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CALCULI, HODGE OPERATORS AND LAPLACIANS
ON A QUANTUM HOPF FIBRATION

GIOVANNI LANDI AND ALESSANDRO ZAMPINI

ABSTRACT. We describe Laplacian operators on the quantum group SU,(2) equipped
with the four dimensional bicovariant differential calculus of Woronowicz as well as on
the quantum homogeneous space Sg with the restricted left covariant three dimensional
differential calculus. This is done by giving a family of Hodge dualities on both the
exterior algebras of SU¢(2) and Sg. We also study gauged Laplacian operators acting on

sections of line bundles over the quantum sphere.
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1. INTRODUCTION

We continue our program devoted to Laplacian operators on quantum spaces with the
study of such operators on the quantum (standard) Podles$ sphere Sg and their coupling
with gauge connections on the quantum principal U(1)-fibration A(S2) — A(SU,(2)).
While in [20] one worked with a left 3D covariant differential calculus on SU,(2) and its
restriction to the (unique) 2D left covariant differential calculus on the sphere Sg, in the
present paper we use the somewhat more complicate 4D bicovariant calculus on SU,(2)

introduced in [33] and its restriction to a 3D left covariant calculus on the sphere Sg.

Laplacian operators on all Podle$ spheres, related to the 4D, bicovariant calculus on
SU,(2) were already studied in [27]. Our contribution to Laplacian operators comes from
the use of Hodge %-operators on both the manifold of SU,(2) and Sg that we introduce
by improving and diversifying on existing definitions.

We then move on to line bundles on the standard sphere Sg and to a class of operators
on such bundles that are ‘gauged’ with the use of a suitable class of connections on
the principal bundle A(S?) < A(SU,(2)) and of the corresponding covariant derivative
on (module of sections of) the line bundles. These gauged Laplacians are completely
diagonalized and are split in terms of a Laplacian operator on the total space SU,(2)
of the bundle minus vertical operators, paralleling what happens on a classical principal
bundle (see e.g. [2, Prop. 5.6]) and on the Hopf fibration of the sphere S with calculi
coming from the left covariant one on SU4(2) as shown in [20], [34]

In §2 we describe all we need of the principal fibration A(S?) < A(SU4(2)) and as-
sociated line bundles over Sg. We also give a systematic description of the differential
calculi we are interested in, the 4D, bicovariant calculus on SU,(2) and its restriction
to a 3D left covariant calculus on the sphere Sg. A thoughtful construction of Hodge
*-dualities on SUy(2) are in 3] while the ones on S? are in §8l These are used in §Al for
the definition of Laplacian operators. A digression on connections on the principal bundle
and of covariant derivatives on the line bundles is in §6l and the following §7]is devoted to
the corresponding gauged Laplacian operators of modules of sections if the line bundles.
To make the paper relatively self-contained it concludes with two appendices, JAl giving
general facts on differential calculi on Hopf algebras and §Bl concerning with general facts

on quantum principal bundles endowed with connections.

We like to mention that examples of Hodge operators on the exterior algebras of the
quantum homogeneous ¢g-Minkowski and ¢-Euclidean spaces — satisfying a covariance re-
quirement with respect to the action of the quantum groups SO,(3,1) and SO, (4) — have
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been given in [24], 22] using the formalism of braided geometry and with a construction of
a g-epsilon tensor. On the exterior algebra over the quantum planes Rév a Hodge operator
has been studied in [12].

Conventions and notations. When writing about connections and covariant deriva-
tives we shall pay attention in keeping the two notions distinct: a connection will be
a projection on a principal bundle while a covariant derivative will be an operator on

section, both of concepts fulfilling suitable properties. The ‘g-number’ is defined as:

¢ —q”
(1.1) [z] = [a]q = :
g q!
for ¢ # 1 and any x € R. For a coproduct A we use the conventional Sweedler notation
A(x) = (1) ® 22y (with implicit summation) with iterations. The convention is iterated

to (id®A) o A(z) = (A®id) o A(z) = (1) ® T(2) @ 2(3), and so on.

Acknowledgments. We are grateful to S. Albeverio, L.S. Cirio and I. Heckenberger for
comments and suggestions. AZ thanks P. Lucignano for his help with Maple. GL was
partially supported by the Italian Project ‘Cofin08-Noncommutative Geometry, Quantum
Groups and Applications’. AZ gratefully acknowledges the support of the Max-Planck-
Institut fiir Mathematik in Bonn, the Hausdorff Zentrum fiir Mathematik der Univer-
sitdt Bonn, the Stiftelsen Blanceflor Boncompagni-Ludovisi fodd Bildt (Stockholm), the
[LH.E.S. (Bures sur Yvette, Paris).

2. PRELUDE: CALCULI AND LINE BUNDLES ON QUANTUM SPHERES

We introduce the manifolds of the quantum group SU,(2) and its quantum homogeneous
space S, — the standard Podles sphere. The corresponding inclusion A(S;) < A(SU,4(2))
of the corresponding coordinate algebras is a (topological) quantum principal bundle.
Following App. [Al we then equip A(SU,(2)) with a 4-dimensional bicovariant calculus,
whose restriction gives a 3-dimensional left covariant calculus on A(S?).

2.1. Spheres and bundles. The polynomial algebra A(SU,(2)) of the quantum group

SU,(2) is the unital x-algebra generated by elements a and ¢, with relations
ac = qca ac* =qc*a cct = c'e,
(2.1) a*a+ c'c = aa* + ¢*cct = 1.
For the sake of the present paper, the deformation parameter ¢ € R can be restricted to

the interval 0 < ¢ < 1 without loss of generality. In the limit ¢ — 1 one recovers the
commutative coordinate algebra on the group manifold SU(2). If we use the matrix
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whose being unitary is equivalent to relations (2.1), the Hopf algebra structure for A(SU,(2))
is given by coproduct, antipode and counit:

AU=UoU, SU)=U", &U) =1,

that is A(a) =a®a —qc* ® ¢, and A(c) = c®a+a* ® ¢; S(a) = a* and S(c) = —qc;
g(a) = 1 and €(c) = 0 and their *-conjugated relations.

The quantum universal envelopping algebra U, (su(2)) is the unital Hopf x-algebra gen-
erated as an algebra by four elements K*!, F, F with KK~! = 1 and subject to relations:
K? - K2

¢—q"'
The *-structure is K* = K, E* = F, and the Hopf algebra structure is provided by

(2.2) K*E = ¢*EK*, K*F = ¢FFK*, [E,F) =

coproduct
AKH=K*@K*, AE)=EQK+K'®FE, AF)=FK+K'®F,
while the antipode is S(K) = K~', S(E) = —qF, S(F) = —¢ ' F and the counit reads
e(K) =1, e(F)=¢e(F)=0. The quadratic element
K2 -9 + q71K72
(¢g—q7')?
is a quantum Casimir operator that generates the centre of U, (su(2)).

(2.3) c, =1 +FE-1

The Hopf *-algebras U, (su(2)) and A(SU,(2)) are dually paired. The *-compatible
bilinear mapping ( , ) : U,(su(2)) x A(SU,(2)) — C is on the generators given by

<Ki,a> — q:|:1/2’ (Ki,a*> _ q:|:1/2’
(2.4) (B, c)=1, (F,c*) = —q

with all other couples of generators pairing to zero. This pairing is proved [I8] to be non-
degenerate. The algebra U, (su(2)) is recovered as a *-Hopf subalgebra in the dual algebra
A(SU,(2))°, the largest Hopf *-subalgebra contained in the vector space dual A(SU,(2))".

There are [32] *-compatible canonical commuting actions of U, (su(2)) on A(SU,(2)):
h>x == (1) <h, I(2)> , xah = <h, I(1)> Z(2)-

On powers of generators one computes, for s € N, that

K*fva®=qT2a® Fpa*=0 Eva® = —qB3 92 [s]a*"1c*
(2 5) K:l: > a*s = qi%a*s Fpa* = q(l—s)/Z[S]Ca*s—l Eva* =0
' Kfoco=qt2c®  Foc®=0 Evc® = qi=9)2[s)c*a*
KEp s = qzl:gc*s Fbcts = _q7(1+s)/2[8]ac*371 Ebc*s = 0;
and:
A K* =qt2a°  a®<aF = q¥Y/2[s]ca>! a*<4E =0
a*s <4 K:I: — q:tga*s a9 F =0 A a9 F = _q(3fs)/2 [S]C*(l*sil
(26) s + _ £S5 s s _ s _ (s—1)/2 s—1
QK+ =g zc cAF =0 caFE=q (sl a

s <]I(:I: — q:F%C*s g F = _q(s—3)/2[8]a*c*s—1 S aF =0.
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Consider the algebra A(U(1)) := Cl[z, 2*] /< 2z — 1 >. The map

(2.7) T ASU,(2) — AUL), 7w (“ Bl ) - ( =0 )

c a 0 z*

is a surjective Hopf #-algebra homomorphism. As a consequence, U(1) is a quantum

subgroup of SU,(2) with right coaction:
(2.8) dp = (id®m) oA : A(SU,(2)) — A(SU,(2)) @ A(U(1)).

The coinvariant elements for this coaction, elements b € A(SU,(2)) for which 0z (b) = b&1,
form the algebra of the standard Podle$ sphere A(S?) < A(SU,(2)). This inclusion gives

a topological quantum principal bundle, following the formulation reviewed in appendix Bl

The above right U(1) coaction on SU,(2) is dual to the left action of the element K,
and allows one [23] to give a decomposition

(2.9) A(SU,(2)) = ®pezly

in terms of A(S:)-bimodules defined by

(2.10) L,:={rec ASU,2)) : Kex=q¢"%x & p(z)=222"},
with A(Sg) = Lo. It is easy to see that £ = L_,, and L,L,, = L1, with
(2.11) E>L, C L, o, L, C L, s, L,<u C L,

for any u € U,(su(2)). The bimodules £,, will be described at length later on when we
endow them with connections. Here we only mention that the bimodules £,, have a vector
space decomposition (cf. e.g. [21]):

2.12 = R 140

( ) £ @J:'?,'?H,?'H,... S

where VJ(") is the spin J (with J € %N) irreducible *-representation spaces for the right
action of U, (su(2)), and basis elements

(2.13) On,ag = (72T

withneZ, J=E 4N i1=0.. 27

2.2. The 4D exterior algebra over the quantum group SU,(2). We present here
the exterior algebra over the so called 4D, bicovariant calculus on SU,(2), which was
introduced as a first order differential calculus in [33], and described in details in [30].
The ideal Qguy,2) C ker gy, (2) corresponding to the 4D, calculus is generated by the
nine elements {c?; c(a*—a); ¢*a*?—(1+¢*)(aa*—cc*)+a?; c¢*(a*—a); ¢*?; [Pata*—q 1 (1+
¢"le; [gPata’ =g (144" (0" —a); [¢Pata’—q~ (1+¢")]e"; [Pata’—¢~ (1+¢")][q*ata"—
(1+¢%)]}. One has Ad(Qsu,2)) C Qsu, @) ® A(SU,(2)) and dim(ker egu, (2)/ Qsu, 2)) = 4.
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The quantum tangent space turns out to be a four dimensional Xo C U, (su(2)). A choice
for a basis is given by the elements

1 K?2-1 1
L_=q¢FK™, Lzzﬁ7 Ly=q 2EK
g(K* 1)+ ¢ (K> -1 g(K? 1) +¢ ' (K* - 1)
(2.14) Lo = (G—q ) + FE = G—a ) + EF,

from the last commutation rule in (Z2]). The vector Ly belongs to the centre of U, (su(2)):
it differs from the quantum Casimir (2.3)) by a constant term,

1 1 2
qi —q_i
(2.15) Co=1Lo+ (ﬁ) —i=Lo+ [P -1

The coproducts of the basis (A.D) give AL, = 1® Ly + >, L, ® fa: once chosen the
ordering (—, z,+,0), such a tensor product can be represented as a row by column matrix

product where

(2.16)
1 0 0 ¢ :KE

o= | @ DEFET K2 (q-q Y REET (- ¢ HIFE+ a7 (=]
0 0 1 ¢ iPK
0 0 0 K?

The differential d : A(SU,(2)) — Q'(SU,(2)) is written for any = € A(SU,(2)) as
(2.17) dz = Z (Lobx)w, = Z wa(Ro>x)

on the dual basis of left invariant forms w, € Q'(SU,(2)) with A(Ll)(wa) =1® w,. Here
R, := —S71(L,) and explicitly:

(2.18) Ry = L K? R. = L.K? Ry = —Ly.
On the generators of the algebra the differential acts as:

da = (¢ —q¢ ) g — 1aw, — qc*wy + A\awy,
da* = cw_+ (¢ — ¢ ) g = Da*w, + Ma*wo,
de=(q—q¢ " (g — Dew, + a*wy + Acwy,
(2.19) de* = —q¢ law_ + (¢ —q¢ ") g = 1)c*w, + A\ cFwy,
with A; = [2][2]. These relations can be inverted, giving
w_ = c*da* — ga*dc”, wy = ade — geda,
w, = a*da + c*de — (ada* + ¢*cdc”),
(2.20) wo = (1 +¢) "\ '[a*da + ¢*de + g(ada* + ¢°cdc™)].

It is then easy to see that for ¢ — 1 one has wy — 0. This differential calculus reduces in

the classical limit to the natural three-dimensional bicovariant calculus on SU(2).
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This first order differential 4D, calculus is a *-calculus: the *-structure on A(SU,(2))
is extended to an antilinear x-structure on Q'(SU,(2)), such that (dz)* = d(z*) for any
x € A(SU,(2)). For the basis of left invariant 1-forms is just

(2.21) wr = —wy, Wi = —w,, wy = —Wp.-

O %

From ([A.G]) one works out the bimodule structure of the calculus, obtaining:

w_a = aw_ — qc*wy, wia = aw,, woa = ¢ tawy,
(2.22) w_a* =a*w_, wia® = a*wy + cwy, wopa™ = qa*wy,
w_c=cw_ + a*wy, Wit = Cwy, woe = q Lewy,
-1 :
w_c* = c'w_, wic* = c*wy — q " awyp, woc* = qc*wy;
as well as:
o —1\ *
w,a = qaw, — q(q — ¢~ )c"wy + qawy,
-1 -1 -1
wa* = (q—q ew_ +q a'w, — ¢ a*wy,
_ —1\ %
w,c = qcw, + (¢ — ¢ )a"wy + qcwy,
-1 -1 -1 -1
(2.23) w,c*=—q (q—q aw_ +q c'w, —q  cwo.

The A(SU,(2))-bicovariant bimodule Q*(SU,(2)) of exterior 2-forms is defined by the
projection given in (AJ), with SS) = ker A? = ker (1 — o) C Q(SU,(2))®2. This
necessitates computing the braiding as in ([A.g)), a preliminary step being the computation
as in (A7) of the right coaction on the left invariant basis forms, Ag)(wa) = wp ® Jp,. For

the calculus at hand:

a?  (1+¢a‘c —q* (1-¢»a*c
—qa*c*  aa* —cct —ac (¢ —1)cct
—qc®  (q+q Mact  a* (g
0 0 0 1

(2.24) Joa =



8 GIOVANNI LANDI AND ALESSANDRO ZAMPINI

The braiding map o : Q'(SU,(2))®? — Q'(SU,(2))®? is then worked out [7] to be:

clw_Qw_)=w_Quw_, o(lwy Qwy) = wy ®wy, o(wy ® wy) = wp ® wy,
o(w: ®w,) =w, Qw: + (¢* — ¢ ) (w: ®uo +w_ ®wy —wy Quw_),
o(w-_Quwi) =wy ®w_ —w, ® wy,

0wy Qw_) =w_ ®wy +w, ® wy,

)
o(w,Quw_)=(1-q¢w, ®w_ +q¢ 2w_ @w, — (14 ¢ ?)w_ ® wy,
o(w- ®wy) = wy ®w_ + (1 — ¢>)w_ ® wy,
o(wo ® w_) = ¢Pw_ ® wo,
o(w: ®wy) = ¢Pwyp ®w, + (1 — ¢)w. @ wy + (1 + ¢*)wy @ wy,
o(wy ®w.) =w, @wy — (14 ¢ Hwy @ wo,
o(w: ®wo) =wo @w: + (¢ — ¢ ) (wr Qw- —w_®wy) — (¢ ¢ )w: ® wo,
o(wo ® w,) = w, ® w,

By defining 0 A 0" = (1 — 0)(0 ® 0'), the g-wedge product on 1-forms is:

W ANw_ =wy ANwy =wg Awy =0,
w. Aw, — (¢ — ¢ Hwy Aw_ =0,
w, N\ wt+ + qizwi ANw, =0,
wi A wy 4+ wo Aws =0,
Wi ANw_ +w_ Awy =0,
(2.26) w, Awg +wo Aw, — (¢ — ¢ Hw_ Awy =0.
These relations show that dim Q?(SU,(2)) = 6. The exterior derivative on basis 1-forms
result into:
dwy = F ¢ w_ Aw,,
dw. = (¢ + ¢ Hwy Aw_,
(@—q)(g+gq 1)
(=g +q)

The antisymmetriser operator 22 : Q2(SU,(2)) — Q2(SU,(2)) has an interesting spectral

decomposition, which will be used later on to introduce Hodge operators. On the basis

(2.27) dwy = W A wi.

Yo = w_ A wp, . =w_Awo+ (1 —q¢?w_ Aw,
(2.28) Yo = wy A w, V. =wy Awy — (1 = ¢*)wy Aw,
Yi =wo Aw, + (1 = ¢)w_ Awy,
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which is such that ¢j = v, ¢: = ¢, and * =, it holds that

AP (o) = (1+¢*)po, AP () = 1+ gD, AP (Yy) = (1+ ¢y
AD () = (1+q gz, AP (he) = 1 +q o, AP (o) = (14 ¢ 2)_.

For later use we shall use the labelling {+) € &+) with

(2.29)

(230) €(+) = {9007 (U ’QZ)+}, and 5(*) = {9027 o, ’QZ)_}

By proceeding further, the A(SU,(2))-bimodule 23(SU,(2)) is found to be 4-dimensional

with left invariant basis elements:

(2.31) X— = wy Nwy N\ wy, X+ = w- ANwyg N\ w,

' Xo = wW— AN wi Awy, Xz = w— Awi A wp,
with x* = —¢72x+, X§ = X0 and X} = x.. These exterior forms are closed,
(2.32) dx, =0,

and in addition satisfy
(2.33) A (xa) =201+ + 4 )xa

for a = —,+, 2,0, thus providing the spectral decomposition for the antisymmetriser
operator A3 : O3(SU,(2)) — Q3(SU,(2)):

The A(SU,(2))-bimodule Q4(SU,(2)) of top forms (Q2%(SU,(2)) = 0 for k > 4) is 1
dimensional. Its left invariant basis element y = w_ Aw; Aw, Awy is central, i.e. z = px

for any = € A(SU,(2)) and its eigenvalue for the action of the antisymmetriser is

(2.34) A () = 2(¢* +2¢° +6+2¢ 2 +q “)pu.

2.3. The exterior algebra over the quantum sphere Sg. The restriction of the 4D,
bicovariant calculus endows the sphere Sg with a left covariant 3-dimensional calculus
[T, 27]. The exterior algebra Q(Sg) over such a calculus can be characterised in terms
of some of the bimodules £, introduced in §2/. Given f € A(Sg) ~ Ly, the exterior
derivative d : A(S2) — Q'(S?) from [ZI7) acquires the form:

(2.35) df = (L>flw- + (Li>flws + (Lo>f)wo.

Notice that the basis 1-forms {w,,a = —,+,0} are graded commutative (cf. (2.20)).
Furthermore, relation (ZI1]) shows that (Li>f) € Lio and that (Lo>f) € Ly, while the
A(SU,(2))-bimodule structure of Q!'(SU,(2)) described by the coproduct (ZI86]) of the

quantum derivations L, gives:

pw_ =w_¢—q wo(Ly>e), w ¢ =pw_ +q(LyK*>d)wo,
(2.36) Pwi = wi ¢ — quo(L->¢'), wid' = Pwy + ¢ (L-K*>¢')wo,
<Z5”w0 — WO(K_QD(b,/)u wo(b// — (KQD(b,/)WQ.
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These identities are valid for any ¢, ¢, ¢" € A(SU,(2)). They allow one to prove by
explicit calculations the following identities:

peLl_y: d(pw_) = (Lypo)wy Aw_ + (Lo>o)wo A w_,
¢ € Ly: d(¢'wy) = (L->¢ )w- Awy + (Lo>¢ )wo A we,
(2.37) ¢ € Ly: d(¢"wp) = (L_>¢")w_ Awy + (Ly>d" )w_ A wy + ¢"dwy,
and
peLl_y: d(pw_ ANwg) = (Ly>@)wi A w_ A wy,
¢ €Ly d(@wo Awy) = (L_>¢")w_ Awo A wy,
(2.38) "€ Ly: d(¢"w_ ANwy) = (Lop¢d")wo Aw_ Aw,.

Together with the anti-symmetry properties (2.26) of the wedge product in 2(SU,(2)),

these identities give:

Proposition 2.1. The exterior algebra Q(S?) obtained as a restriction of Q(SU4(2)) asso-

ciated to 4Dy calculus on SUy(2) can be written in terms of A(S;)-bimodule isomorphisms:

Ql(Sz) ~ £72 w_ D £2 w4 D L() Wo
Q%(S2) ~ L5 (w- Awp) ® Lo (w- Awy) & Lo (wo Awy)
Q*(S2) ~ Low-_ Awy Awy

The basis element w_ A wy A wy commutes with all elements in £, =~ A(Sg). Such
a calculus is 3 dimensional, since from (2:32)) one has d(¢"w_ A wi A wy) = 0, for any
¢" € A(S?), and from ([Z20) one has that Q'(S2) A (w_ Awy Awg) = 0.

From (Z17) and (2.I8)) the differential can also be written as
(2.39) df =w_(R->f) + wi(Ri>f) + wo(Ro>f),
and it is easy to check the following relations, analogues of the previous ([2:37)), (Z38):

peLly: d(w- ¢) = —w- Awy (R1>0) — w- Awpy (Ro>9),

¢ €Ly d(wy @) = —wy Aw_ (R_>¢") — wy Awo (Ro>¢'),
(2.40) "€ Ly: d(wg @") = dwo A ¢" —wo Aw_ (R_>¢") —wo Awy (Ry>d");
and
peLl _y: d(w- Awpd) = w_ Awy A wy (Ry>0),
¢ €Ly dwg Awy @) =wog Awy Aw_ (R_>¢'),

(2.41) "€ Ly: d(w_ Awy @") = w_ Awy Awy (Ro>¢").
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3. HODGE STRUCTURES ON Q(SU,(2))

As described in §2.2] it holds for the bicovariant forms of the 4D, first order bico-
variant calculus that the spaces QF(SU,(2)) of forms are free A(SU,(2))-bimodules with
dim QF(SU,(2)) = dim Q**(SU,(2)), and dim Q*(SU,(2)) = 1. Our strategy to intro-
duce Hodge operators on 2(SU,(2)) in §3.2 uses first suitable contraction maps in order to
define Hodge operators on the vector spaces QF  (SU,(2)) of left invariant k-forms; we ex-
tend them next to the whole Q%(SU,(2)) by requiring (one side) linearity over A(SU,(2)).
This follows an alternative although equivalent approach to Hodge operators on classical
group manifold that we describe first in §3.Il A somewhat complementary approach to

the one of §3.2] more suitable when restricting to the sphere Sg, is then given in §3.3

3.1. Hodge operators on classical group manifolds. Let G be an N-dimensional
compact connected Lie group given as a real form of a complex connected Lie group. The
algebra A(G) = Fun(G) of complex valued coordinate functions on G is a *-algebra,
whose x-structure can be extended to the whole tensor algebra. A metric on the group G
is a non degenerate tensor g : X(G) ® X(G) — A(G) which is symmetric —i.e. g(X,Y) =
g(Y, X), with XY € X(G) — and real —ie. ¢g*(X,Y) = g(Y*, X*) —. Any metric has
a normal form: there exists a basis {#,a = 1,... N} of the A(G)-bimodule Q'(G) of

1-forms which is real, #%* = 0%, such that

N
(3.1) g:Zabzlﬁabea@?@b

with 7 = %1 - 4. Given the volume N-form p = p* := 0* A ... A OV, the corresponding
Hodge operator x : Q%(G) — QV=*(G) is the A(G)-linear operator whose action on the

above basis is

*(1) = p,
a a 1 ai...a b —k
(3.2) EUA N = s D € B A AN
with eal"'a’“bl___bNik = Zsk N MR eg b by, from the Levi-Civita tensor and the

usual expression for the inverse metric tensor g=! = Eéxb:l N L, ® Ly with Y, n%np. = 62
on the dual vector field basis such that 6°(L,) = §%. The Hodge operator ([B.2)) satisfies
the identity:

(3.3) ** (&) = sgn(g)(—1)"N P

on any £ € QF(G). Here sgn(g) = det(nq) is the signature of the metric.
Hodge operators can indeed be equivalently introduced in terms of contraction maps.
By this we mean an A(G)-sesquilinear map I' : QY(G) x QY(G) — A(G) such that

I(fé.m) = fT(¢,n) while I'(¢,n f) = T'(¢,n)f for f € A(G). Such a map can be
uniquely extended to a consistent map T' : QF(G) x Q¥ (G) — QF (G). We postpone
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showing this to the later §3.2] where we prove a similar statement for the bicovariant cal-
culus on SU,(2). Having a contraction map, define the tensor g : Q'(G) x QY(G) — A(G):

(3.4) g(e,m) =T(¢%m).

Next, with a volume form i, such that p* = p, define the operator L : QF(G) — QN =F(G)
as

(3.5) LE) = 2T (6 )

on £ € OF(G), having used the notation I'*(-,-) = (I'(+,-))*. A second A(G)-sesquilinear
map {, }: Q¥G) x Q%(G) — A(G) can be implicitly introduced by the relation

(3.6) {&, & =& A LS.
For any pair of k-forms £, ¢’ it is straightforward to recover that
(3.7) {6,¢" = 717(€,9).

The operator (3.) is not in general an Hodge operator: one has for example L(1) = p
as well as L(u) = det(I™(p, 1)) which is not necessarily £1. To recover the standard

formulation for a Hodge operator, one has to impose two constraints:

(a) An hermitianity condition. The sesquilinear map I' is said hermitian provided it

satisfies:

(3-8) {¢,n} =T(¢,n),

for any couple of 1-forms ¢ and 7.

From ([B.7) and (B6) it holds that {¢,n} = I'*(n, ¢).Then

(3.9) {¢.ny =T(e,m) & Tlg,n) =T"(n,9).
If the sesquilinear form I' is hermitian, one can prove that the expression (B.7]) becomes
(3.10) {6,¢1 = —F(£ ¢).
(b) A reality condition, namely a compatibility of the operator L with the *-conjugation:
(3.11) L(¢%) = (L(9))"

on 1-forms.

If these two constraints are fullfilled, the tensor ¢ in (B4 is symmetric and real: it is
(the inverse of) a metric tensor on the group manifold G. The operator L turns out to
be the standard Hodge operator corresponding to the metric given by g, and satisfies the
identities:

(3.12) L&) = (-1 Psgn(T)E,  {€,&} = sgn(T){L(), L&)}
with
sgn(T) == (det(I'(¢, ¢"))| det(I'(¢*, ¢")| " = sgn(q).
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Moreover, the operator L turns out to be real, that is it commute with the hermitian

conjugation *, on the whole exterior algebra Q(G).

The above procedure could be inverted somehow. That is, given an hermitian con-
traction map I' as in ([B.8), define the operator L by (B.H). The corresponding tensor g
turns out to be real, but non necessarily symmetric. Imposing L to satisfy one of the two
conditions in (BI2) — they are proven to be equivalent — makes the tensor § symmetric,

that is the inverse of a metric tensor, whose Hodge operator is L.

3.2. Hodge operators on Q(SU,(2)). In this section we shall describe how the classical
geometry analysis of the previous section can be used to introduce an Hodge operator on
both the exterior algebras Q(SU,(2)) and €(S?) built out of the 4D-bicovariant calculus &
la Woronowicz on A(SU,(2)). A somewhat different formulation of contraction maps was
also used in [16] [I7] for a family of Hodge operators on the exterior algebras of bicovariant

differential calculi over quantum groups.

We shall then start with a contraction map T' : Q] (SU,(2)) x Q1 ,(SU,(2)) — C

required to satisfy ['(Aw,n) = A*T'(w,n) and T'(w,n A) = T'(w, ), for A € C. The natural
extension to I' : Q®F(G) x Q¥+ (G) — Q¥ (G) given by

(3.13) T(¢" ®...0¢", ¢" @...@ ¢"w) = (IIL_; T(¢%,¢%)) o™ @ @ ¢"w+r
with the assumption that I'(1, ¢) = ¢ for any ¢ € Q(SU,(2)), can be consistently extended
to give a contraction map I' : QF(G) x Q¥ (G) — QF(G), via

(3.14)

T(¢™ Ao Ad™, ¢ AL A @hser) = TR (o1 @ .. @ o), AEHF) (o7 @ ... @ phrer)).

This comes from the k-th order anti-symmetriser A%*), constructed from the braiding of

the calculus, and used to define the exterior product of forms,
(3.15) PN LAY = AR (P @ - @ g™
the key identity for the consistency of (B.14) is

(3.16) m(k-l—k/)(gbm R ® ¢ak+k’) — (ﬂ(k) ® Q[(k'))(z )Uj(¢a1 R - ® ¢ak+k,))’

o €S (k K/

where S(k, k') is the collection of the (k, k’)-shuffles, permutations o; of {1,...,k + £’}
such that o;(1) < --- < 0j(k) and 0;(k + 1) < ... < 0;(k + k). The identity ([B10]) is
valid for any bicovariant calculus a la Woronowicz on a quantum group. It allows to show

that any (k + k)’-form can be written as the tensor product of a k-form times a k’-form.

To proceed further, we use a slightly more general volume form by taking u = p* =
imw_ Awy ANwg Aw,, with m € R. Then we define an operator

*: QF(SUL(2)) = QEF(SUL(2)),

nv inv

in degree zero and one by

(3.17) *(1):=T"(1L,p)=pn and * (W) =T (Wa, p)-
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For QF

(3.18) AP = At
with coefficients in ([2.29), ([233]) and (2.34]) respectively. On these basis we define
1 *
(3.19) “ ()= 3 T(E ).
3
Here and in the following we denote (I'( , ))* = I'"(, ). The definition ([BI9) is a

natural generalisation of the classical ([B.0): the classical factor k! — the spectrum of the

(SU4(2)) with £ > 2 we use the diagonal bases of the antisymmetriser, that is

antisymmetriser operator on k-forms in the classical case, where the braiding is the flip
operator —is replaced by the spectrum of the quantum antisymmetriser. Also, the presence

of the *-conjugate comes from consistency and in order to have non trivial solutions.

Before we proceed it is useful to re-express the volume forms in terms of the diagonal
bases of the ant-symmetrietrizer operators. Some little algebra shows that

p=1im{—w_ @ x} +w+ @ XL +wo ® Xy —w: ® X.}
(3.20) p=1im{—x: @ w; + x- ®w} — x4+ ®w" + xo ®wy},

and

1 1
(3.21) p= q;n_@ 1 {W(QW— YL — Yy @YT)

+(a"0: ® 95 — P @ YL+ PP ® YL — ¢ ® @/)S)}-
A little more algebra shows in turn that on 1-forms
(3.22) * (W) = im{F*(wa, wo )X+ — I (Wa, wi )X — IM(wa, wo)xo + T (wa, wz)xz};
and that using the bases (2.30), on 2-forms

(60 = T g (0T (€ 0 — T (et Jic) + (4T (6 2250

e e
- F*(g(-i-)a @0)%@2’ + qzr*(g(-i-)a ¢0)wz - q_QF*(S(-F)) wz)d}O)}

(3.23)
i 1
*(60) = o Ty T €0 ¥ )0s =T, ¥a)) + (0T (€0, o)
-1 (5(7)7 QOO)()OZ + QQP*(g(*)a wO)wz - q_zr*(g(*)v ¢z)w0)}
As for 3-forms one finds
(324> *(XG) = _2(1 +;2n+ q_g){ - F*(XMX#L)W*

+ P*(Xaa X—)w-i- + F*(Xaa XO)WO - P*(Xaa Xz)wz}a

and finally for the top form

1

3.25 * (1) = T, 10).
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As in [36) we define the sesquilinear map { , }: QF (SU,(2)) x QF

(SUy(2)) = C by

(3.26) {6, & =& AK(E).

Then, mimicking the analogous construction of §3.I] we impose both an hermitianity and

a reality condition on the contraction map.

(a) A contraction map is hermitian provided it satisfies:
(3.27) {wa, wp} = TNwa, wp), for a,b=—,+,2,0.

Given contraction maps fullfilling such an hermitianity constraint, from the first line in
(322) one has that I'(wg,wp) = T*(wp,w,). i.e. Ty = T, With such a condition it is
moreover possible to prove, that for with £ = 2, 3,4,

Ae-

oo T(E)

(3.28) {6, ¢} =

on any &, & € QF (SU,(2)) of a diagonal basis of the antisymmetrizer as in (BI8). The

nv
above expression is the counterpart of (BI0) for a braiding which is not just the flip

operator.

(b) An hermitian contraction map is real provided one has

(3.29) Aes (x€7) = (Ae(x€))"

again on a diagonal basis of 2*)(¢). This expression generalises the classical one (B.IT).
k

Notice that it is set on any Q7  (SU,(2)), and not only on 1-forms as in the classical case.

The requirement that the contraction be hermitian and real results in a series of con-

straints. Firstly, the action on Q7 (SU,(2)) of the corresponding operator * as defined in

mu

(BI7) is worked out to be given by

w_ 0 a 0 0 X—
2
(3.30) T B e Xt
wo 0 0 —v € Xo
Wy 0 0 —e Y Xz

The only non zero terms of the contraction I' are given by
(331) I._= q72F++ = «, FOZ = FZO = €, FOO =V, Fzz =7,
with parameters that are real and satisfy in addition the conditions:

2w+ (" —q*)e=0,
(3.32) 20€ =)+ (g — ¢ )’ (2¢°" + €)= 0.
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On Q2 (SU,(2)) the action of such operator is block off-diagonal,

©o im F(@oa%) 0 0 Pz
x| Y. =1 _ 1 0 q4F(9027 ©:) 0 Yo )
Y q 0 0 C(+,0+) "
+ 1+q2 —
Pz 1m q6r<()0za @z) 0 0 ©o
(333) x| Yo | =77 0 ¢°T' (0, ¢0) 0 v |,
v q 0 0 T (s, ¥4) Y
- 1+¢? +

while on Q2 (SU,(2)) is

X—
(3.34) « | | =
Xo
Xz
0 —T'(x-,x) 0 0 w_
- im T(x_, x_) 0 0 0 Wy
201+ ¢2+q7?) 0 0 —T'(x0, x0) T'(x2, X0) Wo
0 0 —I'(x0.x=) T(xz, xz) W,

It turns out that the square of the operator x is not necessarily diagonal. An explicit
computation shows moreover that when g # 1, given the constraints ([3.32) there is no
choice for the contraction I', nor for the value of the scale parameter m € R in the
volume form such that the spectrum of the operator x? is constant on any vector space
QF (SU,(2)). This means that the operator x does not satisfy the classical expressions in
BI12). We choose a particular value for the parameter m defining

1
(3.35)  detl:= )\—HF(w_ ANwi Awo Aw,,w— Awy Awy Aw,), sgn(l') == et T

and imposing

(3.36) ** (1) = sgn(T),
which is clearly equivalent to the constraint

(3.37) m? = |det | ™.
From now on we fix the orientation, and set sgn(I') = 1.

We finally extend the operator x to the whole exterior algebra. This can be defined in
two ways, i.e. we define Hodge operators &, xf : QF(SU,(2)) — Q*7*(SU,(2)) by:

(3.38) *(rw) = 2% (w), Mwr) = (xw)z,

with z € A(SU,(2)) and w € 24,1, (SU,(2)). Both operators will find their use later on.
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3.3. Hodge operators on (SU,(2)) — a complementary approach. The procedure
used in the previous section can not be ipso facto extended to introduce an Hodge operator
on €(S?): it is well-known that QF(S?) are not free A(S)-bimodules (as also evident from
the description in §2.3) and the tensor product Q*(S?) has no braiding.

In order to construct a suitable Hodge operator on the quantum sphere, we shall export
to this quantum homogeneous space the construction of [19], originally conceived on the
exterior algebra over a quantum group. The strategy largely coincides with the one
described in [34] and presents similarities to that used in [8] where a Hodge operator has
been introduced on a quantum projective plane.

We start by briefly recalling the formulation from [I9]. Consider a *-Hopf algebra H
and the exterior algebra () over an N-dimensional left covariant first order calculus
(QY(H),d), with dim Q¥ *(H) = dim Q*(H) and dim Q" (H) = 1. Suppose in addition
that H has an Haar state h : H — C, i.e. a unital functional, which is invariant, i.e.
(id®h)Azr = (h ® id)Ax = h(z)1 for any x € H, and positive, i.e. h(z*z) > 0 for all
x € H. An Haar state so defined is unique and automatically faithful: h(xz*z) = 0 implies
x = 0. Upon fixing an inner product on a left invariant basis of forms, the state h is
then used to endow the whole exterior algebra with a left and a right inner product, when

requiring left or right invariance,

/

(z"2") (w, ),
(¢"2") {w, ')

for any z,2’ € H and w,w’ in Q,,(H). The spaces QF(H) are taken to be pairwise

(rw,x

W) ¥
(3.39) (wz,w' ') ¥

h
h

orthogonal (this is stated by saying that the inner product is graded).

The differential calculus is said to be non-degenerate if, whenever n € QF(H) and
n' An =0 for any n’ € QV*(H), then necessarily n = 0. Choose in Q¥ (H) a left invariant
hermitian basis element p = p*, referred to as the volume form of the calculus. For the
sake of the present paper, we assume that the differential calculus has a volume form such
that gz = x p for any € H (this condition is satisfied by the 4D, bicovariant calculus

on SU,(2) that we are considering). Then one defines an ‘integral’
/ : Q(H) — C, /x,u:h(x), for zeH,
p p

and fu n = 0 for any k-form n with £ < N. For a non-degenerate calculus the functional
J, is left-faithful: if n € QF(H) is such that S, An=0forally € ON=F(H), then n = 0.
The central result is [19)]:

Proposition 3.1. Consider a left covariant, non-degenerate differential calculus on *-
Hopf algebra, whose corresponding exterior algebra is such that dim QN ~%(H) = dim QF(H)
and dim QN(H) = 1, with a left-invariant volume form u = p* satisfying xyu = px for
any x € H. If Q(H) is endowed with inner products and integrals as before, there exists
a unique left H-linear bijective operator L : QF(H) — QN=F(H) for k=0,...,N (resp. a
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unique right H-linear bijective operator R) such that

(3.40) [wnc=mm* [ ARG = )"
1 1

for any n,n’ € QF(H).

We mention that there is no R operator in [19]. It is just to prove its right H-linearity

that one needs the condition xy = px for the volume form p with x € H.

We are now ready to make contact with the previous §3.21 The 4D, differential calculus
on SU,(2) is easily seen to be non degenerate. On the other hand, the Haar state functional

h is given by (cf. [18]):
k A 1

(3.41) ML =1 ey = (3 g¥)

=0 Tl + .+

with £ € N, all other generators mapping to zero.

Now, use the sesquilinear map (3.26) for an inner product (w,w’) := {w,w’'} on gener-
ators of 2;,,(SU,(2)) and extend it to a left invariant and a right invariant ones to the
whole of €2;,,(SU,(2)) as in ([B:39) using the state h. The uniqueness of the operators L
and R from Proposition B.I] then implies that the extended left and right inner products
are related to the left and right Hodge operators (3.38)) by

(3.42) / nt A ) = ()t / n* AR = ()"
" In
for any 0,1’ € QF(H).

4. HODGE STRUCTURES ON €(S7)

From the previous section, the procedure to introduce Hodge operators on the quantum
sphere appears outlined. Inner products on ©(SU,(2)) naturally induce inner products
on Q(S7), and we shall explore the use of relations like the ([B42) above to define a class
of Hodge operators.

The exterior algebra Q(Sg) over the quantum sphere Sg is described in 2.3 In partic-
ular, we recall its description in terms of the A(S?)-bimodules £,, given in [2.10):

0/Q2 2
Q(S;) = A(S;) ~ Lo
Ql(Sz) ~ ;C_Q w_ D ,CQ W D ;COCUO >~ W ;C_Q @W+ EQ D wo EQ
Qz(Sz) ~ L o(w_Awy) ® Lo (w_ Awy) D Lo (wo Awy)
~ (W_ Awp) Lo @ (w- Awy) LoD (wo Awy) Loy
(4.1) Q*(S2) ~ Low— Awi Awy =~ w_ Awy AwyLy.
In the rest of this section, to be consistent with the notation introduced in §2.31 we shall

consider elements ¢, € L_5, elements ¢', 9" € L, and elements ¢, " € L.

Lemma 4.1. The above left covariant 3D calculus on Sg 1s non-degenerate.
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Proof. Given 0 € Qk(Sg) the condition of non degeneracy, namely 8’ A § = 0 for any
0" € Q*%(S2) only if 6 = 0, is trivially satisfied for k = 0, 3.

From (1)) take the 1-form 6 = ¢ w_ and a 2-form 6" = ) w_ Awo+1'wi Aw+19"w_Aw,.
Using the commutation properties (2.36]) between 1-forms and elements in A(SU,(2)), one
has @' A0 = {¢/(K?>¢) — lp”(q’%KElxb)}w, A w4 Awp, so that the equation 8 A 6§ = 0 for
any 0 € Q2(S?) is equivalent to the condition {¢'(K?>¢) — ¢"(q¢~2 K E>¢)} = 0 for any
0" € ?(S2); taking 6 = ¢'w, Awp, one shows that this condition is satisfied only if ¢ = 0.
A similar conclusion is reached with a 1-form 6 = ¢'w,, and with a 1-form 6 = ¢"wy.

Consider then a 2-form 6 = ¢pw_ A wy, and a 1-form ¢ = Ypw_ + Y'w, + ¥"wy. Their
product is 0’ A0 = (¢'¢)wi Aw_ Awy, so that the condition ' Af = 0, for all & € Q*(S?) is
equivalent to the condition ¢'¢ = 0 for any v’; this condition is obviously satisfied only by
¢ = 0. It is clear that a similar analysis can be performed for any 2-form § € Q*(S?). O

The Haar state h of A(SU,(2)) given in (3:41)) yields a faithful and invariant state when
restricted to A(S?). As a volume form we take fi = mw_ A wy Awy = fi* with i € R. It

commute with algebra element, fgu =g f for f € A(Sg), so the integral on the exterior
algebra Q(S?) can be defined by

/9:0, on QEQk(Sz),fork:Ql,Z,

i

(4.2) fi=hf), on feQ(Sy).
i

Lemma 4.2. The integral [, : S}) — C defined by [&2) is left-faithful.

Proof. The proof of the left-faithfulness of the integral can be easily established from a
direct analysis, using the faithfulness of the Haar state h. OJ

The restriction to Q(S?) of the left and right A(SU,(2))-linear graded inner products
on Q(SU,(2)) in [B:42) gives left and right A(S?)-linear graded inner products on Q(S?):

(4.3) 6,05 = (0,0)"; 0,005 = (9,0)"
with 6,6 € Q(S?). The analogue result to relation (8.42) is given in the following

Proposition 4.3. On the exterior algebra on the sphere Sg endowed with the above graded
left (resp. right) inner product, there exists a unique invertible left A(Sg)-linear Hodge
operator L : QF(S2) — Q3K(S2), (resp. a unique invertible right A(S2)-linear Hodge
operator R) for k =0,1,2,3, satisfying

(4.4) / 0* NL(0) = <0,9'>§g : / 0* NR(0) = <0,9'>§g
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for any 0,0 € Qk(Sg). They can be written in terms of the sesquilinear map [B.26]) as:

L) = i L() = {7 1}
L(pw_) =madw_ Awp, L(pw_ Nwy) = m{w_ Awy,w_ Awptpw_,
L(¢wy) = mPadwy Awy | L(¢'wo Awy) = m{wy Awo,wy Awo} ¢lwsy
L(wy) = —mwvw_ Awy , Llw-ANwy) = —m{w_ Awi,w_ Awy}wo
and
(4.6)

R(1) =i, R() = {7, 1)

R(w_¢) =m¢®aw_Awy ¢, Rw_ANwyd) =m¢*{w_ ANwy,w_ Awp}w_ ¢,

R(wy ¢') =mawy Awy ¢, Rlwo Awy @) = 1mq 2wy Awo,wy Aw}wy @,

R(wy) = —mvw_ Aw,, Rlw_ANwy) = —m{w_ Awy,w_ Awitwg.

Proof. For the rather technical proof we refer to [34], where the same strategy has been
adopted for the analysis of a Hodge operator on a two dimensional exterior algebra on Sg.
Here we only observe that the uniqueness follows from the result in Lemma [4.2l Given
two operators L, L' : QF(S2) — Q¥ K(S2) satisfying (@) (or equivalently R, R"), their
difference must satisfy the relation [ 6" A (L(#) — L'(#)) = 0 for any 0,0 € Q*(S2). The
left-faithfulness of the integral allows one then eventually to get L(6) = L'(0). O

From ([2Z31)) and (2.33)) it is ft = 7., so we define
. det(T)

- I'(Xz, xz)
4.7 det I' := , sgn(l') = =
(47) 20+ ¢ +q¢7?) gn(l) | det T'|

and set
m?det T := sgn(I)
as a definition for the scale factor 7 € R. This choice clearly gives L?(1) = R*(1) =

sgn(I'). Again we fix the ‘orientation’ so that sgn(I') = 1.

We conclude by noticing that the Hodge operators (4.3]) and (4.0]) are diagonal, but still
there is no choice for the parameters ([B.31]) and ([B:32)) of a real and hermitian contraction
map such that a relation like ([BI2) is satisfied.

5. LAPLACIAN OPERATORS

Given the Hodge structures constructed in the previous sections, the corresponding
Laplacian operators on the quantum group SU,(2),

Ogu,2) + A(SU,(2)) = A(SU,(2)), Osu, 2)(z) == — " d " dz,
05,2 * A(SU4(2)) = A(ST,(2)), Ogu,(2)(7) = — ¥ d+" dw

can be readily written in terms of the basic derivations (ZI4]) and (2.I8) for the first order
differential calculus as

(5.1) Oy, = {a (Ly Lo+ ¢*L_Ly) +v LoLo 4+ v L. L. + 2¢Lo L. } v,
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and
(5.2) 08y, @7 = {a ("R+R_+ R_R,) + v RyRy + 7 R.R. + 2eRyR. } b,
with parameters given in (B.31]).
From the decomposition (2.9)) and the action (2IT]) it is immediate to see that such

Laplacians restrict to operators : £, — L,. In order to diagonalise them, we recall the

decomposition ([ZI2). The action of each term of the Laplacians on the basis elements
{pn.su} in (ZI3)) can be explicitly computed by (Z3]), giving:

L Lyo¢=q "[J=35n)[J +1—=3n]én,
LyLovgp=q " [J+ 50l +1—5n] ¢,
L.>¢p g1 = —g " (21 Gt s
(5.3) Lo> ¢n,gy = ([T + 312 = [3)) b = T[T + 1 b
Here for the labels one has n € N with J = % +Zand [ =0,...,2J.

The Laplacians on the quantum sphere are, with f € A(Sg):

(5.4) mggf = —LdLdf = {a L L_+q¢*aL_ Ly +vLiLy}>f,
and
(5.5) Dggf = —RARAf = {P*a Ry R_+ a R_R +v RyRy} >f.

They are both the restriction to Sg of the Laplacian on SU,(2), the left and right one
respectively. Their actions can be written in terms of the action of the Casimir element
Cy of Uy(su(2)), immediately giving their spectra. In fact they coincide on S;.

O = 2q0(Cy + 5 = [5°) + v(Cy + 5 = 51,
(5.6) =2qa Lo+ v L] on A(S)).
Using (B.3), their spectra are readily found:
(5.7) DgéR(gbO,H) = (2qa[J)[J + 1] + v[JP[J + 1]%) ¢,

with J € N, =0,...,2J. We end this section by comparing these spectra to the spec-
trum of D2, the square of the Dirac operator on Sg studied in [3]. Some straightforward

computation leads to:

(5.8)  spec(Og") =spec(D*~[3]7) &  2qa=1 v=q3(¢—q )"

6. A DIGRESSION: CONNECTIONS THE HOPF FIBRATION OVER THE QUANTUM SPHERE

A monopole connection for the quantum fibration A(S2) < A(SU,(2)) on the standard
Podles sphere — with a left-covariant 3d calculus on SU,(2) and the (corresponding re-
striction to a) 2d left-covariant calculus on Sg — was explicitly described in [4]. A slightly
different, but to large extent equivalent [I0] formulation of this and of a fibration con-
structed on the same topological data A(S?) — A(SU,(2)), but with SU,(2) equipped



22 GIOVANNI LANDI AND ALESSANDRO ZAMPINI

with a bicovariant 4D calculus inducing on Sg a left-covariant 3d calculus, are presented
in [9]. The general problem of finding the conditions between the differential calculi on a
base space algebra and on a ‘structure’ group, in a way giving a principal bundle structure
with compatible calculi and a consistent definition of connections on it has been deeply
studied [5], 25], [T, [T4]. The slightly different perspective of this digression is to follow the
path reviewed in appendix [Bl namely to recall from [3] the formulation of a Hopf bundle
on the standard Podles sphere starting from the 4D bicovariant calculus a la Woronowicz
on the total space SU,(2), in order to fully describe the set of its connections. The first
step in this analysis consists in describing how the differential calculus on SU,(2) naturally
induces a 1 dimensional bicovariant calculus on the structure group U(1), and in which

sense these two calculi are compatible.

6.1. A 1D bicovariant calculus on U(1). The Hopf projection (21) allows one to
define an ideal Quq)y C kereyq) as the projection Quuy = 7(Qsu,2)). Then Quq) is
generated by the three elements

& =" -1 +¢(="-1),

=2+ = (@ +a )N+ = (1+¢%),

&=z 42" = (' + )T —2),

and, since Ad(Qu)) C Quu) ® A(U(1)), it corresponds to a bicovariant differential
calculus on U(1). The identity

—q(1+¢") " 1+ P+ + ) (@ - DG+ 1+ ) -1+ )6 = (z— 1) +q(z' —1)

shows that { = (z — 1) + ¢(z~' — 1) is in Quq). By induction one also sees that

. j—1 . .
j>0: FE-N) =600 a1,
l7l-1

n=1

(6.1) j<0: Mz —1)=—¢ g "2 4 ¢ 7hl(z - 1).

From these relations it is immediate to prove (as in [3]) that there is a complex vector
space isomorphism kereyny/Quuy ~ C. The differential calculus induced by Qu is

1-dimensional, and the projection TQu) ker ey(1y — kerey)/Quq) can be written as

(6.2) oy - A(z—1) = ¢z —1],

on the vector space basis ¢(j) = 27(z—1) in ker ey, with notation [z—1] € kereyq)/Qu)-

The projection (6.2) will be used later on to define connection 1-forms on the fibration.
As a basis element for the quantum tangent space Xo, ,, we take

K2-1

¢—q*

The *-Hopf algebras A(U(1)) and U(1) ~ {K, K~} are dually paired via the pairing,

induced by the one in (Z4]) between A(SU,(2)) and U, (su(2)), with

(6.3) X=1L,=

(6-4) (K*,2)=q%2, (K% z7")=q*,
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on the generators. Thus, the exterior derivative d : A(U(1)) — Q'(U(1)) can be written,
for any u € A(U(1)), as du = (Xpu) 6 on the left invariant basis 1-form 6 ~ [z — 1]. On
the generators of the coordinate algebra one has

¢'-1

(6.5) dz = 1= ! z 0 dz ! = 270,

qg—q ' q—q*
so to have 0 = (¢ — 1)(¢ — ¢ 1) '271dz. From the coproduct AX =1® X + X @ K2
the A(U(1))-bimodule structure in Q'(U(1)) is

0 2* = ¢F2* 6.

6.2. Connections on the principal bundle. The compatibility — as described in App.
and expressed by the exactness of the sequence (B.4)) — of the differential calculus U(1)
presented above with the 4D differential calculus on SU,(2) presented in §2.2 has been
proved in [3]. As a consequence, collecting the various terms, the data

(A(SU4(2)), A(S7), AU(1)): Nsu,2) = 171 (SU,(2) ® Qsu, ), Qua)
is a quantum principal bundle with the described calculi.

In order to obtain connections on this bundle, that is maps (B.1) splitting the sequence
(B4), we need to compute the action of the map

~Nsugmt @ (SU(2)) = A(SU4(2)) @ (ker ey / Qua)
defined via the diagram (B.3]). Since it is left A(SU,(2))-linear, we take as representative
universal 1-forms corresponding to the left invariant 1-forms ([2.20) in Q'(SU,(2)):
NW (1) = (abe — geba)
NSW) (@) = (c6a* — ga"6c")
Nsuq<2) (wo) = {a*0a + c*dc + q(ada* + ¢*cdc*)} /(g + 1)\
Nsuq@)( w,) = a*da + c*6c — (ada* + ¢*cic”).
On them the action of the canonical map (B.2) is found to be:
x(adc — qcda) = (ac — gea) @ (z —1) =0
x(c*da* — qa*oc*) = (c*a* — qa*c*) @ (2 —1) =0
x (1 +q) "M\ Ha"0a + e+ q(ada* + ¢*cdc*)}) = (=1 +qz'-1}=1®¢
x(a*da + c*6c — (ada* + ¢*cdc*)) = 1@ (2 — 271)
with £ € Qgu,(2) introduced in §6.I From the isomorphism (6.2)) one finally has:
~Nsugee) (W) T Nsu, (Wo) =0
(6.6) ~Nevg (W) =1® (1+q7 )]z —1].
From these one recovers Q[ (SU,(2)) = ker ~ Nsu,y With, using ([2.30),
(6.7) ket ~ gy, 022 ASU(2) ) {wa, wot = {w, wo b A(SU,(2)).
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Remark 6.1. From (6.6]), for the generator X = L, in (6.3) one gets that

X(wz) = <X’ ~Nsu,(2) (wz)> =1,

which identifies L, € Xg as a vertical vector for the fibration. In turn it is used to
extend the notion of horizontality to higher order forms in (SU,(2)). One defines [1§]
a contraction operator ir, : Q%(SU,(2)) — QF1(SU,(2)), giving iz, (ws) = iz, (wo) = 0,
and iy, (w,) = 1 on 1-forms, so that kerir, ~ Qf  (SU,(2)). Then one define

(6.8) Qﬁor(SUq(Q)) = ker|nk(suq(2)) iL.s

that is the kernel of the contraction map when restricted to the bimodule of k-forms. It
is then easy to show that Qf .(SU,(2)) ~ A(SU,(2))2(S7).A(SU,(2)).

hor

Given the explicit expression (6.6]) for the canonical map compatible with the differential
calculi we are using, and the A(U(1))-coaction

(6.9) 5g)wz =w,®1, 5g)w0 =wy®1, 5g)wi =wy ® 22,
using the vector space basis ¢(j) in kerey(yy of §6.11 a connection (B.7) is given by
(6.10) (0@ [p()) =71 +q ") ¢(w. +a)

for any ¢ € A(SU,(2)) and any element a € Q'(S?). The projection II on vertical forms,
associated to this connection turns out to be

M(w+) = 0 = (wo),
(6.11) M(w.) = 6 (~nyy, 0 (W) = (1@ [p(0)]) = w: +a,
while the corresponding connection 1-form w : A(U(1)) — Q(SU,(2)) is given by
(6.12) w(z") =6(1® [z" —1]) = ¢"*[2)(w, + a).
Connections corresponding to a = swy with s € R were already considered in [9].

The vertical projector (GIT]) allows one to define a covariant derivative
D 1 A(SU,(2) = O, (SU,(2)),
given (as usual) as the horizontal projection of the exterior derivative:
(6.13) D¢ = (1 —1)de.

Covariance here clearly refers to the right coaction of the structure group U(1) of the
bundle, since it is that dpp = ¢ @ 27" & 5%1)(’}3@5) = (D¢) ® z~". From (B.9) the action
of this operator can be written as

(6.14) Dp=dop—pAw(z™")

for any ¢ € L,,. From the bimodule structure (2.36]) it is easy to check that all the above

connections are strong connections in the sense of [13].
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7. GAUGED LAPLACIANS ON LINE BUNDLES

Each A(S])-bimodule £, defined in (ZI0) is a bimodule of co-equivariant elements in
A(SU,(2)) for the right U(1)-coaction (2.8)), and as such can be thought of as a module
of ‘sections of a line bundle’ over the quantum sphere SZ. Without requiring any com-
patibility with additional structures, any £,, can be realized both as a projective right or
left A(S?)-module (of rank 1 and winding number —n). One of such structures is that
of a connection on the quantum principal bundle A(S?) < A(SU,(2)). By transporting
the covariant derivative (6.I3]) on the principal bundle to a derivative on sections forces

to break the symmetry between the left or the right A(Sg)—module realization of L,.

With the choice in §2] for the principal bundle, we need an isomorphism L, ~ F,
with F, a projective left A(S?)-module [I5]. Given this identification, in §71] we shall
describe the complete equivalence between covariant derivatives on F,, (associated to the
3d left covariant differential calculus over S7) and connections (as described in §G)) on
the principal bundle A(S?) < A(SU,(2)), corresponding to compatible 4D, bicovariant
calculus over SU,(2) and 3d left covariant calculus over S7. We shall then move to a
family of gauged Laplacian operators on F,,, obtained by coupling the Laplacian operator
over the quantum sphere with a set of suitable gauge potentials. We finally show that
among them there is one whose action extends to £, the action of the Laplacian (5.5
on Ly~ S2. As we noticed in §5] the action of the (right) Laplacian (G.5) on S} is given
by the restriction of the action (2] of the (right) Laplacian Dqu(2)' Here we obtain
that the action of such gauged Laplacian can be written in terms of the ungauged (right)
Laplacian on SU,(2), in parallel to what happens on a classical principal bundle (see e.g.
[2, Prop. 5.6]) and on the Hopf fibration of the sphere Sg with calculi coming from the
left covariant one on SU,(2) as shown in [20, 34].

7.1. Line bundles as projective left A(S?)-modules. With n € Z, we consider the
projective left A(S2)-module F,, = (A(S2))"*p™), with projections [6, 5] (cf. also [20])
(7.1) pt = [ut) (w]

written in terms of elements ’\If(")> € A(SU,(2))"+1 and their duals <\If(")} as follows.
One has:

n<0: ‘\I'(")>ﬂ =\/Qn, crl=rgr e £,
In|l—p—1 /1 — q2(\n|fj)
(72) where an,\n\ = 1, Ay = Hj:O (m , M= O, ceey |n| —1

n>0: ‘\Il(”)>ﬂ = /By cta™ " € Ly,

_ — g 2(n—j)
—1- _ ! 1—q —
(73) where /Bn,O - 17 /Bn“U =q =0 <1 — q_z(j+1) y M= 17 s N

The coefficients are chosen so that <\Il(”), \Il(")> =1, as a consequence (p™)% =p™. Also
by construction it holds that (p(™)f = p(),
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The isomorphism £,, ~ F, = (A(S2))"*1p®) is realized as follows. Given any element
in the free module (A(S2))"*! as (f| = (fo, f1,-- -, fin) with f, € A(S2), the definition

b= (W) =Y e, dor n<0
Z\nl /— " ﬂfu for n >0,

gives the left LA(S?)-modules isomorphism:
(7.4) Lo — Fay 05 (ol = op (U] = (f|p")

with inverse

~

Fo — Lu, {ogl=(flp"™ = ¢y = (f, 0™

2
q

covariant derivative on the left LA(S?)-modules F,, is a C-linear map

Given the exterior algebra (€2(SZ),d) on the quantum sphere we are considering, a

(7.5) V:Q8(SE) @uasz) Fo = Q(SE) ©us2) Fa
that satisfies the left Leibniz rule
V(§ @2 (0]) = (dE) ®@asz) (0] + (=1)"E @as2) V (o]

for any £ € Q™(S;) and (o] € Q¥(S;) @4(sz) Fn. The curvature associated to a covariant
derivative is V* : F,, — Q%(S?) @4(s2) Fn, that is V(€ (o]) = £ V?((0]) = £ Fy((o]) with
the last equality defining the curvature 2-form Fy € End A(Sg)QQ(Sg) ®.a(s2) Fn-

Any covariant derivative — an element in C(F,,) — and its curvature can be written as
(7.6) Vo] = (d(a])p™ + (=1)* (o] AW
(7.7) V(o] = (o| {—=dp™ A dp™ + dA® — AW A AW}
with (0| € QF(S2) ®A(s2) Fn- For the ‘gauge potential’ A™ one has
(7.8) AW = pMIAM) — AWK — ‘\Il(”)> al®) <\Il(”)‘ € Hom y(s2)(Fn, Q'(S) ®A(s2) Fn),
with a™ € Q(S2). The monopole (Grassmann) connection corresponds to al™ = 0.

In analogy with the identification (Z4]), the covariant derivative V naturally induces
an operator D : L, = L, ® As2) Q'(S?) that can be written as

(7.9) Dé = (V (04]) )xif<">> — dp— ¢ A {(TM AT™Y) — 4™}

We refer to the 1-form

(7.10) Q'(SUL(2) 2 @™ = (¥, de™) — am)

as the connection 1-form of the gauge potential. It allows one to express the curvature as
(7.11) Fg = —[¥™) (dw™ + =™ A ™) ($)]

where (dw™ + @™ A @) € O(S2).
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The covariant derivatives defined above on the left modules F,, fit in the general theory
of connections on the quantum Hopf bundle as described in the §6.2t any covariant
vertical projector, as in (G.I1)), induces a gauge potential A™ as in (Z8). The notion
(CI0) of connection 1-form of a given gauge potential in C'(F,,) matches the notion (6.12))
of connection 1-form w : A(U(1)) — Q'(SU,(2)) on the Hopf bundle. From the A(S?)-
bimodule isomorphism £, & 4(s2) 2'(S;) =~ Q. (SU,4(2)) (see Remark [6.T)), the matching
amounts to equate the actions of the covariant derivative operators (L9) and (6.13)),

(7.12) Voe L,: Dp=2¢ & w™ = w(z™).
From formula (6.12]), this correspondence can be written as

(7.13) a™ = \wy — &na,

where the coefficients refer to the eigenvalue equations:

Lo [U™) =g, [U™) 5 g =g [g]

2,

n n n|
(7.14) Lo> | UM i= A, [T0) = A, = [7

Finally, the equivalence (.12) allows one to introduce a covariant derivative

D:QF

hor

(SU4(2)) = gy’ (SUL(2)),

hor

thus extending to horizontal forms on the total space of the quantum Hopf bundle the
covariant derivative operator on A(SU,(2)) as given in (6.13]). This follows the formulation

described in [13], since any connection on the principal bundle is strong. Upon defining

LW = {p € O, (SUQ2) : 6o =0p®2T),

hor

where 5;?) is the natural right U(1)-coaction on Q¥(SU,(2)), one obtains:
(7.15) D¢ =do — (—1) ¢ Aw(z™).
A further extension to the whole exterior algebra €2(SU,(2)) is proposed in [9]: a gener-

alisation of the analysis in [34], §9] shows how this extension is far from being unique.

We restrict our analysis again to covariant derivatives Vo) in (6] whose gauge

potential and corresponding connection 1-form are of the form:

(7.16) Al = s [ W) wo (U] @™ = &w, + (A — 8)wo,

for s € R and coefficients as in ([LI4]), since they reduce in the classical limit to the

monopole connection on line bundles associated to the classical Hopf bundle 7 : S% — S2.
Relations (2.26) and (2.27) allow to compute the curvature 2-form (ZI1)) as

AT = (g— ¢ (a+a e+ (@ = )(s =) ws Aw_.
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7.2. Gauged Laplacians. In order to introduce an Hodge operator
(7.17) K QF(S2) ®acsz) Fu = QS ©as2) Fas
we use the right A(S?)-linear Hodge operator [{G) on Q(S?):
(7.18) W (€ (o]) = (¢) (o]
so that a gauged Laplacian operator is defined as
D@ s Fn — Fa, D@ (o] := = *R VRV (o).

Equivalently we have an operator on £, ~ F, via the left A(Sg)—modules isomorphism
([T4). With ¢ = (o, ¥™), it holds that

(7.19) O%: L, = L, 0R¢ = (O (o)) [™).
With the family of connections (ZI0) and using the identities
(Ry> (o) [¥™) = g7 Ripg,

(7.20) (B {o]) [0 = g (Ro iy - —]) o

one readily computes:

(7.21) 0% ¢=q ™" {a (*RyR_+ R_R,) +v(Ry+sq " — [7][1 — 7])2} >

Finally, fixing the parameter to be

]
2

ul

(7.22) §(n) = q"| 5

[ B

the action of the gauged Laplacians extends, apart from a multiplicative factor depending
on the label n, to elements in the line bundles £,, the action of the Laplacian operator
(EX) on the quantum sphere, that is,

(7.23) T <D7§§/¢> — {a(*R R + R_R,) + vR2} .

As an operator on L, we get

(7.24)
(q+q¢ K -K1)

E@S/ = (2qa LyK? + v L) K™* — qa K2

(q+q ") (K—-K)?
(q—q71)?

having used the relation (2I5). This relation is the counterpart of what happens on a

=20 (Cy— [P+ DK 2 +v(C, - AP+ DK —qa

-2
4 K ’

classical principal bundle (see e.g. [2, Prop. 5.6]) and on the Hopf fibration of the sphere

Sz with calculi coming from the left covariant one on SU,(2) as shown in [20, [34].



CALCULI, HODGES AND LAPLACIANS 29

APPENDIX A. EXTERIOR DIFFERENTIAL CALCULI ON HOPF ALGEBRAS

In this appendix we briefly recall general definitions and results from the theory of
differential calculi on quantum spaces and quantum groups. We confine to notions that
we need in this paper in order to construct the exterior algebras over the quantum group
SU,(2) and its subalgebra S?. For a more complete analysis we refer to [33] [I8].

Let A be a unital *-algebra over C and Q!(A) an A-bimodule. Given the linear map
d: A — QYA), the pair (2'(A),d) is a (first order) differential calculus over A if d
satisfies the Leibniz rule, d(zy) = (dx)y + ady for z,y € A, and if Q!(A) is generated by
d(A) as a A-bimodule. Furthermore, it is a *-calculus if there is an anti-linear involution
x: QN (A) — QY(A) such that (a1(da)az)* = aj(d(a*))a; for any a,a;,as € A.

The universal calculus (Q2'(A),y,,d) has universal 1-forms given by the submodule
QY (A)yn = ker(m : A A — A) C A®A with m(a®b) = ab the multiplication map, while
the universal differential § : A — Q'(A),, is da = 1®a—a®1. It is universal since given
any sub-bimodule N of Q2!(A),, with projection mar : Q' (A)un — Q1 (A) = QH(A)un/N,
then (Q'(A),d), with d := my o6, is a first order differential calculus over A and any
such a calculus can be obtained in this way. The projection 7y : Q(A)un — QH(A) is
(3o a; ® b)) =), a;db; with associated subbimodule N = ker 7.

Next, suppose A is a left H-comodule algebra for the quantum group H = (H, A, ¢, 5),
with left coaction d; : A — H ® A, an algebra map. The coaction is extended as a
coalgebra map to the left H-coaction 5(Ll) : QNA) = HRONA) via 5(Ll)(df) = (1ed)dL(f).
The calculus is said to be left covariant if

(A® 1) = (1), (e 1)) =1.

A calculus is left covariant if and only if the corresponding bimodule N verifies that
SV(N) € H®@N. The coaction 6 on A is the usual coaction of a Hopf algebra on a
tensor product of its comodule algebras, i.e. 5(Ll) =(-®id®id) o (Id®T ®id) o (d, ® dr,)
with 7 the standard flip. The property of right covariance of a first order differential
calculus is stated in complete analogy with respect to a right H-comodule structure of A.

Clearly these notions make sense for A to be the algebra H with the coaction A of H

on itself extended then to maps
AD@n) = (@de1DAM)  and  AP(dh) = (1@ d)A(R).

On H there is in addition the notion of a bicovariant calculus, namely a calculus which is

both left and right covariant and satisfying the compatibility condition:
(@A) o AW = (AP @id) o AD).
On a quantum group H the covariance of calculi are studied in terms of the bijection
rHOH—->HRIH,
(A.1) r(h@h')=(h®1)AN), r_l(h @h)=(h®1)(S®id)A(R)
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which is such that 7(Q'(H)u,) = H ® kere. The map r transforms any left covariant
subbimodule ' C Q'(H),, into a right ideal Q C e, while any right ideal Q C ¢ is
conversely mapped by 7! into a left covariant subbimodule N" C Q(H ).

Left covariant calculi on H are in one to one correspondence with right ideals Q C kere,
with Ng = r'(H ® Q) and Q' (H) := QY(H)un/Ng. The left H-modules isomorphism
given by Q'(H) ~ H ® (kere/Q) allows one to recover the complex vector space kere/Q

as the set of left invariant 1-forms, namely the elements w, € Q!(H) such that
Ag)(wa) =1® w,.

The dimension of kere/Q is referred to as the dimension of the calculus. A left covariant
first order differential calculus is a *-calculus if and only if (S(Q))* € Q for any Q € Q.
If this is the case, the left coaction of H on Q'(H) is compatible with the -structure:
A(Ll)(dh*) = (AM(dh))*. Bicovariant calculi corresponds to right ideals Q C ker ¢ which
are in addition stable under the right adjoint coaction Ad of H onto itself, that is to say
Ad(Q) € Q ® H. Explicitly, Ad = (id®m) (7t ®id) (S ® A) A, with 7 the flip operator,
or Ad(h) = h) @ (S(h1))he)) in Sweedler notation.

The tangent space of the calculus is the complex vector space of elements out of H' —

the dual space H' of functionals on H — defined by

Xo={XeHH : X(1)=0,X(Q)=0, VQ € 9}.
There exists a unique bilinear form
(A.2) [ }iXox QM) {X,ady} = c(0)X ().

giving a non-degenerate dual pairing between the vector spaces Xg and kere/Q. We have

then also a vector space isomorphusm Xg ~ (kere/Q).
The dual space H' has natural left and right (mutually commuting) actions on H:
(A3) Xp>h:= h(nX(h(g)), haX = X(h(l))h(g).

If the vector space X is finite dimensional its elements belong to the dual Hopf algebra
H D H® = (H°, Ayo, E440, Spo), defined as the largest Hopf x-subalgebra contained in H'.
In such a case the *-structures are compatible with both actions:

Xeh® = ((S(X))wh)*,  h'aX = (ha(S(X))")",
for any X € H°, h € H. Then the exterior derivative can be written as:
(A.4) dh:=> " (Xoph)we =) wi(—S""(X))ph,

where {X,,wp} = 04, and one has the identity S™1(X,) = =S (fpa)Xp. The twisted
Leibniz rule of derivations of the basis elements X, is dictated by their coproduct:

(A5) AHO(XG) =1® Xa + Zb Xb ® fbaa
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where the f,;, € H° consitute an algebra representation of H:

AHO fab Z fac®fcb7

e (fab) = ab,

> Suolfar) oo = D FarSro (foc) = b
The elements f,;, also control the H-bimodule structure of Q(H):

_ _ -1
(A6)  wh= Zb<f“b > h)wy, hw, = Zb wy ((S™(fap)) > 1), for heH.
The right coaction of H on Q'(#H) defines matrix elements
(A7) A(l wa Z wp X Jba

where J,, € H. This matrix is invertible, since >, S(Jap) Joe = 0 and > JopS (Jpe) = Sae-
In addition one finds that A(Jy) = >, Joe ®@ Jop and e(Jgp) = 0gp. It gives a basis of right
invariant 1-forms, 7, = wpS(Jp,) and, as we shall see in a moment, allows one for an

explicit evaluation of the braiding of the calculus.

In order to construct an exterior algebra () over the bicovariant first order differential
calculus (2!(H),d) one uses a braiding map replacing the flip automorphism. Define the
tensor product Q' (H)®* = QY (H) @y ... @y QY(H) with k factors. There exists a unique
H-bimodule homomorphism o : Q' (H)®? — Q' (H)®? such that o(w ®n) = n @ w for any
left invariant 1-form w and any right invariant 1-form 7. The map o is invertible and

commutes with the left coaction of H:
(i[doo) o A® = AP o4,

with A(LZ) the extension of the coaction to the tensor product. There is an analogous
invariance for the right coaction. Moreover, o satisfies a braid equation. On Q!(H)®3:

(id®o) o (0 ®id) o (ld®0o) = (0 ®id) o (id®0c) o (0 ®id).

All of this was proved in [33], where, using the dual pairing between H° and H, an explicit
form of the braiding ¢ was given on a basis of left invariant 1-forms:

(AS) Wa X Wb Z Uab wn Qg = an <fak7 an) W & W

The braiding map provides a representation of the braid group and an antisymmetrizer
operator A®) : Q1(H)®* — QY (H)®*. The Hopf ideals Sg) = ker A®) give the quotients

(A.9) Q(H) = Q' (H)*F/SY

the structure of a H-bicovariant bimodule which can be written as QF(#H) = Range 2A*).
The exterior algebra is (Q(H) = ©rQF(H), A) with the identification Q°(H) = H. The
exterior derivative is extended to Q(#) as the only degree one derivation such that d? = 0.
The algebra Q(H) has natural left and right H-comodule structure, given by recursively
setting

AR @) = 1o )aAPe),  AFTY@) = (de 1)AP ).
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Finally, the #-structure on Q'(H) is extended to an antilinear x : Q(H) — Q(H) by
(O A0 = (=1)F0" A0 with 0 € QF(H) and 0 € QF (H); the exterior derivative
operator satisfies the identity (d6)* = d(6%).

The quantum tangent space X can be endowed with a bilinear product, given as the
functional |, |, : Xo ® Xg — Xo:

(A.10) (X, Y],(h) = {X ®@Y,Ad(h)},

with a natural extension of the bilinear form ([A.2)). The bicovariance of the calculus
ensures that the product is well defined and that, beside being braided antisymmetric it
satisfies a braded Jacobi identity, both properties with respect to the (transpose of) the
braiding o. On a basis it is given by

— _ ab
(A.11) [Xo, Xolg = XX, ch o, X. Xy,
and computed in terms of the pairing and the matrix J,;, in (A7) as

b
<A12> XaXb - ch Ucda Xch = Zc <Xb7 Jac) Xc-
APPENDIX B. QUANTUM PRINCIPAL BUNDLES AND CONNECTIONS ON THEM

Following [4], we consider as a total space an algebra P (with multiplication m : P ®
P — P) and as structure group a Hopf algebra H, thus P is a right H-comodule algebra
with coaction dz : P — P ®H. The subalgebra of right coinvariant elements, B = P =
{p € P : 0rp = p® 1}, is the base space of the bundle. The algebras (P, 5, H) define a

topological principal bundle provided the sequence:

(B.1) 0= P(LB)un)P = Q(P)un > PRkerey — 0

is exact, with Q'(P),, and Q'(B),, the universal calculi and the map Y defined by
(B.2) X: PP — PRH, X = (m®id) (id ®dR) .

In fancier parlance, the exactness of this sequence is also referred to as stating that that
the inclusion B < P is a Hopf-Galois extension [29].

Assume now that (Q'(P),d) is a right H-covariant differential calculus on P given
via the subbimodule Np C QY (P),,, and (Q'(H),d) a bicovariant differential calculus
on H given via the Ad-invariant right ideal Oz € kerey. A first order left invariant
differential calculus is induced on the algebra basis B via Q'(B) = Q!(B),,/Ns with
N5 := Np N QY(B)y,. This definition is aimed to ensure that Q'(B) = BdB.

To extend the coaction dg to a coaction of H on Q'(P), one requires 6r(Np) C NpQH.
The compatibility of the calculi are then the requirements that x(Np) € P ® Qy and
that the map ~p,: Q' (P) = P @ (kere4/Qy), defined by the diagram

QY P)un QP
(B.3) US% b~np

id ®7FQ,H

P@kereyy —" P® (kerey/Opn)
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(with my and 7o, the natural projections), is surjective and has kernel ker(~ys,) =

POYB)P =: Q] .(P). These conditions ensure the exactness of the sequence:
(B.4) 0= PUB)P = U(P) 2B P® (kerey/Qu) — 0.

The condition x(Np) C P ® Qy is needed to have a well defined map ~y,. If (P, B, H)
is a quantum principal bundle with the universal calculi, the equality x(Np) =P ® Qx
ensures that (P,B,H;Np, Qx) is a quantum principal bundle with the corresponding

nonuniversal calculi.

Elements in the quantum tangent space Xo, (H) act on kerey/Qy via the pairing
between H° and H. Given V € Xg,, () one defines a map

(B.5) VOYP) =P, V= (id®¢€) o (~p)

and declares a 1-form w € Q'(P) to be horizontal iff V (w) = 0, for any V € Xo,, (H).
The collection of horizontal 1-forms coincides with Qf_ (P).

The compatibility conditions above allow one to consistently define a right coaction
5 QY P) = QNP) @ H, as a coalgebra map, via 6% od = (d ® 1) 0 dz. By direct
computation Ad(kerey) C (kerey) ® H. Being the right ideal Q4 Ad-invariant (i.e. the
differential calculus on #H is bicovariant), it is possible to define a right-adjoint coaction
AdB) - kerey/Qy — (kerey/Qyp) ® H by the commutative diagram

ker e, % ker 1/ Qn
1 Ad } AdP

TQqy ®id

kerey @ H - (kerey/Qn) @ H

Such a right-adjoint coaction Ad® allows one further to define a right coaction 553Ad)
of H on P ® (kerey/Qy) as a coaction of a Hopf algebra on the tensor product of its

comodules. This coaction is explicitly given by the relation:
(B.6) 0 (b ® Ty (1)) = (o) @ Tay (hia)) ® Py (Shiny ).

A connection on the quantum principal bundle is a right invariant splitting of the
sequence (B4)). Given a left P-linear map 7 : P ® (ker ey / Q) — Q(P) such that
(B.7) Vo5 =G0id)dR,  and  ~y 05 =id,

the map II : Q' (P) — QY(P) defined by II = & o ~yy, is a right invariant left P-linear
projection, whose kernel coincides with the horizontal forms PQ!(B)P:

12 =11,
(PQ(B)P) = 0,
(B.8) ol =M ®id)odl.

The image of the projection II is the set of vertical 1-forms of the principal bundle. A
connection on a principal bundle can also be given via a connection one form, which

is a map w : H — QYP). Given a right invariant splitting & of the exact sequence
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(B.4), define the connection 1-form as w(h) = (1 ® mg,,(h —ex(h))) on h € H. Such a
connection 1-form has the following properties:

W(QH) =0,
~np (W(h) =1@mg, (h—ey(h))  VheH,
5 0w = (w®id) o Ad,

(B.9) II(dp) = (id ®w)dr(p) Vpe P.

Conversely with a linear map w : ker g3y — Q!(P) that satisfies the first three conditions
in (B.9), there exists a unique connection on the principal bundle, such that w is its

connection 1-form. The splitting of the sequence (B.4]) will be
(B.10) &(p @ [h]) = pw([h])

with [h] in ker(e4,/Qy), while the projection IT will be

(B.11) IT=mo (id ®w)o ~ps

The general proof of these results is in [4].
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CALCULI, HODGE OPERATORS AND LAPLACIANS
ON A QUANTUM HOPF FIBRATION

GIOVANNI LANDI AND ALESSANDRO ZAMPINI

ABSTRACT. We describe Laplacian operators on the quantum group SUy(2) equipped
with the four dimensional bicovariant differential calculus of Woronowicz as well as on
the quantum homogeneous space Sg with the restricted left covariant three dimensional
differential calculus. This is done by giving a family of Hodge dualities on both the
exterior algebras of SU¢(2) and Sg. We also study gauged Laplacian operators acting on
sections of line bundles over the quantum sphere.
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1. INTRODUCTION

We continue our program devoted to Laplacian operators on quantum spaces with the
study of such operators on the quantum (standard) Podles$ sphere Sg and their coupling
with gauge connections on the quantum principal U(1)-fibration A(S?) — A(SU,(2)).
While in [22] one worked with a left 3D covariant differential calculus on SU,(2) and its
restriction to the (unique) 2D left covariant differential calculus on the sphere Sg, in the
present paper we use the somewhat more complicate 4D bicovariant calculus on SU,(2)
introduced in [36] and its restriction to a 3D left covariant calculus on the sphere Sg.

Laplacian operators on all Podles$ spheres, related to the 4D, bicovariant calculus on
SU,(2) were already studied in [29]. Our contribution to Laplacian operators comes from
the use of Hodge %-operators on both the manifold of SU,(2) and Sg that we introduce
by improving and diversifying on existing definitions.

We then move on to line bundles on the standard sphere Sg and to a class of operators
on such bundles that are ‘gauged’ with the use of a suitable class of connections on
the principal bundle A(S?) < A(SU,4(2)) and of the corresponding covariant derivatives
on (module of sections of) the line bundles. These gauged Laplacians are completely
diagonalized and are split in terms of a Laplacian operator on the total space SU,(2)
of the bundle minus vertical operators, paralleling what happens on a classical principal
bundle (see e.g. [2, Prop. 5.6]) and on the Hopf fibration of the sphere Sg with calculi
coming from the left covariant one on SU,(2) as shown in [22] 37]

In §2 we describe all we need of the principal fibration A(S?) < A(SU,(2)) and associ-
ated line bundles over Sg. We also give a systematic description of the differential calculi
we are interested in, the 4D, bicovariant calculus on SU,(2) and its restriction to a 3D
left covariant calculus on the sphere Sg. A thoughtful construction of Hodge x-dualities
on SU,(2) is in 8] while that on S? is in §4l These are used in §5 for the definition of
Laplacian operators. A digression on connections on the principal bundle and of covariant
derivatives on the line bundles is in §0l and the following §7lis devoted to the correspond-
ing gauged Laplacian operators on modules of sections of the line bundles. To make the
paper relatively self-contained it concludes with two appendices, ApplAl giving general
facts on differential calculi on Hopf algebras and ApplBl concerning with general facts on
quantum principal bundles endowed with connections.

We like to mention that besides the constructions in [16] and [21], examples of Hodge
operators on the exterior algebras of the quantum homogeneous g-Minkowski and g¢-
Euclidean spaces — satisfying a covariance requirement with respect to the action of the
quantum groups SO,(3,1) and SO,(4) — have been given in [26], 24] using the formalism of
braided geometry and with a construction of a g-epsilon tensor. On the exterior algebra
over the quantum planes Rév a Hodge operator has been studied in [12].

Conventions and notations. When writing about connections and covariant deriva-
tives we shall pay attention in keeping the two notions distinct: a connection will be
a projection on a principal bundle while a covariant derivative will be an operator on
section, both objects fulfilling suitable properties. For ¢ # 1 the ‘g-number’ is defined as

_¢—-q”

(1.1) [z] =[], - =
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for any x € R. For a coproduct A we use the Sweedler notation A(x) = () ® x(2), with
implicit summation. This is iterated to (id ®A)oA(z) = (A®id)oA(z) = 21)Rx(2)®x(3),
and so on.

Acknowledgments. We are grateful to S. Albeverio, L.S. Cirio and I. Heckenberger for
comments and suggestions. AZ thanks P. Lucignano for his help with Maple. GL was
partially supported by the Italian Project ‘Cofin08-Noncommutative Geometry, Quantum
Groups and Applications’. AZ gratefully acknowledges the support of the Max-Planck-
Institut fiir Mathematik in Bonn, the Hausdorff Zentrum fiir Mathematik der Univer-
sitdt Bonn, the Stiftelsen Blanceflor Boncompagni-Ludovisi fodd Bildt (Stockholm), the
L.H.E.S. (Bures sur Yvette, Paris).

2. PRELUDE: CALCULI AND LINE BUNDLES ON QUANTUM SPHERES

We introduce the manifolds of the quantum group SU,(2) and its quantum homogeneous
space S — the standard Podle$ sphere. The corresponding inclusion A(S7) < A(SU,4(2))
of the corresponding coordinate algebras is a (topological) quantum principal bundle.
Following App. §Al we then equip A(SU,(2)) with a 4-dimensional bicovariant calculus,
whose restriction gives a 3-dimensional left covariant calculus on A(S?).

2.1. Spheres and bundles. For the quantum group SU,(2) its polynomial algebra
A(SU,(2)) is the unital *-algebra generated by elements a and ¢, with relations

ac = qca ac* = qc*a cct = c'e,
(2.1) a*a+cc = aa* + ¢*cct = 1.

In the limit ¢ — 1 one recovers the commutative coordinate algebra on the group manifold
SU(2). The algebra A(SU,(2)) can be completed to a C*-algebra in a usual way by
considering all its admissible representations and the supremum (universal) norm on them
[35]. For the sake of the present paper this is not necessary since we are interested in
Laplacian operators on SU,(2) (and on its homogeneous space, the quantum sphere) and
their spectra. Thus we only exhibit a vector space basis for A(SU,(2)) in (2.I3) below,
giving an analogue of the classical Wigner D-functions for the SU(2) group, i.e. matrix
elements of its unitary irreducible (co)-representations. Also, without loss of generality,
the deformation parameter ¢ € R will be restricted to the interval 0 < ¢ < 1, the map
q — ¢! giving isomorphic algebras.

().
c a
whose being unitary is equivalent to relations (2.1), the Hopf algebra structure for A(SU,(2))
is given by coproduct, antipode and counit:
AU=U®U, S(U)=U", e(U) =1,

that is A(a) =a®a —qc* ® ¢, and A(c) = c®a+a* ® ¢; S(a) = a* and S(c) = —qc;
e(a) = 1 and €(c) = 0 and their *-conjugated relations.

If we use the matrix

The quantum universal envelopping algebra U, (su(2)) is the unital Hopf x-algebra gen-
erated as an algebra by four elements K*', F, F' with KK ! =1 = K~'K and relations:

K? — K2

(2.2) K*E =¢""EK*',  K*F ="' FK*, [E,F) = —
q—q
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The *-structure is K* = K, E* = F, and the Hopf algebra structure is provided by
coproduct
AKFY=K*F '@ K*, AE)=EK+K'®9FE AF)=FK+K'®F,

while the antipode is S(K) = K™, S(E) = —qF, S(F) = —¢ ' F and the counit reads
e(K) =1, e(F)=¢(F)=0. The quadratic element

K2 -9 71K72
_14 +ﬁ2 +FE —;

(¢—q¢7")

is a quantum Casimir operator that generates the centre of U, (su(2)).

(2.3) c,

The Hopf *-algebras U, (su(2)) and A(SU,(2)) are dually paired. The *-compatible
bilinear mapping ( , ) : (5u(2)) x A(SU,(2)) — C is on the generators given by

(K0 = g2 (K= a) = 7,
(2.4) (E,c)=1, (F.c*) = —q_l,

with all other couples of generators pairing to zero. This pairing is proved [20] to be non-
degenerate. The algebra U, (su(2)) is recovered as a *-Hopf subalgebra in the dual algebra
A(SU,(2))°, the largest Hopf x-subalgebra contained in the vector space dual A(SU,(2))".

There are [35] *-compatible canonical commuting actions of U, (su(2)) on A(SU,(2)):
h>z = x (1) <h, x(2)> , rah = <h, x(1)> T

On powers of generators one computes, for s € N, that

K*vsa® =q¢T2a° Fra®*=0 Eva® = —qB3 )2 [s]la*c*
(25) KEl g% = qua*s Fra* = q(lfs)/2 [S]Ca*sfl Eva* =0 .
K*'p et =qT2et Focs=0 Bt = ¢ =925
Kt o*s — qzl:gc*s Fbcets = _q7(1+s)/2 [s]ac*s’I Ebc*s = 0;
and:
a* A K =q¢%2a°  a®aF = ¢ V2[s]ca*! a*<E=0
(2 6) s q KE! = q:l:ga*s at*aF =0 a9 F = _q(3fs)/ [s]c*a*s 1
G aKT =gt faF =0 A FE =g V2[s)c "t
S q KE = qngc*s g F = _q(s—S)/Z[S]a*C*s—l cSaFE =0.

Consider the algebra A(U(1)) := C[z, 2*] /< 2zz* — 1 >. The map

(2.7) i ABSUL2) — AUQ)), 7 < @ —4c ) — < ol )

C a

is a surjective Hopf #-algebra homomorphism. As a consequence, U(1) is a quantum
subgroup of SU,(2) with right coaction:

(2.8) Sp = (id@m) o A 1 A(SUL(2)) — A(SU,(2)) ® A(U(1)).

The coinvariant elements for this coaction, elements b € A(SU,(2)) for which 0z (b) = b®1,
form the algebra of the standard Podles sphere A(S?) < A(SU,(2)). This inclusion gives a
topological quantum principal bundle, following the formulation reviewed in appendix §Bl

The above right U(1) coaction on SU,(2) is dual to the left action of the element K,
and allows one [25] to give a decomposition

(2.9) A(SU,(2)) = Bnezln
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in terms of A(S:)-bimodules defined by
(2.10) L,:={r € ASU,(2)) : Kvz=q¢"%z <& ip(z)=2®2 "},

with A(S7) = Lo. It is easy to see (cf. [I9, Prop. 3.1]) that £} = £L_, and L, Ly = Lysm.
Also

(2.11) E>L, C L, o, L, C L, s, L,<u C L,
for any u € U,(su(2)). The bimodules £,, will be described at length later on when we

endow them with connections. Here we only mention that the bimodules £,, have a vector
space decomposition (cf. e.g. [23]):
=2

77+177+27

where VJ(") is the spin J (with J € %N) irreducible *-representation spaces for the right
action of U, (su(2)), and basis elements

(2.13) G,y = (7 2ar )R

withnez, J=2 4+ N 1=0,...,2J

2.2. The 4D exterior algebra over the quantum group SU,(2). Following the for-
mulation reviewed in ApplAl we present here the exterior algebra over the so called 4D
bicovariant calculus on SU,(2), which was introduced as a first order differential calculus
in [36], and described in details in [33].

One needs an ideal Qgu,(2) C keresy,(2). The one corresponding to the 4D, calculus
is generated by the nine elements {c%; c(a* — a); ¢*a™® — (1 + ¢*)(aa* — cc*) + a?; ¢*(a* —
a); ¢ [Pata” —q (14+qY)e; [Pata’—q7 (1+¢Y)) (0" —a); [¢Pa+a”—q " (1+q")]c"; [¢*at
a* — g1+ ¢")][¢*a+ a* — (1 + ¢*)]}. One has Ad(Qsu,2)) C Qsu, @) ® A(SU,(2)) and
dim(ker ey, (2)/ Qsu,(2)) = 4. The associated quantum tangent space as in (A.2)) turns out
to be a four dimensional Xo C U,(su(2)). A choice for a basis is given by the elements

K?2-1
L. =¢FK™, L = = = ¢ *EKY
K?—-1 K2 -1 K?2-1 (K2 -1
e14) 1= (;tzl; ) g =4 (q>_+qq1)2< ) 4 BF,

from the last commutation rule in (Z2]). The vector Ly belongs to the centre of U, (su(2)):
it differs from the quantum Casimir (2.3) by a constant term,

1 1\ 2
(2.15) C,= Lo+ (ﬁ) _

= Lo+ [5)° —

=
IS

q—qt

The coproducts of the basis (A.0]) give AL, = 1® Ly + >, L, ® fa: once chosen the
ordering (—, z,+,0), such a tensor product can be represented as a row by column matrix
product where

(2.16)
1 0 0 ¢ :KE

o= | @ a e FET KT (=g g EKT (=g DIFE ! )
0 0 1 ¢ iPK
0 0 0 K?
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The differential d : A(SU,(2)) — Q'(SU,(2)) in (AT is written for any = € A(SU,(2)) as
(2.17) de =) (Labr)ws = » | wa(Rabw)

on the dual basis of left invariant forms w, € Q'(SU,(2)) with A(Ll)(wa) =1® w,. Here
R, := —S71(L,) and explicitly:
(2.18) R.—=L.K?  R.=1L.K%  Ro——Ly.
On the generators of the algebra the differential acts as:
da = (¢ —q¢ ) g — 1aw, — qc*wy + Aawy,
da* = cw_+ (¢ — ¢ ) g = Da*w, + M\a*wo,
de=(qg—q (g —1ew, + a*wy + Acwo,

(2.19) de* = —q¢ law_ + (¢ —q¢ ") (g" = 1)ctw, + \ictwo,
with A; = [£][2]. These relations can be inverted, giving

w_ = c*da* — ga*dc”, wy = ade — geda,

w, = a*da + c*dec — (ada* + ¢*cdc”),
(2.20) wo = (1+¢q) "N\ [a*da + c¢*de + g(ada® + ¢*cdc®)).

It is then easy to see that for ¢ — 1 one has wy — 0. This differential calculus reduces in
the classical limit to the standard three-dimensional bicovariant calculus on SU(2).

This first order differential 4D calculus is a *-calculus: the x-structure on A(SU,(2))
is extended to an antilinear x-structure on Q'(SU,(2)), such that (dz)* = d(z*) for any
x € A(SU,(2)). For the basis of left invariant 1-forms is just

(2.21) wr = —wy, Wi = —Ww,, Wy = —Wp-

From (A7) one works out the bimodule structure of the calculus, obtaining:

w_a = aw_ — qc*woy, wia = awy, Woa = q~ tawy,
(2.22) w_a* = a*w_, wia* = a*wy + cwy, wopa® = qa*wy,
' w_c = cw_ + a*wy, Wi = CWy, woc = q tewy,
w_c" = c'w_, wict = c*wy — ¢ Lawy, woc* = qc*wy;
as well as:
_ —1\ x
w,a = qaw, — q(q — q¢ ) "wy + qawy,
~1 -1 -1
wa* =(q—q )ew_ +q¢ a*w, — ¢ a*wy,
-1
w,¢ = qew, + (¢ — ¢ )a"wy. + gew,
-1 -1 ~1 -1
(2.23) w,"=—q (q—q Naw_ +q¢ Cw, —q cwo.

The A(SU,(2))-bicovariant bimodule Q?(SU,(2)) of exterior 2-forms is defined by the
projection given in (AI0), with S(QQ) = ker A?) = ker (1 — o) C Q(SU,(2))®2. This
necessitates computing the braiding as in ([A.9)), a preliminary step being the computation
as in ([A.8) of the right coaction on the left invariant basis forms, Ag)(wa) = wWp @ Jpq.
For the calculus at hand:

a?  (1+¢a‘c —q* (1-¢»a*c

—qa*c*  aa* —cct  —ac 2 1)ecer
224) Rl I S R S
0 0 0 1
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The braiding map o : Q'(SU,(2))®? — Q'(SU,(2))®? is then worked out [7] to be:
clw_Qw_)=w_Ruw_, o(wy Qwy) =wy ®wy, o(wy ® wy) = wp ® wy,
o(w; Qw,) = w, ®w, +(¢° — ¢7°)(w: Qo+ w- QWi —wp ),
o(w-_Quwi) =wy Qw_ —w, ® wy,
(Wy Qw_) =w_ Q@ ws +w, ®wy,
( ) =w: @w- + (14 ¢*)w- @w,

( w)=1-q¢Hw, @w_+q¢w. Qw, — (1+q¢ *)w_ ® wo,
o(w- ®w0) =wy ®w_ + (1 — ¢*)w_ ® wy,
( o) =
(w: ®wy) =
( ) =
(
(
(

Q

olw_ ® w,

Wy

= wp ®w, + (1= ¢ )w: @ wy + (1 + ¢*)wy @ wo,
=w, ®w; — (1 +¢Hws ® wy,
w. Qo) =wo @ w, + (¢ — ¢ (W ®uw_ —w_ ®wy) — (¢ — ¢ )*w. Dy,
o(wy ® w,) = w, ® wy,
o(wy ®wy) = wo @ wy + (1 — ¢ Hws ® wy,
(2.25) o(wo @ wy) = ¢ 2wy ® wo.
Using the general construction of App[Al the g-wedge product on 1-forms is defined as
OND =AD(OR0) = (1-0)(@®0) C RangeA?. On generators:
W Nw_ =wy ANwy =wy Awy =0,
w. Aw, — (¢ — ¢ Hwy Aw_ =0,
w, N\ wt+ + qizwi ANw, =0,
wi Awy 4wy Awy =0,
Wi ANw_ +w_ Awy =0,
(2.26) w, Awo+wg Aw, — (¢ — ¢ 1) 2w_ Awy =0,

These relations show that dim Q?(SU,(2)) = 6. The exterior derivative on basis 1-forms
results into:

dwy = Fq'w_ Aw,,

dw, = (¢ + ¢ Hwy Aw_,
(2.27) dwo = (g —q¢ Hw_ Aw,.
The antisymmetriser operator A® : Q2(SU,(2)) — Q*(SU,(2)) has a natural spectral
decomposition. This is what we need later on to introduce Hodge operators. A more

general analysis of the spectral properties of the antisymmetriser operators associated to
a class of bicovariant differential calculi over SLy(N) (for N > 2) is in [32]. On the basis

Yo = w_ A w, 0. =w_Awo+ (1 —qgHw_ Aw,
(2.28) Yo = wi A wp, Y, =wi Awy — (1 — ¢Pwy Aw,
Yy =wo Aw, + (1 — ¢**)w_ Awy,

which is such that ¢j = v, ¢: = ¢, and * =1, it holds that

(220) AP(0) = (1440, W(w )=+, AP (vy) = (1+ )0y
' AP (p.) = (1 +q)p., AP (o) = (1 +g ), AP ()= (1+q7)y-.
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For later use we shall adopt the labelling {+) € &+) with
(230) €(+) — {9007 'QZ)Z, ’QZ)+}, and g(*) - {9027 w07 ’QZ)_}

By proceeding further, the A(SU,(2))-bimodule 23(SU,(2)) is found to be 4-dimensional
with left invariant basis elements:

(2.31) X— = wy Nwy A wy, X+ = w_ ANwy N\ w,
Xo = wW— ANwi Awy, Xz = w— Awi A wp,
with x* = —¢ %X+, X§ = X0 and X} = x.. These exterior forms are closed,
(2.32) dx, =0,
and in addition satisfy
(2.33) AV (xa) = 2(1+ ¢* + ¢ *)Xa
for a = —,+, 2,0, thus providing the spectral decomposition for the antisymmetriser

operator 2A®) : Q3(SU,(2)) — Q*(SU,(2)).

The A(SU,(2))-bimodule Q4(SU,(2)) of top forms (Q2%(SU,(2)) = 0 for k > 4) is 1
dimensional. Its left invariant basis element 1 = w_ Aw; Aw, Awy is central, i.e. zpu=px
for any = € A(SU,(2)) and its eigenvalue for the action of the antisymmetriser is

(2.34) AV (1) = 2(¢" +2¢* +6 + 27 + ¢ .

2.3. The exterior algebra over the quantum sphere Sg. The restriction of the first
order 4D, bicovariant calculus endows the sphere Sg with a first order left covariant 3-
dimensional calculus [I, 29]. The exterior algebra Q(S?) can be characterised in terms of
some of the bimodules £, introduced in §2. Given f € A(S]) ~ Ly, the exterior derivative
d: A(S2) — Q'(S?) from ZIT) reduces to:

(2.35) df = (L>flw_ + (L flws + (Lo> f)wo.

Notice that the basis 1-forms {w,,a = —,+,0} are graded commutative (cf. ([Z20)).
Furthermore, relation (ZIT]) shows that (Li>f) € Ly and that (Lo>f) € Ly, while the
A(SU,(2))-bimodule structure of Q!'(SU,(2)) described by the coproduct (ZI86]) of the

quantum derivations L, gives:

pw_ =w_¢—q 'wo(Ly>), wop = pw_ + q(Ly K2,
(2.36) Pw, =wyd — quo(L_>¢), wid = dw, + ¢ (L K*>¢)wy,
(b”w() — wo(K_2'>¢”), wo(b// — (KQD(b,/)WQ.

These identities are valid for any ¢, ¢, ¢"” € A(SU,(2)). They allow to prove by explicit
calculations the following identities:

peLl_y: d(pw_) = (Lyip@)wi Aw_ + (Lo>d)wo A w_,
¢ €Ly d(¢'wy) = (L-p')w_ Aws + (Lo Jwo A we,
(2.37) "€ Ly: d(¢"wo) = (L_p@")w_ A wo + (Ly>¢" )wi A wp + ¢ dwy,
and
peL y: d(pw_ Awg) = (Ly>@)wi A w_ A wy,
¢ € Ly: d(¢'wo Awy) = (L_>¢ )w_ Awy Awy,
(2.38) " € Ly : d(¢"w_ ANwy) = (Lobd")wo Aw_ A w,.

Together with the anti-symmetry properties ([2.26) of the wedge product in Q(SU,(2)),
these identities suggest that the following proposition holds.
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Proposition 2.1. The exterior algebra Q(S?) obtained as a restriction of Q(SU4(2)) asso-
ciated to 4D calculus on SUy(2) can be written in terms of A(S)-bimodule isomorphisms:

Ql(sg) ~ E,Q w_ D £2 Wi D L() Wo

Q%(S2) ~ L3 (w- Awp) ® Lo (w- Awy) & Lo (wo Awy)
(2.39) Q*(S2) ~ Low-_ Awy Awy

Proof. The analysis above proves only the inclusion Ql(Sg) CL yw ®Lywy ®Lywy and
the analogue ones for higher order forms. The proof of the inverse inclusion will be given

at the end of 0 out of the compatibility of the calculi on the principal Hopf bundle. [

The basis element w_ A wy A wp commutes with all elements in Lo ~ A(S?). Such
a calculus is 3 dimensional, since from (232) one has d(¢"w_ A wi A wy) = 0, for any

¢" € A(S?), and from (Z26) one has that Q'(S2) A (w— Awy Awg) = 0.
From (Z17) and (2.I8)) the differential can also be written as
(2.40) Af = w (R_of) +wy(Rev ) + wol R f),
and it is easy to check the following relations, analogues of the previous (2.31), (2.39):
peLly: d(w- ¢) = —w- Awy (Ri>¢) — w- Awp (Ro>0),

¢ €Ly d(wy @) = —wy Aw_ (R_>¢') —wy Awg (Ry>¢'),
(2.41) ¢ € Ly: d(wg @") = dwo A ¢" —wo Aw_ (R_>¢") —wo Awy (Ry>d");
and
peLl_y: d(w_ Awy @) = w_ Awy Awy (Ri>0),
¢ €Ly d(wo Awy @) = wo Awy Aw_ (R_>¢),
(2.42) o€ Ly: d(w_ Awy d") =w_ Awy Awy(Ro>9").

3. HODGE OPERATORS ON Q(SU,(2))

As described in §2.21 it holds for the bicovariant forms of the 4D, first order bico-
variant calculus that the spaces QF(SU,(2)) of forms are free A(SU,(2))-bimodules with
dim QF(SU,(2)) = dim Q**(SU,(2)), and dim Q*(SU,(2)) = 1. Our strategy to intro-
duce Hodge operators on 2(SU,(2)) in §3.2 uses first suitable contraction maps in order to
define Hodge operators on the vector spaces QF  (SU,(2)) of left invariant k-forms; we ex-
tend them next to the whole 2%(SU,(2)) by requiring (one side) linearity over A(SU,(2)).
This follows an alternative although equivalent approach to Hodge operators on classical
group manifold that we describe first in §3.Il A somewhat complementary approach to

. . . 2 . . .
the one of §3.2] more suitable when restricting to the sphere S, is then given in §3.3]

3.1. Hodge operators on classical group manifolds. Let G be an N-dimensional
compact connected Lie group given as a real form of a complex connected Lie group. The
algebra A(G) = Fun(G) of complex valued coordinate functions on G is a *-algebra,
whose x-structure can be extended to the whole tensor algebra. A metric on the group G
is a non degenerate tensor g : X(G) ® X(G) — A(G) which is symmetric —ie. g(X,Y) =
g(Y, X), with X, Y € X(G) — and real — i.e. ¢g*(X,Y) = g(Y*, X*) —. Any metric has
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a normal form: there exists a basis {#% a = 1,... N} of the A(G)-bimodule Q!(G) of
1-forms which is real, % = 0%, such that

N
(3.1) g= Za oy Mlab 0" @ 0

with 7 = %1 - 4. Given the volume N-form p = p* := ' A ... A OV, the corresponding
Hodge operator x : Q%(G) — QV=k(G) is the A(G)-linear operator whose action on the
above basis is

x(1) = p,
a a 1 at...a
(3.2) * (00N AGw) = o ij €Mt O NN
with Ealmakbl---bN—k = ZSI___Sk Nt ™R eg b by, from the Levi-Civita tensor and

the usual expression for the inverse metric tensor g—! = Zivbzl N L,® Ly with Y, n®npe =
62 on the dual vector field basis such that #°(L,) = §°. The Hodge operator ([3.2)) satisfies

the identity:
(3.3) 2 (€) = sgn(g)(=1)" e

on any £ € QF(G). Here sgn(g) = det(nq) is the signature of the metric.

Hodge operators can indeed be equivalently introduced in terms of contraction maps.
By this we mean an A(G)-sesquilinear map T' : QY(G) x Q1(G) — A(G) such that

[(fé,n) = f*T(¢,n) while T(¢,nf) = T(¢,m)f for € A(G). Such a map can be
uniquely extended to a consistent map T' : QF(G) x Q¥ ¥ (@) — QF (G). We postpone

showing this to the later §3.2] where we prove a similar statement for the bicovariant cal-
culus on SU,(2). Having a contraction map, define the tensor g : Q'(G) x Q'(G) — A(G):

(3.4) g(o,n) :==T(¢%,n).

Next, with a volume form p, such that p* = p, define the operator L : QF(G) — QN F(G)
as

35 L&) = 2T (6 p)

on ¢ € QF(G), having used the notation I'*(-,-) = (I'(,-))*. A second A(G)-sesquilinear
map { , }: Q*(G) x QF(G) — A(G) can be implicitly introduced by the relation

(3.6) {&, &= NL(E.
For any pair of k-forms &, £’ it is straightforward to recover that
1 *

The operator (3.H) is not in general an Hodge operator: one has for example L(1) = pu
as well as L(u) = det(I™(p, 1)) which is not necessarily £1. To recover the standard
formulation for a Hodge operator, one has to impose two constraints:

(a) An hermitianity condition. The sesquilinear map I' is said hermitian provided it
satisfies:

(3.8) {6, =T(é,n),

for any couple of 1-forms ¢ and 7.
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From ([B.7) and (B.6G) it holds that {¢,n} = I'"(n, ¢).Then

(3.9) {¢ny =T(o,n) & Tl(gn) =10 ¢)
If the sesquilinear form I' is hermitian, one can prove that the expression (B.7]) becomes
1
(3.10) {6,¢ = 5T(E€).
(b) A reality condition, namely a compatibility of the operator L with the *-conjugation:
(3.11) L(¢") = (L(9))"
on 1-forms.

If these two constraints are fullfilled, the tensor g in (3.4) is symmetric and real: it is
(the inverse of) a metric tensor on the group manifold G. The operator L turns out to
be the standard Hodge operator corresponding to the metric given by g, and satisfies the
identities:

(3.12) L&) = (-1)* " Psgn(T)g,  {€,&} = sgn(T){L(£), L&)}
with
sgn(T) == (det(I'(¢, ¢"))| det(I'(¢, ¢")| " = sgn(q).

Moreover, the operator L turns out to be real, that is, it commutes with the hermitian
conjugation *, on the whole exterior algebra Q(G).

The above procedure could be somehow inverted. That is, given an hermitian con-
traction map I' as in ([B.8), define the operator L by (B.X). The corresponding tensor g
turns out to be real, but non necessarily symmetric. Imposing L to satisfy one of the two
conditions in ([BI2) — they are proven to be equivalent — makes the tensor § symmetric,
that is the inverse of a metric tensor, whose Hodge operator is L.

3.2. Hodge operators on Q(SU,(2)). In this section we shall describe how the classical
geometry analysis of the previous section can be used to introduce an Hodge operator on
both the exterior algebras Q(SU,4(2)) and €(S;) built out of the 4D-bicovariant calculus a
la Woronowicz on A(SU,(2)). A somewhat different formulation of contraction maps was
also used in [16] [I7] for a family of Hodge operators on the exterior algebras of bicovariant
differential calculi over quantum groups.

We shall then start with a contraction map T' : Q! (SU,(2)) x Q! ,(SU,(2)) — C,

required to satisfy I'(Aw,w’) = MI'(w,w’) and I'(w,w’ ) = I'(w,w’)A, for A € C. The
natural extension to I' : QZF (SU,(2)) x QZF¥(SU) — QZF (SU) given by
(3.13) T(wa ® ... @Way, W @ ... QW ,,) = (H;?:1 F(waj,wbj)) Whyy @+ @ Wy s
with the assumption that ['(1,w) = w for any w € Q(SU,(2)), can be used to define a
consistent contraction map I' : QF(SU,(2)) x QF+F(SU,(2)) — QF (SU,(2)), via
(3.14) T(way A+ AWay, Wiy A AW, )

=T (we, ® ... @ wy,), A (wy, @ ... @ wy,,))-

This comes from the k-th order anti-symmetriser A%*), constructed from the braiding of
the calculus, and used to define the exterior product of forms,

(3.15) Way Ao A, =AM (e, ® -+ ® wy,);
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the key identity for the consistency of ([B.14) is
(3.16) A5 (1, @ -u,,) = AP RA) (Y

where S(k, k') is the collection of the (k, k’)-shuffles, permutations o; of {1,...,k + £’}
such that o;(1) < --- < oj(k) and 0;(k+1) < ... < 0;(k+k'), and m,, is the parity of o;.
The identity (310 is valid on the whole exterior algebra over any bicovariant calculus
a la Woronowicz on a quantum group. It allows to show that any (k + &’)-form can be
written as a linear combination of tensor products of k-forms times k’-forms.

oSk (—1) 05 (wa, ®- - Quwa, ),

To proceed further, we use a slightly more general volume form by taking u = p* =
imw_ Awy Awg Aw,, with m € R. Then we define an operator

*:QF (SUL(2)) — QEF(SUL(2)),

in degree zero and one by
(3.17) *(1):=T"(1L,p)=pn and * (We) =T (Wa, ).
For QF
(3.18) AN (€) = Aeg,
with coefficients in (2.29), ([2.33) and (2.34) respectively. On these basis we define

1 *
(3.19) 5 (6) = T (En).

3
Here and in the following we denote (I'( , ))* = I'*(, ). The definition (3.I9) is a
natural generalisation of the classical ([B3]): the classical factor k! — the spectrum of the
antisymmetriser operator on k-forms in the classical case, where the braiding is the flip

operator —is replaced by the spectrum of the quantum antisymmetriser. Also, the presence
of the *-conjugate comes from consistency and in order to have non trivial solutions.

(SU,(2)) with £ > 2 we use the diagonal bases of the antisymmetriser, that is

Before we proceed, it is useful to re-express the volume forms in terms of the diagonal
bases of the anti-symmetriser operators. Some little algebra shows that

p=im{—w_ ® X% +wy @ X" +wo® X —w: ®X:}

(3.20) po=1im{—x; @ wl + x- ®w} — x4+ ®w" + xo ®wy},
and

im 1
391) = { Yy @bt — -

+(q'p: @ 95 — 0 ® YL+ "o @Y — ¢ 2. ® wa*)}-
A little more algebra shows in turn that on 1-forms
(3.22) o (wa) = im{T"(wa, w-)x+ — I (Wa, W)X — T (Wa, wo) xo + I (wa, w2) Xz };
and that using the bases (2.30), on 2-forms
(3.23)

1 1
* (§(4+) = N 11nq4 { T (@' T (&), V)y — TH(Ey, v)v-) 4 (@' T (€, ©2) @0
—T* (&, o) s + T (€ o) — ¢ 2T (€4, wz)%)}
i 1
*(60) = a7 (@€ s = TG0, 0)0-) + @' (6 )
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— (&), po)e: + T (€, Vo). — T (&), wzwo)}.

As for 3-forms one finds
m
(3.24) *(xa) = —

21+ ¢*+q72?)

{ — T (Xa, X3 )w—

+ F*<Xa7 X*)er + F*(Xaa XO)WO - F*<Xa7 Xz)wz}a

and finally for the top form

1

3.25 (1) = T (u, ).

As in (B8] we define the sesquilinear map { , } : QF (SU,(2)) x QF (SU,(2)) — C by

mu mu

(3.26) {& &t =& nx(E).
Then, mimicking the analogous construction of §3.I] we impose both an hermitianity and
a reality condition on the contraction map.

(a) A contraction map is hermitian provided it satisfies:
(3.27) {wa, wp} = T'(wq, wy), for a,b=—,+,2,0.

Given contraction maps fullfilling such an hermitianity constraint, from the first line in
(B:22) one has that I'(we, wp) = I (wp, wy). i.e. Ty = Ij,. With such a condition it is
moreover possible to prove, that for with k£ = 2, 3,4,
/ >‘§* /
N

on any &, & € QF (SU,(2)) of a diagonal basis of the antisymmetrizer as in (BI8). The
above expression is the counterpart of (B.I0) for a braiding which is not just the flip
operator.

(b) An hermitian contraction map is real provided one has
(3.29) Ae=(R67) = (Ae(%€))"

again on a diagonal basis of 2*)(¢). This expression generalises the classical one (B.IT).
Notice that it is set on any QF (SU,(2)), and not only on 1-forms as in the classical case.

The requirement that the contraction be hermitian and real results in a series of con-
straints. Firstly, the action on Q7 (SU,(2)) of the corresponding operator * as defined in

[(B17) is worked out to be given by

w_ 0 a 0 0 X—
2
wy | —qga 0 0 0 X+
(3.30) oy | T 0 0 —v ¢ N
Wy 0 0 —e Y Xz
The only non zero terms of the contraction I' are given by
(331) I'_._ = q72F++ = «, FOZ = FZO = €, FOO =V, Fzz =7,

with parameters that are real and satisfy in addition the conditions:
v+ (¢ —q *e=0,
(3.32) 20 —w) + (¢ —q 1)’ (2¢°* + ) = 0.
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On Q2 (SU,(2)) the action of such operator is block off-diagonal,
: I( ) 0 0
%o %0, Yo ©,
slooe | === 0 d'Tlee) 0 v .
ve )1 0 0 Hpa )\
o i [ OT(Pmes) 0 0 %o
(3.33) w| e | =1 0 7*T'(0, ©o) 0 v, |,
v q 0 0 q Fgﬁz;ﬂr) Wy

while on Q3

inv

(SU,(2)) is

X,
X+
3.34 —
(3.34) = o
Xz
0 —T'(x-,x-) 0 0 w_
— lm q2F<X77X7) O O O er
2(14+¢*+q72) 0 0 —I'(x0,x0) T'(Xz x0) wo
0 0 —I'(x0,x2) T'(xz:x2) W,

It turns out that the square of the operator x is not necessarily diagonal. An explicit
computation shows moreover that when g # 1, given the constraints ([332) there is no
choice for the contraction I', nor for the value of the scale parameter m € R in the
volume form such that the spectrum of the operator x? is constant on any vector space

QF (SU,(2)). This means that the operator x does not satisfy the classical expressions in
[(B12). We choose a particular value for the parameter m defining

1 det T’
(3.35)  detD':= )\—MF(w, Awy Awg Aw,,w— Awy Awy Aw,), sgn(T') == | dZt N

and imposing

(3.36) *? (1) = sgn(T),
which is clearly equivalent to the constraint

(3.37) m? = |det |~

An explicit calculation shows that conditions (8.27) and (3.29)) fix the quantum determi-
nant (3.37]) to be positive, so that we have sgn(I') = 1.

We finally extend the operator x to the whole exterior algebra. This can be defined in
two ways, i.e. we define Hodge operators %, xf : QF(SU,(2)) — Q47%(SU,(2)) by:

(3.38) *(rw) =z (W), Mwz) = (xw),

with z € A(SU,(2)) and w € €24, (SU,(2)). Both operators will find their use later on.
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3.3. Hodge operators on (SU,(2)) — a complementary approach. The procedure
used in the previous section cannot be extended ipso facto to introduce an Hodge operator

on the exterior algebra €(S2): although all Q*(S2) are free left A(S?)-modules [18], the
tensor product Q®?(S?) has no braiding like the o above.

In order to construct a suitable Hodge operator on the quantum sphere, we shall export
to this quantum homogeneous space the construction of [21], originally conceived on the
exterior algebra over a quantum group. The strategy largely coincides with the one
described in [37] and presents similarities to that used in [8] where a Hodge operator has
been introduced on a quantum projective plane.

We start by briefly recalling the formulation from [2I]. Consider a x-Hopf algebra H
and the exterior algebra Q(H) over an N-dimensional left covariant first order calculus
(QY(H),d), with dim QY "(H) = dim Q*(H) and dim QY (H) = 1. Suppose in addition
that H has an Haar state h : H — C, i.e. a unital functional, which is invariant, i.e.
(id®h)Azr = (h ® id)Ax = h(z)1 for any € H, and positive, i.e. h(z*z) > 0 for all
x € H. An Haar state so defined is unique and automatically faithful: h(z*z) = 0 implies
x = 0. Upon fixing an inner product on a left invariant basis of forms, the state h is
then used to endow the whole exterior algebra with a left and a right inner product, when
requiring left or right invariance,

(zw, o W = (") (w, '),
(3.39) (waz,w &) = h(z*2') (w,w')

for any z,2’ € H and w,w’ in Q,,(H). The spaces QF(H) are taken to be pairwise
orthogonal (this is stated by saying that the inner product is graded).

The differential calculus is said to be non-degenerate if, whenever n € QF(H) and
7' An =0 for any n’ € QN =%(H), then necessarily n = 0. Choose in QY (H) a left invariant
hermitian basis element p = p*, referred to as the volume form of the calculus. For the
sake of the present paper, we assume that the differential calculus has a volume form such
that gz = x p for any € H (this condition is satisfied by the 4D, bicovariant calculus
on SU,(2) that we are considering). Then one defines an ‘integral’

/:Q(’H)—MC, /x,u:h(x), for xeH,
p p

and fu n = 0 for any k-form n with £ < N. For a non-degenerate calculus the functional
J, is left-faithful if n € QOF(H) is such that J,mAn=0forally € ON=F(H), then n = 0.
The central result is [21]:

Proposition 3.1. Consider a left covariant, non-degenerate differential calculus on a *-
Hopf algebra, whose corresponding exterior algebra is such that dim QY =%(H) = dim QF(H)
and dim QN(H) = 1, with a left-invariant volume form u = p* satisfying xyu = px for
any x € H. If QH) is endowed with inner products and integrals as before, there exists
a unique left H-linear bijective operator L : QF(H) — QN=F(H) for k=0,...,N (resp. a

unique right H-linear bijective operator R) such that
(3.40) / N ALG) = ()" / N ARM) = ()"
1 1

for any n,n’ € QF(H).
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We mention that there is no R operator in [21]. Tt is just to prove its right H-linearity
that one needs the condition xyu = px for the volume form p with x € H.

We are now ready to make contact with the previous §3.21 The 4D, differential calculus
on SU,(2) is easily seen to be non degenerate. On the other hand, the Haar state functional

h is given by (cf. [20]):
BA)  hD=L ()= (X ) 1

j=0 Tl + .+

with k£ € N, all other generators mapping to zero.

Now, use the sesquilinear map (3.26) for an inner product (w,w’) := {w,w’'} on gener-
ators of €2;,,(SU,(2)) and extend it to a left invariant and a right invariant ones to the
whole of €2,,(SU,(2)) as in ([B.39) using the state h. The uniqueness of the operators L
and R from Proposition B.] then implies that the extended left and right inner products
are related to the left and right Hodge operators (3.38)) by

(3.42) / 7 A () = ()" / 0t A ) = ()"

for any n,n’ € QF(H).

4. HODGE OPERATORS ON (S?)

From the previous section, the procedure to introduce Hodge operators on the quantum
sphere appears outlined. Inner products on ©(SU,(2)) naturally induce inner products
on Q(S2), and we shall explore the use of relations like the ([B42) above to define a class
of Hodge operators.

The exterior algebra Q(Sg) over the quantum sphere Sg is described in §2.3 In partic-
ular, we recall its description in terms of the A(S?)-bimodules £,, given in (2.10):

Q°(S2) ~ A(S?) ~ Lo
Ql(Sz) ~L qw_ DLowy P Lowyg 2w_ L oPwy LoD wyLy
Qz(Sz) ~ L o(w_Awy) ® Lo (w_ Awy) D Lo (wo Awy)
~ (w_ Awp) Lo @ (w- Awy) LoD (wo Awy) Lo
(4.1) Q?’(Sz) ~ Low_ ANwy Awy =~ w_ Awy Awg Ly .

In the rest of this section, to be consistent with the notation introduced in §2.31 we shall
consider elements ¢, 1) € L_o, elements ¢', 1" € Ly and elements ¢”, 1" € Ly.

Lemma 4.1. The above left covariant 3D calculus on Sg s non-degenerate.

Proof. Given 0 € Qk(Sg) the condition of non degeneracy, namely 8’ A § = 0 for any
0" € Q*F(S2) only if 0 = 0, is trivially satisfied for k = 0, 3.

From (&.1]) take the 1-form § = ¢ w_ and a 2-form ' = ¥ w_ Awo+1'w, Awe+9"w_Aw, .
Using the commutation properties (2.36]) between 1-forms and elements in A(SU,(2)), one
has 6/ A = {/(K2¢) — " (¢ 2 K Eb¢) }w_ Aw, Awp, so that the equation 6’ A§ = 0 for
any 0/ € Q2(S?) is equivalent to the condition {¢'(K?>¢) — ¢"(q¢~2 K E>¢)} = 0 for any
0" € O*(S?); taking 6’ = /w, Awp, one shows that this condition is satisfied only if ¢ = 0.

A similar conclusion is reached with a 1-form § = ¢/w,, and with a 1-form 6 = ¢"wy.
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Consider then a 2-form 6 = ¢pw_ A wy, and a 1-form ¢ = Ypw_ + Y'w, + ¥"wy. Their
product is 0’ A0 = (¢'¢)wi Aw_ Awy, so that the condition ' A0 = 0, for all & € Q'(S?) is
equivalent to the condition ¥’¢ = 0 for any 1’; this condition is obviously satisfied only by
¢ = 0. It is clear that a similar analysis can be performed for any 2-form 6 € Qz(Sg). U

The Haar state h of A(SU,(2)) given in (3:41)) yields a faithful and invariant state when
restricted to A(S?). As a volume form we take ji = mw_ Awy Awy = f* with 7 € R.
It commutes with every algebra element, f i = f for f € A(SZ), so the integral on the
exterior algebra Q(S?) can be defined by

/6’:0, on QEQk(Sg),fork:Ql,Z,
i

(4.2) fi=hf), on fpeQ(Sy).

I

Lemma 4.2. The integral fﬂ : Q(S?) — C defined by [E2) is left-faithful.

Proof. The proof of the left-faithfulness of the integral can be easily established from a
direct analysis, using the faithfulness of the Haar state h. OJ

The restriction to Q(S?) of the left and right A(SU,(2))-linear graded inner products
on Q(SU,(2)) in [B:42) gives left and right A(S;)-linear graded inner products on Q(S?):

(4.3) (0,0 = (0,0)"; (0,0)% = (0,0)"
with 0,0 € Q(S?). The analogue result to relation (B42) is given in the following

Proposition 4.3. On the exterior algebra on the sphere Sg endowed with the above graded
left (resp. right) inner product, there exists a unique invertible left A(S)-linear Hodge
operator L : OF(S2) — Q3K(SY), (resp. a unique invertible right A(S2)-linear Hodge
operator R) for k =0,1,2,3, satisfying

(4.4) / 0" NL(O') = (0,0)s; / 0 AR(0) = (0,0)g

for any 0,0 € Qk(SZ). They can be written in terms of the sesquilinear map [B.26]) as:
(4.5)

L) = . L(i) = (i i}
L(pw_) =madw_ Awp, L(pw_ ANwy) = m{w- Awy,w— Awotpw_,
L(¢wy) = m@Padwy Awy | L(¢'wy Awy) = 1 {wy Awp,wy Awo} dlwy,
L(wo) = —mwvw_ Awy , Lw- Awy) = —m{w_ Awy,w_ Awy}wo
and
(4.6)
R(1) =, R(f) = {fi. ji}
R(w_¢) =m¢®aw_ Awy ¢, Rlw_Awyd) =mq*{w_ Awg,w_ Awo}w_ ¢,
R(wy ¢') =1mawy Awy ¢, Rlwo Awy @) = mq 2wy Awo,we Aw}wy @,
R(wy) = —mvw_ Aw,, Rlw_Nwy) = —m{w_ Awy,w_ Awsywg.
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Proof. For the rather technical proof we refer to [37], where the same strategy has been
adopted for the analysis of an Hodge operator on a two dimensional exterior algebra on Sg.
Here we only observe that the uniqueness follows from the result in Lemma (4.2l Given
two operators L, L' : QF(S2) — QFF(S2) satisfying () (or equivalently R, R"), their
difference must satisfy the relation fp 0" A (L(0) — L'(0)) = 0 for any 6,60 € QF(S2). The
left-faithfulness of the integral allows one then eventually to get L(6) = L'(0). O

From (231)) and ([233) it is i = m x., so we define

F K3 z -
(X2 X:) N sgn(I") := .
21+ ¢%2 4+ q7?) | det T

(4.7) detT :=

and set
m?det I := sgn(D)
as a definition for the scale factor 7 € R. Clearly this choice gives L*(1) = R*(1) =

sgn(I'). Analogously to what happened for SU,(2) before, the sign in (£7) turns out to

be positive for the class of contractions we are considering, i.e. sgn(I') = 1.

We conclude by noticing that the Hodge operators (A.5]) and (4.6]) are diagonal, but still
there is no choice for the parameters (3.31]) and (3:32)) of a real and hermitian contraction
map such that a relation like ([BI2) is satisfied.

5. LAPLACIAN OPERATORS

Given the Hodge operators constructed in the previous sections, the corresponding
Laplacian operators on the quantum group SU,(2),

Osu,(2) + A(SUy(2)) = A(SU,(2)), Oy, () (%) = — " d+" da,
Dqu(Q) s A(SU,(2)) = A(SU,(2)), Dqu(Q) (z) == =+ d«da
can be readily written in terms of the basic derivations (ZI4]) and (2I8) for the first order
differential calculus as
(5.1) D&y, @7 = {a (LyL-+¢L_Ly) +v LoLo+ 7 L. L. + 2¢Lo L. } v,
and
(5.2) Dqu(Q):c ={a(¢’RyR_ + R_R.) + v RyRo + v R.R. + 2¢RyR. } b,
with parameters given in (B.31]).

From the decomposition (2.9]) and the action (2IT]) it is immediate to see that such
Laplacians restrict to operators : £, — L,. In order to diagonalise them, we recall the
decomposition ([ZI2). The action of each term of the Laplacians on the basis elements

{pn.su} in (ZI3)) can be explicitly computed by (Z3]), giving:
L Livgpy=q " "[J—1n][J+1-1in]¢,u,
LiL>¢,=q""[J+ %n][J +1- %”] gt
L.>¢n 51 = —g " [37] bna

(5.3) Lo> ¢n,00 = ([T + 512 = [51°) Gnga = [T + 1 b

Here for the labels one has n € N with J = @ +Zand [ =0,...,2J.
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The Laplacians on the quantum sphere are, with f € A(Sg):

(5.4) Ogf = —LdLdf = {aLiL- +¢*a L Ly +v LiLo}>f,
and
(5.5) Dé%f = —RARAf = {Pa Ry R_+aR_R, + v RyRy} > f.

They both are the restriction to Sg of the Laplacian on SU,(2), the left and right one
respectively. Their actions can be written in terms of the action of the Casimir element
Cy of Uy(su(2)), immediately giving their spectra. They coincide on S:

O = 2q0(Cy + § = [51°) + v(Cy + § = 517,
=2qaLy+vLi on A(SD).
Using (B.3), spectra are readily found:
(5.6) DgéR(an,JJ) = (2qa[J)[J + 1] + v[JP[J + 1]%) ¢,

with J € NI =0,...,2J. We end this section by comparing these spectra to the spec-
trum of D2, the square of the Dirac operator on Sg studied in [3]. Some straightforward
computation leads to:

(5.7) spec( Dgg’R) = spec(D? — [1]%) &= 200 =1, v=q%(q—qH"

6. A DIGRESSION: CONNECTIONS ON THE HOPF FIBRATION OVER Sg

A monopole connection for the quantum fibration A(S?) < A(SU,(2)) on the standard
Podles sphere — with a left-covariant 3d calculus on SU,(2) and the (corresponding re-
striction to a) 2d left-covariant calculus on Sg — was explicitly described in [4]. A slightly
different, but to large extent equivalent [I0] formulation of this and of a fibration con-
structed on the same topological data A(S7) < A(SU,(2)), but with SU,(2) equipped
with a bicovariant 4D calculus inducing on Sg a left-covariant 3d calculus, are presented
in [9]. The general problem of finding the conditions between the differential calculi on a
base space algebra and on a ‘structure’ group, in a way giving a principal bundle structure
with compatible calculi and a consistent definition of connections on it has been deeply
studied [5l, 27, [T, [T4]. The slightly different perspective of this digression is to follow the
path reviewed in appendix §Bl namely to recall from [3] the formulation of a Hopf bundle
on the standard Podles sphere starting from the 4D bicovariant calculus a la Woronowicz
on the total space SU,(2), in order to fully describe the set of its connections. The first
step in this analysis consists in describing how the differential calculus on SU,(2) naturally
induces a 1 dimensional bicovariant calculus on the structure group U(1), and in which
sense these two calculi are compatible.

6.1. A 1D bicovariant calculus on U(1). The Hopf projection (271) allows one to
define an ideal Qu) C kereyq) as the projection Quuy = 7m(Qsu,@2)). Then Quq) is
generated by the three elements

G=EF-1)+¢(E=7-1),
=z+2"—(+a )P+ =1+ %)),
G=(Cz+2" = (' +)=" —2),
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and, since Ad(Qu()) C Quu) ® A(U(1)), it corresponds to a bicovariant differential
calculus on U(1). The identity

—q(1+¢") 1+ +*+¢") H{(@" - D&+ (1 +a)e - (1+a)6a} = (=1 +a(z 7' 1)
shows that { = (z — 1) +¢(z~' — 1) is in Quq). By induction one also sees that

j>0: Ae-n)=6X P -,
(6.1) j<0: 1= g3 e ) g bz - 1),

From these relations it is immediate to prove (as in [3]) that there is a complex vector
space isomorphism kereyny/Quuy =~ C. The differential calculus induced by Qu is
1-dimensional, and the projection TQua) ker ey(1) — ker ey / Qu(1) can be written as

(6'2) TQu(y Zj(z - 1) - qj [2 - 1]7

on the vector space basis ¢(j) = 27(z—1) in ker ey (1), with notation [z—1] € kereyy/Quq).

The projection (6.2) will be used later on to define connection 1-forms on the fibration.
As a basis element for the quantum tangent space Xo, ,, we take

K2-1

g—q "

The *-Hopf algebras A(U(1)) and U(1) ~ {K, K~'} are dually paired via the pairing,

induced by the one in (2.4]) between A(SU,(2)) and U, (su(2)), with

(6.4) (K*,2) =q%2,  (K*27h) =q*,

on the generators. Thus, the exterior derivative d : A(U(1)) — Q'(U(1)) can be written,
for any u € A(U(1)), as du = (Xpu) 6 on the left invariant basis 1-form 6 ~ [z — 1]. On
the generators of the coordinate algebra one has

-1
(6.5) dz = 2 }1 20, det =14 j 210,

q—9q q—9q

so to have 0 = (¢ — 1)(¢ — ¢ )" '27'dz. From the coproduct AX =10 X + X @ K2
the A(U(1))-bimodule structure in Q'(U(1)) is

0 2F = ¢t2* 0.

(6.3) X=1L,=

6.2. Connections on the principal bundle. The compatibility — as described in ap-
pendix §Bl and expressed by the exactness of the sequence (B.4]) — of the differential
calculus U(1) presented above with the 4D differential calculus on SU,(2) presented in
§2.20 has been proved in [3]. As a consequence, collecting the various terms, the data

(A(SUL(2)), A(S3), A(U(1)); Nsu,2) = 77 (SU4(2) ® Qsu,@); Qua)
is a quantum principal bundle with the described calculi.

In order to obtain connections on this bundle, that is maps (B.7) splitting the sequence
(B4), we need to compute the action of the map

~Nsuyo’ Q' (SUL(2)) = A(SU,(2)) @ (ker euy/Quay)

defined via the diagram (B.3]). Since it is left A(SU,(2))-linear, we take as representative
universal 1-forms corresponding to the left invariant 1-forms ([2.20) in Q'(SU,(2)):

WX/;U(](Q) (wy) = (adc — geda)
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WX/;UW) (w_) = (c"6a™ — qa*oc™)
ﬂ;/;Uq(g) (wo) = {a*0a + c*dc + q(ada* + ¢*cdc*)} /(g + 1)\
WX/;U(](Q) (w.) = a*6a + c*6c — (ada* + ¢*cdc”).
On them the action of the canonical map (B.2) is found to be:
x(adc — gcda) = (ac — gea) @ (z —1) =0
x(c*0a* — qa*oc*) = (c’a* —qa"c") @ (2" = 1) =0
x (1 +q) "M\ Ha%da + cFoe+ glada* + ¢*coc)}) =1@{(z = 1) +q(z"' = 1)} =1®¢
x(a*da + c¢*6c — (ada* + ¢*cdc*)) = 1@ (2 — 27 1)
with £ € Qgu, () introduced in §6.I From the isomorphism (6.2)) one finally has:

~Nsu,(2) (wﬂ:) = Nsu,(2) (WO) =0

(6.6) ~MNguy (W2) = 1@ (1+q ) [z —1].
From these one recovers 4, (SU,(2)) = ker ~p,, ,, with, using (236),
(67) ker NNqu(Q)E A(SUq(Q)){wi, WQ} ~ {wi, WQ}A<SUq(2))

Remark 6.1. From (6.6]), for the generator X = L, in (6.3) one gets that

X(w.) = (X, "~ Nsu,(2) (w)) =1,
which identifies L, € Xg as a vertical vector for the fibration. In turn it is used to
extend the notion of horizontality to higher order forms in ©(SU,(2)). One defines [20]
a contraction operator ir, : Q%(SU,(2)) — QF1(SU,(2)), giving iy, (ws) = i, (wo) = 0,
and iy_(w,) = 1 on 1-forms, so that keriz_ ~ Q! (SU,(2)). Then one defines
(6.8) o (SU,(2)) = ker|m(suq(2)) L.

that is the kernel of the contraction map when restricted to the bimodule of k-forms.

Given the explicit expression ([6.6]) for the canonical map compatible with the differential
calculi we are using, and the A(U(1))-coaction

(6.9) 5%1)% =w,®1, 5g)w0 =wy®1, 5g)wi =wy ® 22,
using the vector space basis ¢(j) in ker ey(py of §6.1} a connection (B.D) is given by

(6.10) @) =a (1 +¢) " d(w: +a)

for any ¢ € A(SU,4(2)) and any element a € Q'(S?). On vertical forms, the projection II
associated to this connection turns out to be

M(wy) = 0 = [I(wy),

(6.11) M(w:) = 6 (~Ngu, (@) = (1@ [p(0)]) = w. +a,
while the corresponding connection 1-form w : A(U(1)) — Q(SU,(2)) is given by
(6.12) w(z") =5(1® [z" —1]) = ¢"*[2](w: + a).

Connections corresponding to a = swy with s € R were already considered in [9].
The vertical projector (GIT]) allows one to define a covariant derivative
D A(SU,(2)) = Do (SU,(2)),
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given (as usual) as the horizontal projection of the exterior derivative:
(6.13) D¢ = (1 —1I)de.

Covariance here clearly refers to the right coaction of the structure group U(1) of the
bundle, since it is that dp¢ = ¢ ®@ 2" < 05 (D) = (D) @ 2. From ([BI) the action
of this operator can be written as

(6.14) Dop=dop—pAw(z™")

for any ¢ € L,,. From the bimodule structure (2Z30) it is easy to check that all the above
connections are strong connections in the sense of [13].

The analysis in this section allows us to prove the results in Proposition 2.1l The
exterior algebra Q(S?) is defined to be the set of horizontal and U(1)-coinvariant elements

in 2(SU,(2)), with respect to the extension 5%9) (introduced in ApplB]) of the canonical
coaction (2.8) to higher order forms in Q(SU,(2)). It is then easy to check, from (6.8)) and
([E3), that the isomorphisms given in expressions (239) for Q(S?) do hold.

7. GAUGED LAPLACIANS ON LINE BUNDLES

Each A(S])-bimodule £, defined in (ZI0) is a bimodule of co-equivariant elements in
A(SU,(2)) for the right U(1)-coaction (2.8)), and as such can be thought of as a module
of ‘sections of a line bundle’ over the quantum sphere SZ. Without requiring any com-
patibility with additional structures, any £, can be realized both as a projective right or
left LA(S7)-module (of rank 1 and winding number —n). One of such structures is that
of a connection on the quantum principal bundle A(S?) < A(SU,(2)). By transporting
the covariant derivative (6.I3]) on the principal bundle to a derivative on sections forces
to break the symmetry between the left or the right A(Sg)—module realization of L,.

With the choice in §2] for the principal bundle, we need an isomorphism £, ~ F,, with
Fn a projective left A(S?)-module [I5]. This isomorphism is constructed in terms of a
projection operator p™. Given this identification, in 7.1 we shall describe the complete
equivalence between covariant derivatives on F,, (associated to the 3d left covariant dif-
ferential calculus over Sg) and connections (as described in §6) on the principal bundle
A(S?) — A(SU4(2)), corresponding to compatible 4D, bicovariant calculus over SU,(2)
and 3d left covariant calculus over SZ. We shall then move to a family of gauged Lapla-
cian operators on JF,,, obtained by coupling the Laplacian operator over the quantum
sphere with a set of suitable gauge potentials. We finally show that among them there
is one whose action extends to £, the action of the Laplacian (5.5) on £y ~ Sg. As we
noticed in §5] the action of the (right) Laplacian (5.3) on S7 is given by the restriction of
the action (B.2) of the (right) Laplacian Dqu(Q). Here we obtain that the action of such
gauged Laplacian can be written in terms of the ungauged (right) Laplacian on SU,(2),
in parallel to what happens on a classical principal bundle (see e.g. [2, Prop. 5.6]) and
on the Hopf fibration of the sphere Sg with calculi coming from the left covariant one on

SU,(2) as shown in [22, [37].

7.1. Line bundles as projective left .A(S?)-modules. Every (equivariant, the only
ones we use in this paper) finitely generated projective (left or right) A(Sg)—module is a
direct sum of £,,’s (cf. [30]). As said, these are line bundles of degree —n on the quantum
sphere and to describe them all one needs is a collection of idempotents p™, which
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we are going to introduce. With n € Z, we consider the projective left A(Sg)—module

Fn = (A(S2))"+1p™) | with projections [6, 18] (cf. also [22])
(7.1) p™ = [wY (g

written in terms of elements |¥(™) € A(SU,(2))"*! and their duals (U] as follows.
One has:

n<O0: ’\II(")>M = /0, cnl=rat e L,
In|—p—1 /1 — qQ(‘"|_j)
(7.2)  where Q| = 1; Oy = Hj:o (m , u=0,...,|n|—1
n>0: ‘\II(")>M = /By cta™ " € Ly,
_ _ g—2(n—j)
_ 1. — 2p wt(l—q _
(73) Whel‘e /Bn,O - 17 /Bn,/.l - q j:(] (1 _ q72(j+1) 9 ,LL - 17 P 777,.

The coefficients are chosen so that <\If(”), \If(")> = 1, as a consequence (p™)? = p™ . Also
by construction it holds that (p™)f = p(™),
)

The isomorphism £, ~ F,, = (A(S2))"*1p™) is realized as follows:

(7.4) Lo =5 Fu 0 (o9 = 6 (0]
with inverse
Fo = Lo, (ogl = ¢ = (04 0M).

Given the exterior algebra (€(S7),d) on the quantum sphere we are considering, a covari-
ant derivative on the left A(S?)-modules F,, is a C-linear map

(7.5) V. Q’“(Sg) ®A(S§) Fn — QkJrl(Sg) ®,4(Sg) Fn
that satisfies the left Leibniz rule
V(EN{o]) = (d§) A (o] + (=1)™E AV (0]
for any £ € Q™(S?) and (o] € Q%(S?) ®(s2) Fn- The curvature associated to a covariant

derivative is V* : F,, — Q*(S7) ®@.4(s2) Fn, that is V(€ (o) = E VZ((0]) = £ Fy((o]) with
the last equality defining the curvature 2-form Fy € Hom y(s2)(Fo, Q*(Sy) ® As2) Fn)-

Any covariant derivative — an element in C(F,,) — and its curvature can be written as
Vo = (d(a)p"™ + (=1)* (o] A®,
(7.6) V(o] = (o] {—=dp™ A dp™ + dA®™ — A A A ),
with (o € Q(S?) ®a(sz) Fu- The negative signs in the second expression above come

from the left Leibniz rule, since form valued sections are elements of projective left A(Sg)—
modules. For the ‘gauge potential’ A®™ one has

(7.7) A® = pWA® = AWp® = [P a® (U] € Hom ysz)(F, 2(S2) @ acs2) Fu),

with a™ € Q(S2). The monopole (Grassmann) connection corresponds to al™ = 0.

In analogy with the identification (7.4, the covariant derivative V naturally induces
an operator D : L, = L, ® As2) Q'(S?) that can be written as

(7.8) D¢ := (V (oy]) [¥™) = d¢p — ¢ (¥, dT™) — aM}.
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We refer to the 1-form

(7.9) Q'(SU,(2)) 2 o™ = (<\I’("),d\l’(")> — a("))
as the connection 1-form of the gauge potential It allows to express the curvature as
(7.10) Fg = —|¥") (do™ + @™ A ™) (T

where (dw™ + @™ A @) € O(S2).

The covariant derivatives defined above on the left modules F, fit in the general theory
of connections on the quantum Hopf bundle as described in the §6.2t any covariant
vertical projector, as in (GII)), induces a gauge potential A®™ as in (7). The notion
((C3) of connection 1-form of a given gauge potential in C'(F,,) matches the notion (G.12)
of connection 1-form w : A(U(1)) — Q'(SU,(2)) on the Hopf bundle. From the A(S?)-
bimodule isomorphism @pezLn ® (s2) QY(S7) ~ 0,,.(SU(2)) (see Remark B.1I), this
matching amounts to equate the actions of the covariant derivative operators (Z.§) and

6.13),

(7.11) Voe L,: Dp=2¢ & o™ = w(z™).
From formula (6.12]), this correspondence can be written as
(7.12) a™ = Nwy — €_na,
where the coefficients refer to the eigenvalue equations:

L. |0™) = ¢, [v™) = =—q 2 [g]
(7.13) Lo> | UM) i= A, [T™) = A= [@]ﬂzﬁ +1].

Finally, the equivalence (. I1]) allows one to introduce a covariant derivative

D+ (5, (SU(2)) = 243 (SU,(2)),

hor

thus extending to horizontal forms on the total space of the quantum Hopf bundle the
covariant derivative operator on A(SU,(2)) as given in (6.13). This follows the formulation
described in [13], since any connection on the principal bundle is strong. Upon defining

L0 =10 € Uu(SU,2) : 00 = @27},
where 51(4?) is the natural right U(1)-coaction on Q(SU,(2)), one obtains:

(7.14) D¢ =do — (=) ¢ Aw(z™).
A further extension to the whole exterior algebra €2(SU,(2)) is proposed in [9]: a gener-
alisation of the analysis in [37, §9] shows how this extension is far from being unique.

We restrict our analysis again to covariant derivatives Vo) in (6] whose gauge
potential and corresponding connection 1-form are of the form:

(7.15) Al = ’\II(")> Wo <\If(”)’ : @™ = €, + (A — 8)wo,

s

for s € R and coefficients as in (.I3]), since they reduce in the classical limit to the
monopole connection on line bundles associated to the classical Hopf bundle 7 : % — S2.
Relations (226) and (Z21) allow to compute the curvature 2-form (ZI0) as

dw{ = ((g+ ¢ = (s = A)g—q ")) wy Aw-
A = (=g ((a+a D+ (@—a (s — M) wy Aw_.
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7.2. Gauged Laplacians. In order to introduce an Hodge operator
(7.16) K QNS @ a2y Fu = X7F(SD) @as2) Fas
we use the right A(S?)-linear Hodge operator [{G) on Q(S?):
(7.17) (€ {a]) = (RE) (o]
so that a gauged Laplacian operator is defined as
0% F — Fn, O% (o] == — ** V"V (a]).

Equivalently we have an operator on £, ~ F, via the left A(Sg)—modules isomorphism

([T4). With ¢ = (o, ¥™), it holds that
(7.18) Of: L, = L, 0%¢ = (OF (o) [w™).
With the family of connections (ZIH) and using the identities

(Rj:|> <O") }\I/(n)> =q " Rypo,

(7.19) (B> {o]) [0 = g (Ro il - —]) o

one readily computes:

(7.20) 08 ¢=q " {a (*RyR_+ R_R,) +v(Ry+sqg " — [7][1 — 7])2} >

Finally, fixing the parameter to be

7.21 =q¢"[—][1 ——

the action of the gauged Laplacians extends, apart from a multiplicative factor depending

on the label n, to elements in the line bundles £,, the action of the Laplacian operator

(E3) on the quantum sphere, that is,

(7.22) " (0%.¢) = {a(¢®R R_ + R_Ry) + vR3} >¢.

From (2.18), the above action can be written on ¢ € L, as the left action (2I7) of a

polynomial in U, (su(2)). We get

(7.23)

(@+q I - K"
(g—q7)?

=290 (Cy =[5 + DE 7+ v (Cy = 3 + D)E ™ —qa

0%, = (—2ga RyK* + v R3)K " — qa K2

(¢+q I — K1)
(g—q71)?
having used (2I5]). This relation is the counterpart of what happens on a classical princi-

pal bundle (see e.g. [2, Prop. 5.6]) and on the Hopf fibration of the sphere S? with calculi
coming from the left covariant one on SU,(2) as shown in [22] [37].

K72

APPENDIX A. EXTERIOR DIFFERENTIAL CALCULI ON HOPF ALGEBRAS

In this appendix we briefly recall general definitions and results from the theory of
differential calculi on quantum spaces and quantum groups. We confine to the notions
that we need in this paper, in order to construct the exterior algebras over the quantum
group SU,(2) and its subalgebra SZ. For a more complete analysis we refer to [36] 20].
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Let A be a unital x-algebra over C and Q'(A) an A-bimodule. Given the linear map
d: A — QYA), the pair (2'(A),d) is a (first order) differential calculus over A if d
satisfies the Leibniz rule, d(zy) = (dz)y + xdy for z,y € A, and if Q'(A) is generated by
d(A) as a A-bimodule. Furthermore, it is a *-calculus if there is an anti-linear involution
x: QL(A) — QY(A) such that (a;(da)as)* = aj3(d(a*))a; for any a,ay,as € A.

The universal calculus (Q'(A),,,d) has universal 1-forms given by the submodule
QY(A)yn = ker(m : A A — A) C A®A with m(a®b) = ab the multiplication map, while
the universal differential § : A — Q'(A),, is da = 1®a—a®1. It is universal since given
any sub-bimodule N of Q2!(A),, with projection ma : Q' (A)un — Q1 (A) = QH(A)un/N,
then (Q'(A),d), with d := my 06, is a first order differential calculus over A and any
such a calculus can be obtained in this way. The projection my : Q'(A),, — Q(A) is
(3o a; ® b)) =), a;db; with associated subbimodule N = ker 7.

Next, suppose A is a left H-comodule algebra for the quantum group H = (H, A, ¢, 5),
with left coaction 07, : A — H®.A, an algebra map. The calculus is said to be left covariant
provided a left coaction 5(Ll) : QNA) » HROQ (A) exists, such that 521)((1(1) = (1®d)d.(a)
and 5(Ll)(aloz as) = dr(ay) 5(Ll)(a) dr(az) for any a € Q'(A) and a1, ay € A.

Left covariance of a calculus can be stated in terms of the subbimodule N' C Q'(A).
The left coaction ¢y is naturally extended to the tensor product as

o = (-®id®id) o (Id®T ®id) o (6, ® 1)

with 7 the standard flip. A calculus is left covariant if and only if 6,(N) € X @ N. In

this case, the coaction 5(Ll) is the consistent restriction of 0, to QY(A). The property of
right covariance of a first order differential calculus is stated in complete analogy with
respect to a right H-comodule structure of A.

Clearly these notions make sense for A to be the algebra H with the coaction A of H
on itself extended then to maps

AV(dn) = (d@1)AMR)  and  AV(dh) = (1@ d)A(R).

On H there is in addition the notion of a bicovariant calculus, namely a calculus which is
both left and right covariant and satisfying the compatibility condition:

(ideAP)o AV = (A @ id) o AW

On a quantum group H the covariance of calculi are studied in terms of the bijection

riHOH > HOMH,
(A1) r(heh)=(h1)AR), r U h@K) = (h® 1)(S®id)A(K)

which is such that 7(Q'(H).,) = H ® kere. Left covariant calculi on H are in one to
one correspondence with right ideals Q C ker ¢, with subbimodule Ng = r~}(H ® Q) and
QY H) == QY (H)un/Nog- The left H-modules isomorphism given by Q' (H) ~ H®(ker e/ Q)
allows one to recover the complex vector space ker £/Q as the set of left invariant 1-forms,
namely the elements w, € Q'(H) such that

Ag)(wa) =1® w,.

The dimension of kere/Q is referred to as the dimension of the calculus. A left covariant
first order differential calculus is a *-calculus if and only if (S(Q))* € Q for any @ € Q.
If this is the case, the left coaction of H on Q'(#H) is compatible with the *-structure:
A(Ll)(dh*) = (AM(dh))*. Bicovariant calculi corresponds to right ideals Q C ker ¢ which
are in addition stable under the right adjoint coaction Ad of H onto itself, that is to say
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Ad(Q) C Q H. Explicitly, Ad = (id®@m) (7 ®id) (S ® A) A, with 7 the flip operator,
or Ad(h) = ® (S(hqy)h) in Sweedler notation.

The tangent space of the calculus is the complex vector space of elements out of H' —
the dual space H’ of functionals on H — defined by

(A.2) Xo={XeHH : X(1)=0,X(Q)=0, VQ € 9}.
There exists a unique bilinear form
(A.3) {. }: X xQ'(H), (X ady}=e(2)X(y),

giving a non-degenerate dual pairing between the vector spaces Xg and kere/Q. We have
then also a vector space isomorphism Xg ~ (kere/Q).

The dual space ‘H' has natural left and right (mutually commuting) actions on H:
(A4) X>h:= h(l)X(h(Q)), h<aX := X(h(l))h(g).

If the vector space X is finite dimensional its elements belong to the dual Hopf algebra
H D H® = (H®, Agjo, €30, Sye), defined as the largest Hopf x-subalgebra contained in H'.
In such a case the *-structures are compatible with both actions:

Xeh® = ((S(X))'wh)*,  h'aX = (ha(S(X))")",
for any X € H°, h € H. Then the exterior derivative can be written as:
(A.5) dh:=> " (Xoph)we =) wi(=S7"(X))ph,

where {X,,wy} = dap, and one has the identity S™(X,) = —S7(foa)Xs. The twisted
Leibniz rule of derivations of the basis elements X, is dictated by their coproduct:

(AG) AHO(XG) =1® Xa + Zb Xb X fbaa
where the f,, € H° consitute an algebra representation of H:

A’HO fab Z fac®fcb7

ene(fab) = Oab,

Zb S’H"(fab)fbc = Zb fabSHo(fbc) = 5ac-
The elements f,;, also control the H-bimodule structure of Q!(H):

A7) wh=) (farhw,  hwe=) w (S (fw)>h), for heH.
The right coaction of H on Q'(H) defines matrix elements
(A.8) A (w,) Z Wy @ Jpa-

where J,, € H. This matrix is invertible, since >, S(Jap) Joe = 0qc and Eb JaS (Jpe) = ae-
In addition one finds that A(J,) = >, Jac ® Jp and (Jyp) = Oap- It gives a basis of right
invariant 1-forms, 7, = wpS (Jba) and, as we shall see in a moment, allows one for an
explicit evaluation of the braiding of the calculus.

In order to construct an exterior algebra () over the bicovariant first order differential
calculus (Q'(H),d) one uses a braiding map replacing the flip automorphism. Define the
tensor product QO (H)®* = QY (H) @y ... @y QY(H) with k factors. There exists a unique
H-bimodule homomorphism o : Q' (H)®? — Q' (H)®? such that o(w ®n) = n @ w for any
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left invariant 1-form w and any right invariant 1-form 7. The map o is invertible and
commutes with the left coaction of H:

(id®e)o AP = AP o0,

with A(LQ) the extension of the coaction to the tensor product. There is an analogous
invariance for the right coaction. Moreover, o satisfies a braid equation. On Q!(H)®3:
(id®o) o (0 ®id) o (ld®0o) = (0 ®id) o (id ®0c) o (0 ®id).

All of this was proved in [36], where, using the dual pairing between H® and H, an explicit
form of the braiding o was given on a basis of left invariant 1-forms:

nk _
(A.9) 0 (Wa ® wp) Z Ogp Wn @ Wi = an (faks Inb) wn @ w.

The braiding map provides a representation of the braid group and an antisymmetrizer
operator A : QY (H)®F — QY(H)®*. The Hopf ideals Sg) = ker 2A*) give the quotients

(A.10) OF(H) = Q' (H)=*/SY)

the structure of a H-bicovariant bimodule which can be written as QF(#H) = Range 2A*).
The exterior algebra is (Q(H) = ®pQ*(H), A) with the identification Q°(H) = H. The
exterior derivative is extended to Q(#) as the only degree one derivation such that d* = 0.
The algebra Q(#H) has natural left and right H-comodule structure, given by recursively
setting

AFYA0) = 1o d)aP(0), ARV = (d@ 1)AY ().

Finally, the s-structure on Q'(H) is extended to an antilinear * : Q(H) — Q(H) by
(O A0 = (=1)Fg* A0 with 0 € QF(H) and 6 € QF (H); the exterior derivative
operator satisfies the identity (dé)* = d(6*).

The quantum tangent space Xo can be endowed with a bilinear product, given as the
functional [, |, : Xg ® Xg — Xo:
(A11) X, Y], () = {X &Y, Ad(h)},
with a natural extension of the bilinear form ([A.3)). The bicovariance of the calculus
ensures that the product is well defined and that, beside being braided antisymmetric it

satisfies a braded Jacobi identity, both properties with respect to the (transpose of) the
braiding o. On a basis it is given by

(A.12) [Xa, X3l = Xo X — Z o, X Xy,

and computed in terms of the pairing and the matrix J,;, in (A.8) as
o ab —

(A.13) XX, ch 0, X, X, Zc (X, Jae) Xe.

APPENDIX B. QUANTUM PRINCIPAL BUNDLES AND CONNECTIONS ON THEM

Following [4], we consider as a total space an algebra P (with multiplication m : P ®
P — P) and as structure group a Hopf algebra H, thus P is a right H-comodule algebra
with coaction dz : P — P ®H. The subalgebra of right coinvariant elements, B = P =
{p € P : 0gp = p® 1}, is the base space of the bundle. The algebras (P, B, H) define a
topological principal bundle provided the sequence:

(B.1) 0= P(UB)un)P = Q(P)un > PRkerey — 0
is exact, with Q'(P),, and Q'(B),, the universal calculi and the map x defined by
(B.2) X: PP — PRH, X = (m®id) (id ®dR) .
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In fancier parlance, the exactness of this sequence is also referred to as stating (for a
structure quantum group which is cosemisimple and has bijective antipode) that the
inclusion B < P is a Hopf-Galois extension [31], Th. I].

Assume now that (Q'(P),d) is a right H-covariant differential calculus on P given
via the subbimodule Np C QY (P),,, and (Q'(H),d) a bicovariant differential calculus
on H given via the Ad-invariant right ideal Qz € kerey. A first order left invariant
differential calculus is induced on the algebra basis B via Q'(B) = Q'(B),,/Ns with
N5 = Np N QYB)yy. This definition is aimed to ensure that Q'(B) = BdB.

To extend the coaction dg to a coaction of H on Q'(P), one requires 6r(Np) C NpQH.
The compatibility of the calculi are then the requirements that x(Np) € P ® Qy and
that the map ~y;,: Q(P) = P @ (kerey/Qy), defined by the diagram

QYP)un QP
(B.3) b x NI

id ®7I'QH

Pokereyy —7 P (kerey/Qy)

(with my and 7o, the natural projections), is surjective and has kernel ker(~ys,) =
PQNB)P =: Q__(P). These conditions ensure the exactness of the sequence:

hor
(B.4) 0 = PQYB)P — 0(P) =5 P® (kerey/Qy) — O.

The condition x(Np) C P ® Qy is needed to have a well defined map ~y,. If (P, B, H)
is a quantum principal bundle with the universal calculi, the equality x(Np) =P ® Qx
ensures that (P,B,H;Np, Qx) is a quantum principal bundle with the corresponding
nonuniversal calculi.

Elements in the quantum tangent space Xo, (H) act on kerey/Qy via the pairing
between H° and H. Given V € Xg,, () one defines a map

(B.5) V:QUP) =P, Vi=(@{d&V)o (~,)

and declares a 1-form w € Q'(P) to be horizontal iff V (w) = 0, for any V € Xo,, (H).
The collection of horizontal 1-forms coincides with Qf_ (P).

The compatibility conditions above allow one to define right coactions (for k£ =0,1,...)
5515“) L QFL(P) — QFFL(P) ® H, as coalgebra maps, via 5%”1) od=(d®1)o 5%‘”. By
direct computation Ad(kerey) C (kerey) ® H. Being the right ideal Qy Ad-invariant
(i.e. the differential calculus on H is bicovariant), it is possible to define a right-adjoint
coaction Ad® : kerey /Qy — (kerey/Qy) ® H by the commutative diagram

ker ey % Yer 1/ Qn
1 Ad 1 AdP®

TQqy ®id

keregyy @ H = (kerey/Qx) @ H

Such a right-adjoint coaction Ad® allows one further to define a right coaction 5§%Ad)
of H on P ® (kerey/Qy) as a coaction of a Hopf algebra on the tensor product of its
comodules. This coaction is explicitly given by the relation:

(B.6) 35V (p @ Ty (1)) = proy @ Tam () @ Pty (Shiay)hes).-

A connection on the quantum principal bundle is a right invariant splitting of the
sequence (BA)). Given a left P-linear map 6 : P ® (ker ey / Q) — Q' (P) such that

(B.7) 805 = (G @id)0 Y, and  ~up 05 =id,
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the map II : Q'(P) — QY(P) defined by Il = & o ~yy, is a right invariant left P-linear
projection, whose kernel coincides with the horizontal forms PQ!(B)P:

% =11,
(PO (B)P) = 0,
(B.8) ol =M ®id)odl.

The image of the projection II is the set of vertical 1-forms of the principal bundle. A
connection on a principal bundle can also be given via a connection one form, which
is a map w : H — QYP). Given a right invariant splitting & of the exact sequence
(B.4), define the connection 1-form as w(h) = 6(1 ® mo,,(h —ey(h))) on h € H. Such a
connection 1-form has the following properties:

w(Qu) =0,
~xp (@(N) = 1@ oy (h— =n(h))  VheE H,
51(%) ow = (w®id) o Ad,
(B.9) II(dp) = - (id ®w)dr(p) Vpe P.
Conversely with a linear map w : ker e3; — Q'(P) that satisfies the first three conditions

in (B.9), there exists a unique connection on the principal bundle, such that w is its
connection 1-form. The splitting of the sequence (B.4]) will be

(B.10) a(p @ [h]) = pw([hl)
with [h] in ker(e4,/Q3), while the projection IT will be
(B.11) II =mo (id ®w)o ~p,

The general proof of these results is in [4].
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