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ABSTRACT. We give a superconnection proof of the Mathai-Melrose-Singer index theorem
for the family of twisted Dirac operators |28 [29].
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1. INTRODUCTION

Let 7 : M — B be a smooth fibration. Given a class § € H?(B,Z) Mathai, Melrose
and Singer defined an algebra of twisted by this class (also called projective) families of
pseudodifferential operators. In order to give this definition in [2§] it is assumed that § is
a torsion class. In [29] the corresponding assumption is that § = a U 3, a € HY(B,Z),
B € H*(B,Z) and 73 = 0.

There is a notion of ellipticity for such a twisted pseudodifferential family and for such an
elliptic family one can then define its index as an element of the K-theory of the algebra of
smoothing operators. Mathai, Melrose and Singer than prove in [28, 29] an index theorem for
such elliptic families thus giving an extension of the Atiyah-Singer family index theorem [I]
to the twisted case. general theory of connections In this paper we give a superconnection
proof of the cohomological version of this index theorem for a projective family of Dirac
operators. We assume that we are given a gerbe £ on B with a class § = [£] € H*(B,Z).
Our conditions on this class are somewhat weaker than in [28] 29]; namely we assume that 7*¢
is a torsion element in H3(M,Z). Assume that we are given a Zy-graded L -twisted Clifford
module £ on M as defined in the Section 1. We note that such Clifford modules always
exist under our assumptions on the class of the gerbe £. We define the algebra U, (M|B; &)
of projective families of pseudodifferential operators on £. One can then define the index
of (the positive part of) the twisted Dirac operator ind D+ € Ko(¥ > (M|B;E)). Here by
U, *(M|B; &) we denote the algebra of smoothing L-twisted pseudodifferential operators on
&

In order to define the Chern character of the index we use cyclic homology and the map
constructed in [30]. This Chern character takes values in the twisted cohomology of B defined
as follows. Let 2 € Q*(B) be a form representing the class [£] and let u be a formal variable
of degree —2. Twisted cohomology H2(B) is then the homology of the complex 2*(B)[u] with
the differential dp = ud+u?2 A-. Note that the form {2 and thus the complex depend on the
choice of connection on L. Nevertheless the homologies of all the complexes thus obtained
are canonically isomorphic. Following Mathai and Stevenson [30] one defines a morphism
of complexes ®yn: CC, (V,*(M|B;E)) — (¥ (B)[u],dp). Here CC, denotes the negative
cyclic complex. By composing ®y» with the Chern character ch: Ko(V,*(M|B;€)) —
HCy (V,;*(M|B;€&)) we obtain the class [®g#(ch(ind D7)) € H2(B)]. The main result of
the paper is the proof of the following theorem expressing the Chern character of the index
in terms of characteristic classes:

Theorem 1.1. Let D be a projective family of Dirac operators on a horizontally L-twisted
Clifford module £ on a fibration w: M — B. Then the following equality holds in H}(B):

~

[Bow(ch(ind DV))] = [u_% /M BA(L_RMB) Cha(S/S)},

21

where k = dim M — dim B is the dimension of the fibers.

sinh /2
the twisted relative Chern character form of &, see Proposition 213 and equation (ZI1]).
The characteristic classes appearing in the right hand side are defined in the Section [4.1]

Here, as usual, A is the power series defined by g(m) = det!/? ( z/2 ) and Ch,(£/S) is
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Our proof uses the Bismut superconnection formalism [5]. We extend the notion of super-
connection to the twisted context and show in the Theorem that the Chern character
of superconnection adapted to D computes the Chern character of ind D*. Then in the
Theorem [.§ using the results of [5] and [6] we compute the limit of the Chern character
of the rescaled superconnection obtaining the expression in the right hand side of the index
formula. Together these results imply the Theorem LI

The paper is organized as follows. In the Section[2we give a brief review of cyclic homology,
gerbes and connections on them. We also discuss twisted bundles and their characteristic
forms. In the Section B we give the definitions of the algebra of twisted families of pseudodif-
ferential operators. Finally in the section ] we define the projective family of Dirac operators
on a twisted Clifford module and give the proofs of the main theorems of the paper.

Some work in related direction recently appeared in [I3] 12] 14]. Related questions of
deformation theory are considered in [9] [I0]. This paper is a byproduct of a joint project
with E. Leichtnam. The authors would like to thank him and C. Blanchet, M. Karoubi,
M. Lesch, V. Mathai, R. Nest and B. Wang for helpful discussions. The authors worked
on this paper while visiting CIRM, Luminy as well as Hausdorff institute and Max Planck
Institute for Mathematics in Bonn. Part of this work was done while the second author was
visiting the Laboratoire de Mathématiques et Applications of Metz and he is grateful for the
hospitality.

2. PRELIMINARIES

2.1. Cyclic homology. The general reference for this material is the book [27].
Let A be a complex unital algebra. Set Cy(A) = A® (A/C1)®*. Let u be a formal variable
of degree —2. The space of negative cyclic chains of degree [ € Z is defined by

COr(A) = (CuA), =  J]  u"Cul(A)

—2n+k=Il, n>0

The boundary is given by b+uB where b and B are the Hochschild and Connes boundaries of
the cyclic complex. The homology of this complex is denoted HC, (A). When the algebra A
is Zy graded they incorporate the relevant signs. If A is not necessarily unital denote by A™
its unitalisation and set CC; (A) = CC; (AT)/CC; (C). If I is an ideal in a unital algebra A
the relative cyclic complex is defined by CC, (A, I) = Ker (CC, (A) — CC, (A/I)). One has
a natural morphism of complexes ¢: CC, (I) — CC, (A, I) induced by the homomorphism
It — A

Recall that for an algebra A we have Chern character in cyclic homology ch: Ky(A) —
HCy (A). Tt is defined by the following formula. Let P, @ € M, (A*") be two idempotents in
n x n matrices of the algebra A*, representing a class [P — @] € Ky(A). Then

(2.1.1)
(23; (1[P - Q) =tr(P-Q)+ i::(—u)" (27?! tr <<P - %) ® PP — (Q -~ %) ® Q®(2"))

n

We will use the notation Ch ([P — @]) for the cyclic cycle defined above and ch ([P — Q)]) for
its class in cyclic homology HC| (A).
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We will also need to use the entire cyclic complex. For our purpose the algebraic version
from [I7], IV.7.cc Remark 7 b. will be sufficient. First recall that one has the periodic
cyclic complex (CCP"(A), b+ uB) where CCP"(A) = Co(A)[u™t, u]]. Assume we are given
a periodic chain o = Y, ., agpu® € CCP(A), ap € Copim(A). Then « is called entire if
there exist a finite dimensional subspace V C A, 1 € V and C' > 0 (depending on «) such
that ap € V @ (V/C1)®* and |la|| < C*k!. Here the norms on V ® (V/C1)®* are induced
by an arbitrary norm on V. We denote the entire cyclic complex of A by CC&™re(A).

Note that the chain Ch ([P — Q]) defined in (21.0)) is an element in CC§"¢(A).

2.2. Notion of a gerbe. We give here only the general overview, refering the reader to
[M1] and [24] for the details. The differential geometry of not necessarily abelian gerbes is
described in [8]. We will describe the gerbes in terms of their descent data.

Let M be a smooth manifold. Given an open cover (Uy)aep of M, we set as usual

Usicar = [ ) Usy-

1<j<k

Definition 2.1. A descent datum for a gerbe £ on M is the collection (Us, Lag, ftasy)
where (U, )aea is an open cover of M, (Las — Uap)a.pen is a collection of line bundles and
Hapy : Lap @ Ly — Lo are line bundle isomorphisms over each triple intersection U,g, such
that over each quadruple intersection U,gs,s, the following diagram commutes

ap~®id
*Caﬁ ® ﬁﬁfy ® /C-y(S fof Eory X ﬁ'yé

id ®/J,5W5J/ J/;U'om/&

Eaﬁ ® »CB(S ﬂ) Eaé
Notice that we don’t assume in this definition that the open sets (U, )qen are contractible.
Given two descent data (Ua, Lag, flagy) and (Ua, L£1,5, fir,5,) on the same open cover {U,}
an isomorphism between them is given by line bundles S, on U, and isomorphisms of line
bundles Aog: S;' @ Lag ® Sg — L5 over Uyg so that the diagram

id @ p-®id
S ® L ®Ss® S5 ® Loy ® S, —2 S ® Loy ® S,

Aap®Agy l l Aoy

Hapg~y
Lis®Lg, — L,
commutes.
Given two isomorphisms (Sa, Aag) and (S, A, 5) between (Us, Lag, tasy) and (Ua, L1, o5,

a two-morphism between them is a collection of line bundle isomorphisms v,,: S, — S/, such
that

e o vy ®@id®ug) = Aag

where we denote by v, ! the isomorphism S, — (S%,)~! induced by v,.
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Let (V;,0)ier be a refinement of the open cover of (U,)aen of M. So (V;)ies is an open
cover of M and
o:I— A suchthat V;CU,q.
!/

Then restriction to the refinement of (Us, Lag, fapy) is the descent datum L' = (V;, L3, i)
given by:
Lij = Lowow)|viy and pigp = to@ot)ok) Vi

Similarly one defines restriction of the isomorphisms and 2-morphisms to a refinement. We
do not distinguish between a descent datum, isomorphisms of descent data, etc., and their
restrictions to a refinement. Thus for instance, the isomorphism between two descent data
(Uas Laps Hapy) and (U}, L4, f1,5,) 1s an isomorphism between their restrictions to some
common refinement of {U,} and {U.}.

An equivalence class of Dixmier-Douady gerbes on M is an equivalence class of the descent
data on M. More precisely a gerbe is a maximal collection of descent data D;, i € A together
with the isomorphisms s;;: D; — D; for each i,j € A and 2-morphisms v;j5: si;Sj5 — Sik
satisfying the natural associativity condition. We refer the reader to the book [II] for the
details.

If the cover U, is good [7] all the bundles £,z are trivializable. After choice of such trivial-
ization the collection (j148-) can be viewed as a Cech 2-cochain with coefficents in the sheaf
C* of smooth functions with values in the nonzero complex numbers C*. The compatibility
condition over U,g,s tells us that p is a 2-cocycle and hence defines a cohomology class
(n] € H*(M;C*) = H3(M,Z). This class is a well defined invariant of the gerbe called the
Dixmier-Douady class. We denote this class by [£]. Every class in H*(M,Z) is a class of a
gerbe defined by this class uniquely up to an isomorphism (see [11]).

Given a smooth map f : M’ — M between smooth manifolds M’ and M, we can pull-back
any decent datum for a gerbe on M to a descent datum on M’. The pull backs of isomorphic
descent data are isomorphic and thus we obtain a well-defined pull-back of a gerbe. Clearly
the Dixmier-Douady class of the pull-back is the pull-back of the Dixmier-Douady class.

An unitary descent datum is (U,, Lag, ftapy) together with a choice of metric on each
L.p such that each jiap, is an isometry. A notion of unitary equivalence of two unitary
descent data on the same open cover U, is obtained from the notion of equivalence above by
requiring that each line bundle S, is Hermitian and each ),z is an isometry. The definition
of 2-morphisms is modified by requiring each v, to be an isometry. It is clear that the
restriction of a unitary descent datum to a refinement is again unitary. Then a unitary
gerbe is an equivalence class of unitary descent data in the sense described above.

2.3. Connections on gerbes.

Lemma 2.2. Let (Uy, Log, ftapy) be a descent datum on M. There exists a collection (Vap)
of connections on (L,p) such that for any (o, 8,7) € A* with Uy, # 0:

/J/ZB,YVQ»Y = Vaﬁ X id + id ®Vﬁﬁ/.
If the descent datum is unitary each V,p can be chosen Hermitian.
Proof. Fix for any a, 8 with Uas # 0 a connection V! 5 on La3. We set for Uyg,, # 0,
Aaﬁ'y = IU:;BVVOC’Y — Vag ®id —id ®V5-y.
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Then using the identification
El’ld(ﬁag X ﬁﬁﬁ/) ~ Uagpy X C;
we see that A,p, is identified with a differential 1-form on the open set U,s,. We also have
for Uagfyg 7& @
Apys + Aaps = Aays + Aapy-
Therefore, there exists A" = (A[,3) such that

_ / / !
Aaﬁfy — ﬁ“{ - Aa,\{ _'_ Aaﬁ
The collection of connections (Va5 = Vi 5+ A[3) is then a connection on the gerbe £. [

Lemma 2.3. Let (Vag) be as above, and denote by wap = Vg the curvatures of the con-
nections Vag. Then there exists a collection of differential 2-forms w, € Q*(U,) such that

Wap = Wa —wg,  for Uns # 0.
Proof. The collection w,s satisfies
Wary = Wag + Wgy.

This shows that (w,s) is a Cech cocycle and hence by the acyclicity of the Cech complex
of forms, there exist (w,) such that

Wap = Wo — Wg.
U

We will say that the collection (V,z,w,) is a connection on the descent datum (U, Lag, tag)-
Connection on descent datum yields a connection on its restriction to a refinement in an
obvious manner; we will identify connection with its restriction. An isomorphism between
/

descent datum (U, Lag, fap) With connection (Vag,ws) and descent datum (Ua, £, 5, 11},5)
with connection (V| 5,wy,) is given by (Sa, Aag, Vo) where (Sa, Aapg) is an isomorphsm be-
tweeween the descent data (without connections) and each V,, is a connection on S, satsfying
the following conditions. Let m, = V2 be the curvatures of these connections and let V! be
the dual connection on S !. Then we require the following dentities (using the isomorphism

Lop=8.® (571 ® Lag® S5) ® S5):

(2.3.1) Vs = (Aap)" (Vo ®id®id +1d @V, ; ® id +1d ®id @V ;")
and
(2.3.2) Wo = W), + Tq-

If s = (Sa;Aap, Vo) and s = (S, A5, V},) are two isomorphisms between the descent
data with connections as above, the 2-morphisms between s and s’ are the same as the 2
morphisms between (Sa, Aag) and (57, A, 3)-

Assume L is a gerbe given by a collection of descent data D;, ¢ € A, isomorphisms
sij: Dj — D; for each 7,j € A and 2-morphisms v, s;;S;x — Si. A connection on a gerbe
L is a lift of each D; to a descent datum with connection D; and each s;; to an isomorphsm
sij: Dj — D;. An easy argument using the Lemma shows that on a given gerbe always
exists a connection.
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Lemma 2.4. Let L be a gerbe represented by a descent datum (Uy, Log, flapy). Choose a
connection on L represented by a connection (Vap,w,) on the descent datum.

(1) There exists a well-defined closed form 2 € Q3(M) - curvature 3-form of the con-
nection — such that 2|y, = %=.

(2) Let (V,5,w,) be another connection on L and let 2" be the corresponding curvature
3-form. Then there exists a canonical n € Q*(M)/dQ(M) such that ' = 2 + dn.

(3) Let (Vap,wa) (Vig, wi), (Vig,ws) be 3 connections on L with the corresponding cur-

vature 3-forms 2, (', Q". Let n,n',n" € Q*(M)/dQ' (M) be the canonical elements
constructed above such that 2" — 2 = dn, 2" — ' = dn/, 2" — 2 = dn’. Then

n'=n+n.
The 3-form (2 is a de Rham representative of the Dixmier-Douady class of the gerbe.

Proof. We use notations of the previous Lemma. For the first part notice that since dw,s = 0
for any «, 5 we see that

dwa|UaB = dwﬁ\Uaﬁ
which shows the existence of §2; it is clearly closed. {2 does not change if one restricts the
descent datum to a refinement. The equation (23.2)) implies that if one uses a different
descent datum for the same gerbe one obtains the same 3-curvature form.

We proceed to the proof of the second part. Let (Vap,ws) and (V] 5, w;,) be two con-
nections on the descent datum (U, Lag, fagy). Set dag = Vig — Vag € Q' (Uyg). Choose
0o € Q'(U,) such that d,5 = d, — 05 on U,s. Then W — Wap = dbap = dd, — dbg. Hence
W, — Wo — dby = Wy — wg — ddg on Usg. Therefore there exists n € Q*(M) such that
N, = 5 (W), —wa —dd,). Then £2'— 2 = dn. The formula for 7 given above depends on the
choice of d,. If 0, is a different such choice, then &, — d, = €|y, for some ¢ € Q'(M). Then
i = n — de. Hence the class of n € Q%(M)/d2* (M) does not depend on the choice made. It
is easy to see that 1 does not depend on the choice of the particular descent datum used.

The verification of the third statement is straightforward and is left to the reader.
O

2.4. Twisted cohomology. For a smooth manifold M let 2 € Q3(M) be a closed 3-form.
Denote by u a formal variable of degree —2. The twisted de Rham complex is defined as
the complex Q*(M)[u] with the differential d, = ud + u*2 A -. Note that if 2/ = 2 + dn is
cohomologous to {2 then the complexes (Q*(M)[u],dp) and (Q*(M)[u], dr) are isomorphic
via the isomorphism

(2.4.1) L€ e ™ AE

Lemma 2.5. The map induced by I, on cohomology depends only on the class of n in
Q*(M)/ (dQH(M)).

Proof. Indeed, for e € Q'(M) define h.: (Q*(M)[u]), — (*(M)[u]),_, by

a (un)*
he = ue (Z m) A
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Then
In-i-de - ]77 = he © dQ + dQ’ o he
and therefore the maps I, and I, 4. are chain homotopic. U

The identity doyo(€ An) = doé An+ (—1)EE A dgm implies that the product of forms
induces the product Hg(M)® Hey (M) — Hp,, o, (M) and in particular endows Hg, (M) with
the structure of H*(M)[u]-module.

We will also need to consider the following situation. Let 7: M — B be an oriented fibra-
tion with compact fibers. Then we have an integration along the fibers map | MIB QO (M) —

Q**(B), k = dim M — dim B. Let 2 € Q3(B) be a closed form. Then Jupdn = [y5m,
fM|B TN =0 N fM|Bn and therefore

/ dren = d(z/ 7.
M|B M|B

Hence we obtain a chain map fM‘B: (' (M), dr02)y = (2(B),dn),_4-

Let £ be a gerbe. The choice of connection defines a closed 3-form (2. We can therefore
consider the complex (Q*(M)[u],dp). Different choice of connection leads to a different
complex (Q*(M)[u], dgr). Lemma 2.4 however implies that there exists however a canonical
isomorphism I of the homologies of these complexes. We denote this homology H}(B)

2.5. Twisted bundles.

Definition 2.6. A descent datum for a twisted vector bundle £ consists of a descent datum
(Ua, Lag, ftapy) for a gerbe £ together with a collection (€, — U, )aen of vector bundles and
a collection of vector bundle isomorphisms ¢.g : £, ® Log = Es such that for every «, 3, v
the following diagram commutes

id®papy

Ea® Log ® L, Ea® Lo

WaB@idJ/ J/‘pa’Y

Es®Ls, ——2 &

Restriction of the descent datum for £ to a refinement is given by the restriction of the
descent datum for £ together with restriction of the vector bundles &,.

Definition 2.7. An (iso)morphism between two descent data (Uy, Lag, flagy, Eas Pas) and
(U Logs Hogrys Eas Pr) 18 given by the collection (pa, Sa, Aas) Where (Sq, Aap) is an isomor-

!/

phism between (U, Lag, flagy) and (Uy, L5, ps,) and pa: Ea @ So — &, is a collection of
(iso)morphisms such that the diagram

L 5®id
Ea®Sa® ST ® Lag® Sy~ €59 8,

pa®)\a6J/ J/pﬁ

Paps
Ea® Lo — &

commutes.
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An isomorphism between two descent data on two different covers is defined as an iso-
morphism between their restriction on a common refinement. A 2-morphism between two
isomorphisms is the 2-morphisms between the corresponding isomorphisms of the gerbe de-
scent data.

A twisted bundle is then defined as an equivalence class of descent data of twisted vector
bundles. “Forgetting” the bundle data we obtain from the descent datum for a twisted vector
bundle a descent datum for a gerbe, and the same applies to morphisms and 2-morphisms.
We say that £ is an L-twisted vector bundle if “forgetting” the bundle data one obtains the
equivalence class of the gerbe descent data defining L.

Assume now that the gerbe £ is unitary. An Hermitian descent datum for £ consists of a
unitary descent datum (U, Lag, plagy) for £ and a collection h, of metrics on &, such that
the maps ¢, are isometries. One obtains a notion of isomorphism of Hermitian descent
data by requiring p, to be isometries. An Hermitian twisted bundle is then an equivalence
class of Hermitian descent data.

Given a gerbe (U,, Lag, ftapy) on M, it is well known that (finite dimensional) twisted
vector bundles exist if and only if the gerbe is torsion (see e.g. [19, 25] and references
therein).

Lemma 2.8. Let £ be a gerbe on M and € an L-twisted bundle. Let (Uy, Lag, tapy) be a
descent datum for L. Then there exists a descent datum for € isomorphic to the one of the

form (Uy, Log, tapys Ear Pas)-
Proof. Let (Vi, Lij, myjk, Ei,7i5),1, 5,k € I be a descent datum for £. Without a loss of

generality we may assume that {V;} is refinement of {U,} given by the map o : I —
A and that there exists an isomorphism (.5;, A;;) between (V;, L;;, m;jx) and restriction of

(Ua, Lag; tapy) to {Vi}.
We define the vector bundle &, as follows. On every non empty open set U, N'V;, we set

EY = F;® S ® Lyiya-
Notice that V;NU, C Uy(i)a so that this definition makes sense as a vector bundle over V;NUL,.
Moreover, if (i, ) € I? is such that V;; N U, # 0, then we have a bundle isomorphism
8 EDvyove — EQ viynw-
defined by the composition

gofj1®i

d
Ej & Sj & ﬁg(j)a — F® Lij & Sj & ﬁg(j)a — FE,®S5® SZ_I & Lij X Sj X ﬁg(j)a

id ®@\;; ®id 1d®ho(i)o(j)

Ei @5 @ Loyol) @ Lopa —7 Ei @5 @ Logi)a
It is easy to see that
Y = gl oy

So, we can glue the bundles (&(f))i for V;NU, # 0 together and form a vector bundle &, over
U,. More precisely

Ea = (ynv,20E) /{0l
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Next we introduce for ¢ € I with V; N U,z # 0,

4,0((1% = 1d ®pig(iyas : ES) ® Lop — Eéi).

When V;; N U,p # 0, a straightforward inspection shows again that the following diagram
commutes

. (0 .

SS) ® Log Pap géz)
o [

' ) ,

E @ Loy —2 £

Therefore, the isomorphisms gogzg induce an isomorphism

Paps - E,® ,Cag — 55.

We leave it to the reader to show that (U,, Lag, fasys Ea, Pap) is a descent datum for a
twisted vector bundle isomorphic to (V;, Li;, mijk, Ei, ri;).
O

We now fix a gerbe £ with a descent datum (U,, Lag, ftagy) on the smooth manifold M
together with a twisted vector bundle &£ represented by (&,, vas). We denote by A, the
collection of bundles of algebras

A, = End(&,), «a€A.
For any U,s # (), we have a canonical vector bundle isomorphism over Uy,g
Pap : End(Ey @ Log) — Aas

extending the canonical isomorphism End(L,s3) >~ U,z x C. Therefore, the bundle isomor-
phism ¢,5 together with the identification p,s induce the isomorphism of algebra bundles
over Uyp given by

As 28 End(E, ® Lag) -5 A,
We denote this isomorphism by ¢ ;. It is then easy to check that

Pap © Py = Paryy OVer Uagy.
Therefore, the collection (A,) defines a bundle A of algebras over M, which we denote
End(&). We leave to the reader an easy check that the isomorphism class of End(€) depends
only on the isomorphism class of £.
Note that for every a we have the trace tr,: End(&,) — C>®(U,). For a € I'(Uys; Ap)
tra(phs(a)) = trg(a). Therefore we obtain the trace tr: End(€) — C°°(M) defined by

tr(a)|y, = tro(aly,) for a € End(€)

If the bundle £ is Zy-graded then End(E€) is a bundle of Zs-graded algebras with a supertrace
str: End(€) — C®(M).

Definition 2.9. The bundle A = End(€) is called the Azumaya bundle associated with the
L-twisted bundle &.
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If € is an Hermitian twisted bundle, each of the bundles End(&,) is a bundle of *-algebras,
with the *-operation given by taking the adjoint endomorphism. This induces a structure of
a bundle of *-algebras on End(&).

Notice that, more generally, if £ and £ are L-twisted bundles, we have a well defined
bundle Hom(&, £’), defined similarly by Hom(&,&')|, = Hom(&|y,, & v, )-

Let £ be a gerbe on M and & an L-twisted bundle on M. Let (U, Laog, ftagy, Eas Pap) be
a descent datum for £.

Definition 2.10. A connection on (Uy, Lag, fapy, Eas Pap) is a collection (Va, Vg, wa)
where (V,3,w,) is a connection on (U, Lag, ftagy) and each V,, is a connection on &, such
that the identities

(2.5.1) QOZBV5 =V,®id+id ®Va5
hold for U,z # 0.

Lemma 2.11. Let (Uy, Log, fapy, Eas Pap) be a descent datum for an L-twisted bundle E.
Then every connection (Vas,ws) on the descent datum (Uy, Lag, flapy) for £ can be extended
to a connection for the descent datum for €.

Proof. We start with a collection (V/)) of connections on (&,). Then we set for U,z # 0:
Asp = 053V — V, ®id —id ®Vap

So, A, is differential 1-form on U,p with coefficients in the bundle End(&, ® L,3). This
latter being canonically isomorphic to End(&,), we see that

Anp € QY (Uap, End(E,)).
Using the functoriality conditions on the isomorphisms (p,s), it is then easy to check that
Aoy = Aap + 90:;6146“{7

where .5 is viewed here as the isomorphism over U,s between End(€s) and End(&,).
Since the sheaf of sections of the bundle End(€) is soft, there exists a collection A, €
QY (U,; End(&,)) such that

Aaﬁ = Ay — ¢ZBA5'
The collection V,, = V., + A, is then a connection on the L-twisted vector bundle £ com-
patible with the curving V,z. O

/

An isomorphism between two descent data (Un, Lag; Hapy, Eas Pap) and (Uy, L1, 5, s Ens Pas)
for & with connections (Va, Vag, wa) and (V,,, V| 5, wy,) respectively is given by the collec-
tions s = (pa, Sas Aags ) Where (pa, Sas Aag) is a morphism between the descent data without
connections, V2 are connections on S, such that (Sa, Aag, Vf;) is a morphism of the cor-
responding gerbe descent data with connectictions (i.e. the equatons [231), [Z32) are

satisfied) and the equality
PV, =V, ®id+id®V5
holds (in the notations of ([2.3.1]) and ([2.3.2))).
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A connection on a twisted bundle is then a choice of connections on each descent datum
of this twisted bundle and lifting of isomorphisms of descent data to isomorphism of descent
data with connections. Every connection on a gerbe L can be extended to a connection on
any L-twisted bundle.

Proposition 2.12. Let £ be an L-twisted bundle with connection. Choose a descent datum
(Ua, Lags Hapys Eas Pap) With a connection (V,, Vg, w,) representing €. Then the collection
(0, + wa), where 6, = V2 is the curvature of V,, defines a global differential 2-form 6 on
M with coefficients in the Azumaya bundle A = End(E). This form is independent of the
choice of the representing descent datum.

Proof. We have for any a € A, 0, € Q*(U,, A,) where A, = End(&,)) is the Azumaya
bundle associated with the twisted bundle £. The equation (2.51]) implies that

(,0:;595 =0,+ Wap € Qz(Uaﬁ, End(é'a)).
Therefore, the collection (6, + w,) of elements of Q*(U,, A, ) satisfies the relations
3026(95 + wﬁ) = O + wq.

It is easy to see that the form 6 is independent of the equivalence class of the connection
and is functorial with respect to the isomorphism of descent data. O

In the notations above let V: A — QY(M, A) be connection defined for a fixed descent
datum by

(2.5.2) (Vv = [Va,&l.

It is easy to see that V is well defined and by derivation with respect to the product on
A

Note that
(2.5.3) V2 =[0,-] and VO = 27i2

where (2 is the 3-curvature form of the connection on £, see Lemma 2.4]

Proposition 2.13. (1) Let € be an L-twisted bundle and V a connection on £. Set
Che(V) = trezm € Q(M)[u]. Then do Chz(V) =0

(2) The class of Che(V) in Hp(M) is independent of choice of connection. Namely

assume we are giwen a different connection V' on € (and therefore on L) and let

2 be the associated 3-curvature form. Then [([Ch(V)]) = [Che(V')], where T

is the canonical isomorphism of cohomology of (*(M)[u],dg) with cohomology of
(M) [u], der).

We denote the class of Chz(V) by Chz(E).
Proof. Since 2 is central, V(e= %) = —uf2e~ 3. Hence
dtre 2 = trV(e_2u_w6i) = —uf2 A Ch,(V)

and dg, Chz(V) = 0, which proves the first statement.
Fix now a descent datum (Us, Lag, flagy, Eas Pap) for € together with a connection V =
(Va, Vag,wa) and let V' = (V[,, V| 5, w;,) be another connection on €. Set das = V| 5 — Vg
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and let 0, be such that d, — g = dop3. Recall that the isomorphism I is induced by the map
of complexes

5 — e AL
where n € Q*(M) is defined by e = 55 L (w!, — wo — dby).

Consider now the manifold M =R x M. Denote by 7: M — M the projection on the
second factor and by t: M — R the projection on the first factor. Consider on M the gerbe
L=rCL given by the descent datum (71U, 7*Lop, T lagy). Then 7€, 7 pas describe a
L twisted bundle &. Moreover,

Vs = (1 = )T Vs + tn* Vg and &, = (1 — )7 we + t77w,, 4+ dt A 0,

define respectively, connective structure and curving of L. Similarly, vV, = (1 -1V, +
tm*V. defines a compatible connection on £. The corresponding 3-form is given by

_ 1
Q=01-r"2+tr" 2 + 2—m_dt A (W, —we —dby) = (1 — )7 Q2 + tn* Q2" + dt N 7™ .

Now, the map £ +— A€ is an isomorphism of complexes (Q*(]\/Z )ul, d(~2> and <Q*(]\7 )], dps

Set A = 7*A and let 0 € QZ(]TJ/, A) be the form defined by 70, + Wa. By the result of
the first part of the proposition the differential form tr e~ is a cocycle in the complex
(Q*(M) [u], dﬁ). Hence tre®? A e~ 2r is a cocycle in the complex (Q*(M) [u], d,r*9>. This
implies the relation

1 _
_uo’ _ b _ b
tre" A e 2m — tre” 2w :dQ/ Lo tre A e 2midt.
ot
0

Therefore, we finally deduce that the differential forms tre"” A e~ and tre~ 3 are coho-

mologous in (Q*(M)[ul,dy,), and hence that the differential forms tr e~ %7 and tre =1 A e 3
are cohomologous in (2*(M)[ul, dg), which finishes the proof. O

We will need also a notion of superconnection on the twisted bundle. We now briefly
indicate the modifications which need to be made to the notion of connection to obtain that
of superconnection. Assume that we are given a gerbe £ and a Zs-graded L-twisted vector
bundle £ = ET & E~. Let (Ua, Lo, fhapys Eas Pap) be a descent datum for &.

Definition 2.14. A superconnection A on the descent datum is A = (A,, V,3,w,) where
(Vas, wa) 1s a connection on the descent datum for £ and each A, is a superconnection on
&, satisfying the relations

Orghs = Ay ®1d+id®@V,g,  for Uys # 0.

Each superconnection A, can be written as A, = >, A where A € OF(U,; End(E,)7)
for k-even, Al e OF(Uy; End(E,)7) for k-odd, k # 1, and AlY s a grading preserving con-
nection on &,. It is easy to see that for each k # 1 there exists a form A* € QF(M; End(£))

such that AU, = AY For k=1 (AE],VQB,WQ) defines a connection on the (descent
datum of) &.

)
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Let now u'/? be a formal variable of degree —1 such that (u'/?)? = u. Define the rescaled

superconnection
Ay =) ulbD2AM,

Let §2 be as before the curvature 3-form of the connection on £. Define the curvature of the
rescaled superconnection §*«-! by

0%y, = (M)t + W
Then uf*u—1 € QU (M, End(E)*)[u] + u'/2Q°% (M, End(€)~)[u]. We therefore have the dif-
ferential form exp (—M) which belongs to Q" (M, End(£)*)[u]+u'/2Q0% (M, End (€))7 ) [u]

211
27i
an analogue of the Proposition 2.13] for the superconnections with the essentially identical
proof.

and the differential form strexp (—M) which belongs to Q¢¢"(M)[u]. The following is

Proposition 2.15.
(1) Set Chz(A) = strexp (—ueAu*l ) Then dg Che(A) = 0

271
(2) The class of Chz(A) in Hgo(M) is independent of choice of superconnection. Specif-
ically, assume we are given a different superconnection A’ on £ (and therefore a
different connection on L) and let 2" be the associated 3-curvature form. Then
I([Chz(A)]) = [Che(A)], where I is the canonical isomorphism of cohomology of
(Q*(M)[u], dg) with cohomology of (U (M)[u], dgqr).

2.6. Horizontally twisted bundles. Let 7 : M — B be a smooth fibration. Let £ be a
gerbe on B.

Definition 2.16. A descent datum for a horizontally L-twisted bundle £ on M consists
of the descent datum (U, Lag, flagy) for £ together with a collection (€, — 7 'Uq,)aen of
vector bundles and a collection of vector bundle isomorphisms pag: £ @ T Los = Eg so that

(7T_1Ua7 W*Eaﬁa W*Naﬁfyv gav Soaﬁ)

is a descent datum for a twisted vector bundle on M.
An (iso)morphism between two such descent data

(Ua7 Laﬁv Haprys gau (paﬁ) and (U(;v ‘C:x67 /’L/aﬁ’)ﬂ 5(;, (p:xﬁ)

is given by the collection (pa, Sa, Aag) Where (S,, Aag) is an isomorphism between (Uy, Lo, flas)
and (U, L5, Hpp,) and pa: Ea@m* Sy — &, is such that (pa, 7 Sa, 7 Aap) is an (iso)morphism
between (77 U, T Lag, T lapy: Eas Pap) and (w7 UL, 7Ll 5, T il g, €Ly Phg)-

With these definitions one can now define a horizontally twisted bundle as an equivalence
class of descent data. Let Tw(7*L) denote the set of isomorphism classes of all 7*L-twisted
bundles on M and Twy,(L) denote the set of isomorphism classes of all horizontally £-twisted
bundles. Then we have an obvious map 7wy (L) — Tw(7*L). According to Lemma 2.8 this
map is surjective. In particular Twy, (L) # () if and only if 7*[L£] is torsion in H3*(M,Z). Tt is
however not injective. Indeed, if (Uy, Lag, flagy: Eas Pap) is a descent datum for a horizontally

twisted bundle and S is a line bundle on M then (U,, Lag, fapys Ea @ S|a-10., Pap @ id) is
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another such descent datum. These data define the same element of Tw(7*L) but, unless S
is a pull-back of a line bundle from B, different elements of Twy,(L).

A connection on the descent datum (Us, Lag, ftagy, Eas Pap) is a collection (Vq, Vg, wa)
where (V,p,w,) is a connection on the descent datum for £ and V,, is a connection on &, such
that (Va, 7*Vas, T W, ) is a connection on the descent datum (7~ Uy, 7™ Lag, T tagys Eas Pas)-
With these definitions one can now define a notion of connection on the horizontally L-twisted
bundle in complete analogy with the defnitions for the twisted bundles. If V is such a con-
nection and 2 is the curvature 3-form of the gerbe £, one defines Ch.(V) — a closed form in
(Q(M),d+q),. The analogues of Propositions and hold in this context with the
same proofs.

3. PROJECTIVE FAMILIES AND THE ANALYTIC INDEX

3.1. Families of pseudodifferential operators. Here we collect several facts about the
(untwisted) families of pseudodifferential operators.

Let m: X — Y be a smooth fibration and E a vector bundle on X.

We denote by W7 (X|Y; E) the space of classical fiberwise pseudodifferential operators of
order < m on 7, acting on the sections of the vector bundle E. As usual, we set

U(X|Y3E) = | J U™ (X|Y;E)
meZ
and
U(X|Y3E) = () U™(X[|Y; E).
mEZ

Recall that composition endows each W(X|Y; E) with the structure of a filtered algebra
and that U~=>°(X|Y; F) is an ideal in this algebra. W(X|Y; E) is also a module over C*(Y))
and the composition is C*°(Y')-linear.

We have the following elementary general result:

Lemma 3.1. Assume m: X — Y is a smooth fibration, E a vector bundle on X, L a line
bundle on Y. Define a map xr: V(X|Y; F) — U(X|Y; E®@7n*L) by

xr(D)(e® (1)) = D(e) @ "l
for D € Vp(X|Y;E), e € T(E), | € T'(L). Then xr is a well-defined isomorphism of
algebras and C*(Y')-modules.
XLi®Lz = XLz © XLy

If we have two vector bundles E, E’ on X we denote by W(X|Y’; E, E’) the set of fiberwise
pseudodifferential operators I'.(F) — T'(E’). For L — line bundle on Y we again have the
isomorphism of C*(Y')-modules x.: V(X|Y; E,E') —» V(X |Y; FE® n*L, ' ® 7*L) defined
by the same formula.

We have the vertical cotangent bundle T*(X|Y) = T*X/(Kerm, ). T*(X|Y) denotes
(the total space of) this bundle with the zero section removed, and p: T*(X|Y) — X is
the natural projection. Recall that for P € V™(X|Y; E, E') the principal symbol o,,(P)
is an m-homogeneous smooth section over T*(X|Y) of vector bundle p* Hom(E, E'). Then
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identifying canonically isomorphic bundles Hom(F, E') and Hom(E®7* L, E'@7* L) we have
Om(P) = om(xr(P)).

3.2. Projective families. Let 7 : M — B be a smooth fibration with compact fibers. Let
L be a gerbe on B such that 7*[£] is a torsion class in H3(M,Z). Let £ be a horizontally
L-twisted bundle on M, cf. Section We fix a descent datum (U, Log, fasys Ea, Pas) for
E. For any (a, 8) € A? with U,s # 0 we have an isomorphism of filtered algebras, respecting
the C*(U,p)-module structure:

(3.2.1) Gap: V(T Wap|Ung; E5) = U(m  Wap|Uns; Ea),

It is defined as the composition

\I/(W_an5|Uag;gg) wif \I/(W_ang|Uag;gg (024) W*Eag) spif \I/(W_an5|Uag;ga)

where 1,5 = Xzig = XLpa-

Recall (cf. []) that for every a € A we have an infinite dimensional bundle 7.&,
on U, defined by I'(V,m.&,) = T(7 'V,&,), V C U,. Over U,z we have isomorphisms
Tepap: Txla @ Lo — m.E5 defined by

Tpap(€ @ 1) = (€ @ (1))
Here 5 € F(Uag, 71'*5@) = F(?T_ang,ga), l e P(Uag, ,Cag).
Note that the isomorphisms m,@.5: T.€q ® Log — m.E5 induce the isomorphisms
(Tapap)”: End(m,.E3) — End(m.&, @ Lop) = End(m.E,)

over U,s. The restriction of this isomorphism to W (m*U,s|Uss, £5) C End(m.Es) coincides
with the isomorphism ¢as: V(7 Unp|Unp, E5) — (7 Uap|Usp, E4). Since the isomor-
phisms (m.pap)* satisfy the natural cocycle identity we have the following:

Lemma 3.2. The isomorphisms ¢z satisfy

Pap © Py = Pay
whenever Uag, # 0.

Recall that the isomorphisms ¢.s induce the natural isomorphisms ¢z End(Ez) —
End(&,). Then

(3.2.2) Om © Pag =p" (‘PZB) oo,
Definition 3.3. A fiberwise pseudodifferential operator P of order < m with coefficients in
the horizontally L-twisted vector bundle £ is a collection {P,}aen, Po € U™ (7 UL|Uy; Ex)
such that

Fo = ¢as(Pp).
where ¢,p is defined in Equation B.2.T] The space of fiberwise pseudodifferential operators of
order < m, with coefficients in the 7*L-twisted vector bundle &, is denoted by W% (M|B;E).

Note that the equation (8:2.2) implies that if P = {P,} € V(M |B; &) then the collection
om(P,) defines a section of the (untwisted) bundle p* End(€). We will call this section the
principal symbol of P = {P,}
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Remark 3.4. We define in the same way the space W7(M|B;E,E’) of fiberwise pseudodif-
ferential operators of order < m, from the horizontally L-twisted vector bundle £ to the
horizontally L-twisted vector bundle &£'. In particular V(M |B;E,E) = VP (M|B;E). We
also have a principal symbol map o,,,: V' (M|B; €, E) — p* Hom(E, ).

We set
Ve (M|B; €)= | ] UF(M|B;E) and W, (M|B; €)= | W (M|B;£).
meZ meZ

Introduce now a composition in U, (M|B;E) by

{Poc} © {Qa} = {PaQa}
Since ¢,p are algebra isomorphisms the right hand side of this equality defines an element
in Uy(M|B;E).

Proposition 3.5. The composition of operators is C*(B)-linear and endows V(M|B;E)
with the structure of associative algebra; V(M |B; &) is an ideal in V- (M|B;E).

We can now define the algebra of forms on B with values in W, (M|B; &) by
(B, Ue(M|B;€)) = (B) ®coop) Ve (M|B; ).
Recall that for every a and V' C U, we have a fiberwise trace Tr,: U~=>°(7 V|V &,) —
C>=(V). Tt is easy to see that for P € U=(7 1 U,5|U,p; Ep)
Try, ¢ap(P) = Trg(P).

We therefore obtain a well defined map Tr: W,.*(M|B, ) — C>(B) by setting Tr{ P, }|; =
Tr,(P,). This trace is a C*°(B)-module map satisfying Tr[A, B] = 0. It extends naturally
to define a map Tr: Q* (B, ¥;*(M|B;€)) — Q" (B).

If the bundle £ is Z, graded we have a similarly defined supertrace

Str: Q* (B, V;*(M|B;€)) — Q* (B).

Note that the definition of the W, (M|B; &) depends on the descent datum for £. It is
straightforward however to see that an isomorphism of descent data defines canonically an
isomorphism of the corresponding bundles of algebras.

3.3. Analytic index.

Definition 3.6. Let m > 0 be fixed. A fiberwise pseudodifferential operator P € W@ (M|B;E,E")
is fiberwise elliptic if the principal symbol ,,(P) € I'(p* Hom(&, £’))is an isomorphism.

We say that @ € V,."(M|B;E&',€) is a parametrix of P € V(M |B;E,&') if PQ —1 €
U(M|B; €€ and QP — 1 € U;%(M|B; £, E).
Lemma 3.7. Every elliptic P € WV} (M|B;E,E') has a parametriz.
Proof. Construct first a parametrix R, for P,. Let p, be a partition of unity subordinate

to {Us}. Then define R, = > ;ps0a5(f15). Then each R is a parametrix for P, and
bap(Rjs) = Ry, O
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Let D € WP (M|B;E,E") be elliptic. Let F € W9.(M|B; &, &) be such that oo(F)|s+mp) =
0m(D)|s=(amp)- Choose a parametrix R for F. Let Up € V9.(M|B;E & ') be an invertible

operator such that Up — ]g _OR € U,*(M|B;E & &'). An explicit construction of an
example of such an operator is as follows. Let Sp = 1 — RF, Sy = 1 — FR. Then set
Up = {51:_? -( EISO)R}. With such a choice the inverse is given by an explicit formula
=l = [ So (1+ SO)R} ‘

D —F Sy

Definition 3.8. The index of D is the K-theory class of the algebra W, *(M|B;E & &)
defined by

ind(D) = [Pp — Q] € Ko(WoA(M|B,E @ '), Uz=(M|B,E & &) = Ko(U;°(M|B,E & &),

where Pp and @) are the idempotents given by Pp = Up [(1) 8} Uz and Q = [8 (1)} .

We leave to the reader the standard K-theoretic proof that the index is well defined and
is stable under the homotopies of D in the class of elliptic operators in V(M |B;E,E").
Assume that the horizontally £-twisted bundles £ and £’ are hermitian (and in particular £
is unitary) and that fibers of 7 are equipped with smoothly varying volume forms. In this
situation for a projective family D we can define an formally adjoint projective family D*
by forming the formal adjoints for each family D,,.

Lemma 3.9. Then, identifying Ko(V,>(M|B,E®E")) with Ko(V,;>*(M|B,E ®&E)) we have
ind D* = —ind D.

Proof. We have
ind D* = {UD* {O O} Upt — [1 0” € Ko(V.°(M|B,E®E)).

0 1 00
By deforming D we may assume that o,,(D)|s+(am|p) is an isometry. In this case we may
choose Up- = Uy, and the statement follows. O

3.4. Chern character of the index. We continue in the notations of the previous section.
We assume that we are given a horizontally L-twisted bundle £ with a connection represented
by a descent datum (Uy, Lag, fagys Ea, Pap) With connection (V,, Vag,ws) see the Section
2.8 Following Mathai and Stevenson [30], we describe in this paragraph a morphism of
complexes CCy (V,*(M|B;E)) = (Q(M)[u],dg), -

Recall the bundles 7.&, and isomorphisms 7,5 defined in the Section B.21 It is easy to
see that (U, Lag, fagy, TsEa, TsPap) is a descent datum for an infinite dimensional twisted
bundle. We now proceed to define a connection on this descent datum.

Choose horizontal distribution i.e. a subbundle # C T'M such that TM = H & T(M|B).
This choice together with connections V¢ defines for each o a connection V as follows:

(VE)x€ = (V5)xné
where X7 is the horizontal lift of X € I'(B,TB).
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Lemma 3.10. (m,0q5)"V}f = VI @ id +id @V g

The curvature of the connection V7 is a 2-form 6% on U, with values in fiberwise differ-
ential operators given by

OI(X,Y) = 05X Y™) + (V) rxy)-
where
(3.4.1) THX,Y) = [X" Y™ - [X,Y]" XY € (B, TB).

Each V defines a filtration-preserving derivation 9% of the algebra of fiberwise pseudodif-
ferential operators

O W (n 7 UL |Uy, ) — Q (U, (77 UL Uy, E,)) defined by 0%(D) = [V, D].
If D€ U (n 'U,p|Uyp, Es) then the result of Lemma implies that
0 (bap(D)) = ¢as(9F(D)).

Therefore if { Dy}, Dy € V(77 U,|Uy, E.), defines an element in W7 (M| B, ) then {97(D,)} €
QYB, v (M|B,E)). We therefore obtain a derivation

oM W (M|B,E) — QY B,V ,.(M|B,€£)),
which extends to a derivation of the algebra Q*(B, ¥ .(M|B,¢)).
Lemma 3.11. There exists 0" € Q?(B,VL(M|B,£)) such that
0"y, = 07 + m*w,
Proof. By Lemma[3.10], qﬁzﬁé’y = 07 +7*(wa—ws), and the statement follows as in Proposition
212 O

We have
(0™)*(D) = [#™, D] and 0™ (6™) = 2mi(n*12).
where (2 is the 3-curvature form of the connection on L.
Following Mathai and Stevenson [30] one can construct the morphism of complexes

Cow: CCL (V= (M|B;E @ E")) = ((B)[u], de),

as follows. (Note that in the nontwisted case similar morphism was constructed in [21], [33),
134].) Denote by

k
AR = {(to,- - ty) ER* [0 < t;, Y t; =1},
i=0
the standard k-simplex.
Define the maps ®%,,: Cy (¥~ *(M|B;E ® E')) — Q*(M)[u] by

H H H H
O (Ag, -+, Ay) = / T (Aoe—uto%aH(Al)e—utl% . -e_“t’“*l%aﬂ(Ak)e_“t’“%) dty ... dty,
N

for Ag®...® Ay € Cy (V;°(M|B;E @ E')). Then let Oyu = > 77 PE,,.

Theorem 3.12. [30] The map ®yn: (CC,(V,*(M|B;E)),b+uB) — (Q*(B)[u],dn)e is a
morphism of complexes.
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This morphism depends on the choice of horizontal distribution . However the results
of [30] show that a different choice of H leads to a chain homotopic morphism.

Assume now that D € W,(M|B;E&,E’) is an twisted elliptic family. In the Definition
B.8 we defined ind(D) = [Pp — Q] € Ko(V,>*(M|B;&,£’)). Here the idempotents Pp
and @ belong to the algebra ¥,.*(M|B;E & £’)) — the unitalization of V,*(M|B;E & &)
with the multiplier @ € W%(M|B;E @ ') adjoined. Tt follows that if we directly ap-
ply the formula (ZI.1)) to [Pp — Q] we obtain a O-chain Ch [Pp — @] in the relative cyclic

complex CC, (\IIZ‘X’(M|B;5 BE), V. (M|B;E® 5’))). We have the natural morphism
v CCy (U2(M|B; € @ £))) — CCy (\p;w(M\B; o)), Uz°(M|B; €@ 5’))), and the

following equality of homology classes: ¢(ch(ind D)) = [Ch[Pp — Q)]]. It is straightforward
to see that the map ®y# extends to a morphism

Do : CCo (\IIZOO(M|B; £3E)), U%(M|B;E @ 5'))) S (Q4(B)[u], do)e

defined by the same formula, and that we have an equality ®yn ot = ®yn. It follows that
Oy (ch(ind D)) = [Pyn(Ch[Pp — Q))] .

4. DIRAC OPERATORS AND SUPERCONNECTIONS

4.1. Dirac operators. The goal of this section is to give a superconnection proof of the
family index theorem for projective families of Dirac operators. We assume that the fibers
of the smooth fibration 7 : M — B are even dimensional compact Riemannian manifolds.

We begin with the definition of a horizontally twisted Clifford module. Denote by C(M|B)
the Clifford algebra of the fiberwise cotangent bundle T*(M|B) = T*M/(ker m,)*. Let L be
a unitary gerbe on B.

Definition 4.1.

e A twisted Clifford module is a horizontally L-twisted Hermitian Zs-graded vector
bundle £ = T @ £~ on M together with the homomorphism ¢: C'(M|B) — End(€)
of bundles of unital Z,-graded x-algebras.

e A Clifford connection V¢ on € is an Hermitian connection such that V¢(c(a)) =

c(VMIB(q)).

Clifford connections on Clifford modules always exist; the proof is analogous to the proof
of existence of twisted connections in Lemma 2.11]

Choose horizontal distribution i.e. a subbundle H C T'M such that TM = H & T(M|B).
This choice together with the Riemannian metric on the fibers of 7 allows one to define a
connection VMIZ on the fiberwise tangent bundle T'(M|B), see [4] Section 10.1. We denote
by RMIB the curvature of this connection.

Set Endep)(E) = {A € End(€) | [A,c(a)] = O for every a € C(M|B)}. Let I' €
C(M|B) be the chirality operator defined locally by T' = i*/2¢! ... ¥ where k = dim M —
dim B and e!,...,e" is the local orthonormal basis of T*(M|B). Define then the relative
supertrace

Stl"g/gi Endc(M‘B) (8) — COO(M) by Stl"g/g(A) = 2_k/2 str C(F)A
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We fix from now on a Clifford connection V¢ on £ and a descent datum (U, Log, apys Ear Pas)
for the horizontally L-twisted Clifford module £&. The connection V¢ defines a connection
(V&, Vs, wa) (defined up to equivalence) on this descent datum. Each &, is then a Clifford
module on the fibration 77U, — U,, and each connection Vi is a Clifford connection.

Recall (see Proposition B12)) that one defines ¢ € Q?(M,End(&)) by setting 6%|,-1p. =
0 + T*ws. Denote by c(RMIB) the action of the 2 -form with values in the Clifford alge-
bra obtained from RMI® via the Lie algebra isomorphism so(7'(M|B)) — C?*(M|B). Here
C?(M|B) C C(M|B) is a subspace consisting of elements > u;v;, u;,v; € T*(M|B) with
S {ug, v;) = 0. Define /S = 0 — c(RMIB).

The argument in [4], Proposition 3.43, shows that 05/ € Q*(M, Endo(up)(£)). Over an
open set 71U, we have §°/5|;, = 05/° + m*w, where = Endeas)(£a) is defined via
the equality 5 = 65/ + ¢(RMIB). We can then define a differential form Ch.(£/S) by

wgE/S
(4.1.1) Che(E/S) = strese” o € Q°(M)[u).
The proof of the following result is standard and analogous to the proof of Proposition Z.T3]
Lemma 4.2. We have d+o Che(E/S) = 0 and the corresponding class is Hx.o(M) is
independent of the choice of Clifford connection V€.
We also introduce the fiberwise A-genus by A(TM|B) = A (5= RMIB) € O (M)[u], where
A(z) is the power series defined by

Afe) = det'/? (Smﬁl/i/z) |

Using the above data, we can define on each fibration 7='U, — U, a family of Dirac
operators D, acting on the sections of the bundle &,. Locally D, = >, ¢(¢') (V%) where

{e;}, {e'} are dual bases of T'(M|B) and T*(M|B) respectively. We leave it to the reader to
check the following.

Lemma 4.3. The collection D = {D,} defines an element in V;(M|B;E).

With respect to the decomposition £ = ETHE™ we have the decomposition U, (M|B; E) =
U (M|B;ETEN)DVL(M|B;EY,ET)DV(M|B; E~,ET)@Y(M|B;E~,E7). The Dirac op-
erator then decomposes as D = DT®D~ where DT € UL(M|B;EY,E7), D~ € VL(M|B;E7,ET)

Classical arguments show that D% is fiberwise elliptic and hence the analytical index
ind(D") of D* is well defined in K(V,*(M|B;¢&)).

We then have the following result

Theorem 4.4. The following formula holds in H}(B):

q)v’)-t (Ch(ind D+))] _ u_dim]%;dimB |:/ A\ (L,RM‘B> A Chﬁ(g/S):| ‘
M/B 271
This index theorem is established in [28] 29] for general projective families however with
the more restrictive conditions on the class [£] of the gerbe £. The superconnection proof
of this result occupies the rest of the paper.
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4.2. Superconnections and index. We continue in the notations of the previous section.

A twisted superconnection A on the descent datum (Uy, Lag, fagy, Eas Pap) is a collection
(Ay)aen of superconnections on the vector bundles m.&, over the open sets U, such that
when U, # 0,

(421) (W*(pag)*Ag = Aa X id + id ®Vaﬁ.

We say that A is a Bismut superconnection if each A, is. Specifically we have
1
Aa = Da —I— Vl{ — ZC(TH)

where T is defined in (B4.1)).

The fact that V* is a connection on the descent datum, and D € W'(M|B,€), ¢(T") €
O?(B,9°(M|B,&)) implies that the conditions (2T are satisfied. From now on A will
denote the Bismut superconnection.

We will also consider the rescaled Bismut superconnection A, defined by

1
(Ag)o = Ags = 52Dy + V7T — Zs—l/%(TH)

where s is either a positive number or a multiple of the formal variable u. Denote by 6%

the curvature of the rescaled superconnection (A,)2. In particular we have forms uf*eu' €
O (Uy, U (77 UL Uy, E)) [ul/?).

Proposition 4.5. There exists a form uf*«—* € Q*(B, V(M |B; &))[u/?] such that
ufh ‘U = w(@Pout 4 T w,).

Proof. Recall that the curvature of V.5 is equal to w, — wg. Therefore from the equation
(Z21)) we obtain
Gap (U0 on1) = w(OPon ' + Trw, — Twp).
The statement of the Proposition follows. O
A

Notice that uf*«—! = D?4 forms of degree > 0. Therefore we can define e_% €
QO (B, U=>=(M|B;&))[u'/?] by the usual Duhamel’s formula.

Note that the parity considerations as in finite dimensional case show that the coefficients
for the nonintegral powers of u are odd with respect to the grading and hence have a vanishing
supertrace.

Given a superconnection A = (A,),en on the Zs-graded horizontally L-twisted Clifford
module & by the infinite-dimensional version of the Proposition 2 I8 the the differential form

Au—1
Str(e™ ") € Q*(B)[ul,
is closed with respect to the twisted de Rham differential dy,. The proof is identical to the
proof of the first part of the Proposition 213l The proof of the following Theorem is adapted
from [22] and it uses ideas from [23]. The use of cyclic theory is inspired by [35].

Theorem 4.6. The following equality holds in the H}(B):

Oy (ch(ind DY) = {Str(e—“ef%l)]
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Proof. Consider the twisted bundle E = £ & with the grading given by I' = {g _07}
The algebra V. (M|B; £ ) of operators on & is naturally Z, graded. When discussing cyclic
complexes of this algebra and its subalgebras we always consider it as Zp-graded algebra.
For an operator or (super) connection K on & set K=K&® K; so for example A = A @ A,
VH = VH g VH, etc.

Let F' = D(1+ D?)~/2. Then it is immediate that F' € W%(M|B; ) is odd with respect to
the grading I' and fiberwise elliptic. Construct the invertible operator Up € V(M |B; g )
by the same formula as before. Namely, choose a parametrix R for F'. Let So = 1 — RF,

S1=1—FR. Then set Up = i(,] - ESO)R . With such a choice the inverse is given by
1
- _ So (14+So)R _111le 0O
1_ | »o 0 _ -1 |le
an explicit formula U," = [_ ja S, } . Set Pp =Up 0 0 Up.

The choices in the constructions can be made so that we have (Pp)* = Pp+, see Defini-

tion B.8 N
Define the map ®gy: CC; (\IIZOO(M|B; 5)) s (Q*(M)[u], do) by

H ~ aH aH ~
OE, (Ag,- -+, Ay) == /A Str (Aoe‘“to%aﬂ(fll)e‘“tl%-~-e‘“tk*1%8H(Ak) “tkzm)dtl dty,

for Ay ®...® A, € Cy <\IIZ°°(M|B; g)) and set again Pgy =y ;- PL . Notice that

(- )

Dyu (ch (ind D)) — @y (ch (ind D7)) = 2@gw (ch (ind D))

Replacing in the formulas above o by gh.-1 and 9™ by [&uq, -] we obtain the definition
of the morphism ®;: CC¢re (\IIZOO(M|B; g)) — (U (M)[u], dg),.

Lemma 4.7. The morphisms ®3, Oy : COMTe <\I/Z°°(M\B;g)) — (Q(B)[u],dg), are
chain homotopic.
Proof. This follows from the explicit formula for the chain homotopy, see Proposition 5.6 of

[30]. This formula can be described as follows. Let A,-1(s) = sA,-1 + (1 — s)V*. Then we
can write

1/2
Ay1(s) = su 2D + V" — %C(TH),
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Define Hy: C,(V,.*(M|B,E & E)) — Q*(B)[u| by

1 k
A —1(9)
(4.2.3) Hy(Ao,..., A / ds (Z / t1 ... dtpsq Str (Aoe‘“toe
0 Ak+1
X —uty gty 1 A oty Lu L Zl\/ gy Bu L
Ay -1(s), Ajle ™™ Tz L [Ay-i(s), Ayle ™ Tz — A et Tam

ds u-1
(;A\ufl(s) —~ 5Au71(3)
e mm (A (s), Ak]e_“tk“T) )
and set H = S Hy: CCgntire (\IIZOO(M|B; 5)) — Q*(B)[u]. Then

Q; —Pyn =dgooH+ Ho(b+ub).

Let F be the algebra defined by
F ={F € U3(M|B; &) | [D, F| € V}(M|B;€)}.

A simple modification of the argument in [20] as done in [2], cf. also [22] shows that ®;
extends to a morphism, also denoted ®; : CCE™¢(F) — (Q*(M)[u], dy;) defined by the same

formula. Note that Up € F, Pp € F and [0 0] e F.

Recall now that inner automorphisms act by identity on the entire cyclic homology, see

e.g. [27] 4.1.3 or [26]. It follows that the chains Ch(Pp) and Ch ({18 O}) are homologous

s free (@ (o= [o 2]))

- [ (mo-[o 2]))
S G
G ({15 o)) -2l 1)

® (ch (ind D)) =
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4.3. The local index theorem.

Theorem 4.8. Let D be a projective family of Dirac operators on a horizontally L-twisted
Clifford module £. We have the following equality of classes in H}(B):

Str(e—#“’l)} - [u—’i /M |BA <2mRM‘B> Chﬁ(g/‘s*)]

Proof. Over each open set U, we have §%.-1 = Ai u—1 T T'w,. Since Ai w1 and Tw,
commute, we have
A __u A2
Strezm? “T = ¢mam ™ Wa Sty e i tant

According to Bismut’s local index theorem for families [5]

. 1 g2 ~( 1 1 /s
lim Str e~ zmifar = A —RMIB stre/s e zmila’
t—0 7r*1Ua|Ua 27TZ

Moreover, by the result of Bismut and Fried [6]

~/ 1 E
(4.3.1) Stre~zm%% — / A (—_RM|B) stre/s e~ = g / £ (t)dt
7 1Ua|Un 2mi 0
where
1 dA,,
(4.3.2) Ea(t) = —— Str —2L e~ bl

271 dt

is integrable at 0.
Let s > 0 and let 67 be the operator on Q*(B) which multiplies the forms of degree k by
s%2. Then 68 o (Ay,) 0 08, = /%A, /5. We therefore obtain

— A2 . 1oa2
lim Stre” 2iters = o8 (hITOl Str e‘mAa,t)
t—

t—0 s

o~ Eg/S
= 553/ A ( RMI ) Stl"g/g 6_ﬁ6a
W—IUQ‘UQ 27TZ

_k -~ S s p€/S
= 5 2 A(—,RM‘ >St1"g/3€ zmifa
71U |Ua 211

where, as before, k = dim M — dim B. Since both sides are polynomials in s we deduce that

u_p€/S

. — L A2 _k ~/ U _u
lim Stre > euwlt =9 2/ A(—_RM|B) stre/s e amila
71U |U ™

t—0

Multiplying both sides by e~ 2x™ “= we obtain

hr%Strexp (—2—9A *1t> . _%/ﬂ - A (2mRM‘B> Ch,(E/S)

™

and therefore

. _u Au,lt _ M|B
%gr&Strexp( 0 - / R )Ch (£)8).

l\.’)l?“
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Moreover by ([A31), we have

1
[ AR stregs e —ud [ s
= 1Ua|Ua 211 0

Here the right hand side is defined as follows. Write 56[@ € Q!(B) for the component of degree
[ of &, from the equation (L3.2)). Then we have

dA, -1 .
5B£a Zu 5[” = —Str d’t —2% 1 exp <_2—Ao¢u 1t) e Q"(B)[u].

Multiplying the identity (E3.3) by e~ z=" “= and using the equality
em 2™ wod () = (ud + u*Q2)(e ™ W)

(SIS

(4.3.3) Str e_ﬁAi,fl o

we obtain

Str exp (——GAu 1)

211

Ua

.k M|B 20\=
u /7le lUA<2mR )Ch (£/8) = (ud + u22)=a

where =, = fol 21 Str Lol exp (—% QAuflt‘U ) dt.

From the equations (IE[I) it follows that over U,s we have dA“C’l’flt = (]bag( o ”).
Hence there exists a form A, € u '/2Q*(B; U, (M|B,&))[u] such that A, = dA“C’l’flt
Therefore setting = 0 5= Str Ay exp (—5=0%11) dt € Q*(B)[u] we can Writea

Strexp (_2%9%,1> —uh /M : A (2mRM|B) Che(E/S) = do=
and the statement of the Theorem follows. O

Combining results of the Theorems [£.0] and [.§ we obtain the main theorem of this paper

Theorem 1.1. Let D be a projective family of Dirac operators on a horizontally L-twisted
Clifford module £ on a fibration w: M — B. Then the following equality holds in H}(B):

[@gw (ch(ind DT))] = [u_% /MBE<

where k = dim M — dim B is the dimension of the fibers.

S RMIP) cm(E/S)} ,

211
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