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ABSTRACT. Matsumoto et al. define the Mordell-Tornheim L-functions of depth & by

xi(m Xk(mk)Xk—i-l(ml + -+ myg)
L (S1, - vy Skt15 X1y -+ s Xkt1) =
for complex variables si,...,sk4+1 and primitive Dirichlet characters x1,...,xx+1. In this paper, we

shall show that certain signed cyclic sums of Mordell-Tornheim L-values are rational linear combinations
of products of multiple L-values of lower depths (i.e., reducible). This simultaneously generalizes some
results of Subbarao and Sitaramachandrarao, and Matsumoto et al. As a direct corollary, we can prove
that for any positive integer n and integer k > 2, the Mordell-Tornheim sums (vt ({n}x, n) is reducible

where {n}; denotes the string (n,...,n) with n repeating k times.

1. INTRODUCTION

For s = (s1,...,8¢+1) € C*! and x = (x1,---, Xk+1) where x;’s are primitive Dirichlet
characters, Matsumoto et al. [16] define the Mordell-Tornheim L-functions by

Z Z x1(ma) . oxe(mp) Xeg 1 (ma + - + my) (1)

L S;x) =
MT (85 X) mzk(ml + ey ) S+

mi1=1 mp=1
They show that when k& = 3 this function has analytic continuation to C*. As usual we call
|s| := s1 + -+ + skr1 the weight and k the depth. When all the characters are principle these
are nothing but the traditional Mordell-Tornheim zeta functions

1
S1y---,S . 2
(st k1) Z Z T G o g (2)
mi=1 my= 1
Note that in the literature this function is also denoted by (vt k(S1,-- -, Sk; Sk+1). One can
compare () to the classical multiple L-functions (here s = (s1,...,sk))

81 DY Sk

L(s;x1,---,Xk) i=
my>-->mp>1

and compare (2) to the classical multiple zeta functions

()= > % (4)

ml * mk
mi>-->mp>1
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where |s| is called the weight and ¢(s) := k the depth. It is a little unfortunate, due to historical
reasons, that the ordering of the indices in (3) and (4) is opposite to the one which naturally
corresponds to that of (1) and (2). But this ordering of multiple zeta and L-functions has
its advantages in many computations involving integral representations so we choose it to be
consistent with our other recent works.

In the past several decades, relations among special values of the above functions at integers
have gradually gained a lot interest among both mathematicians and physicists. In this paper,
we slightly enlarge our scope our study. We call the number defined by () a type 1 Mordell-
Tornheim L-value (1-MTLV for short) if at most one of the arguments is not a positive integer.
We call it a special 1-MTLV if only the last variable si1 is allowed to be a complex number.
We can define 1-MTZVs and special 1-MTZVs similarly by (2)). Parallel to these, we can use
@) and (4)) to define 1-MLVs and 1-MZVs (resp. their special versions) where only one variable
(resp. only the leading variable s1) is allowed to be a complex number. Note that MZVs are
1-MZVs and similarly for others. The following diagrams provide the relations between these

numbers:
{1I-MTZVs} C {1-MTLVs} {1-MZVs} C {1-MLVs}
U U U U (5)
{MTZVs} < {MTLVs} {MZVs} < {MLVs}
Ordinary MTZVs were first investigated by Tornheim [24] in the case k = 2, and later by
Mordell [17] and Hoffman [10] with s; = --- = s = 1. On the other hand, after the seminal

work of Zagier [28] much more results concerning MZVs have been found (for a rather complete
reference list please see Hoffman’s webpage [I1]). Our primary interest in this paper is to study
the properties of the type 1 versions of these special values, especially their reducibility.

Definition 1.1. A linear combination of MTZVs (resp. MTLVs, MZVs, MLVs) is called
reducible if it can be expressed as a Q-linear combination of products of MTZVs (resp. MTLVs,
MZV, MLVs) of lower depths. It is called strongly reducible (not defined for MZVs and MLVs)
if we can further replace MTZVs (resp. MTLVs) by MZVs (resp. MVLs). One can similarly
define the reducibility for corresponding type 1 values.

It is a well-known result that if the weight and length of a MZV have different parities
then the MZV is reducible. This was proved by Zagier ([12 Cor. 8]), and later by Tsumura
[25] independently. A similar result for MTZVs has been obtained by Bradley and the second
author:

Theorem 1.2. Every MTZV (vt (s) is a Q-linearly combination of MV Zs of the same weight
and length (|33, Theorem 5]). Further, if {(s) = k+1 >3 and k + |s| is odd then the MTZV
Cvr(s) is reducible and therefore strongly reducible (|33, Theorem 2]).

In fact, MTZVs and MZVs are closely related so it is not surprising that similar results often
hold for both. To illustrate this line of thought, in §3] we shall prove the reduction of special
1-MTLVs to special 1-MLVs, generalizing Theorem of Bradley and the second authord.
We also present a result relating colored 1-MTZVs to colored 1-MZVs (see Definition 2.1] and
Z)2

Like in the classical case, when the weight and depth have the same parity the situ-
ation is more complicated. In 1985, Subbarao and Sitaramachandrarao [23] showed that
Cvr (2a, 2b, 2¢) + G (20, 2¢, 2a) + Qv (2¢, 2a, 2b) is reducible for positive integers a, b, ¢, which
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includes the special case (vr(2¢,2¢;2¢) already known to Tornheim. In 2007, Tsumura [206]
evaluated (yr(a, b, 8) 4+ (—1)°Cur (b, s, a) +(—1)Cur(s, a, b) for positive integers a, b and com-
plex number s. Nakamura [I8] subsequently gave a simpler evaluation of the same quantity.
More recently, a triple 1-MTLV analog is established by Matsumoto et al. [16, Theorem 3.5]
(after slight reformation): for any positive integers a, b, ¢, and any primitive Dirichlet character

X

(=) Lyir(a, be, s51,1,1, ) — (=1)*Lyr(b, ¢, 5,a;1,1, x, 1)
- (_1)bLMT(C7 S, a, b7 17 X5 17 1) - (_1)CLMT(S7 a, b7 G X 17 17 1) (6)

is reducible for all s € C except at singular points, where 1 is the principal character.

In this paper, we shall generalize (@) to arbitrary depth k. For a letter v we denote by
{v}, the string with letter v repeated n times. For a string w = (wq,...,w,), the operator
R;(v,w) means to substitute v for w; if 1 < j < n and R;(v,w) = w if j > n. Using some
important properties of Bernoulli polynomials to be proved in §4] we shall show in §5l the
following reducibility result.

Theorem 1.3. Let k be a positive integer > 2 and s = (s1,...,s,) € NF. Then

k
(=R Lygr(s, 25 {1k, X) + > (=1)¥ Lar(R;(2,8), 555 R (X, {1}e41)) (7)
J=1

is reducible for all z € C except at singular points. If z is also a positive integer then

k+1

> (1) ¢ur(R)(z,8), 55) (8)

Jj=1
is strongly reducible, where Sgp11 = z .

We will in fact give a precise reduction formula in Theorem [(.3] which immediately implies
Theorem [[3l Unfortunately it is too complicated to state here. Note that (7l) may not be
strongly reducible. We call expressions like (7) or (8) signed cyclic sums of 1-MTLVs or
MTZVs. The implication () = (8)) readily follows from Theorem Theorem [[.3] has the
following nice implication.

Corollary 1.4. Ifn € N and k > 2 then the MTZV (qr({n}xr1) is reducible.

Note the case n = 1 of the corollary was already treated by Mordell [17, (5)]:

Cur ({1 e41) = KIC(R +1).

It would be interesting to generalize this identity to arbitrary n.

The main idea in the proof of Theorem [[.3] comes from [16]. Both authors would like
to thank Prof. Matsumoto and Tsumura for sending them many pre- and off-prints. The
first author also wants to thank Max-Planck-Institut fiir Mathematik for providing financial
support during his sabbatical leave when this work was done. The second author is supported
by the National Natural Science Foundation of China, Project 10871169.
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2. ANALYTIC CONTINUATION OF MORDELL-TORNHEIM
COLORED ZETA AND L-FUNCTIONS

The main idea of this section is from [14] [16] and the result is perhaps known to the experts
already. There are three reasons we want to include this section: first, the proof is relatively
short so we can present it for completeness; second, this is the most natural place to introduce
the term colored Mordell-Tornheim functions to be used later in the paper; and last, our main
results Theorem and Theorem [5.3] rely on the analytic continuation of Mordell-Tornheim
colored zeta and L-functions.

Clearly when R(s;) > 1 all the functions in (1) to (4) converge. Denote the real part of
s; by R(s;) = o5 for 1 < j < k+1 and write s = s34 and 0 = og41. Since (@) (resp. (D))
remains unchanged if the arguments sq,..., s (resp. (s1,x1),---,(Sk, Xk)) are permuted, we
may as well suppose that sq1,...,s; are arranged in the order of increasing real parts, i.e.,
o1 < -+ < op. It follows from [33, Theorem 4] that the series (2)) converges absolutely if

o+ op>r, Vr=12,.. .k (9)

However, just like the Riemann zeta functions, all the functions in () to (@) should have
analytic continuations to the whole complex space with clearly described singularities lying
inside at most countably many hyperplanes. For multiple zeta and L-functions this has been
worked out in [3] and [29] (independently [2]), respectively. Further, Matsumoto et al. have
studied the Mordell-Tornheim zeta functions completely (see [I5, Theorem 6.1]). On the
other hand, in [I6] Matsumoto et al. only treated depth three Mordell-Tornheim L-functions
although it is possible to combine their ideas in [16] and [I5, Theorem 6.1] to prove the
general cases which we shall carry out in Theorem 2.3l To prepare for this we first introduce
the “colored” version of the Mordell-Tornheim functions. In the depth 1 case, this is a special
case of the more general Lerch series. In depth 2, Nakamura called these functions “double
Lerch serires” (see [19]).

Definition 2.1. For any z € R set e(x) = ¢*™*. For any given set of parameters a =
(a1, ,apy1) € RF1 we define the function in complex variables s € CF*!

(ur(s;a) = Z Z a1m1—|— +ozkmk+ozk+1(m1—|—---+mk)) (10)

Sk+1 ’
opput el mk (TTL1 + - —I-mk)

where R(s;) > 1 for all j < k+ 1. This is called a colored Mordell-Tornheim function with
variables s; dressed with e(a;).

This terminology is influenced by the name “colored MZVs” used in [4] in which similar
generalizations of MZVs are considered. Of course colored MZVs can also be regarded as
special values of multiple polylogarithms on the unit circle. To study L-functions we only
need the “colors” to be roots of unity (i.e. a; € Q) in which case the colored MZVs have been
investigated from different points of view in [9) 211 B0, [32].

For any B8 = (f1,...,0;) € R" and a set A we let A(B) = Aif B3 € Z" and A(B) = 0
otherwise. Similar to the proof of [16, Prop. 2.1] we first have:

Proposition 2.2. Let 8; = aj+ayq1 forallj =1,... k. Then the colored Mordell-Tornheim
functions defined by ([I0) can be analytically continued to CFT1 with the singularities lying on
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the following hyperplanes:

oo k—1 r
{’S’ :k}UU U U {Z(Sji_1)+3k+1:_l} (/Bjﬂ"'ﬂgjr)‘ (11)

I=1r=11<j1<<jr<k li=1

When all 3; = 0 we recover the analytic continuation of Mordell- Tornheim functions defined
by @) (cf. [15, Theorem 6.1]).

Proof. We proceed by induction on the depth. The case of depth two is given by [13] Theo-
rem 1]. Assume in depth k—1 (k > 3) we already have the analytic continuations of {\p(s; )
for every fixed & = (a1, -+ , ) with the singularities given by the proposition. Let’s con-
sider the depth k situation in ([I0). First we assume R(s;) > 1 for all j =1,...,k+ 1. By
substitution a; — aj — a4 for all j =1,..., k we may also assume without loss of generality
that agy1 = 0. Set n, = Z;zl m; for r = 1,...,k+ 1. By Mellin-Barnes formula for all b > 0

we have
1 1 I(s+ 2)'(—=)

Aoy 2ty T " (12)

where s € C, R(s) > —c¢ > 0 and (c) is the vertical line R(z) = ¢ pointing upward. Applying
this with b = my11/ny we get

1 _ 1 1 / P(sk+1+z)l“(—z) <mk+1>z @
(c)

Sk+1 Sk+1 :
ngt g 2m I(sg+1) ng

where R(sp41) > —c > 0. Setting a = (o, ..., ax,0) we see that

1 T + 2)['(—
Gre) = oo [ PRI G + sl 0ol — sonds (1)

where 8" = (s1,...,86-1), & = (a1,..., 1), and @(s,a) = 3.5 e(ja)/j°. Note that
Cur (S, sp41+2; @, 0) is well defined by our assumption R(s;) > 1, R(sgp+1+2) = R(sk+1)+c >
0 and (@). As |e(am)| = 1 we still have the exponential decay of the integrand in (I3) by
Stirling’s formula when z — ¢ £ ico and therefore the argument for [14] (3.2)] carries through
without problem. When we shift the integration from (c) to (M — ¢) for large M € N and
very small £ > 0 we need to consider the residues of the integrand of (I3]) between these two
vertical lines. By the induction assumption, the singularities of (v (s/, s + 2; @, 0) are given
by:

k—1

ZSj—I—Sk+1+Z:]€—1 U
j=1

oo k—2 r
UU - U {z@, ) otz _l} i)
I=1r=11<j1<<jr<k—1 \i=1

By assumption R(s;) > 1 (j < k) and R(sk41 + z) > 0 none of these lies between the two
vertical lines so the only relevant poles of the integrand of (I3]) are z = j for j =0,1,..., M —1
given by I'(—z) and {z = s — 1}(ag) given by ¢(si — z, ag ). It is well-known that these poles
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are all simple poles. Thus by contour integration we get:

1 D(sksr +2)T(~2)
s

Cur(s;a) = (s, k1 + 20,0)d(s — 2z, o) dz

2mi I(sg+1)

I'(s + s — DI'(1 —s
F(Sk-l-l) g

M—1
—Sk+1 . .
+> < o >CMT(S/73k+1 +Jie,0)b(sk — j, o)
=0~ 7
where [z], = x if @« € Z and [z], = 0 otherwise. As M can be arbitrarily large a careful
computation now yields the correct set of poles for (v (s; a) as given in ([IIl). This concludes
the proof of the proposition. O

Theorem 2.3. The Mordell-Tornheim L-function Lyt (s; x) defined by () can be analytically
continued to a memorphic function over CI8! with explicitly computable singularities lying in
at most countably many hyperplanes.

Proof. Let f; be the conductor of x; for j =1,...,k+ 1. By [27, Lemma 4.7] we see that

fe+1 k41

Lrr(s; x) Z > H xilJ CMT (siJ1/f1s s a1/ frr) (14)

Ji=1  jgr1=1li=1

where 7(%;) is the Gauss sum. Hence the theorem follows from Prop. immediately. O

3. REDUCING MORDELL-TORNHEIM TYPE VALUES TO TRADITIONAL VALUES

In this section we shall prove that the study of special 1-MTLVs and colored special 1-
MTZVs can be reduced to that of special 1-MLVs and special 1-MZVs, respectively.

Theorem 3.1. Fiz a positive integer k > 2. Let z € C and s = (sq,...,5;) € NF. Then
for any primitive Dirichlet character x the special 1-MTLV Lyr(s, z; {1}k, x) is a Q-linear
combination of special 1-MLVs of the same weight and depth and of the same character type

{L}r,x)-

Proof. Essentially the same proof of [33, Theorem 5] works here. For example, with their
notation we can multiply x(n,) inside each sum appearing in their proof. Moreover, the
variable s always appears in the last variable position of every function 7, throughout the proof.
This corresponds to the leading position of the 1-MLV so the values are always special. O

Due to the combinatorial nature of the proof it won’t work for non-special 1-MTLVs or
wrong character types. In fact, more generally, every special 1-MTLV Lyrr(s; x1,. -+, Xk+1) 18
a Q-linear combination of the following values

o0 o0

Z Z Xl(ml)X2(m2)Xk(mk)Xk+1(m1++mk)
m;l (ml —+ m2)r2 [N (ml + -+ mk_l)kal (ml + -+ mk)8k+1+7“k

mi1=1 mg=1

where r € ZF. Notice that these are not 1-MLVs as Dirichlet characters are not additive in
general. The situation for colored 1-MTZVs is little better, with no restriction on the type of
the “colors”.
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Theorem 3.2. Every colored special 1-MTZVs is a Q-linear combination of colored special
1-MZVs of the same weight and same depth. More precisely, the colored special 1-MTZV
CMT (815 -+ 3 Sk4+1500, - -+, r1) 18 a Q-linear combination of colored special 1-MZVs of the
following form

CUSkt1 + Thy Th—1s - -+ T15 Qs + Qe 1, U1 — Qs+ -+, Q1 — Q2),

where v € 7F.

Proof. Modify the proof of [33, Theorem 5] by inserting “colors” into expressions of Tp’s
there. (]

Remark 3.3. Theorem [B.J] and Theorem generalize [33] Theorem 5] about MTZVs in two
different directions: the former to their L-function version while the latter to their colored

version.

4. PRELIMINARIES ON BERNOULLI POLYNOMIALS

By definition the Bernoulli polynomials By, (z) are periodic functions with period 1 defined
by the generating function:

t:ct +n
c =Y Bu@),  we0).

t_
e 1 50
The values B,, := B,(0) are the Bernoulli numbers which are linked to the Riemann zeta
values : ) 2(25)
s)!
1 C(O) 9’ 2 (27Ti)2s <( S) Vs €N ( 5)
For any positive integer s and N we set
N -N
e(kx) _ e(kx) s
;N(x)zz P fs,N(x) = Z IS = (-1 ;‘N(—x),
k=1 k=-1
2mix

where e(z) = ™" and

fan(@) = fin(@) + £y ().

Lemma 4.1. For every positive integer s we have

(o) = ~ o Fooe(a). (16)
Its derivative
By(x) = sBs—1(x) (17)
and for m # 0 the integral
n!
/ B, (x)e(mz) dz = /707”7(_27T1‘m)n (18)

where 0., =0 if n =0 and v9,, = 1 otherwise. Fors= (s1,...,5) € N'

e [Umoe- Lo () () o

r1=0 r+=0

where for any vector v = (vy,...,v) we set |v| := ijl vj and By = Hz-:l B

Proof. All the statements are well-known (for e.g., see [1, pp. 804-805]) except perhaps (L6
which is on [8] p.362]. O



8 JIANQIANG ZHAO%# AND XIA ZHOUT

Let [t] := {1,...,t} with the increasing order. By abuse of notation we let i = (i1,...,iy) C
[k] denote both a set and a vector such that iy < --- < ). No confusion should arise. We
denote its length by £(i) = X\ and write il = i1!---iy!. If 4(j) = ¢(i) < t then we define the
inflation of the vector j to length ¢ with respect to i as

Ja if =i, €1

W) = (1, 1) lg =
KA T 2

Note that | Inf!(j)| = |j| — €(i) +¢. This operation essentially stretches the vector j to a length
t vector by redistributing its entries to i-th positions while inserting 1’s in other positions.
Finally, for a vector v = (v1,...,v;) we write

(=)

The next proposition is not needed in the proof of the main results in the paper but it offers
a simple and close expression of an arbitrary product of Bernoulli polynomials and therefore
should have independent interest by itself. It generalizes the well-known result of Calitz [§].

Proposition 4.2. Keep the same notation as in LemmadIl Then

Is| — il +£() —t\ Bj  8!Bjs|—|j+()—t+1(®)
=Cst Z Z ( ¢ ST - : T (20)
il 0<i<ss s — Inf;(j) it (Is| = il +£(1) —t + 1)
siq siy

where for an vector i = (iy,...,1p) we write the multiple sum Z = Z Z .

0<ji<si  j1=0 =0

Proof. By induction it is easy to show that

]:I ur — 1 e|u‘ Z H etir — 1’ (21)

1Ct]7’ 1

where the product on the right is 1 when i = ). Indeed, if ¢t = 1 then i has to be () and (21 is
clear. Assume (2I) holds for ¢ > 1. Then we have

t

1 1
eut+1 — 1 711 eur — 1 = (6“t+1 _ 1 e\u| Z H el — 1

1C[t ] i€i

1 1
= a1 <1+e“t+1—1+e|u—1> 2 11 “1—1

0AiC[t i€i
1 t+1
:e\u|+ut+1 —1 H 1 + Z H eli —
=1 0AIC[t+1] i€i

Thus (2I)) is proved. Applying it we may transform the following power series (u = (uq, ..., u))

BS(:E) s s ’U_‘ Hf—:l Ut zlu| _ |u|e “lul
\u[ Z ol ull...utt :Ht (eu-r_l)e e|u‘ ZH uz_lnuz

S€(Z>o)t T=1 1C [t] i€i i1

Z(l)

SICIEE 31 | D oS |

! iC[t] idi 0<],<c>o =1
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where co = (00, ...,00). On the left, the coefficient for uj*---uj*/s! is

Z $rBs, () By, ,(¥)Bs, —1(2)Bs, ., (¥) -~ Bs, () = (Bs(x))'
T=1

by (7). Integrating this we get

|s| = [3] +£(1) =\ B; S Bg—|jje(i)—t+1(2)
B = '
) (”ZHOZ< s—mtG) )3 G-+ -t D

for some constant C'. Integrating again and noticing that fol B, (x) dx = 0 whenever n > 1 we
get C' = Cs by (19). This completes the proof of the lemma. O

The above lemma expresses the product of different Bernoulli polynomials explicitly as a
linear combination of Bernoulli polynomials of different degrees. But it has the drawback that
we cannot restrict the degrees in order to provide a general reduction formula in Theorem [[.3]
since the terms on the right hand side of (20) do not always have the same weight where the
weight of a product term in (20)) is the sum of the indices of the all the Bernoulli numbers
appearing in that product (this comes from relation (I3l)). However, Prop. will enable us
to quantify Theorem [[.3] even though it has much more complex structure than Prop. To
state it we need some more definitions and notations.

Definition 4.3. For arbitrary s = (s1,...,s;) € N! a partition of s is always an ordered
partition P = (Py,...,Py) such that the concatenation of P is s. A pre-fat partition of s is
such a partition with {; := ¢(P;) > 2 for all j < ¢ — 1. Its pre-associated index set is the set
ind’(P) of indices r = (r1,...,r,) where

= (Tj1s7j2s -3 mj0—2) 7 <q—1
! (rj1,752, - ,Tij—l) if j = g (vacuous if [, = 1).

Setting P := (s;1,852,...,85,) for j =1,...,q. For each j and each i = 1,2,...,{(r;), the
range of the integer index r;; goes from 0 to |max{c;(P;) —20;_1(r;), sj,i+1}/2]| where for any
vector v = (v1,...,v7) we denote its i-th partial sum by o;(v) := vy +--- +v; and o¢(v) := 0.

Definition 4.4. A fat partition of s is a pre-fat partition P = (Py,...,P,) such that [, > 2,
i.e., every part has length at least two. Its associated index set is the set ind(P) of r =
(r1,...,ry) where for each 1 < j <g,

r; = (T’j71, T§2y.- ,Tij_g)
with each r;; running over the same range as above in Definition [4.3

It is an easy exercise to see that the number of fat partitions of s = (s1,...,s;) is given by
the Fibonacci number Fy_; [22 p. 46, 14.b], where F} = F5, = 1 and F,,;2 = F,,41 + F,, for
all n > 1. Obviously the number of pre-fat partitions of s is given by F;.

Proposition 4.5. Let P'(s) (resp. P(s)) be the set of pre-fat (resp. fat) partitions of s =
(s1,...,8) € Nt with t > 2. For each partition P let q := q(P) be the number of parts in P.
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Then
q £(rj)
Z Z H{{Hmer} (P,r,x)}
PcP/(s) reind’ (P) j=1 1=1
€P'(s) rcind'(P) J (22)
q £(r;)
+ > ) H{{ bj.i(P } (P, r)}
PeP(s) reind(P) j=1 i=1
e (1P| )15,
Sl | — 550, —2 Tj1):\85;
B;(P,r) = (—1)""oy L0 Bp,|—ajr.|» (23)
’ (] —2Ir; ! P12
where sj;, is the last component of P, and
B;(P,r), ifj<a;
Bj(P,r,z) ={ Bp,(2), ifj=qandly=1; (24)

Bp, |2, (z) . if j=qandly > 1.

By convention, if l(rj) = 0 then the innermost product is 1. If l(rj) > 1 then b;;(P,r) =

Km(P) 20i1(r ])>8m1 . <sm+1> (O-Z-(Pj)—Qai_l(rj))} Br (g5

27‘]# 27']'71' O'Z'+1(Pj) - 20i(rj)

Proof. We prove the proposition by induction on ¢. If t = 2 then the proposition has a very

explicit form given by [8, (3)] or [20]:

|max{s1,s2}/2]

r=0

where |s| = s1 + so. Let’s check formula (22]) is correct. In this case the only pre-fat partition
is the whole s = P because in every pre-fat partition only the last part can have length equal
to one. So ¢ =1, ind'(P) = {r:1 <r < |max{sy,s2}/2]} and ind(P) = §). Then
By (2)By,(z) = Y b1a(P,7r)Bi(P,r,z) + Bi(P,0)
r€ind’(P)

where By (P,7,z) = Bjg—2,(7), B1(P,0) = —(=1)*s1!s2!Bg/([s|)! and

51 52 Ba,
P = .
= |(5)e+ (3)o] o2

Thus the case t = 2 is verified.
Assume the proposition is true when ¢(s) = ¢ > 2. Then we can use (22)) to compute

Bs(x)By,(x) for any positive integer n. Clearly when By, (z) is multiplied by the sums involving
only Bernoulli numbers (the second line of (22))) we get exactly those terms corresponding to
the pre-fat partitions Q of (s1,...,s¢,n) whose last part has length one. This can be readily
explained by the map

P(s) —P'((s,n))
P Q= (P, (n). (27)
It is obvious that the pre-associated index set of Q' is exactly the same as the associated index
set of P. When B, (z) is multiplied on each of the terms in the first nested sum of ([22]) two

kind of terms will appear according to (26). Let’s consider the following two cases: (i) {; =1,
and (ii) [, > 1.
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In case (i) we have

[max{|Pq[,n}/2]

smiania= 8 () ()] i

r=0

|P,|!n!
— 1 _Bip in-
(|Pg| + )1~ Pt

The summation term in the above contribute exactly to those pre-fat partitions Q' of (s1, ..., s¢,n)

+ (_1)1+n

whose last part has length equal to two. The last term of the above corresponds to the fat
partitions Q of (s1, ..., s¢, n) whose last part has length equal to two. This can be summarized
by the map

P'(s) —P'((s,n)) x P((s,n))
P I—>Q, == (Pl, ce an—la (Pq,n)), Q = (Pl, ce an—ly (Pq,n)) (28)

It’s easy to check that the pre-associated index set of Q' is obtained from the pre-associated
index set r of P by adding one more part at the end: (r) itself alone, which goes from 0 to
|max{|P,|,n}/2|. The corresponding term in (22)) is thus determined by (25]) and the third
case of (24)). It’s also clear that the associated index set of Q is equal to r which is consistent
with (23]) since the last component of Q has length 2 which implies that the innermost product
of the second sum in (22]) is 1 by convention.

In case (ii) we have

[max{[Pq|-2[rq|,n}/2]

Byp,|ajr, () Bn(z) = > [('P”z_f'rq')m <;>(!Pq\ —2yrq\)]

r=0
. B2TB|Pq‘+n—2‘rq|—27"(x) (_1)1+n (’Pq‘ — Q‘rq’)'n'
Py[+n—2[r,| —2r ([Py] +n — 2frg|)1 71 PalFn=2ival

Similarly to the above, this can be summarized by the map
P/(S) —>,P/((S7n)) X P((San))
P—Q =: (Py,....,Pe1,(Pg,n)),Q =: (P1,...,Py_1,(Pg,n)) (29)

with the last component in both Q" and Q having length greater than 2. It is easy to check
that index sets is consistent with (22]) when s is replace by (s,n) (let’s call the equation after
such a change (22)) by inserting r into the end of the last component of r.

The above argument shows that every term in the product expansion of By (x)B, () ap-
pears in ([22)’. Finally, one can check that in (22))' every term is produced exactly once by the
maps (27)) to ([29) combined as the number of terms produced in P’(s,n) and P((s,n)) both
follow the Fibonacci rule. This completes the proof of the proposition. O

5. MAIN RESULTS

The notation in the proceeding section is still in force. Throughout this section we fix
= (s1,...,8x) € NV, k == k+1, 2 = 5, € C and s = (s1,...,5,). For any subset

i=(i1,...,%) C [k] we write s(i) = (s;,,-.., ;). For any real number o we define
. e(mya)
S(S, 1, OZ) = Z m

mi,...,mx EN®
2 jei M= jele\i ™
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Observe that if ¢ < k then S(s, {i}, @) is a colored 1-MTZV with only variable s; dressed with
e(a) while S(s, [k],a) is a colored special 1-MTZV with only variable z dressed with e(a).

This observation and the next proposition is crucial to prove Theorem

Proposition 5.1. Let a € R and 0 # i C [k]. Suppose R(z) > 1 then we have

lim / Hfsj, H o N ,N($+a)dx:Z(—l)‘s(j”S(s,j,a). (30)

N—oo e—
Jei je[kN\ jci

If 2 < i # [k] then it is a Q-linear combination of products of Riemann zeta values at a non-
negative even integers and a colored 1-MTZV with only the complex variable z being dressed
with e(a). This linear combination is explicitly given by

£(rj)+1

E(s,i,a) = Z Z s(i)lg) qH{ H c],Pr)}Cja(P,r) (31)

PeP/(s(i)) reind (P) i=2
where ¢’s and Cj o ’s are define as follows. For s,i,a as above and any positive integer n let
foia(n) == Cur (s([&] \ 1), 75 Ry—g(iy1 (c, {1} k—e(i)42)) - Then

(=15 Py = 2lrs)), if § < g
Cja(P,r) = fsia(Pgl): ifj=qandly=1; (32)
fsia(|Pgl = 2[rg]), ifj=qandl, > 1.

where {(m) = ((m) if m is even and ((m) = 0 if m is odd. Ifl(r;) = O then the innermost
product is 1; otherwise
ch(P, I‘) _ |:<O-Z(P ) 20, l(r]) - 1) + <JZ(P]) - 20i—1(rj) - 1>:| C(2Tj,i—1)' (33)

gi— 1 Sji = 27ji-1

Proof. The equation (30) is straightforward. So we only need to prove the second part. In
the following proof we often exchange limits without giving explicit justification. But they
are easy to check by Lebesgue’s Dominated Convergence Theorem because of the absolution
convergence to be proved in Prop. [l

Assume (i) > 2. First, by Lemma [4.1] we have

o) sl
hm Hfsw = %Bs(i) (). (34)

Prop. now yields (with the same notation given there)

i) lsC0) ()
LHS of 30) = % >y {H {{ 11 bj,i(P,r)}Bj(P,r)}

]61

" PeP/(s(i)) reind' (P) \ j=1 =1
£(rq) 1
) H bqi(P,r) / (P,r,x) H smoo (m—i—a) dx}
=1 0 Jje[k\i

This is equal to

. 9IS a ([ 4xs)
E(s,i, ) ::m Z Z H{{HbﬂPr} (P,r)}. (35)

" PeP/(s(i) reind’(P) j=1 i=1
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Here by (25) and (I3) if I(r;) > 1 then b;;(P,r) =
0i(P;) — 20;_1(r; Sji —2(2r;:)1¢(2r},:)/ (2mi) s
|:< ( J) 1( J)) Sj,i-i—l + < 75 +1> (O’Z(P]) _ 20i—1(rj)) ( s ) C( 7, )/( ) )

27']'71' 27']'71' O'Z‘+1(Pj) — 20‘2‘(1']‘)

By 23) and ([I3) if j < ¢ then
2- C(|P | — 2|r;])
(—2mi)|Pil=2Ir;]

where s;; is the last component of P;. Finally , by (24)) and (I8)

Bj(P,x) = (1) (|P;] — s, — 2[r;])!(s50,)!

oD s\ 0 1Py (1) O
_ (—2772‘)‘Pq\ MT KI5 1 Eqls k—e3i)> & 1), ifl, =1;
Bq(PyI‘) = (|Pq| - 2|I’q|)'

- (—Zwi)‘Pq—z‘rqH CMT(S([I{] \i)7 |Pq| - 2|rq|a {1}/6—((1)7 «, 1)7 if lq > 1.

We readily see that all the powers of 27i cancel out in (33]) and (31]) has the correct sign and
2-powers. Let’s compute the jth term of the innermost product in (B5) when j < g. The case
j = q is very similar and is left to the interested reader. For simplicity let us further assume
P; = (a1,...,4), rj = (r1,...,7—2), and I > 3. Without the signs, 2-powers and the zeta
factors this product looks as follows:

(a1 as (2r1)!
_<27’1>a2 " (27,1)@1} ai +az — 2r;

[ a1+ as — 2ry as (27’2)!
X a3z + a1 +ag — 2r
_< 2r9 ) 3 <27‘2>( ! 2 1):| a1+ az +as — 2(7‘1 + 7‘2)

[ 2, — QZt 1Tt as -2 1-3 (2r;—2)!
_ —2
g < 2r1—9 >al o <27“2> (Z =" Z t:ITt)}

t 1at—22t 17t
><( t= 1at—22t 17’t)
a1!a2! al_1!

Now multiplying each fraction like 1/(a; + a2 —2r1) on the next [- - - ], expanding the binomial
coefficients, and canceling all (2r;)!’s and a;!’s we get:

[ 1 1

(=2 (az = 1)1 (as — 211 — 1)!]

[ (a1 +ag —2r; —1)! n 1 :|
_(al +as — 2(7‘1 + Tg))!(ag — 1)! (a3 — 27’2)!

[ ( tlat 23 421! 1
: L( t 1at 2Zt 1) (al—l—l)!+(al—1—2rl—2)!]

-1 -2
X(Z t:1at — 22 t:th — 1)'

Dividing the first numerator appearing in each [---] (including the last line) and then mul-
tiplying it on the [---] immediately proceeding it we finally arrive at the displayed formula
(31)), as desired. This finishes the proof of the proposition. O

Remark 5.2. Clearly every (ur in ([B2) is a colored 1-MTZV with only variable z = s, dressed
with e(«). Further, the depth of colored 1-MTZV is k — (i) < k— 1 since we assumed £(i) > 2.
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Also notice that in (B32)) x € [«] \ i for all i € [k] so the 1-MTZVs are not special and therefore
we cannot use Theorem [3.2] to reduce (BI]) further to colored 1-MZVs.

Theorem 5.3. Let k be a positive integer > 2 and s = (s1,...,s;) € N*. Let x be a primitive
Dirichlet character. Then

k
(=1)F 8 Lygr(s, 25 {11 ) + > (=1)% Lner(R; (2,8), 85 By (6, {1}k 1)
J=1

= > (-D'WE(s,ix) (36)

iC[k].L(1)>2
for all z € C except at singular points where with the notation in Prop.

£(r;)+1

E(s,i,x) = Z Z s(B)lg() qH{ H c”Pr)}Cj%(P,r) (37)

PcP/(s(i)) reind’ (P) i=2

where ¢’s are defined by B3)) and C;,’s are define as follows. For s,i,x as above and any

positive integer n let fs;(n) := Lyt (s([s] \ 1), 73 Re—eiiy+1 06 {1 k—eqi)+2)) - Then Cj (P, r)
can be obtained by replacing a by x in (32)).

Proof. First we assume that R(z) > 1. For any o € R we can take all possible subset i of [k]
of length t and add (B0) together for all these i’s. Within this sum we find that each S(s,j, a)
with length £(j) = r < t appears exactly (]z::) times. Since for every fixed r, 1 <r <k —1

we see that
D (DO (-1EIIS(s ja) = (- DTG (s: {1} a). (38)
iC[k] jCi

because the only term with r = k is when i = j = [k]. Further, if we take (i) = 1 in (38) then

we get
k

1)*8(s,{j},0) = = > _(=1)*Cur(R;(2,8), 5 Bj (0, {1}p41))-
j=1
Moving these terms from the LHS of (38]) to the RHS we have:

||M?r

(_1)k+sl+"'+sk<MT {1}k7 +

Mw

1 Cur(Ry(2,8), 855 Rj(a, {1}k+1))

]:1
= Y DN (—1)kdlS(s,j,a) = ()" DE(s,i,0) (39)
iC[k],L(1)>2 jCi iC[k],0(1)>2

by Prop. 5l Note that for any j < k and any primitive Dirichlet character x of conductor f
by [27, Lemma 4.7] we have

~—

(2,8), 855 Ri(f/n, {1}k+1)).  (40)

f
Lyt (R;(2,8), 551 R (x, {1}x) Z ”)

Replacing « in ([B9) by n/f, multiplying by x(n)/7(X), and summing over n = 1,..., f we
finally arrive at (7). We notice that the theorem is now proved under the assumption that
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R(z) > 1. But we can easily remove this restriction by analytic continuation using Theo-
rem 2.3l This completes the proof of Theorem (.31 O

Remark 5.4. We can compute the LHS of (380) explicitly in a not too complicated form by
Prop. In (I8) taking n = n(s,i,j,P) :=|s(i)| — |j| +4(v) — £(i) + 1 and using (34) we have

| (2mi)s0)
g [ o TT sitor = Bt

Jei jek\i

2, 2 < nilf1<’<>>§sgz/o ) 1 Ao

V()] 0<ju sy ye[n \i

m's(“"n' n—1 Bjs(i)! .
oS 2—+"S()'<s(i) - Inf€<”<j>>'_ (n) Gur(s(#] \ D). m).

]
vC[e(i)] 0<jv<sv J

Note however, this formula is not enough to prove Theorem [[.3l

6. SOME COROLLARIES AND EXAMPLES

Because of the appearance of the odd powers of 27i we don’t get explicitly reduced form
of (7) by using computations contained in Remark [5.4. We have to use the more involved
Theorem 5.3l In Theorem [5.3] taking & = 2 we immediately get

Corollary 6.1. Let a,b € N and x be any primitive Dirichlet character. Then

LMT(CL7 b7 Z; 17 17 X) + (_1)bLMT(27 b7 as X, 17 1) + (_1)QLMT(CL7 Z, b7 17 X5 1)

Lmaxi’b}/% [<a+b—2r—1> N <a+b—2r—1

a—1

=2 >] Cr)L(a+b+z—2rx) (41)

—2r
r=0 a

for all complex number z € C except at singular points.

This is in agreement with [16, Prop. 2.2] by Matsumoto et al. Note also that Tsumura’s
result [26] Theorem 4.5] should reduce to Cor. with xy = 1 (see [I8, Theorem 1.2] and its
remarks).

The depth d = 3 case is essentially the same as that of [16, Theorem 3.5]. We now look at
depth d = 4. For any function F(x1,...,x,) we define

n
w F(xy,...,x,) :ZF(:El,...,@,...,:I:n,:Ej).

The following lemma will be used when we need to show strong reducibility result.

Lemma 6.2. For any positive integers a,b,c and d we have

b—1

(et =m Y (T T ot ak b,

a?
v=0
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a—1 b—1
_ vi+uvas+cec—1
CMT(CL7 b7 c, d) - 7; Z < >

vi, 9, c— 1

a—v1—1
b—ve+vz—1
{Z< SR T TR S

V3

b—vo—1
a—vy+rvy3—1
1 Z < 1 3 >C(C+d+V1+V2,b—V2—V3,CL—V1+V3).}

Proof. See the proof of [33, Theorem 5]. O

As the signed cyclic sum formula (7)) has been derived in depth 3 in [I6] we provide the
depth 4 expression explicitly below.

Corollary 6.3. Let s = (s1,52,53,54) = (a,b,c,d) € N*. The signed cyclic sum of colored
1-MTZVs

4
(—=D)¥r(s, 23 {14, 0) + Y (1) Cur(R;(2,8), 55 Rj(a, {1}4))
j=1
= Y Eafs,(i,j)e) — Y. Bs(s,(i,5,k), @) + Ea(s, (1,2,3,4), @)
1<i<j<4 1<i<j<k<4

is reducible for z € C except for singular points, where Ey (¢ = 2,3,4) are defined defined as
follows: Eg(s, (i1,...,ip),a) = 7r< 1ot )Eg(s, (1,...,0),«) (permuting the s;’s) and

- b—1

Es(s, (1,2),0) Lma"i’b}m atb—2r—1
2(_1)a+b a,b

><(2T)<MT(C7 d7 zZ,a + b— 27", 17 17 «, 1)7
r=0

Es(s, (1,2,3), )
2(_1)a+b+c

|max{a,b}/2| [max{a+b—2u,c}/2|

a+b—2u—1\/a+b+c—2u—2v—-1
M 2 2 [( b—1 >< c—1 )

= (_1)1){-(& + b)CMT(dv Z, G 17 «, 1)

n=0 v=0
<a+b+c—2,u—2y—1

a—2% b—1, c— 2 )} Cuw)2v)our(d, z,a+b4c—2u — 2v: 1, a, 1)
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where ((n) = ((n) if n is even and C(n) = 0 if n is odd. Finally, if i = [4] of length 4 then
setting 0 = a+ b+ c+ d we can get by (31

E4(S, (17 27374)7 a) o |max{a,b}/2] |max{a+b—2u,c}/2] |max{a+b+c—2u—2v,d}/2|

4(_1)a+b+c+d ab

pn=0 v=0 A=0

a+b—2u—1\fa+b+c—2p—2v—1\ (0o —2u—2v—2X—1
(S Sy [ (s i [
a+b+c—2u—2v—1\[oc—2u—2v—-2X—1
<a—2,u,b—1,c—2y>< d—1 >

L+ a+b—2p—1 o—2u—2v—2\—-1
b—1 a+b—2u—2v, c—1, d—2X
c—2u—2v—-2X—-1 )

o T )] cmeec N o - 2 v+ Nia)

[max{c,d}/2]
~ c+d—2pu—1
+(=1)%(a+b) -7 Z ( a )C(QM)CMT(Z,C +d—2u;a,1)
c,d 1i=0 d—1

a+b—2u—

|max{a,b}/2|
("

1) ()t b+ e — ) (z, ;o 1)
©n=0

Proof. This is follows from Theorem 5.3 easily. O

When a = b =c=d =nsetting E; = E(s,{n};,1) for j = 2,3,4 we have

[n/2]
FEy =4 Z <2n 1> C(2r)¢ur(n,mn, z,2n — 2r;1,1,, 1), (42)

ln/2| [max{2n—2u,n}/2]
2n—2u—1\ /3n—-2u—2v—1
B3 =2¢(2n)¢ur(n, z,n) + 8(=1)" - Y > [( - > < . >

: ‘ n—1 n—1
n= V=

3n— 2 —2v 1
<n —T;u, :— 1,Vn - 21/)} C(2u)¢(2v)ur(n, 2,3n — 2 — 2v31,a,1) (43)

[n/2] |max{2n—2u,n}/2] |max{3n—2u—2v,n}/2]
Ey=16-)
©=0 v=0 A=0

2n—2u—1\(3n—2u—2v—1\ [4n —2u —2v —2A —1
n—1 n—1 n—1
n 3n—2u—2v—1 dn —2u —2v —2X —1
n—2u n—1 n—2v n—1
n 2n —2u—1 dn —2u —2v — 22 —1
n—1 2n —2u —2v, n—1, n — 2\
dn —2u —2v —2A — 1
- C(2 2 2 in — 2 ;
(o T )] @ +an - 2 v+ via)
[n/2]
2n — 2 —
—1)"8¢(2n) -
R SCORD D (i

pu=0

1> C(2u)¢(2 + 2n — 2p; )

[n/2]
53 (% 247 etaien - 206 +nsa) (44)
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Thus we get
Corollary 6.4. Let o € R and n € N. Then signed sum of colored 1-MTZVs
Cmr({n}a, z;{1}4, @) — 4lur({n}s, z,n; {1}3,,1) = 6Ey — 4FE3 + Ey (45)

for all z € C except at singular points, where Ey, Es, and Ey are defined by ({42), (43), and
(@4)), respectively.

Proof. This follow from Corl6.3] since

LHS of (@) = <;1> E2 - <;L>E3 + E4.

Corollary 6.5. Let a € R. For all z € C the signed sum of 1-MTZVs
At ({1}s, 2, 1;{1}3,0,1) — Cur({1}4, 25 {1}4, @) = 120w (1,1, 2,2; {1}3, , 1)
+24[¢(2)¢ur(1, 2,131, 0, 1) — Qur(1,2,3; 1,0, 1) — C(2)¢(2 4+ 2 ) + C(z + 4 2)],  (46)
except at singular points.
Proof. Specializing ([42)) to ([44]) further to n =1 we get:
Ey =—20ur(1,1,2,2;1,1,, 1),
E3 =6(¢(2)¢ur(1,2,1;1, 0, 1) = Qur(l, 2,3, 1, a, 1)),
Ey =24(C(2)Cumr (2 + 25 0) — Qur(z + 45 ).
So the corollary follows from Cor. at once. O

Corollary 6.6. For all n € N the signed cyclic sum of MTZVs
4CMT({1}37 n, 1) - CMT({1}47 n) = 12{2C(n + 4) - QC(H + 3, 1) + QC(TI + 2,1, 1)

+2¢(2)(¢(n+1,1) = ¢(n+2))+ [CB+v,14+pn—v—p)+{B+v,n—v—p,1+pu)]

n—1ln—1-v

v=0 p=0

n—1
—i—Z [2C(2)C(2+1/,n—1/)—2C(4+u,n—u)+C(3+1/,1,n—u)+C(3+u,n—1/,1)]}
v=0

s strongly reducible.
Proof. The corollary follows from Lemma after specializing z =n and a = 1 in ({6). O

Remark 6.7. Corollary [6.6]is consistent with [10, Cor. 4.2] when we take n = 1. In fact both
sides are then equal to 72((5) since one can show by double shuffle relations of MVZs that

((4,1) =¢(3,1,1) and ¢(4,1) 4+ ¢(2)¢(3) = 2¢(5) (see [31, §3]).
Maple computation by Cor. also shows that
Grr({28s) = {20 (2,2,2,2) + 240(2)Gurr(2,2,4) — 10(H) e (2,2,2)

— 30Gur(2,2,6) — 3Cur (2, 2,2,4) | +2((10)
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is reducible, which, by Lemma [6.2] can be further reduced to

2¢(10) — 2%{((6, 2,2) +2¢(6,3,1) + 2¢(7,1,2) + 4¢(7,2,1) + 6((8, 1, 1)}

—144{((8,2) +2¢(9.1) } — 48¢(4){6(4,2) +2((5,1) }
+ %C@){C(& 2,2) +2C(4,3,1) +2¢(5,1,2) +4¢(5,2,1) +6¢(6,1,1) +4¢(6,2) + 8¢(7, 1)},

By parity consideration [I12, Cor. 8] we know that the above can be reduced further to products
of MZVs of depth one or two. In fact, after using double shuffle relations we find

Gur({2}3) =2¢(10) + 12{15¢(8,2) + 30¢(9, 1) ~ 12(2)(6,2) — 24C(2)C(T, )
— 4C(4)6(4,2) = 8C(4)¢(5, 1))}

—7¢(10) + 36{5((8, 2) + 10¢(9,1) — 4¢(2)C(6,2) — 8C(2)¢(T, 1)}

since ((4,2) +2¢(5,1) = ¢(6)/6. We now can look up the table [5] and get
1376

Gur({2}s) = 5= ¢(2° +180{C(8,2) = C(5)* ~ 20(3)C(7) | +144{ 20 (C(3)C(5) ~ C(2)¢(6,2) }

Remark 6.8. Note that only one depth 2 weight 10 term, namely ((8,2), appears in the
reduction of (M1 ({2}5). By the table in [5] we know it’s the only depth two weight 10 MZV in
the basis (there are only 7 Q-linearly independent MVZs of weight 10 by Zagier’s conjecture).
Moreover, by Broadhurst conjecture [7, (3)] this depth two value cannot be reduced further,
hence neither can Qur({2}5).

We also have calculated (vr({2}5) by the method in Theorem Using EZ-face we find
our two methods produce the same value (vr({2}5) = .163501600521337009 . .. . Similarly we
have also verified by two methods that

Cur({2}) = 1200{216(2)¢(5)? + 33C(2)¢(8,2) + 30C(2)C(3)(T) + 12€(8,2,1,1) = ¢(3)* |

+60{ T22C(2)°C(3)” — 4264C(3)C(9) — 1068¢(10,2) — 6627¢ (5)C(7) }

7
13944719168
n 7488{g<5><<3><<2>2 +2¢(2)*¢(6, 2>} t 525505

and (ur({3}s) = .01255766232.... Note that only one depth 4 term, namely ((8,2,1,1),
appears in the reduction of (\r({2}6). By reasons similar to those explained in Remark

¢(2)% = .15311508886 . . .

we see that (yr({2}6) cannot be reduced further.

7. CONVERGENCE PROBLEM

In the proof of Prop. .1l we need the following results which guarantees our exchange of
limits there.

Proposition 7.1. Let k be a positive integer. For all (si,...,sE) € N* and sp41 € C with
R(sgr1) > 1, the following series converges:

Sils) = 3 S

S1.89
ml,...,mk+1€Nk+1 1 2 k+1

Zjeimj:Zje[n]\i m;
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Proof. If £(i) = 1 then this is the well known MTZV (v ({1}x+1) which certainly converges.
So we assume £(i) =t + 1 > 2. Then we only need to show the following series converges:

1
= 2 T

“Mp41
mi,...,mMk41 eNk+1
Myt tMep 1 =Meyot++Meg

i i
Let n=mq 4+ -+ +myp1 = mypo + -+ mpy1, a; = ijl m;, b; == Ej:t—i-Z m;j. Then

1
P SRpY (n—a) (=)
myp (N — Qg )My 2 - - - (N — Ok
n:1 m17“.7mk€Nk7 +
mi+--+mi<n,
meyo+-+mr<n

Repeatedly using partial fractions we have

1 B 1 <1 1 )
my---me(n—ay)  my-oomy_g(n—ag—1) \my  n—ay

j=1
Similarly
k
1 1 1 1
Misg - -mp(n—bg)  n H <E+n—b'>’ (48)
t+2 k k j=t+2 J 5
Note that the summation in S can be written as
n n—ai—1 n—at—1—1 n n—bi4o—1 n—bp_1—1
YY Y Y Y Y - X (49)
n=1mi=1 mo=1 mi=1 mipo=1 myy3=1 mg=1

After expanding ([@7)) and taking the summation like in (49) we see that there are 2! products
each of which has factors ) 1/m; or > 1/(n — a;) (but not both for each j) for j =1,...,¢
Starting from j = ¢ down to j = 1 we now make change of the index m; — n — a; if and
only if 1/(n — a;) appears in the product. Now if j < ¢ this substitution will affect the I-th
summation if and only if two conditions are satisfied: (i) [ > j and (ii) such change of index

was not carried out for [-th summation, namely, it is still of the form Z" % (1/m;). The effect
mj+a;—a;—1
ml:1

is to change the [-th summation to > (1/my). If this happens the I-th summation
will not change anymore under substitutions for indices my,...,m;_;. The upshot is, we can
bound each j-th summation by 22::%:1 1/m;j for j = 1,...,t. After similarly treating (48]
we see immediately that

S<Z4kl<§:%> <<Z4klog < 0.
m=1

This finishes the proof of the proposition. O
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