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Entropy and Growth Rate of
Periodic Points of Algebraic Z?-actions

Douglas Lind, Klaus Schmidt, and Evgeny Verbitskiy

ABSTRACT. Expansive algebraic Z%-actions corresponding to ideals are char-
acterized by the property that the complex variety of the ideal is disjoint from
the multiplicative unit torus. For such actions it is known that the limit for the
growth rate of periodic points exists and equals the entropy of the action. We
extend this result to actions for which the complex variety intersects the mul-
tiplicative torus in a finite set. The main technical tool is the use of homoclinic
points which decay rapidly enough to be summable.

1. Introduction

An algebraic Z%-action on a compact abelian group X is a homomorphism
a: Z% — aut(X) from Z? to the group of (continuous) automorphisms of X. We
denote the image of n € Z% under a by o®, so that a™® = o™ oa™ and o® = Idy.
We will consider here cyclic algebraic Z%-actions, described as follows. Let Ry =

Z[ulﬂ, . ,uzltl] denote the ring of Laurent polynomials with integer coefficients
in the variables ui,...,uq. We write f € Rq as f = Y /4 fmu™, where u =
(ut,...,uq), m= (mi,...,mq) € Z4L u™ = u"* ... u}, and fm € Z with fm =0

for all but finitely many m.
Let T = R/Z, and define the shift Z%action o on T2 by
(0™Z)n = Tmin
for m € Z¢ and = = (x,) € TZ . For f=> fmu™ € Ry put
flo) = Z fmo™: T2 _ T2,
mezd
We identify Ry with the dual group of T2 by setting
<f, 1'> = 627Ti[f(0')l)]0 o 627”: Zm fmTm
for fe Rgand x € TZ". In this identification the shift o™ is dual to multiplication
by u™ on Rj.
A closed subgroup X C TZ" is shift-invariant if and only if its annihilator

X+ ={heRy: (hx)=1for every z € X}
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is an ideal in Ry. In view of this, for every ideal a in Ry write
XRyja = at={z¢c TZ . (h,x) =1 for every h € a}

for the closed, shift-invariant subgroup of TZ* annihilated by a. Note that the dual
group of Xp,/q is Ry/a. Denote by ap,/q the restriction of the shift-action o on
TZ" to XRy/a- A cyclic algebraic Z%-action is one of this form, corresponding to the
cyclic Rg-module Ry/a.

According to [9] Eqn. (1-1)] or [I3l Thm. 18.1], the topological entropy of
OR,/a» Which coincides with its entropy with respect to Haar measure on Xg, /4, is
given by

0 if a = {0},
(1.1) h(ar,/a) = { m(f) if a=(f) = f- Rq for some nonzero f € Ry,
0 if a is nonprincipal,

where
1 1
m(f):/ / log |f(e2™ ... e*™ )| dt; ... dtg
0 0

is the logarithmic Mahler measure of f.

An algebraic Z%-action o on X is expansive if there is a neighborhood U of 0x
such that (,,cz« o™ (U) = {0x}. To characterize expansiveness for cyclic actions
O[Rd/a7 let

V(a) = {(z1,...,24) € (C*)¥: g(z1,...,2q4) = 0 for all g € a}

denote its complex variety. Let S = {z € C : |z| = 1}, so that S? is the unit
multiplicative d-torus in (C*)9. Define the unitary variety of a as

U(a) =V(a) NS? = {(21,...,2q) €V(a) : |z1]| = - = |zq| = 1}.

According to [13, Thm. 6.5], ag,/q is expansive if and only if U(a) = @.

In order to describe periodic points for ag, sy, let F denote the collection
of finite-index subgroups of Z¢, and let ' be an arbitrary element of F. Define
(T') = min{||m]|| : 0 # m € I'}, where ||m| = max{|mi|,...,|mq|}. A point x € X
has period I' if o™ x = x for all m € T". Let

Fixr(ap,/a) = { € Xp,/q : « has period I'}

be the closed subgroup of Xg,,, consisting of all I'-periodic points. In general
Fixr(ar,/a) may be infinite (examples are given in the next section). We can,
however, reduce this to a finite object by forming the quotient of Fixr(ag,/q) by
its connected component Fixp(ap,/q) of the identity. We therefore define

Pr(ar,/a) = | Fixe(ar,/a)/ Fixp(ar,/q)l,
where |- | denotes cardinality. The growth rate of periodic components is defined as
1
1.2 pt(a = limsup ——— log Pr(« .
( ) ( Rd/a) (D) so0 |Zd/F| g ( Rd/a)

The following relation between entropy and growth rate of Pr was proved in
13l Thm. 21.1].
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Theorem 1.1. Let a be a nonzero ideal in Rq. Then p*(ag,/q) = h(ag,q). If
QR,/a 18 expansive, or equivalently if U(a) = @, then the limsup in (L2) is actually
a limit, i.e.,

. 1
(1.3) (FI;E}OO W log Pr(ar,/a) = h(@r,/a)-

It is not known whether (I3) holds for all cyclic actions. Even when d = 1 the
existence of this limit involves some deep results in number theory (see [7, Sec. 4]
for details). The purpose of this note is to prove the following partial result.

Theorem 1.2. Letd > 2 and a be an ideal in Rq whose unitary variety U(a) finite.
Then ([L3) holds.

The machinery described in [13] Sec. 21] allows us to reduce the proof of The-
orem to the case where the ideal a is prime. If a prime ideal a is nonprincipal,

then by (LI) and Theorem [T p*(ag,/s) = h(ag,/s) = 0, which implies (L3).
In view of this fact, we can assume from now on that a = (f) for some nonzero
irreducible Laurent polynomial f € R; with

V(NI = U() = s €8T : f(s) = 0}] < 0.
Furthermore we will assume for the remainder of this paper that d > 2, for reasons
which we will explain. In order to simplify notation, we use X for Xg, /sy and «
for Osz/(f>.

2. Counting periodic components

In this section we derive an expression for Pr(a) = Pr(ag,/(s)) in terms of f.
Let I € F. Following [13] (21.13)], we set bp = (u™ —1:m € T') C Ry, and

Or ={w=(w1,...,wq) €S : W™ =w™ - W =1 for every m € T'}.

Observe that Qr = U(br). As in [13] Sec. 21], we note that the dual group of
Fixp () = Fixp(ap, /() is

Fixr(ar, /()" = Ra/((f) + br).

Hence Pr(«) is the cardinality of the Z-torsion subgroup of Rq/({f) + br). The
following result shows how to compute this number.

Lemma 2.1. For every finite-index subgroup I' C Z2,

Pr(e) =Pr(ar, )= [ [f ()

weQr~U(f)

PROOF. The group R;/br is dual to the group Fixp(o) of I-periodic points
in T%'. Furthermore, Fixp (o) is isomorphic to the finite-dimensional torus TZ/T .
Then Fixp(a) is the kernel of the restriction of the homomorphism f(o) to this
torus Fixp (o).

To describe this kernel we write ¢>°(Z4,C), ¢>°(Z%,R), and £>(Z%,Z) for the
spaces of bounded complex, real, and integer valued functions on Z?. Let & be the
natural shift-action on each of these spaces. Write Vr(C) C ¢>(Z%,C), Vr(R) C
(>=(Z% R), and Vr(Z) C £>°(Z% Z) for the subspaces of T-invariant elements in
these spaces.



4 DOUGLAS LIND, KLAUS SCHMIDT, AND EVGENY VERBITSKIY

Next we diagonalize the restriction of & to Vr(C). For each w = (wy,...,wq) €
Qr define v“) € Vi(C) by

(2.1) W)y = w =W Wi forn= (ng,...,ng) € Z%

Then 6™v(@) = W™y for all m € Z4¢, and so f(5)v®) = f(w)v®). The set
{v@) : w € Qr} forms a basis of V1r(C) consisting of eigenvectors of & with distinct
eigenvalues.

Let O = {w € Qr : f(w) # 0} = Qp ~ U(f), and define VX(C) to be the
C-linear span of {v() : w € Qf}. Then V{(C) is finite-dimensional and f(&)-
invariant. Observe that f(& )(VF(C)) VZ(C) and that the restriction of f(¢) to
VZ(C) is invertible with

| det(f()|vi(c))| = H f(w)[?

weL

Since f(¢) commutes with complex conjugation on Vi (C), we can restrict it to
VLA(R) = V{A(C) N ¢>°(Z4,R) and obtain that

| det(f(5)lvi(r))| = H |f(w

weL

The space VA(Z) = VA(R)N¢>®(Z%, Z) is a G-invariant lattice in Vi{(R), hence f(5)-
invariant with image f(5)(VE4(Z)) C Vli (Z). Tt follows that

(2.2) Viz)/FE) V@) = ] Ifw

we

Finally, we note that Vr(Z) & 72T s (isomorphic to) the dual group of Fixp (o) C
T2, that Vi (Z)/f(5) (Ve (Z)) = Vp( )/ f(6)(VE(Z)) is dual to Fixp(«), and that
the torsion subgroup VA(Z)/ f(6)(VE(Z)) of Vi(Z)/ f(6)(VA(Z)) is therefore dual to
Fixp(c)/ Fixp(«). By combining this with ([2:2) we complete the proof. O

Remark 2.2. Suppose that ag, /() is expansive, so that U(f) = @. Then f does
not vanish on S%, so log |f| is continuous there. Lemma 2] shows that

1
|Zd/F| log PF(aRd/<f> |Zd/1—\| Z IOg |f
weQP
is a Riemann sum approximation to m(f), and so converges to m(f) = h(«) as
(T') — oo.

When U(f) # @ there are two issues to deal with. The vanishing of f at some
points of Qr creates connected components, so we count those. More difficult are
various diophantine problems concerning points of U(f) coming abnormally close
to Qr. The latter issue is discussed in Section

3. Examples

We provide here some examples of irreducible polynomials f with finite U(f),
illustrating a range of algebraic properties of U(f) and the resulting influence on
the structure of Fixr(aRd/<f>). For clarity we use variables u, v, w, rather than uq,
U2, U3.
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Example 3.1. Let d = 2 and f(u,v) = 2—u —wv. Clearly U(f) = {(1,1)}. Observe
that F' = Fixye (aRZ/@,u,v)) is isomorphic to T, with each ¢t € T corresponding
to the point in Xp, /2y all of whose coordinates equal ¢. For each finite-index
subgroup I" we have that Qr NU(f) = {(1,1)}, so the analysis of the previous
section implies that Fixr(ag,/(2—u—v)) is a finite union of cosets of F, and hence
always infinite. The exact number of these cosets is computed in Lemma 2.1

Example 3.2. Let d = 2 and f(u,v) = 1+ u + v. Setting w = e2™/3 it is easy
to verify that U(f) = {(w,w?), (w?,w)}. To describe the periodic point behavior of
this example, parametrize the finite-index subgroups of Z? as

Fa7b,C:Z{g] @Z{ﬂ,wherea>0,c>0, and 0 < b < a.

Then

U(f) if a =0 (mod 3) and b+ 2¢ =0 (mod 3),
& otherwise.

QFa,b,c N U(f) = {

Hence Fixr, , . (ar, /(14u+v)) is a finite union of 2-dimensional tori if a = 0 (mod
3) and b+ 2c =0 (mod 3), and is a finite set otherwise. Thus Fixr _, (R, / 14utov))
is infinite whenever N is a multiple of 3. In this example the coordinates of every
point in U(f) are roots of unity.

Example 3.3. Let d = 2 and f(u,v) = 2 — u? + v — uv. We will show that
U(f) = {(&n),(€,7)}, where € and 7 are algebraic numbers but not algebraic
integers. It follows that Qr NU(f) = @ for all T' € F, and hence that Fixr(ag,/(s))
is always finite.

From f(u,v) =0 we obtain that v = v(u) = 21;_“12. Setting u = 2™ we must
solve [v(e2™)| = 1. Since T = u~! = e~ 2™ we can write 1 = |v(u)|? = v(u)v(u) =

v(u)v(u~!) as an algebraic equation. Clearing fractions yields (2 — u?)(2 —u™2) =
(u—1)(u=! —1). Symmetry in u and u~! means we can write this as an equation
inc= %(u+ut) = cos2nb, resulting in 82 — 2¢ — 7 = 0. This equation has
roots (1 —v/57)/8 ~ —0.818 and (1 4 /57)/8 ~ 1.068. Only the first is a possible
value of cos 276, so Re(¢) = (1 — v/57)/8. There are two choices for Im(¢), namely
+(1—Re (5)2)1/2. Using these yield the corresponding values n = v(§), or explicitly,

1/2
_1m+i(3+\/5—7>/

¢ 8 32

and

—1
= ————— |34+ 6V57 +i (11 6+ 2V/57 + 342+114\/5_7H
7 56 + 8v/57 [ \/ \/
The minimal polynomial for £ is 2t* — 3 — 32 — ¢ 4+ 2 and for 7 is 2t* + 13t3 +
18¢2+13t+2, showing that each is an algebraic number but not an algebraic integer.

Example 3.4. Let d = 2 and f(u,v) = 2 — u + v — uv — u?v. Here v appears

linearly, and the techniques used in the preceding example still work. In this case
3

v(u) = %, and the equation v(u)v(u~!) = 1 is transformed under the change

of variables ¢ = %(u +u~1) to 16¢® — 4c®> — 12¢ = 0. The root ¢ = 1 yields the point
(1,1) € U(f). The root ¢ = 0 gives u = i, with corresponding v(+i) = —g F i%.
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The final root ¢ = —% gives u = —% ii%, with corresponding v = —% ii%%}lﬁ.
Thus
U(f) :{(1)1)3 (236)5 (_Za )a (naC)a (ﬁac)}7
where
3 4 3 VT 528 1767
=2 2 p=—24i¥XL and c=-224
§=5 g =yt and 0= o it

are all algebraic numbers but not algebraic integers.
Note that although f is irreducible, the algebraic properties of the coordinates
of points in U(f) vary considerably.

In the previous two examples we exploited the property that one variable could
be expressed as a rational function of the other. In general this function will be
algebraic, and calculations much more difficult. An alternative approach is to use
Grobner bases. Let up = xp + iyr and expand f(x1 + iy1,...,2q + iyq) into real
and imaginary parts as g(x1,v1,...,%d,yd) + th(z1,y1,-..,%d,Yd), where g,h €
Z[x1,y1,- -, 2%d,yq). Compute a Grobuer basis for the ideal in Q[z1,y1, ..., T4, Yd)
generated by g, h, and the polynomials 22 + y — 1 (1 < k < d), say with term
order 1 < Y1 < --- < xq < yq. If this basis contains a polynomial in z; only, we
can solve for the real roots and back substitute to obtain all solutions. Carrying
this out on Example B3] for instance, gives 822 — 22, — 7 in the ideal, the same
polynomial (in ¢) as we arrived at there.

Before the next example, we remark that when d = 2 finding examples is
relatively easy, since generically we expect the 2-dimensional torus to intersect the
(real) 2-dimensional variety in a finite set. This behavior fails for d > 3, and the
matter is more delicate since the variety must now intersect the torus tangentially
in finitely many places.

Example 3.5. Let d = 3 and f(u,v,w) = g(u) — v — w, where g(u) = u* — 3u® +
3u+ 3.

We claim that the minimum value of |g| on S is 2, and that this minimum
is attained at exactly two algebraic integers n and 77 in S. It turns out here that
g(n) = 277. Hence

U(f) = {(naﬁa ﬁ)’ (ﬁa 77#7)}-
It follows that all periodic point groups are finite.
To verify our claim, use the rational function parametrization s: R — S~ {—i}
given by
. 2t 11—
s = re e
(Omitting —i from the range is harmless since —i is far from the location of the
minimum.) Then

é(t) = lg(s())]* = g(s(t))g(s()) > 0.
Expanding this product and taking the derivative shows, after a lengthy calculation,
that
96
ey
Evaluating ¢ at the real roots of ¢'(t) = 0 shows that the minimum value of ¢ is
attained at the two real roots of the irreducible quartic factor t* 4+t — 2t> +t + 1

P (t) = — (% — 717 — 10t° + 25¢° — 25¢3 + 10t% + 7t — 1).
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of the numerator of ¢'(t), explicitly at

VT 1 [1evET
4 2 2
S

5 =
and its real conjugate. We put n = s(§) € S. An exact calculation shows that
g(n) = 27, verifying our claim.

One variation on this theme is to use f(u,v,w) = g(u) — v" — w*, which has a
more complicated, but still finite, unitary variety.

4. Algebraic points on varieties

In every example from the preceding section, the coordinates of the points in
U(f) are algebraic numbers. Using an argument kindly shown to us by Marius van
der Put, we will prove that this is always true. The algebraicity of the coordinates
is crucial to our proof of Theorem

We begin with a result in real algebraic geometry.

Proposition 4.1. Let q be an ideal in Q[t1,...,ts) and define
R(q) :=={(r1,...,rq) €ERY: g(r1,...,74) =0 for all g € q}.

Suppose that (a1, ...,aq) is an isolated point in R(q). Then each a; is an algebraic
number.
ProoF. Each a = (a1, ...,aq) € R(q) gives a ring homomorphism
@a: Qt1,...,td)/qa — K :=Q(ay,...,aq) CR
with ¢a(t;) = a;, and every homomorphism Q[t1, . .., tq]/q — R comes from a point

in R(q) this way.
Suppose that a = (a1,...,aq) € R(q), and that K = Q(aq,...,aq) is not al-

gebraic over Q. Then there are k > 1 algebraically independent elements by, ..., b €
K and an element ¢ € K algebraic over Q(by, ..., bg) such that K = Q(by, ..., bx)(c).
Write the minimal polynomial of ¢ over Q(by,...,bx) as

Pbi,... b, T) :=T" +ppi(br, .., bp)T" -+ po(by, ..., bg)

where the p; (11, ...,T)) € Q(T4, ..., Ty) arerational functions. Now P(by, ..., bg, T)
is irreducible over Q(by,...,b;) C R, so that ¢ is a simple root. Hence there are
¢1 < ¢ and ¢3 > ¢ such that P(by,...,bg,c1) and P(by, ..., bk, ca) are nonzero and
have opposite sign. Therefore if we perturb slightly each b; to b;-, the new polyno-
mial P(b},...,b},T) € R[T| has a root ¢ very close to c. If we further assume that
{b},...,bL.} is also algebraically independent, then there is a field isomorphism

P Q(by, ..., by, c) = QbY,. .., b, ).
Now each a; is in K = Q(b1,...,bx)(c) and can thus be written in the form

n

a]— = Z Qmj(bh .. .,bk)Cm, Where Qmj(Tla e ,Tk) S Q(Tl, - .,Tk).

m=0

Hence if the perturbations are sufficiently small, we see that

aj = Z Gmj (b, b)) ()™

m=0
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is very close to a; for 1 < j < d. Let &’ = (a},...,a}). Then

¢a/:7/)O¢a5Q[t1a---atd]/qHR

is a homomorphism, and so a’ € R(q). This proves that if a has at least one non-
algebraic coordinate, then a cannot be isolated in R(q). O

Proposition 4.2. Let f € Ry and suppose that U(f) is finite. Then the coordinates
of every point in U(f) are algebraic numbers.

PROOF. We again use the rational function parametrization s: R — S\ {—i}
given by
s(t) = 2t +1 ﬂ
1+ t2 1+ ¢2

Define s: RY — S% by s(t1,...,tq) = (s(t1), ..., s(ts)). We may assume that U(f) C
s(R9). For if this fails, we can easily adjust the parametrization to omit a point on
S with rational coordinates that does not appear as a coordinate of any point in
the finite set U(f).

Consider the equation f(s(t1,...,tqs)) = 0. Expanding and multiplying through
by szl(l + t)™ # 0 for suitable ng, this takes the form

g1(t1,---,td) —l—igg(tl,...,td) =0,

where each g; € Z[t1,...,tq]. Let q = (g1, 92) C Q[t1,...,tq]. By assumption, R(q)
is finite, so all of its points are isolated. By the preceding proposition, these points
have algebraic coordinates. Each point in U(f) is the image under s of a point in
R(g), and hence also has coordinates that are algebraic numbers. O

5. Homoclinic points

In this section we will construct periodic points by using homoclinic points
which decay rapidly enough.

Let 3 be an algebraic Z%action on a compact abelian group Y. An element
y € Y is homoclinic for 3 if lim|_.o 8%y = Oy. The set of all homoclinic points
for 3 is a subgroup of Y, denoted by Ag(Y).

According to [8], the following hold if 3 is assumed to be expansive:

(1) Ag(Y) is at most countable;

(2) Ap(Y) # {0y} if and only if 8 has positive entropy with respect to Haar
measure Ay on Y;

(3) Ag(Y) is dense in Y if and only if # has completely positive entropy with
respect to Ay; and

(4) For every y € Ag(Y), f™y — Oy exponentially fast.

If 3 is not expansive, then there is no guarantee that Ag(Y) # {0}, even if
£ has completely positive entropy. For example, let A € GL,(Z) have irreducible
characteristic polynomial, and also have some but not all of its roots on S. Then
by [8, Example 3.4], the Z-action generated by A on T™ has completely positive
entropy (indeed is Bernoulli), and yet has trivial homoclinic group.

Furthermore, if 8 is not expansive then homoclinic points may decay very
slowly, in contrast to the exponential decay in the expansive case. Let f(u,v) =
2 —u — v and consider the Z*-action ap,,sy on Xpg,, s, that we discussed in
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Example3l By [8] Example 7.2], 1/f is integrable on S?, and its Fourier transform
w? is given by
1 (m +n

(5.1) wémﬁin) — ) gmtn+l ) if m>0andn >0,

n
otherwise.

Let 22 denote the coordinate-wise reduction (mod 1) of w”®. Then z® is a ho-
moclinic point for ag, /sy, and in fact every homoclinic point is a finite integral
combination of translates of . Note that

A 1 2n\ 1
Wen=m) = 92017\ ) ™ 2/mn
decays slowly, and also that >_, . |w(Am myl = 0.
When U(f) is finite but nonempty, the action a = ag, /(s is not expansive on
X = XRg,/(s)- We will restrict our attention to those homoclinic points which decay
rapidly enough to be summable. Hence define

AL(X) = {x €A(X): Y faal < oo},
nezd
where for t € T we let |¢| denote the distance from ¢ to 0 in T.

In order to analyze the homoclinic group, we first linearize the action a. Con-
sider the surjective map p: £>°(Z% R) — T2 given by p(w)n = wn (mod 1). If f =
>, fau™ and & is the shift-action on £°°(Z% R), then f(5) = Y, fao™: £°(Z%,R) —
£>°(Z4,R). We define

W= p YX) = {w € (2" R) : plw) € X}
= {w € £>*(Z4,R) : f(5)(w) € £>°(24,7)},

and view Wy as the linearization of X.
For w € *°(Z%,R), we define its adjoint w* by w}, = w_,. Each a € £1(Z¢R)

n
acts as a linear operator on £>°(Z R) via convolution, defined by

(a*W)m = Y GnWm-n for all w € ((Z%,R).
nezd
For a € ¢*(Z4,R) we define its Fourier transforma: S¢ — C by a(s) = >__ ans®,
where as usual s® = 7' - -+ s/}%. In the opposite direction, if ¢: S¢ — C is integrable
with respect to Haar measure A on S%, then we write ¢ € £>° (Z%,C) for its Fourier
transform, where

On = /Sd d(s)s M dA(s).

If g =Y, gnu™ € Ry, we can consider g as the element (gn) € (1(Z%,R).
With this convention, the action of g(&5) on ¢*°(Z%,R) coincides with convolution
by g*, i.e., g(¢)(w) = g* xw. Furthermore, g is just the restriction of the polynomial
function g to S%, and ¢* is the restriction of the complex conjugate g.

Since the Fourier transform onf f has only finitely many zeros on S¢ by as-
sumption, it follows that 1/ f: S? — C is analytic with finitely many poles. We seek
multipliers that will make the Fourier transform summable, and so define

my = {g €Rq:7/ f: S% — C has absolutely convergent Fourier Series},
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which is clearly an ideal in Rg4. For every g € my we write

(5.2) w'? = (¢*/F) € (2, R)

for the summable Fourier transform of g* / F = ﬁf
Proposition 5.1. Let f € Rq with finite U(f). Then (f) C my.

Before beginning the proof, we remark that if U(f) = @, then 1/fAis smooth,
and so m; = Rq. However, if U(f) is nonempty, then 1/ £ is not bounded, and so
my is a proper ideal. The strict containment (f) C my fails for d = 1, and this is
the main reason we require d > 2.

PROOF. First note that f cannot be expressed as a polynomial in fewer than
d variables since U(f) is finite. Hence no polynomial of fewer variables can be
contained in (f).

Define the isomorphism e: T? — S% by e(ty,...,tq) = (e?™ ... e27ita), As
before, for t € T let |t| denote the distance from ¢ to 0 For t, t' € ']I‘d put ||t t’ || =
max{|t —t}] : 1 < j < d}. Define the metric § on S by §(s,s') = [le~(s)—e~!(s)].

Let a = (a1,...,aq) € U(f). Since foe is analytic on R%, and in a neighborhood
of e~!(a) vanishes only there, it follows that there are constants ¢ > 0, k > 1, and
€ > 0 such that

|f(s)| > cd(s,a)” whenever §(s,a) < e.

We start by considering the first coordinate a; of a. By Proposition[4.2 a; is an
algebraic number. Hence there is a nonzero polynomial hy € Z[u1] with hq(a1) = 0.
It follows that |?L(s)| < ¢101(s,a1) for s € S near ay, where ¢; > 0 is a suitable
constant and J; is the metric on S analogous to §. Define h € Ry by h(u1,...,uq) =
hi(uy). Then for s near a we have that |?L(s)| < ¢161(81,a1) < ¢1 0(s,a). Hence near

a we have the estimate
C”l
< (—1) 5(s,a)" k.

c

h"(s)
f(s)
By taking n sufficiently large we can guarantee that hn / fAis as differentiable as we
please, in particular that it is d times continuously differentiable.

Repeating this procedure for every point in U(f), and letting glui] € Z[u;] be
the product of the corresponding ht(u1)’s, we obtain that g/f is d times continu-

ously differentiable on S%. Hence the Fourier series of g/ fis absolutely convergent
(see [10] or [I] for much sharper results). Thus g € my, and since it is a polynomial
in one variable it cannot be in (f) by our earlier remark. O

Proposition 5.2. Suppose that f € Rq has finite U(f), and let o = a5y be the
algebraic Z*-action on X = XRy/(fy- For every g € my let 29 = p(w'9)), where
w'9) is defined in (5.2). Then AL(X) = {29 : g € ms}. Purthermore, (9 = 0
if and only if g € (f), so that the map g + (f) — x9 is a group isomorphism of
g /{f) with AL(X).

PrOOF. Let z € AL(X). Choose w € ¢*(Z4,R) with p(w) = 2. Then

f(5)(w) € 1°°(2,72) N 11 (2, R),
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and so is an element, say ¢g*, of Ry. Taking Fourier transforms of f*xw = f(¢)(w) =
g* shows that F @ = g*. Hence & = gA*/F is well-defined off a finite set, and has
absolutely convergent Fourier series w. Thus w = w(9), and so z = z(9).

Conversely, suppose that g € my. Then w(9) = (gA"‘/F)~€ (74 R), and as
above we obtain that f(5)(w'9)) = g* € ¢*(Z% 7). Hence w9 € Wy, and so
29 = p(w9)) e Al ().

Finally, if g € = mj and 29 = p(w(@) = 0, then h = w9 € Ry. Taking Fourier
transforms gives h= g /f* so that g* = h - f* and g = f - h* € (f). The converse
is obvious. O

Sometimes it is useful to determine m; explicitly. For example, this is the case
in [14], where the Laplacian f(9) = 2d — Z?Zl(uj + uj_l) € Ry, d > 2, was studied.
There it is shown that

(5.3) My = <f(d)> + 35,

Whereﬂd—{hERd h(1 —0} yee s g — 1),

We demonstrate how to obtaln such results using again the example f(u,v) =
2 —u—v € Ry discussed in Example Bl and at the start of Section Bl Firstly, since
f has only one zero on S?, namely 1 = (1, 1), the Fourier transform J?has one zero
on T2 2 [~1/2,1/2)2 at 0 = (0,0). The Taylor series expansion of f at 0 is

F(0,6) = —2mi(0 + ¢) +272(6 + ¢°) + O(|6]* + []*).

According to the proof of Proposition[51] g, (u) := (u—1)" € my for all sufficiently

large m. What is the minimal such m? If g,,(u) € my, then g,,/ # must be at least
continuous at 0. Inspecting the Taylor series expansion of g,, at 0 for small m we
find that

&
I

o(6
g (9, ®) = —2mif + 2120 + O(6°),
G20, 9) = —4n%0% + O(63).

It is evident that g,/ f is not continuous at O for m = 0,1,2. It turns out that
g3(u) € my. We can establish this fact either by showing that g3/ f is sufficiently
smooth at 0, or alternatively by showing that g5 xw® € ¢*(Z¢,R), where w® is the
homoclinic point given by (&.1]).

For every (m,n) € Z* we have that

(g§ * U}A)(m,n) = —W(m,n) + 3rw(nl-i-l,n) - 3w(m+2,n) =+ W(m+3,n)-

Assuming that m > 3, n > 0, and using expression (5.I) for elements of w®, one
has after some manipulation that

. B 1 m+n\ (m—n)®—3(m? —n?)+2(m —n)
(93 * wA>(—m,—n) - gm+n+1 < > (m +n— 2)(m +n— 1)(m + n)

Let N=m+n > 3. Then m = N —n, and so

N 1 |N —2n] + (3N +2)|N — 2n|
)(mn|\2N+1( ) (N*Q)(Nfl)]\f .

m

(g3 * w
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Suppose X1, Xo,... are independent random variables with an identical distribu-

tion P(X; = +1) = 1. Then, by a well known probabilistic result, the so-called
Khintchine inequality [11], for any p > 0 there exists a constant ¢, such that

N
> Xi
i=1

Thus for some C > 0 and all sufficiently large N

E

p 1 N N i
ZQNZ( )|N—2n|p<CpN5 for all N.
n
n=0

C
Z (g5 % w™) (—m,—m)| < NIz
m=>=3,n>0
m4+n=N

with m < 3
are exponentially small in N = m + n, proves that g5 * w® € ¢1(Z4,R).

Similarly one shows that other third powers (1 — u)?(1 —v), (1 — u)(1 — v)?,
(1 —v)3 belong to my as well. Moreover, u — 1 = —(v — 1) mod (f) and ms D (f).
Therefore from (u—1)% ¢ ms we conclude that (u—1)(v—1) ¢ ms and (v—1)* & my.
Thus we have exactly identified the multiplier ideal of f(u,v) = 2 —u — v to be
my = (f) + 3.

This, together with the observation that the boundary terms wé m,—n)

6. Symbolic covers

For every nonzero summable homoclinic point z € AL (X) we construct here
a shift-equivariant group homomorphism from £>°(Z¢,Z) to X. Indeed this map is
surjective when restricted to a ball of finite radius in £>°(Z%,7Z), and so provides a
symbolic cover of X.

According to Proposition [5.2] every homoclinic point z € Al (X) has the form
z = p(w9)) for some g € my, where w9) € ¢*(Z? R). We define group homomor-

phisms Eg: 0°(Z%,7) — £°(Z%, R) and &,: £>°(24,7) — TZ" by
§(v) =W (3)(v) = w5 v and & (w) = p(§y(w)).
These maps are well-defined since w(9) € £1(Z? R), and commute with the appro-

priate Z%-actions.

Proposition 6.1. For every g € my,

(6.1) &) = {ﬁf} ?Z i fff N

We first establish two lemmas.

Lemma 6.2. For every v € >°(Z4,R) and g € my,

(6.2) (£(6) 0 &)(v) = f** W@ x v = g" v = g(5)(v).

PROOF. The proof of Proposition shows, after taking Fourier transforms,
that (6.2)) holds whenever g € m; and v € (1 (Z% R).

For K > 1 put Vi = {v € (*°(Z%,R) : ||v]|soc < K}. Then Vi is shift-invariant
and compact in the topology of pointwise convergence, and the set Vi = Vg N
(24, R) is dense in Vi. For v € VL clearly &,(v) = w9 % v and (f(5) 0 &,)(v) =
g* * v. Since Eg and f(&) are continuous on Vi, these equations continue to hold
for all v € V. Letting K — oo shows that (6.2)) holds for all v € £>°(Z% R) and
gEemy.
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For the last assertion, recall that for every v € Ry,
F(E)(E W) = f* 5w x v = g" x v € Ry C £(Z%,Z),

Hence &, (v) = p(gg (v)) € X for every v € R4. The continuity argument above then
shows that &,(v) € X for every v € £>°(Z4,7Z). O

Lemma 6.3. Let g ¢ my ~ (f), and put K =3 ,a|fu|. Then §(Vk) = X, and
50 £,(1(Z4,Z)) = X. Furthermore, the restriction of &, to Vi, or to any other
bounded, closed, shift-invariant subspace of £>°(Z%,7), is continuous in the product
topology.

PROOF. Let € X. Choose w € Wy with p(w) = z and 0 < wy < 1 for all
n e Z4 If v = f(5)(w), then v € £*°(Z% Z) and —K < v, < K for every n € Z%,
so that v ENVK. N

Since &, commutes with f(&), we see that {;(v) = p({4(v)) = g(a)(z). This
shows that g(a)(X) C ,(Vk) C X.

We claim that g(a)(X) = X. For h+(f) € Rq/{f) annihilates g(a)X iff gh+(f)
annihilates X iff gh € (f) iff h € (f), since f is irreducible and g ¢ (f). This shows
that g(«)(X) and X have the same annihilator, and so g(a)(X) = X.

Continuity of &, follows as in the previous lemma. (I

PROOF OF PROPOSITION [G.1] If g = h - f € (f) for some h € Ry, then w(9) =
h* € Rg, and hence &,(v) = hxv € £2(Z% 7Z) for every v € (*°(Z%,Z), showing
that &,(¢>°(Z%,Z)) = {0}. The case g € m; \ (f) is handled by Lemma (.3l O

7. Proof of Theorem

We use the fact that entropy equals the growth rate of separated sets, and that
by using homoclinic points we can approximate elements in such sets with periodic
points.

Lemma 7.1. Let {T'),},>1 be a sequence of finite-index subgroups of Z¢ with (I',,) —
o0 as n — oo. Then there exists a sequence {Qn}n>1 of subsets of Z% such that
(1) Each @ is a fundamental domain for Ty, i.e. the collection {Qn + m :
m € G, } is disjoint and has union Z%; and
(2) {Qn}n>1 is a Folner sequence in 7.

PRrROOF. This is an easily proved special case of [3, Cor. 5.6]. O

Definition 7.2. Let Q C Z? and £ > 0. We say that E C X is (Q,€)-spanning
in X if, for every x € X there is a y € E such that |z, — yn| < € for every n € Q.
Dually, F C X is (@, €)-separated in X if, for every distinct pair z,y of points in F,
there is an n € Q with |z, — yn| > €.

Lemma 7.3. For everye > 0 there exists a finite set Ac with the following property:
if T' is a finite-index subgroup of Z¢ and Q is a fundamental domain for T, then
Fixp(a) is (mmeAg (Q — m),e)-spanning in X.

PROOF. Fix g € my~(f), and define w(?) € ¢1(Z4,R) asin (5.2). Let ¢ > 0, and
put K =3 74 |fal- Choose a finite subset A. of Z? so that D neziA. |w1(1g)| <
e/K.

Since Eg (Vk) = X by Proposition 6] for every € X there is a v € Vi with
&y(v) = z. Define v' € Vp(Z) by requiring that v}, = vy, for every n € @, and
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extending v’ by I-periodicity. Our choice of A, implies that |§~g(v)n - gg(v’)n| <e
for every n € (4. (Q — m). Let 2’ = p(v'). Then x € Fixr(a) and |z, — 2| < e
for every n € ﬂmeAg (Q — m). O
We write
Q(f) ={w = (w1,...,wa) € U(f) : each w; is a root of unity}
for the set of torsion points in U(f). If Q(f) # @, set
D(f)={nezZ:w”=1: forevery w € Q(f)}.
Then I'(f) € F, and we can find N(f) > 0 with I'(f) C N(f) - 2.

Lemma 7.4. Let T be a finite-index subgroup, and put Qr(f) = Q(f) N Qr. Then
Fixp(a) is finite if and only if Qr(f) = @. If Qr(f) # @, then Fixx(a) = TI¢r ()l
and Fixp(a) C Fixy(p).ze(a).

m

Proor. We denote by Wr(C) C £>°(Z% C) the linear span of {v(*) : w
Qr(f)}, where v@) is defined in ZI). Write Vi(R) = Wr(C) N ¢>(Z%,R) ¢ W
for the real part of Wr(C). The dimension of Vr(R) equals |Qr(f)|, and Fixp ()
p(VE(R)) =TI (NI Since Vi (R) C Vn(s).za(R), applying p shows that Fixp (o)
FiXN(f)‘Zd(O[).

~

On

Lemma 7.5. For every e > 0 there is an M(e) > 0 with the following property:
for each T' € F, every (Z%, ¢)-separated set in Fixp(a) has cardinality < M(g).

PrOOF. By Lemma [7.4] for every ' € Fixp we have that Fixp(a) is a subtorus
of the fixed finite-dimensional torus Fixy s).z4(c). If @ = {0,..., N(f) — 1}%, there
is an M (e) > 0 such that every (Q, ¢)-separated set in Fixy(f).za(0) has cardinality
< M/(¢). By periodicity, every (Z%,¢)-separated set in Fixy(f).z¢(0) (and hence in
Fixp(cr)) has cardinality < M (e). O

Lemma 7.6. Let Q C Z% and T be a finite-index subgroup of Z¢. Suppose that
e > 0 and that F C Fixp(«) is a (Q,¢e)-separated subset with cardinality L. Then
F intersects at least L/M () distinct cosets of Fixg(a) in Fixp(a), where M(e) is
given in Lemma[7.0]

ProoOF. This is an immediate consequence of Lemma O

PrOOF OF THEOREM [[L2l For a finite subset Q@ € Z%, let rg(e) denote the
largest cardinality of a (Q,e)-separated set in X. According to [2] Prop. 2.1], for
every Fglner sequence {L,},>1 in Z%, we have that
(7.1) lim lim inf € logrr, (£) = h(w).

e—0 n—oo |Ln|

Let {T';,}n>1 be a sequence in F with (I';,) — oo as n — oco. By Lemma [7]]
there exists a Fglner sequence {Qy,}n>1 of fundamental domains for the IT'y,.

Fix ¢ > 0 and use Lemma [ to find a finite set A./3 C Z? such that Fixp, ()
is (@),,&/3)-spanning in X for every n > 1, where Q] = ﬂmEAE/g (Qn — m). Note
that {Q!,}n>1 is again a Fglner sequence in Z? with |Q}|/|Qn] — 1 as n — co. We
may assume Q) # @& for all n > 1.

For all n > 1 choose a maximal (Q!, ¢)-separated set F,, C X with cardinality
rq: (€). We fix n for the moment and choose for every y € F), an element z(y) €
Fixr, () with |yn — 2(y)n| < €/3 for all n € Q),. The points z(y) must be distinct
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for different y, so F), = {z(y) : y € F,,} also has cardinality |F),|. Lemma [7.6] shows
that there is an M (g) > 0 (which depends on € but not on n) such that F), intersects
at least | F,|/M(e/3) distinct cosets of Fixp, (a) in Fixr, (o). Hence

Fl
M/3) - M3 o)

Pr, (@) = | Fixr, () / Fixp, (@) >

for every n > 1. It follows that

1
liminf ————1log Pr, (@) > liminf —— logrg: (¢) = hm 1nf logrg: (g).
n—co |Zd/F | n—co |Qnl " |Q’| "
Letting ¢ — 0, invoking ([I)), and combining with Theorem [l completes the
proof. (I

8. Specification

Specification is a strong orbit tracing property that has many uses. Ruelle
[12] investigated the extension of this notion to topological Z-actions. In [8] it
was shown that expansive algebraic Z%actions with completely positive entropy
satisfy several flavors of specification. The proof made crucial use of the existence
of summable homoclinic points. By Proposition [£.2] this tool remains available for
the (nonexpansive) actions ag,,yy when U(f) is finite. In this section we extend
previous results to such actions.

Definition 8.1. Let 3 be a Z%action by homeomorphisms of a compact metric
space (X, p).

(1) The action 8 has strong specification if there exists, for every € > 0, a
number p(e) > 0 with the following property: for every finite collection {Q1, ..., Q+}
of finite subsets of Z?¢ with

8.1 dist(Q; = i —n| > 1<j<k<t),
(81)  dst(Q Q)= min_ m-n|>p) (1<j<k<

every collection {z(M,...,2®} ¢ X, and every I' € F with

0ist(Q; + 1, Qi) > ple) (1<7 < k<t, keT~ {0}),
there is a y € Fixp(5) with
(8.2) p(B”y, fz)) < e for all m € Q;, (1 <j < t).

(2) The action 8 has homoclinic specification if, for every € > 0, there is a
p(e) > 0 such that for every finite collection {Q1,...,Q;} of finite subsets of Z<
satisfying (8I) and every {z(V) ... 2} C X, there is a y € Az(X) satisfying

B2).

Theorem 8.2. Let d > 2 and f € Ry have finite U(f). Then ag, /sy has both
strong specification and homoclinic specification.

PROOF. Let o = ag, /sy and X = Xg,/(s). Using the notation of Proposition
B2l choose g € my ~ (f), with corresponding z(9) € Al. By the proof of Lemma
6.3l we can find y¥) € X with g(a)(y)) = 29 for 1 < j < t. The proof of [8|
Thm. 5.2], applied to the y) and replacing the fundamental homoclinic point with
29 now yields the required y. (I
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Remark 8.3. For d = 1 and U(f) # &, both strong specification and homoclinic
specification always fail, although a weaker form still holds [6]. This again illustrates
the difference between d = 1 and d > 2.

9. Further remarks

An alternative approach to proving Theorem [[L2 uses Gelfond’s deep results on
algebraic numbers (see [4l, p. 28]). Let & = (&1, . ..,&4) have algebraic coordinates,
and recall that these are called multiplicatively independent if the only n € Z¢ for
which " ==& -] =1isn=0.

Theorem 9.1 (Gelfond, [4, Thm. III]). Suppose that & = (&1 ...,&q) has al-
gebraic coordinates that are multiplicatively independent. Then for every € > 0
there are only finitely many n € Z¢ for which |€* — 1| < e~<I?l, where ||n|| =
max{|n1],...,|nq|}

Let f € Rq have finite U(f). Define log, ¢ for ¢t > 0 to be logt if ¢ > 0 and 0 if
t = 0. According to Lemmam for each T' € .7:

(9.1) |Q [log Pr(am, /(1) = |Q | > logy |f(w

wer
Now log|f| has only finitely many logarithmic singularities, and by Proposition
these all have algebraic coordinates. We can therefore use Gelfond’s result to
control the few potentially large negative values of log | f| for w € Qp near one of
these singularities, to show that the Riemann sums in ([@J]) will converge to the
limit m(f) = h(aRd/<f>).

To make a similar argument work when U(f) is infinite, we would need an
estimate of the form dist(U(f),w) > e~°«) where w = (wy,...,wq) ¢ U(f) has
coordinates which are roots of unity, and o(w) denotes the order of w in S%. Such
estimates, however, do not appear to be available.

We remark that if we replace averages of log | f| over the finite subgroups Qr by
averages over a sequence {K,,} of compact connected subgroups in S that become
uniformly distributed, then a result of Lawton [5] shows that for every nonzero
f € Ry we do have convergence,

/ 10g|f|d/\KnH/ log |f] d\ge as n — oo,
Sd

n

and so the diophantine issues disappear.
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