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Abstract

We study the question on whether the famous Golod-Shafarevich estimate, which
gives a lower bound for the Hilbert series of a (noncommutative) algebra, is attained.
This question was considered by Anick in his 1983 paper ’Generic algebras and CW-
complexes’, Princeton Univ. Press., where he proved that the estimate is attained for
the number of quadratic relations d < ”72 and d > "72, and conjectured that it is the
case for any number OE qulz?dratic relations. The particular point where the number of

ne

relations is equal to "T was addressed by Vershik. He conjectured that a generic

algebra with this number of relations is finite dimensional.

We prove that over any infinite field, the Anick conjecture holds for d > w

and arbitrary number of generators, and confirm the Vershik conjecture over any field
of characteristic 0. We give also a series of related asymptotic results.
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1 Introduction

Let F(n,K) = K(z1,...,x,) be a free associative algebra with n generators 1, ..., x,, over
a field K. Recall that the free algebra carries the natural degree grading

F(n,K) = @fk(n,K), where Fi(n,K) = spang{z;,...z;, : 1 <j1,...,Jk < n}.
k=0

To define this grading we suppose that generators z; all have degree one. We deal with
quadratic algebras generated in degree one, that is, algebras given by homogeneous relations
of degree 2:

R =K(z1,...,xn) /I, where I =1Id{f1,...,fa} (1.1)

is the ideal generated by

n

fioosfa€ P K) s fj= D CjrmThm,  Cjrm € K. (1.2)
k,m=1

Since relations (:2)) are homogeneous, an algebra R inherits grading from the free algebra

F(n,K):

R=@DRy, where I=@D L, for Iy =1NF(n,K) and Ry = Fi(n,K)/I.
k=0 k=0
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Recall also that the Hilbert series of R is a polynomial generating function associated to the
sequence of dimensions of graded components a, = dim  Rg:

Z dim  R,) (1.3)
q=0

It belongs to the ring Z[[t]] of formal power series on one variable and we consider the
o] . o5 .
following ordering on it. For two power series a(t) = ) a;jt/ and b(t) = ) bt/ (with
j=0 j=0
real coefficients) we write a(t) > b(t) if a; > b; for any j € Z,. For such a power series
o0 .
a(t) = Y ajt!, we denote by |a(t)| a series obtained from a(t) by replacing all coefficients
5=0
starting from the first negative one by zeros.
The famous result due to Golod and Shafarevich [4] gives a lower bound for the Hilbert
series of algebras with n generators and d quadratic relations. (Throughout the text, when-

ever we are talking on the number of relations, we mean the number of linearly independent
relations).

Theorem GS. Let K be a field, n € N, 0 < d < n? and R be a quadratic K-algebra with n
generators and d relations. Then Hg(t) > |(1 — nt + dt?)71].

Let us note, that although we formulated above the Golod-Shafarevich estimate only for
quadratic algebras, it is known for algebra with any, finite or infinite number of relations.
Namely, it is as follows:

1—nt—|—Zr2 < Hy,

where r; stands for the number of relations of degree 7.

This estimate allowed to construct a counterexample for the Kurosh problem on the
nilpotency of nil algebra and to the General Burnside Problem on the existence of a finitely
generated infinite torsion p-group. It is also recognized due to other applications to p-groups
and class field theory [5], 4].

It will be convenient for our purposes to state the Golod-Safaevich theorem also in terms
of the numbers

he(K,n,d) = min dim R, (1.4)

RGRn d

where R,, 4 is the set of all quadratic K-algebras R with n generators and d relations. For
n € N and 0 < d < n?, consider the series

HE™ (8) = he(K,n, d)t (1.5)
q=0

Then Theorem GS admits the following equivalent form.
Theorem GS'. Let K be a field, n € N and 0 < d < n%. Then Hﬁiﬁ’d(t) > |(1—nt+dt?) 7Y,

Note that a priori it is not clear why the algebra with the series Hﬂr(f‘f; 4 should exist in the
class R, 4. In fact, it is not difficult to show that not only it does exiét: but it is in ’general
position’ in one or another sense. Usually by ’generic quadratic algebra’ we mean generic
in the sense of Zariski topology. Namely, we consider an algebra from R, ; as a point in
K"zd, defined by the tuple of all coefficients of its defining relations. Then we say that a



generic quadratic K-algebra with n relations and d generators has a property P, if the set
{¢jkm} € K" of coefficient vectors for which the corresponding algebra R defined in (1)
has property P contains a dense Zariski open subset of K"’?, The following proposition is
a well-known fact, see, for instance [2, 3] [7].

Proposition 1.1. Let K be an infinite field and n € N, 0 < d < n%. Then dim, R, =
he(K,n,d) for a generic quadratic K-algebra R with n generators and d relations. In partic-
ular, if HP® (t) is a polynomial, then Hg(t) = HR™ (t) for a generic quadratic K-algebra
R with n géﬁemtors and d relations. o

In the case Hﬂr(f“;; 4 s not a polynomial, there are more subtleties involved in the question
whether a generic algebra has this series. There are arguments (see [10]) showing that this is
the case, when K is an uncountable algebraically closed field. In [3] we suggested a slightly
modified notion of a ’generic’ algebra, in the case K = R. Namely, we say that the generic
in the Lebesgue sense algebra from R,, 4 has the property P if the set of algebras not having
P has Lebesgue measure zero. We show that in this (weaker) sense a generic algebra has
the series H™™ even if it is infinite.

In his 1983 paper ”Generic algebras and CW-complexes”, Princeton Univ. Press, [1],
Anick studied the behavior of Hilbert series of algebras given by relations and formulated
the following conjecture.

Conjecture A. For any infinite field K, any n,q € N and 0 < d < n?, a generic quadratic
K-algebra R with n generators and d relations dim R, equals to the g coefficient of the
series |(1 — nt + dt?)~Y. Equivalently, Ht () = |(1 —nt + dt?)~1.

In other words, Conjecture A states that the lower estimate of the Hilbert series by Golod
and Shafarevich is attained and a generic algebra has the minimal Hilbert series.

This question is very important to clarify in the light of key problems in the ring theory
concerned with the behavior of nilpotent elements. Examples of such problems are the
problem on the existence of simple nil ring, solved in affirmative by A.Smoktuniwicz [8], the
Koéthe conjecture, the Burnside type problem for finitely presented rings (see [9]).

Values of terms hy (K, n,d) for ¢ = 0, 1,2 are obvious for an arbitrary algebra given by n
generators and d relations: ho(K,n,d) =1, h1(K,n,d) = n and hy(K,n,d) = n? — d. Anick
proved [I], [7] that his conjecture holds also for ¢ = 3.

Theorem A. Let K be any field, n € N and 0 < d < n%. Then

0 if d> %
h3(K,n,d) = 5’ 1.6
3(K,m, d) {n3—2nd if d<”72. (1.6)

Since the number in the right-hand side of (L6 happens to coincide with the third
coefficient near ¢3 in |(1 — nt + dt?)~!|, Theorem A proves Conjecture A in the case ¢ = 3
and in the case d > "72 Conjecture A is also known to be true if d < %2 [10, [7]. The
region ”72 <d< "72 remained a white zone so far. Let us note that for d > %2, the series
|(1—nt+dt?)~1| is a polynomial. Thus Conjecture A, if true, implies that a generic quadratic
K-algebra with infinite K, n generators and d > "TZ relations is finite dimensional.

In [I1] Vershik formulated a conjecture, which addresses a specific point of the ’difficult
interval’ ”TZ <d< ”72, d= "("2_1), which is the number of relations defining the algebra of
commutative polynomials or any PBW algebra.

Conjecture V. Letn € N, n > 3. Then a generic quadratic C-algebra with n generators
and "("2_1) relations is finite dimensional.




As it is mentioned in [7] there was an attempt to prove this conjecture in [12], but the
argument there was incorrect.

Our goal in this paper is to move the frame of the interval (%2, "—22) which remains unknown
since the Anick’s 1983 paper. Namely, we prove the following.

Theorem 1.2. For any infinite field, the Golod—Shafarevich estimate is attained for a
2
generic quadratic algebra with n generators and d > w quadratic relations.

Namely, the Hilbert series of the generic algebra is:

H(t)=|(1—nt+dt>)™ | =1+ nt+ (n? — d)t* + (n® — 2nd)t>.

The point d = % falls into the interval from the TheoremI.2] for big enough n, so
we automatically get as a consequence an affirmative answer to the Vershik’s question for
n > 17. After some additional considerations, we get an affirmative answer for the Vershik’s

question for each n > 3 over a field of characteristic 0:

Theorem 1.3. Let K be a field of characteristic 0 and n € N, n > 3. Then a generic
quadratic K-algebra R with n relations and % relations has the Hilbert series and the
dimension given by the following formula

14 nt+ 202 28 4p > 5, A2 ey > 5,

Hp(t)=q 144t +10t> +16t3 +¢* if n=4; dimy R=1< 32 if n=4;
1+3t+6t2493+9*  if n=3, 28 if n=3.

(1.7)

We will formulate more explicit results later in the text. In order to illustrate them, we
present their asymptotic versions straight away.

Let us note that the series of related questions on asymptotic characteristics of the Golod-
Shafarevich inequality were considered in [6]

For a field K, n,q € N with ¢ > 2, we denote

d(K,n,q) =min{d € N: hy(K,n,d) = 0}. (1.8)

That is, d(K,n,q) is the minimal d for which there is a quadratic K-algebra R with n
generators and d relations satisfying R, = {0}. Obviously, d(K,n,2) = n%. Similarly

d(K,n,o00) = min{d eN: miNn he(K,n,d) = 0}. (1.9)
q€

That is, d(K,n,o00) is the minimal d for which there is a finite dimensional quadratic K-

algebra R with n generators and d relations. In order to formulate our asymptotic results

we need the following lemma.

Lemma 1.4. Let K be a field and ¢ € N, ¢ > 2 or ¢ = co. Then the limit lim % =

n—oo

a(K, q) does exist and

a(K,q) = tim 2 mf{M ‘ne N}. (1.10)

nsoo  n2 n?

Moreover, {a(K, q)}4>3 is decreasing, o(K, co) = le a(K,q) > 1 and a(K,3) = 1.
q—00



Theorem 1 5. The equalities (K, 4) = _‘/5 and a(K,5) = 1 hold for any infinite field.
Moreover, 7 < a(K,00) < a(K, 6) < % for any field K of chamctemstzc 0.

Corollary 1.6. Let K be an infinite field and lim %’5 > % with n,d, € N and d,, < n?
n—oo
Then for any sufficiently large n, a generic quadratic K-algebra with n generators and d,

relations has Hilbert series 1+nt+ (n?—d,)t?> +max{0, (n® —2d,n?)}t> = |(1 —nt+d,t>)".

Proof. Indeed, by Theorem[L.5] the Hilbert series in question must be a polynomial of degree
at most 3, whose specific shape is determined by Theorem A and Proposition [[.11 O

Corollary 1.7. Let K be an infinite field and lim % > % with n,d, € N and d,, < n?

n—oo
Then for any sufficiently large n, the Hilbert series of a generic quadratic K-algebra with n

generators and d, relations is a polynomial of degree at most 4.

Corollary 1.8. Let K be a field of characteristic 0 and lim %% > % with n,d, € N and

n—oo
d, <n?%. Then for any sufficiently large n, a generic quadratic K-algebra with n generators

and d, relations has Hilbert series being a polynomial of degree at most 5 and therefore is
finite dimensional.

2 Notations and preliminary facts

Let K be a field, n,d,q € N, 1 <d < n? ¢ >3 and {¢jpm:1<j<d1<km<n}

be variables taking values in K. Consider the ideal I, with ¢ = {¢j;n} in K(z1,...,z,)
n

generated by fi,...,fa, fj = Y. ¢jkmTrTm and the algebra R, = K(z1,...,zp)/I.
k,m=1

Clearly the ¢'" homogeneous component (I )q is spanned by pfjv, where 1 < j < d and p, v
are two monomials in K(x1,...,z,) with degu+degv = ¢ — 2. Hence (I..), is the image of
the linear operator L. : K% — Fq(n,K), where € is the set of triples (j, p, v) with 1 < j < d,
w and v being monomials satisfying degu + degrv = ¢ — 2 and L. sends the standard basic
vector e;,, to puf;v. Then the dimension of (I.), equals to the rank rk L. of L.. Hence
dim (R;)q = n? — dim (I.)q = n? — r¢, where r. = rk L.. It immediately follows that

he(K,n,d) =n?—r, where r = max re.

Since the rank of a linear map equals to the maximal size of its square submatrix with
non-zero determinant, there exist an r x r submatrix of the rectangular matrix of L., whose
determinant d(c) is non-zero for some c. On the other hand, 6(c) is a polynomial in ¢; j, ,, with
integer coefficients. Since a polynomial with integer coeflicients over a field of characteristic
0 defines a zero function if and only if all its coefficients are zero, we see that the numbers
hqe(K,n,d) do not depend on the choice of K provided K has characteristic 0.

Now if p is a prime number and K = Z,, then the fact that §(c) is non-zero for some ¢
implies that the coefficients of 6(c) are not all zeros as elements of Z,. Hence some of the
coefficients of §(c) considered as a polynomial with coefficients in Z are not multiples of p and
therefore are non-zero. Hence §(c) remains non-zero for some c after replacing the field Z,
by Q. It follows that hy(Q,n,d) < h¢(Zy,n,d). Similar argument shows that if hy(K, n, d)
does not depend on the choice of an infinite field K of a fixed positive characteristic p and
that hy(K,n,d) < hy(Zp,n,d) for any field K of characteristic p.

Next, if R is a quadratic K-algebra with n generators z1,...,z, and d relations, then
the quotient Ry of R by the ideal generated by z,/11,...,%, is a quadratic K-algebra
with n/ generators and d relations, whose homogeneous components are quotients of the



homogeneous components of R. It follows that hy(K,n',d) < hy(K,n,d) if n’ < n. On
the other hand adding new relations to an algebra can only decrease the dimension of its
components. Hence hy(K,n,d) > he(K,n,d’) if d < d'. Above observations are summarized
in the following proposition.

Proposition 2.1. For any field K, hqe(K,n,d) increase with respect to n and decrease with
respect to d. Moreover, ifn € N, q,d € Zy and 0 < d < n? and p is a prime number, then
Hﬁiﬁ’d(t) = H&iﬁ’d(t) < HZ}"}L’d(t) for any field K of characteristic zero and Hﬂgliflmd(t) =
Hg;?md(t) < Hii%d(t) for any two infinite fields Ky and Ky of characteristic p.

In what follows it is convenient to give an alternative definition of the numbers h,(K, n, d).
We need the following notation. Let E be a vector space over a field K. For k € Z,, we
denote the k' tensor power of E by E®*. That is, E® = K, E®! = E and E®F =
E® ...® E is the tensor product of k copies of E. If L is a subspace of E®? = F ® E,
then for k > 2 we can define the subspaces & (L, E) of E®* inductively: &(L, E) = L and
Eki1(LE) = E®&E(L,E)N&(L,E) ® E. We can also write two explicit expressions for
the space & (L, E):

(E® L2k-2/2 ¢ B) 0 L2(k/2) if k is even;

gk(L7E) = { (E ® L®(k—1)/2) N (L®(k—1)/2 ® E) if kis Odd, (21)

k—1
E(L,E) = (LM, where LM = E®U" V@ Lo E®F 170 for 1<j<k—1. (22)
j=1
If E is an n-dimensional vector space over K with a fixed basis {ey,...,e,}, we consider
the symmetric bilinear form [-,-]; : E®/ x E®J — K such that
[emy @ @€m;, e @...®€r]j = Omy, wWhere m,r € {1,...,n}.
For a subspace N of E®J we write
Nt ={f€E% :[n,f]; =0 forall ne N}

From the definition of [-,-]; it easily follows that the space N L is naturally isomorphic to
the space of linear functionals on E®’ annihilating N. Hence

dim N + dim N+ = dim E® = nJ. (2.3)

Moreover, one can easily see that (N1t)L = N and therefore the set of N+t for all d-
dimensional subspaces N of E®/ coincides with the set of all (n/ — d)-dimensional subspaces
of E®J.

Lemma 2.2. Let K be a field, n € N, 1 < d < n?, E be an n-dimensional vector space over

K with a basis {e1,...,en} and R be a quadratic K-algebra with n generators x1, ..., x, and
d relations fo = Y CsapTa®y. Let also M be the d-dimensional subspace of E® E spanned
1<a,b<n
by > csapea®ep for 1 < s < d. Then dim R, = dimE;(M*L, E) for any q > 2.
1<a,b<n

Proof. Let ¢ > 2. Under the linear isomorphism between F,(KK,n) which sends ;.. .Zm,
to em, ® ... @ ey, the ¢ homogeneous component I, of the ideal I generated by f1,..., fa
is mapped onto the subspace



of E® where M%7 are defined in (2.2]). Using the last display, is straightforward to see
that

q—1 q—1
ME = (et = (Y = &0, B),
j=1 j=1

where the latter space is defined in (Z2]). Now using (23]), we see that
dim R, = n? — dim I, = n? — dim M = dim &,(M*, E),
which completes the proof. O
Next lemma relates the spaces £;(L, E) and the numbers hy(K,n,d).

Lemma 2.3. Let K be a field, ggn €N, d€Zy, ¢ =>3,0<d<n? Then
hy(K,n,d) = min{dim &(L, E) : dim L = n® — d}, (2.4)

where the minimum is taken over (n? — d)-dimensional subspaces L of E ® E with E being
an n-dimensional vector space over K.

Proof. Follows immediately from the above lemma and the fact that the map M — M1 is a
bijection between the sets of d-dimensional and (n? — d)-dimensional subspaces of E®4. [

3 Main lemma
Lemma 3.1. Let K be a field, n,q,m € N, q > 2, E be an n-dimensional vector space and
EFiCEy,C...CE, 1CFE,=F
is an increasing chain of subsets of E such that dim E; = j for 1 < j < n. Let also L be a
subspace of EQ E, ny,...,ny, € {1,...,n} and
m
G= EBEW and Lg= EB Ljy, where Lj,=(E;® Ep)N L.

Jj=1 1<g,k<m

Then

dim G = an, dim Lg = Z dim Ly, n, and dim&;(Lg,G) < midim & (L, E). (3.1)
j=1 jk=1

Proof. The two equalities in (B.1]) are trivial. Using the natural decomposition

m m
G®1 = EB Ep, ®...@Ey, , weseethat &(Lg) = EB Fo, where

at,...,ag=1 a1,...,aq=1
Fo = (Lngynay @ Engy @ .. @ Ep, )N (Engy ® Ly, oy ® Eny, ® ... @ Ep, )N ..
N (Ep,, ®...® Enaqf2 ® Lnaq,l,naq)-
Clearly each F, is isomorphic to a subspace of £;(L, E) and therefore dim Fy, < dim &, (L, E)

for any a. Now since &(L¢q, G) is the sum of F, and there are m?¢ multi-indices a, we get
dim&,(Lg,G) < midim & (L, E). O



Lemma 3.2. Let K be a field, n,m €N, ¢ =2 andd € Z,, 0 < d < n?. Then
hy(K, mn, m?d) < mih,(K,n,d). (3.2)

Proof. Let h = hy(K,n,d) and E be an n-dimensional vector space over K. By Lemma 2.3]
there exists an (n? — d)-dimensional subspace L of E ® E such that dim&,(L) = h. Let
G be the direct sum of m copies of E. Clearly dimG = nm. Applying Lemma B.1] with

n1=...=nm =n, we find a subspace Lg of G®G of dimension m?(n? —d) = (mn)? —m?2d
such that dim &(Lg, G) < m?h. By Lemmal23] hy (K, mn, m2d) < m?h, which is the desired
inequality. O

Corollary 3.3. LetK be a field, n,m € N, ¢ >3 andd € Z, 0 < d < n?. If hy(K,n,d) =0,
then hy(K, mn,m?d) = 0.

Corollary 3.4. Let K be a field, n,m € Nandd € Z,, 0 < d < n? If Hﬁgiﬁl’d(t) =
|(1 — nt + dt?)~1, then HM® (t) = (1 — nmt + dm?t?) 7.

K,nm,m?2d

Proof. Lemma implies that Hin (t) < Hﬁgirﬁd(mt) = |(1 — nmt + dm?t?)~!|. The

K,nm,m2d

opposite inequality follows from Theorem GS. O

3.1 Proof of Lemma 1.4

Let K be a field and 3 < ¢ < oco. For each k € N, let di, = d(K,k,q) be the numbers
defined by (L8) and (L9)). By definition of d,, h,.(K,n,d,) = 0 for some r € N, 3 <
r < q (actually r = ¢ if ¢ < o0). Fix n € N and let k& € N. Then there exists m € N
and j € {0,...,n — 1} such that &k = mn — j. By Proposition [[.T] and Corollary B3]
h.(k,m?d,) < h.(K,mn,m?d,) = 0. Hence h,(k,m?d,) = 0 and therefore dj, < m?d,.
Since k =mn —j and j < n—1, we have m < % Thus dy, Sdn(lﬁ'ziz_m for any k € N.
Equivalently,
dy, < dn(k+n—1)2
k2 n2k?
di

Passing to the limit as k — oo, we get lim ™ < 4y for any n € N. Hence
k—00 n

for any k,n € N.

.. d . d —d .. d
inf 2 < lim =2 < lim —"gmf—;‘.
neN n n—oo N n—oo N neNn

That is, the limit lim fl—g does exist and equals inf %.
n—00 neN ™

From the definition of d(K, n, ¢) and Proposition[[T]it immediately follows that d(K,n,q1) <
d(K,n,q2) if g1 > g2. Hence the sequence {a(K, g) }4>3 is decreasing. The equality a(K, co) =
lim «(K,q) is also straightforward. The inequalities a(K,3) > 1 and a(K, c0) > 1 follow

q—0o0

from Theorem GS. By Theorem A, a(K,3) < 1 and therefore (K, 3) = 1.

4 Hilbert series of degrees 3 and 4

In this section we compute «(K,4) and a(K,5) for any infinite field K. We prove certain
non-asymptotic estimates and use them to prove Theorem [I.3



4.1 «(K,4) for any infinite field

We use the same idea as in the proof of Lemma Bl First, we need the following lemma.

Lemma 4.1. Let K be any field, E be a vector space over K of dimensionn € N, and r € N
be such that 1 < r < n and d*>+n’d < n?, where d = n?> —r2. Then there exist two subspaces
L and M of E® E such that (L& L)N(E® M ® FE) = {0} and dim L = dim M = d.

Proof. Pick a basis {e1,...,e,} in E. Now we consider M = span {e; ® e, : max{j, k} > r}
and Ly = span({e;oe, 1 1 < jk <r}U{ejoer +epoe; 11 <j<r<k<n}). Clearly
M and Lg are subspaces of E ® E of dimensions d = n? — r2 and rn respectively. The
inequality d? + n?d < n* implies that rn > d and therefore dim Lo > d. It remains to show
that (Lo ® Lo) N (E ® M ® E) = {0}. Indeed, then any d-dimensional subspace L of Lg
satisfies (L@ L)N(E® M ® E) = {0}.

Let £ € (Lo ® Lo) N (E® M ® E). According to the definitions of Ly and M,

§= Z A k,1,m€j @ €k ® € Q €y =

r<max{k,l}<n
1<g,m<n

= Z bj,k7l7mej®ek®el®em+ Z dj,k7l7m(ej®ek®el®em+ej®ek®em®el)+

1<g,k,l,m<r 1<g,k<r
1I<i<r<m<n

=+ Z Sikim(ej@eroe ®@en +epoe; Qe oen)+

1<l m<r
1<j<r<k<n

+ Z Vikim(ej@er®e@en +ejoereen®e + 6,060 ey +e,0ej0enae),
1<j<r<k<n
1<i<r<m<n

where a; k.1.ms bjkim»> Ciklms jklms Sjklm and vj g1, are coefficients from K.

If j,k,I,m < r, then the basic vector e; ® e ® €; @ €, appears in the above display only
once and with the coefficient b ;,,. Hence b;;,, = 0 for any j,k,[,m. If j > r and
k,l,m < r, then the basic vector e; ® e, ® ¢ ® e, appears in the above display only once and
with the coefficient sy, ;;,,. Hence s;5;,, = 0 for any j,k,l,m. If m > r and j,k,l < r,
then the basic vector e; ® e, ® ) ® e, appears in the above display only once and with the
coefficient d; 11 ,,. Hence dj 1, = 0 for any j,k,I,m. If j;m > r and k,I < r, then the
basic vector e; ® e, ® ¢; ® e,, appears in the above display only once and with the coefficient
dyj1,m- Hence dj 1 m = 0 for any j,k,I,m. Thus the right-hand side of the above display
vanishes and so does §. Hence (Lo ® Lo) N (E ® M ® E) = {0}. O

Just the same way as we speak of generic quadratic algebras with fixed number of relations
and generators, we can speak of generic vector subspaces of given dimension in a fixed finite
dimensional vector space over an infinite field. Let K be an infinite field and E be an
n-dimensional vector space over K. Using the argument exactly as in Section [2l one can
easily show that if there exist d-dimensional subspaces Ly and My of £ ® E satisfying
(Lo ® Lo) N (E® My ® E) = {0}, then the equality (L® L) N (E® M ® E) = {0} holds for
generic d-dimensional subspaces L and M of F ® E. Similarly, if there exist d-dimensional
subspaces Lo, Ny and My of E ® E satisfying (Lo ® Np) N (E ® My ® E) = {0}, then the
equality (L® N)N(E® M ® E) = {0} holds for generic d-dimensional subspaces L, N and
M of E® E. Thus Lemma [£1] implies the following fact.

Lemma 4.2. Let K be an infinite field, E be a vector space over K of dimension n €
N, and r € N be such that 1 < r < n and d? + n%d < n4, where d = n? — r2. Then
(LOL)N(E®M®FE)={0} and (LON)N(E® M E) = {0} for generic d-dimensional
subspaces L, N and M of EQ E.



Proposition 4.3. There exists a positive constant C such that

5, 35
2 2

< d(K,n,4) < +Cn?? (4.1)
for any n € N and any infinite field K. In particular, o(K,4) = 3= \f for any infinite field
K.

Proof. Let n,d € N and d < n?. Since the coefficient in |(1 — nt + dt?)| in front of t* is
max{0,n* — 3n2d 4 d?}, it is positive if d < 3= \/5 n?. By Theorem GS, h4(K,n,d) > 0 if
d< %n? Hence d(K,n,4) > 37‘[ 2 for any ﬁeld K.

Let now K be an infinite field and n € N. Choose m € N such that (m — 1)? < n < m?.

Now let r be the unique integer such that @m <r< @m + 1. Since 7% > 3_—2\/57712,

we have d < @m% where d = m? — r2. The latter inequality implies d? + m?d < m?*.

Let Eq,..., E, be m-dimensional vector spaces over K and F = E; & ... ® E,,. Obviously
dim E = m? > n. Consider the space

L= L

jk=1

where L;, is a d-dimensional subspace of E; ® Ej, if j # k and L;; = {0} for 1 < j < m.
Clearly dim L = (m? — m)d. According to 1), £4(L,F) = (L® L)N(E® L ® E). Hence

m
P Mjkis where Mjgps=(Ljx® Lis) N (E; @ Ly, @ E).
7,k,l,s=1

Since Lj; =0, we have M ;s ={0}if j=k,ork=1[,orl=s. If j#k k#landl #s,
then either (j,k), (k,l) and (I, s) are three different pairs or (j,k) = (I,s) # (k,l). In any
case Lemmal2implies that M, 1 ; s = {0} for generic d-dimensional L;; (j # k). According
to the last display £4(L, E') = {0} for generic d-dimensional L (j # k). Thus, there exists
a d(m? — m)-dimensional subspace L of E ® E such that £(L, E) = {0}. By Lemma 23]
ha(K,m? m* — (m? —m)d) = 0. Since n < m?, we get hy(K,n,m* — (m? —m)d) = 0. Hence

d(K,n,4) < m* — (m? —m)d.

Since d = m? —7? and r < \/_ V5-lm 4 1, we have d > \/_ Im? — (v/5 —1)m — 1. Using this
inequality together with \/n < < m < y/n+ 1 and the fact that the functions m — m? —m

and m — @mz —(v/5—1)m — 1 on [1,00) are increasing, we see that the above display
implies

‘/52‘1714\/5—1)\/5_1):

+ (8 —=V5)n+3vn+1.

d(K,n,4) < (vVa + 1)4—(n—ﬁ)(

_3 _2\/5712 n 5 +23\/3n3/2

The above display immediately implies (4.1). O

4.2 An estimate of d(K,n,4) for any field

We prove the following specific lemma in the appendix.
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Lemma 4.4. Let K be any field and
R =K{x1,x9, x3)/Id{x 120, 2123, Tox3, 25 + 25 + 23}.

Then the Hilbert series of R is 1+ 3t + 5t2 4+ 4t3. In particular, hy(K,3,4) = 0 for any field
K.

Corollary 4.5. Let K be a field, E be a three-dimensional vector space over K with a basis
{e1,e2,e3} and L be the 5-dimensional subspace of EQ E spanned by es @ €1, €3 @ €2, e3 @ €1,
e1we; —eyweg and e;we; —egoes. Then E4(L, E) = {0}, where E(L, E) are defined in
z2.

Proof. Let R be the algebra defined in Lemma[£4 From Lemmas 4.4 and it follows that
0 = dim Ry = dim &y(M*, E), where M is the 4-dimensional subspace of £ ® E spanned
by the vectors e; ® e2, €1 @ es, ea®@es and e; ®e1 + ea @ ea + ez ® e3. It is straightforward to
verify that L = M*. Thus &(L, E) = {0}. O

Proposition 4.6. Let K be a field. Then the numbers d(K,n,4) defined in (I.8) satisfy the
following inequality

dn? ifn =3k keN;
dK,n,4) <dp = 2422 yrp — 3k 19 ke Zy; (4.2)
AHin8 yfp — 3k 41, k€N,

4(n?4-n)
In any case d(K,n,4) < ——5—.

Proof. Let E3 be a 3-dimensional vector space over K with a basis {e1,ez,e3} and Fy =
span{ej,e2}. Consider the 5-dimensional subspace L of E3® E3 spanned by es @ €1, e3 @ eg,
es@el, ejoe;—eaeey and e @e; —ezwes andlet Loy = (E2®@E)NL, Loz = (Ea®@E3)NL
and Lzo = (E3 ® E2) N L. By Corollary 5] £4(L, E3) = {0}. It is also easy to see that
Ly 3 = Lo is spanned by ea ® 1 and e; @ e; — e2 ® e2 and therefore dim Lo 3 = dim Lo o = 2.
On the other hand L3 o is spanned by es ® €1, e3 @ €2, e3 ® €1 and e; ® e; —ez ® ez and therefore
dim L372 =4.

Let n = 3k with k € N. Then the direct sum G of k copies of F5 has dimension n. By
Lemma B with ny = ... = ni = 3, there exists a subspace Lg of G ® G of dimension
k*dim L = 5k = % such that &4(Lg, G) = {0}. By Lemma 23] hy(K,n, %) = 0. Hence
d(K,n,4) < 222

Let n = 3k + 2 with k£ € Z,. Then the direct sum G of Ey and k copies of E3 has
dimension n. By Lemma B with ny = 2 and ny = ... = ngy1 = 3, there is a subspace
L¢ of G ® G such that £(Lg, G) = {0} and dim Lg = k2dim L + k(dim La 3 + dim L3 5) +
dim Loy = 5k% + 6k + 2 = 5"2_#. By Lemma [2.3] h4(K,n,4”2+9#) = 0. Hence
d(K,n,4) < dn42n=2

Let n = 3k + 1 with £ € N. Then the direct sum G of 2 copies of Fo and k — 1 copies
of F3 has dimension n. By Lemma [B.J] with ny = no = 2 and ng = ... = ngy1 = 3, there
is a subspace Lg of G ® G such that & (Lg,G) = {0} and dimLg = (k — 1)2dim L +
2(k — 1)(dim Lo 3 + dim L3 o) + 4dim Loy = 5k% + 2k + 1 = 5”2_9%. By Lemma [2.3]

hy(K,n, %94"_8) = 0. Hence d(K,n,4) < A‘"zzﬁ. O

Corollary 4.7. Let K be any field. Then h4(K,n,@) = 0 for any n > 17 and for
n € {9,12,14,15}.

Proof. Let A = {9,12,14,15} U{n € N : n > 17}. By Proposition 4.0, h4(K,n,d,) = 0,

where d, is defined in (42]). It is straightforward to verify that "("2_1) > d, for n € A.

Hence h4(K, n, @) =0 for n € A. O
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4.3 Proof of Theorem

Proposition[Z.6lwas the main step in the proof of Theorem[[.2l It ensures that for d >
the fourth component of the generic Hilbert series vanishes. Now we combine this with the
already known due to Anick fact (Theorem A), that the third component of the generic
series always coincides with the third component of the Golod-Shafarevich series (which

4(n%+n)
9

vanishes for d > %2) So, by looking at the third and fourth components of the Hilbert

series we obtain the statement of Theorem

4.4 «o(K,5) for any field

The proof of the following Lemma is quite technical and is presented in the appendix.

Lemma 4.8. Let K be a field and R = K(x1,x9,x3) /1 with I = 1d{ f1, fa, f3} and

2 2 2 2
fi=25 —xi32, fo= 12302 — wow3 + Tox1 — 123 — T1x2 + 27, f3 = x3x1 + 25 — 7.

Then the Hilbert series of R is Hr(t) = 1+ 3t + 6t + 93 + 9t = |(1 — 3t + 3t3)71|.

Corollary 4.9. Let K be a field, E be a three-dimensional vector space over K with a
basis {e1,ea,e3} and L be the 5-dimensional subspace of E ® E spanned by Consider the
6-dimensional subspace L of F3® F3 spanned by e3oes+ej@es+ej0e;+ea@ey, ea®es+
e1®€eltearer, ez t+e1R€ +ea®ey, e2R€] —€1®E1 —E2R€9, E3REy — €] RE] — 2R E9
and esoe; +e1oe; —eawey. Then E5(L, E) = {0}.

Proof. Let R be the algebra defined in Lemma 8. From Lemmas A8 and 22]it follows that
0 = dim R; = dim & (M l,E), where M is the 3-dimensional subspace of F ® E spanned
by the vectors e3@e3 — e1 e, e3@es —ea@es + ea®e; —e10ez — e e + €1 e and
e3@el; + ea@es —ep@ey. It is straightforward to verify that L = M~+. Thus &(L, E) =
{0}. O

Proposition 4.10. Let K be any field. Then the numbers d(K,n,5) defined in (I.8) satisfy
the following inequality

n ifn=3k keN;
d(K,n,5) < 6 = TEHL yfp =3k 42 k€ Zy; (4.3)
wdntl ifp =3k 41, k€ N.

In particular, a(K,5) = % for any field K.

Proof. Let E3 be a 3-dimensional vector space over K with a basis {ej,e2,e3}, F2 =
span{ej,es} and E; = span{e;}. Consider the 6-dimensional subspace L of E3 @ FEj
defined in Corollary A9 and let L;, = (E; ® Ey) N L for 1 < j,k < 3. By Corollary B3]
&(L,E3) = {0}. Estimating from below the dimensions of L;j by the number of basic
vectors of L contained in F; ® Ej, we get dim L33 = dim L = 6, dim Ly 3 > 3, dim L3 > 3,
dim L272 2 1 and dim L371 2 1.

Let n = 3k with & € N. Then the direct sum G of k copies of F3 has dimension n. By
Lemma B with nqy = ... = n; = 3, there exists a subspace Lg of G ® G of dimension
k*dim L = 6k? = 2?%2 such that &(Lg, G) = {0}. By Lemma 23] h5(K,n, %2) = 0. Hence
d(K,n,4) < 2.

Let n = 3k 4+ 2 with £ € Z,. Then the direct sum G of Fy and of k copies of Fj
has dimension n. By Lemma B1] with ny = 2 and ny = ... = ngy1 = 3, there exists a
subspace L¢ of G ® G such that &(Lg,G) = {0} and dim Lg = k?dim L + k(dim Lg 3 +

12



dim L3s) + dim Lyo > 6k% + 6k + 1 = L??"_l By Lemma 23] hy(K,n, %) = 0.
Hence d(K,n,4) < %

Let n = 3k+1 with £ € N. Then the direct sum G of F; and k copies of F3 has dimension
n. By Lemma B with ny = 1 and ny = ... = ngy; = 3, there exists a subspace Lg of GRG
such that &(Lg,G) = {0} and dim Lg = k*dim L + k(dim Ly 3 + dim L3 1) + dim Ly 1 >
6k + k= Lg?’"_l By Lemma 23] hs5(K,n, %) = 0. Hence d(K,n,4) < %

Thus we have verified (£3)), from which it follows that a(K,5) < % On the other hand,
for 0 <d < %2, the coefficient in |(1 —nt +dt?)~!| in front of t° is n® —4n3d + 3nd> > 0. By
Theorem GS, hs(K,n,d) > 0 for d < %2 It follows that (K, 5) > %. Thus o(K,5) = 1. O

5 Further applications of Lemma [3.7]

As we have seen in the last section, specific examples with 3 generators produce non-trivial
estimates for d(K,n,4) and d(K,n,5) for any K and n. We proceed along the same lines.
To this end we need more specific examples of Hilbert series of quadratic algebras. We
produce them via lucky guesswork and application of the software package GRAAL (’Graded
Algebras’ by A.Verevkin and A.Kondratiev) to find the Hilbert series. This program uses
the one-sided Grobner basis technique to calculate the Hilbert series of Z,-algebras given
by generators and relations.

Example 5.1. Let R = Zo(x1,...,2x7)/I with I =Id{fy,..., fio} and
f1=x127, fo = x327 + 2476 + T6T2, f3 = T527 + 2674 + X3T5 + T2T1 + T4T3,
fa = x701 + 1176, f5 = T7T2 + TT1 + T1T5, fe = x% +:17%+:17§ —I—xi—l—xg +:L"(2;+:E$,
fr=xoxr + 723,  f3 = xex7 + T3%6 + Tax5 + T522,  fo = Trx5 + Toxe + T523 + 104 + T3T2,
fio = 527 + 2776,  f11 = T7T6 + 6T2 + T5T1 + X374, f12 = T7T4 + TeX3 + T2T5 + T3T2 + T4,
fi3 = vrws + 2477, f1a = x722 + 2376 + T6T4, fi5 = Tox7 + 2675 + T5T4 + T3T1 + T4T2,
fi6 = x3x7 + x724,  f17 = Ta4T7 + T2X6 + T6T3, fi8 = T7x3 + 2476 + T5T2 + ToT4 + T3T1,
fi9 = zex7 + T4 + Toxg + ToTs + T3T5 + T4T5.

Then the Hilbert series of R is Hg(t) = 1+ 7t + 30t? + 773 = |(1 — 7t + 19¢*) 71|

Example 5.2. Let R = Zo(x1, 22, x3,24) /1 with I = Id{f1,..., fe} and

f1= 129, fo = 2124 + 2472 + T273, f3 = 2173 + 2374 + 1471,
fa= x% + :17% + :17% + xﬁ, f5 = 1314 + 1472 + T2T4, f§ = ToX3 + T3T1 + T1X3.
Then the Hilbert series of R is Hg(t) = 1 + 4t 4+ 10t> + 16¢3 + t* = |(1 — 4¢ + 6t2) 71|
Example 5.3. Let R = Zo(x1, 22, x3,24)/1 with I = Id{f1,..., fs} and
fi =$%+$%+$§+$ia f2 = 2122 + 2273 + 2374, f3 = 2471 + T123 + T372,
fa = x173 + T3T2 + T2y, [f5 = X174 + T4x3 + T3T2 + ToX4.

Then the Hilbert series of R is Hg(t) = 144t + 11¢2 4 24¢3 + 414 + 44¢° = |(1 — 4t +5t2) 71|

5.1 Proof of Theorem

The equalities a(K,4) = % and a(K,5) = 1 follow from Propositions B3] and EI0
respectively.
Let K be a field of characteristic 0. Example 53] shows that d(Zs,4,6) < 5. By Proposi-
tion 211 d(K, 4,6) > 5. By Lemma [[.4]
d(K,n,6) d(K,n,6) d(K,4,6) 5

o) <ol O =tm =~ <" &

This completes the proof of Theorem
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5.2 Proof of Theorem 1.3

Throughout this section K is a field of characteristic 0, n > 3. Lemma [£.8 together with
Theorem GS show that Hﬂrg’i?fg(t) = 1+ 3t+6t2+ 93+ 9t* = |(1+ 3t — 3t2) 71|, which proves
Theorem [I.3] for n = 3.

Example and Proposition 2.1l show that His(t) < Hp o(t) < 1+ 4t 4 10¢% +
16t3 + t* = |(1 — 4t + 6t2)7!|. By Theorem GS, Hﬁffﬁ(t) > |(1 — 4t + 6t2)~!|. Hence
Hlo(t) = 144t +10t* +16t° +¢* = |(1 — 4t +6t*)~"|, which proves Theorem [L3/for n = 4.

From now on n > 5. It suffices to prove that

n(n —1)
—
Indeed, Theorem A implies that h3(K,n,d,) = n? and therefore Hﬁgg"én(t) = 1+nt+

wﬁ +nt3 = |(1 + nt — 6,t%)7!| provided () is true. Thus it remains to prove (5.1))
for n > 5.

Ifne A=1{9,12,14,15} U{n € N: n > 17}, Corollary .7 implies that (5.I]) is satisfied.
It remains to consider n € {5,6,7,8,10,11,13,16}.

According to the remarks in the beginning of Section [, the relations in Example [5.1]
considered as relations in K(x1,...,x7) define a quadratic K-algebra R such that Hr(t) <
14 7t +30t2 + 77t3 = |(1 — 7t +19t2)71|. On the other hand, by Theorem GS, Hgr(t) >

|(1 — 7t +19t%)7L|. Hence

hs(K,n,d,) =0, where §, = (5.1)

Hg(t) = 1+ 7t + 30t> + 773,

Let E be a 7-dimensional vector space over K with a basis {e1,...,e7} and E; = span{ey, ...,
for 1 < j < 7. Let also M be the 19-dimensional subspace of F ® E spanned by the ele-
ments obtained from the relations of R by replacing x ;i by e;j ® eg. It is straightforward to
verify that the 30-dimensional subspace L = M of E ® E is spanned by the following 30
vectors: g1 = e1®e, ga = €a®e€3, 3 = €1 R€3, 4 = €1 ®e] —e2R®€3, J5 = €1 ®e] — 3R €3,
J6 — €2®€4 —€3R€] + e4Q€, g7y — €1R€4 — €3Q€2 + e4®€1, g — €1R€1 — €4 ey,
g9 = €28€] —€4®€3, gi0 = €1®€1 — €5K8€5, 11 = €5X€1 — €3 €4, J12 = €5Q€4 — €4 Q €2,
g13 = e5R€e3 —e3®e2 - e40€1, Ji14 = €58€2 —e4R65 —€aR€e4 3065, Ji5 = €2®€5 —
e3®es —e3®ex +e1®eq, gip = €1®e1 — eg®E6, JIT = €E®CI — €1®Ee5, J18 = €5®C6,
g19 — €4 ®€—€ERE2FTE3REL—EC2REY, 20 — R EL—E2 R E] —E3 R E5—E3 R EC1+E5RE2—E9 R €4,
J21 —€2R0€6—€1RE4—€ERE3—€E3ReE51TE4R€E]1, §229 — ERE5—€41R€E2, §23 — €1 ®€E] —€7R®e7,
go4 = €7®€1—€1®€6, §25 — 3R ET—ETR®EL—CLRETE2®€E1+€1®€E], 26 = €5 @ €7 — €7 ® €6—
ea®e1t+e3®ey, goar = E7RE3—EEREI—EgRELTE3®Es, §og = €2 @ E7T—E7 R E3+E2®EL—E4 ® €2,
g20 = eger—ez3ees—esexteaweys and gzp = €7 ®eE; — €4 @€+ 66 @ €3 — €4 D€ — €] ® €4.

As usual, L;j, = LN (E; ® E}) for 2 < j,k < 7. Denoting dj = dim L, ; for 1 < j <7,
we easily obtain d7 = 30, dg = 22, d5 = 15 and dg = 9. Denoting d; = dim L; ; + dim Ly ;
for 1 < j < k <7 and estimating dim L; ,,, from below by the number of basic vectors g5 in
E, ® E,,, we get dimdg 7 > 47, d5 ¢ > 33 and dy 6 > 22.

By Lemma 2.2] the equality Ry = {0} implies

£4(L,E) = 0. (5.2)

Condition ([2.2) implies that E4(Ly, n, E,) = {0} for 1 < n <
applying Lemma 23, we get hy(K,n,n? —d,) = 0 for 1 <
n € {5,6,7} gives hy(K,5,10) = hy(K,6,14) = hy(K,7,19) = 0.
and 07 = 21 > 19, (5)) is satisfied for n € {5,6,7}.

Using Lemma B.J] with m = 2 and ny = ny = 4, we see that there exists a subspace
N of G ® G such that dimG = 8, dim N > 4dy = 36 and &4(N,G) = 0. By Lemma 23]
ha(K,8,28) = 0, which is (5.1]) for n = 8.

7. Using this equality and
n < 7. This equality for
Since 65 = 10, 66 = 15 > 14
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Using Lemma B.I] with m = 2 and n; = ny = 5, we see that there exists a subspace N
of G ® G such that dimG = 10, dim N > 4d; = 60 and &(N,G) = 0. By Lemma [Z3]
hs(K,10,40) = 0. Hence hy(K, 10,45) = 0 which is (5.]) for n = 10.

Using Lemma Bl with m = 2 and n; = 5 and ny = 6, we see that there exists a subspace
N of G ® G such that dimG = 11, dim N > dg + ds + ds6 > 22 + 15+ 33 = 70 and
E4(N,G) = 0. By Lemma 23] h4(K,11,51) = 0. Hence hy(K,11,55) = 0 which is (5.1)) for
n=11.

Using Lemma Bl with m = 2 and n; = 6 and ny = 7, we see that there exists a subspace
N of G ® G such that dimG = 13, dim N > d7 +dg + dg7 = 30 + 22 + 47 = 99 and
&4(N,G) = 0. By Lemma 23] h4(K,13,70) = 0. Hence hy(K,13,78) = 0 which is (5.1)) for
n = 13.

Using Lemma B.I] with m = 3 and nqy = ny = 6 and nz = 4, we see that there exists a
subspace IV of G®G such that dim G = 16, dim N > 4de+dy+2ds > 4-22+9+2-22 = 141
and £4(N,G) = 0. By Lemma 23] hy(K, 16,115) = 0. Hence h4(K, 16,120) = 0 which is
(1) for n = 16.

The proof of Theorem [[.3]is complete.

6 Appendix: Proof of Lemmas 4.4 and 4.8]

In the proofs of both Lemmas [£4] and L8 we use the non-commutative analog of the Buchberger
algorithm of constructing a Grobner basis.

6.1 Proof of Lemma 4.4

Ordering the variables as 1 > x2 > x3 and considering the degree-lexicographical ordering on the
monomials, one can easily see that the set

2 2 2 .3 2 2 2 2 2 2
{zaws, x1, 3, T1T2, T] + T5 + X5, T3 + T5X2, T3T1 + T321, X5, Ty, T3T2T1 )

is the reduced Grobner basis of the ideal I = Id{z1x2, 123, 2223, ;E% + x% + x%} By analyzing the
above basis, one can easily verify that {222y + I, 2321 + I, 2323 + I, x32271 + I} is a linear basis in
R3 and that R4 = {0}. Hence the Hilbert series of R is 1+ 3t + 5t + 4t3. The proof is complete.

6.2 Proof of Lemma 4.8

We consider the ordering ; > x2 > 3 on the variables and the corresponding degree-lexicographical
ordering on the monomials.

First, we assume that the characteristic of K is different from 2. Using the non-commutative analog
of the Buchberger algorithm of constructing a Grobner basis, we find the following homogeneous
elements of I, written starting from the leading term (=highest monomial) and having the property
that neither of the leading terms are subwords of the others:
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g1 = !E1!E3—$2!E1—$§+$2$3—$3$1—$3$2+$§= g2 = 961!102—50%7 g3 = !E%—$1$3+$2$1—$2$3+$3$2—$§,

g4 = x§x3+$2x3$1—0—21321333:2—31:21:%—I3If+2x3x1$3—:1:33:§—|—:1:33:2333—x%xl—l—xgazg—xg,

gs = x§+x3x2x1 —x§;101+x§:102, g = :C%l’l+£C2£L'3:C1+£L'2£C3:C2—2&62:6%—$3$1$2+$3$1$3+$3$2$3—J]§,

gr = 2:E2:E3:E2{E1+I3{E?—I3$%I3+65E3{E1ZEQ.’.El—3:E3:E1{E§—ZE3{E1{E2I3—.’I3£E15E3IE1+35E3{E1I3I2—
—2$3$1$§—55[:3%‘21:%—4$3$2$1$2+6$3$2£L‘1LL‘3—2,@3&5%1:1—}—1:31'%—}—25[:31'%1:3—3.%'3.’[:2$3$1+
+$3$2$3$2+3$3$25L‘§+3$32$%+45L‘§J]1$2+$§$1LE3—8$§$2$1—9$§$§+95L‘§$2$3—5$§$2—3$§,

gs = I2I3$§—I3$§—I3$§I3—3$3$1IQIl+3I3I1$§—I3$1$2I3+2$3$1I3$1+I3$1$3I2—$3I1$§+2I3I2$%—
—3$35L‘25L‘1ZC2—4$3$2$1$3+2$3ZC§5L‘1—$3$§$3+5L‘3$2$35L‘1+$35L‘2$3$2+$3$25L‘§—
—3I§$?+3I§I1$2+2I§I1{E3—I—Ig{EQZEl+4$§$§—4I§$2$3+3$§$1—I§{E2+2I§,

go = 2&62%3&625[:3—}—%31‘?—}—9,@35[:15[:2%1 —5$3$1$%+2$3$1$2$3—$3$1$3$1+2$3$1$35L‘2—2%35[:15[:32—10,@3,@21‘%—
—51733:23:1z2+18$3$2z1z3—4z3z§$1—217317%—!-43:333%:173—43:3:1:2:1733:1—4:1:33:23:3:1:2+33:33:2:1:§—|—
+7z§x§+5z§z1$2—4z§z1$3—1617%1723:1—19:1:§:r§+243:§3:23:3—4x§3:1+4:1:§:1:2—133:§,

gi0 = 2%2%%&61+(E3I?—(E3$%JJ3+4I3(E1£L’2(E1 —1'3,@11'%—(E3$1$2(E3—JJ3(E1$3JI1+3JI3JJ1JJ3(E2—2$3(E1(E§—5(E3(E2(E%—
—61733:23:1172—|—63:33:2z13:3+z33:g+2z3z§3:3—3:1:3:1:2333:171+333:1723:3332+3:1733:233§+33:§3:§+
+6x§x1x2+x§x113—10x§x2:§1—9x§x§+9x§x2x3+2x§xl—5:5%:52—3963,,

gi1 = 217217%172—17317?—31731713:23:1+3z33:13:§+3:33:1z33:1—5:1:3:1723:1:1:2+25033:§:1:1+3:3:1:2:1:32—:c§:1:%—|—
45230y — 20200 m) — i+ Aad e, —xd,

g12 = $2$§+JI3$1£L’2$1+JJ3£C1£635L'2—$3$1$§—2$3$2$%—3$3$2£E1$2+3$3$2$1J]3+J]3J]%$3—$3$2$3J]1+J]3J]2$§+
+z§x§+3z§x1x2—4x§x2x1—4:c§:c§+4:17§:172:c3+:17§:c1—zgscg—Z:ré,

gi13 = I§I2$3$17 914 = 9C§£C2£U35€27 gis5 = 30%56230%7 gi6 = $§5€2$1; gir = 5C§£U§;

gi18 = Igmzu’cg, gig = 517§5517 g20 = zéxz, g21 = ’Ig

It follows that the dimension of R, does not exceed the number of monomials of degree ¢ that do
not contain a subword being the leading monomial of one of g;. This observation gives dim R3 < 9,
dim Ry < 9 and dim R5 = 0. Thus Hg(t) < 1+ 3t +6t2+ 9t +9t* = |(1 — 3t + 3¢*)~!|. On the other
hand, Theorem GS implies that Hg(t) > |(1 — 3t + 3t?)~!|. Hence Hg(t) = 1+ 3t + 6%+ 9>+ 9t* =
|(1—3t+3t2)7 1.

It remains to consider the case charK = 2. Using the same algorithm, we find the following
homogeneous elements of I, written starting from the leading term (=highest monomial) and having
the property that neither of the leading terms are subwords of the others:

g1 = :vf + :v% + 371, g2 =T122 + :vﬁ, g3 = 123 + 2221 + :v% + x2x3 + T371 + T3w2 + $§7
ga = 17%3:1 + Xox3T1 + T2X3%2 + T3X2x1 + 173333 + 3:?),3:1 + 17%:1:2 + zg,
gs = :v% + x3x011 + x%xl + x%xg, g6 = (E%Ig + xox3T1 + xgx?), + x3x073 + x§x2 + xg,
g7 = T2I3X271 + 3:2333:1:1 + T3T2x3T2 + IE%.IQZZ?l + 17%331,
gs = I2$3I% + I2$§$2 + xgxg + T3xox3T0 + xgxgxg + (E%l‘gl’l + Ig(EzJJ;; + xgacg + :vg,
g9 = ToT3T2T3 + xgxg + x3x0371 + x%x% + x%xgxg + :vgxl + xg,
gi0 = :1723:?),:1:2 + T3T2x3T2 + £E3$2$§ + zgzgajl + 3:?),:17% + :17%3:1 + 3:%,
g11 = :ngg + X3T2T3x2 + JJ3(E2$L’§ + x%xgxl + x%xl, g12 = T3T2X3T1 + JJ3£L‘2I§ + x%xgxl + x%x%,
g1z = ZE3332217§171, 914 = 217§£E23331172, gis5 = $§J?217§, 916 = 117311723317
gi7 = x%wﬁ, g18 = 30%5623037 gi19 = xéxla 920 = x§x27 g21 = 962

Again, the dimension of R, does not exceed the number of monomials of degree ¢ that do not
contain a subword being the leading monomial of one of g;. This observation gives dim Rz < 9,
dim Ry < 9 and dim R5 = 0. Thus Hg(t) < 1+ 3t +6t2+9t3 4+ 9t* = |(1 — 3t + 3t%)~1|. On the other
hand, Theorem GS implies that Hg(t) > |(1 —3t+3t?)~!|. Hence Hg(t) = 143t +6t>4 9t3 + 91 =
|(1 — 3t + 3t?)~1|. The proof is complete.
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