lemma is essentially Proposition 2.12 in [HP]. I use Lemma
2.1 to make the proof a little bit simpler.

Lemma 2.2 Let f : X — Y be a surjective morphism between smooth pro-
jective varieties and assume that the litaka model of X dominates Y. Fix a
torsion element Q € Pic’(X) and an integer m > 2. Then h°(X,wq @ Q ®
f*P) is constant for all P € Pic®(Y).

PrOOF. We consider h°(X,w% ® Q ® f*P) as a function of P € Pic’(Y).
Let Py € Pic’(Y) be such that h°(X,w% ® Q ® f*Py) = h is maximal. We
are going to prove that

(X, Wi ®Q® f*Py® f*P)=h,

for any torsion P € Pic’(Y). Since P+ {torsion points} is dense in Pic”(Y),
we then deduce the lemma from semicontinuity.
Let P, P», and () be such that P = Fy, Pj’ = P and Q" = (). From

the properties of asymptotic multiplier ideal sheaves ([L], Theorem 11.1.8),
we know that

H(X, W} @Q® f*Py® f*P)

H(X,w§®Q® f'Re fPe 7(wyeQefPefP)

H(X,wR@Q® R fPe f(wy" Q@ P & f ).
Since P is a torsion point, there exists N > 0 such that PY = &y. For k > 0
large enough and divisible, we have

(i 0Qr " e fP" e fR)
1 m— m— * DM— * 1
= /(m(wx 1®Q1 1®fP1 1®fp2)kN|)
= J(lwi el @ P,
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for all # > 0. Hence we have

HY (X, W} ®Q® f*Py® f*P)
= H'(X,Ww}¥®Qe R f P (e e@Qr e Pr)
= HY, £k @i @ P e 7wy @i @ P
® Q1@ [P ® [f*P)).

We then apply Lemma 2.1 (the litaka model of (X,w¥ '@ Q7 '@ f*P" 1)
dominates Y by assumption) to get that

W (X, wRRQRf*Py@f*P) = x(V, f. (wk@Q® £ ([[wi e '@ f Pl ))))

is the constant h. O

Lemma 2.3 Suppose that f : X — Z is an algebraic fiber space between
smooth projective varieties. Assume that P, (X) # 0, for some m > 2, that
H is a big Q-divisor on Z, and that K is a nef Q-divisor on Z such that
H, = H + K is a big and nef divisor. Then,

1) we have
H'(Z R f.(Ox(Kx + (m — 1)Kx)z + [*H))
® J(|[(m = D)Exsz + f*H||)) ® P) =0,
foralli>1,7>0 and all P € Pic’(Z).
2) the sheaf
fe(Ox(Kx + (m = 1)Kx/z) @ Z(||(m = 1)Kx/z + f*HI|))
has rank P,,(X.), where X, is a general fiber of f.

PROOF. The point here is the weak positivity of f*(wgg/_zl), due to Viehweg
([V2] Theorem 4.1 and Corollary 7.1, or [Kol] Proposition 10.2). There are

two conclusions:

A. the litaka model of (X, (m — 1)Kx,z + f*H) dominates Z and



B. there exists k > 0 sufficient big and divisible such that the restriction:
HO(X, Ox(km(m—1)Kx/z+kmf*H)) = H(X., Ox.(km(m—1)Kx.))
is surjective, where z € Z is a general point.

By A, we can directly apply Lemma 2] to deduce item 1) in the lemma.

We take a log resolution 7 : X' — X such that the restriction 7, : X, —
X, is also a log resolution for sufficiently general z € Z (see [L], Theorem
9.5.35) and fix such a point z € Z. Set

[ ] 7‘*|km(m — ].)Kx/z + k:mf*H| = |L1| + El,
[ ] T;‘mKXZ‘ = ‘LQ‘ —|—E2,

where |L;| and |Lsy| are base-point-free, E; and E; are the fixed divisors, and
E, + Exc(7) has SNC support. We have

by B. Let f : X' 5 X Iy 7 be the composition of morphisms. Then f  is
flat over a dense Zariski open subset of Z. Hence the sheaf

RO (K + m =)7Kz | 22])

has rank 5

We have the following inclusions

forOy (  +(m —1)7'*KX/Z—\\]€E—7711J)

C fu(Ox(Kx +(m—1)Kxz) @ J(||(m — 1) Kxz + f*H]||))

Since the latter sheaf has rank P,(X.), the middle sheaf f,(Ox(Kx + (m —
DKx7) ® _Z(||(m —1)Kx/z + f*H||)) also has rank P,,(X.). n



Under the assumptions of Lemma 2.3l we fix a big and base-point-free
divisor H. For n > 0, we set

1
Fm-rn = F[(m=1)Kxz + [ HI|)
Fm-in = [+ (ﬁX(KX +(m—=1)Kx/z) ® Fm-1n)-

By Lemma 23 .%,,_1, has rank P, (X,) > 0. These sheaves were first
considered by Hacon in [H2].

Lemma 2.4 We have Z,—10n D Fm—1nt+1 and there exists N > 0 such that
for any n > N, one has Fp_1, = Fpm_1n. We will denote by F,,_1 g the
fized sheaf F_1 N.

PROOF. We may suppose that k£ > 0 is such that the linear series |k(n +

Dn((m—1)Kx/z+ L f*H)| and |k:(n+1)n((m—I)KX/Z+HL+1f*H)| compute

Fm—1n and _Z, 1 11, respectively. Let 7: X " X be a log resolution for
both linear series. We can write

T k(n+n(m — 1)Kx/;z +k(n+1)f"H| = |[Li|+ Ei,
T k(n+ )n(m — 1)Kx/z + knf H| = |Ly| + Ej,

where L, and Ly are base-point-free and E; and F5 are fixed divisors. Since
H is base-point-free, we have Ey > FE;. By the definition of asymptotic
multiplier ideal sheaves, Z,,_1, D Zm—1n+1-

Take H; very ample on Z such that H; — H is a nef divisor. Then by Lemma
2.3, we have

HY(Z, f(Ox(Kx + (m = 1)Kxz) ® Fm-1n) @ Oz(Hy)) =0,

for i > 1. Using Hacon’s argument in the proof of Proposition 5.1 in [H2],
there exists N > 0 such that for n > N, the inclusion

f(Ox(Kx + (m —1)Kx/z) @ Fm-1,n) ® Oz(H)
D fulOx(Kx +(m—=1)Kx/7) ® FIm1n) @ Oz(Hy)

is an equality. This implies that the inclusion

f*(ﬁX(KX—I-(m—I)KX/Z)@)/m_l,N) D f*(ﬁX(KX—G—(m—l)KX/Z)@/m_Ln)

is again an equality. 0]



Lemma 2.5 Under the above assumptions, namely f : X — Z is an al-
gebraic fiber space between smooth projective varieties and P,,(X) # 0 with
m > 2, we suppose moreover that Z is of maximal Albanese dimension and
that H is a big and base-point-free divisor on Z pulled back from Alb(Z).
Then F—1.1 s a nonzero GV-sheaf.

PrOOF. We apply Theorem L3l Let M be any ample divisor on Pic’(Z).
We have cartesian diagrams as in ({):

X M, X

/|

7
z 2z
aél azl
Pic’(Z) —245 Alb(Z)
where horizontal maps are étale. By Theorem 11.2.16 in [L], for any n > 0,
v ([[(m = 1) Kx/z + —f Hl|)) = Z(l(m-1)Kg,; + —f o)),
hence by flat base change
* 1 *
P fe(Ox(Ex + (m = 1) Kxjz) @ J([[(m = 1) Kxjz + —["H]]))
-~ 1 A* *
= f(Ox(Bx+(m=1)Kgz) @ J([(m = 1D)Kg 5+~ e Hl).
It follows that
« -~ 1 A* *
P Fm-r = [ (Og(Kg+(m=1)Kg )@ 7 (lm=1)Kg z+ i Hl))

for all n > 0. Since H is a divisor pulled back by az, we can take n such
that nazM — ¢ H is nef. Then Lemma gives us the vanishing of

HZ(/Z\v @Mgm—l,H ® a}M)a

for all 72 > 0 and we are done. O
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Lemma 2.6 In the situation of Lemma [23, denoting by ay : Z — A the
Albanese morphism of Z, we have Riaz.(Fm_1.1) =0, for all j > 0. Hence

‘/i(gm—l,H) = ‘/;(aZ*(ym—l,H>)v
for alli > 0.

PROOF. Suppose that Rlaz.(F,-_1.u) # 0 for some t > 0. Let H; be a
ample divisor on A such that

HM A, Rlay(Fp11) @ Os(Hy)) =0
forall k> 1 and j > 0 and
H(A, Rlayz(Fm1.1) @ Oa(Hy)) # 0.
By the Leray spectral sequence, we have
HYZ, F1.n @ Oz(ayHy)) # 0.

Since H is pulled back from A, we may take H; such that aj,H; — H is
big and nef, then by Lemma 23] we have H'(Z, #,,—1.u ® Oz(a}H,)) = 0,
which is a contradiction. Thus Rlaz.(%,—1x) = 0 for all j > 0. For any
P € Pic’(Z), we have H(Z, Fp_1y ® ayP) ~ H'(A, az(Fm1,n) ® P),
hence Vi(Fn—1.1) = Vilazi(Fm-1.u)) for all i > 0. O

Corollary 2.7 The cohomological support Vo(-Fp—1.1) is not empty.
PRrROOF. By Lemma 2.5 .%,,_1 g is a GV-sheaf, hence ([H2], Corollary 3.2)
Vo(a@m—LH) D) ‘/1(3%,—1,11) Dt D Vd(a@m—LH)-

If Vo(F—1.1) is empty, V;(F—1.m1) is empty for all 4 > 0, hence
HYZ, Fp1n @ ayP) = H (A, azFm1n @ P) =0,

for all # > 0. By the properties of the Fourier-Mukai transform on an abelian
variety (see [Mu]), az+%m—1.4 = 0. However this is impossible since ay is
generically finite and .%#,,_; g is a sheaf with positive rank. O
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Theorem 2.8 Let X be a smooth projective variety. If
0< Pn(X)<2m-—2,
for some m > 2, the Albanese map ax : X — Alb(X) is surjective.

PRrROOF. If ax is not surjective, by Ueno’s theorem ([M], Theorem (3.7)),
upon replacing X by a birational model, there exists a surjective morphism
fi + X — Z; onto a smooth variety Z; of general type of dimension d >
0 such that Z; — Alb(Z;) is a birational map onto its image and Z; —
P(H(Z,,07,(Kz,))) is a map generically finite onto its image. Obviously,
P.(Zy) > (dzk) for all £ > 1. Taking the Stein factorization and making
birational modifications, we may suppose that there is an algebraic fiber
space f : X — Z such that Z is a smooth variety of general type and of
maximal Albanese dimension d, and Py(Z) > (dzk) for all k > 1.

We let H be a big and base-point-free divisor pulled back by the Albanese
morphism az : Z — Alb(Z). By Corollary 2.7, Vo(-%,—1.1) is not empty thus
there exists P € Pic’(Z) such that h°(Z, %, 1.z ® P) > 1. Hence

On the other hand, we have h®(X, Ox((m —1)f*Kz)) > (djn"jl). We get

d+m—1)

(X, Ox(mKx)® f*P) > ( i

(6)
Since Z is of general type, the litaka model of (X, Ky) dominates Z because
of (@), hence we apply Lemma 22 to get h°(X, Ox(mKx)) > ("),

If dim(Z) = d > 2, then P, (X) > ("}") > 2m — 1, which is a contradic-
tion.

If dim(Z) = 1, Pp(X) = h(Z, fu(w});) ® wZ). As in Corollary 3.6 in
V1], fi(w¥,) is a nonzero nef vector bundle on Z hence has nonnegative
degree. By the Riemann-Roch theorem, we obtain P,,(X) > 2m — 1, again
a contradiction. 0J

Remark 2.9 The proof follows ideas of Kollar’s ([Kol]), later improved by
Hacon and Pardini. Briefly speaking, Kollar proved that P, (X) > P,,_2(Z)
and Hacon and Pardini used the finite map

|(m—2)Kz—|—P| X |Kx—|—(m—1)Kx/Z—|—Kz—f*P| — |me|,
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where P € Pic’(Z), to give a better estimate of P,,(X). However, the
dimension h°(Z, Oz(kKy)) grows very fast with k, so my starting point was
to prove P,,,(X) > P,,-1(Z) by applying the theory of GV-sheaves.

Corollary 2.10 Suppose that 0 < P, (X) < (f:_";) for some m > 2 and
d>1. Then k(ax(X)) <d.

PROOF. It is just (@) in the proof of Theorem 2.8 where by Ueno’s theorem
d is the Kodaira dimension of ax (X). O

3 When does the Albanese map have con-
nected fibers?

Ein and Lazarsfeld in [EL] gave another proof of Kawamata’s theorem based
on the generic vanishing theorem. Their proof is actually very close to an
effective result. With the help of a proposition of Chen and Hacon, we prove
the following:

Theorem 3.1 Let X be a smooth projective variety with Pi(X) = Po(X) =
1. The Albanese map ax : X — Alb(X) is an algebraic fiber space.

PRrROOF. Let A be the Albanese variety of X. The Albanese morphism is
already surjective by [HP]. Suppose that it has non-connected fibers. We
start with the Stein factorization of ax and, resolving singularities and inde-
terminacies, we can assume that ayx admits a factorization

XLvh oA,

where b is a generically finite non birational morphism, g is surjective with
connected fibers, V' is smooth and projective. Since ax is the Albanese
morphism of X, V' is not birational to an abelian variety. Thus V is of
maximal Albanese dimension and by Chen and Hacon’s characterization of
abelian varieties (J[CHI], Theorem 3.2), we have P,(V') > 2. We set dim(X) =
n and dim(V) = dim(A) = d.

Since P(X) = Py(X) =1, 0 € Vo(X,wx) is an isolated point ([EL],
Proposition 2.1). Hence 0 € V(V, g.wx) is also an isolated point. By Propo-
sition 2.5 in [CH3], for any v # 0 in H'(V, O}), the sequence

0— HO(V, gxx) LN Hl(V, geox) —> <o+ 2 Hd(V, gxwx) — 0
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is exact. Since b is surjective, we may, through the map b*, consider H*(A, 04)
as a subspace of H'(V, 0y). Then, as in the proof of Theorem 3 in [EL], we
have an exact complex of vector bundles on P = P(H(4,0,)) = P4 %

0— HO(‘/, g*wx) X ﬁp(—d) — Hl(‘/, g*wx) X ﬁp(—d + 1) —
= HYV, gowx) ® Op — 0.

Take (v1, . ..,vq) a basis for H'(A, 04). By chasing through the diagram, we

obiain that HO(V, g.iy) 2220
By Theorem 3.4 in [Ko3],

HY(V, g.wx) is an isomorphism.

HY (X, wy) ~ @Hz V, R g.wx).

Hence we have

AVL A+ AVg

HO(V’ g*wX) ~ Hd(‘/u Q*WX)

| |

HO(X, wx) M HY(X, wx)

By Hodge conjugation and Serre duality H%(X,wyx) ~ H°(X, Q}_d). We
will denote by E C HY(X, Q’}{d) the nonzero subspace corresponding to
HYV, guwx) C HY(X,wx). Let (n1,...,n4) in H°(A,Q4) be the conjugate
basis of (vy,...,v4). By Serre duality and Hodge conjugation, we get from
the above diagram that

E Ag* (771/\~~~/\77d) HO(X’ wX)

is an isomorphism. Since n; A --- A 1y is a nonzero section of Ky, we have
Kx = g*Ky. We deduce P»(X) > Po(V') > 2, which is a contradiction. [J

The proof of Theorem [B] is closely related to Green and Lazarsfeld’s
generic vanishing theorem, which is Hodge-theoretic. Meanwhile Theorem
2.8 relies heavily on the weak positivity theorem of Viehweg. It is natural to
ask whether we can use the ideas in section 2l to prove other criteria to tell
when the Albanese map is an algebraic fiber space.
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We again let A be Alb(X). Suppose that ax : X — A is surjective but
has non-connected fibers. We take the Stein factorization and obtain that
ax factors as X & V % A where V is normal and finite over A with, again
Py(V) > 2. The problem here is that we cannot expect the image of the
litaka fibration of V' to be of general type.

Fortunately, a structure theorem for varieties of maximal Albanese di-
mension due to Kawamata (Theorem 13 in [K]) tells us that the situation is
still manageable.

Theorem 3.2 (Kawamata) Let b : V — A be a finite morphism from a
projective normal algebraic variety to an abelian variety. Then (V) > 0
and there are an abelian subvariety K of A, étale covers V' and K of V' and

K respectively, a projective normal variety W, and a finite abelian group G,
which acts on K and faithfully on W, such that:

(1) W is finite over AJ/K, of general type and of dimension k(V),
(2) V is isomorphic to K x W,
(3) V=V/G=(K x I//V\)/G, where G acts diagonally and freely on V.

The construction of W and V is crucial for our purpose so I will recall
the proof of this theorem following Kawamata.

Let 6 : V' — V be a birational modification of V such that V' is smooth
and there exists a morphism i : V' — W' such that W' is also smooth
and A’ is a model of the Iitaka fibration of V. Then a general fiber V;U, of
k' is smooth, of Kodaira dimension 0, and generically finite over an abelian
variety, hence by Kawamata’s theorem, V;}, is birational to an abelian variety
and (bo 5)(V1;,) is then an abelian subvariety of A, denoted by K. Since w'’
moves continuously, K is a translate of a fixed abelian subvariety K C A
for every w' € W'. Let 7 : A — A/K be the quotient map.

Consider the Stein factorization

WObZVgWﬂ)A/K.

Since general fibers of k" are contracted by mobod, hence by h o8, the map
h o § factors through A’ by rigidity, and we get the following commutative
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diagram:

V, : ﬁnbito Vb ‘ A (7)
O N
W W — s Wy © A/K

where W is normal, by is finite, h : V — W has connected fibers, § and &'
are birational, and V and Wy are the images of V' and W in A and A/K

respectively.
By Pomcare reduc1b1hty, there exists an isogeny A / K — A/K such that

A A Xa/x A/K K x A/K We then apply the étale base change () X 4/x
A/ K — - in the diagram ([7]) and get the following commutative diagram:

‘7 ﬁnbite K X ‘/X/-E) == % C K X ‘/?17[/(
Vo< j A —
fiber b —~ —
space } W C / A/ K
ﬁnlte WO ¢ A/K

where W, is some connected component of the inverse image of Wy in A / K,
V is some connected component of V xy; Vo, W is some connected component
of W Xy, WO, and all slanted arrows are étale.

Let us look at

_—
w finite WO :

A general fiber of I is an étale cover of a general fiber of i hence an étale
cover of K, thus isomorphic to an abelian variety K.
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The morphism b is étale over a product K x Uy for Uy a dense Zariski
open subset of W:

LY (U) — K xU,

smoothl J/
U

— Up.

The group K acts on ‘76 = K x Wf\/jg, and on K x Uj. The infinitesimal
action corresponds to vector fields, which lift to b~!(K x Up) because b is
étale there.

This induces an action of K on h='(U) = b~'(K x Up) hence a rational
action on V Let k € K and let k € K be its image. Let I'cVxV and
I'c Vo X Vo be the graphs of the actions of k and k respectively. We have

VxVe— P ———V (8)

o | b

%X%(—)FL}%a

where (b b) is finite and pr; is an 1som0rphlsm We see that pry is finite and
birational hence an isomorphism because_ V is normal. Thus the action of k
is an isomorphism. So K acts on V and b is equivariant for the K-action on
V and the K-action on Vp.

Set Gy = K /K. For y € Wy general, we have

—~ 1 ~

Wby (y) = by (y) x K = b Y(K x {y}),
hence B B
deg b = #G, - deg byy.

Set Wo = b Yk x VVO) for k € K general. Then /WO is normal and G4
acts on Wy (WO may be not connected). We have a diagram:



hence /Wo /G =W.

Note that Gy acts on K x Wo diagonally and freely (because the action
is free on K ). By the K- action, we have a morphism ¢ : K x WO — V and
there is a commutative diagram:

Thus ¢ is finite because any contracted curve is in some K x @ but because
of the K-action, this is impossible. o B .

From the diagram, we have a finite morphism K x Wy — V' x5 W,. Since
it is birational over U, it is an isomorphism. Hence

V=(Vxy Wo)/G1 = (K x Wy)/Gh.

We then let W be a connected component of /Wo and let V = K x W. Then

V is still a Galois étale cover of V. There exists a commutative diagram:

v K x A/K
| !
\7—>K><//l/\[/(

| !

V——m A

We then conclude that V is a connected component of V x 4 (K x A/K). Let
G be the finite abelian group (K x A/K)/A. Then V =V /G = (K X /W)/G,
for some quotient group G of Gz, where G acts diagonally. Since any quotient
of K by a subgroup of G is still an abelian variety, we may assume that G
acts faithfully on W.

A crucial fact is that W is of general type because

—~ ~ —

k(W) = #(V) = k(V) = dim(W) = dim (7).



We put everything in a commutative diagram:

Galois étale

m b 4 (9)

‘7 = f(i X /W V 4 finite
Jﬁ:prg h h lﬂ
o~ bvwv —~ W bw
b
by

We are now ready to prove the main theorem.
Theorem 3.3 Let X be a smooth projective variety. If
0< Pp(X)<m-2,
for some m > 3, the Albanese map ax : X — A is an algebraic fiber space.

PrOOF. By Theorem 2.8 ax is already surjective. Suppose that it has non-
connected fibers. Again we have the Stein factorization ax : X & V LN A,
where ¢ has connected fibers, V' is normal, and b is finite not birational.
Applying the above description of the structure of V in () and (@), we get
the following commutative diagram:

Xy V——X (10)
Pl
= Galois b
\%4 étale 4 A
)

—~ by bw

where mx is étale Galois with Galois group G, V=W x f(, and W is of

general type.
There exists a dense Zariski open subset U of W such that U and b%V\I(U )

are smooth and h o g and h o § are smooth over U and b;Avl(U ) respectively.
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Through Hironaka’s resolution of singularities, we can blow up W and X
along smooth subvarieties of W — U and X — (h o g)~*(U) respectively and
assume that W is smooth. Similarly, let W; and X; be the smooth projective

varieties obtained by blowing-up W and X Xy 1% along subvarieties of W —

bfwl(U) and X xy V — (b oho 7)1 (U) respectively such that we have the
following commutative diagram:

/X (11)
X Xy V !
Wl le W7

where W is of general type, by, is generically finite and € is the blow-up of

X Xy V. We write
KX1 :W‘;le—FE,

where E is an effective exceptional divisor for my,, fi(F) is a subvariety of
Wi — byt (U), and

7TkaﬁXl — 71-X>»<€>t<ﬁX1 — 7TX* XXVV @ Px,
xeG*

where P, € Pic’(X) is the torsion line bundle corresponding to y € G*.

In order to prove the theorem, we will need to treat two cases, k(W) > 0
or k(W) = 0. The strategies of the proofs are the same so I will treat the first
case in detail and explain how very similar arguments work for the second
case.

Lemma 3.4 Let X be a smooth projective variety with P,,(X) > 0 for some
m > 2. Let f: X — W be as above. The Iitaka model of (X, (m—1)Kxw +
f*Kw) dominates W.

PROOF. We use the same notation as above. In (1), we already know that
Wy is of general type so by Viehweg’s result (see the proof of Lemma [23)),
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the litaka model of (X, (m — 1)Kx,/w, + f; Kw,) dominates W;. On the
other hand, we can write

(m = 1)Kx,w, + i Kw,
= 7x, ((m—1DKxw + f"Kw) — (m = 2) f{ Ky, yw + (m — 1)E. (12)

Since Ky, /w is effective, the litaka model of (X1, 7%, ((m—1)Kxw+f"Kw )+
(m —1)FE) dominates W;. Hence for any ample divisor H on W, there exists
N > 0such that 7%, Ox(N((m—1)Kxyw+f"Kw)—f*H)@0x,(N(m—1)E)
has a nonzero section. Since mx,.Ox,(N(m — 1)E) = 7x,.0x, is a direct
sum of torsion line bundles, there exists £ > 0 such that kN ((m —1)Kxw +
[*Kw)—kf*H is effective. Therefore the litaka model of (X, (m—1)Kxw +
f*Kw) dominates W. O

Since Ky is not necessarily big, we cannot directly apply Lemma 2.3
But we still have:

Lemma 3.5 Under the assumptions of Lemma 3], the sheaf
filOx(Kx + (m — 1) Kxyw + ["Kw) @ Z(|[(m — 1) Kxyw + [*Kwl]))
is monzero, of rank P, (X,), where X,, is a general fiber of f.

PROOF. We use the diagram (IT]). Since W is of general type, as in Lemma
2.3 by Viehweg’s result, there exists k£ > 0 such that for w; a general point
of W; and X, C X; the fiber of f;, the restriction:

HO(le ﬁXl (km(m_1>KX1/W1+kmfl*KW1)) — HO(lev ﬁle (km(m_l)Kle ))
is surjective. Since Ky, w = 0, by (I2), we have

H(Xy, Ox, (km(m — 1) Kx, jw, + kmf{ Kw,))
C H(Xy, Ox,(km(m — 1), Kxw + kma, [*Kw + km(m — 1)E)).

Since F is my,-exceptional, we conclude that

|Em(m — 1)m%, Kxw + kmn, f[*Kw + km(m — 1)E|
= |km(m — V)% Kxw + kmny, f"Kw| + km(m — 1)E.
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We also know that fi(F) is a proper subvariety of W;. These imply that the
restriction:

HO(Xl, ﬁxl (km(m — 1)7T§(1Kx/w + ]fmﬂ';(lf*Kw))
— H°(Xy,, Ox,, (km(m — 1)Ky, ) (13)

is surjective.
Set w = by, (wy), and let X, be the fiber of f. In the following diagram

T SN U) — fHU)

]

by, (U) ——— T,

all the morphisms are smooth. Hence 7x, = 7x|x,, @ Xu, — Xy i8
étale and the pull-back of H°(X,, Ox, (km(m — 1)Ky,)) is a subspace of
H(Xu,, Ox,, (km(m —1)Kx, )).
On the other side, we have
H°(Xy, Ox, (k(m — )y, Kxyw + k' f*Kw))

= P ™ H(X, Ox(k(m — ) Kxpw + kf'Kw)®P,).  (14)

xEG*

Let M be the order of G. Take a resolution 7 : X' — X such that 7: X, —
X, is also a resolution and

o T |Mkm(m — 1)Kxw + Mkmf*Kw| = |H|+ Ep,

o 7| Ox(km(m—1)Kxw+kmf*Kw)®P,| = |Hy|+E,, for each x € G*,
o 7 |km(m — 1)Kx,| = |Hy| + By,

o T|mKx,|=|H,|+ E,,

such that H, H,, H,, and H{U are base-point-free and Ey, E,, E,, E{U are
the fixed divisors, with SNC supports.

Let X{ be a smooth model of the main component of X; X x X (the irre-
ducible component that dominates X;). We have the following commutative
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diagram:

Let Uy = Xy — E. Then 7y, is étale on Uy, hence Uy Xx X' is irreducible
and smooth. Since fi(F) is a proper subvariety of Wj, we can assume that
there exists a divisor E  of X{ such that X{ — E' is just U; xx X and
fim1(E') is a proper subvariety of W;. Let X, . be the fiber of fi7;. Then
Tx, = 7TX;|X;J1 : X{Ul — X, is Galois étale. We have another commutative
diagram involving morphisms between fibers:

™

/ le /
le étale Xw
1:1|71 T|1:1
T X,

X
w1 étale Xw’

We then write

m|km(m — 1)y, Kxyw + kmny, f*Kw|
= |my, 7 (km(m — 1) Kxw + kmf*Ky)|
= |Hl| + Ei’

where F, is the fixed divisor. Let F be the maximal divisor which is <
E, for all x € G*. By (14), W;iF =< E,. Hence, by (I3), we conclude

that 7}, F|y is fixed in 7f[km(m — 1)Kx,, | and in particular is fixed in
1 w1

T T lkm(m—1)Kx,|, so W}1F|X;J1 = W;ivl

w1

E,. Since 7y is étale, we have
wl
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We conclude that F'|y < E,,.
Since for any y € G*, we have the natural multiplication

H(X, Ox(km(m — 1) Kxyw + kmf*Kw) @ P)*"
— HY(X, Ox(Mkm(m — 1)Kxw + Mkmf*Ky)),

we obtain Ey = MF, hence Ey|y < ME, = Mk(m — 1)E,,. This is just
(@) in the proof of 2) of Lemmal[Z3], and we can then finish the proof as there.
[

We may write Lemma in a more general form:

Proposition 3.6 Assume that we have the following commutative diagram
between smooth projective varieties:

Xl L} X

lf 1 lf
bw,

W1 E—— VV,

where P,(X) > 0, the morphism mx, is birationally equivalent to an étale
morphism and its exceptional divisor E is such that fi(E) is a proper subva-
riety of Wi, mx,.Ox, = @, Pa is a direct sum of torsion line bundles on X,
Wi is of general type, and by, is generically finite and surjective. Then the
sheaf

F(Ox(Kx + (m = 1) Kxpw + [TEw) @ Z([|(m = 1) Kxw + [ Kwl]))
is nonzero, of rank P, (X,), where X,, is a general fiber of f.
According to Lemma [B.5]
Fx = bw. fo(Ox(Kx+(m—1)Kxw+["Kw)® Z (|[(m—1) Kxw+f"Kwl|)))

is a nonzero sheaf on A/K. By Lemma 2Tl and Lemma B.4] it is an I'T-sheaf
of index 0.

Let Z#x be the Fourier-Mukai transform of .%#x. By the properties of
this transformation ([Mu], Theorem 2.2), we know that :,?\; is a W.IT-

sheaf of index dim(A/K) and its Fourier-Mukai transform Ty is isomorphic
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to (—1a/x)*Zx. In particular, Ef; # 0. Therefore, by the Base Change
Theorem and the definition of the Fourier-Mukai transform, there exists P, €
Pic’(A/K) such that h°(A/K, Fx @ Py) # 0. Thus for any P € Pic’(A/K),

Hence for any P € Pic’(A/K), we have

WX, Ox(Kx + (m — V) EKxw + [*Kw) ® f b, P)
> WX, 0x(Kx + (m—1)Kxw+ [*Kw)®
S (I(m = 1) Kxyw + f*Kwl|) @ f*by, P)
= K(A/K,bw.f(Ox(Kx + (m = 1)Kxw + f*Kw) ®
S ([[(m = 1) Exyw + f*Kwl|)) ® P)
W(A/K, Fx @ P)
1. (15)

A%

Lemma 3.7 Let X and W be as in Lemma [34  Suppose x(W) > 0.
Then for any v > 3, there exists a translate T C Pic’(A/K) of a positive-
dimensional torus, such that

RO(W, Ow ((r — 2)Kw) @b}y, P) > r — 2,
forall PeT.

PROOF. Since k(W) > 0, there exist a positive-dimensional abelian sub-
variety T, C Pic’(A/K) and a torsion point Py € Pic’(A/K) such that
by (Po + Ty) C Vo(ww) (J[CH2|, Corollary 2.4). Then we iterate Lemma [[.4]
to get h(W, Ow ((r — 2)Kw) @ bjy, P) > r — 2, for all P € (r —2)Py + Ty. O

If (W) >0, since mKx = Kx +(m—1)Kxw+ f*Kw + (m —2) f* Ky,
again by (15]), Lemma [B.7 and Lemma [I.4] we obtain
P,X)>14+m—-24dim(T)—-1>m —1,

which contradicts our assumption. Hence we have finished the proof in the
case k(W) > 0.
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If k(W) =0, in the diagram (I0)), by is surjective and finite and x(W) =
0, hence W is an abelian variety by Kawamata’s Theorem We still
have (&), however Ky is trivial, hence it is not enough for us to deduce a
contradiction. We will need new versions of Lemma [3.4] and Lemma

First we go back to diagrams (I0) and (ITI):

XlL}X

b, b

nl i——v s

b

WlLVV,

where V] is birational to K x Wi. B
Since 7y, : Vi — V is birationally equivalent to the étale cover V- — V|
we have my;.wy; = D, - (wy ® Py). On the other hand, V; is birational to

K x Wy, hence hy.wy, = wy,. Therefore, we have

le*le = @ h*(wv X PX)

XEG*

Since by, is generically finite and W is of general type, by Theorem 2.3
in [CH2], we know that the irreducible components of Vi(bw,«ww,) gener-
ate Pic’(W). Hence there exists a x € G* such that V(h.(wy ® P,)) is a
translated positive-dimensional abelian subvariety of Pic’(1W). We denote
h.(wy ® Py) by #,. Since a general fiber of h is an abelian variety, .%, is a
rank-1 torsion-free sheaf.

We can again birationally modify X so that f*.#, is a line bundle on X.
We then have the following result similar to Lemma [3.4]

Lemma 3.8 Under the assumptions of Lemma assume moreover that
k(W) =0 and let Z, be as above. Then the litaka model of (X, (m—1)Kx —
(m —2)f*%#,) dominates W.

PROOF. The proof is analogue to that of Lemma 3.4l We have

T, (m=1)Kx — (m =2)f*"#)+ (m - 1)E (16)
= (m - 1)[(X1/W1 + ffKW1 + (m - 2)./:1*[(W1 - (m - Q)W}lf*gx'
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Since ., C by, .ww,, we have an inclusion by, .7, < wy,, hence an inclusion
(m = 2) fibyy, Fy = (m = 2)my, [*F = (m = 2) flww,.

Using Viehweg’s result as in the proof of Lemma 3.4 we obtain that the

litaka model of 7% ((m — 1)Kx — (m —2) f*.#,) + (m — 1) E dominates .

We finish the proof by the same argument as in Lemma 3.4 O
We also need an analogue of Lemma [3.5

Lemma 3.9 Under the same assumptions as in Lemma[3.8, the sheaf
f(Ox(mEx —(m =2)f*F) @ J(||(m—=1)Kx —(m —=2)f*7,[]))

is monzero of rank P, (X,), where X,, is a general fiber of f.

PROOF. It is also parallel to the proof of Lemma First, by Viehweg’s
result again, we have the surjectivity of the restriction map:

H(Xy, Ox, (km(m — 1) Kx, jw, + kmf{ Kw,))
— H(Xy,, Ox,, (km(m —1)Kx, ).
Since E is mx,-exceptional and (m — 2) fi Kw, = (m — 2)7%, f*Z,, by (18),

we have the surjectivity of the restriction map:
H°(X:1, 7%, Ox,(km(m — 1)Kx — km(m — 2) f*.%,))
— H(Xy,, Ox,, (km(m —1)Kx, )).

Then the rest of the proof is the same as the proof of Lemma [3.5 O

By Lemma B.8 and Lemma [3.9] we again conclude as in ([I5]) that
WX, Ox(mEx — (m =2)f*F) @ [*P) 2 1,

for any P € Pic’(W).
As in the proof of Lemma 3.7, there exists a translate T C Pic’(W) of
a positive-dimensional abelian variety such that h°(X, Ox((m — 2)f*Z,) ®
f*P) > m — 2, for any P € T. We again have P,,(X) > m — 1, which is a
contradiction. This finishes the proof of Theorem B3 in the case k(W) = 0.
In all, we have finished the proof of Theorem [3.3] O
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