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1. Introduction

The goal of this paper is to study the Witten Laplacian corresponding to a
function f on a circle S! using the methods of resurgent analysis and complex
WKB.

The motivation of this work comes from three sources. Firstly, there is
a number of examples in the literature of computing the spectral asymptotics
for different Schrédinger equations using the complex WKB method; we are
presenting here one more. This example is different in two ways from those
described in the literature: namely, the symbol of the Schrédinger operator (as
an h-differential operator) contains more that just a principal part, and instead
of considering wave functions on the whole R' vanishing at +oo, we study
periodic boundary conditions.

Secondly, we believe that methods of resurgent analysis can be helpful in
precise formulation and proof of the conjecture about the products of solutions
of different Witten Laplacians that motivate the study of disc instantons and
ultimately of the Fukaya category (see [14, §5.2]). In one of his next papers the
author hopes to calculate asymptotic, or transseries, expansions of the elements
of the Witten complex and to see very explicitly how the product of elements
of Witten complexes corresponding to two different functions is expressed via
contributions from disc instantons.

Thirdly, we want to obtain a connection between WKB and disc instantons
in as algebraic way as possible, namely, we want the Planck constant / to be a
variable or an asymptotic parameter, not a real number constrained to a small
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interval. If we succeed in our future research to make an appropriate defor-
mation quantization algebra act on resurgent WKB expansions (perhaps in
the spirit of exact deformation quantization, see [4]), we will come closer to
understanding of the Fukaya category in terms of modules over some defor-
mation quantization algebra, which is a project of [25]. It is this reason that
determined our choice of resurgent analysis as a method of investigation.

Literature review (Without any ambition of historical accuracy). Already
in the XIXth century Stokes [29] noticed that asymptotic representations of
a solution of an ODE in a complex domain are not uniform with respect to
the coordinate, or rather, can be made uniform only in certain regions in the
complex plane, called later on Stokes regions.

In 1970s these ideas found their application in quantum mechanics (e.g.,
[1, 2]) when the WKB method was extended into the complex domain and
asymptotic solutions of the Schrodinger equation were sought in terms of
“complex classical trajectories”. This naturally involved taking the inverse
Laplace transform of the wave function.

Apparent discontinuity in the asymptotic expansions of solutions of dif-
ferential equations is known as Stokes phenomenon, and the problem of quan-
titative calculation of this discontinuity as a connection problem. See [13] for
a clean statement and books on special functions of Olver [26] and Dingle [6]
for solutions of connection problems. Malgrange [22] and Sibuya [28] have
applied this to irregular singular ODEs.

Finally, it has been noticed (see Ecalle [11]) that the asymptotic expansions,
although divergent, can be Borel resummed.

These three ideas were nicely (if not completely rigorously) explained and
developed in [30] to study the spectrum of a Schrédinger equation precisely
enough to catch potentially all exponentially small contributions. Alternative
methods of Helffer and Sjostrand (earlier work) [17] only give estimates of
the instanton effect in the spectrum or calculate it to the leading exponential
order as in [16]; a similar comment applies to the Maslov’s complex germ
method [23].

A machinery for solutions of the spectral problem in 1D using resurgent
analysis is explained and illustrated with many examples in [§8]. Note also the
paper [20] where some resurgent-analytic study of the supersymmetric double-
well Schrédinger equation has been done.

It should be noted that in the literature different kind of asymptotic
solutions of differential equations are studied: asymptotics with respect to the
coordinate as we move farther away from the singular point of a singular
differential equation, and asymptotics with respect to a small parameter /
singularly perturbing the equation. Ideas in these two setups are similar, but
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the details of proofs are, to our knowledge, not directly transferable. We are
interested in the latter setup.

Let us mention books [27, 5] as systematic texts on resurgent analysis.

The relationship between the Witten, or Fokker-Planck, Laplacian and the
Morse theory was introduced in [34] and made precise in [17]. These authors
explain that a Morse function on a compact Riemannian manifold M defines
Laplacians P*) = —h24 + |Vf|* + h(ZLyy + %y,) on the space of exterior forms
QK (M), define spaces WKk < Q*(M) spanned by eigenfunctions corresponding
to its low-lying, i.e. O(e~/") for h — 0+, eigenvalues, and prove that W)
together with the de Rham differential form a complex (the Witten complex)
isomorphic to the Morse complex of the manifold M and the function f.

In the one-dimensional case studied here one takes a standard Riemann
metric on the circle, identifies Q'(S') with functions on S' and obtains

dz
PO = P )
() _— _p2 d? n2 I
PY = —h dq2+(f) + hf".

Fukaya [14] gives intuition to motivate that there should be an A, -category
structure on Witten complexes corresponding to different Morse functions. In
its simplest form the conjecture can be stated as follows:

Conjecture 1.1. Consider functions f; on a manifold M and Lagrangian
submanifolds L; = graph df; in T*M, i =1,2,3. Let p; be an intersection point
of Li and L; and let Y; be a linear combination of eigenfunctions with small
enough eigenvalues of the Witten Laplacian on k-forms P®) corresponding to
fi — fi and localized around p;. Then

(1) Wa Ao s ~ S e T sl s

where the integrals are taken over pseudoholomorphic triangles (“disc instantons”)
as above with vertices pj.

There has been a substantial effort to understand the Fukaya category in
terms of microlocal invariants—note especially [24]. The main difficulty of
approaching the Fukaya category through semiclassical analysis has been, in our
opinion, the fact that on the right hand side of (1) there appear exponentials
e~/ with different c € R and that one needs an appropriate setup from asymp-
totic analysis to even define what the formula (1) precisely means. We believe
that the methods of resurgent analysis, possibly together with related ideas of
[10], are a good toolbox to address this difficulty.



386 Alexander GETMANENKO

It is natural to expect that our WKB approach and the constructible sheaf
approach are related by an analog of a Riemann-Hilbert correspondence, yet to
be discovered.

Main result. The main result of this paper will be the following:

Theorem 1.2. Given a generic enough Morse function f(q) in the circle
S' = R/Z representable as a polynomial in sin 2nq and cos 2rq with n local
minima and n local maxima and satisfying the assumption 1.3, then the Witten
Laplacian

P=—n3;+[f"(q)]> = hf"(q)

with periodic boundary conditions has n resurgent eigenvalues < O(h*) correspond-
ing to eigenfunctions that are resurgent in h except possibly for qe (f')”'(0).

The plan of the proof will be explained in section 4 after we have dis-
cussed the generalities of resurgent analysis in section 2 and its applications to
differential equations in section 3.

A few comments are due: The assumption that f(g) is a generic enough
trigonometric polynomial does not seem to be essential to the matter, but
simplifies the proofs. We believe that a similar statement holds for any f
satisfying f(q) = f(¢+ 1) that can be analytically continued to the whole
complex plane. The precise requirement on how generic f should be taken is
formulated in terms of the Newton polygon corresponding to the quantization
condition, see Section 9.1.

In this paper we are relying, among other results, on the theorem stated
in [27, Ch.III.1] concerning existence of resurgent solutions of a differential
equation, see section 3.1. As the status of the proof in [27] is problematic and
in order to make the logical structure of our paper clearer, we will explicitly
state the following assumption on the function f(g); we believe this assumption
to be fulfilled for any entire function f(g). We refer the reader to section 2 for
the terminology used.

Assumption 1.3. For any ¢y € C such that f'(qo) # 0, any E| € C, any
sufficiently small Ey € C, the differential equation

(=020, + [f"(q))* = hf " (@)1 = (Eo + hEy )y

has two solutions V, »(q, 4, Eo, E1) such that:

1. Wy, Y, are resurgent functions with respect to / if [f”(¢)]* # Eo;

2. ; is represented by a major ¥;(¢,q, Eo, E1) which holomorphically
depends on ¢, Ey, E;, for j=1,2;

3. ¥i(q0) =1, Ogth1(q0) =0 and Yy(q0) =0, dg¥>(q0) = 1.
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It is the word ‘“‘resurgent” in theorem 1.2 that constitutes the new result.
We are deducing here that the eigenvalues and eigenfunctions that can be
constructed by methods of [17] and were calculated to the first exponential
order by [16] in fact possess good enough asymptotic, or transseries, expansions.
These expansions will be made explicit in our subsequent work.

The eigenfunctions in theorem 1.2 are claimed to be resurgent with respect
to h everywhere except for ¢ € (f')"'(0). Of course, they will be analytic with
respect to ¢ on the whole complex plane, but we do not know if the general
theory of resurgent functions (see section 3.1) expects resurgence of eigenfunc-
tions for the values of ¢ where f’(¢) = 0. This, however, does not seem to be
any more that an aesthetic setback.

Resurgent functions are formal objects with respect to /4, they are in fact
classes of functions modulo those that decay faster than any e~/" for h — 0+
and ¢ e R, so all equalities between resurgent functions must be understood
modulo summands of subexponential decay. We believe that the statements
made in this paper can be promoted to the level of actual functions, but do not
address this point.

The contribution of this paper is, in our understanding, the following. The
Introduction contains a novel research proposal connecting several different
ideas in Mathematical Physics. The sections 2 and 3 are expository, and their
main purpose it to propose terminology that is halfway between those of [5] and
[27] and that is relevant for our project. Sections 4, 5, 6 contain the standard
set-up of the complex WKB method for our specific equation. The section 7
goes over the derivation of connection formulae given in [9] to make sure that
the arguments given by those authors apply equally well in our case; we hope
that we were able to explain this derivation more transparently. Sections 8
and 10 contain a new discussion of the structure and solutions of the quantiza-
tion conditions obtained for the Witten Laplacian. The example in section 11
makes it clear that together with the proof of resurgence of low-lying eigen-
values we have presented a way for effectively calculating them. The method
of finding solutions of a quantization condition presented in 9 and of proving
that these solutions are resurgent is also new and may be used to improve the
level of rigor of other works in resurgent analysis, e.g. [8].

2. Preliminaries from resurgent analysis

We need to combine the setup of [5] (the resurgence is with respect to the
semiclassical parameter / rather than the coordinate ¢) and mathematical clarity
of [27] and therefore have to mix their terminology. Also, we are somewhat
changing their notation to make sure that typographical peculiarities of fonts
do not interfere with clear understanding of symbols. We make sure to build
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the concepts in such a way that sums of exponents such as e /" 4+ ¢=2/" as well
as expressions involving logarithms, e.g. #XIn A, can be treated as resurgent
functions.

2.1. Laplace transform and its inverse. Definition of a resurgent function

Morally speaking, we will be studying analytic functions ¢(4) admitting
asymptotic expansions e “/"(ay + ajh + ayh> +---) for h— 0 and argh con-
strained to lie in an arc A of the circle of directions on the complex plane;
respectively, the inverse asymptotic parameter x = 1/ will tend to infinity and
arg x will belong to the complex conjugate arc 4*. Such functions can be
represented as Laplace transforms of functions @(£) where the complex variable
¢ is Laplace-dual to x = 1/h and @(¢&) is analytic in & for |¢| large enough and
arg £ € A, the copolar arc to 4. The concept of a resurgent function will be
defined by imposing conditions on analytic behavior of @.

2.1.1. “Strict” Laplace isomorphism

For details see [5, Pré 1.2].

Let A4 be a small (i.e. of aperture < z) arc in the circle of directions S'.
Denote by A4 its copolar arc, 4 = Ua o4& where & is the open arc of legth =
consisting of directions forming an obtuse angle with .

Denote by *(A4) the space of sectorial germs at infinity in direction A of
holomorphic functions and by &(A4) the subspace of those that are of expo-
nential type in the direction A, i.e. bounded by eXll as the complex argument ¢
goes to infinity in the direction A.

We want to construct the isomorphism

L E(A))O(C)™ — (A7) 2,

where O(C)®™ denotes the space of functions of exponential type in all
directions.

Construction of . Let @ be a function holomorphic in a sectorial
neighborhood @ of infinity in direction 4. For any small arc 4’ cc 4 we
can choose &, such that Q contains a sector ¢yA4’ with the vertex & and opening
in the direction A4’. Define the Laplace transform

?,(x) == J e D(E)dE

7



Resurgent Analysis of the Witten Laplacian 389

with y = —3(&A’). Then @, is holomorphic of exponential type in a sectorial
neighborhood of infinity in direction A*. Cauchy theorem shows that if @ is
entire of exponential type, then @, =0, which allows us to define

Z(® mod O(C)*F) = @,.

The construction of Z = #~! will not be used in this paper.
2.1.2. “Large” Laplace isomorphism

The Laplace transform % defined in the previous subsection can be applied
only to a function @(&) satisfying a growth condition at infinity. At a price of
changing the target space of % this restriction can be removed as follows.

For details see [5, Pré 1.3].

Let A= (9, 21) be the copolar of a small arc, where g, eS! are
two directions in the complex plane, and let y: R — C be an endless con-
tinuous path. We will say that y is adapted to A4 if lim, . ., y(¢)/|y(t)| — oo,
lim,—,, y(2)/]y(¢)] — a1, and if the length of the part of y contained in a ring
{z:R< |zl < R+ 1} is bounded by a constant independent of R.

Let us now construct for a small arc 4 two mutually inverse isomorphisms

L 0" (A)]O(C) — E(A*) )67 (A7) : 2,

where &7 (A4*) is the set of sectorial germs at infinity that decay faster than
any function of exponential type (cf. [5, Pré 1.0]).

Construction of .. Let ¥ be holomorphic in 2, a sectorial neighborhood
of infinity of direction 4. Let y be a path adapted to 4 in Q. It is known
that there is a function @ bounded on y such that @ — ¥ e (O(C); define

P(¥ mod 0(C)) = J P mod £ (47)

Definition. Any of the functions ¥(¢) satisfying (¥ mod 0(C)) = ¥(x)
is called a major of the function V(x).

An equivalence class of functions defined on a subset of C modulo adding
an entire function is also called an integrality class.

The map ¥ respects linear combinations and transforms products of resur-
gent functions into appropriately defined convolutions of majors.

2.1.3. Resurgent functions

Resurgent functions are usually understood to be functions of a large
parameter x. For brevity we will speak of resurgent functions of 4 to mean
resurgent functions of 1/A.
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Definition. A germ f(&) € O, is endlessly continuable if for any L >0
there is a finite set Q; < C such that f(¢) has an analytic continuation along
any path of length < L avoiding Qy.

Definition (cf. [27, p. 122]). Let A = S' = C be a small arc and let A*
be obtained from A4 by complex conjugation. A resurgent function f(x) (of
the variable x — o0) in direction A* is an element of &(A*)/&~% such that its
major (Zf)(¢) is endlessly continuable.

Remark. [5] calls the same kind of object an ‘“‘extended resurgent
function”.

Let (cf. [5, Rés I]) #(A) denote the set of endlessly continuable sectorial
germs of analytic functions @(&) defined in a neighborhood of infinity in the
direction 4. Then a resurgent function of x in the direction A* has a major
in R(A4).

When we mean a resurgent function g(h) of a variable & — 0, under the
correspondence x = 1/h the sectorial neighborhood of infinity in the direction
A* becomes a sectorial neighborhood of the origin in the direction A4, and we
will talk about a resurgent function g(k) (for & — 0) in the direction A.

2.1.4. Examples of resurgent functions

Example 1. h*
The major corresponding to #' for v#1,23,... is —(=&)"/
{2i sin(mv)I'(v)}, and &' Ln &/{2ril(v)} for v=1,2,....

Example 2. In h.
Example 3. ®(h) == e'/", @d(h) := e~ V/VE ([5, Rés 11.3.4])

Example 4. e~'/"* is zero as a resurgent function on the arc (—u/4,7/4),

but does not give a resurgent function on any larger arc because there it is no
longer bounded by any function e/’ for ¢ € R.

2.2. Decomposition theorem for a resurgent function

Making rigorous sense of a formula of the type

$(h) ~ Z eick/h(ak.,o +ag1h+ ak,zhz +), h— 0,
k
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may be done by explicitly writing an estimate of an error that occurs if we
truncate the k-th power series on the right at the Nji-th term. Resurgent
analysis offers the following attractive alternative: if ¢(4) is resurgent, then the
numbers ¢, can be seen as locations of the first sheet singularities of the major
@(&), which is expressed in terms of a decomposition of @(&) in a formal sum
of microfunctions that we are going to discuss now. Microfunctions, or the
singularities of @(&) at ¢, are related to power series ay o + ax 1h + ax 2h* + -+
through the concept of Borel summation, see section 2.3.

2.2.1. Microfunctions and resurgent symbols

Definition (see [5, Pré 11.1]). A microfunction at w € C in the direction
A = 8! is the datum of a sectorial germ at w in direction 4 modulo holomor-
phic germs in w; the set of such microfunctions is denoted by

E”(A) = 0°(A4)/0,.

A microfunction is said to be resurgent if it has an endlessly continuable
representative. The set of resurgent microfunctions at « in direction A is
denoted 2“(A) ([5, Rés 1.3.0, p. 178]).

Definition ([5, Rés 1.3.3, p. 183]). A resurgent symbol in direction 4 is
a collection ¢ = (¢ € #°(A4)),,.c such that ¢ is nonzero only for w in a
discrete subset Q € C called the support of ¢5, and for any o € 4 the set C\Qu
is a sectorial neighborhood of infinity in direction A.

The set of such resurgent symbols is denoted .@(A), and resurgent symbols
themselves can be written as ¢ = (¢°),_, € R(A) or as g= ", o ¢” € R(A).

Definition. A resurgent symbol is elementary if its support 2 consists of
one point. It is elementary simple if that point is the origin.

2.2.2. Decomposition isomorphism

The correspondence between resurgent symbols in the direction 4 and
majors of resurgent functions in direction 4 depends on a resummation direction
o € A, which we will fix once and for all. The direction « can more concretely
be thought of as arg & or as the direction of the cuts in the &-plane that we are
going to draw.

Let ¢ = (¢%),, .o € Z(A) be a resurgent symbol with the singular support
Q,and e A. Let Qo = Uw wo be the union of rays in the direction « emanat-
ing from the points of Q:
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(ON0)

o_o
2

o o
4

Fig. 1. Singularities of a major and corresponding cuts.

Suppose ([5, p. 182-183]) Q is a discrete set (of singularities) in the com-
plement of a sectorial neighborhood of infinity in direction 4, and a holomor-
phic function @ is defined on C\Qo and is endlessly continuable. Take w € Qo.
Let D, be a small disc centered at w. Its diameter in the direction o cuts
D,, into the left and right open half-discs D, and D_ (or top and bottom if
a=R,). If D, is small enough, the function @|D}, resp @|D_, can be analyti-
cally continued to the whole split disc D,\wa. Denote by singy, @, resp.
sing?_ @, the microfunction at e of direction & defined by the class modulo
0, of this analytic continuation.

Theorem 2.1. There is a function @ € O(C\Qu), endlessly continuable, such
that

o .
sinngrQ:{g Z;w;eQ
if no
In this case we write
D= Soc+¢.

and call the inverse map (Sa+)_l the decomposition isomorphism.

An endlessly continuable function sa,qﬁ- can be defined analogously.

The maps s,;, s, respect sums and convolution products (cf. [5, p. 185,
Rés 1, section 4]).

If a resurgent function ¢(h) = ¢(h,t) and its major @(¢) = &(&, 1) depend,
say, continuously in some appropriate sense, on an auxiliary parameter ¢, the
decomposition into microfuctions (s, ) '@ will depend on 7 “discontinuously”—
an effect referred to as Stokes phenomenon.

2.2.3. ‘“Homomorphisme de passage”

The intuitive difference between s,, and s,_ is the following: given a major
@ with several singularities on the same ray in the direction o, as on Fig. 2.
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a.) O(DO N — a
b) °o o o+
0
O ) o—
C) “w ]

Fig. 2. Difference between s,; and s,_, where o is a positive real direction: a) two additional
singularities around the horizontal cut; b) and c) the singularities that appear in the formal sum
obtained by applying (sw)*l and (s,_)~', respectively.

Take the “left-most” singularity wy on this ray and draw a cut from it in the
direction o. We have a choice how to let this cut encircle the other singularities
on the ray woo: either in the clockwise or in the counterclockwise direction.
Depending on this choice, in general, different singularities will be visible on the
first sheet. The first, resp., second choice gives the formal sum of microfunc-
tions corresponding to (s,.) ' ®, resp., (s, ) ' @.

Following [5, p. 188, Rés 1], but changing their notation, consider the map

O, :=s, 0(s,) " : R(A) — R(A)

called the “homorphisme de passage”. The map O, is determined by its values
on elementary resurgent sumbols, respects sums and convolution products of
majors.

Denote, further, S, =0, — 1. The alien derivative is defined as 4, =
Ln(0,) =", (-=1)""'(S,)"/n. There is an obvious decomposition

n=1
é’o: = Z A.wa

weC

where A,, associates to a resurgent symbol ¢ the microfunction centered at w
contained in the decomposition of 4# and the index « is suppressed on the
right hand side. By shifting its argument, we can make this microfunction
centered at zero,

(Auf) (&) = (4u9)(& — ),

or, abusing notation, A, = e */"4,,.

If ¢ is a microfunction centered at w e C, then the support of the for-
mal resurgent symbol 4,¢4“ lies entirely on the ray emanating from w in the
direction o.

Equations involving alien derivatives—so-called “alien differential
equations”—will be used in section 7.4.
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2.2.4. Mittag-Leffler sum

The concept of a Mittag-Leffler sum formalizes the idea of an infinite sum
of resurgent functions ) ; ¢;(h) where ¢;(h) have smaller and smaller exponential
type, e.g., ¢ = O(e“’f/h) for ¢; — o0 as j— oo.

Following [5, Pré 1.4.1], let &;, j=1,2,..., be endlessly continuable
holomorphic functions, @; € ((L2;), where Q; are sectorial neighborhoods of
infinity satisfying Q; = ;11 and (), Q;=C. Then [5] show that there is a
function @ € ©; such that

n
D Be0(Qy1), n=12,...
j=1
In this case we will call @ the Mittag-Leffler sum of &, ®,,....

2.3. Borel summation. Resurgent asymptotic expansions

Definition. A resurgent transseries is a formal sum
—e 2
Ze C"/h(ak_p +ai1h+ agh” + - ),
k

where:

i) ¢ form a discrete subset in C in the complement to some sectorial
neighborhood of infinity in direction A;

ii) the power series of every summand satisfies the Gevrey condition, and

iii) each infinite sum ay o + ax 1h + ax 2h*> + - - - defines, under formal Borel
transform

= log(& — ¢)

Bie M (E - 2mil (/)

if /eN,

1
27i(é —¢p)’

an endlessly continuable microfunction centered at c;. Until corrected by an
anonymous referee, the author was using the term “resurgent hyperasymptotic
expansion” in his other writings.

The authors of [5] denote by #(A4) (regular, as opposed to the bold-
faced, #) the algebra of resurgent transseries.

The right and left summations of resurgent asymptotic expansions are
defined in [9] or [5] as follows. Given a Gevrey power series Y.~ aih*, re-
place it by a function (the corresponding “minor”) f(&) = S277, ax&*'/(k — 1),

B e W
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right summation S
/o\ o

XO
0

left summation SO>
O (@] (@] (@]
X, L "/ =/

Fig. 3. Integration paths for the left and right summation.

Transseries Resurgent symbols --
o formal sums of
Y e "(ay+a,h+..) microfunctions

Z k Py ( § —Cy )
Steepest descent 5 "
method for Decomposition
isomorphism

Laplace integral

‘ Major of a resurgent function

Fig. 4. Logical relationship of different concepts in resurgent analysis.

assume that f(&) has only a discrete set of singularities, and consider the
Laplace integrals f[o.a) e /" f(&)d¢ along a ray from 0 to infinity in the direc-
tion o deformed to avoid the singularities from the right or from the left, as
on the figure 3.

After some technical discussion, this procedure defines a resurgent function
of i which [5] denote S,+(3°;°, axh*) and we, for typographical reasons, will
denote #,+ (> axh*). Comparing the results of the left and right resum-
mations lead to the notion of the “homomorphisme de passage” discussed
earlier.

Proposition 2.2. If a resurgent microfunction is given by an asymptotic
expansion in integer powers of h, then it defines a resurgent function for all arg h.

2.4. Small resurgent functions

Definition ([S, Pré I1.4, p. 157]). A microfunction ¢ € ¥(A) is said to be
a small microfunction if it has a representative @ such that @ = o(1/|{|)
uniformly in any sectorial neighborhood of direction A for A’ cc A.



396 Alexander GETMANENKO
B m
Fig. 5. Arcs in the definition of a small resurgent microfunction.

For example, h* for a > 0 satisfies that property.
The following definition has been somewhat modified compared to ([5, Rés
I1.3.2, p. 219)).

Definition. For a given arc of direction A, a small resurgent function is
such a resurgent function that all singularities of its major w, satisfy Re w, > 0,
except maybe for one wy =0, and if wy =0 then the corresponding micro-
function is small in the direction of a large (i.e. > 27) arc B with B > 4, see
figure 5.

For example, h%e~/" defines a small resurgent function for any « and
c>0.

Lemma 2.3 ([15]). A small resurgent function can be represented by a major
that is o(1/|E|) around the origin.

We refer to [15] for a proof that if g(¢) is a holomorphic function in
the neighborhood of the origin and ¢(#) is a small resurgent function, then
g(p(h)) is again resurgent. In particular, in this case the function 1/(c + ¢(h))
is resurgent for 0 # ¢ e C, and therefore functions representable by resurgent
asymptotic expansions #{e~/"(ay + ath + ayh®> +---)} with ag # 0 have a re-
surgent inverse. We do not know if an arbitrary nonzero resurgent function
has a resurgent inverse.

3. Resurgent solutions of a differential equation

3.1. [Existence problem

The book [27, Ch.IIIL.1] discusses the resurgence properties of solutions of
an equation

@) UL VY S i
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where P;(q) are entire functions on C; or, equivalently, one discusses why the
Laplace transformed equation

o\ "oy o\ "Homly
Az Pm— Az P ¥Y=0
O (5) Gt P@(5) Gttt Pl

has m linearly independent multivalued endlessly continuable solutions ¥;(g, ¢)
giving resurgent solutions of (2) via ;(¢,h) = L ¥;(q,<).

The author has been unable to verify certain claims in the proof in [27] but
believes that its result is correct. We are also aware of existence of the preprint
[12], addressing similar questions. The author hopes to offer a further expo-
sition of this background material in his future work.

The methods of [27] should equally well work to prove the existence result
in the case when Py,...,P,_; are analytic with respect to ¢ in the whole
complex plane and depend polynomially on 4. This covers the equations of
the form

(4) [=120; + Volq) +hVi(g)l¥ = EY,

where either E is a complex number (“energy level”), or E = hE, and E, is a
complex number (“rescaled energy’’). In these cases we expect that the major
of W(E,q,h), resp., Y(E; g,h) can be chosen to holomorphically depend on E,
respectively, on E,, and on g¢.

We proved in [15] that this would imply that the equation (4) also has
resurgent solutions when E = hg(h) and ¢(h) is a small resurgent function.

3.2. Towards the notion of a parameter-dependent resurgent function

Solutions of equations of type (2) should provide examples of parameter-
dependent resurgent functions. An ultimate treatment of this notion should
perhaps wait until all the details in [27]’s or other authors’ approach to (3)
have been clarified and we precisely know the properties of functions ¥ (&, q),
therefore we will restrict ourselves here to some preliminary remarks.

First of all, resurgent functions were defined in section 2.1.3 as equivalence
classes of true functions modulo functions of sub-exponential decay for 4 — 0.
If we want to introduce a function (g, /) which is, say, analytic with respect
to ¢ and resurgent with respect to s, we can either:

1) require that for any fixed value of ¢ the function y/(gq,/#) mod &~ is
resurgent in /4, that (g, h) analytically depends on ¢ as a true function of A,
and not assume that majors ¥(q,&) have anything to do with each other for
different values of ¢, or
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2) require that there exist a choice of majors ¥(gq,&) (as true functions
of &, not as classes modulo entire functions) which analytically depend on ¢ for
¢ in some open set in C and & on a Riemann surface where all corresponding
¥ (q,&) are simultaneously defined.

We prefer the latter concept, as it allows us to define a derivative of a
resurgent function with respect to a parameter easily, and we hope that this
property will eventually be established for solutions of (3) as functions of ¢ and
of the coefficients of the equation (3). Working with the former concept is
probably more difficult because differentiation with respect to ¢ does not a priori
preserve the &~ “-condition with respect to A.

The next issue is substitution of a resurgent function ¢(/) into a parameter
E of a resurgent function ¥(E,h) whose major ¥(E,¢) analytically depends
on E. The choice of E in this notation should be suggestive of the main
example—when E is a parameter in the Schrodinger equaton, say, (6); we will
for the moment suppress the dependence on ¢. Substitution of E = ¢(h) = E,h
where E, is a complex number is routinely done in [8] and [9], and we will
not discuss it here. It is important, however, that locations of singularities
of majors ¥,(E, &) of y.(E,, h) =y(Eh,h) do not depend on E,, and it is
expected from the general theory that majors ¥,(E,, &) are analytic with respect
to E.. In [15] we have proven that for a small resurgent function ¢(k) the
composite function ,(4(h), h) is again resurgent and has a transseries expansion
that one would expect from formal manipulation with transseries expansions
of ¢ and V,.

3.3. Formal resurgent symbol solutions of the Schrodinger equation

Given now an /A-differential operator P(q, hd,,h), one can consider “‘actual”
solutions of Py = 0 that are resurgent with respect to ¢. The word ‘““actual” is
put here in the quotation marks because resurgent solutions are still formal
objects defined mod &~ %, and they solve the differential equation in the sense
of transseries expansions, i.e. mod &~ . On the other hand, we have formal
solutions of this equation:

Definition. ¢(q) = 59" (ay(q) + hai(q) +---) is called an elementary for-
mal resurgent (WKB) solution of P¢ if ¢(q) defines a resurgent microfunction
for any ¢ and if ao(q) + hai(q) + - - - satisfies the equation 5@/ Pe=S(@/" in the
sense of formal power series in 4, and the Borel sum of the series defines a
resurgent microfunction for every ¢ in an appropriate domain.

A formal resurgent symbol solution, or, for brevity, formal solution, is a
formal sum of elementary formal solutions which defines, via decomposition
theorem, a resurgent function for every value of ¢ in the considered domain.
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Now let us specialize to a Schrodinger-type equation

(5) Plﬁ(q, h) = —hzajlﬁ(% h) + V((],/’l)lp(% h) =0,

where V(q,h) = Vo(q) + hV1(q). Define a turning point of P as a ¢, such that
Vo(g:) =0. A turning point is called simple, double, etc., depending on the
multiplicity of this zero.

We will define the classical momentum by p(¢) = /—Vo(gq); two determi-
nations of this square root define a two-sheeted ramlﬁed cover of the complex
plane of the variable ¢, which is customarily referred to as the Riemann surface
of the classical momentum. Fixing a point gy on the Riemann surface of p(q),
we further consider a classical action S(g,h) = fq q')dq’ which is defined on
the universal cover of C with the turning points removed.

In a neighborhood of every ¢ € C that is not a turning point, there are two
linearly independent formal solutions of (5) of the form

#(q,h) = ™D ag(q) + ar(q)h + az(q)h® + - --).

We will say that ¢ corresponds to the first or to the second sheet of the
Riemann surface of p(q) depending in whether dS(q)/dg coincides with first or
the second sheet value of p(g).

Once the result about existence of resurgent solutions for (5) is established,
resurgence of formal solutions ¢(g,/) will follow as well.

The correspondence between actual and formal solutions of a differential
equations is not straightforward is the subject of the next subsection.

3.4. Stokes phenomenon

Assume (g, h f (g, &)e /" d¢ be a Laplace integral representing a
g-dependent resurgent function Y and ¥ and ¢ both depend analytically on ¢
in a suitable sense. Then we expect that locations of singularities of ¥ move
continuously with respect to ¢, which may result in that the collection of
singularities visible on the first sheet will start changing and this result in an
apparent discontinuity of the transseries expansion with respect to #; see
example on figure 6.

Not every time, however, when ¢,(¢g) crosses the cut starting at ¢;(g) the
transseries expansion has to change. It is also possible that the singularity that
disappears from the first sheet equals the singularity that simultaneously appears
on the first sheet, figure 7. In this situation [30] says that the singularities at
c1(q) and ¢2(q) are decoupled and that there is no Stokes phenomenon.

According to [30], for an equation of type (5) the Stokes phenomenon can
only happen when ¢ crosses one of at most countably many curves on the
complex plane of ¢g. More specifically, let us give the following
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a b
) Ocl(CI) ) cz(q)

o

c,(a) c,(@)

¥ ¥

Fig. 6. On this figure the first sheet of the Riemann surface of ¥(q,¢) is shown for fixed ¢ in
projection to the complex plane of £,  Suppose ¥(q,&) has two singularities ¢;(¢) and ¢,(g) present
on the first sheet (part a) and therefore y(q, /) has a transseries expansion of the form e=“/(...) +
e=/m(..)). As the value of ¢ changes, the singularities move along the shown trajectories, and for
a different value of ¢ (part b) the singularity c»(¢) has moved to under the cut starting at ¢; to the
second sheet; in this situation (g, /) ~ e~ @/ ),

Riemann
surface

of ¥(a.)

Fig. 7. Two equal singularities at ¢»(g): one appearing on and the other disappearing from the first
sheet; ¢; is drawn as independent of ¢ for simplicity.

Definition. A Stokes curve corresponding to P and to resummation
direction o is a curve on the Riemann surface of the classical momentum given
by arg[iS(g) — iS(qo)] = o, where S(g) is the classical action.

Stokes curves either go from a turning point to infinity, or end in an
other turning point. In the last case we call them double, or bounded Stokes
curves. Stokes curves split the complex plane of ¢ into Stokes zones or Stokes
regions.

The canonical length of an unbounded Stokes curve is defined to be infinite,
and that of a bounded Stokes curve is taken to be the absolute value of
| p(q")dq" along this curve.
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Fix a Stokes zone A. It is explained in [30] that if . (q, /), ¥_(q,h) are
elementary formal resurgent solutions of (5) corresponding to different deter-
minations of the classical momentum and if (q,h) is an “‘actual” resurgent
solution of (5), then there are resurgent symbols A;, 4_ (which we will by
abuse of notation write as if they were functions of /) such that a transseries
expansion

l//(qv h) ~ A+(/’Z)lﬁ+(q,/’l) + A*(h)lp—(qah)

holds for all ¢ inside 4. In the resurgent literature this idea is usually expressed
by saying that away from the Stokes curves analytic continuation of formal
solutions of a differential equation corresponds to analytic continuation of actual
solutions.

Given two Stokes zones 4 and B and two transseries expansions of the
same ‘“‘actual” resurgent solution Y(q,h) ~ AL ()Y, (q,h) +A_(h)y_(gq,h) and
V(q,h) ~ By (h)y.(q,h) + B_(h)y_(q,h) valid in 4 and B respectively, the
connection problem consists in finding a 2 x 2 matrix of resurgent symbols

such that
B, _ [ G+t C+- Ay
B_ e c_)\A_)

This matrix is called a connection matrix.
Typically one solves the connection problem for neighboring Stokes zones
first. The basic result is the following:

Theorem 3.1 (see [30]). Suppose ¢, is a simple turning point, and L is an
unbounded Stokes curve emanating from qi. Consider two elementary formal
WKB solutions \y_, W, corresponding to two opposite determinations of classical
momentum and normalized to be 1 at a point qq in the Stokes region A. Let
be exponentially growing, and \y_ exponentially decreasing away from q, along
L. Then a solution representable by a formal resurgent symbol A \, + A_\y_
in the Stokes region A will be representable by a formal resurgent symbol
Ay, + (A- + CALY_ in the Stokes region B, where C is the monodromy of
the formal solution Wy along the path o, see figure 8.

The equation (6) that will occupy us in this article has double turning
points, and the derivation of connection formulae for that case from Theorem
3.1 is the subject of section 7.

If a differential equation (5) admits two linearly independent solutions
representable (away from the turning points) by resurgent transseries with
respect to /i, then its connection coefficients between different Stokes regions
will be automatically resurgent. Indeed, calculation of these connection coef-
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Fig. 8. The path used in the calculation of the connection coefficient in Theorem 3.1. As ¢; is a
branch point of the classical momentum p(g), we drew a corresponding branch cut.

ficients involves splitting a major of a resurgent solution (g, /) into resurgent
microfunctions and dividing those microfunctions by resurgent microfunctions of
the type #(e5 9/ (ay(q) + a1(q)h + ---) representing formal WKB solutions of
(5) and having resurgent inverses by section 2.4.

4. Plan of the proof of the main result
In order to solve the eigenvalue problem for the equation

2

(6) *hZ% +(f) =" \W(a,h) = Ed(q,h),  E=O(e "),

and to prove theorem 1.2, we start by studying in section 5 its formal solutions.
Unlike actual solutions of (6), its formal solutions are not in general univalued
functions of ¢, and they can have monodromies around various loops in the
g-plane, discussed in subsection 5.3.

In order to pass from formal to actual solutions of (6), we need to study
the geometry of its Stokes curves in section 6. For E = hE, = O(e=!/") the
turning points of (6) will be double, and the derivation of relevant connection
formulas will be given in section 7.

In section 8.1 we will define a transfer matrix F dependent on E, which is
basically the product of connection matrices across the double turning points.
It is in terms of F that we will write the quantization condition (20)—the
condition on E, that (6) has an actual solution satisfying ¥/(¢) =¥ (¢+1). In
section 8.2 we will rewrite the quantization condition as a polynomial in terms
of quantities & and 7; that are, morally, const- E, and const - E,e<omst/h,

The section 9 deals with the question how to solve an equation of such
form for E,. We will draw a Newton polygon of the equation by plotting a
term E/e/" as a point with coordinates (j, k) and present an iterative procedure
to recursively obtain smaller and smaller e~“"/"-order terms in the transseries
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expansion of E,. The outcome of the section 9 is that the quantization condi-
tion that we set up treating E, as a complex number, can be solved for E, and
the solution will be a resurgent function in / if all the ingredients x; and 7; of
the quantization condition are resurgent (plus some additional technical con-
ditions). Note that we can substitute small resurgent functions for E, in the
equation (6) for E = hE,, as we discussed in detail in [15].

We finish the proof by plotting in section 10 the Newton polygon corre-
sponding to the quantization conditon (21) and concluding that this quantiza-
tion condition has a correct number of exponentially small solutions.

5. Formal WKB solutions and formal monodromies

From now on we let the function f(g) be a polynomial in sin 2zg and
cos 2zq, real for real ¢, we let f have n real local minima ¢i,...,¢g2,-1 and n
real local maxima ¢, ...,¢s, on the period, where 0 < ¢; < q2 < -+ < gap—1 <
g < 1. We require f”(g;) #0.

A monodromy of an elementary formal WKB solution along some path
p(f) on a universal cover C of C\{wurning pts} is defined as (p(1))/¥(p(0))
and will be denoted exp[2zis,|. Since this expression is a quotient of two
resurgent microfunctions representable in the form eS@/(const + O(h)), it is
a resurgent microfunction and therefore the power series in /1 representing s,
is resurgent.

We are going to calculate various monodromy exponents s,, s, etc. as a
resurgent symbol, and therefore we do not therefore care about Stokes phe-
nomena in this section.

5.1. Cauts, signs and branches

In this section we will discuss formal WKB solutions of

(7) Py = [=h?0] + (')’ — hf "W = Eyp,

where E is a complex number.
For E #0 and |E| sufficiently small, the classical momentum p(g) =

\/E — (f'(q))* is defined on a two sheeted cover of the complex plane of g.
For E = 0, the two determinations of p(g) are +f’(g), and one can think of the
Riemann surface of p(q) as of two separate sheets having contact at points g;
where f'(g;) = 0.

The formulas related to formal solutions of the equation 7 can be estab-
lished, for definiteness, for E > 0, and then analytically continued to other
values of E, whenever appropriate.
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- + - +
R 9, 9, Arg E-(f')* = -2n q02_
Arg E-(f')’ =m Arg E-(f")’ = -n

Fig. 9. Choice of Arg E — (f')*.

When E >0 and |E| is sufficiently small, the double turning points ¢; on
the real axis for £ =0 split into pairs ¢; < ¢; < q;“(< qj’H) of simple turning

points still on the real axis. The Riemann surface of \/E — (f')* will be de-
scribed as the plane with cut connecting ¢; to qj+ and going a little below the
real axis. To specify the determination of p(q, E) on the first sheet, we define
Arg(E — (f")?) for real values of ¢ on figure 9. As E — 0, on the first sheet

ip(q,E) — f'(q).

5.2. Formal solutions

In order to find a formal WKB solution of (7), we will be looking for a
series

y(h,q) = yo(q) + hyi(q) + h*va(g) + -

solving
q:
- &few{ [ 1VE- 0 + 3@ | =0
We arrive at the Riccati equation
ren
()i E— (1)~ hylg)” + i by (g) - 17 =0,
E—(f1)

that allows to calculate y;’s recursively:

B f/f‘// B f//
0(q) 2E- ) afo ()

etc.
There is a following way to repackage this series in 4. Let us argue more
generally for an equation

(8) —hojy + V(q)y = Ey

where E € C and V(q) = Vo(q) + hVi(q).
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Proposition 5.1. There is a power series 7(q) = 3,(q) + hy,(q) + h*$,(q)
+--- such that

AN IV()W exo (1 [ (VE= V@ + 5y
vE—=—Vq y

is a formal solution of (8). Moreover:

1) Changing the determination of \/E — V(q) changes the sign of ¥,
2) 7 contains only odd powers of h, starting from h', i.e. . = 0.

Proof. Solving a Riccati equation corresponding to (8), e.g. [21, §2.1], we
can obtain a power series y(q) = yo + y1h+--- such that

wp“¢ﬁ%¢ft715+y@ﬁ}

is a formal WKB solution of (8). Knowing y(¢) and the relation

Y(@) = HVE=Vig) ~ VE— Volg) + 15} — 3d n{/E— Vig) + 3},

we can obtain a recursive relation for p;’s.
To prove the first property, substitute (9) into (8) and obtain after simpli-
fication:

2o CD GWE-V@ +hy) | (VE-V(g) +h)°
T2 (VE-V(g) +hp)? VVE V(g +hy

T )t S—
VVE = V(g) +1hy

It is obvious that simultaneous change of the determination of \/E — V(gq) and
of the sign of p preserves this equality.

This equality will also be preserved if we simultaneously change of sign of &
and the sign of p, therefore y contains only odd powers of /. O

5.3. Calculation of monodromy exponents

Given a formal WKB solution (g,/) of our differential equation and
a path p(¢), 0 <t <1, on the Riemann surface of the classical momentum, we
will define the formal monodromy of v along the path p as e*™ = y(p(1),h)/
¥(p(0),h) and call 5, the monodromy exponent. In case (g, /) is representable
by a product e*@/" times a resurgent power series in %, the formal monodromy
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e g

Q ) A'Yk
1 _ E
X Sy = 1—35,, =~ P (an)h
A
= _1_ __F 1 - 1
S5k - 2 S’yk ~ zfr/(qk)h + 2 S(S;? - 2 +S’YL ~ — Zf" Qk)h 2

Fig. 10. Various formal monodromy exponents.

and the monodromy exponent will be resurgent as well. One can think of s,
and e as of resurgent asymptotic expansions in 4 or as of corresponding
microfunctions; we will be suppressing this distinction.

As before, let y, (resp., y;) be a counterclockwise loop around the pair of
turning points ¢;", ¢; on the first (resp., second) sheet of the Riemann surface
of the momentum, and denote ¢*™n and e ™ the corresponding monodromies
of formal WKB solutions along these loops. Analogously, let ¢?**% and ezmd/i
be the monodromies of formal solutions along the figure-eight loops shown on
the Figure 10.

It is elementary to calculate directly the leading powers of / in the power
series representing resurgent symbols s, . In order to derive the corresponding
expansions of Sy5 So.s S5, ONE argues as follows for y,, and similarly for Jj
and J;.

Lemma 5.2. We have s, +s, = —1.

Proof. Denote V(q) = [f"(q)]* — hf"(¢q) and use proposition 5.1. If we
multiply two formal solutions corresponding to different sheets, we will get
—1/{\/E —V(q) + hp}. Since hp can be disregarded for the sake of this argu-

ment, and E — V(g) has two zeros inside the contour, the argument of this
fraction turns by —2z as we run around y,. Hence the lemma. O

Summarizing,

Proposition 5.3. The monodromy exponents satisfy the formulas listed on
the figure 10, where the sign ~ means mod O(E?*/h) + O(h).

The knowledge about two more formal monodromies will be needed in the
later sections. Let ¢ —¢ be close enough to ¢x. The path og; is defined for
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Fig. 11. Paths o, and oy.

B ] B \ ;
q, \E‘i)’ 9, qk

Fig. 12. Paths ¢/ and &y.

E >0 as starting at g — ¢ on the first sheet, going under the cut between ¢
and ¢, and ending at ¢ —¢ on the second sheet; the path ¢, is obtained
from o by interchanging the sheets, figure 11.

We easily obtain:

- s
Lemma 5.4. e 2 — _o
Yet another elementary calculation shows that:

Proposition 5.5. We have for k odd

Lk _2f7” dg = Ln {—M] (1+ O(E)),

WE - () VE

and for k even

[ w0 s o

Here the branch of the logarithm is real for q; — ¢ on the real line to the left
of q.

Finally, we will define paths ¢ and &, as on figure 12.
By deforming integration contours one immediately sees that

(10) S = —Sqi + 8575 S = —So T Soy.-
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6. Stokes pattern and the connection problem
We are interested in the spectrum of the Witten Laplacian
P= —/’1265 + (f/)Z —/’lf”

with periodic f and periodic boundary conditions on the eigenfunctions. Ac-
cording to the usual philosophy (see, e.g., [8]), we will take the formal WKB
solutions of this equation, consider the Stokes curves and the Stokes regions and
solve the connection problems between different Stokes regions.

If arg i = 0, the Stokes pattern (i.e. the picture formed by all Stokes curves)
for the equation

(11) (=h*0} + (f')* = hf"Wi(q, h) = hEb(q,h)

is as shown on figure 13. Namely, from every real turning point there will
emanate four perpendicular Stokes curves two of which will go along the real
line and connect nearby real turning points.

Fig. 13. The Stokes pattern for the equation (11) in case argh = 0.

As is made clear in [9], it is easier to solve the connection problems when
all Stokes curves are simple. Since there are only finitely many turning points
inside a period 0 < Re ¢ < 1, there is a number oy > 0 that for 0 < arg s < o
there are no double Stokes curves. Then, by continuity considerations cus-
tomary in resurgent analysis, for these values of arg/ the decomposition of
solutions into microfunctions is the same as for arg sz = 0+.

Therefore from now on we shall fix such arg & > 0; the Stokes pattern will
deform as shown on figure 14. We will further choose ¢ so that g; —¢ lie
between Stokes curves. These points will be used in the calculation of the
connection matrices across the double turning points.

6.1. Properties of the Stokes pattern

The fact that for a polynomial f the Stokes pattern does not have any
pathologies, is almost obvious and well known. Our f is not a polynomial,
but instead a trigonometric polynomial f(¢) = P(sin 27g,cos 2rg). Still, this is
enough to have a nice Stokes pattern (without, e.g., dense families of Stokes
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Re f~f(q,)<0
Re ~f(q,)>0

2q,-¢ Re f-fiq)<0

ff(q,)>0

Re f~f(q,)<0

[=)

Ref-f(q,)

Fig. 14. The Stokes pattern for 0 < argh < 1.

curves), as we will now demonstrate. The condition that f is a trigonomet-
ric polynomial in this paper is imposed in order to be able to prove these
lemmas.

Lemma 6.1. If f(q) = P(sin 2nq,cos 2ng), P a polynomial, then for 0 <
Re g < 1 there are only finitely many critical points.

Proof. Indeed, by passing to ¢ = sin 2ng, one can find an algebraic equa-
tion satisfied by sines of all critical points of f. O

Lemma 6.2. Under above assumptions, all the Stokes curves are contained
in the union of finitely many real curves given by algebraic equations on Re and
Im of sin 27nq.

Proof. The condition for a point ¢ to lie on a Stokes curve emanating
from a turning point ¢; (real or not), arg[f(¢q) — f(¢;)] = o« can be translated
into Re[f(q) — f(q;)] = k Im[f(q) — f(g;)] for some constant k € C, which in
turn implies an algebraic equation on Re and Im of sin 2zg. Since there are
finitely many critical points ¢;, and every real algebraic curve has finitely many
connected components ([33, Th.3]), the lemma follows. O

Lemma 6.3. Under above assumptions there is 0 < 0y < 1 such that for
0 < |arg h| < Oy there are no double Stokes curves.

Proof. 1t follows from the finiteness of the set

{arg[f(q:) — f(q))] | qi,q; turning pts}. O
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7. Connection formulae for a double turning point

Consider the equation
242 12 :
(12) [=h"0g + (/)" = hf "Iy = Ey.

For Ee C and 0 < |E| « 1, the equation (12) pairs of simple turning points
g; and q_;’, dependent on E, which coalesce to double turning points g; when
E becomes zero or hE, for E, € C or E, a small resurgent function of 7. We
are going to imitate [9, section 4.1]’s method of passing to the limit £ — 0
and deriving connection formulae across Stokes curves emanating from g; for
E = hE, based on connection formulas across Stokes curves emanating from
qj*, g; for E#0. We will see that [9]’s argument does not change signifi-
cantly, but a detailed discussion of [9]’s method will stay outside of the scope of
this article.

To simplify notation, we will argue in this section for double turning points
q1 where f"(gq1) > 0 and ¢, where f”(q,) < 0; similar connection formulae hold
true for other double turning points ¢; as well.

Take a point ¢g; for which f’(¢q;) =0. Consider the basis ¥_(q, E,h),
Y, (q,E,h) of formal resurgent WKB solutions of (12) normalized to be 1 at
some point ¢; —e¢ near gq;. For E near 0, the geometry Stokes curves will
vary, but the Stokes zones R and R”, figure 15, will remain well-defined.

Let the resurgent symbol ¢(E,{) be one of the connection coefficient
between the Stokes zones R and R” for different values of E with |E| small
enough, given in the basis y_(q,E), ¥, (q,E).

Although ¢(E,{) (or, by abuse of notation ¢(E,h)) is discontinuous with
respect to E, the corresponding resurgent function defined for E > 0 as C(E,h) =
P [Sarg n+¢(E, ()] and analytically continued for other values of E, is a holomor-
phic function of E (for E € U = C), i.e. has a representative (as a sectorial germ
mod &~%) that is holomorphic with respect to E. This follows by the same
argument as given in [9, p. 60, section 4.1]. This will allow to calculate ¢(E,{)

q, R" q, ql+ R" R"

E=0 E>0 E<0

Fig. 15. Deformation of a double turning point into a pair of simple turning points.
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for £ > 0, pass to C(E,h), analytically continue the result to the case £ = E,h
and pass again to a resurgent symbol c(Eh,{).

We will obtain a formula for the transseries expansion of C(E,h) for E a
positive real number, but this transseries will look singular for £ — 0, and so
there is no hope of naively substituting iZE, for E in that expression. When
E — 0, the behavior of the microfunction decomposition of C(E,h) resembles
the behavior of a WKB asymptotic wave function near a turning point.
Namely, C(E,h) is a resurgent function of / for any E, but when E € C\{0}
and orbits around the origin, the decomposition of C(E,#%) into microfunction
undergoes Stokes phenomena, as we shall see shortly. When one analyzes the
behavior of a WKB wave function near a simple turning point, one compares it
to the Airy function; we will see that C(E, &) for E — 0 should be compared
with an expression involving Gamma function.

Notation. Following [9] and others, denote a” = ¢?** the monodromy of
a formal WKB solution along a contour (or even any path) p on the Riemann
surface of the classical momentum.

7.1. Connection paths for nonsingular E

Let us assume 0 < E « 1 and study the “deformed” equation (12), its
Stokes pattern and its connection problem.

7.1.1. Case when / has a local minimum

Consider the complex plane of ¢ near the point ¢; where f(g) has a local
minimum. The equation (12) for 0 < E « 1 will have two turning points ¢,
and ¢;; the Stokes curves and the Stokes zones R, R” are shown on fig. 16.

Let us consider two formal solutions vy (¢,4) and y_(g,h) of (12) corre-
sponding to the first and to the second sheets of the Riemann surface of the
classical momentum and normalized in such a way that Y (q1 —&) = ¥_(q1 —¢)
= 1. In order to make them univalued functions of ¢, introduce additional
“vertical” cuts on both sheets as shown on fig. 16.

For E — 0 the formal solution i, resp. ¥_, will behave like et/ @)=/ (@=#)}/h
resp. e V(@-fl@=al/h and so , and _ will be dominant (exponentially
growing) or recessive (exponentially decreasing) in the direction away from the
turning point along the Stokes curves marked by dom or rec on fig. 16.

Following [8] and using Theorem 3.1, an actual solution representable by a
formal WKB solution y, in the Stokes zone R is representable in the zone R”
as the sum of analytic continuations of that formal solution along the paths
1 and 2/, fig. 16, left, and the path 2’ is homotopic to the path 1’ of analytic
continuation of the formal solution y_ from R to R” concatenated with o.
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2' Rn

Fig. 16. The Stokes pattern for (12) near ¢; and the “connection paths” on the first sheet (left)
and on the second sheet (right).

Similarly, an actual solution representable by the formal solution ¥ in R is
representable by the sum of analytic continuations of y_ along the paths 1, 2,
3, fig. 16, right, and the paths 2 and 3 are homotopic to the path 1 of analytic
continuation of the formal solution ¥, from R to R” concatenated with the
path reverse to o; and with the path of, respectively.

Paths 1, 1/, 2, 2’, 3 are called connection paths in the literature on
resurgent analysis. Paths y;, g;, etc. have been defined on fig. 10, 11, and 12.

We see that

cla) — [(Cr+ ) L L (@) +a%
Cy— C__ a® 1

where we have used (10).
The monodromies @®, a are analytic in E when E — 0, the limiting
behavior of s, will be studied in more details the next subsection.

7.1.2. Case when f has a local maximum

Around ¢, which splits for £ > 0 into two simple turning points qzi, the
horizontal Stokes curves on the first sheet will be recessive.

Let us consider two formal solutions V¥, (¢,h) and y_(g,h) of (12) corre-
sponding to the first and to the second sheets of the Riemann surface of the
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Domain of ; Domain of
definition of s, : definition of \|17
________ 0 e
...... H

Fig. 17. Domain of definition of ¢, (left) and y_ (right) near g».

classical momentum and normalized in such a way that y_ (q2 — &) = ¥_(g2 —¢)
=1. In order to make them univalued functions of ¢, introduce additional
“vertical” cuts on both sheets as shown on fig. 17.

In all of the considerations of the ¢; case reverse the roles of the upper and
the lower sheets and obtain:

C(qz):< , 1 ) a”z/):( , ! . aaﬁ)
(@) ' a2 1 (@) (1 4a”) 1

:<<a”z’>“<11—<a>'z>“> 1)

7.2. Asymptotic representation of C

Throughout this subsection E is a number 0 < |E| « 1 such that all
turning points are simple. Let ¢ (E) and ¢, (E) be simple turning points
near g¢j.

Earlier we have associated to a connection coefficient c¢(E,h) :=
ci—(E,h) = exp(2nis;,) (which is a resurgent symbol) a resurgent function
C(E, h) that is representable by ¢(E,h) for E > 0 and has (as a class mod &%)
a representative holomorphic with respect to E in a full complex neighborhood
of the origin.

Definition (cf. [9, def.0.6.3]). A parameter-dependent resurgent function
@(u,h) is said to depend regularly on u near uy its major has the origin as its
only singularity in a small disc |¢] < ¢, independent of u near uy.

Let, further, @(u,£) be a major of a parameter dependent resurgent func-
tion ¢(u,h). As u — up, some singularities on the Riemann surface of @(u,¢),
say, & = s1(u) and & = s;(u) may collide, s;(up) = s2(up), in which case they are
called confluent singularities for u — 1, as opposed to other singularities which
are isolated for u — uy.

A parameter-dependent microfunction centered at w(u) is called a local
resurgence constant, if it has a representative ¢(u,&) without singularities on
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the first sheet confluent with w(u) for u — uy. Equivalently, we require that

4,9 =0 for every w in some neighborhood of u; independent of u.
These concepts apply to our situation with u equal to £ and uy = 0.

Theorem 7.1 (Compare [9, Th.4.1.1, p. 61]). We have

: V2mh ™%
13 C(E,h) = 2V ) Sa=al/h_T222 _ cred(p ),
(13) (E,h) = e Flor 172) € /)

where ss, = s5,(E,h) is the monodromy exponent along 6\, whereas C™(E, h) is
an invertible holomorphic function of E, resurgent with respect to h and corre-
sponding to an elementary simple resurgent symbol, depending regularly on E in
a neighborhood of 0.

Remark. One can see from the integral representations given in [3] that
the function h™* /I"(ss, + 1/2) is resurgent with respect to 4 and has a repre-
sentative (as a class modulo &~ %) that is holomorphic with respect to E.
However, the function 2™ and I'(ss, +1/2) are not resurgent by themselves
because they do not satisfy the growth conditions for & — 0+.

A more precise calculation of C™? is carried out below by using the exact
matching method.

Proof of the theorem.
In the subsection 7.4 we will give a proof (compare [9, p. 58]) that ¢
satisfies the following local resurgence equation (see section 2.2.3 for notation)

n—1

(19 A= ame e zop
and its minor has no other confluent singularities than the integral multiples of
®, = »r;n iv/E — [f'(¢)]* dq. This equation is a local resurgence equation in the
following sense: the statement about the alien derivative should hold for |E|
small enough (how small, depends on n), and the equality is true only modulo
microfunctions whose supports are separated from zero for £ — 0.

To write a general solution of that resurgence equation, recall that 5, Pro
1.4.3] states (up to rescaling of x = 1/Ah) that if for a microfunction a

. -1 n—1 o
Arzina = %efzn’ma for ne Z* = Z\{0},

Ay,a =10 for w ¢ 2niZ*,
then

(15) (sa)(x) = (x/e)"V/2r/I'(x + 1/2)(sb),
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where 4,b = 0 for all w e C close enough to the center of the microfunction b.
Note also [3] for an excellent exposition of resurgence properties of the gamma
function.

Take s5, as a new resurgent variable instead of x = 1//; then the resurgence
equation found earlier becomes

S5 _1 n-l ines
A;;;”)C — ( ) e—27uns,,l c,
n
hence, by (15),
(sc)(E,h) = (ss€ ‘)ms(ﬁ (E,h)),

for a local resurgence constant c¢’.

Since (hss,) ' is a local resurgence constant as well, we can absorb it in
C' and obtain a new local resurgent consant C™¢ whose resurgent symbol is
" (E, h):

V2rh ™ 4
16 C(E,h) = ————=s(c"(E,h
(16) (E) = oy (e (E.)
The facts that C™“ is holomorphic in E and invertible and that the symbol ¢’
is elementary and simple for all 0 # E € C can be shown as in [9]. |

The contributions to the connection coefficients C(E, /) due to the turning
points far away are of the exponential order negative the length of some double
Stokes curves for appropriate arg 4. This is what some authors probably mean
when they say that different turning points are “decoupled”.

It is clear that analogous statements will hold for the formal monodromy
along .

7.3. Calculation of C™¢ by the exact matching method

In this section we will take the formula (13) for the connection coefficient
and pass to the limit when E stops being a positive real number and becomes
hE.. We will use the fact that AE, can be substituted into the fraction
h=n /(ss, +1/2) easily. Thus, the real task will be to calculate ¢™(E, h)
for E replaced by hE,.

We are studying the connection problem across the double turning point ¢,
k=1,2,...,2n, for the differential equation

(17) (=10, + V(g) + hVi(g)ly = hEA,
where in our case V(q) = [f"(¢)]* and Vi(q) = —f"(q).
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The exact matching method given in [9, §5.1.1, p. 74] for the Schrodinger
equation without the #V7(q) term and the argument justifying it applies equally
well to our case. It would be perhaps desirable to give a more detailed treat-
ment of this method and its proof, as we plan to do elsewhere.

For odd j, we will denote by cjf the limit of the monodromy ¥ of
formal solutions of (12) when a positive real number E is replaced by AE,, and
for even j let ¢; denote the corresponding limit of e

To simplify notation, we are going to treat two representative double
turning points ¢; and ¢,, where f(g) has a local minimum and a local maxi-
mum, respectively; the analogous formulas will hold for other g; as well.

7.3.1. Exact matching method around ¢,

Instead of calculating the monodromies of formal solutions of (17), we will
calculate them for the equation

(18)  [=h?05 + V(g) +h(Vi(q) = Vi(q) = h(E, — Vi(q))y = hE}

and then substitute E/ = E, — V(¢) in the answer. Denote by ¢/, §;, etc. the
objects defined from the equation (18) similarly to ¢, ss5 etc. for (17).
We will calculate the asymptotic expansion in / representing ¢’**(E, h) for

0 < E « 1 from the formula
\/Eh—isl -
S5, +1/2)

and then substitute #E; for E into this power series.
Easy algebra shows that

s(¢"(E, h)) = exp(2niss, )

)

exp(2mis,;, ) = —i exp(%AS + 4R+ O(h)),
where

aS(E.a) = | VE- (. ar= | jif((f))qu
" 7 2i\JE — (f

with determinations of the square root given as on figure 9.
The Stirling formula (applied for |h] — 0 with E fixed) together with the

property 35, +1/2 = —§, and the definition w, = f \/ E dq yield

Efl_nh 1&)/2) exp(% <—%+% ln[—%})>(l + O(h)).
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Therefore

1 w, w, w,
~red _ e o N _ N
¢YEh) = —i exp{h [1115'—%—27r o ln[ _27:” +AR}(1 + O(h)).

An elementary but lengthy calculation shows that iAS + w, /(27) —
®,,/(2n) In[-w,, /(27)] is analytic with respect to E for E near zero, and

iAS+w“—w1’11n[—°"“}
n  2r

2 2n
E dq W, @, y
= 20f(a) ~ Sl =) - | e S| - 5]+ 0l
1 1 JUI 5 E—(f/)z 2 2n
Using results of section 5.3, we have
J dq _ 1 J fgdg 1 J S"a) = )
e S i fE—(pyr SO e g fE -y
_ 1 4 —e) .
= oty g+ 0B - 7 an
and also
B dgq Dy w/(E)}
EJU’[ 2 E — (f/)Z 2n tn 2n

- E{f”qu) ko [‘ 2fl(3lf_ 8)] g (2f’iq1)) } +olE)

S"(q1)

Now we can substitute E = AhE, in the above expression and calculate the
connection coefficient for the equation (18) (up to a factor (1 + O(h) + O(E)))

Varh—ES @)
T(E]/(2f"(q1)) +1/2)
!

E 2" (q1 — ¢ E’
X exp|—; Ln—f(q1 8)+(,,’ —I)AR
S"(q1) 21" (q1) S"(q)
where it is important that 4R as a function of E is bounded for E — 0.
Inserting E! = E, + f"(q1), obtain:

o275, |y X — je2/ @) =S (@=e)l/h

/

)
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. 2mh = EAS"(a1)/ 2" (91)
—hE X~ : :
E=hE, T((E,+ f"(q))/2f"(q1)) + 1/2)

E+/"aq) o [_ 2f"(q1 — S)H

e27ziso-l

X exp

S (qr) 21" (q1)
i} E, 2/ (q1) = f(q1 = &)]
xe p[(f”(ql))AR+ i }

We will need this result for E, not a complex number, but a resurgent function
of negative exponential type, in which case we can simplify:

~ BV D = 8) pipiq-sia-aym
E=hE,=0(h?) ~ /’lf”((h) ’

where &~ means that an equality holds up to a factor 1+ O(h).

2miss .

!
91

E=0(h) — €

7.3.2. Exact matching method around ¢,

Following the same line of thought for the situation around the turning
point ¢, we conclude

o~ _E, ivmh o 2@ fa-al/h
2V ")l (a2 — &)

where ~ stand for an equality up to a factor (1+ O(h)).

7.4. Alien differential equation for the connection coefficient

We will derive here an alien differential equation of a connection coefficient

2miss; - where ¢ € R is a local minimum of the function f. Up to small

details, a similar argument can be repeated for a local maximum of f as well.
The main theoretical ingredient is the following:

c=e

Theorem 7.2 ([7]). Let y be a path on the Riemann surface of the momen-
tum (closed or not). Let a’ the monodromy of the formal solution along y. Fix
a resummation direction, or arg h, to be o. Then:

1) If y intersects no Stokes curves in direction o, then A,a’ =0,

2) same if y intersects a simple Stokes curve;

3) if y intersects a double Stokes curve in the direction o with a period
cycle p, then Oua’ = (1 + a’)a’.

The period cycle of a double Stokes curve is a closed path p encircling both
ends of the double Stokes curve and oriented in such a way that the exponential
type of a” is negative, figure 18.



Resurgent Analysis of the Witten Laplacian 419

Fig. 18. A period cycle of a double Stokes curve.

k y \Kdom
q, q, \\_d/

1 - a ql
dom fdom b TeC

Arg h=n/2+0 Arg h=n/2-0

Fig. 19. Bifurcation of the Stokes pattern around ¢; for Argh =7n/2 + 0.

b

Fig. 20. Connection paths 4, 4, 4/, 4.

We will consider the equation (12) for 0 < E « 1, but for all possible values
of arg h. As we know, the Stokes curves depend on the resummation direction
arg h. In particular, for arg & = +n/2 there will be a short double Stokes curve
connecting ¢; and ¢;", and for arg / close to these two values the Stokes pattern
will “bifurcate” as shown on figures 19 and 21.

Consider the connection problem for resurgent solutions of (12) from a
neighborhood of the point a to the neighborhood of » shown on fig. 19. Let
¥, and y_ be, as usual, formal WKB solutions such that y, (a) =y_(a) = 1.
They will be univalued functions of ¢ once we make a cut between ¢; and ¢
and a horizontal cut (dashed line) to the right of ¢;".
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dom

rec

dom

Arg h=-n/2+0 Arg h=-m/2-0

Fig. 21. Bifurcation of the Stokes pattern around ¢; for Argh = —n/2 4+ 0.

For Argh =n/2+0 the actual solution of (12) represented by y, at a is
represented by Y, + (a” +a”)y_ at b; for Argh=n/2 — 0 the representation
at b is . + (a")y_. Since y_(b) is a resurgence constant, we obtain

4 ‘ 4
Srjav0((@ +a%)) = sy ga',
O,pp(a" +a”) =a",
and since a”2(a”")" = a® by deformation of the integration contour, we obtain:
O ppa’t = a"' (1 + Opppa®)™!

Using the definition of the alien derivative as Ln(G,,), obtain (14) for positive n.
Now let us study a similar bifurcation of the Stokes pattern for Argh =
—n/2 + 0.
For Arg h = —n/2+ 0 the solution represented by Y. at a is represented
by ¥, + (a/ll +a"2/)1//, at b; for Argh = —n/2 -0 the representation at b is
Y, + (a”)W_. Since . (b) is a resurgence constant, therefore

s_zprola’ +a") =s_g ga’h;
an/z(a/{ +a) =a".
Using the fact that O is a multiplicative homomorphism get:
O_pp(a’(a” +a”)) = a0y pa";
(a/‘/)ila—n/z(*l +a'a”)) =0 ypa’s;

a"G (1 —(a")") =T ppa’.
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We will now use the equality O_,/>(1 — (@)™ =1—(a")"" +r, where the
exponential type of r is estimated by the canonical length of the Stokes curves
for arg i = n/2 starting at gi. Modulo terms of that exponential type, obtain:

O',n/za/‘ ~a' (1 + a(S‘)7

and taking the logarithm of O,, obtain the part of (14) for negative n.

8. Transfer matrix and quantization condition

In this section we are studying the quantization condition for the Witten
Laplacian with the superpotential f having n local minima and »n local maxima.
The eigenvalue of the Witten Laplacian in this section will be written as AE,,
E.eC.

Let ¢,, ¢_ be the formal resurgent solutions of

(19) (=h*0; + [f')? = hf")p = hE,¢

corresponding to the first and second sheet of the Riemann surface, normalized
in such a way that ¢, (qo) = ¢_(qo) =1 and defined on the domains (complex
plane with vertical cuts starting at ¢;) shown on fig. 22.

domain of ¢, domain of ¢

Fig. 22. Domains of ¢, and ¢_.

8.1. The transfer matrix

We would like to write down a condition that for a given E, our equation
(19) has a periodic solution, ¢(q,/n) = p(q+ 1,h). After that, the eigenvalue
problem for (19) will reduce to solving that condition with respect to E,.

The following definition of the transfer matrix F will in spirit resemble the
definition of the connection matrices between two Stokes zones. Suppose an
actual solution ¢(q, /) is representable as A_y_ + Ay, around gy, where 4_
and A, are some constant resurgent symbols and _ and y, the element-
ary formal solutions of our differential equation with, to fix ideas, ¥_(qo) =
¥, (q0) =1, and, as we assume the statements of section 3.1, go € C can be
chosen arbitrarily so that f’(gg) # 0. Since the coefficients of (19) are periodic,
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the function ¢(q + 1) will also be its solution, and therefore representable as
B_Yy_+Biy,.. We will define the transfer matrix F by the relation

(5.)=#(5.)
B, B,

This matrix F is obtained as a composition of analytic continuations of
formal solutions inside the Stokes regions and connection matrices between
different Stokes regions, as explained below.

The entries of the matrix F are formal resurgent symbols dependent on E,.

It is clear that E, is an eigenvalue of the Witten Laplacian if and only if it is a
solution of the following quantization condition:

(20) det(F(E,) — Id) = 0.

In fact, we will presume that E, is a number to set up this equation, then solve
it and find its resurgent solutions, then by [15] one can substitute E, into the
original equation and obtain its resurgent solutions satisfying the periodic
boundary conditions.

8.2. From connection matrices to quantization condition

If in the basis ., y_ of formal WKB solutions such that y_ (g1 —¢) =
W_(q1 —¢) = 1 the connection matrix across the turning point ¢; equals C, then
in the basis ¢, ¢_ of formal WKB solutions such that ¢, (qo) = ¢_(qo) =1 the
corresponding matrix will be written as

(Mqég) ¢<q?e>)lc(¢+<q58) ¢<q?e>)'

Composing connection matrices from the Stokes zone containing ¢; — ¢ (cf.
fig. 14) to the zone containing ¢, — ¢, from the zone containing ¢, — ¢ to the
zone containing ¢3 — &, etc, to the zone containing (¢; — &) + 1, obtain:

Proposition 8.1. In the basis ¢, ¢_ the transfer matrix F equals

¢+(1) 0 ¢+(q2n—l —¢) 0
F— ¢ (qon —€) @) ¢ (qan-1 — &)
. e , bl
¢— (q2n - 6) ¢— (Qanl - 8)
$.(q92 —¢)

¢ (q1—¢) 0 ¢ (q1 —¢) 0 >

(q1,¢)
T ee |© (" s
¢ (q1—¢)
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Here C'9°%) js a connection matrix across a double turning point g; in the basis of
formal WKB solutions normalized to 1 at g; — ¢, as in section 7.

The product of the matrices in proposition 8.1 has the structure

Fo By, L e\ (A L o
B Bén Cén 1 Aénfl Cénfl 1
% % A2 1 (&) A] 1 C1 B()
o A5 )\ 5 1 A| c 1 B, )

B, B, -
F' = F
(" w)r(* )
and put Ay, := By,By, then
o Az Azncop Az Azy_1C20-1
Aéncén Aén Aén—l cén—l Aén—l

Ay A Ay A
X ... X
aseh Ay J\Aaje; 4 )
/ / /
o (AZnAan + AzyconAs, S5y AmAo—1cm—1 + Azncan Ay, )
- ! / / ! ! N I !
A211C2nA2”*1 + A211A2n—1c2n—l A2nc2nA2"*1(’2n*1 + A2n—lA2n

Put

Ar Ay +A2C2Aici ArAicy + AQCQA{
A4y + ApAlel Aschdrer + A4S )

Let 1y = cxc;, and consider what [8] call monodromies along the tunneling
cycles:

/ -1 I 7 N—1 1
Tok—1 = Cop_1 Agp_y ok Aoy, ok = Cor(Ay) Aok,
where k =1,...,n and ¢y, = y.

F— (C'zn ) « (AZnAancznl + Aop A, ¢}, AswAsu1¢3,) cont + Ay Ab, )
1 AénAznflcén + AénAénflcénfl AénAznflcznflcén + AénflAén
y (&) AzA]Cz_l +A2A{C{ A2A1C1(32_] +A2A{
1 ALA )+ ASA(c; AbAieicy+ A14) )

After some calculations, get
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—1 _ _
F/ _ CZnAZn(Aén) < Tanfl + 1 :uZn—lTan—l + 1 > (Cénl )
1)\ttt + 1ty ittty + 1 1

oo [edaay)” ( L B )
L) \orit + 1 et +1

!
x(“ 1)A{A§A§...A§n_1A§n.

Define the matrix G by

I c)
Fl:G 1

(" )r=e(t )

then

G= C§n+1"2nA2n(A§n)7l < Ty 1 Hon-1T5 1 + 1 )
1)\t + 1ty 1ttty + 1

/ 1 -1 1 -1 1 /
R B | (AN | G MR
L\t +1 uyppry +1 1
G— <T2n ) ( ‘527,71,1 +1 /12n717’-27nlfl +1 )
1 :uZnT27nlfl +1 /’lanlﬂZnTZ;zlfl +1
-1 -1
X ... % (Tz )( nokl )A{AéAé...AénlAén.
L)\t +1 wupry +1
Let k be such that A4{4;... 45, =1+ E.k; more precisely:

Lemma 8.2. For every E, € C small enough, there exists a resurgent symbol
k =k(E.,h) = ap(E,) + a1 (E,)h + ay(E,)h* + ... such that

AAy.. A5, =1+ Ek
and k is holomorphic with respect to E,.

Remark that the coefficients a;(E,) are also holomorphic with respect to E,
as immediately follows from the iterative procedure of calculating them.

Proof of the lemma. Recall that A =¢_(q+1 —¢)/¢_(q; —¢), where
#_(q,h) is the formal solution corresponding to the lower sheet of p(¢). This
means that the product 474 ... 45, is the formal monodromy around the loop
from ¢o to qo+ 1 of the formal solution corresponding to the second sheet.
But for E, =0 this solution can be taken as exp[—(f(q) — f(0))/h] with the
trivial monodromy, hence the lemma. O
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Introduce a new matrix Gy by Gy = (1 + E,k)flG.

Lemma 8.3. The matrix Gy can be written in the form

G0<1+E911 Eg» )
Egy; 1+ Egxn)’

where g; are resurgent symbols holomorphically dependent on E,.

Proof. Easily shown by induction. It is true for n = 1 and a product of
two such matrices is again of this form. O

The quantization condition can now be rewritten as det(G — 1) =0, i.e.

AN 1
21 ——— | —Tr Go—— +det Gy = 0.
D) (1+E,k> ro0 T gk At oo
8.3. Ingredients of the quantization condition

In order to solve the quantization condition (21) for E,, it is important to
understand the determinant and the trace of the matrix Gy.

Lemma 8.4. We have
det Go =17 '12... 15" | 10u(1 — 1)) (1 = p5) ... (1 = i) = 1 + E,d,

where d depends holomorphically on E,.

Proof. For the first equality, use multiplicativity of det and the case n = 1.
The second equality follows from the expressions for 7; and g, established
below. O

To simplify notation, we will calculate 7; for j = 1,2; the similar formulae
will hold for other j’s.
Calculation of 7;. We know from 7.3.1 that

ol = Mg[f(m)ff(qws)]/h(l + O(h) + O(E,)),
hf"(q1)
£ ivrh .
2V "@)lf " (g2 — ¢)

and we are going to calculate that

¢ = — “2fla)=fe=al/h(1 4 O(h) + O(E,)),

— — —&)—f(q1—¢ 1f/q78
A7 A} = e =Sl f—,gqj_8;<1+o<h>+o<E,)).
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contour for A1 contour for A']

Fig. 23. Integration contours defining 4; and 4.

Together, this will yield
T = CiCzAl_]Ai

T . .
=B 2Vl 1 O(h) + O(E,)).
(a0l (q2)]

This is how A;'A4] is calculated: A; and A] are formal monodromies
along the contours shown on figure 23.
The exponent is obvious. To find the O(1) term, calculate

J e /"

2\ dq,
a— |2(E= (/")) 2\ JE— (1)
where the path of integration is chosen on the first sheet.

First summand: When we calculate the difference of [7] f'f"/{2(E —
(f")*)}dg along the paths on the first and on the second sheets since the
function does not change on the first and on the second sheet, we can reduce
the question to calculating f,},l 7" J{2(E = (f)*)}dq and this integral is —zi.

Second summand: Notice that the integral on the first sheet from ¢; — ¢
to ¢p —¢ 18

q2—¢& f// qr— gf//
— d dqg+ O
Jqlél 2ivE — (f/)Z 1= J 2f/ 1 ( )

L (fle—e)
l°g<|f<ql >|>+2+O(E)'

A similar calculation works for the second sheet and yields

R 1 f'(q2 = &) ) ni
S P 1 (A R/ L)
Ll—szi E—(f")? Tz Og<f’(q1—6)| R Tow

so we get

"/
Ay — —Z[f(qz—s)—/'(ql—s)]/hM 140
1 Ay =e Tilar = 8)( + O(E)).
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Calculation of 7, yields analogously

VI (g2l " (g3)

Remark. Further terms in the asymptotic expansion of 7; can perhaps be
calculated similarly to [9, p. 82-83].

T = 4y (45) T = E, e W @)=1@)l/h(1 4 O(h) + O(E,)).

Calculation of 1;. We defined g, as the products of off-diagonal elements
in the connection matrices C(%) obtained in subsection 7.1.  We have for odd j:

2misg

u=l+e 7= 27zi<s(5j —%)(l + O(E,) + O(h))

ni
=E ———(1+ O(h)+ O(E,)),
and similarly for even j:
p =14 = E,— (14 O(h) + O(E,)).
' /" (g)]

9. Resurgent solutions of a resurgent transcendental equation

The quantization condition will be an equation on E, whose left hand side
can be written as a polynomial in E,, plus a correction that is exponentially
small for # — 0+. More precisely, the quantization condition will satisfy the
assumptions of the following:

Lemma 9.1. If we have an “approximately” polynomial equation on E,
(22) fn(Era h)E;n + ap_t1 fu-1 (Er> h)E;Fl +oe alfl(Er; h)Er + aOﬁ)(Era h) =0
with |ai| < [Ce=/™"™* and fi(E,,h) =1+ O(E,) + O(h), then its solutions are
of exponential type < Ce=</",

Proof. 1t is obvious. U

9.1. Newton polygon

Given an equation of the form (22), for every term E/(1+ O(E,))e*/" on
its left hand side plot a point with the coordinates (j,k) on the plane and a
quadrant with its vertex there and opening in the direction down and to the
right. The convex hull of the union of these quadrants will be called the
Newton polygon of our equation.
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Fig. 24. An example of a Newton polygon.

E.g., the equation
34+ Q2+ hEe + hEet" 4 E*e

produces a Newton polygon shown on figure 24.
If the equation (22) represents a quantization condition for the Witten
Laplacian, it will satisfy the following additional properties:

Property 1. All terms corresponding to the vertices on the boundary of
the Newton polygon will be of the form e~/ times a resurgent (micro)func-
tion representable as g(E,) + (small) and that microfuntion has representatives
holomorphic with respect to E,. This follows essentially from the connection
formulae and from the properties of a major of a resurgent solution of a
differential equation constructed in [27].

Property 2. Singular exponents, i.e. the numbers c in the e~ “/"-factors of
the terms of (22), do not depend on E,, since the classical action S(gq) of the
Witten Laplacian does not depend on E,. Therefore we can decompose the
LHS of (22) into a sum of resurgent microfunctions corresponding to the trans-
series representation >, e%/"(...) with ¢; independent of E,.

It will also be important to keep in mind that the construction of a major
for substitution of a small resurgent function r(4) for a holomorphic parameter
E of g(E,h) implies that the Newton polygon of a composite function can be
obtained from the Newton polygons of g(E,%) and of r(h) in exactly the same
way as expected from formal manipulations with the formulas.

9.2. Algebraic equation corresponding to an edge of the Newton polygon

Consider an equation Z (E,,h) =0 of type (22) and its corresponding
Newton polygon. It is clear that if the exponential type of a resurgent symbol
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Powers of e!™
1 E E n
,,,,,,,,,,, O o\
~ Powers
. of E
. 0
s many more . h
' terms here
[}

Fig. 25. A Newton polygon after a shearing transformation E, = e */"E.

#(h) is not equal to the slope of an edge of the Newton polygon, then such
resurgent symbol cannot be a solution of the equation.

Suppose there is an edge of the Newton polygon on the line y=
kx+b, k>0, and the two extreme vertices on this edge are E’e*’+")/" and
E/tnel/+n+b)/h T et us find all resurgent solutions of the equation % (E,, h) =0
of exponential type k.

A substitution E, = e ¥/"Ey performs a shearing transformation on the
Newton polygon. If we plot all the terms of the equation fy(Ey, k) = 0, where
fo(Eo,h) = e "/"Ey’ F (e ¥/"Ey, ), in the axes corresponding to powers of E
and of e'/" (figure 25), we will see terms on the horizontal axis between E and
EJ, and all other terms will be below the horizontal axis. We are interested
now in finding all resurgent solutions of fy(Ep, /) = 0 of zero exponential type;
let us show now that in our situation the number of these solutions equals the
length n of the edge.

Suppose the algebraic equation corresponding to the upper horizontal edge
of the polygon on figure 25 is of the form

(23) Ao+ A1Ey + -+ A,Ef =0,

where Ay = ai + by, where a; are complex numbers such that the equation
ay+ajx + -+ a,x" has only simple roots and b; are small resurgent func-
tions. This will be our nondegeneracy condition for the superpotential in the
Witten Laplacian.

Since A, is invertible, we can assume 4, = 1. Let r be a simple root of
this equation modulo O(%), then it is resurgent. Indeed, roots of a polynomial
equation analytically depend on the coefficients outside of the discriminant
locus. Then, if the coefficients are of the form const(# 0) + O(h), we can use
the theorem on resurgence of composition of a holomorphic function and a
small resurgent function ([15]) to conclude that roots will be resurgent.
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The question of whether more degenerate polynomial equations with resur-
gent coefficients have resurgent roots will be studied elsewhere. Note that the
appropriate generality should include resurgent coefficients given by resurgent
power series expansions not simply in /4, but also in In /, since this is the form
of the tunnel cycle monodromies 7;.

9.2.1. Exponentially small corrections—the second Newton polygon

Viéte’s formula shows that every one of resurgent roots ry,...,r, of (23)
has a resurgent inverse; indeed, ry...r, = (—1)" 4o/ A, so 1; = (=1)"4, x Ay x
H// 2T and every factor of this product is resurgent. Now we replace every
Eke=/" ke Z by (r+ E1)*e /" and get a new Newton polygon with respect
to E; and we will look for solutions of the new equation with respect to E|
which we will require to be exponentially small. That Newton polygon will
have E| as its leading term because it follows from our assumptions that r is
multiplicity one.

Write our equation in the form

Ao+ A\ Eo+ -+ Ay B + B+ arEfe " =0,

where k is also allowed to be negative. If r is the root of the polynomial part
Ao+ A1Ey+ -+ A,E} =0, use an ansatz Ey =r+ E;. Expanding (r + El)k
in powers of E|, obtain

B]E] + - +B,1_]Elr'71 +E1n + Z eic.f/hbk]Elk,
k>0,/
where by, are elementary simple resurgent symbols and with By = (const # 0) +
¢(h) for a small resurgent microfunction ¢.
The Newton polygon for this new equation now looks like the one on
figure 26, and it is clear that we get only one exponentially small (or zero)
solution.

ofer E BT E]
\ Powers of E
e Bt B
‘ eoe
' edh .E1 edh .Elz i/

Fig. 26. A Newton polygon in the E; variable.
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many more
terms here

Fig. 27. A Newton polygon in the E, variable.

In case there are term of degree zero in E, there is an upper left edge of the
Newton polygon; using its slope, find an ansatz E; = e */"E,, obtain a Newton
polygon for E, with the horizontal edge of length one, see figure 27.

Let r; be the solution of the corresponding linear equation on E,, and use
the ansatz E, = r| + E3 where E; will be required to stay exponentially small.

Again we get a Newton polygon of the same kind. Etc., we keep obtain-
ing exponentially small corrections of smaller and smaller exponential type. On
the j-th step we are getting solutions modulo &, where N; is a sum of
positive numbers 2|f(g,) — f(g»)|, where f is the function appearing in (19)
and ¢, are its real zeros. Therefore the exponents N; form a discrete subset
of R and therefore the Mittag-Leffler sum of corrections that we obtain on
successive step of the procedure described in this section is a resurgent function.

9.3. Remarks on justification of the above procedure

The terms of the quantization conditions, or of the equation that we have
been solving, will be shown in the next section to be polynomials in resurgent
symbols 7; and 4;, as will be derived and explained in the next section. There
arises the following

Terminology issue: p(E,,h) is not a function of A, it is a resurgent symbol.
It would be more appropriate to denote it u(E,,{) and reserve u(E,,h) for
Ps,p(E. (). It is shown in [15] that for E, a number u(E,,{) is holomor-
phic for (E,,{) e D, x %, for some disc D, = C and an endlessly continuable
Riemann surface .. The same is true for microfunctions 7 defined on Riemann
surfaces %.

Further, we know that x4 and t© are essentially made of (convolution)
quotients of microfunctions corresponding to singularities on the Riemann sur-
face of the major of a resurgent solution. As that major can be chosen to
analytically depend on E,, so can representatives for u#; and 7; and also the
majors for s,u; and s,u; (cf. [15]). Conclude that the left hand side of our
quantization condition f(E,,/) =0, which is a polynomial in g and 7;, has a
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Fig. 28. A Newton polygon in the Ej3 variable.

major that holomorphically depends on E, and defined on the Riemann surface
RE/E EEEE Rk

By construction of a major for f(E,(h),h) for E.(h) a small resurgent
function carried out in [15] and valid just the same for E.(E;,h) for E.(Ey,h)
representable by a major holomorphically dependent on Ej, one can see that
the Newton polygon for f(E,(Ey,h),h) (with respect to the powers of E; now)

will be what is expected from the formal manipulation with symbols.

10. Solving the quantization condition

We think it is helpful at this point to consider
Special case n =1, in which

G (7:211_] +1 ! —l—rz)
0 — _ _ )

w1 w1

Tr Go = 12t ' + 10 + oty '+ 1, det Gy = 77 0o (1 — ) (1 — p1y).

The Witten Laplacian in this case has an eigenvalue E, = 0 corresponding
to the eigenfunction e/@/"; let us see what it means for the Newton polygon

(figure 29) of the quantization condition (21).
For E, =0 the condition (21) reduces to

1 —Tr Gy + det Gy =0,
or
—t = Ty T (= — o+ ) = 0,

where every term on the left hand side vanishes for E, = 0.

We see therefore that all the terms corresponding to the degree (0,0) vertex
on figure 29 cancel each other, so the Newton polygon will be the hashed subset
without edges of positive slope, and hence the quantization condition (21) has
no nonzero exponentially small solutions.
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1/h |

(I+kE)?, det G,
1, tt't
21

cancel out T
2

Fig. 29. The Newton polygon in the special case n = 1.

Go= | (| N4 : \

Fig. 30. Newton polygons for entries of Gy in case n = 1.

Newton polygon of the quantization condition in the general case. For each
entry of the matrix Gy one can draw a Newton polygon with respect to powers of
E. and e'/" as prescribed in section 9.1. In case n =1 and n = 2 the Newton
polygons are shown on figure 30 and 31. For drawing these figures as well for
the rest of the section we are using that ;s are exponentially small for all j.

Given a resurgent symbol g dependent on E, and subject to appropriate
conditions, its Newton polygon will have several edges of positive slope; take
the right end of the rightmost edge of positive slope and call it the leading term
of the symbol g and denote it by L.T. g. Clearly, L.T.(g9;92) = L.T.g; L.T.g5.

Lemma 10.1. The leading term of the Newton polygon of (the left hand
side of ) the equation (21) is it ... oty ey . 15 L and has degree n in E,.

Proof. We need to look at the terms of Tr Gy only, because all other
terms give contributions of the form cEX with ¢ of exponential type zero.
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Fig. 31. Newton polygons for entries of Gy when n=2. In case of (Gp),,, resp., (Go)y;, resp.,
(Go)yy- only terms g 7oty tary! and pzaty!, resp., puty'tary! and oty resp., wapty!, wptl,
and 77 72751 contribute to the vertex of the Newton polygon of degree 1, resp., 0, resp. 1, with
respect to E,, unless their contributions cancel in which case the corresponding vertex may be
absent or lie lower.

By the L.T. of a matrix we will denote the matrix of leading terms of each
of its entries.
One shows by induction on n that
—1,—1 —1
—1_— — My Moy Ton My, T2
LT.Go =y ... 74 113 L. .TZnLI ( : ”E’i " 2”1 n),
1

from which the statement of the lemma follows. O

This finishes the proof of the main result of this paper, theorem 1.2.

11. Example

Take as the superpotential

1. 1 1
fzﬂ{sm2n<q+§)+cos4n<q+§>],
, 1 . 1
f'=cos2n q—i—g — 2 sin 4n q+§ .
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The critical points of f are all real in this case:

Nn=3 f(q1)=0 S"(q1) = 6r,
3 1 1 . 9 X
¢r =g — 5 arcsin 7 flq) = T6n f"(q2) = —1.5m,
5 X 1 X
0 =g flas) =~ /" (q3) = 10m,
7 1 1 9 .
4 =3 +E arcsin 2 flaa) = Ton S"(qa) = —7.5m.

The study of the equation (21) tells us that the Witten Laplacian corre-
sponding to the function f will have two low-lying eigenvalues: the zero and
one nonzero exponentially small eigenvalue that will be expressible in terms of
us and s, The Newton polygon corresponding to the equation (21) will have
a vertex corresponding to the leading term of degree 2 in E, that can be
obtained by looking at the summand g uousp,7; 77!, Our present task is to
find the vertex of the Newton polygon corresponding to term of degree 1 with
respect to E,.

We get (using the formulas for )

7| & e~/ (87h) B Ty & =25/ (6h) B
V6 x 7.5 V10 x 7.5
73 & e~ 2/ (87 B 4 v e~/ (8nh) E,
V10 x 7.5 V6 % 7.5
E; E,
m= ZZ Hy = lﬁ
E; E,
b= lm Uy * lﬁ

We have seen in the picture that the there are four terms in the equation
(21) that can produce the vertex of degy = 1, and they are:

1
025/(87h)

paltsTy Ty % B e eI,

1
625/(87#1)

oty ¥ B s

)

1
%/ (87h)

VLI —Erﬁ :

1 9/ (87h)

1 -1
T T %—Ei .
kgt 2t "Jex 15
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Therefore the corresponding vertex comes as a sum of contributions of the first

two summands and is located at E,e!7/(87h)

The leading term in the Newton polygon is

1 1
syt x E? N A 56(25+9)/(8”h)

)

Hence
1 25/(87h)
E ~2 V10 x 7.5 ~ 2v/6 x 7509/ )
1 £(25+9)/(87h)

V6x75x10x%x7.5

Remark 1. In a more general case, since y; € iR, and 7; € R, for E >0,
h > 0, conclude that the term in the numerator cannot cancel.

Remark 2. The result is clearly what one would expect from [16], but our
case does not satisfy their nondegeneracy conditions.
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