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1. Introduction

This paper is focussed on the analysis of a class of Hall Hamiltonians in the noncommutative set up.
It is intended as a survey of the general formulation of quantum principal bundles, and as a description of
a specific procedure to introduce, on both the total space and the base space of a quantum Hopf bundle,
a set of Laplacian operators and to couple them with gauge connections. It also presents a detailed
formulation of the classical Hopf bundle. The emphasis in the presentation of structures from differential
geometry will be given to their algebraic aspects extended to the noncommutative setting.

Classical Hall Hamiltonians are gauged Laplace operators acting on the space of sections of the
vector bundles associated to the principal bundles 7 : G — G/K over homogeneous spaces (with G
semisimple and K compact) and can be constructed in terms of the Casimir operators of G and K.
With (p, V) a representation of K, one has the identification of sections of the associated vector bundle
E = G x k) V with equivariant maps from G to V, I'(G/K, E) ~ C*(G,V) k) C C*(G)®@V. Given a
connection on G one has a covariant derivative V on I'(G/K, E), so that the gauged Laplacian operator is
AE = (VV*+V*V) = xV«xV, where the dual V* is defined from the metric induced on the homogeneous
space basis G/K by the Cartan-Killing metric on G, or equivalently the Hodge duality comes from the
induced metric on G/K. If the connection is the canonical one, given by the orthogonal splitting of the
Lie algebra g of G in terms of the Lie algebra £ of the gauge group and of its orthogonal complement,
then the gauged Laplacian operator can be cast in terms of the quadratic Casimirs of g and &:

E G
(1.1) AV = (A®1-1® CE)|Coo<c,v>p(K) = (Cq®1 =18 C)|cwa,v),

The above formula [4] simplifies the diagonalisation of the gauged Laplacian, and has important appli-
cations in the study of the heat kernel expansion and index theorems on principal bundles.

The natural evolution is to develop models of the Hall effect on noncommutative spaces whose sym-
metries are described in terms of quantum groups. In [24] the first model of ’excitations moving on a
quantum 2-sphere’ in the field of a magnetic monopole has been studied. It is described by quantum prin-
cipal U(1)-bundle over a quantum sphere Sg having as a total space the manifold of the quantum group
SU,(2) [6]. The natural associated line bundles are classified by the winding number n € Z: equipped
SU,(2) with the three dimensional left covariant calculus from Woronowicz [38], the gauge monopole
connection is studied and a gauged Laplacian acting on sections of the associated bundle is completely
diagonalised. That paper presents a first generalisation of the relation (ILI]). Its most interesting aspect
is that the corresponding energies are not invariant under the exchange monopole/antimonopole, namely
the spectrum of the gauged Laplacian is not invariant under the inversion of the direction of the magnetic
field, a manifestation of the phenomenon usually referred to as 'quantisation removes degeneracy’. A
parallel study of the relation (I.IJ) is presented in [11], where Laplacians on a quantum projective plane
are gauged via the monopole connection.

The analysis in [24] embodies two specific starting points. The first one is that the quantum Casimir
C,, for the universal envelopping algebra U, (su(2)) dual to SU,(2) — thus playing the quantum role of the
classical envelopping algebra dual to the classical Lie group — is a quadratic operator in the generators
of U, (su(2)) acting on SU,(2), but can not be cast in the form of a whatever rank polynomial in the
left invariant generators of the left invariant three dimensional differential calculus by Woronowicz, so to
say in the basis of natural left invariant derivations associated to this differential calculus. The second
starting point is given by the studies performed in [26]. In that paper a x-Hodge operator on the exterior
algebra on the Podles sphere S? — coming from the differential two dimensional calculus induced on Si
by the three dimensional calculus on SU4(2) — had been introduced, so to make it possible the definition
of a Laplacian operator on Si.

This paper develops the analysis started in [24], and describes another generalisation of the relation
(I to the setting of the same quantum Hopf bundle. A family of compatible x-Hodge structures on the
exterior algebras Q(SU,(2)) and Q(Si), depending on a set of real parameters, are introduced, giving the
corresponding Laplacians Ugy, (2) = *d*d : A(SUy(2)) — A(SU4(2)), and Ogz = *dxd : A(S2) — A(S2).
The connections on the principal bundle allows for a gauging of the Laplacian Dsg on each associated
line bundle. When DS?} is gauged into Op, via the monopole connection, one finds

(1.2) ¢"Op, = (Osu, 2) +7X:X>),

where the integer n € Z specifies the value of the monopole charge. This is the relation generalising

the first equality in (II): the role of the quadratic Casimir of the gauge group algebra is played by

X, X.>, with X, the vertical derivation of the fibration, and v € R, appears in this formulation
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as a parametrisation for a set of compatible x-Hodge structures giving Laplacians satisfying the same
relation (L.2)).

This paper begins with an exposition of the classical Hopf bundle 7 : S — S2. Section 2 presents a
global — i.e. charts independent — description of the differential calculi on both the Lie group manifold
SU(2) ~ S? and on the homogeneous space S? = S/ U(1), and introduces on the exterior algebras (S?)
and (S?) the Hodge duality structures coming from a Cartan-Killing type metric on the Lie algebra
su(2), in order to define Laplacian operators. The principal bundle structure is described in terms of a
well known principal bundle atlas. The aim of the section is to explicitly compute for such a specific
Hopf bundle, following the classical approach from differential geometry, the main structures which will
be generalised to the quantum setting. A more general and complete analysis of a noncommutative
geometry approach to the differential geometry of principal and quantum bundles is in [3].

Section [3] describes the quantum formulation [6] of the principal bundle having A(SU4(2)) as total
space algebra, A(S?) as base manifold algebra and A(U(1)) as gauge group algebra, with the differential
calculus on SU4(2) given the 3d left-covariant calculus introduced by Woronowicz [37, [38].

Section@l presents a x-Hodge duality on ©(SU,4(2)), allowing for the definition of a Laplacian operator.
The Hodge duality is introduced following [22]; section [l describes an evolution of this approach, giving
a x-Hodge duality structure on Q(Sﬁ), and analysing its compatibility with the one on (SU,(2)).

Section [0 provides a complete explicit description of the set of connections on this specific realisation
of the quantum Hopf bundle, and of the main properties of the covariant derivative operators on each
associated line bundle. The emphasis is on the domain of the covariant derivative operators — the set of
horizontal coequivariant elements of the bundle — which appears here as the quantum counterpart of the
classical forms also called tensorial forms. Section [ studies the coupling of the Laplacian operator on
Q(Sg) to the gauge connections.

Section Blapplies to the commutative algebras {A(SU4(2)), A(S?), A(U(1))} the formalism developed
in the quantum setting, in order to recover the structure of the classical Hopf bundle from an algebraic
perspective. Section [ closes the paper with an evolution of section [ describing how a covariant
derivative operator can be defined on 2(SU,(2)), the whole exterior algebra on the total space SUg4(2)
of the quantum Hopf bundle, following the formalism developed in [12, [13].

2. The classical Hopf bundle

The first formulation of what are nowadays known as Hopf fibrations is contained in [18, 9] in
terms of projecting spheres to spheres of lower dimensions: it came also as a geometric formulation of
the Dirac’s model of magnetic monopole [10]. The following lines are intended as a concise introduction
to the formalism of fiber — and principal — bundles, aimed to set the notations that will be used in this
paper: excellent textbooks — like for example [20] [28] — deeply and extensively describe this subject.

With 7 : P — M a smooth surjective map from a manifold P to a manifold M, (P, M, ) is a fibre
bundle with typical fibre F over M if there is a fibre bundle atlas with charts (U;, \;), where U; is an
open covering of M and the diffeomorphisms \; : 7=1(U;) — U; x F are such that 7 : 7= 1(U;) — U;
is the composition of A; with the projection onto the first factor in U; x F. The manifold P is called
the total space of the bundle, the manifold M is the base of the bundle. From the definition it follows
that 7—1(m) is diffeomorphic to F — the fibre of the bundle — for any m € M. For any f € F one has
A o A;l(m,f) = (m, Aij(m, f)) where \;; : (U; NU;) x F — F is smooth and A;;(m, ) belongs to the
group Diff(F) of diffeomorphisms of the fibre F for each m € U; NU;. The mappings A;; are called the
transition functions of the bundle, and satisfy the cocycle condition A;j(m, ) o Aj(m, ) = Aig(m, ) for
m e U; N Uj N Uy, with )\ii(m, ) =idr for m € U;.

A fibre bundle (P, M, ) is called a vector bundle if its typical fibre F is a vector space and if the
trivialisation diffeomorphisms A; give transition functions \;; which are invertible linear maps, elements
in GL(F) for any m € M. A principal bundle (P, K, [M], ) with structure group K is a fibre bundle
(P, M, m) with typical fibre K and transition functions A;;(m, ) € Aut(K) which give the left translation
of the group K on itself. On the total space of a principal bundle there is also a right action of the Lie
group K — that is 1 (vx(p)) = riw (p) for any p € P and k, k' € K — such that 7 (rx(p)) = n(p), and such
that the action is free and transitive. The base M of the bundle can be identified with the quotient P/K
with respect to such a right action.

Given G a Lie group and K C G a closed Lie subgroup of it, the group manifold G is the total
space manifold of a principal bundle (G, K, G/K, w) with base space G/K - the space of left cosets - and
typical fiber given by the structure or gauge group K, so that the bundle projection 7 : G — G/K is the
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canonical projection. The right principal action of the gauge group K on G is given as rx(g) = gk for any
k € K and g € G. This action trivially satisfies the requirements of being free and transitive. If £ is the
Lie algebra of the group K, the fundamental vector field X, € X(G) associated to 7 € € is defined as the
infinitesimal generator of the right principal action rexpsr(g) = gexp s7 of the one parameter subgroup
exp s7 C K: the mapping 7 € ¢ = {X,;} € X(G) is a Lie algebra isomorphism between £ and the set of
fundamental vector fields {X;}. A differential form ¢ € Q(G) is called horizontal if ix_¢ = 0 for any
fundamental vector field X.

If p: K — GL(W) is a finite dimensional representation of K on the vector space W, the associated
vector bundle to G is the vector bundle whose total space is £ = G X ;) W, having typical fiber W. It is
defined as the quotient of the product G x W by the equivalence relation (r;(g) = gk; w) ~ (g; p(k)-w) for
any choiceof g € G, k€ Kand w e W: (£,G/K,m¢) is a fibre bundle with a projection 7¢ : £ = G/K
which is consistently defined on the quotient as me[g, w] (k) = 7(g) from the principal bundle projection
.

With 1} : Q(G) — Q(G) the action of K on the exterior algebra (G) induced as a pull-back of the
right action rj of K on G, the p(K)-equivariant r-forms of the principal bundle are W-valued forms on
G defined as:

(2.1) (G W) ) = {0 € U (G, W) =Q(G) @ W :13(0) = p~" ()¢}

A section of the associated bundle £ is an element in I'(G/K, &), namely a map o : G/K — £ such that
mg(o(m)) = m for any m € G/K. This definition is extended to I'")(G/K, &), the set of r-forms on the
basis G/K of the principal bundle with values in €. There is a canonical isomorphism

(22) F(T) (G/Ka 5) = Qf}or(Ga W)p(K)

from the space of £-valued differential forms on G/K onto the space of horizontal p(K)-equivariant W-
valued differential forms on the principal bundle (G, K, 7). For r = 0 — with I'(G/K,€) ~T©(G/K, &) —
the isomorphism gives the well known equivalence between equivariant functions of a principal bundle and
sections of its associated bundle. In particular, for W = R, C with trivial representation the isomorphism
is

(2.3) QG/K) > Dnor(G) p)=x = {¢ € UG) : ix, ¢ = 0; 130 = ¢},

giving a description of the exterior algebra on the basis of the principal bundle.

A connection on a principal bundle can be given via a connection 1-form. A connection 1-form on
G is an element w € Q(G, ¥), taking values in £ and satisfying the two local conditions:

w(X;) =T,

1y (w) = Adg-1 w,

where the adjoint action of K is given by (Adj-1 w)(X) = k~tw(X)k for any vector field X € X(G). At
each point g € G there is on the tangent space T,G a natural notion of vertical subspace, whose basis
is given by the vectors X, which are tangent to the fiber group K, while the connection 1-form selects
the horizontal subspace Héw)(G) given by the kernel of w. Identifiying the element w(X) € € with the
vertical vector field it generates, the expression X(“) = X — w(X) denotes the horizontal projection of
the vector field X € X(G).

Given any p(K)-equivariant form ¢ € Q" (G, W), ), the covariant derivative is defined as the map:
(2.4) DO (G W) ) = BN G W)y, DA(Xiy-y Xopr) = do(X o, X))

hor

where d is the exterior derivative on G. On a p(K)-equivariant horizontal form ¢ € Qo (G, W), k) the
action of the covariant derivative can be written in terms of the connection 1-form as:

(2.5) Dé=dp+wA ¢.

The following sections describe the Hopf fibration 7 : S +— S2, with G ~ SU(2), K ~ U(1) and S?
the space of the orbits SU(2)/U(1), and the monopole connection.
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2.1. A differential calculus on the classical SU(2) Lie group. The aim of this section is to
describe the differential calculus on the total space of this bundle, in terms of a natural basis of global
vector fields and 1-forms [28]. It is intended to give them an explicit expression in order to clarify the
classical limit of their quantum counterparts.

Recall that a Lie group G naturally acts on itself both from the right and from the left. The left
action is the smooth map 1: G x G — G defined via the left multiplication 1(¢’, g) = ¢'g = 15(g): since
1y (g) = 1g7(147(g)), the left action is a group homomorphism 1, : G — Aut(G). The right action is
the smooth map r : G x G — G defined via the right multiplication r(g,¢") = g¢’ = ry/(g); it is then
immediate to see that ry g (g) = gg'g” = rgv(rg(g)): the right action is a group anti-homomorphism
ry: G = Aut(G). For any T € g, the Lie algebra of G, it is possible to define a vector field Ry € X(G).
It acts as a derivation on a smooth complex valued function defined on G, and can be written in terms

of the pull-back I} : C°°(G) — C*°(G) induced by 1;. On ¢ € C°(G):

d *
(2.6) Rr(¢) = 7 (apsr(9))],
Although defined via the left action l;, the vector field Ry is called the right invariant vector field
associated to T' € g; this set of fields owes its name to the fact that, given rg. : X(G) — X(G) the

push-forward induced by the right action ry, they satisfy a property of right invariance as rg«(R7) = Rr.
From the definition of the pull-back map I} : C*°(G) — C*°(G) one has:

1;,9” (¢) = ¢ [e] lg/g// = ¢ [e] lg’ [e] lg” = 1;// (1;/ (¢))

for any ¢ € C°°(G). This relation enables to prove that the map 1:Teg—Rre X(G) is a Lie algebra
anti-homomorphism, [Rr, Rr] = R/ 7).

The analogous definitions starting from the right action naturally hold. For any T' € g, the vector
field Ly € X(G) is defined as a derivation on C°°(G), namely as the infinitesimal generator of the
pull-back rj induced by the right action r,:

(27) Lr(8) = 5 (hper(@))] g

on any ¢ € C°(G). Left invariant vector fields satisfy a property of left invariance given as I;(LT) = Lp;
the map ¥ : 7' € g — Ly € X(G) is a Lie algebra homomorphism, with [Lz, L1/] = Lip 1. The sets
{Lr}, {Rr} are two basis of the left free C*°(G)-module X(G).

The total space of the classical Hopf bundle is the manifold S3, which represents the elements of the
Lie group SU (2). A point g € S® can be then written via a 2 x 2 matrix with complex entries and unit
determinant:

vu

(2.8) g = (u _U> Doau+ v = 1

the left invariant vector fields #(T') = L are given, following (27), as the tangent vectors to the curves
9(s) = g -exp sT. In the defining matrix representation it reads:

(29) Sln ) ewnlo= (4 ) @

vou v
Since exp sT is unitary, T' is antihermitian, and the choice of a basis in terms of the Pauli matrices:

1 0 =2 1 0 -1 ) 1 O
(2.10) ng—§(i 0)’ Ty_§(1 0 )a Tz_§(0 1)’
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gives the explicit form of the left invariant vector fields:

L_=L,—il, = z(v% —u%)
(2.11) Ly=L,+1iL, =1 (ﬁ% — 6%) ,
satisfying the commutation relations:
[Le; L] =ilL_,
[Lz; Ly] = —iLl4,
(2.12) [L_;L,] =2iL..

The components of the right invariant vector fields Ry = I(T) are then clearly given in the defining
matrix representation (2] as:

L (2 7 ) mm (2 7)

acquiring the form:

R, = ! (U2 —uE —aﬁ_ +v£_)
2\ Ou v v ou
R—i(ua—va Ug—ug)
T2\ 0 ov  Ov  Ou
R_=R;—1iRy =1 <v§u ﬂ%)
(2.14) Ry=R,+iR, =i (u% — 6%)
The commutation relations they satisfy are:
[R.;R_] = —iR_,
[R.;R-] =Ry,
(2.15) [R_; Ry] = —2iR,.

The quadratic Casimir of the Lie algebra su(2) is written as
1 1
(216) C == §(L+L_ + L_L+) + LZLZ == §(R+R_ + R_R+) + Rsz-

The set X(S3) is a free left C°°(S3)- module. Right vector fields can be expressed in the basis of the left
vector fields as R, = JgpLp. The matrix J is given by:

R_ a? 2uv —v? L_
(2.17) R, = | —uv we—-v0 —wv L,

Ry —22 2uv u? Ly
and its inverse matrix is:

L_ u? —2uv  —v? R_
(2.18) L. = uv  ut— vt W R,

L, 02 —2uv  u? R,

A similar analysis can be performed in the study of the cotangent space X*(G) of a Lie group. This
is a C°°(S3)-bimodule, with two basis of globally defined 1-forms, namely the left invariant {&,} dual to
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the set of left invariant vector fields {L,}, and the right invariant {7;} dual to the set of right invariant
vector fields {Rp}. They satisfy the invariance property:

1 (@0) = @a,

(2.19) vy () = b -
one then immediately computes:
(2.20) R, = Jl’ij <~ ﬁstp = (:)p.
The left invariant 1-forms are:

W, = —2i (adu + vdv)

W_ = —i(vdu — udv)
(2.21) Wy = —i (udv — vdu)

with @, = (- + @4 ) and @, = (@4 — ©_). The antilinear involution on Q!(S?), compatible with the
antilinear involution on C*(S?), is given by &% = @y, @} = @,, ©F = ©,. The right-invariant 1-forms

y
are:
7, = 2i (uda + vdv)
- =i (udv — vdu)
(2.22) N+ = —i (adv — vdu) .

Given a complex valued smooth function ¢ € C°°(S?), the exterior derivative is the map d : C>°(S3) —
Q1(S3) defined via:

(2.23) do(X) = X(¢)
in terms of the Lie derivative X (¢) of ¢ along the vector field X. This map acquires the form:
(2.24) d¢ = La(¢)0a = Re ()il

where now L, (¢) represents the Lie derivative of ¢ along the vector field L,, while Ry(¢) represents the
Lie derivative of ¢ along the vector field Ry.

From the C°°(S3)-bimodule Q'(S3) define the tensor product of forms as the C'°°(S3)-bimodule
{QL(S)}®F = QN(S?) @oee(s2) ... Qcm(g3) Q1(S?) (k times). The exterior algebra coming from the
differential calculus ([ZZ4) is defined as the graded associative algebra Q(S%) = (9rQF(53); A), with k-
forms and wedge product introduced in terms of an alternation mapping 2 : {Q1(S3)}®k — {Q1(93)}k
[1]. The wedge product is bilinear, and satisfies the identity o A 8 = (=1)¥'8 A « for any k-form a and
lI-form B. The complex involution is extended by requiring

(A B = (=1)*B* Ao

The exterior derivative is extended to d : QF(S3) — QF1(S3) as the unique C-linear mapping satisfying
the conditions:

(1) dis a graded A-derivation, that is d(a A 8) = (da) A B+ (—1)*a A dj for any k-form «;

(2) &> =dod=0;

(3) on ¢ € QO(S?) ~ C°°(S?), it is given by d¢ as in ([2.24).
It is then easy to see that Q2(S?) is three dimensional, with a basis given by {&_ A&, @4 AGD,, @, A@_}:
extending in a natural way via the pull back the left and right actions of the group SU(2) on Q2(S5?), it
is also clear that such basis elements are left invariant. From (2:21)) one has:

do_ =i A@.,
Ay = —idy A @,
(2.25) d@, = 2id_ Ay

The bimodule Q3(S3) is one dimensional, with again a left invariant basis 3-form given by {&_ A&+ AQ, }.
A right invariant basis of the exterior algebra Q(S?) is analogously given in terms of the 1-forms 7.
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2.2. A Laplacian operator on the group manifold SU(2). Being SU(2) a semisimple Lie
group, the group manifold S$® can be equipped with the Cartan-Killing metric originated from the
Cartan decomposition of the Lie algebra su(z2). Consider now as a riemannian metric structure on S®
the symmetric tensor

(2.26) g =00z @ Wy + Wy ®Wy) + 0, @ Wy,

with « € RT. For a = 1 such a metric tensor coincides with the the Cartan-Killing metric. The
volume associated to the g-orthonormal basis and to the choice of the orientation (x,y, z) is given by
0 = a Wy Ny A@,, so that 0" = 0. Such a volume 6 is a Haar volume, namely it is invariant with respect
to both the left I} and the right actions rj of the Lie group S U(2) on itself, since an explicit calculation
gives L,(0) = R,(0) = 0. The Hodge duality % : Q¥(S%) — Q37%(S3) which corresponds to this volume
[1] is the C°°(S?)-linear map given on the left invariant basis of the exterior algebra Q(S?) by %(1) = 0,
*(0) =1, and:

(@) = By A @2, *(@y A D2) = Qs
(2.27) *(@y) = @2 A Qs *(@2 A Qg) = @y,
H@2) = a @y A Dy, *H@r ADy) = a L@,

The differential calculus on the group manifold S® as well as the above x-Hodge duality on the exterior
algebra Q(S?) give a Laplacian operator defined as (gs¢ = xd x d¢ on any ¢ € C°(S?). It can be
written as a differential operator in terms of the left invariant vector fields:

(2.28) Dgsp = [%(L_h F LoD )+ L.L.g

The Laplacian operator is the Casimir of the Lie algebra su(2) only if o = 1, that is only if the metric
from where it is originated is the Cartan-Killing metric.
The Hodge structure satisfies two identities:

(2.29) K (€)= () Pe=¢
(2.30) EA(E) =& A (x)

for any &,¢ € QF(S3). This allows to define a symmetric bilinear map (, )gs : QF(S3) x QF(S3) —
C>(83) (k=0,...,3) as:

(2.31) (€,€)ga 0 =EN ().

It is clearly a symmetric tensor on {X*(S®)}®2¥ whose components can be expressed in terms of the
components of the inverse metric g~ = g71%°L, ® L, € {X1(5%)}®? with g~!%g,. = §2, as

(2.32) @iy Ao NBiy, @5y A A @) ga = Y meg T T g lko k)

(e
where the summation is over permutations o of k elements, with parity m,. Starting from the Hodge
duality a second bilinear map ( , )gs : 2%(93) x QF(S3) — C>°($?), can be introduced as

(2.33) (€,€) a0 =€ N(xE)

for any &,¢' € QF(S3), being hermitian ((¢,€)5:)* = (£,€')5s. The Haar volume form can be used to
introduce an integral on a manifold [I], [, : ©*(S®) — C; being S® compact, the volume of the group
manifold can be normalised, setting [, = 1. From (23I)) and (233) it is possible to define on the
exterior algebra (S?) both a scalar product,

(2.34) <a8nw=AsA@€haé@@®ya

and an hermitian inner product,

(2.35) €505 = [¢ )= [@.a5e
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An evaluation on a non hermitian basis in Q(S%) presents the differences between the non vanishing
terms of two bilinear forms:

<1’1>S3 =1,
- - 1 -
<w*aw+>5’3 = <W+,w,>33 = %7 <wZ7wZ>SS = 1,
- . - - - - 1 . . . 1
(W4 N2, W NDz)gs = (- AWz, 04 NWy)gs = 0 (G- Ny, O- Ny)gs = Pk
(2.36)  (0,0)gs = 1;
while
<171>§3 = 1a
-~ -~ 1 e~
<w—’w—>53 = <W+,w+>53 = %a <Wzawz>53 = 1;
. - . e~ - . e~ 1 - - . o~ 1
<W+ /\wzaw—i- /\Wz>53 = <W— AWy, w— sz)ss = %, <W_ /\w+,w_ /\W+>S3 = m;

237)  (0.0)3 =1.

2.3. The principal bundle structure and the monopole connection. Consider the one pa-
rameter subgroup of SU(2) given by 7. (s) = exp sT, where T, is the generator in (2I0)). In this specific
matrix representation it is

is {1 0 ez 0
(2.38) 1. (s) = exp [5 ( 0 -1 )] = ( 0 o—i5/2 ) )

thus proving that 7, (s) ~ U(1) as a subgroup in SU(2). The space of left cosets SU(2)/U(1) is
the set of the orbits of the right principal action fexps7,(9) = gexp sT, which is free, and smooth; its
infinitesimal generator coincides with the vector field L. (29). As already mentioned the canonical
projection 7 : SU(2) — SU(2)/U(1) gives a principal bundle whose vertical field is L,. A formulation
for a principal bundle atlas on a homogeneous space is extensively analysed in terms of local sections
[20), 28]. This section describes in detail how a principal bundle atlas is introduced [15, [35] defining
suitable trivialisations.
Parametrise S3 by

u = cos /2P TV)/2

v =sinf/2e 1 P¥)/2
with 0 < 0 < 7 and ¢,9 € R, the Hopf map 7 : SU(2) — S? ~ SU(2)/ U(1) is defined by:

b, = uu* — vv* = cosb,
by = uv™ +vu* =sinf cos p,
(2.39) by = —i(vu™ — uv®) = —sinfsin ¢
with b2 4+ b2 4 b = 1. It is immediate to see that 7(u,v) = w(u’,v’) if and only if u' = ue’® and v' = ve'™

with @ € R: this is also a way to recover that the projection has the standard fibre U(1). A choice for
an open covering of the sphere S? is given by:

S(2N) ={5*:0. #1} = W_l(S(QN)) = S(3N) = {57 : v #0},
(2.40) Slsy = {S% 1 b, # —1} = 7 (S{s) = S(s) ={8% 1 u#0},
with S(Bj) ~ S(Qj) x U(1) via the diffeomorphisms:
9= (w0) € Sty Aw(9) = ((9); 17) € Sty x V(D)
92 (u) € Sy Xsl9) = ((9)i 1) € Sty x V().
The set of transition functions associated with this trivialisation is given by )\;,S = AsNy = Ag o0 )\71 :

(8’2 )OS(S)) U(1) — U(1). Choose b ~ (0, ¢) € S%N)HS(QS). The element (b, e'*) € (8’2 )OS(S)) (1)
9



is mapped into

; b, — ib , 1-0b, .,
AV (D, ) = (u= —2L—2—¢'% v =1 —=¢) 57
W) = (= Do) e sy,
= As 0 Ay (b;e™®) = (b, e¥ei).

This means that Agy (b) - €’ = e?¥e’®. The transition functions describe a left action of the U(1) gauge
group on itself, and trivially satisfy the cocycle conditions.
For any integer n there is a representation of the gauge group,

(2.41) Py U(1) — C7, Pny(€) = ™

so that for any n € Z there is a line bundle &,, = SU(2) x,,,, C associated to the principal Hopf bundle.
Since the representations of the gauge group given in (241 are defined on C, the set Q7(S3,C) pmy =
Q"(5%) of p(n)(U(1))-equivariant r-forms on the Hopf bundle can be easily described in terms of the

action of the vertical field of the bundle, giving the infinitesimal version of the definition in (1)) (with
r=20,...,3)

(2.42) V(8%)py = {0 € Q' (S°) : 1(9) = piy (K)d & La(0) = —%nqb}-

The sets Q"(5%),,,., are C*(5?%)-bimodule. The horizontal p,)(U(1))-equivariant r-forms are given as:

P(n)
(2.43) ) ={p € Q(5%),,, : ir.(¢) =0}

for r > 0: one obviously has E%B) = (), while

(2.44) e =Q0%(8%),, ={p€ C®(5%) :1i(¢) = ¢ & L.(¢) = —(in/2)¢}.

With T(")(S2,&,) the set of £,-valued r-forms defined on S2, the isomorphisms in ([Z.2)) can be written
as isomorphisms of C°°(S?)-bimodule

(2.45) r(s?g,) ~ g,

They formalise the equivalence between r-form valued sections on each line bundle &, and p¢,)(U(1))-
equivariant horizontal r-forms of the principal Hopf bundle. This equivalence can be described — as in
[29] — using the local trivialisation (Z40). A global, algebraic description of them, naturally conceived for
the generalisation to the non commutative setting, is in [23], and it is based on the Serre-Swan theoreml].

Given n € Z, consider an element \il(”)> € C(8%)I"*+1 whose components are given by:

n>0: ’\i;<n>> < n )Wa"“ e £
(2.46) n<o: ’\i/<">> = ( i )U"l_“u“ c £
Iz K
with g =0,...|n|. Recalling the binomial expansion it is easy to compute that:
n>0: <\i'("),\il(")> = Z < " ) u" "Rt a" T = (au + ov)" = 1,

— H

pn=0

In|
(2.47) n<o0: <\i:<">,\if<">> => < |Z| ) ar ol =yl =iyl = (gu + oo)" = 1.

pn=0

The ket-bra element p(™) = ‘\i/(”)> <\il(") € MI"+1(C*(8?)) is then a projector in the free finitely
generated module C>(S2)I"1+1 as it satisfies the identities (p))T = p™), (p(™)? = p(™. The matrix

IThe theorem of Serre and Swan [34] constructs a complete equivalence between the category of (smooth) vector
bundles over a (smooth) compact manifold M and bundle maps, and the category of finite projective modules over the
commutative algebra C'(M) of (smooth) functions over M and module morphisms. The space I'(M, £) of (smooth) sections
of a vector bundle g : £ — M over a compact manifold M is a finite projective module over the commutative algebra
C(M) and every finite projective C'(M)-module can be realised as a module of sections of a vector bundle over M.
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: each projector p(™ has rank 1, because

v

elements of the projectors are given by ﬁﬁﬁ,) = ‘\fl(")> <\fl(”)
n

its trace is the constant unit function given by

In|
(2.48) trp™ = }w b =1,
2 [

m

Consider the set of p(,)(U(1))-equivariant map 20 as a left module over C>=(8?) C C*>(83): any
equivariant map ¢ € £ can be written in terms of an element (f| € C=(8%)InH1 ag

In|

o = (£ 97) = (1], [80)
0

pn=

m

Given the set I'(©) (82, &) of sections of each associated line bundle &, the equivalence with the set E%O)
of p(n)(U(1))-equivariant maps of the Hopf bundle is formalised via an isomorphism between C*°(52)-left
modules, represented by:

rs2 &,) v
ol = (1B o (00)
(2.49) orl =0 (] o o= (o, ¥

for any (f| € C>(S?)I"I*1. Since from this definition it is (of|p™ = (0|, this isomorphism enables to
recover (07| € T(0(S2,&,) ~ C=(8?)"+1p() An explicit computation from (ZII) and Z2I)) gives:

L@y) =i, = @, e el
(2.50) L@ )=—in. = @ eV
so that for any n € Z the set of p(,)(U(1))-equivariant horizontal 1-forms of the Hopf bundle is
(2.51) e = {p=¢'a +¢": ¢ € £Pand¢” € £}

For n = 0 one also recovers from (23]) the equivalence ES) ~ 01(S?), so to have the C>°(S?)-bimodule
identification £4 ~ Q1(52) R (52) 29 For r = 1 the isomorphism in ZZ5) can be written as:

T((8%,&,) = Q(S?)lmH . ) o L) > 0NS?) @ (s2) £,
(2.52) (o] = ¢ <\iz<"> o $= <a, ¢:<">> .

Given any ¢ € ):5}’, set (o] = ¢ <\il(")

mapping, consider (o] € Q1(S?)"*+1p(™) with components (o], € Q1(S?%) in the bra-vector notation,

€ Q1(8%)I"+1 50 to have (o] = (o] p(™). To write the inverse

satisfying (o], ﬁfffj) = (0|,,. Define ¢ = <0, \i/(”)>: it is then straightforward to recover that ¢ € 2V and
that (o], = ¢ <\i/<”>

“w
The same path can be followed to analyse the higher order forms. One has L.(w_ A@y) = 0, so the
C>°(S5?)-bimodule of horizontal p,)(U(1))-equivariant 2-forms of the Hopf bundle is given by

(2.53) LD ={p=¢"0_Noy: ¢" € &P} =~ Q*(S?) ®cw(s2) £V

for any n € Z. It is clear that for r = 2 the isomorphism in ([2.45]) can be written as:
TE(S%,8,) = QXS o g > 0%(S?) @o(sr) £,

(2.54) (o] = ¢ <\i/<"> o ¢= <a, \i/<">> :

The most natural choice of a connection, compatible with the local trivialisation, is given via the
definition, as a C-valued connection 1-form, of

(2.55) w= %(:)Z = (v*du + v*dv).
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It globally — i.e. trivialisation independent — selects the horizontal part of the tangent space as the left
C*(S%)-module H“)(S%) C %(S%) = {L+} since w(L+) = 0. On the basis of left invariant vector fields

the horizontal projection acts as L( ) — =Ly L( “) = .

2.4. A Laplacian operator on the base manifold $2. The canonical isomorphism expressed in
(Z3) allows to recover the exterior algebra 2(S5?) on the basis of the Hopf bundle as the set of horizontal
forms in ©Q(S3) which are also invariant for the right principal action of the gauge group U(1). Recalling
the definition of the C°°(S?)-bimodules of p(,)(U(1))-equivariant forms given in (Z51) and ZE3), it is
possible to identify

Q0(%) = C>(5) =~ £f;
QNS = &) = {p= b +¢"0r: ' € £, 0" € &);
(2.56) 02(8?) ~ el = {fo_ray: fe el =c=(s%),

where all such identifications are C°°(S?)-bimodule isomorphisms.
On the basis manifold S$? ~ SU(2)/U(1) = ©(SU(2)), whose trivialisation is given in (2.40), consider
the metric

and its associated volume 0 = a @, A Wy = 2iccw_ A w4 = i1 0 in terms of the volume on the group
manifold S3. The corresponding Hodge duality is the C°°(S?)-linear map * : Q¥(S2?) — Q27%(5?) given
by:

(2.58) *(0) =1, *(1) = )9

(@) = i¢"os, (o) = it

with ¢’ € 2(_0% and ¢" € Eéo). The Laplacian operator on S? can be now evaluated:
1

(2.59) Ogef =+dxdf = 3=(LiLo+ L_L.)].

It corresponds to the action of the Laplacian (gs ([Z28)) on the subalgebra algebra C>°(S?%) C C°°(S3).

Remark 2.1. Given the Hodge duality [258]), the expression (231 defines a bilinear symmetric tensor
() )ge : QF(S?) x QF(5?) — C°°(S?) (with k =0,1,2):

(2.60) (€ €)52 0 =EN(E),
for any €,&" € QF(S?). Its non zero terms are given by:

(L)g =1

(-, ¢ ) ge = (¢G4, P00 ) g = ¢'¢" [20;
(2.61) (6,0) g, =

such a tensor coincides with the restriction to the exterior algebra Q(S?) of the analogue tensor { | )gs-
The expression

(2.62) (€, &) 520 =€ A (x€),

with again &, € QF(S?), defines a bilinear map on Q(S?), which coincides with the restriction of the
bilinear map ( , )gs to Q(S?):

IL)s =1

(66, YoV = 5t d = ($o-, Yo )5,

(@04 034G = 0 = (07000
(2.63) (0,0) g, =1=(2iad_ A&y, 2iad_ A@y)Gs

for any ¢’ 4 € 2@% and ¢" " € 2%0).
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Remark 2.2. Introducing from the volume form 6 an integral fé : 0%(8?) — C with the normalisation
J;0 =1, the bilinear maps in ZBQ) and Z62) give on the exterior algebra Q(S?) a symmetric scalar
product and a hermitian inner product, setting:

(2.64) €€)s = [ €n )
(2.65) 6% = [ € A0,

It is clear that they coincide with the restrictions to Q(S?) of respectively 234) and [2.35).

3. The quantum principal Hopf bundle

This section describes a quantum formulation of a Hopf bundle. It starts with a description of the
algebraic approach to the theory of differential calculi on Hopf algebras coming from [38], [21] and then
algebraically presents the geometric structures of a principal bundle.

3.1. Algebraic approach to the theory of differential calculi on Hopf algebras. The first
order differential forms on the smooth group manifold SU(2) ~ S3 have been presented as elements in
the space X*(S?), or more properly as sections of the cotangent bundle 7*(S5?). The set Q'(S3) ~ X*(S5?)
of 1-forms is a bimodule over C*°(S?), with the exterior derivative d satisfying the basic Leibniz rule
d(ff) = (Af)f'+ fdf for any f, f' € C>(S3). Moreover, being S* a compact manifold, any differential
form 0 € Q'(S3) is necessarily of the form 6 = frdf] (with k € N).

In an algebraic setting, these properties are a definition. Given a C-algebra with a unit A and Q a
bimodule over A with a linear map d : A — Q, (Q,d) is defined a first order differential calculus over A
if d(ff) = (df)f" + fdf for any f, f' € A and if any element 6 € 2 can be written as § = >, frdf;
with fi, f; € A.

For a C-algebra with unit A, any first order differential calculus (©2'(.A),d) on A can be obtained
from the universal calculus (Q'(A)yn,d). The space of universal 1-forms is the submodule of A ® A
given by Q'(A)yn = ker(m : A® A — A), with m(a ® b) = ab the multiplication map. The universal
differential § : A — Q' (A)yn is da = 1®a—a® 1. If N is any sub-bimodule of Q2!(A),, with projection
an QY (A)un — QHA) = QY (A)yn /N, then (QL(A),d), with d := mpr 06, is a first order differential
calculus over A and any such a calculus can be obtained in this way. The projection 7ar : Q' (A)wn —
QN(A) is T (X, ai @ b)) = >, a;db; with associated subbimodule N = ker .

The concept of action of a group on a manifold is algebraically dualised via the notion of coaction
of a Hopf algebra H on an algebra A: if the algebra A is covariant for the coaction of a quantum
group H = (H,A,¢,S5), one has a notion of covariant calculi on A as well, thus translating the idea of
invariance of the differential calculus on a manifold for the action of a group. Then, let A be a (right,
say) H-comodule algebra, with a right coaction A : A — A ® H which is also an algebra map. In
order to state the covariance of the calculus (2!(A),d) one needs to extend the coaction of H. A map

Ag) : QY A) = Q1 (A) @ H is defined by the requirement
AR (Af) = (A ®id)AR(f)
and bimodule structure governed by
AR (fAf) = Ar(HAR (Af),
AR (AN)F) = AR AN AR
The calculus is said to be right covariant if it happens that
(deA)AY = (A @id)AY
and
(idwe)AM) = 1.

A calculus is right covariant if and only if for the corresponding bimodule N it is verified that A%) W) C

N ® H, where Agzl) is defined on A/ by formulze as above with the universal derivation ¢ replacing the
derivation d:

(3.1) AD () = (5 @id)AR(f).



Differential calculi on a quantum group H = (H, A, e,S) were studied in [38]. As a quantum group
consider a Hopf x-algebra with an invertible antipode: the coproduct A : H — H ® H defines both a
right and a left coaction of H on itself:

A% (dh) = (d® 1)A(R),
(3.2) AN (dh) = (1@ d)A(n).

Right and left covariant calculi on H will be defined as before. Right covariance of the calculus implies
that Q'(#) has a module basis {n,} of right invariant 1-forms, that is 1-forms for which

AR () =ma @1,
and left covariance of a calculus similarly implies that Q!(#H) has a module basis {w,} of left invariant

1-forms, that is 1-forms for which A(Ll)(wa) = 1® w,. In addition one has the notion of a bicovariant
calculus, namely a both left and right covariant calculus, satisfying the compatibility condition:

(deal) o Al) = (AP @id) o AD.
Given the bijection
(3.3) r HOH—-+HOH, r(h@h') = (h@1)A(K),

one proves that r(QY(H)u,) = H @ kere. Then, if @ C kere is a right ideal of kere, the inverse
image Ng = r71(H ® Q) is a sub-bimodule contained in Q!(H),,. The differential calculus defined by
such a bimodule, QY(H) = Q' (H)un/Ng, is left-covariant, and any left-covariant differential calculus
can be obtained in this way. Bicovariant calculi are in one to one correspondence with right ideals
Q C kere which are in addition stable under the right adjoint coaction Ad of H onto itself, that is
Ad(Q) € Q ® H. Explicitly, one has Ad = (id®@m) (1 ®id) (S ® A) A, with 7 the flip operator, or
Ad(h) = hz) ® (S(h(l))h(g)) using the Sweedler notation Ah =: h(1) ® h(z) with summation understood,
and higher numbers for iterated coproducts.

Given the x-structure on H, a first order differential calculus (Q2'(#),d) on H is called a *-calculus
if there exists an anti-linear involution * : QY(H) — QY(#H) such that (hi(dh)hs)* = hi(d(h*))h} for
any h,hi,ha € H. A left covariant first order differential calculus is [38] a *-calculus if and only if

(S(@))* € Qforany Q € Q. In such a case the x-structure is also compatibe with the left coaction A(Ll)

of % on Q1 (H): AV (dh*) = (AM (dh))*.

The ideal Q also determines the tangent space of the calculus. This is the complex vector space of
elements {X,} in H' defined by

Xo:={XeH : X(1)=0,X(Q)=0,VQe Q},

whose dimension, which coincides with the dimension of the calculus, is given by dim Xo = dim(ker ey /Q).
If the vector space Xg is finite dimensional, then [21] its elements X, belong to the dual Hopf algebra

H° C H'. Given an infinite dimensional Hopf x-algebra H and the set H’ of its linear functionals, the

set H' @ H' is a linear subspace of (H ® H)’ obtained via the identification X ® Y € H' ® H’ with the

linear functional on H ® H determined by (X ® Y)(h1 ® h2) = X (h1)Y (hg). For any X € H’ consider

AX as the element in (H ® H)' defined by AX (h; ® ha) = X (h1ha). The space H° C H' denotes the

set of linear functionals X € H’ for which AX € H' @ H’, i.e. there exist functionals {Y,},{Z,} € H’

—with a,b=1,...,r; r € N — such that

X(hihy) =Y Yi(m)Zi(ha) &  AX =) Yi®Z.
=1 =1

Dualising the structure maps from H to H' via:

X1Xo(h) = X1(h1)) Xa(h(2)),

e (X) = X(1),
(S (X)) (h) = X(S(h)),
l’H'(h) = E(h)v

(34) X*(h) = X(5(h)")

for any X, X1,X> € H' and h, hi,ho € H, the dual H° is proved to be the largest Hopf *-subalgebra
contained in H'. The presence of a *-structure on a first order left-covariant differential calculus can
14



be translated into a condition on the quantum tangent space: (Q'(#),d) is a left-covariant differential
calculus if and only if X5 C Xg with H' endowed by the complex structure in (3.4).
The exterior derivative can be written as:

(3.5) dh:=Y " (Xo>h) wa,
in terms of the canonical left and right H’-module algebra structure on H given by [37]:
Xp>h:= h(l)(X(h(Q))),
(36) haX = X(h(l))h(Q)
Left and right actions mutually commute:
(X1 Dh)<]X2 :X1 D(h<]X2),
and the x-structures are compatible with both actions:
Xoh* = ((S(X))"5h)",
h*<X = (ha(S(X))*)", VX e H heH.
Given the two Hopf x-algebras H = (H,A,e,S) and U = (U, Ay, cu, Su), they can be dually paired.
This duality is expressed by the existence of a bilinear map (, ) : i x H — C such that:
(Ay(U), h1 ® ha) = (U, hiha)
(U1Uz, h) = (Uy @ Uz, A(h)),
(U 1) = eu(U),
(3.7) (1,h) = <(h)
for any U, € U(H) and hy, € H. The pairing is also required to be compatible with #-structures:
(U, h) = (U, (S(h))*),
(3.8) (U,h") = {(Su(U))*, h).
Such a dual pairing has the property that (Sy(U),h) = (U,S(h)). A dual pairing can be defined on
the generators and then extended to the whole algebras following the relations [B.7): it is called non
degenerate if the condition (U, h) = 0 for any h € H implies U = 0, and if (U,h) = 0 for any U € U
implies h = 0.
It comes from this analysis out that via a non degenerate dual pairing between the two Hopf algebras
H and U , it is possible to regard U as a Hopf *-subalgebra of H°, and ‘H as a Hopf *-subalgebra of U°,
after the identifications U(h) = h(U) = (U, h) for any U € U and h € H. A further comparison among
relations (3.4]) and [B.1) shows that H and H° are dually paired in a natural way, with a pairing which

is non degenerate if H° separates the points in H.
The derivation nature of elements in Xg is expressed by their coproduct,

AXa) =10 X+ Xb @ foa,
with the elements f,, € H° having specific properties [38]:
A(fab) = fac ® febs
e(fab) = bab,
S(fav) foe = favS(foe) = Sac-
These elements also control the commutation relation between the basis 1-forms and elements of H:

wah = (fav > M),
hwo =3 wy (S (fa))>h)  for heH.

For a left covariant differential calculus, the elements X, € Xg play the role which is classically played by
the vectors tangent to a Lie group manifold at the group identity: the first of equations (86 transforms
them into the analogue of left invariant derivations on the Hopf algebra of functions on the group. Their
dual forms w, play the role of the left invariant one forms. For a bicovariant differential calculus it is
possible to define a basis of the bimodule of 1-forms which are right invariant. The right coaction of H
on QY (H) defines a matrix:

(39) Ag{l) (Wa) =wp ® Jba
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where J,; € H. This matrix is invertible, since S(Jup)Jbe = Oac and JopS(Jpe) = dqc; it satisfies the
properties A(Jup) = Jae @ Jeb, €(Jap) = dap and can be used to define a set of 1-forms:

(3.10) Na = wWpS(Jba) < Nadab = Wh

which are right invariant:

(3.11) AW (na) =m0 @ 1.

On the basis of right invariant 1-forms, the exterior derivative operator acquires the form:

(3.12) dh =n,(h<«Y,)

where Y, = —S71(X,) are the analogue of the derivations associated to right invariant vector fields.

Equation ([2.24) is then represented, in an algebraic approach to the theory of differential calculi, by
B3) and BI2). The derivation nature of Y, as well as the commutation relation between the basis of
right invariant 1-forms and elements of H are ruled by the same elements f,;, € U(H) [2]:

AYa)=Ya® 1+ 57 (foa) ®Y
Nah = (h<.S7(fab)) b
hita = m(h < (S (fan))-

3.2. Quantum principal bundles. An algebraic formalisation of the geometric structures of a
principal bundle has been introduced in [6] and refined in [7]. A slightly different formulation of such a
structure is in [12}, 13]; an interesting comparison between the two approaches is in [14].

Following [6], consider as a total space an algebra P (with multiplication m : P ® P — P) and as
structure group a Hopf algebra . Thus P is a right H-comodule algebra with coaction Ap : P — PRH.
The subalgebra of the right coinvariant elements, B =P" = {p € P : Arp =p® 1}, is the base space
of the bundle. At the ‘topological level’ the principality of the bundle is the requirement of exactness of
the sequence:

(3.13) 0= P(LB)un)P — QY P)un > PO kerey — 0
with QY (P)yn and Q(B)y, the universal calculi and the map yx defined by
(3.14) X: PP = PoH, x = (m®id) (id®AR),

or x(p'®@p) = p’Ar(p). The exactness of this sequence is equivalent to the requirement that the analogous
‘canonical map’ PP — PRH (defined as the formula above) is an isomorphism. This is the definition
that the inclusion B < P be a Hopf-Galois extension [33].

Remark 3.1. The surjectivity of the map x appears as the dual translation of the classical condition that
the action of the structure group on the total space of the principal bundle is free. In the classical setting
described in section [, given the principal bundle (P,K,[M],r), the condition that the right principal
action ry, is free can be written as the injectivity of the map:

PxG — PxyP, (p, k) — (p,tx(p)),

whose dualisation is the condition of the surjectivity of the map x.

With differential calculi on both the total algebra P and the structure Hopf algebra H one needs
compatibility conditions that eventually lead to an exact sequence like in [BI3) with the calculi at hand
replacing the universal ones. Then, let (Ql(P), d) be a H-covariant differential calculus on P given via
the subbimodule Np € (' (P)un), and (2*(H),d) a bicovariant differential calculus on H given via the
Ad-invariant right ideal Qg € kere. In order to extend the coaction Agr of H on P to a coaction of H
on Q(P), one requires Ar(Np) C Np @ H. The coaction Ag of H on Np C P ® P is understood as a
usual coaction of a Hopf algebra on a tensor product of its comodule algebras, i.e.

The condition Ar(Np) C Np ® H is equivalent to the condition (BJ]).

The compatibility of the calculi are then the requirements that x(ANp) C P ® Q and that the map
~ap: QY P) = P @ (kerey/Qy), defined by the diagram

OH(P)un = ai(P)
(3.15) b x b~
id ®71'QﬁH

PRkerey —"° P& (kerey/Qx)
16



(with mar and mg,, the natural projections) is surjective and has kernel
(316) ker ~MNp— PQl(B)P = lelor(P)'

Here Q'(B) = BdB is the space of nonuniversal 1-forms on B associated to the bimodule N := Np N
QY (B)un. These conditions ensure the exactness of the sequence:

(3.17) 0 = PAB)P - U(P) 2B P& (keren/Qu) — 0.
The condition x(/\fp) C P ® Qy is needed to have a well defined map ~nas,: with all conditions for
a quantum principal bundle (P, B, H; Np, Q) satisfied, this inclusion implies the equality x(Np) =
P ® Q. Moreover, if (P,B,H) is a quantum principal bundle with the universal calculi, the equality
X(Np) = P ® Qy ensures that (P, B, H; Np, Q) is a quantum principal bundle with the corresponding
nonuniversal calculi.

Elements in the quantum tangent space Xo,, (H) giving the calculus on the structure quantum group
H act on ker ey /Qy via the pairing (-, -) between H° and H. Then, with each £ € Xg,,(H) one defines
a map
(3.18) E:QYP) =P, &= (1d®E) o (~np)
and declare a 1-form w € Q'(P) to be horizontal iff & (w) = 0, for all elements ¢ € Xg,, (H). The
collection of horizontal 1-forms is easily seen to coincide with Q}_ (P) in B.IG).

3.3. A topological quantum Hopf bundle. As a step toward a quantum formulation of the
classical Hopf bundle 7 : S* — S? this section will describe, following [24], a topological U(1)-bundle [6]
over the standard Podle$ sphere Sg [30], with total space the manifold of the quantum group SU,4(2).

3.3.1. The algebras. The coordinate algebra A(SU,(2)) of the quantum group SU,(2) is the *-algebra
generated by a and ¢, with relations

ac =qca ac* =qc*a cct = c’c,
(3.19) a*a+c*c=aa* + ¢*ect = 1.

The deformation parameter ¢ € R is taken in the interval 0 < ¢ < 1, since for ¢ > 1 one gets isomorphic
algebras; at ¢ = 1 one recovers the commutative coordinate algebra on the group manifold SU(2). The
Hopf algebra structure for A(SU4(2)) is given by the coproduct:

sle el
C a & a (& a

antipode:

and counit:
a —qc* | |10
“le o 10 1|
The quantum universal envelopping algebra U, (su(2)) is the Hopf *-algebra generated as an algebra
by four elements K, K ', E, F with KK ! =1 and subject to relations:
K*E = ¢tEK*,
K*F =¢TFK*®,
K? - K2
(3.20) (B, F] = ———.
qa—4q

The *-structure is
K*=K, E*=F, F*=F
and the Hopf algebra structure is provided by coproduct:
A(K*) = K* @ K,
AE)=E®K+K '®E,

A(F)=F® K+ K '®F;

)

antipode:
S(K):K_la S(E):_an S(F):_q_lF;



and a counit:
e(K) =1, e(F)=¢e(F)=0.
From the relations ([3.20), the quadratic quantum Casimir element:
gK? -2+ ¢ 'K—2
(g—q7')?
generates the centre of U, (su(2)). The irreducible finite dimensional #-representations oy of U, (su(2))
(see e.g. [25]) are labelled by nonnegative half-integers J € 1N (the spin); they are given byld

oy(K) |J,m)=q" |J,m),
(3.23) oy (B) [J,m) = /[J —m][J +m+1] |J,m+1),
oy (F) |J,m) =+/[J—m+1][J +m] |J,m—1),

(3.21) C, = +FE-—1

where the vectors |J, m), for m=J, J—1,...,—J + 1,—J, form an orthonormal basis for the (2J + 1)-
dimensional, irreducible U, (su(2))-module V;, and the brackets denote the g-number. Moreover, o is a
s-representation of U, (su(2)), with respect to the hermitian scalar product on V; for which the vectors
|7, m) are orthonormal. In each representation V, the Casimir (B.2])) is a multiple of the identity with
constant given by:

(3.24) 4 = [T+ 47 -1

The Hopf algebras U, (su(2)) and A(SU4(2)) are dually paired. The bilinear mapping (-, -) : Uy (su(2))x
A(SU,4(2)) +— C compatible with the *-structures, is set on the generators by:

(K,a)=q "2, (K" a)=q"?,
<K,a*>:q1/2, <K_1,a*>:q_1/2,
(3.25) (B,c) =1, (F,c*)y=—q",

with all other couples of generators pairing to 0. Since the deformation parameter ¢ runs in the real
interval range )0, 1[, this pairing is proved [21] to be non degenerate. The canonical left and right actions
of Uy(su(2)) on A(SU4(2)) can be recovered by:

K*va®*=qT3a®* Fpa®=0 Eva® = —qB9/2[s]a"c*
(3 26) KT g = q:tga*s Fpa*s = q(lfs)/2[s]ca*sfl Eva*™ =0
' K*pcet =qFice Frc®=0 Evc® =q =925l a*
KEp s = qi%C*s Fpe*s = _q—(1+s)/2[s]ac*s—1 Ebc* =0;
and:
a*aK* =qT3a°  a®<aF = ¢ V/2[s)cas? a*<aE=0
(3 27) asa Kt = qi%a*s asSaF =0 S a9 E = _q(3—s)/2[8]c*a*s—1
' caK*T =qtacs cf<aF =0 ¢ <9E = qtY/?[s]c51a
S g Kt = ngc*s S qF = 7(](573)/2[5]0,*0*571 S aFE =0.

Denote A(U(1)) := C[z, 2*] /< zz* — 1 >; the map 7 : A(SU,4(2)) — A(U(1)),

a —qc* | |z O
. o]z 0]
is a surjective Hopf %-algebra homomorphism, so that A(U(1)) becomes a quantum subgroup of SU4(2)
with a right coaction,

(3.29) Ap = (id@r)o A : A(SU,(2)) — A(SUL(2)) ® A(U(1)).

2The ‘g-number’ is defined as:

(3.22) @] = [elg = L

for ¢ # 1 and any = € R.
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The coinvariant elements for this coaction, elements b € A(SU,4(2)) for which Ar(b) = b® 1, form a
subalgebra of A(SU,(2)) which is the coordinate algebra A(S?) of the standard Podles sphere S?. From:

Agr(a) =a® 2,

Agp(a*)=a" ® 2",

Ag(c) =c® z,
(3.30) Ap(c")=c"®2z"

as a set of generators for A(Sﬁ) one can choose:

(3.31) B_ := —ac", By = gea®, By := i j_ Z q’cc”,

satisfying the relationsd:

¢ -4 5
B_By = B_ BoB_
0 [1+q2 +q 0 ]a
q2—1 2
B.By=|——8B ““BoB
+50 [q2+1 ++q "BoByl,

BiB_=q[¢*Bo—(1+¢)7'] [¢?Bo+ (1+q7%)7"],
B_Bi=q[Bo+(1+¢) " [Bo—(1+q¢ 7],
and *-structure:
(Bo)" = B, (B+)" = —qB-.
The sphere S? is a quantum homogeneous space of SU,4(2) and the coproduct of A(SU,4(2)) restricts to
a left coaction of A(SU,4(2)) on A(SZ) which on generators reads:

AB_)=d*®B_ - (1+q ?)B_® By + ¢? ® By,
A(By) = qac® B +(1+q ?)By® By — c*a* @ By,
ABy)=¢**®@B_+(1+q *)By ® By +a*?> ® By.

3.3.2. The associated line bundles. The left action of the group-like element K on A(SU,(2)) allows
[27] to give a vector basis decomposition A(SU4(2)) = Bzl where

(3.32) L9 = {x € ASU,(2)) : Kvx = q"/*z}.

In particular A(Sﬁ) = Ego). One also has E%O)* - E(_O,)L and L&O)dfi) C E;Olm. Each L',%O) is a bimodule
over A(Sﬁ); relations (B30) show that they can be equivalently characterised by the coaction Ag of the

quantum subgroup A(U(1)) on A(SU4(2)):
(3.33) LO = {z e ABSU,?2)) : Ag(z) =z 2"}

This equation appears as the natural quantum analogue of the classical relation ([2.44)), introducing
Y ¢ A(SU,4(2)) as A(S2)-bimodule of co-equivariant elements with respect to the coaction ([B29) of
the gauge group algebra. The relation (3.32) can then be read as an infinitesimal version of that in
B33). The classical 29 are recovered as rank 1 projective left C°°(S?)-modules: the analogue property
in the quantum setting was shown in [31]. Each £ s isomorphic to a projective left A(S?)-module
of rank 1. These projective left A(S?)—modules give modules of equivariant maps or of sections of line
bundles over the quantum sphere Si with winding numbers (monopole charge) —n. The corresponding
projections [8} [17] can be explicitly written. Given n € Z, consider an element [U(™)) € A(SU,(2))I"I+1
whose components are:

n>0: }\p(n)> _ /—ﬂn”u R ¢ E%O),
m
_ _ g~ 2(n—j)
. —1- — 2K n-t(l—g _
(3.34) where : Bn,o =1; B =4q | |j:0 (1—q_2(j+1)) , p=1,....n

31 should like to thank T.Brzezinski, who noticed that the commutation relations among the generators B; of the
algebra A(S2) written in [24] are not correct.
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n<0: ‘\P(")> =./Qnp clnl=tar ¢ E%O),
o

In|—p—1 /1 — qQ(‘”|_j)
(335) where : Qp.0 = 1, Oén,u = H_j:o (m s n = 1, ey |TL|

Using the commutation relations (3I9) and the explicit form of the coefficients in ([334) and [B.37), it
is possible to compute that:

n>0: <\Il(”), \IJ(")> = Zn oﬂ”’“ a""Het et = (aa* + ¢Pec®)" =1,
y=
(3.36) n<0: <\I/(”), \Il(")> = Z|n|0 @ et R =it — (g*a + )"l =1
=
so that a projector p(™) € M, ;1 (A(S2)) can be defined as:

(3.37) p™ = ’q,<n>> <\p<n>

which is by construction an idempotent - (p(”))2 = p™ - and selfadjoint operator - (p(”))Jf = p™ - whose
entries are:

n>0: (n) _ \/mc a* TR T Y € A(S2)
(3.38) n<0: pW = /U iy MRl g MY ¢ A(Sg).

The projections (337) play a central role in the description of the quantum Hopf bundle. As a
first application one can prove that the algebra inclusion A(S?) < A(SU4(2)) satisfies the topological
requirements for a quantum principal bundle, when both the algebras are equipped with the universal
calculus.

Proposition 3.2. The datum (A(SU4(2)), A(S?), A(U(1))) is a quantum principal bundle.
PROOF. The proof consists of showing the exactness of the sequence
0 — A(SU4(2)) (21(S2)un) A(SU4(2)) = Q1(SU4(2))un — A(SU4(2)) ® kereyry — 0

or equivalently that the map x : Q! (SUq(2))un — A(SU4(2))@ker ey (1) defined as in (3.14) — and with the
A(U(1))-coaction on A(SU4(2)) given in (3.29) — is surjective. Given an element z € £ c A(SU,4(2)),
from (B33) the map x acts as:

(3.39) x@0zr)=x1l®@z—2@l)=zx (7" —-1).

A generic element in A(SU4(2)) ® kereyqy is of the form 2 ® (2™ — 1) with n € Z and = € A(SU,(2)).
To show surjectivity of x the strategy is to show that 1 ® (2™ — 1) is in its image since left A(SU,(2))-
linearity of x will give the general result: if v € Q*(SU4(2))yn is such that x(y) = 1 ® (2" — 1), then
X(@y) = 2(1®(2"—-1)) = 2® (2" —1). Fixed now n € Z, define an element v in A(SU,(2)) as
v = (¥ 58 () following (3.34) and B35). Since |¥(-) € E(P,)l, one computes that:

x(v) =1 (" -1),
thus completing the proof. Il
Next, it is possible to identify the spaces of equivariant maps K,(,O) — or equivalently of coequivariant

elements £\ — with the left A(S2)-modules of sections gD = (A(Sg))'"‘*lp(”). For this write any

element in the free module (.A(Sg))‘"“r1 as (f| = (fo, f1,-- -, fin)) with f, € A(S2). This allows to write
equivariant maps as

b i= (FU) =37 fur/ B for 00,
= Zln‘ fu anuc‘”l Kat for n <0.

making it straightforward to establish the proposition, which generalises to the quantum setting the

equivalence (2.49):
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Proposition 3.3. Given n € Z, let £Y) = (A(S2) " 1p™) - There is a left A(S2)-modules isomor-
phism:

L0 =5 0, o5 oyl = 67 (U] = (115,

with inverse

6D 2 L0, oyl = 16" 2 6y = (1,0

3.3.3. A Peter-Weyl decomposition of A(SU4(2)). The aim of this section is to describe the known
decomposition of the modules £ into representation spaces under the action of Uq(su(2)) [21]. From
(332)) one has a vector space decomposition A(SU4(2)) = Bzl | with

(3.40) BoL©® c £, FeL® c .
On the other hand, commutativity of the left and right actions of U, (su(2)) yields that
LOwh L, Yhel,(su?2)).

It has already been shown in [31] that there is also a decomposition,

(3.41) £O = b v,
_lnl Inl _, In|

J=T g Hhy A2

with VJ(") the spin J-representation space (for the right action) of U,(su(2)). Altogether it gives a
Peter-Weyl decomposition for A(SU4(2)) (already given in [37]).

More explicitly, the highest weight vector for each V}") in 4D is ¢/ "/ 2a*+7/2:

KD(CJ_n/2a*J+n/2) _ qn/2(CJ—n/Qas«J—i-n/Q)7
(CJ—n/Qa*J+n/2)<]K — qJ(CJ—n/Qa*J—i-n/Q)’

(3.42) (¢~ 2q* T2 g = 0.

Analogously, the lowest weight vector for each V](") in 340 is a’ /202
KD(aJ_n/2C*J+n/2) — qn/Q(aJ—n/QC*J—i-n/Q)’
(a-]*n/Qc*JJrn/?)qK _ qu(ann/2C*.]+n/2)7
(GJ_n/2C*J+n/2)<]E = 0.

The elements of the vector spaces VJ(n) can be obtained by acting on the highest weight vectors with the
lowering operator <E, since clearly (¢/="/2a*/+"/2) 4F € £ or explicitly,

Kb |:(CJ—n/2a*J+n/2) <1E:| _ qn/2 |:(CJ—n/2a*J+n/2) <1E:| )

To be definite, consider n > 0. The first admissible J is J = n/2; the highest weight element is a*™ and

the vector space Vn(72) is spanned by {a*"<E'} with | =0,...,n+1: Vn(72) = span{a*", c*a*" "1, ... c*"}.
Keeping n fixed, the other admissible values of J are J = s+ n/2 with s € N. The vector spaces ‘/;(:7)1 /2
are spanned by {c*a***"<aE'} with [ =0, ...,2s+n+ 1. Analogous considerations are valid when n < 0.
In this cases, the admissible values of J are J = s+ |n|/2 = s — n/2, the highest weight vector in
Vs(le /2 is the element ¢*~"a*®, and a basis is given by the action of the lowering operator <FE, that is
VS(fZL/Q = span{(c* "a**)<E', | =0,...,2s —n+ 1}.

From (B.40) one has that the left action F> maps E%O) to 5510_)2- If p > 0, the element a*P is the

(p)

/2 and one has that Fva*P o ca*P~1

*p—1

highest weight vector in V, . The element ca

p

vector in V;f}gﬁ) since one finds that (ca*?~1)<F = 0 and (ca*?~1)<K = ¢*/?(ca*?~1"). In the same vein,

the elements F'pa*P o« cfa*P~t are the highest weight elements in Vp(f;%) c EZ()O_)%, t=0,...,p. Once

again, a complete basis of each subspace V;f}j; 2t)
<B.

With these considerations, the algebra A(SU4(2)) can be partitioned into finite dimensional blocks
which are the analogues of the Wigner D-functions [36] for the group SU(2). To illustrate the meaning

is the highest weight

is obtained by the right action of the lowering operator

of this partition, start with the element a*, the highest weight vector of the space ‘/1(/12) Representing
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the left action of F> with a horizontal arrow and the right action of <F with a vertical one, yields the
box

*

a - ¢
1 A
—qct = a
where the first column is a basis of the subspace ‘/1(/12) , while the second column is a basis of the subspace
‘/1(/—21). Starting from a*? — the highest weight vector of V1(2) — one gets:
a*? - ¢ Y?2lear  — [2] ¢?
4 + +
—' 2 2l¢*a* = [2)(aa* —cct) — 22 ¢2ca
1 1 |
q? 2] e*? - —¢"?[2Pacr — [2]? a2
The three columns of this box are bases for the subspaces V1(2), Vl(o), 1(72), respectively. The recursive

structure is clear. For a positive integer p, one has a box W, made up of (p+1) x (p+ 1) elements.
Without explicitly computing the coefficients, one gets:

a*P = el S5 .. 5 et 5 L o cP
{ { { {
c*aP~l - ) e .. - ... = ac!
{ { { {
— = . > — —
{ { { {
a5 — - - ... = - — — a®cP™?®
{ { { {
— ) B =
{ { { {
c*P = ac?! S5 .. S agltePtt 5 L o aP

The space W, is the direct sum of representation spaces for the right action of U, (su(2)),

ot
Wy = @fzov;% g

and on each W, the quantum Casimir C; acts is the same manner from both the right and the left,
with eigenvalue B24), that is Cppw, = wp<aCy = ([pTH]Q — ) wy, for all w, € W,. The Peter-Weyl
decomposition for the algebra A(SU,4(2)) is given as

-2t
A(SUq(2)) = ®penWp = @pen (@fzovp(;)z )) :
A compatible basis with this decomposition is given by elements
(3.43) Wyt 1= Flba*<E" € Wy

for t,r = 0,1...,p. In order to get elements in the Podles sphere subalgebra A(Si) ~ K((JO) out of a
highest weight vector a*? we need p = 2l to be even and left action of F': Flva*? oc cla*! € A(Si).
Then, the right action of E yields a spherical harmonic decomposition,

(3.44) A(S2) = @renV;?,

with a basis of Vl(o) given by the vectors Floa*2<E", for r =0,1,...,2L.

3.4. A quantum Hopf bundle with non-universal differential calculi. Once described how
the inclusion A(SZ) < A(SU,(2)) has the structure of a topological quantum principal bundle, the aim
of this section is to describe non-universal differential calculi on the algebras A(SU,(2)), A(S2), A(U(1)),
and to show that these are compatible [6, [7].
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3.4.1. The left-covariant 3D calculus on SU4(2). The first differential calculus defined on the quan-
tum group SU,4(2) is the left-covariant one developed in [37]. It is three dimensional with corresponding
ideal Qgu, (2) C keregy, (2) generated by the 6 elements {a* +¢%a— (14¢%); ¢%; ¢*¢; *%; (a—1)¢; (a—1)c*}.
Its quantum tangent space turns out to be, in terms of the non degenerate pairing ([B.2H), the vector
space over the complex Xgy, (2) C Uy(s5u(2)), whose basis is

X_ =q¢ Y?FK,

Xy =q'?EK,
1— K*

3.45 X, = ——;
( ) 1 _ q72

their coproducts result:
AX, =12 X, + X, ® K*,
(3.46) AX: =1® X1+ X1 @ K2
The differential d : A(SU,(2)) — Q'(SU,(2)) is
(3.47) de=(Xyvr)wr + (Xopa)w_ + (X, >2)w,,
for all z € A(SU,(2)). This equation gives a basis for the dual space of 1-forms Q' (A(SU,(2))),
w, = a*da + c¢*dc,
w_ = c*da” — ga*dc”,
(3.48) wy = ade — geda,

of left-covariant forms, that is A(Ll)(ws) =1® ws, with A(Ll) the (left) coaction of A(SU4(2)) onto itself
extended to forms ([B.2]). The above relations [48) can be inverted to

da = —qc*wy + aw,,
da* = —¢%*a*w, + cw_,

de = a*wi + cw,,

(3.49) de* = —¢°c*w, — ¢ taw_.
A direct computation shows that (S (QSUq(z)))* C Qsu,(2)- This differential calculus is then a *-calculus,
with w* = —w; and w} = —w,. The bimodule structure is:
w0 = ¢*" duw,
(3.50) w+¢ = q"pw+

for any ¢ € E%O). Higher dimensional forms can be defined in a natural way by requiring compat-
ibility for commutation relations and that d> = 0. Consider the tensor product {Q(SU,(2))}®? =
QM (SU4(2)) @ a(su,2)) 21 (SU4(2)). A consistent alternation mapping on {€Q(SU,(2))}®?, generalising
the alternation mapping in the classical formalism, can be introduced only if the quantum differential
calculus is bicovariant. The strategy to define a wedge product comes then from Lemma 15 in chapter
14 in [21], where it is proved that Sogy,_ ., () = 3=, ; (XaXb, 2) wa @wy, for any x € Qgy, (2) generates a
two-sided ideal in {Q(SU,(2))}®2. The bimodule of exterior differential 2-forms results to be the quotient

(3.51) Q?(SU4(2)) =~ {Q1(SU4(2))}72/ A(SU,(2)){Se }A(SU,(2))-

The wedge product A : Q1(SU4(2)) x Q1(SU4(2)) — Q3(SU,4(2)) embodies the commutation relations
among 1-forms: from the six generators in Qgy, (2) the elements generating Sg can be written as

Wy ANwy =w_ ANw_ =w, ANw, =0,

w- Nw4 + q{_2

wy ANw_ =0,
W, Aw_ 4+ ¢rw_ Aw, =0,
(3.52) W, Awy + ¢ *wy Aw, =0.
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Such commutation rules also show that the bimodule Q?(SU,(2)) is 3 dimensional, the three basis 2-forms
being exact, since one has

dw, = —w_ Awy,
dwi = ¢*(1 + ¢*)w, Awy,
(3.53) dw_ = —(1+ ¢ Hw, Aw_;

the commutation relations moreover clarify that this left covariant calculus has a unique top form w_ A
wy Aw,. The *-structure is extended to Q™" by (a A 8)* = (=1)™"8* A o* with « € Q™ and 8 € Q".
This definition is compatible with (B352)).

The left covariance of the differential calculus allows to extend to higher order forms in a natural
way the left coaction A of A(SU,(2)) on Q1(SU,(2)). An element 5 € {Q'(SU,(2))}®* can always be
written as 1 = g, .. ap Way ® ... @ wg, in terms of the left invariant forms w; in (348). Define

k
A(L)(U) = ZLa;...ar(1) ® La...a,(2)Way @ ... B Way,

from the Sweedler notation for the coproduct A(zg, . 4, ). One proves that this definition is consistent
on the exterior algebra QF(SU,(2)), as A(L2) (Sg) C 1®Sg, and that A(Lk) (dn)=(1 ®d)A(Lk71)(77) for any
n € QF(SU,(2)) with & = 1,2,3. The relations (3.53) show then that Q%(SU,(2)) has a basis of exact
left invariant forms, given by dwj; it is also clear that w_ A wy A w; is a left-invariant 3-form.

3.4.2. The calculus on the structure group. The strategy adopted in [6] consists in defining the
calculus on U(1) via the Hopf projection 7 in ([B.28). Out of the Qgy, (2) which determines the left
covariant calculus on SU,(2), one defines a right ideal Qu(1) = 7(Qsu,(2)) C ker ey(y) for the calculus
on U(1).

This specific Qu(y) results generated by the element & = (27! — 1) 4+ ¢*(z — 1), and the differential
calculus is then characterised by the quotient kerey(1)/Qu(1). Any term in kerey(q) can be written as
p=ulz—1)=> g w29 (z — 1), with u = ez u;27 € A(U(1)) and u; € C, so that the elements
©(j) = 27(z — 1) define a vector space basis over C of kerey ;). The basis elements ¢(j) can be written
in terms of the element £, via the two identities:

i
720, @) =2(z-1)=¢ <Z qQ’”ij“) +q (2 - 1),

m=1
_ 3] —1 _ _
(3.54) J<0, p() =il 1) = —g [ 30 gzmatrmelil |y g2z 1),
m=0

which can be proved by induction on j. Define a map A : kerey) — kerey(p) setting on the basis
elements A(¢(j)) = ¢~%(z — 1), and linearly extending it to:

(3.55) Aru(z—1) = Z u;z? (z — 1) — Z ujq % (2 - 1).

jez jET

It is clear that A describes the choice of a representative element out of the equivalence class [u(z —1)] €
kerey(1)/Qu(1), since it is possible to see that ker A = Quy). To prove this assertion, one first directly
computes that A\(¢) = 0, then since X is linear one recovers that A(ué) = Mu(¢?(z — 1) + (271 = 1))) =
CAu(z — 1)) + AMu(z7! — 1)), so to have:

Awé) = @ Mu(z = D))+ A [ D wz? (271 = 1)

JEZ

=@M u(z 1)+ | - Z u;z? (271

JEZ
(3.56) =@ | D ue P10 => wg Y (z-1) =0,
jEZ jEL
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thus proving that Qu() C ker \. To prove the inverse inclusion, consider an element % = u(z — 1) €
kerey(y), and write it as:

u(z — 1) Zu]zjzfl

JEZL
= Z u;z?(z — 1) + Z u_jz 7 (z—1)
JEN JEN
=2 wa()E+a¥ (= 1) + 3 u(B=)E+¢¥ (= 1))
JEN JjEN
(3.57)
where a(j) = fn:l q2mzI=m L and B(—j) = Zm L g?m21+m=lil are the terms proportional to ¢ in

B354)) for positive and negative values of j € Z. The previous sum can be rewritten as:

u(z —1) Zuj +Zu_]ﬂ( +Zuq2jz—1)

jEN JjeN JEZ
From the definition (3.55), it is A\(@) =0« >_,c 5 ujq~* = 0, so the last lines proves that ker A\ C Qu1).

Lemma 3.4. Given the ideal Qu(1) C kerey(1) generated by the element § = (7P =1)+q¢%(z—1), it is
ker EU(I)/QU(l) ~ C.

PROOF. Define a map A : kerey(1y — C setting, on the basis elements (j) € kerey(y), Me(h) =
¢~% and extending it to ker gu(1) by linearity. The properties of the map A defined in (3.53)) clarify
that ker A = Qu(1), so to give a well defined map A ker cuy/Quay — C. It is immediate to see
that A is an isomorphism of vector spaces, thus describing the equivalence: with w € C, the map
A (w) =w € [w(z —1)] Ckerey(y) represents the inverse of the map . O

This result shows that the differential calculus generated by the specific Qy(y) is 1D, while a direct
computation shows that it is bicovariant. As a basis element for its quantum tangent space one can
consider

1—-K*
(3.58) X=X, = 1_7(1_2
with dual left-invariant 1-form given by w,. This calculus turns out to have a *-structure, with w} = —w,.
Explicitly, one has w, = z*dz with
dz = zw,,
dz* = —¢%2*w.;

and noncommutative A(U(1))-bimodule relations
2dz = ¢*(d2)z;
W,z = q72zwz,
w,2* = ¢*2*w,.
3.4.3. The standard 2D calculus on Sﬁ. The restriction of the above 3D calculus to the sphere Si

yields the unique left covariant 2-dimensional calculus on the latter [26]. An evolution of this approach
has led [32] to a description of the unique 2D calculus of S in term of a Dirac operator. The ‘cotangent

bundle’ Q'(S?) is shown to be isomorphic to the direct sum £% @ £, that is the line bundles with
winding number £2. Since the element K acts as the identity on .A(S2), the differential (B.47) becomes,
when restricted to the latter,

df = (X-v flo- + (X4 flws
= (F> f) (g Pw) + (B f) (¢ Pwy),  for f € A(SY).
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These leads to break the exterior derivative into a holomorphic and an anti-holomorphic part, d = 9+ 9,
with:

Of = (X_b - = (Fo ) (g%),
of = (Xy > fluy = (Ev f) (¢ Pwy), for f e A(S?).
An explicit computation on the generators ([B.31]) of Sg yields:

OB_=q 'a?>w_, 0By =qcaw_, 0B, =qcPw_,
OB, =q¢*a*®>w,, O0By=—¢’c*a*wy, O0B_ =q*c?w,.

The above shows that: Q'(S2) = QL (S2) @ Q) (S2) where Q! (S2) ~ ESO% ~ O(A(S2)) is the A(S2)-
bimodule generated by:

{0B_,0By,0B} = {a? ca,c*} w_ = ¢*w_{ad? ca,c?}
and ©} (S2) ~ Eg ~ 9(A(S2)) is the one generated by:
{0By,0By,0B_} = {a*?,c*a*, ¢} wy = ¢ *wy {a*?, c*a*, c*?}.

That these two modules of forms are not free is also expressed by the existence of relations among the
differential:

0By =q 'B_0By — ¢*B,0B_, 0By = qB.OB_ — ¢ >B_0B,.
Writing any 1-form as a = ¢'w_ + ¢"wy € E(_O%w_ @ ngJr, the product of 1-forms is
(3.59) (- +¢"wy) A (w +1wy) = (¢720"% — § Jws Aw_,

while the exterior derivative acts as:
d(@w- 4+ ¢"wy) = (d¢') Aw— + ¢'dw_ + (d¢") Awy + ¢"dwy
= (X4pd ws Aw— + {(Xp¢ ) w, Aw— + ¢'dw_}
+ (X >¢"w_ Awy + {(X>¢" ws Awy + ¢ dwy }
(3.60) — {(X_0¢") = (X100 - Aws,

since the terms in curly brackets vanish: {(X,>¢")w, Aw_ + ¢'dw_} = {(X 00" )w, Awy + ¢"dwi} =0
from B53) and B32). It is then clear that the calculus on the quantum sphere is 2D, and that
Q%(S2) = A(S2)w— ANwy = w_ Awy A(S2), as both we commute with elements of A(S?) and so does
wW_ N\ w4.

Remark 3.5. From BE3) it is natural to ask that dw_ = dwy = 0 when restricted to Si. Then, the
exterior derivative of any 1-form o = ¢'w_ + ¢"w, € [,(f)%w, & Esgaur is given by:
da =d(¢'w- + ¢"wy)
=0¢ Nw_ +0¢" Nwy
= (X0 — ¢ 32X p¢" ) wy Aw_
(3.61) = ¢ V(B¢ — ¢ Fod" wy Aw_,

since K> acts as qF on E(:FO%. Notice that in the above equality, both E>¢’ and F>¢' belong to A(S2), as
it should be.

The above results can be summarised in the following proposition, which is the natural generalisation
of the description in (Z56) of the classical exterior algebra on the sphere manifold S2.

Proposition 3.6. The 2D differential calculus on the sphere Sg is given by:
0(S2) = A(S?) @ (,c@gw, @ ,cfgw+) ®AS Wy Aw,
with multiplication rule

(fo; 8, 8"; f2) (90: 0", ¥"; 92) = (fogo: ford' + &' go, fot!” + ¢" go; foga + fago +q 2¢" v — ¢'y"),
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and exterior derivative d = d + 9:

fe (a7 VPPof, "B f), for f € A(S),

(¢I’¢/1) — q_l/Q(ED¢I _ q_lFD¢1/), fOI' (¢/ ¢/I) c E @ E

3.4.4. The compatibility conditions between the calculi. Given the 3D left-covariant differential cal-
culus on SU,(2) described in section B4l as well the 1D bicovariant differential calculus on the gauge
group algebra U(1) in section [B4.2] the ‘principal bundle compatibility’ of these calculi is established by
showing that the sequence (BI7) is exact. For the case at hand, this sequence becomes

0 = A(SU4(2)) (2'(S2)) A(SU,(2)) —

~NgU, (2
= QNSUL(2)) 7 A(SUL(2)) ® kereyy/Quay — O,

where Quq) is the ideal given in section .42 that defines the calculus on A(U(1)) and the map ~nyy, .,
is defined as in the diagram (B.I5) which now acquires the form:

SU,(2)

Q1(SU,(2)un T 01(8U,(2))
Lx I~ Nsug @
Qu(1)

id @
A(SUq (2)) ® ker €u(1) — A(SUq (2)) X (ker EU(l)/QU(l)) .
Having a quantum homogeneous bundle, that is a quantum bundle whose total space is a Hopf algebra
and whose fiber is a Hopf subalgebra of it, with the differential calculus on the fiber obtained from the

corresponding projection, for the above sequence to be exact it is enough [7] to check two conditions.
The first one is

(id®m) o Ad(QSUq(z)) C Qsu,(2) ® A(U(1))
with m: A(SU4(2)) — A(U(1)) the projection in ([B.28). This is easily established by a direct calculation
and using the explicit form of the elements in Qgy, (2). The second condition amounts to the statement
that the kernel of the projection 7 can be written as a right A(SU,4(2))-module of the kernel of 7 itself
restricted to the base algebra A(S?). Then, one needs to show that kerr C (ker 7[s2)A(SUg(2)), the
opposite implication being obvious. With 7 defined in (8:28)), one has that

kerm = {cf, ¢*g, with f, g€ A(SU,(2))}.

Then cf = c(a*a+cc)f = ca*(af) + c*c(cf), with both ca” and c¢*c in kerm|sz. The same holds for
elements of the form c*g, and the inclusion follows.

The analysis of the map ~nyy ) Q'(SU,4(2)) — A(SU4(2)) ® kereyr)/Quq) shows that wi €
Q'(A(SU4(2))) are indeed the generators of the horizontal forms of the principal bundle, being in the
ker ~ iy, o) From [B.39) one recovers:

x(6a) =a® (2 — 1),
x(&a*) =a"®(zF—1),
X((SC = (Z - 1)?

x(dc* ):c ® (2" —1).

Given the two generators wy and the specific Qgu, (2) which determines the 3D calculus, corresponding
universal 1-forms can be taken to be:

wy = ade — geda = (adc — qcda) € [WNSUQ(Q)]fl(er),
w_ =c*da* — ga*dc” = (c*da™ — ga*éc*) € [FNSUQ(2)]_1(W_).
The action of the canonical map then gives:
x(ade — qcda) = (ac — qeca) ® (z — 1) =0,
x(c*6a* — qa*dc*) = (c*a* — qa*c*) ® (2" — 1) =0,

which means that

(3.62) ~Nsu,e (W) =0
For the third generator w,, one shows in a similar fashion that
(3'63) ~Nsug(2) (wz) =1® (ﬂ-QU(l) (Z - 1))
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From these it is possible to conclude that the elements w4 generate the A(SU,4(2))-bimodule of horizontal
forms, while from ([B.58) one has that the vector X = X, = (1 —¢=2)71(1 — K?) is the dual generator to
the calculus on the structure Hopf algebra A(U(1)). For the corresponding ‘vector field” X on A(SU,(2))
as in (3I8), one has that X (ws) = (X, ~Nsug@ (Wt)) = 0, while X(w.) = (X, NNy (W2)) = 1.

These results identify X as a vertical vector field.

4. A x-Hodge duality on Q(SU,(2)) and a Laplacian on SU,(2)

In classical differential geometry a metric structure g on a N-dimensional manifold M enables to
define a Hodge duality  : Q% (M) — QN =%(M) on the exterior algebra Q(M). The strategy is to consider
the volume form 6 € QN (M) associated to a g-orthonormal basis; this corresponds to the choice of an
orientation. Via the Hodge duality it becomes possible to introduce in Q(M) both a symmetric bilinear
product and a sesquilinear inner product.

The algebraic formulation of geometry of quantum groups, that has been described, presents no
metric tensor. The strategy to introduce a Hodge duality on the exterior algebra Q(H) coming from
a N-dimensional differential calculus on a Hopf algebra H is then reversed with respect to the strategy
used in the classical setting. The path consists in defining a suitable bilinear product on Q(#) and
considering a volume N-form, from which to induce a x-Hodge structure, using an equation like the one
in (Z33) as a definition.

The following description of the quantum formulation of a Hodge duality originates from [22]. As-
sume that H is a *-Hopf algebra equipped with a left covariant calculus (2!(#), d), with N the dimension
of the calculus such that dim QY (H) = 1, dim QF,, (%) = dim}y*(H). Suppose also that H admits a
Haar state h : H — C, that is a unital linear functional on H for which (id® h)Az = (h®id)Ax = h(x)1
for any x € H, where 1 is used to emphasise the unit of the algebra. Suppose further that A is positive,
that is h(z*x) > 0 for all € H; it is known that the Haar state is unique and automatically faithful: if

h(z*x) = 0, then necessarily z = 0. One can endow H with an inner product derived from h, setting:
(4.1) (';2)y = h(z*2")

for any z,2’ € H. The whole exterior algebra can be endowed with an inner product, defined on a left
invariant basis and then extended via the requirement of left invariance,

(4.2) (P szw)y = h(z ) (W, w)n

for any x, 2’ € H and left invariant forms w,w’ in Q(#H). An inner product is said graded if the spaces
QF(H) are pairwise orthogonal.

Out of QN (H) choose a left invariant hermitian basis element § = 0*, which will be called the volume
form of the calculus. A linear functional [, : Q(H) — C — called the integral on Q(H) associated to the
volume form § € QN (H) — is defined by setting [, 7 = 0 if 7 is a k-form with k¥ < N, and [, n = h(z) if
n = x 6 with € H. The differential calculus will be said non-degenerate if, whenever € QF(#) and
' An =0 for any n’ € QN=%(%), then necessarily n = 0. This property reflects itself in the property
of left-faithfulness of the functional fe: starting from a non degenerate calculus, it is possible to prove
that, if 77 is an element in Q¥(#) for which [, 7/ An =0 for all n’ € QN~F(H), then it is n = 0.

Proposition 4.1. Given the exterior algebra Q(H) coming from a left covariant, non degenerate calculus
(QY(H),d), there exists a unique left H-linear bijective operator L : QF(H) — QN=F(H) fork =0,...,N,
such that

(4.3) /977* AL = (05 mw
on any n,n’ € QF(H).

The proof of this result is in [22], where the operator L is called a Hodge operator. With a left-
invariant inner product which is positive definite, i.e. (w,w)y > 0 for any exterior form w, the operator L
does not yet define a x-Hodge structure on Q(H), since its square does not satisy the natural requirement
@29). It is then used to define a new graded left invariant inner product setting on a basis of left invariant
forms w € Q(H):

)iy = (wiw)a, on QF(H), k < N/2;
Vi = (L7 (w); L7 (W), on Q¥ (H), k > N/2.
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If N is odd, these relations completely define a new left invariant graded inner product on the exterior
algebra Q(H); notice also that assuming the relation (4.1 means that (1;1)y = 1, from which one has
L(1) = 6, so to obtain in ([@4]) that (O;G)EA =(1;1)x =1.

In analogy with (&3] define a new Hodge operator L% : QF(H) — QN ~F(H) via the inner product

given in ([@4) as
(4.5) /077* ALEG) = (i),

Due to the left-faithfulness of the integral, it is clear that L? is a well defined bijection, which satisfies
the identity L = L when restricted to QF(H) with k& < N/2. Such an operator L is also proved to
satisfy (L?)? = (—1)*(V=F): this is the reason why one can define a x-Hodge structure on Q(H) as:

(4.6) *x: QF(H) = QN F(H) * (n) = L*(n).

The relation (3] appears as the quantum version of the classical relation (2Z.35]), which is now used as
a definition for the Hodge duality.

If the dimension of the calculus is given by an even N = 2m, a more specific procedure is needed,
The same procedure as before gives a x-Hodge operator on Q¥ (#) for k # m via the inner product (&Z).
Using the volume form 6 € QY (H) set now a sesquilinear form

(4.7) (n',m) = /077* Ay
which is non-degenerate by the faithfulness of the integral fe' The H-bimodule Q™ (#) has a basis of

2 . . - -
( WT ) left invariants elements w,. The restriction of ({1 to elements w, defines a sesquilinear form

on the vector space QI : this form is hermitian if (—1)"™ = 1, and anti-hermitian if (71)m2 =—1,s0
it can be 'diagonalised’. There exists a basis w; € Q™(H) such that one has (@,,0p) = 04 if it is
hermitian, and (Wq,p) = +idgp if it is anti-hermitian. It is then possible to use such a basis to define a

left H-linear operator £ : Q™ (H) — Q™ (H) setting on the basis
(4.8) @a) = (~1)™ (Va, Ga) Da-

m2

(no sum on a). This map is a bijection, and satisfies £2 = (—=1)™", so a x-Hodge structure on Qr (H)
can be defined as:
(4.9) * (Wq) = L£(@a),

and extended on any n € Q™ (H) by the requirement of left linearity, thus giving a complete constructive
procedure for a x-Hodge structure on (). The Hodge operator £ : Q™ (H) — Q™(H) is then used to
introduce a left invariant inner product on Q™ (#H), defined by:

(4.10) (waiwp) = /Gw?: A L(wa),

on a basis of left invariant {w,} 2-forms, and then extended via the requirement of left invariance as in
([#2). Tt is easy to see that the definition eventually gives the inner product

(4.11) (a3 )%, = Sap-

4.1. A x-Hodge structure on Q(SU,(2)). This section describes how the outlined procedure
yields a left invariant inner product on the exterior algebra Q(SU,(2)) generated by the left covariant 3D
calculus from section B4T] and the way it gives rise to a x-Hodge structure. Such a x-Hodge structure
will be then used to define a Laplacian operator on A(SU,(2)), which is completely diagonalised.

The Hopf algebra A(SU,(2)) has a Haar state h : A(SU4(2)) — C, which is positive, unique and
authomatically faithful. From the Peter-Weyl decomposition of A(SU,(2)) in terms of the vector space
basis elements wy.,; € W, ([3.43), the Haar state is determined by setting:

h(1)=1 h(wp:re) =0 Vp > 0.

The algebraic relations ([B.19) among the generators of A(SU,4(2)) makes it then possible to prove that
the only non trivial action of h on A(SU,(2)) can also be written as:

1
142+ 2R

k
hl(ee')) = (3 ¢) !



with £ € N. One can define on A(SU4(2)) an inner product derived from h, setting:
(4.12) (2',2)sU,(2) = h(z"2")
with 2,2’ € A(SU,(2)). The differential 3D calculus being left covariant, the set of k-forms Q*(SU4(2))
has a basis of left invariant forms. The exterior algebra Q(SU4(2)) is endowed with an inner product,
defined on a left invariant basis and extended via the requirement of left invariance:
(o', Tw)su,(2) = h(xz*2") (', w)su, (2)

for all z,2" in A(SU4(2)) and w,w’ € Q(SU,4(2)) left invariant forms. Assume the top form 6 = o/w_ A
wy Aw, as volume form, with o/ € R so that §* = 6. The integral on the exterior algebra Q(SU4(2))
associated to the volume form 6 is defined by fe n =0 if n is a k-form with k£ < 2, and f@ n = h(x) if
n = x 6. This integral is left-faithful.

Set a left invariant graded inner product by assuming that the only non-zero products among left
invariant forms are:

(17 1)SU(,(Q) =1,
(4.13) (0,0)su,2) = 1;
while in Q!(SU,(2)) are:
(wfvw*)SUq(Q) = ﬂa
(w+aw+)SUq(2) =V,
(4.14) (Wz,WZ)SUq(Q) =7
with 8,v,v € R, and:
(W- Awg,w- Awy)su,2) = 1,
(Wi ANwz,wi Awz)su,2) = 1,

(4.15) (W Nw—ywz Aw_)su,2) =1
in 2%(SU4(2)). This choice comes as the most natural in order to mimic the properties of the classical

inner product ([237), coming from the classical Hodge structure (227)) originated from the metric ([2:24]).
The Hodge operator defined in (@3] is:

1)=d w_ Awi Aw,,

wo)=—adBqg w. Nw_,
wy) = —advwy Aw,,
wy) = —adyw_ Awy,

wo Awt) = —a ws,

wy Aw,) = —a wy,
w:Aw_) = —ad w_,
(4.16) L
The Hodge operator L is used to define a new graded left invariant inner product on (SU4(2)), as:

(@, w0)iy, @) = (@, @)su,@) on QF(SU,(2)), k=0,1;

(4.17) (w’,w)qu@) = (L7 (W), L7 w))su, @) on QF(SU,(2)), k = 2,3,

on the basis of left invariant forms. On Q*(SU,(2))) — with k = 2,3 — one has:

-2, -1
(W- Nwy, w- /\w'f‘)hSUq(Q) =a ",

Wy Awz,wy A wz)qu@) =o/ 2
z A W—, Wy A w—)qu(Q) = q120él_25_1,

(
(w
(0,

(4.18)

b _
0)0. 2 = 1

Associated to this new inner product there is in analogy a new unique left .A(SU,(2))-linear operator
L7 QF(SU,(2)) — Q37%(SU4(2)) defined by [, n* AL%(n') = (n',n)", which is a bijection. This operator
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is such that (L%)? = (—1)*G—*) = 1, so following (@) one has a x-Hodge structure on the exterior
algebra Q(SU,(2)):

(4.19) 1 Q8(SUG(2)) — Q¥H(SUL(2))  * () = Li(n),
given by:
*x(1)=0=0d w_ ANwy ANw,,
*x(w_)=—aBgCw, Nw_,
*x (wy) = —ad'vwy Aws,
* (wy) = —d/yw_ ANwy,
*(w- Awy) = —a' Ty,
* (Wi Aw,) = —a v twy,
*(w, Aw_) =—a" 18710 w_,
(

(4.20) *(Wo Awy Aw,) =o',

Remark 4.2. The definition of the graded left invariant inner product (-, -)hSUq(Q) in [@IT) shows that,

in order to have a *-Hodge structure on the exterior algebra Q(SU4(2)) generated by the 3D calculus,
it is sufficient to choice an hermitian volume form and a graded left invariant inner product only on
QF(SU,(2)) for k = 0,1. This is a general aspect: given a Hopf *-algebra H, equipped with a finite odd
N dimensional left covariant differential calculus, the formalism developed in [22] shows that what one
needs is an hermitian volume form and a graded left invariant inner product on Q*(H) for k < N/2.

4.1.1. A Laplacian operator on A(SU,4(2)). Given a differential calculus and a x-Hodge structure on
the Hopf algebra A(SU,(2)) it is possible to define a scalar Laplacian operator Ogu, (2) : A(SU4(2)) —
A(SU4(2)) as Ogy, (2)¢ = *d x d¢ for any ¢ € A(SU,(2)). This Laplacian can be written down by a
computation on the basis of the left invariant forms of the calculus:

do = (X1>d)ws + (X pd)w_ + (X, po)w,;
*dp = —a'[V(X>9)wi Aws + B~ (X-bh)w Aw- +7(Xebd)w- Awy].
The last line comes from ([20) and the left linearity of the x-Hodge on the exterior algebra Q(SU,(2)).
By (53] the derivative d acts on the previous 2-form as:

dxdp = —a'V(X_Xp¢)(w_ Awy Aw,) 4+ Bg (X X o) (wi Aw, Aw_) +7( X, X.00) (W, Aw_ Awy)]
= —a{[vX_X; 4+ BX: X_ + X, X, ]poHw-_ Awy Aw,),

where the commutation rules (352) have been used. The last of ([£20) finally gives the Laplacian
operator the expression:

(4.21) wdxde = —[VX_X4 + BXL X_ + v X. X.]p

in terms of the left action of the quantum vector fields of the calculus. The expression ([£2I]) shows that
Usu,2) : £Ln — L. This operator can be diagonalised. One has to recall the decomposition BT of
the modules £,, for the right action of U,(su(2)): this right action leaves invariant the eigenspaces of
the Laplacian since left and right actions of U, (s1(2)) on A(SU,4(2)) do commute. On each irreducible

subspace VJ(") (BAT) for the right action of U, (su(2)) one has a basis ¢, 5; = (¢/7"/2a*/+/2) 9 ' =
way.j—n 1 (with [ =0,...,2J) of eigenvectors (3.43)) for the Laplacian. The spectrum of the Laplacian
does not depend on the integer [: an explicit computation shows that

X. X, > ¢ngi = " V[0 bn s,
X4 X_bbnga =" (T = ST +1+ 31 + ().
(4.22) X-Xyvdng=q""([J - —][J +1+ ])(bn I
The spectrum of the Laplacian ([@2T]) is then given as DSUq(2)¢n7J,l = M, J,1Pn, 7, With:
(423) Ao =—q"{vald = ST+ 1+ 51+ 8g7 (1T = ST + 1+ 51+ [n]) + 9q" ).
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5. A x-Hodge structure on (S?) and a Laplacian operator on A(S?)

The way the x-Hodge structure (£20) has been introduced on ©(SUg4(2)) comes from the analysis in
[22]. The aim of this section is to extend that procedure in order to introduce a x-Hodge structure on
Q(S?). The strategy is to directly follow the same path, and to apply to the differential calculus Q(Si)
the same procedure, explicitly checking its consistency in the new setting.

5.1. A x-Hodge structure on A(Si). The differential calculus on the quantum sphere Si has
been described in section B.4.3 and fully presented in proposition It is a 2D left covariant calculus:
as a volume form consider 0 = ia"w_ A wy.

Lemma 5.1. The 2D calculus Q(Sg) from proposition [3.8 is non degenerate.

PROOF. The proof of this lemma is direct. To be definite, consider a O-form 1 = f with f € A(S2) ~
E(()O), so to have a product
N An=fw-ANwy)f=Ffw-Awy
from the commutation rules in [B50), where ' = f'w_ A w4 with f/ € 580)- One has ' An =0 &
f'f = 0: such a relation is satisfied for any f’ € E(()O) iff f=0.

Consider now the 1-form n = zw_ with z € Eg, so to have a product

77/ An= (ac’w_ + y’w+) Nrw_ = —y/xw_ N wy

where (z/,y') € (E@%,Eéo)). The relation ' An =0 & y'z =0 is satisfied for any y’ € Ego) iff z =0.
The remaining cases can be analogously analysed, thus proving the claim. (I

The restriction of the Haar state h to A(S2) yields a faithful, invariant — that is h(f<X) = h(f)e(X)
for f € A(S?) and X € Uy(su(2)) - state on A(S?), allowing the definition of an integral [; : Q(S?) — C
given by:

[=0 on f € A(S),
0
/nz(), onn € Ql(Sg),
0
(5.1) /éfw, Awy = —id "L h(f).

Lemma 5.2. The integral fé defined in ([B.T)) is left-faithful.

PROOF. The proof of this result is also direct. Consider, to be definite, the 1-form 1 = xzw_ with
x € E(_O%, and a generic 77/ = 2'w_ + y'wy € Q1(S?). The relation [;7' An = 0 for any 1 € Q'(S?)
is equivalent to the condition h(y'z) = 0 Vy' € Ego). Since this last equality must be valid for any

y € Ego), choosing 3y’ = a*, it results h(z*x) = 0: the faithfulness of the Haar state h then gives x = 0.
The claim of the lemma is proved by an analogous analysis on the remaining cases. (I

The restriction to €(S2) of the left invariant graded product @IT) on ©(SU,(2)), which is the one
compatible with the x-Hodge structure, gives a left A(Sﬁ)—invariant graded inner product:

(L 1)85 = 1;
(r'w- +y'wp, rw- +ywy)s: = h@"a") B+ h(y"y)v;
(5:2) (W- Awp,w- Awy)ge = a2y 71

with , z,2' € L',SO% and y,y € Ego). Recalling proposition ] — namely equation (£3) — and the
results proved in lemmas BT and 5.2} a left A(S?)-linear Hodge operator L : %(S2) — Q27%(S2) can be
defined for k = 0,2. From the first line in the inner product relation (5.2)) one has L(1) = 0, while the

third gives L(f) = o”?a’~2~y~1. Tt is evident that for such an Hodge operator it is L? # 1, which is a
natural requirement for a x-Hodge structure on Q%(S2) for k = 0,2. On the exterior algebra Q(SU,(2))
this problem was solved by changing the inner product via the definition (@IT), and proving that the
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new Hodge operator does satisy all the required properties to have a consistent x-Hodge. Following an
analogous path, define

(L1 =1,

(oo gy, 2w +yey)ly = (@ Yoy, zo +yeys,
(5.3) (6,0)3 = (L71(0), L7 (0)sz = 1,
where the inner products on 1-forms amounts to a different labelling of the inner product in (B.2). The
Hodge operator on Qk(Si) for k = 0,2 relative to such a new inner product is given by Lf(1) = § and
Lh(é) = 1. But now the inner product has changed: the requirement that the inner product ( , )hSU @)
on the exterior algebra (2(SU,(2)) fixed — via a restriction, as given in (5.2) — the inner product ( , )sz
on the exterior algebra Q(S?) implies that the condition

(5.4) (6.0)5 = (0.0);
has to be tmposed, giving
(5-5) 04”20/_2’}/_1 -1

as a constraint among the parameters. The constraint (5.4]) can be interpreted as the quantum analogue
of fixing the classical metric on the basis S? of the Hopf bundle as the contraction of the Cartan-Killing
metric on S3 ~ SU(2), since that choice in the classical formalism, as stressed in remark 2.2 gives the
equality of the inner product on (S?) defined in (Z.65) with the restriction of the inner product on
Q(S3) given in ([2.35).

The differential calculus on S2 is even dimensional with N = 2, so on Q'(S?) define a sesquilinear
form:

(5.6) (n',m) = /én* A =id""Hh(y"y') — ¢*h(z*2')}

where n = zw_ +ywy and ' = 2’w_ + y'w,, with 2,2’ € E(f)% and y,y’ € Eéo). The quantum sphere
Sg is a quantum homogeneous space and not a Hopf algebra, so there is no left-invariant basis in Ql(Sg):
neverthless such a sesquilinear form can be ”diagonalised”, as

(rw_,zw_) = —ig* "' h(z*x);
(5.7) (yws, yws) =ia" " hy"y),

where the faithfulness of the Haar state ensures that the coefficients on the right hand side of these
expressions never vanish. The general result from [22] — recalled in ([@8) — is no longer valid on a
quantum homogeneous space: the diagonalisation in (B.7) suggests indeed a way to define a Hodge
operator. Since o’ can be both positive or negative, define

” 1/2
0 = —1 |O[ | _

| 1/2

5.8 Yy = < > Yyw
( ) + h(y*y) +
so to have from (B.7]):

[

(x0_,20_)=—i i

) CY”

(59) TR

In the same way as in (), define a left A(S?)-linear operator £ : Q'(S?) — Q'(S?) setting:

|all

Lx0_)=1i i x_,
) |O/I|
(5.10) Lyby) =—i 7 yO.
Such an operator clearly satisfies the condition £2 = —1 for any value of o’. It is not yet a consistent

Hodge operator: it has to be compatible with the left invariant inner product on Ql(Si) obtained in
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(53) as a restriction of the analogue on Q'(SU,(2)). From the relation (@I0), this compatibility must
be imposed:

(511) oy = [ 0 ner),

This condition is fulfilled if and only if the parameters in this formulation satisfy:
(5.12) "8 = ¢*,

(5.13) o |y = 1.

The x-Hodge structure on (S2) is defined as a left A(S2)-linear operator whose action is given by:

*(1) =i w_ Nwy,

*x(zwo) =i— (rw_),
'|a//|
s(yes) = 15 ),
(5.14) x (iw_ Awy) =71,

with the parameters o/, o, 38, v, v satisfying the constraints (0.3, (12), (GI3).

Remark 5.3. The x-Hodge structure (514) differs from the one in [26], because in that paper the *-
Hodge structure was required to satisfy the relation x> = 1, while the path followed here is to remain
consistent with the requirement that % = (fl)k(N’k) on k-forms from a N-dimensional calculus.

The definition (5I4) of the Hodge duality is still not complete. The constraints among the parameters
involve the absolute value of /’, so one still needs to choose their relative signs. In the classical setting
the only parameter was a € R, and it has been chosen positive so to give a riemannian metric g in the
analysis of section As it is clear from (231 and from the definition [2.33]), the positivity of the
metric implies the positivity of the symmetric form (, )gs (Z31) and of the sesquilinear inner product
(', )gs @33): the signature of the metric tensor implies the signature of both the bilinear forms

In the quantum setting, having no metric tensor, the choice of the relative signs of the parameters
is equivalent to choose the signature of the left-invariant inner product (EI4) on Q!(SU,(2)): this will
encode a specific metric signature.

The natural choice for a riemannian signature is, from (@I4) and [IS), given by 3,v,v € R4. This
choice turns out to be compatible with ([@3), (EI2) and (BI3) for every o and «”. From (BI2) and
(EI3) one also has that:

(5.15) B = qv.

This relation has a number of interesting and important consequences, described in the next propositions.
Proposition 5.4. The x-Hodge structure given as a left A(Si)-linear map * : Qk(Sg) — QQ_k(Si) for
k=0,1,2 and defined by (BI4), has the property]

(5.16) () A= (=) A x(n)

for any n,n’ € Qk(Sg).

PrOOF. The relation is trivially satisfied for k = 0, 2. Consider now the two elements n = v w_+y w4
and 7 = 2'w_ + y'wy in Q(S?), which means z, 2" € £ and y,y' € £ by proposition The
multiplication rule from the same proposition gives:

(k) A = 0" (Bay’ +vya Yo Aws,
(5.17) nAGn) = —id” (¢ 2By’ + Prvay)w_ Aw,.
The two expression are equal — up to the sign, which is the claim of the proposition — from (E.I5). O
Proposition 5.5. The left A(Si)-linear *x-Hodge map defined by [&I4) is right A(Sg)-linear: given
ne USY), it is x(nf) = *(n)f for any f € A(S?).

4n the classical formalism, the *-Hodge structure on an exterior algebra coming from a N dimensional differential
calculus x : QF(H) — QN ~F(H) satisfies the identity (Z30):

nAGn') =" A (xn)

to which the identity (B.16) reduces in the classical limit.
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PRrROOF. The 2D differential calculus on the quantum sphere Sg has the specific property, coming
from the bimodule structure @.50) of Q'(SU,(2)) — where one has wi¢ = ¢"¢pwy for any ¢ € £ -
that wy f = fwy with f € E(()O) ~ A(S2). The claim of the proposition is trivial for n € Q°(S7) ~ A(S?).
For a 1-form n = zw_ + yw, in Q'(S?), one has:

*(nf) =*((zw- +ywi)f) = *(zfw- +yfwi) =idv(zfu_ —yfwy) =ia"v(zw- —ywi)f = x(n)f.
An analogue chain of equalities is valid for n = f'w_ Aw; € Q*(S2), with f" € A(S2). O

In the same way it is possible to prove the following identities, which will be explicitly used in the
analysis of the gauged Laplacian operator, and which slightly generalise the last proposition.

Lemma 5.6. Given the left A(Sg)—linear *-Hodge map defined by (BI4), with ¢ € E%O), ¢ € E(_O,)L and
ne Q(S?) one has:
*(¢'ng) = ¢' ()¢,
(¢ (w- Awi)d) = "¢ {*(w- Awy)}e.
PRrOOF. With ¢/ng € Q'(S2), and again n = zw_ + ywy, it is explicitly:
*(¢'nd) = x(¢'q" (ypw + x¢w_)) = —ig"a"v ¢’ (ypwi — x¢w_) = —iad"v ¢ (ywi — 2w_)d = ¢' (xn)¢.
H¢ (0 Awi)B) = @2 % (bl Awy)) = MG (w_ Awy) = 9 (x(w_ Aws)}e,
where the last equality is evident, since x(w— Awy) € C. (I
5.2. A Laplacian operator on A(S2). Using the 2D differential calculus on the Podles sphere S2
and the x-Hodge structure on Q(S?) it is natural to define a Laplacian operator Ose - A(S2) = A(S2) as
Oszf =*dxdf onany f € A(Sg). An explicit computation using the properties of the exterior algebra
Q(S?) represented in proposition gives:
df = (Xyof)or + (X oo,
*df = —ia" [V(Xy>flws — g 2B(X_bflw-],
dxdf = —id"wX_X; + BX  X_|of (w- Awy),
(5.18) wdxdf = —[VX_X4 + BX4 X_]o .
The relation [332]) shows that such a Laplacian operator can be seen as an operator Dsg : Ego) — L',(()O).
In particular, from (£21)), the Laplacian Dsg is the restriction of the Laplacian Cgy, (2) to the subalgebra

A(S2) € A(SU4(2)). A basis of the eigenvector spaces Eéo) =®je NVJ(O) coming from (B4T]) is given by
elements ¢g 7, = cda* B = way.J,1, so that formulas ([@22) drive to a spectrum of this Laplacian on
83 as:
Os2¢0,00 = —(qv + ¢~ B[ + 1]} o,

(5.19) = —2q{[J][J + 1]} ¢0,s.-

Remark 5.7. Equations [&21)) and (5.I8) show that the classical relations between the Laplacians gy ()
and Ogz, coming from the Hodge duality associated to the metric tensor g (2.26]) related to the Cartan-
Killing metric, is then reproduced in the quantum formalism, in the specific realisation of the quantum

Hopf bundle that has been described. The constraints among the 5 real parameters used in the analysis
of the Hodge duality can be written as:

= 04”20/72
V= |CY”|_1,
(5.20) B =qv.

The parameters o', o/ are the coefficients of the volume forms. The analysis of the classical limit of this
formulation is in section[8. The choice:

lim o = —4a,
q—1

(5.21) lim o/ = —2a
q—1
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gives [E2])) and (BIF)) in the classical limit. Being @ a positive real number, it seems natural to assume
o' and o' negative real numbers. This also gives v = —a'"=1 from the second relation in ([520), so to

have a Hodge duality (BI4) which is now:

*x(1)=0=1ia" w_ Awy,
*(rw_) = —izw_,
* (yws) = iyws,

(5.22) * (iw_ Awy)=a" 1

giving, if (21)) is satisfied, the Hodge duality [2E58) in the classical limit.

6. Connections on the Hopf bundle

The structure of a quantum principal bundle (P, B, H; Np, Q) with compatible differential calculi,
given the total space algebra P on which the gauge group Hopf algebra H coacts, has been described in
section The compatibility conditions ensure the exactness of the sequence (B.17):

(6.1) 0 = PAB)P - U(P) 2B P& (keren/Qun) — 0.

with the map ~p;, defined via the commutative diagram B.I3). Among the compatibility conditions,
the requirement that AgpNp C Np ® H — giving a right covariance of the differential structure on P —
allows to extend the coaction Ar of H on P to a coaction of H on 1-forms, Ag) :QYP) = QY P)®H,
defining A%) od=(d®1)oAg.

Note that Ad(kerey) C (kerey) ® H. If the right ideal Qz is Ad-invariant (which is equivalent
to say that the differential calculus on H is bicovariant), it is possible to define a right-adjoint coaction
AdY : ker e1/Qn — kerey/Qu ® H by the commutative diagram

ker g4 O /On
1 Ad 1 AdP
™ id
kerey @ H o (kereg /Qwn) @ H

Together with the right coaction Ar of H on P, such a right-adjoint coaction Ad® allows to define a

right coaction Agd) of H on P ® kerey/Qy as a coaction of a Hopf algebra on the tensor product of
its comodules. This coaction is explicitly given by the relation:

A
(6.2) ARV (p @7, (h) = po) @ 70y (h2) @ Py (Shay)he),

adopting the Sweedler notation for the coaction as Ar(p) = p) ® p(1)-
It is now possible to define a connection on the quantum principal bundle as a right invariant splitting
of the sequence ([6.I). Given a left P-linear map o : P ® (kerey/Qx) — Q(P) such that

Ag) oco=(0® id)A%Ad),
(6.3) ~Np 00 = id,

then the map IT : QY(P) — QY(P) defined by II = go ~, is a right invariant left P-linear projection,
whose kernel coincides with the horizontal forms PQ!(B)P:

2 =11,
I(PQY(B)P) =0,
(6.4) Aol = (Mwid) oAl

The image of the projection II is the set of vertical 1-forms of the principal bundle. A connection on a
principal bundle can also be written in terms of a connection 1-form, which is a map w : H — Q'(P).
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Given a right invariant splitting o of the exact sequence (G.1]), define the connection 1-form as w(h) =
o(1®mg,, (h—eg(h))) on h € H. Such a connection 1-form has the following properties:

w(Qn) =0,
~np (W) = 1@ ma, (h—en(h))  Yhe H,
AV 6w = (w®id) o Ad,
(6.5) II(dp) = (id ® w)ARr(p) Vpe P.

Conversely if w is a linear map kerey; — Q'(P) that satisfies the first three conditions in (@3]), then
there exists a unique connection on the principal bundle, such that w is its connection 1-form. In this
case, the splitting of the sequence (6.1)) is given by:

(6.6) o(p® [h]) = pw([h])

with [h] in ker g4,/ Qy, while the projection II is given by:

(6.7) II=mo (id ®w)o ~prp

The general proof of these results is in [6]. This section explicitly describes the connections on the

quantum Hopf bundle with the compatible differential calculi presented in sections B.4.1] and 3.4.2]

6.1. Vertical subspaces on the quantum Hopf bundle. The right coaction Ag) 1 QL(SU,(2) —
Q1(SU4(2))®.A(U(1)) of the gauge group algebra A(U(1)) on the set of 1-forms on the total space algebra
of the bundle, whose consistency is allowed by the compatibility conditions between the 3D left covariant
calculus on A(SU,(2)) and the 1D bicovariant calculus on A(U(1)), gives:

Ag)wz =w,®1,
(6.8) Ag)wi = wy ® 2T2,

From the analysis on the 1D calculus on A(U(1)) performed in sectionB.4.4land the result of lemma[3.4] a
connection on the quantum Hopf bundle is given via a splitting map o : A(SU,(2)) ® (kereyy/Quq)) —
Q'(SU,4(2)), which can be defined recalling the isomorphism X : kerey(1)/Qu(1y — C. Given w € C set:

(6.9) cleow)=cw®l)=ww,+Uwy+Vw_);
and extend by the requirement of left .A(SU,(2))-linearity, so to have:

o(1®[p(h)]) = ¢ ¥ (w: + Vwy + Vw_),
(6.10) o @ [e()]) = ¢ P p(w: + Uwy + Vw_),

where ¢ € A(SU4(2)) and the requirement of right covariance (€3] selects — from (E8) - U € Eéo) and
Ve E(_O%. The projection II associated to this connection is easily seen to be:

M(wy) = U(NNsuq(z) (we)) =0,
(6.11) T(w-) = 0 (o () = (1@ [p(0)]) = ws + Uiy + Vi

In this expression the 1-forms wy are recovered as horizontal ([B:62), a notion depending only on the
compatibility conditions between the differential calculi, while a choice of a connection is equivalent to the
choice of the vertical part of Q' (SU,(2)). The set of connections for the quantum Hopf bundle corresponds
to the set of the possible choices of 1-forms on the basis of the bundle as a = Uw; + Vw_ € Ql(Sg), S0
that the second line in (GIT]) can be written as

(6.12) M(wy) = w, + a.
The connection one form (68) w: U(1) — Q(SU4(2)) is given by:

wz)=c(1® [z —1])

(6.13) = <11_$) (W + Uwy + Vw_) = <
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Given the projection II and the connection 1-form w, it is possible to compute the lhs and the rhs of
the last line in (6.H). On the basis of left invariant differential forms and using the explicit form of the

quantum vector fields in (48), with ¢ € E;O) one has:
1I(d¢) = T((X;>¢)w;) = (X;>d)I(w;)

_ 427
(6.14) - (11_;1_2) d(ws + Uwy + Vw_);
and also:
(id @ w)Ag(¢) = (id ® w)(p @ z77)
2]
(6.15) - (11_ ;1_2) d(ws + Uwy + Vw_) = II(dg).

The monopole connection correspond_s to the choiqe U=V =0« a=0, so to have Ilp(w,) = w, and
the monopole connection 1-form wg(2?) = [(1—¢~27)/(1—q¢~2)]w. [5, 9]. With a connection, one has the

notion of covariant derivative D : A(SU,(2)) — Q'(A(SU4(2))) of equivariant maps. Given ¢ € ),
define

(6.16) D¢ = (1 —I)dg.

The covariant derivative D¢ is clearly an horizontal 1-form: the adjective ”covariant” refers to the
behaviour under the coaction of the gauge group algebra, as one directly ([B:33) shows that:

(6.17) App=¢®z7 o  AD(Dg)=Dpw

from the right invariance ([@4) of the projection II. In terms of the connection 1-form the covariant
derivative can be written, using (615, as :

D¢ = (1 —1)d¢ = d¢ — I1(de)
(6.18) =d¢ - pAw(z7)
ona¢e€ £§0). It is then immediate to recover that, for any f € E(()O) ~ A(Si), one has Df = df.

Remark 6.1. Given any ¢ € E%O), from ©I8) and [@I2), the covariant derivative can be written as:
D¢ = {(X4>9) — (Xop9)Uwy + {(Xpg) — (Xopg)V}w-.
It is an easy computation using the A(SUy(2))-bimodule properties [BE0) of Q2(SU4(2)) to prove that

D¢ ~ Q' (S2)- A(SU4(2)) for any connection represented by a € Q'(S2). This means that any connection
on this quantum Hopf bundle is a strong connection, following the analysis in [16].

6.2. Covariant derivative on the associated line bundles. A covariant derivative, or a con-
nection, on the left A(SZ)-module £ is a C-linear map

(6.19) V: OF(SE) @asz) £ = QF(SY) @) £
defined for any k > 0 and satisfying a left Leibniz rule:
V(a(o]) =daA (o] + (-1)"a A (V{d])

for any a € Qm(Si) and (o] € Qk(Si) ®A(s2) &®. A connection is completely determined by its
restriction V : &2 — Q'(S7) ®as2) &9 and then extended by the Leibniz rule. Connections always
exist on projective modules: the canonical (Levi-Civita, or Grassmann) connection on a left projective

o . .
A(SZ)-module &, is given as
(6.20) Vo (o] = (d{o])p™;
the space C(ET(IO)) of all connections on £ is an affine space modelled on HomA(Sg)(E,(IO),ET(IO) ® A(s2)
Q'(S2)), so that any connection can be written as:
(6.21) V(o] = (d(o)p™ + (=1)F (o A AW
with (o] € QF(S2) ® A(s2) £ and AM € M, 11 ®A(s2) Q'(S2) — which is called the gauge potential of
the connection V — subject to the condition A(™ = AMp() = p() A The composition

VZ=VoV Qk(Sﬁ) ®_A(SZ) 57(10) — Q“Q(Sg) ®.A(S§) 5,,(10)
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is ©(S2)-linear. This map can be explicitly calculated: given (o] € QF(S2) ®A(s2) &Y from 621) one
has

V2 (o] = d(V (o[)p™ + (=1 (V (o]) A AP
= d{(do)p"™ + (=1)" (o] A A}t 4+ (=1)FF{(d (o )p™ + (=1)* (o] A AT} A AN
= d{(d(a)p" }p" + (=1)*(d (o] A AP + ((o] A dA®)pt™)
+ (=D (o)p™ A AP — (o] A AT A AW
(6.22) = (o] {=(dp™ A dp™)p™ 4 (AAM)p™) — A A A,

The restriction of the map V2 to £\, seen as an element in Q*(82) ®A(s2) &Y is the curvature Fy of
the given connection.
The left A(S?)-module isomorphism between £ and €Y described in proposition B3] allows for

the definition of an hermitian structure on each projective left module 57(10), {; }: &0 x g A(S?)

given as:

(6.23) {{oly: (ol } = 0™,

with ¢, ¢’ € E%O). Such an hermitian structure satisfies the relations:
{f{oly; [ {oly} = Fo(F'd)",
{(alg,(oly} =0, {loly,(oly} =0 & (o =0.

The left A(Sg)—module isomorphism between L',%O) and 5,(10) also enables to relate the concept of

connection on the quantum Hopf bundle to that of covariant derivative on the associated line bundles.
As first step, define the A(SZ)-bimodule:

(6.24) LY = {6 € 0, (SUL(2)) = A(SU,(2))QN(SDASU,(2) : AR)d = p @ 27"}
and introduce the notations:
gr(lk) = QF (Sz) ®A(sg) 57(10).

The maps:
LY gD o loly=¢ <\I/(") :
(6.25) L Ny R e i g <o, \1/<">>

give left A(S?)-module isomorphisms (in this notation the explicit dependence on (f| € .A(Sg)‘”'Jr1 as in
proposition has been dropped). Via this isomorphism, any connection on the quantum Hopf bundle
— represented by a projection I (G.11)) or by a connection 1-form (GI3) — induces a gauge potential A ™)
on any associated line bundle 5,(10).

Proposition 6.2. Given the left A(S2)-isomorphism £ ~ &9 described in proposition [Z3, as well

as the analogue left A(Si)-module isomorphism K,(zl) ~ 5,(,1) described in (6.20), there is an equivalence
between the set of connections on the quantum Hopf bundle via a projection II in Q(SU4(2)) as in (G11)),

and the set of covariant derivative V € C(&(lo)) on any associated line bundle. With ¢ € E%O) so that
(op| =@ <\I/(”)’ € &Y, the equivalence is given by D¢ = (V(aly) ‘\Il(”)>.

PrOOF. Choose ¢ € E%O), so to have o4 = ¢<\II(”)| and from the definition in (G2ZI) express a

covariant derivative on 5,(,0) via a gauge potential as:
(6.26) V (o], =d (¢ <\1/<”> ) \1/<">> <\11<”>
(6.27) = {dp — ¢[<\p(")’d\p(")> _ <q,<n>

since A(™ = AMp(™) On the other hand, being ¢ € E%O) one has:
D¢ = (1 - H)d¢ =d¢— (XZD¢)H(WZ)

_ 2n
— a0 (125 ) omiten)

AM
q,(n>>]} <q,(n>

+o (v

A
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with D¢ € L5 from (6.I7). By the isomorphism (6.25), equating D¢ = (V (o) |\Il(")> defines the
gauge potential A as:

n n n n n 1_q2n
<\11< ). 4wl )>—<\I/( ) A g >>= T (s + Uy + Vo)
1_q2n o
(6.28) =T (w. +a)=w(z""):

an explicit calculation shows that (U d¥(™) = [(1 - ¢*")/(1 — ¢~2)]w., so the previous expression
becomes:

n n n 1—q¢"

(6.29) <\11< M A® g >> = 1= U + Vo),
which is solved by

1— 2n

(CO N ’ (n) (n)
A = U >(Uw++Vw,)<\Il

(6.30) i ’\1/<">> a <\11<"> .

1—q2

This solution is unique. Being the set of connection an affine space, any different gauge potential, solution
of equation ([E29), should be A(™ = AM™ + A/™ where AM™ is given in (B30) and A’™ must satisfy
(D] A )Y = 0, with A’) = pm AP = p( AT) = Ar)p(n) — AT One directly has:

<x1/<"> q/<">> -0
- 0= ’q,<n>> <\p(n) \p(")> <q,<n>

The complete equivalence claimed in the proposition comes by ([6.29]), which gives for any gauge potential
A a 1-form a € Q'(S2), suitable to define a connection as in ([E12). O

A/(n)

A/ — p(mA® () — A/,

The form of the gauge potential (6.30) shows that the monopole connection Ilp(w,) = w, corresponds

to the Grassmann, or canonical covariant derivative Vo (0| = (d (o|)p(™ on the line bundles &, having
A(M™ = 0 for any n € Z. A connection on the quantum Hopf bundle is defined compatible with the
hermitian structure ([6.23) on each module of sections of the associated line bundle if

d{(oly;(oly} ={V(olyiloly} +{{ols: V{oly}
It is easy to compute that this condition amounts to have a connection ([G.12) satisfying the condition

a = —a.

The compatibility between the differential calculi allows to extend the concept of right coaction of

the gauge group algebra on the whole exterior algebra Q(SU,(2)), introducing a right coaction A%’f) :
QF(SU,4(2)) — Q*(SU,(2)) ® A(U(1)) by induction as

(6.31) AP od=(d@id)o AFY.

It becomes now natural to define the A(S2)-bimodule:

(6.32) LP = {p € ASU,(2)Q%(SDASU,(2) : AP =02}
so that the maps:

LB XD o oly=¢ <x1/<"> :
(6.33) ED =@ (o] b= <o, \1/<">>

are left A(Sg)—module isomorphisms, generalising the isomorphisms given in proposition B3land in (G.25).

In the formulation of [6], the elements in L,(zk) are strongly tensorial forms.
Recall that the covariant derivative V is defined in (6I9) as an operator V : e 5 g; D for
k = 0,1,2, since the differential calculus on A(Sg) is 2 dimensional; the covariant derivative D has

been defined by (G.I6]) only on the A(Si)—bimodule E%O), while the proposition [6.2] shows the equivalence
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between D : LS?’ — L',,(,l) and V : 57(10) — 5,(11). The isomorphism ([G.33) allows then to extend the
covariant derivative to D : E%l) — ESLQ), defining:

(6.34) D¢ = (V (o],) ’\I;(")>

for any ¢ € £ with <o|¢ =¢ <\I/(")‘ c el = Ql(Sz) ® A(s2) &9, Such an operator can be represented
in terms of the connection (6.I3)) 1-form w. From the Leibniz rule one has:

Ao (¥™)) = (do) (@

+(~1)fpd (v,

with ¢ € E%k). This identity gives the next proposition.

Proposition 6.3. Given ¢ € LY | so that (oly =10 (v e &Y the action of the operator D : L —
Y defined by [@34) can be written as:

(6.35) Do=do+dAw(z"")

PROOF. The proposition is proved by a direct computation. Start from ¢ € ES), so that from(6.21])
one has V (o], = (d <o|¢)p(") —{oly AA™ 5o that :

Do = (V (o],) [#))
= (d{ol,) \I;(")> — (o], A A® q,<n>>
= d(¢ <\1,<n> ) ‘q,<n>> N <q,(n>
(6.36) —dp+ A <\Il("), d\Il(”)> —6A <\1:<”>

A

q,(n>>

A

W) = dp+ g Aw(="),

where the last equality comes from (G.28]), expressing the gauge potential A(™ in terms of the connection
1-form w. 1

To give the curvature Fy of the given connection ([6.22]) a more explicit form, one can make use of
two further relations. The first one, involving the projectors p(™ only, comes from [24], while the second
is proved again by direct calculation.

Lemma 6.4. Let p(™ denote the projection given in B37). With the 2D calculus on S2 of section[37.3
one finds:

dp™ A dp™ p™ = —g7n] pMwy Aw,
p™ dp™ A dp™ =~ n] p™ wi Aw_.

Lemma 6.5. Given for any n € Z the projectors p\™) as in B310) and the expression of the gauge
potential A™ as in (630), one has:

(6.37) pm A — _ (L= ‘\11<">> d(Uws + Vw_) <\1/<"> .
1—¢2
PROOF. Setting
_ 1— 2n
) = (U A [00) = (1= )/~ g Vs + Vi) = =g

the expression ([6.37) can be written as the sum of three terms, from the Leibniz rule satisfied by the
exterior derivation d:

p( dAM ()
— Hq,<n>> <\1,<n>,d\1,<n>>a<n> <\1,<n> } n Hq,<n>> (da™) <q,<n>

- (i = 322) “W)> {‘"Z Al +alt)p wz} <\11<n>

} _ Hq,<n>>a<n> <dq,<n>,\1,<n>> <q,<n>

i Hq,(n)> da™ <q,(n> } ,

}
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where the second equality comes from the identities (¥, d¥™) = — (d¥™ ¥} = {(1 - ¢*>")/(1 -
q~?)}w., while the A(SU,(2))-bimodule relations [B.50) of 1-forms in Q!(SU4(2)), as well as commutation
relations among them (B.52)), give:

wy A(Uwy +Vw_ ) =¢*'Uw, Awy + ¢ Ww, Aw_ = —(Uwy +Vw_) Aw,,
so that w, A al™ 4+ al™ Aw, = 0 and the identity claimed in (637) is verified. O

Remark 6.6. The identity w, A a™ +al™ Aw, =0 also shows that the 1-form w, anti-commutes with
every 1-form in Q'(S?).

Proposition 6.7. Given the covariant derivative V : Eflk) — E,Skﬂ) from (@2Z2I) with a gauge potential
©30) A™ = —(1—¢*)(1— ¢ )~ [¥M)a (W™, the operator V? : &Y — &P can be written as:

(6.38) V2 (o] = (0| A Fy = — (o] A {\w) ") (w_ Aws — da+ ¢ [nja A a) <\1:<n> 1.

PROOF. From the general expression ([6.22)), the action of the operator V2 on a (0| € ICUE linear,
and given by the sum of three terms. The first one, recalling the result of the lemma [G.4] and the

commutation rules (B50) and B.52), is:
—(dp™ Adp™)p™ = g7 nJp™Mwy Aw_

= —¢'"[n] ‘\1;(")> <q,(n)

w_ Awg

(6.39) = —¢""[n] ‘\Il(”)>w, Awy <\Il(") .

Since one has (o p(™) = (o], being elements in the projective modules £, the other two terms in ©21)
are:

1— 2n
(n) g A(m)yy () — _ q ‘ (n) (n)
pMIAM™p (1q2) v >da<\II

=¢""n] }\Il(”)> da <\I/(”)

Y

1— 2n \ 2
A A A(m) q ’ (n) (n)
AW AA (1—q_2) Y >a/\a<\Il

Ik ‘\p<n>> afa <\1,<n>

The sum of these three lines gives the curvature Fy € Mln\ﬂ ® A(s2) 02 (Si) the expression:

(6.40) Fy = — ]\p<n>> ) (w- Awy — da+ ¢"[nJa Aa) <\p<">

O

The isomorphism ([6.33) allows to formulate the curvature as a linear map D? : £ - ES?), defined
by:

(6.41) D¢ = (V*(o],) \w>>
for a given ¢ = <o, \Il(")>. This operator can also be written in terms of the connection 1-form w.
Proposition 6.8. The operator D? : £ - P defined in [©41) can be written as

(6.42) D2p= ¢ Adw(z™™) +w(z™™) Aw(z"™)} = ¢ A (<\11<"> Py ]\p<">>)

on any ¢ € E%O).
PROOF. The proof is a direct application of the result in propositions [6.18] and It is D¢ =
dop — p Aw(z™™) with ¢ € E%O), so that:
D*¢ = d(D¢) + (D¢) Aw(=™")
=—d@AwET") +(dd—dAw(zT") Aw(z"")
= —pA (dw(z™) +w(z™") Aw(z™")).
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The relation ([G28) can be rewritten as w(z™") = —¢'7"[n](w, + a), so to have:
dw(z™) = —¢""[n](dw, + da) = ¢" T [n](w_ A wy — da),
Wiz AwE") = g ]} (ws + ) A (ws +2) = U [Pana,

where the last equality in the second line comes from the remark It becomes then clear to recover

from (G3])

D?*¢p=—¢ A [n{w_ Awy —da+ ¢ [nJanal = ¢ A (<\Il(”) Fy ‘\Il(”)>) ,
meaning that the action of the operator D? can be represented by the 2-form (<\Il(”)| Fy |\Il(")>) €
. O

Remark 6.9. Recall from ([G10) that, given ¢ € E%O), the covariant derivative D : £ — £ has been
defined in terms of the projector Il associated to the connection as:

D¢ = (1 —1)de.
Given the left A(Sg)—module isomorphisms £k ~ Qk(Si) ®.A(s2) CIC E,Sk), the proposition shows

that any connection written as a projector I as in ([GII)) induces a gauge potential AWM 5o to have a
covariant derwative V : Qk(Si) ®As2) En = Qk+1(83) ®a(s2) En- The operator D is then extended in

©34) as D : 55}) — [,,(12) in terms of the operator V, without using the projector I1. This definition is

perfectly consistent, but it seems natural to understand whether it is possible to define D : E%l) — 553)
via the projector I1, and even whether it is possible to extend the domain of such a covariant derivative

operator D from the set of horizontal forms L£E to the whole exterior algebra Q(SU4(2)), in analogy to
the classical case (2.4).

Given ¢ € [,7(11), the most natural definition of a covariant derivative seems to be:
(6.43) D¢ = (1 —T)dg,

with the horizontal projector (1 —1I) extended to Q?(SU4(2)) by assuming a compatibility with the wedge
product

Q%(SU,4(2)) = {21(SU4(2)) @ asu,(2)) ' (SU4(2))}/Sa = Q1 (SU,(2)) A Q' (SU,(2))
so to have:
(6.44) (1 -IDQ*(SU,(2)) = {(1 ~ Q' (SU,(2))} A {(1 — Q' (SU,(2))}-
It is easy to see that such a compatibility does not exist. To be definite, consider an example. Choose

w4 € E(_lg, so that dwy = ¢*(1+ ¢®)w. Awy = —(1+ ¢~ ?)wy Aw, by the commutation properties of the
A product B52). Compute now:

P+ )1 - {w. Awi} = (1 + {1 - Tw:} A{(1 - Thwi} = (1 + )V Awsy,
(a1 = Mfwy Aws} = —(1+ (1 — My } A {(1— M} = (14 gV Aw,,
The two expressions are different: the problem is that, for the given 8D calculus on A(SU4(2)), one has
(6.45) (1-1)Sg ¢ So.

Consider the 6 relations [B.52) generating Sg. An explicit calculation shows that, from the three of them
not involving w,, one has:

[(1 = My} A {(1— s } =0,
{(1= M-} A {(1 - M} =0,
[0 = Mo} A (= M} + {1 — Wi} A {1~ M-} =0,
while from the remaining terms:
{01 = M} A {1 = -} + ¢ (1~ Mo} A (1~ Mz} = (1 — ¢ 0ws Aw-,
(= T} A {(1 = T} + g~ (1~ Mws } A {1 M} = (1= ¢~ Ve Awy
{I-TDw } A {1 -Mw,} =aAa.
These computations show that only in the case of the monopole connection — that is a =0 — it is

(6.46) (1-TIp)So C S :
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only in the case of the monopole connection it is consistent to set
(1= To)Q*(SU,(2)) = {(1 — o) (SU4(2))} A {(1 — o) (SU,4(2))}
and to define
(6.47) Do : QF(SU,(2)) = QF1(SU,(2)), Do = (1 — Tp)d¢
The operator Dy is a ‘covariant’ operator: given ¢ € QF(SU,(2)) such that A%c)(b =¢Rz7", it is
A%CH)(DO(b) = Dg¢p ® z=", and moreover Dyd € £k D¢ is horizontal. Note that £ = 0, as the

calculus on Sg is 2D. It becomes an easy computation to prove that the restriction Dy : [,%k) — ﬁﬁf“)
acquires the form:

(6.48) Do¢ = (1 —Tp)de = dp — (—1)* ¢ Awo(27™™).

This relation is the quantum analogue of the classical 23). The classical covariant derivative of an
equivariant differential form ¢ can be expressed in terms of the conmection I1-form w only if such ¢ is
horizontal. In this quantum formulation, the classical condition that ¢ is horizontal and equivariant has

been translated into the condition ¢ € L%k).

7. A gauged Laplacian on the quantum Hopf bundle

With a covariant derivative V acting on the left A(S2)-projective modules e = QF(S7) ®a(s2) En
and the +-Hodge structure on the exterior algebra Q(S2) introduced in section [ it is possible to define

a gauged Laplacian operator Oy : 5,(,0) — 5,(,0) as:
(7.1) Ov (o] = *V * V (o]
on any (o] € &Y. From the left A(S2)-linearity of the x-Hodge map, and the relation (G.2I)), one has:
V V(o] = d{x(V (a])}p™) — (xV (a]) A AD
= d{x[(d (o[)p™] + (o] A A p — {(x[(d (o )p™] A A® + (o] A (xA) A A}
(72) = dfxl(d o)™} + (o] A A 3R — w(d ()p} A AW — (o] A (AT A AC)
The second term in the last line can be written as:
a{ (o] A (FA)}p(™ = d (o] A (kA + (o] A {A(A®)}p)
(7.3) = d (o] A (RAW) + (o] A {d(xA™)}1p(™),
while the third term in (2] is:
— o {(d {o])p™} A AD = — sk (d(])p™) A AC)
(7.4) = —(xd (g]) A AW

in both the relations (Z3) and (Z4) the specific property of right A(SZ)-linearity of the x-Hodge map
has been used, namely as x(A™)p() = x(AMp™)) =« A® in [T3) and as x{(d (a])p™} = x(d (o])p™
in (Z4)). Moreover, from the proposition [5.4] one has d (o] A (*A™) = —(xd (o]) A A™), so that

(7.5) *VV (o] = xd{x(d (o])p™}p™ —2x{(xd (o) AA® } 4 (| A{xdx AW 1p™ — (G| Ax{ (A AA®)}

The four terms componing the gauged Laplacian can be individually studied.

e Recalling the result of lemma [5.6] one has:

AW = g [n] « {

\I,<n>> a<\1,<n>

(7.6) = ¢"*[n] \\1:<n>> (xa) <\11<">

}

The fourth term in () is, using once more the result of lemma [5.6] with <\Il(")‘ € E(,Or)l:
— (o AR{A) A ADY = — (o] A gD ] [0 (x) A n (w0

(7.7) = —¢*[n] (o| A ’\If(")> (x{(xa) A a}) <\If(”)
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e From (6] the third term in the expression ([Th]) of the gauged Laplacian is:

)1pt
(7.8) = (o] A g n] % {p™d (’qf<">> (+A®) (w0

(o] A {xd * A®Yp™ = (5] A ¢+ [n] * {d (’\p<n>> (xa) <\1:<">

)P},
The last term in curly bracket is, by the derivation property of d:

p™M4 ( ¢<n>> (xA®) <q,<n> ) p™ —

_ \I;(")> (<\I/(")’d\1/(n)> (*a)) <q,(n>

_ ‘\p(n)> ((*a) <d\1,<n>, \p(n)>) <\I/(")

+ ‘\1/<”>> (d(xa)) (W)

- \1,<n>> {—¢"""[n]w: A (xa) — ¢' " [n](xa) A w, + d(xa)} <‘If(”’

)

where the last equality comes from the identity <\If("),d\11(")> = —¢'*"[n]w,. Recalling the
remark [6.0] and using the commutation rules (850) as they were used in (1), the expression

([]) becomes:

(o] A fxd % A = g1+ [0] (o] A *{]\p<">> d(xa) <\1/<">

}
(7.10) = ¢ "[n] (o] A }\p<">> {(xd % a} <\11<n> :

e It is now straightforward to analyse the second term in the expression (TH]) of the gauged
Laplacian. From the definition (630) and the Hodge duality (514)), with againa = Uw,+Vw_,

Ue £ and Ve £ :
2% {d (o] A (A} = 20"y ¢ [n] % {(X b (0])ws ]\1/<">> Aa <\p<n>
l1,<n>> % <\1,<n>

+B(X_p (o)) ‘\11<">> U <q/<">

— (X (o] )w- ’\p<">> Aa <\11<">

}

= —2ia"'v q[n]{(X 4> (o] }r(wo Awyg)

PR (X_p (o)) ‘\11<">> U <q/<">

}

(7.11) = —2g[n){v(X > (o] ’\1;(")> % <\1,(n)

e To analyse the first term in (), which is the only one not depending on the gauge potential
a, start with:

(A (D™} = x ({(Xs5 (0w + (X (o]jo ™)
— {(X4p (o)p My + (X o )p_ )
(7.12) — —iav{(Xs (o))p ey — (X_> (o]p™w_}

so to have:
e {(d {o)p™} = —ia" (X o [{X 1o (o }p ™) wo Awy — X o [{X o (of}p™] wy nw)
= —iav (X [{X4> (o1} ] + X 4p [{X o (o p™] ) Ay
* (@ (@ (ohp™}) = —ia” (vX_> [{Xs2 (o1}p™] + BX 10 [{X-5 (o] }p™] ) 5 (w- A wy)
(7.13) = — (vX o [{X 10 (o}p™)] + BX o [{X o (o[}0™)])
The gauged Laplacian can be seen as an operator Op : £2 — £ via the equivalence between equivari-

ant maps ¢ € E%O) and section of the associated line bundles o € 57(10), represented by the isomorphism
in proposition 3.3t

(7.14) Opé = (Ov (o)) [¥)
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on any equivariant ¢ = (o, ™). The terms (X1> (o|) ‘\IJ(”)> in (ZII) and(7ZI3) need a specific analysis.
Given the coproduct AX4 = 1® X4 + X4+ ® K2, one has:

(Xeo (o)) [10) = (Xan{o (w0
= (X up <\1;(n)

(7.15) =q "(X1p0).

This last equality is clear from (B26) with X; and n < 0, and with X_ and n > 0. In the other two
cases, it is possible to apply once more the deformed Leibniz rule to products of elements in A(SU4(2)),
having:

b [t

) “I/(”)> +q " (X1pg)

¢ (Xob <\1/<">

) “If(")> = X4> <\I/("), \I/(">> _ <\11(n>

(Xu> ‘\IJ(")>)

(Xon ‘\1/<">>)

= Xun(1) — <\1:<">

(7.16) - <\Il(")

since again from ([B326]) one has X > ’\II(”)> =0 with n >0, and X_p ’\II(")> =0 with n < 0.
Recollecting the four terms from (7.0 and making use of the relation (I5]), one has:

—o Ax{(A®™) A AN w>> = —¢%[n]p A *{(xa) Aal,

(Xeo |W00)) =0

o A {xdx A} w>> — ¢ "[n)e A {xd % a},
2 {do A ()} [U0)) = ~2' " [n] (U(X450)V + BX_00)U),

(7.17) [* (d* {(da)pW)}ﬂ \1/<">> = ¢ (WX_X, + BX L X_) oo,

It is clear that the gauged Laplacian operator can be completely diagonalised only if one chooses the
gauge potential a = 0, that is if one gauges the Laplacian by the monopole connection. Such a gauged
Laplacian Op, : E%O) — L',%O) can be written as:

(7.18) Opyd = —q 2" WX_X, 4+ X, X_)pg,  forge £O.
The diagonalisation is straightforward, following (£22). One has:

Opydnsa = —¢' {17 = ST+ 1+ 31} = a7 "B{1T = 51T + 1+ 51+ [nl}duna

(7.19) = —q'" " {2[J - g][J +1+ g] + [n]}dn,a.-

Recall the Laplacian operators on .A(SU4(2)) and on A(S?) from equations 2I) and (5.I8):
Osu, )¢ = ~(X_ X1 + XL X +9X.X. )0, o€ Ly,
Oge f = —(vX_X4 + BXL X ), fe A2~ Ly,

(7.20) Opyd = —q " (vX_X 1 4 X+ X_)po, pe LY.

One has that the restriction of Up, to ¢ € Ego) coincides with the operator DS?}. Moreover it is now
possible to generalise to the quantum Hopf bundle with the specific differential calculi studied so far, the
classical relation (), from which this analysis started:

(7.21) ¢*"Op,>d = (Osu,2) +1X-X2) v, pe L.

This relation appears as the natural generalisation of the classical relation (ILIJ) to this specific quantum
setting. The quantum Casimir operator (3.21]) can not be written as a polynomial in the basis derivations
X, B40) of the 3D left covariant calculus from Woronowicz, so its role is played by the Laplacian
Usu, (2)- Its quantum vertical part can still be written as a quadratic operator in the vertical field X, of
the quantum Hopf fibration.

8. An algebraic formulation of the classical Hopf bundle

The aim of this section is to apply the formalism developed to study the quantum Hopf bundle to
the case when all the space algebras are commutative, in order to recover the standard formulation of
the classical Hopf bundle described at the beginning of the paper, from a dual viewpoint.
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8.1. An algebraic description of the differential calculus on the group manifold SU(2).
Rephrasing the relations (2.8)) which define the matrix Lie group SU(2), the coordinate algebra A(SU(2))
of the simple Lie group SU(2) is the commutative *-algebra generated by u and v, satisfying the spherical
relation u*u + v*v = 1. The Hopf algebra structure is given by the coproduct:

u —vF u —vF u —v*
(8.1) A[v u*}_[v u*}@)[v u*}’
antipode:
(8.2) S{“ _Z}{“ ”],
voou —v U
and counit:

u —v* 1 0
62 Jr -l 0)
The universal envelopping algebra U(su(2)) is the Hopf *-algebra generated by the three elements e, f, h
which satisfy the algebraic relations (2.12)) coming from the Lie algebra structure in su(2):

[e, f] = 2h,
[fa h] =1,
(8.4) [e,h] = —e.

The *-structure is:
h* = h, e* =1, f* =e,
and the Hopf algebra structure is provided by the coproduct:
Ale)=e®1+1®e,
Af)=fel1+1&f,
Ah)=h®1+1®h;

antipode:

and a counit which is trivial:
e(e) =e(f) =e(h) =0.
The centre of the algebra U(su(2)) is generated by the Casimir element:
1

(8.5) C=h>+ 5 (ef + fe)
The irreducible finite dimensional *-representations o; of ¢ (su(2)) are well known and labelled by non-
negative half-integers j € %N . They are given by:

o;(h)[j,m) =m|j,m),

aj(e)j,m) = V(G —m)(j +m+1)[j,m+1),
(8.6) o;(£) 15, m) = V(i —m+1)(G +m)|j,m —1).

The algebras A(SU(2)) and U(su(2)) are dually paired. The bilinear B1) mapping ( , ) : U(su(2)) x
A(SU(2)) — C, compatible with the x-structures, is set by:

<h7 u> = 71/27

(h,u*)y =1/2,

(e,v) =1,
(8.7) (f,v*)y = —1;

all other couples of generators pairing to 0. This pairing is non degenerate: the condition (I,x2) =0Vl €
U(su(2)) implies z = 0, while {/,z) =0 Vz € A(SU(2)) implies h = 0.

It is possible to prove [21] that a finite dimensional vector space X C H' of linear functionals on a
Hopf algebra H is a tangent space of a finite dimensional left covariant first order differential calculus
(QY(H),d) if and only if X (1) =0 and (A(X) —e® X) € X ® H°, for any X € X, where H° C H' is
the dual Hopf algebra to H. The ideal Q = {z € ker ey, : X (z) = 0VX € X'} characterises the calculus,
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the bimodule of 1-forms being isomorphic to Q! (H) = QL (H)/Ng with Ng = r~1(H ® Q). This result
shows the path to prove the following proposition.

Proposition 8.1. Given the nondegenerate bilinear pairing { , ) : U(su(2)) x A(SU(2)) — C as in [81),
the set {e,f,h} of generators in U(su(2)) defines a basis of the tangent space Xgy 2y for a bicovariant

differential *-calculus on A(SU(2)). Such a differential calculus is isomorphic to the differential calculus
Z24), once the algebra C>°(S3) is restricted to the polynomial algebra A(SU(2)).

PROOF. The definition of counit in the Hopf algebra U/ (su(2)) shows that the generators I, = {e,f, h},
seen as linear functionals on A(SU(2)) via the pairing, are such that:
e(l) = (e,1) =e(e) =0,
f(1) = (f,1) = &(f) = 0,
h(1) = (b, 1) = £(h) = 0;

) =
) =

while the coproduct relations can be cast in the form:

Ale)—1®e=e®1,
Aff)—1ef=fel,
(8.8) Ah)—1®h=h®1;

thus proving that the set {e,f,h} in U(su(2)) defines a complex vector space basis of a tangent space
Xsy (o) for a left covariant differential calculus. The obvious inclusion X;’U(Q) C Xsy(g) proves, as
described in section 3], that such a calculus admits a * structure.

In order to recover the ideal Qgrr(2) C keregy (o) for this specific calculus, consider a generic element
r € keregyp). It must necessarily be written as x = {(u — 1)x1, (u* — 1)z2,ve3,v" 24} With z; €
A(SU(2)). Such an element 2 will belong to Qg (2) if (la, ) = 0 for any of the generators [, € U(su(2)),
since they form a vector space basis for the tangent space Xgy(2) relative to this calculus. For the element
2 = (u — 1)zy the three conditions are:

(e,(u—1)z1) = (e,u—1) (1, z1) + (1, u— 1) {e,z1) =0,
(v — D) = f,u—1) (1, z1) + (L,u—1) {f,21) =0,

(8.9) (h, (u— Dax) = (hyu— 1) (1,21 + (1w — 1) (h, 21) = —% (1, a1) = —%g(m),

where, in each of the three lines, the first equality comes from the general properties of dual pairing
and from the specific coproduct in U(su(2)), while the final result depends on the specific form of
the pairing. This means that = (u — 1)x; belongs to Qgy(2) if and only if 21 € keregy(z). The
analysis is similar for the other three elements x = {(u* — 1)z, vas,v*z4}. It is then proved that
this left covariant differential calculus on A(SU(2)) - whose tangent space is 3 dimensional - can be
characterised by the ideal Qg (2) = {ker ESU(Q)}Q C keregy(g), which is generated by the ten elements:
Qsu(z) = {(u—1)% (u—1)(u* = 1), (u—1)v, (u—1)v*, (u* —1)%, (u* — D)o, (u* — 1)v*,v?, vv*,v*?}. The
equation ([BH) allows then to write the exterior derivative for this calculus as:

(8.10) dz = (epx)we + (fz)wr + (h>a)wy

The commutation properties between the left invariant forms {we,ws,wn} and elements of the algebra
A(SU(2)) depend on the functionals f,; defined as A(l,) = 1®1,+1p & fpe. From [BF) one has fup = dup,
so 1-forms do commute with elements of the algebra A(SU(2)), wax = Tw.

The ideal Qg (2y is in addition stable under the right coaction Ad of the algebra A(SU(2)) onto
itself: Ad(Qsu(2)) C Qsu() ® A(SU(2)). The proof of this result consists of a direct computation.
The stability of the ideal Qg (o) under the right coaction Ad means that this differential calculus is
bicovariant.

The explicit form of the left action of the generators of U(su(2)) on the generators of the coordinate
algebra A(SU(2)) is:

hou = f%u e>uy = —v* fou=0
(8.11) hou* = %u* e>u* =0 fou* =wv
’ hov = f%v e>v = u* foo =0
h>ov* = %v* e>v* =0 foo* = —u
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Starting from these relations it is immediate to see that the left action of the generators I, € U(su(2))
is equivalent to the Lie derivative along the left invariant vector fields L, (2I1]). This equivalence can
now be written as:

€[>(.T) = _iL+(‘T)a

fo(z) = —iL_(z),
(8.12) he(x) = 4L, (),
and it is valid for any = € A(SU(2)), as the Leibniz rule for the action of the derivations L, is encoded

in the definition of the left action (3.6) and the properties of the functionals f,; = d4p. From relation
[BI0) it is possible to recover:
1

du = —v*we — §uwh,

1
du* = vwr + Eu*wh,

1
dv = v we — ivwh,
* 1 *
dv* = —uwr + 51} Wh-

These relations can be inverted, so that left invariant 1-forms {we,ws,wn} can be compared to [2.21):
we = udv — vdu = w4,
wr = v du* — udv* = iw_,
(8.13) wp = —2(u"du + v*dv) = —i@,.
The *-structure is given, on the basis of left-invariant generators, as w} = —ws, wj = —wn. The equalities
BI3), which are dual to ([812), represent the isomorphism between the first order differential calculus

introduced via the action of the exterior derivative in (8I0), and the one analysed in section 211
O

It is now straightforward to recover this bicovariant calculus as the classical limit of the quantum 3D left
covariant calculus (Q(SU,4(2),d) described in section B4l In the classical limit A(SU,(2)) — A(SU(2))
as ¢ — 1, with ¢ — z, one has:

Wi = We, (X400) — (evx),
w_ — wr, (X_pg) — (fpx),
wy = —3 wp, (X.>¢) — (—2hpa).

The coaction Ag) of A(SU(2)) on the basis of left invariant forms defines the matrix Ag) (Wa) = wWp® Jpa:
)

Ag (wf) = we ® W 4wy @ UV — we @ 12,
Ag)(wh) = —wr ®2u"v + wh ® (UWu — v™V) — we ® 2uv™,
(8.14) Ag)(we) = —wr @V +wp @ uv + we @ u?,

which is used to define a basis of right invariant one forms 7, = wpS(Jpq):

2

ne = ulws — uv*wy — v*2

*

we = v du — udv™,
Nh = 2uvws + (vu™ — Vo™ )wy + 2u v we = 2(udu™ 4+ v*dw),
(8.15) Ne = —v2wp — u*vwy + u 2w = u*dv — vdu’;
- note that it has been made explicit use of the commutativity between forms w, and elements of the
algebra A(SU(2)). The right acting derivation associated to this basis are given by (312) as
dz = 1ea(=S7 (1)) = Nl

for any z € A(SU(2)), since an immediate evaluation gives S71(l,) = —I, for the three vector basis
elements of the tangent space [, € X. Using again the commutativity of the right invariant one forms
7, with element of A(SU(2)), the action of the exterior derivation (8I0) can be written as:

(8.16) dz = (z<f)ne + (x<h)my, + (x<€)ne.
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Comparing (815) to (222) one has:

ne = 11—,
Th = =1z,
(8.17) e = 11+,
while for the right action of the generators I, on A(SU(2)) one computes:
u<h = fléu u<e =0 udf = v
u*<h = su* u*<e = —v* w*<f =
(8.18) v<h = %3} vde = u vaf = 00
vi<dh = f%v* vi<ie =0 viaf = —u’;

so that the identification with the action of the right invariant vector fields ([2.I4]) can be recovered as:
(x)<f = —iR_(x),
(¥)<e = —iR4 (),

(8.19) (x)<h = iR, (x),

being dual to the identification (8IT). It is also evident that relations (8I7) and (8I9) define a different

realisation of the isomorphism between the differential calculus introduced in this section (8I0) and the
differential calculus from section 211

Remark 8.2. The identification [8I2) can be read as a Lie algebra isomorphism between the Lie algebra
{e,f,h} given in (84) and the Lie algebra of the left invariant vector fields {L,} Z12):
(8.20) e=—ilLy, f=—il_, h=iL,.

The notion of pairing between the algebras U(su(2)) and A(SU(2)) can be recovered as the Lie derivative
of the coordinate functions along the vector fields L,, evaluated at the identity of the group manifold.
The terms in 87) giving the nonzero terms of the pairing are:

L:(w)lg=35 = (h,uy = -1
Lo(u")liq=—3 = (h,u*) = %
Ly(v)]iqg =1 = (e,v) =1

L_(v7)];q = —i = (f,0") = -1

The whole exterior algebra Q(SU(2)) can now be constructed from the differential calculus (8I0).
Any 1-form § € Q'(SU(2)) can be written on the basis of left invariant forms as 0 = Y, xpwy, = wiy
with =, € A(SU(2)). Higher dimensional forms can be defined by requiring their total antisimmetry,
and that d2 = 0. One has then wq A wp + wp A we = 0 and:

dws = wp A wy,
dwe = we A W,
(8.21) dwy = 2w A We.

Finally, there is a unique volume top form wg A we A wy,.

The algebra A(SU(2)) can be partitioned into finite dimensional blocks, whose elements are related to
the Wigner D-functions [36] for the group SU(2). Considering all the unitary irreducible representations
of SU(2), their matrix elements will give a Peter-Weyl basis for the Hilbert space £2(SU (2), ) of complex
valued functions defined on the group manifold with respect to the Haar invariant measure. The Wigner
D-function Dy, (g) is defined to be the matrix element (k,s are the matrix indices) representing the
element g ~ (u,v) in SU(2) ([Z8) in the representation of weight J. They are known:
u*lv*.ffkfl,U.]fsflu*kJrerl

NJT—k—DI(J—s—1D)(s+k+1)!

with J = 0,1/2,1,...and k = —J,...,+J, s = —J,...,+J. In (B22) the index ! runs over the set
of natural numbers such that all the arguments of the factorial are non negative. To illustrate the
meaning of this partition, proceed as in the quantum setting, and consider the element u* € A(SU(2)).
Representing the left action f> with a horizontal arrow and the right action <e with a vertical one yields
the box:

(8.22) Di, = (—=i)*T*[(J+$)/(J — s)/(J+E)(J —k)|/2 Z(A)k“
l

*

u - v
(8.23) 1 1
—v* = u
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while starting from u*? € A(SU(2)) yields the box:

u*? — 2u*v - 20?
\ 1 \

(8.24) —2u*v* = 2(ufu—v*v) — 4w
\ \ \

20*2 — —4dv*u — 42

A recursive structure emerges now clear. For each positive integer p one has a box W), made up of the
(p+1) x (p+ 1) elements wy.;, = f'>u*P<e”. An explicit calculation proves that:

1/2
(8.25) frouraer — i1 | — 0| pere
' Ll-tp ) t—p/Zr—p/2

with t < p,7 < p. As an element in U(su(2)), the quadratic Casimir C (B3] of the Lie algebra su(2)
acts on x € A(SU(2)) as Crx = 2<C, and its action clearly commutes with the actions f> and <e. This
means that the decomposition A(SU(2)) = &,enW, gives the spectral resolution of the action of C:

S+ Dwptr

2 g ==
(8.26) Crwp., 55

8.2. The bundle structure.
8.2.1. The base algebra of the bundle. Given the abelian x-algebra A(U(1)) = C[z,2*]/ < zz* —1 >,
the map 7 : A(SU(2)) — (U(1))
(8.27) fr[“ _2]=[’2 O}
voowu

z
is a surjective Hopf *-algebra homomorphism, so that A(U(1)) can be seen as a x-subalgebra of A(SU(2)),
with a right coaction:

(8.28) Ar=(1®7%) oA, A(SU(2) — A(SU(2)) ® A(U(1)).

The coinvariant elements for this coaction, that is elements b € A(SU(2)) for which Ag(b) = b® 1, form
the subalgebra A(S?) C A(SU(2)), which is the coordinate subalgebra of the sphere S2. From:

Ar(u) =u® z,

Ar(u*) = u* ® 2%,

Ar(v) =v @z
(8.29) Ap(v*) =v* ® 2%,

one has that a set of generators for A(S?) is given by ([2.39):
b, = uu* — v*,
by = wv* +vu’,
(8.30) by = —i(vu* — uv™)
The comparison with section shows that & dually describes the choice of the gauge group U(1) as
a subgroup of SU(2), whose right principal pull-back action 1} is now replaced by the right A(U(1))-
coaction Ag. The basis of the principal Hopf bundle S? ~ SU(2)/ U(1) will be given as the algebra A(S?)
of right coinvariant elements b, € A(SU(2)), which is a homogeneous space algebra. The coproduct A
of A(SU(2)) restricts to a left coaction A : A(SU(2)) — A(SU(2)) @ A(S?) as:
Abg) = u? @ by —v*u @ by, — v*2 @ b,
A(bp) = 2uv @ by + (u*u — v* ) ® by, + 2u™v* ® be,
(8.31) Abe) = —0* @ bs — u*v @ by, + u*? @ be.
with by = 1/2(by — ib;) = wv*, be = 1/2(by, + ib;) = vu*, by, = b,. The choice of this specific basis shows
that A(bg) = S(Jka) ® by, where the matrix J is exactly the one defined in (814) as Ag)(wa) = wy @ Jpq.
The identification (8I2) between the left action h>z — given the generator h € U(su(2)) on any

x € A(SU(2)) — and the action iL,(x) — given the left invariant vector field L, — as well as the definition
of the A(U(1))-right coaction Ar on A(SU(2)) B29), allow to recover the set of the U(1)-equivariant

functions £ C A(SU(2)) in [244) as:
(8.32) e = {pe A(SUQ) : o= 56 & Ar(¢) =@ 27"},
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8.2.2. A differential calculus on the gauge group algebra. The strategy underlining the proof of the
proposition [8 ] brings also to the definition of a differential calculus on the gauge group algebra A(U(1)).
The bilinear pairing (-,-) : U(su(2)) x A(SU(2)) — C B is restricted via the surjection 7 [B27) to
a bilinear pairing (-,-) : U{h} x A(U(1)) — C, which is still compatible with the x-structure, given on
generators as:

1
h,z) =—=
< Y Z) 2 Y
1
h,z7!) = -,
< ) % > 2
The set Ay (1) = {h} is proved to be the basis of the tangent space for a 1-dimensional bicovariant commu-
tative calculus on A(U(1)). The ideal Q) C kerey(yy turns out again to be Ay = (kerey(r))? gener-

ated by {(z —1)?,(z —1)(z7! — 1), (27! — 1)}, which can also be recovered as Qu) = T((ker egy(2))?).
From:

h>z = —%z,

ezt = %zil,
one has that:

dz = —%zdj,
(8.33) et = %z*w

with zdz = (dz)z. The only left invariant 1-form is
O =—2z"1dz = 2zdz71,

while the role of the right invariant derivation associated to h € U{h} is played by —S~!(h) = h, so that
the right invariant form generating this calculus is:
dz = 7(z<h) = 7(—32)
dz=t = 7j(z71ah) = 7(
so that one obtains 7 = @.
It is possible to characterise the quotient ker ey 1)/ Qu1) = ker ey / (ker EU(l))Q. The three elements
generating the ideal Qu(1) = (ker EU(l))2 can be written as:

E=(-DE" =D =(-D+ (-1,
=E-1DE-1)=E6+&z-1),
=TT 1) =6+ 1),

so that Q1) can be seen generated by & = (z—1)+(z7'—1). Set amap A : kerey(1) — Cby A(u(z—1)) =
> jenlj, whereu =73, , u;27 is generic element in A(U(1)). The techniques outlined in lemma 34 in
the quantum setting enable to prove that A can be used to define a complex vector space isomorphism
between ker ey 1)/ (kerey(ry)? and C, whose inverse is given by A™' : w € C— A H(w) = w(z —1) €
kereyq). It is evident that such a map A gives the projection mg,,, : kerey) — kerey()/Qu) =~ C,
since it chooses a representative in each equivalence class in the quotient kerey(1)/Qu)-

8.2.3. The Hopf bundle structure. With the 3D bicovariant calculus on the total space algebra
A(SU(2)) and the 1D bicovariant calculus on the gauge group algebra A(U(1)), one needs to prove
the compatibility conditions that lead to the exact sequence:

0 — A(SU(2)) (2'(S?)) A(SU(2)) —

4

327

S QUASU2) 242 ASU(2) @ kereyay/Quay — 0,

where the map ~x,,,, is defined as in the diagram (3.I5) which now acquires the form:

QL (SU(2))un T O1(ASU(2))
(8.34) bx F~Nsu )
id ®7TQU(1)

A(SU(Q)) & ker EU(l) — A(SU(Q)) & (ker EU(I)/QU(I)) .
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The proof of the compatibility conditions is in the following lemmas. The first one analyses the right
covariance of the differential structure on A(SU(2)).

Lemma 8.3. From the 3D bicovariant calculus on A(SU(2)) generated by the ideal Qgy 2y = (keregy(2))?
ker egy(2) given in proposition [81, one has ARNSU@) C Nsuy) ® A(U(1)).

PROOF. Using the bijection given in B3), it is Q'(SU(2)) ~ Q' (SU(2))/Nsu(2) with Ngya) =
=1 (A(SU(2)) ® Qsu(2))- For this specific calculus one has that Ny (o) is the sub-bimodule generated
by {8¢ 0} for any ¢, v € A(SU(2)), where §¢ = (1® ¢ — ¢®1) € Q1(SU(2))un. Choose ¢ € £ and
P € 252’ so to have Arp = ¢®2z"" and Ary) = @2~ Extending the coaction Agr toa coaction AVR :
A(SU(2))RA(SU(2)) = A(SU(2))®A(SU(2))2A(U(1)) as Ag = (Id®id ®@m)o(id @7®id)o (AR ®AR)
in terms of the flip operator 7, it becomes an easy calculation to find:

Ar(6¢dy) = (1@ W + oY @1 -0 R — 9 @ ¢)
=(10@W+¢WR1-9¢RY -y @27 """ =(0¢6Y) @27
(I

Lemma 8.4. The map x : QY (SU(2))un — A(SU(2)) ® A(U(1)) defined in BI4) as x = (m ®id) o
(id ®AR) is surjecive.

PROOF. The proof of this result closely follows the proof of the proposition From the spherical
relation 1 = (uu + v*v)" = ZZ_0< Z > w4 Ty it is possible to set ‘\P(”)>a c 29 for

a=0,...,|n| with <\Il("), \Il(")> =1 as:

n>0: ’\II(")> = ( n )v*“u*"‘“,
a a

n<0: ‘\II(")> = ( Il )v*ln_“u“.
a a

Fixed n € Z, define v = (¥~ §¥(=")). Since ‘\Il(_")> € 2(_0,)1, one computes that x(y) = 1® (2" — 1),

and this sufficient to prove the surjectivity of the map x, being x left A(SU(2))-linear and ker ey (q) is a
complex vector space with a basis (z™ — 1).
(I

Lemma 8.5. Given the map x as in the previous lemma, it is x(Nsy(2)) C A(SU(2)) ® Quq), where
Nsu(2) is as in lemmal83 and Quy = (kerey(n))?®.

PROOF. To be definite, consider ¢ € 2,(10) and ¢ € 2,(3). One has:

X(0p oY) =g @ {z7" "+ 127" — 27"}
=@ {(1-2"")(1—-2"")} CASU?2))® (kereyq))®.
O

The results of these lemmas allow to define the map ~nrg, ,,: Q1(SU(2)) = A(SU(2))@ker ey(1)/Qu)
from the diagram (8.34). Using the isomorphism A : ker ey(1)/Qu(1) — C described in section 822 one
has:

~Nsu(2) (we) =0
~Nsu(2) (wr) =0
(8.35) ~Nsue (Wh) = =20 7o, (2 —1)=-2®1.
The next lemma completes the analysis of the compatibility conditions between the differential

structures on A(SU(2)) and on A(U(1)). The horizontal part of the set of k-forms out of Q*(SU(2)) is
defined as QF__(SU(2)) = QF(S%)A(SU(2)) = A(SU(2))Qk(S?).

hor
Lemma 8.6. Given the differential calculus on the basis Q*(S?) = Q' (52)un/Ng2 with Ng2 = Ngy(a) N
QY(S?)un, it is ker ~prgy, o, = QH(S?)A(SU(2)) = A(SU(2))2' (5?) = Q. (SU(2)).
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ProOF. Consider a 1-form [n] € Q'(SU(2)) and choose the element n = 1 ¢ € Q1 (SU(2))un as a
representative of [n], with ¢ € 29 and (NS 29 One finds:

X1 0p) =vPp @ (27" = 1),
~Nsu(2) (n) =vo® Ty (z7" —=1).

Recalling once more the isomorphism A : kerey(1)/Quay — C, it is A(z7" — 1) = 0 if and only if n = 0,
so to have n = ¢ §¢ with ¢ € Q1(5?),y, and then n € Q1(S?),n A(U(1)). It is clear that the condition
XWNsuz)) € A(SU(2)) ® Quqy proved in lemma ensures that the map ~ny,,,, is well-defined: its

image does not depend on the specific choice of the representative n € [n] C Q1(SU(2)).
O

The property of right covariance of the calculus on A(SU(2)) — proved in lemmal[83]— allows to extend
the coaction Ag to a coaction A%’f) : QE(SU(2)) — QF(SU(2)) ® A(U(1)) via Ag%) od = (d®id) oAgf 2
Via such a coaction it is possible to recover ([Z42) the set Q*(SU(2)),,,, as the pg,)(U(1))-equivariant
k-forms on the Hopf bundle:

QM (SU(2))p,, = {0 € Q" (SUQ2)): AD(¢) =@ 2"}

as well as the A(S?)-bimodule £ of horizontal elements in Q¥ (SU(2)) pgy -
8.2.4. Connections and covariant derivative on the classical Hopf bundle. The compatibility condi-
tions bring the exactness of the sequence:

(8.36) 0 — OLL(SU2)) — QUSU2)) =42 A(SU(2)) ® kereu(ry/Qu,

whose every right invariant splitting o : A(SU(2))®ker ey(1)/Qu(1y — Q2'(SU(2)) represents a connection
63). With w € C ~kerey(y)/Qu(), one has:

o(1®w) = f%(wh + Uwe + Vwr),
(8.37) o(¢ @ w) = f%(b(wh + Uwe + Vi)

where ¢ € A(SU(2)), and U € £§0), Ve 2(,0%. The right invariant projection defined in(G.4) IT :
QL(SU(2)) — Q' (SU(2)) associated to this splitting is, from (83H):

M(we) = (we) = 0,
(8.38) IM(wh) = wh + Uwe + V.

The connection one form w : A(U(1)) — Q!(SU(2)) defined in (E3) is:
(8.39) w(z") =o(1®[z" —1]) = fg(wh + Uwe + V).

The horizontal projector (1 —1II) : Q1 (SU(2)) — QL (SU(2)) can be extended to whole exterior algebra
Q(SU(2)), since it is compatible with the wedge product: one finds that {(1 —ITw, A (1 —Mwp} + {(1 —
IMwy A (1 — Mwe = 0 or any pair of 1-forms. This property, which is not valid in the quantum setting
for a general connection — recall the remark —, allows to define an operator of covariant derivative

D : QF(SU(2)) = QF1(SU(2)) as
(8.40) D¢ =(1-1dg, V¢ Q¥SU(?2)).

This definition is the dual counterpart of definition ([Z4)). It is not difficult to prove the main properties
of such an operator of covariant derivative D:
e For any ¢ € QF(SU(2)), D¢ € QFFL(SU(2)).
e The operator D is 'covariant’. One has A%c)(b =9pR2" & A%CH)(qu) =D¢pR 2"
o Given ¢ € £, that is ¢ € QF_(SU(2)) such that AP ¢ = ¢ @ 2", it is D$ = do + w(2") A ¢.
This last property recovers the relation (Z35]).
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9. Back on a covariant derivative on the exterior algebra Q(SU,(2))

The analysis in section [6] presents the formalism of connections on a quantum principal bundle [6]
and explicitly describes both the set of connections on a quantum Hopf bundle and the corresponding
set of covariant derivative operators V : Sr(lk) — Eﬁkﬂ) acting on k-form valued sections of the associated
quantum line bundles. The left A(Si)—module equivalence between £¥ and horizontal elements £ ¢

QF (SU,4(2)) allows then for the definition of a covariant derivative operator D : £ = £ with
k=0,1,2.

The equation ([6.45]) in remark[6.9] clarifies the reasons why, presenting a connection via the projector
G2 102 QY(SUL(2)) — QY(SU,(2)) given in (GIZ), the operator D = (1 —I)d : QY(SU,(2)) —
02 ,.(SU,4(2)) as in ([6.43) defined a consistent covariant derivative on the whole exterior algebra Q(SU,4(2))
only in the case of the monopole connection: the operator (1 —II) : Q1(SU,(2)) — QL .(SU4(2)) is a
covariant projector compatible with the properties of the wedge product (646) in the exterior algebra
Q(SU4(2)) only if the connection is the monopole connection.

The problem of defining, for any connection on a principal quantum bundle, a consistent covariant
projection operator on the whole exterior algebra on the total space of the bundle whose range is given
by the horizontal exterior forms has been studied in [12], [13]. The aim of this section is, from one side,
to describe the properties of the horizontal projector arising from that analysis, and then to show that in
such a formulation of the Hopf bundle more than one horizontal covariant projector can be consistently
introduced.

As already mentioned, the formulation presented in [12], 13] of the geometrical structures of a
quantum principal bundle slightly differs from that described in section and a comparison between
them is in [I4]. This formalism will not be explicitly reviewed: the main results concerning how to
define an horizontal covariant projector will be translated into the language extensively described in the
previous sections.

The differential #-calculus (£2(U(1)),d) on the gauge group algebra U(1) is described in section
It canonically corresponds to the right A(U(1))-ideal Qu1) C kerey(qy generated by the element
{(z* = 1) + ¢*(z — 1)}, so that by lemma B it is Q' (U(1))iny ~ kerey(1)/Qu(1y ~ C. Such a calculus is
bicovariant: given the left and right coactions ([3.2)) of the *-Hopf algebra A(U(1)) on Q'(U(1)) one has
that the 1-form w, is both left and right invariant,

0.1) AVl (U(1) - AU®1) ® QL(U(1)), AP (w,) = 1@ w,;
' AL N (U(1) = Q1 (U1)) ® AU(1)), AP (w:) =w. @ 1.

The exterior algebra on this differential calculus is built following [21], as explained in section ([B.4.1]),
where the same procedure has been applied to the analysis of the 3D left-covariant calculus on SU,4(2).
It results Sg,, = (2'(U(1)))®?, so that

(9-2) QU) = Y PUL)N = AUL) © Q1 (U(L).

k>0

The coproduct map in the Hopf *-algebra A(U(1)) can be extended to a homomorphism AU(l) :
Q(U((1)) = QU(1)) @ 2(U(1)) given by

Auay(p) = Alp) =9 ® ¢,
(9.3) Auy(pws) = A (pw:) + AP (pw:) = o1 @ pw: +w: © ),
for any ¢ € A(U(1)). Given the principal bundle structure, the compatibility conditions among calculi
on the total space algebra and the gauge group algebra allow to prove that there exists a unique extension
of the coaction ([3:29) of the gauge group U(1) on the total space SU,(2) to a left A(SU,(2))-module
homomorphism § : Q(SU4(2)) = Q(SU,(2)) ® 2(U(1)) implicitly defined by:
(F®id)§ = (id®Auw))3,

F*su,(2) = (*su, @) ® *u@))T :
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where the second condition expresses a compatiblity between the map § and the *-structures on the
exterior algebras built over the calculi on SU,(2) and U(1). One has

§(x) =Agr(z) =2z® 27",

rw)=zrw_®z ",

e

Twy) —:I:w+®z -

Tw)=(x® 2z "w,) + (zrw, ® 27",

SR S =

Two ANwy) =zw_ Aws ® 27",
Frwy Aw,) = (zwy ® 2°7"w,) + (Twy Aw, ® 2277,
Frw Aw )= (rw_ @272 "w,) + (zw, ANw_ ® z727"),

(
(
(
(
(
(
(
(9.4) S(

TWo AWy Awy) = (2w Awy @ 27"w,) + (zw_ Awy Aw, ® 27 7),

with € A(SU,4(2)), such that Ag(z) =2® 2" & x € £, The homomorphism § can be restricted
to the right coaction A%’f) : QF(SU,(2)) — QF(SUL(2)) ® A(U(1)) given in (G31):
AR (6) = (id @po)(9)

with ¢ € QF(SU,(2)) and po the projection Q(U(1)) — A(U(1)) coming from ([@2). The horizontal
subset of the exterior algebra Q(SU,(2)) can be defined via:

(9-5) Dnor(SUg(2)) = {¢ € Q(SUg(2)) : F(9) = (id @ po)F(9)},

while the exterior algebra Q(S?) described in section [3.4.3] can be recovered as

Q(s7) = {0 € QSUL2)) : F(@) =01}

From the analysis in section [] one has that a connection 1-form is given via a map @ : Q*(U(1))iny —
Q(SU,(2)) satisfying the conditions (6.5). The equation (6.13]) shows that any connection can be written
as:

@(w:) = w: +a,
with a € Q'(S?). Given a connection, one can define a map
(9.6) My Dhor(SU4(2)) @ QU(L))iny — Q(SUL(2)),
where the relation ([@.2)) enables to recover Q(U(1))iny 2 {C & Q' (U(1))iny }: given ¥ € hor(SU,(2)) and
=X+ pw, € UU®))iny (with A\, u € C) set:
(9.7) My (Y ®0) =P A (p+ Ao(w:)).
The map m,, is proved to be bijective, and the operator
(9.8) he, = (id ®po)m,*

a covariant horizontal projector hy, : Q(SU4(2)) — hor(SUy(2)). Given an element ¢ € QF(SU,(2)),
define its covariant derivative:

(9.9) D¢ = h,dg.

In the formulation developed in [12, 3] this definition is meant to be the quantum analogue of the
classical relation (840).

The previous analysis allows for a complete study of this quantum horizontal projector. Consider a
connection 1-form @(w,) =w, +Uw_+Vwy =w,+awith U € Eéo) and V € L(fg as in equation (G.IT)).
The inverse of the multiplicative map m,, — the map mj! : Q(SU,(2)) — hot(SU,(2)) @ Q(U(1))iny — as
well as the horizontal projector are given on 0-forms and 1-forms by:

mii(z) =2r®1 = hy(x) =
(9.10) mot(rwe) =rwy ®1 = w(mwi) =rwy,
mt(rw,) = (—ra®l)+ (z2Q@w,) = hy(rw,)=—-za
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with # € A(SU4(2)). This means that one has ®¢ = D¢ where ¢ € A(SUy(2)) with respect to the
covariant derivative defined in (6.I8). On higher order exterior forms one has:
(9-11)

mytrw_ Awi) =zw_ Awy ®1 = hy(rw_ Awy) =zw_ Awy,
m;l(zij/\wz)f( wr Aa®l)+ (zwy Quw,) = hy(lrwyAw,) =—azwyANa=cUw_ Awy,
mt(rw_ Aw,) =(—zw_Na®@l)+ (rw_Qw,) = hy(rw_Aw,)=—-r2w_Aa=—-¢*rVw_ Awy,
mo(Tw_ Awy Aw,) =2w_ Awi @w, = hy(zw_ Awy Aw,) =0.

Recalling the analysis in remark [0 it is important to stress that the projector h,, from (@.8)) is well
defined on the exterior algebra Q(SU,4(2)) for any choice of the connection, and defines a covariant
derivative D : Q¥(SU,(2)) — QF1(SU,(2)) which reduces to the operators (G.I8) on O-forms and (G.34)

hor

on 1-forms. The last equation out of ([@.I1) shows also that D : Q*(SU,(2)) — 0.

Remark 9.1. Is the horizontal projector h,, defined in ([Q8)) the only well-defined horizontal covariant
projector operator whose domain coincides with Q(SU4(2)) and whose range is hor(SU4(2)) C Q(SUL(2)),
such that the associated horizontal projection of the exterior derivative (09) reduces to the well established

operator D : £k oD given in ([GI0),[0634) ¢ The answer is no. To be definite, consider the
operator hl, : Q(SU,4(2)) = nor(SU4(2)) given by:

hiy(z) = ;
R (rwi) =rwy,
(9.12) R (rw,) = —xa,

so to coincide with the projector hy, [@IQ) on 0-forms and 1-forms, and:

R (rw_ Awy) =zw_ Awy,

Rl (zwy Aw,) =q'zanw, =¢*eUw_ Awy,

Rl (zw_Aw.) =q¢ 'ranw. = —¢ 22V w_ Aw,;
(9.13) R, (rw_ Awy Aw,) = 0.

It is clear that the operator ®' = hl,d : QF(SU,4(2)) — QFF1(SU,(2)) defines a consistent covariant
derivative on the whole exterior algebra on the total space algebra of the quantum Hopf bundle, which
reduces to the operator ® from (@9) when restricted to horizontal elements £ c QF(SU4(2)). Both the
operators ,D’ coincide in the classical limit with the covariant derivative on the classical Hopf bundle

B4Q) presented in section[8
The last step is to understand from where it is possible to trace the origin of such a projector h.,

back. It is easy to see that the isomorphism my,1 coming from [@1) can be recovered as the choice of a

specific left A(SU4(2))-module basis for the exterior algebra Q(SUg4(2)), namely

Q(SU,(2)) = ASU,@){1 & w- ®w; &aws)}
(9.14)

& AU 2){(w- Awi) ® (w- A@(ws)) @ (Wi AD(w2)) © (w- Awy AD(w:))},
while the horizontal projection obviously annihilates all the coefficients associated to exterior forms hav-
ing the connection I1-form @w(w;) as a term. The projector b, in (@I12),[@I3) comes from the choice
of a different left A(SU4(2))-module basis of Q(SU4(2)), that is setting — as analogue of (@QI4)) — the

isomorphism
Q(SUL(2)) ~ ASU,2){1 @ w_ ®wy ®d(w,)}
(9.15)
S ABU2){(w- Awy) & (0(w2) Aw-) & (D(wz) Awy) & (w- Awy AD(w2))}-

and then defining hl, as the projector whose nucleus is given as the left A(SUq4(2))-module spanned by
{@(wz),0(wz) Nwr,w_ Awy Aw(w,)}. An explicit computation shows that

woANO(w.) = (> —¢HVw_ Awy —q *@(w.)Aw_ = ker h,, #ker b, :

the two projectors are mot equivalent, being equivalent if and only if the connection is the monopole
connection.
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