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Abstract

2d(d+1) . )
For each N > cyn~ 42~ we prove the existence of a spherical n-

design on S? consisting of N points, where ¢, is a constant depending

only on d.
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1 Introduction

Let S¢ be the unit sphere in R with normalized Lebesgue measure dp
( /. ga dpa(z) = 1). The following concept of a spherical design was introduced
by Delsarte, Goethals and Seidel [5]:

A set of points z1,...,zy € S¢is called a spherical n-design if

[ Pl)inato) = 5 3P

for all algebraic polynomials in d + 1 variables and of total degree at most
n. For each n € N denote by N(d,n) the minimal number of points in a

spherical n-design. The following lower bounds
d+k d+k—1
1) N(d,mz( ' )+( *d ) n=2k,

d+k
N(d,n)ZQ( —5 ), n=2k+1,

are also proved in [5].

Spherical n-designs attaining these bounds are called tight. Exactly eight
tight spherical designs are known for d > 2 and n > 4. All such configurations
of points are highly symmetrical and possess other extreme properties. For
example, the shortest vectors in the Fg lattice form a tight 7-design in S7,
and a tight 11-design in S is obtained from the Leech lattice in the same
way [4]. In general, lattices are a good source for spherical designs with
small (d,n) [7].

On the other hand construction of spherical n-design with minimal car-
dinality for fixed d and n — oo becomes a difficult analytic problem even for
d = 2. There is a strong relation between this problem and the problem of

findind N points on a sphere S? that minimize the energy functional

R L 1
E(‘rlu"'v'rN): Z ”—*

==
1<icj<n 178~ Zjll

see Saff, Kuijlaars [12].



Let us begin by giving a short history of asymptotic upper bounds on
N(d,n) for fixed d and n — oo. First, Seymour and Zaslavsky [I3] have
proved that spherical design exists for all d, n € N. Then, Wagner [14]
and Bajnok [2] independently proved that N(d,n) < ¢;n€® and N(d,n) <
cqnC® respectively. Korevaar and Meyers have [§] improved this inequalities
by showing that N(d,n) < ¢ @+9/2 They have also conjectured that
N(d,n) < ¢gn®. Note that () implies N(d,n) > Cyn?. In what follows we
denote by by, cq4, c14, etc., sufficiently large constants depending only on d.
In [3] we proved the following

Theorem BV. Let a4 be the sequence defined by
ar =1, ay=3, a1=2aq1+d, ay=a41+ag+d+1, d=>2.

Then for all d, n € N,
N(d,n) < ¢gn.

Corollary BV. For each d > 3 and n € N we have
N(d,n) < cgn®.

as S 47 Qy S 77 as S 97 Ge S 117 az S 127 as S 167 Qg S 197 @10 S 227

and p
aq < 5 log, 2d, d > 10.

In this paper we suggest a new nonconstructive approach for obtaining new
upper bounds for N(d,n). We will make extensive use of the Brouwer fixed
point theorem (the source of nonconstructive nature of our method), the
Marcinkiewich-Zygmund inequality on the sphere [I0] and the notion of area-

regular partitions [9]. The main result of this paper is

2d(d+1)

Theorem 1. For each N > cqn” 42  there exists a spherical n-design on S¢

consisting of N points.



This result improves our previous estimate on N(d,n) foralld > 3,d # 7,
and in particular allows us to remove the "nasty” logarithm in the power
in Corollary BV, so that the function in the power has a linear behavior,
which confirms the conjecture of Korevaar and Meyers. Finally, Theorem 1
guaranties the existence of spherical n-design for each N greater then our

new existence bound.

2 Preliminaries

Let A be the Laplace operator in R4*!

We say that a polynomial P in R%*! is harmonic if AP = 0. For integer
k > 1, the restriction to S% of a homogeneous harmonic polynomial of degree
k is called a spherical harmonic of degree k. The vector space of all spherical
harmonics of degree k will be denoted by Hj (see [10] for details). The

dimension of Hy, is given by

2 -1 -1
dim H, — k+d <d+l<; )

k+d—1 k

The vector spaces Hj. are invariant under the action of the orthogonal group
O(d + 1) on S% and are orthogonal to each other with respect to the scalar
product

(P.Q)= [ P@QEY)

Another remarkable property of harmonic polynomials is that the spaces Hy,

are eigenspaces of the spherical Laplacian (Laplace-Beltrami operator [6])
2 Af@) = AfGD.

Thus, for a polynomial P € H; we have

(3) AP = —k(k+d—1)P.
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Here and below we use the notations ||-|| and (-, -) for the Euclidean norm and
usual scalar product in R, respectively. For a twice differentiable function
f:R™ — R and a point 2o € R¥! denote by

o) i= () (o))

82f an d+1
@(%) . (axiaxj (xo)) .

i,j=1

and

the gradient and the matrix of second derivatives of f (Hessian matrix) at the
point xq respectively. Analogously to (2]) we will also define for a polynomial
Q@ € P, the spherical gradient

V@ = —Q
(z) (” wH>
and the Hessian matrix on the sphere
82 x
2 _

We will also write
V3Q -z -y := (VQ-2,y) for z,y € R,

One consequence of Stokes’s theorem is the first Green’s identity [15]

6 [ P@3ewd) = = [ (VPE).VQ@)du(a).

Let P, be the vector space of polynomials P of degree < n on S such
that

/S P(a)dpalx) = 0.

Each polynomial in R%*! can be written as a finite sum of terms, each of

which is a product of a harmonic and a radial polynomial (i.e. a polynomial



which depends only on ||z||). Therefore the vector space P,, decomposes into

the direct sum H,
Po = P Hs.
k=1

For each vector of positive weights w = (wy,...,w,) we can define a scalar
product (-, -),, on P, invariant with respect to the action of O(d + 1) on S9
by

(P, Q) =Y wilPy, Q)
k=1

where Py, Qp € Hy,, P=P+ ...+ P, and Q = Q1 + ...+ @,. For each
Q@ € P,, denote by

1Qllw = V(Q, Q)w

the norm corresponding to this scalar product. We will also define the oper-

ator

AP =S kktd=1p pep

k=1 Wk
Then from (B and (B) we get
() (3uP. Q) = [ (TPL). VQ@) (o).
Now, for each point x € S? there exists a unique polynomial G, € P,

(depending on w) such that

<GI7 Q)w = Q(I) for all @ € P
Then, the set of points z1,...,zy € S¢ form a spherical design if and only if
Gy +...+ G, =0.

To construct the polynomials G, explicitly we will use the Gegenbauer poly-
nomials G¢ [1]. For a fixed «, the G¢ are orthogonal on [—1, 1] with respect
to the weight function w(t) = (1 — £2)*~2, that is

1 12«
a a Cova-t g _ s 72T (n+ 20)
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Set o := &1, and let

where

Gult) = Z%Gz@).

In order to show that (P,, Q). = G.(Q) = Q(x) for each Q € P,, we will use
the following identity for Gegenbauer polynomials [10]

dim Hy,

) G ((0)) = LS ) aty),

where z,y € S% and Y}, are some orthonormal basis in the space (Hy, p1q). In
particular, for a fixed z € S G¢((x,y)) € Hy. Therefore, for a polynomial
Q € P,, we have

(G Qo = 3 0G0 = 3 [ Gl ) Quwdnaty) -

n dim Hy

D Vi) | Qu)Youlw)dualy Z@k

k=1 j=1
Fix the weight vector w = (wy,...,w,) such that w, = k(k +d — 1).

Further we will use the following additional equalities for Gegenbauer poly-

nomials [1]:
ary (2a0+n—1
G = (),
and
d . ot 2 . at2

Applying Cauchy’s inequality to (7)) we get, for all k € N and z,y € S¢,

G (2 y)I* < GR((2,2)GR((y, ),



and hence

w = guw(1).
Dax |9 (7)| = gu(1)

Similarly, by (8) we obtain

(9) max |g,(x)| = g,,(1).
z€[—1,1]

Finally, let us estimate g/ (1) and g/, (1). We have

) "L dim Hy ., " (2k+d—1)(k+d—2)!
(10) g,(1) = kz: Wg(f)(;k/(l) = 2 1] < cygn.
=1 =1

Hence, by (@) and Markov inequality we get

(1) gu(1) < n* max. |gl(x)] = nigl (1) < cun,
ze[—1,1
3 Proof of Theorem (1]
Fix n € N. As mentioned in section 2, points x1,...,zy form a spherical

n-design if and only if G,, + ...+ G, = 0. First we will construct a set
of points such that the norm |G, + ...+ G, || is small, and then we will
use the Brouwer fixed point theorem to show that there exists a collection of
points {y1,...,yn} “close” to {zy,...,xn} with ||G,, + ...+ Gyyllw = 0.

Let R = {Ry,..., Ry} be a finite collection of closed, non-overlapping
(i.e., having no common interior points) regions R; C S such that UN | R; =
S?. The partition R is called area-regular if volR; := fRi dpg(z) = 1/N, for
allt=1,..., N. The partition norm for R is defined by

IR|| := maxdiam R.
RER
Now we will prove

Lemma 1. For each N € N there exists an area-reqular partition R =
{Ry,...,Rn} of S* and a collection of points x; € R;, i =1,..., N such that

bdnd/Q
= N1/2+1/d"

Gy + -+ Gay
N




Proof. As shown in [9], for each N € N there exists an area-regular partition

R ={Ry,..., Ry} such that |R|| < cgN*/? for some constant Cad- For this

Gy +otGay

~ , when the

partition R we will estimate the average value of

points x; are uniformly distributed over R;. We have

Goy + ...+ Gay |I?
N

dpg(ry) - - dpa(ry) =

1
V01R1 . 'VOIRN /Rl X XRN

w

N
Z Goiy Go)wdpta(zr) - - - dpg(y)

1
~ volRy - - -volRy /Rlx...ng

= G,y G )wdpg(x;)dpa(x;) + — G, G wdpa(z;
g/RR< ) dpa(s;) ZN [ (G Gt

— /Sd ” (G, Gy)wdpta(x)dpa(y)+

+Z( / (G, G d,ud(x)—/RiXRi<Gx,Gy>wdﬂd(x)dﬂd(y))

= /Sd y Guw((z,9))dpa(x)dpa(y)+

- Z/RXB 9w(1) = gu((z,y))dpa(w)dpa(y).

The first term of the sum is equal to zero because for each fixed = € S¢,
the polynomial g, ((z,y)) € P,. We can estimate the second term by
al 1

S [ 0= gul o) daleddity) < 5 s s g1~ g (5:0)

5N glg%ggg gDz —y|* < Ncldn IR[" < Cldma
where in the last line we use (@) and (I0). This immediately implies the

statement of the Lemma. O

For a polynomial @) € P, define the norm of the Hessian matrix on the
sphere, as defined by (@), at the point zy € S? by

V2 QG@o)|| = max [V*Q(wo) -y - yl,
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where the maximum is taken over vectors y orthogonal to xy. We will prove

the following estimate

Lemma 2. For a polynomial Q € P, and point o € S%

[V2Q(o) || < (3g2:(1) + 92, (1)) 2| Ql -

Proof. Fix a unit vector gy, orthogonal to zy and define a curve z(¢) on the
sphere S¢ by

x(t) = xg cos(t) + yo sin(t).
For each ¢ € R we consider the polynomial Gy (y) = gu((2(t),y)) € Phn,
which has the property (Q, Gu))w = Q(2(t)) for all Q € P,. Setting G” =
@ G (t)|i—o, we have that

di2

d2
(12) V2Q(x0) - Yo - yo = ﬁ@(x@)”tzo =(Q,G")w.
Hence

[V2Q (o) || < 16”1 1@l
It remains to show that ||G”||,, = (3¢" (1) + g.,(1))*/2. Since

G ) = o gu (1), ),

we obtain

(13) G"(y) = (yo.9)*9u((20.9)) — (x0,9)g.,((20,¥)).
From (I2)) and (I3]) we get by direct calculation

Avall & " " /
(G, G = 75 G (@ (t)) =0 = 39, (1) + 9u,(1).

Lemma 2 is proved. U

Denote by B? the closed ball of radius 1 with center at 0 in R?. To prove the
following Lemma 3 we use the Brouwer fixed point theorem [11]

Theorem B. Let A be a closed bounded convex subset of R?and H : A — A
be a continuous mapping on A. Then there exists some z € A such that
H(z) =z

11



Lemma 3. Let F': B9 — R? be a continuous map such that
F(z) = A(z) + G(a),

where A(x) is a linear map and for each x € B?

(14) [A(@)]| = olz]l
and
(15) |G ()] < allz]|/2,

for some o > 0. Then, the image of F' contains the closed ball of radius a/2

with center at 0.

Proof. Take an arbitrary y, with ||y|| < «/2. It is sufficient to show that
there exists x € B? such that F(z) = y. The inequality (I4)) implies that
|A71(y)]| < 1/2. Denote by K the ball of radius 1/2 with center 0. Consider

a map

Hy(2) = A7 (G(A™(y) + 2)).

By (I4) and (I5]) we obtain that H,(K) C K. Hence, by the Brouwer fixed
point theorem, there exists z € K such that H,(z) = z. This then implies
that

F(A7 (y)+2) = .

O

To prove the principal Lemma [ we also need a result which is an easy
corollary of Theorem 3.1 in [10]
Theorem MNW. There exist constants r4 and N4 such that for each area-
regular partition R = {Ry,..., Ry} with ||R|| < 4, each collection of points
x; € R;;1=1,..., N and each algebraic polynomial P of total degree m > Ny
the following inequality

16) 5 [ 1P@dnato) < %Z Pl <5 [ | IP@)lduta)

12



holds.
Consider the map @ : (S9N — P, defined by
Gyt tGa
($1,...,$N)—>'% .
Lemma 4. Letxy,..., x5 € S?% be the collection of points and R = {Ry, ..., Ry}
an area-reqular partition such that x; € R; and ||R|| < 3. Then the image

—d—2)/2

of the map ® contains a ball of radius p > Agn! with center at the

Gay+.tGay

point G = =

, where Ay is a sufficiently small constant, depending

only on d.

Proof. For each polynomial P € P, consider the circles on S¢ given by
Ti(t) = a; cos(| VP (xi)[[t) + yisin(|[V P (s)][2),

VP) i=1,...,N. Define the map X : P, — (S9N by

VP’

X(P) = (21(P),...,an(P)) := (#:1(1), ..., 7x(1)).

where y; =

Now we will consider the composition L = ® o X : P,, — P,, which takes the

form Gopy+... +G
z1(P) v zn(P)
L(P) = :
(P) =
For each ) € P,, one can take the Taylor expansion
(17)

(Grt), Q)w = Q(T4(t)) = Qi) + %Q(@(O))Héj—; (Z(t:))2, t; € [0,4].

Hence, we can represent the function L(P) in the form
L(P) = L(0) + L'(P) + L"(P).

Here L/(P) is the unique polynomial in P, satisfying

N

(L(P), Q) = 3 D(VQU), VP()) forall Q € Py,

13



and
L"(P) = L(P) — L(0) — L'(P).
First, for each P € P,, we will estimate the norm of L'(P) from below. We

have

IZP)le > T (E(P). Pl = T 7 S (VP(@). VP()

i=1

Applying ([I8) to the polynomial (V P, VP) of degree < 2n, we get

N
1 1
— ‘ ) > = )
¥ (VP VP 2 5 [ (VP TP
On the other hand, by ([6) we have

| (VP@.TP@)da(a) = (P.AuP) = IPIE.

This gives us the estimate

(18) 1Pl > 5Pl

Now we will estimate the norm of L”(P) from above. By (7)) we have

N
w0 3

for some ¢; € [0,1]. Since the following equality holds

d? 5 dTi(t) dii(t)
T Q) = v 0 ),
Lemma [2] implies that
d? dz; o

Q1)) < B (1) + gL (117 - 1Qll-

It follows from the identity

” dz;
dt

@I = IV P ()

14



and estimates (I0), (II]) that

.
T7QE(1))] < cam VP @) - |Qw-
This inequality yields immediately
N N
1 L. c3an ™[ Qllw
(L(P). Q) = 5 - Ty < e S o by 2
i=1 =1
Applying again ([I]), we obtain
1 — 3
— P(z)||> < Z|PJ3.
N IR < 1P

So, for each ) € P,, we have that

3
(L' (P), Q)ul < Geaan PP - 1Qlw-
Thus, we get
3
(19) 1" (Pl < Seaan 272 PI[5.
Lemma [3] combined with inequalities (I&) and (I9) implies that the image

of L, and hence the image of ®, contains a ball of radius p > Agn(~42/2

around L(0) = G, where Ay = 1/6¢34, proving the lemma. O

Proof of Theorem 1. By Lemma 1, there exists an area-regular partition R =
{Ry,..., Ry} such that ||R| < cyaN'/?, and a collection of points z; € R;,
i =1,..., N such that

Gy + ...+ Gyy, byn®/?
N " — N1/2+1/d°
Take N large enough such that N > Ny and 3% < 3%, where Ny and 4 are
defined by Theorem MNW. Applying Lemma @ to the partition R and the
collection of points 1, . . ., x5, we obtain immediately that G, +.. . +G,, =0
for some yi,...,yy € S¢if
bdnd/2

v (—d-2)/2

N1/2+1/d < Aan :
So, we can choose a constant ¢, such that the last inequality holds for all

2d(d+1

N > cqn = ). Theorem 1 is proved. O
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