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Abstract. In this sequel to [16], we continue to study the congruence properties of the alter-
nating version of multiple harmonic sums. As contrast to the study of multiple harmonic sums
where Bernoulli numbers and Bernoulli polynomials play the key roles, in the alternating setting

the Euler numbers and the Euler polynomials are also essential.
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1. INTRODUCTION

In proving a Van Hamme type congruence the first author was led to consider some con-
gruences involving alternating multiple harmonic sums (AMHS for short) which are defined as
follows. Let d > 0 and let s := (s1,...,84) € (Z*)?. We define the alternating multiple harmonic

sum as
% sgu(s,)™
1<ky <ko<--<kg<n i=1 i
By convention we set H(s;n) =0 any n < d. We call £(s) := d and |s| := 2?21 |s;| its depth and
weight, respectively. We point out that ¢(s) is sometimes called length in the literature. When
every s; is positive we recover the multiple harmonic sums (MHS for short) whose congruence
properties are studied in [I0} [IT} 18] 19]. There is another “non-strict” version of the AMHS
defined as follows:
“ sgn(s,)™
S(S; TL) = Z H k|5i| .
1<k1<kz<--<kg<n i=1 i
By Inclusion and Exclusion Principle it is easy to see that

S(s;n) =Y H(r;n), (1)

r=s
H(sin) =) (1)@ ®5(x;n), (2)
r=<s
where r < s means r can be obtained from s by combining some of its parts.

The main goal of this paper is to provide a systematic study of the congruence property of
H(s;p—1) (and S(s;p—1)) for primes p > |s| + 2 by using intimate relations between Bernoulli
polynomials, Bernoulli numbers, Euler polynomials, and Euler numbers. Throughout the paper,
we often use the abbreviation S(—) = S(—;p—1) and H(—) = H(—;p — 1) if no confusion will

arise. The following congruences concerning harmonic sums will be crucial for us.

Theorem 1.1. Let k € N and p be a prime. Set X,(k) == i"_*k’“ — 252;_*11:2).
(a) [15, Theorem 5.1] If p > k + 3 then

H(k) = k(k+1)Bp_a—ip?/2(p—2 — k) (mod p3), if k is odd;
| —2kX,(k+1)p (mod p?), if k is even.
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(b) [I5, Theorem 5.2] If p > k + 4 then
2(2% — 2) X, (k) (mod p?), if k> 1 is odd;
H(k;(p—1)/2) =4 —k@*' - 1)X,(k+1)p (mod p3),  if k is even; (4)
—2qp + pq; — 3p°¢3 — 5p°Bp-s  (mod p?), ifk=1.
Here q, = (2P=! — 1) /p is the Fermat quotient.

We now sketch the outline of the paper. We start §2] by recalling some important relations
among AMHS such as the stuffle and reversal relations. Then we present some basic properties
of Euler polynomials which provide one of the fundamental tools for us in the alternating setting.
Then in §2.3 we describe two reduction procedures for H(s) (mod p) general s, which are used

to derive congruences in depth two and depth three cases in §3] and 4l respectively.

Theorem 1.2. Let a,f € N, s = (s1,...,8;) € (Z*)" and s’ = (sa,...,5¢). For every prime
p>a+2 write H(—) = H(—;p —1). Then we have the reduction formulae

1 1
H(a,s)E—EH((a—l)Ele,s’) —§H(a@31,s')

+ kZ:Q (p ; a) pBikaH((k +a—1)®s1,s") (mod p),
H(-a,s) % (H(s) ~ H(-s1.5))

(]

() 2D u (k4w o) o )

~— O

=
Il

where s ® t = sgn(st)(|s| + [t|) and E(0) = 2(1 — 2*+*1) By /(k + 1).

In §8lwe deal with the homogeneous AMHS of arbitrary depth and provide an explicit formula
using the relation between the power sum and elementary symmetric functions and the partition
functions. §6lis devoted to a comprehensive study of the weight four AMHS in which identities
involving Bernoulli numbers such as those proved in [I8] play the leading roles. For example,
by writing H(—) = H(—;p — 1) we find the following interesting relations (see Proposition [6.1]
Proposition and Proposition [6.4]):

1 =
H(1,-3) = §H(—2, 2) EZQkBkBp_3_k (mod p),
k=0
1
H(_lag) = §qup—3 (mOd p)a
)
H(1,-2,-1)=H(1,-3) quBp_3 (mod p),
1
H(-1,1,-1,1) = H(1,~1,1,-1) = — (g, B3 + 24} (mod p),

1
H(-1,1,1,-1) =1 (6H(1, —3)+ 7qpBp—3 + 2q;4,) (mod p),

for all primes p > 7. None of the above congruences can be obtained simply by the stuffle and
reversal relations.

After studying some special types of AMHS of weight four in §5l we turn to congruence
relations involving lower weight AMHS modulo higher powers of primes in the last section. One
of the main ideas in these sections is to relate AMHS to sums U(s;n) and V (s;n) defined by
B7) and (38)), respectively. These sums appeared previously in congruences involving powers of
Fermat quotient (see [2] 3, [5] [8]).

Most of results of this paper were obtained while the second author was visiting the Max-

Planck-Institut fiir Mathematik whose support is gratefully acknowledged.
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2. PROPERTIES OF AMHS

2.1. Stuffle relation. The most important relation between AMHS is the so called stuffle rela-
tion. It is possible to formalize this using words as in |20} §2] or [14] §2.2] which is a generalization
of the MHS case (see [10, §2]). Unfortunately, for AMHS we don’t have the integral represen-
tations which provide another product structure for the alternating multiple zeta values which
are the infinite sum version of AMHS.

Fix a positive integer n. Let 2 be the algebra generated by letters ys for s € Z*. Define a
multiplication % on 2 by requiring that * distribute over addition, that 1 xw = w*1 = w for
the empty word 1 and any word w, and that, for any two words wi,ws and two letters ys, y;
(s,t €Z%)

Yswi * Yrwz = Ys (w1 * Yews) + Ye(yswi * w2) + Ysae (w1 * wo2) (5)
where s @t = sgn(st)(|s| + |t]). Then we get an algebra homomorphism
H: &,x) — {H(s;n):se€Z ,reN}
1 — 1
Ysy - Ys,. — H(s1,...,8;n).
For example,
H(-2;n)H(-3,2;n) = H(—2,-3,2;n)+ H(-3,-2,2;n) + H(-3,2,—2;n)
+ H(5,2;n)+ H(—3,—4;n).

There is another kind of relation caused by the reversal of the arguments which we call the
reversal relations. For any s = (s1,...,s,) they have the form

H(sip—1) =sgn ( H 5) (1) H(S3p—1) (mod p),
S(s;p— (HSJ) S;p—1) (mod p),

for any odd prime p > |s|, where s = (s,,...,51).

2.2. Euler polynomials. In the study of congruences of MHS [I0, I8, [19] we have seen that
Bernoulli numbers play the key roles by virtue of the following identity: ([I p. 804, 23.1.4-7])

d+1\ B, 4..1_
T r > 1.
zj z( I P )

In the case of AMHS, however, the Euler polynomials and the Euler numbers are indispensable,

too. Recall that the Euler polynomials E,, (x) are defined by the generating function

et > t
1= Z En(x)
n=0

Lemma 2.1. Let n € Z>o. Then we have

d_l(—1)ii” = %((—1)d*1En(d) + En(O)) = zn: (Z) Fraad™™ ", (8)

i=1 a=0
where
(—1)*"1Eq(0)/2, ifa <mn;
Fraa=9q (1- (—1)d)En(0)/2, ifa=mn>0;

—(1+ (-1)%)/2, ifa=n=0.
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Moreover, Eq(0) =1 and for all a € N

Ea(0) = 2 (B (M) = But) = —2-(1 218 ()
a a+1 a+1 2 a+1 a+1 a+1-

Proof. Consider the generating function

oo fd—1 _ mo Al o
> (Tew) & =Sy

n=0 \:i=1 =1
_et)d _
:(6)71 1
et —1
(71>d716dt 41
-~ 7 - T 4
et +1

tn

n=0 :

Now (8] follows from the notorious equation (see for e.g., [I, p. 805, 23.1.7])
" (n
B, (z) = E,(0)z"a 11
@ =3 ()20 1)

for all n > 0. Equation (@) is also well-known (see for e.g., item 23.1.20 on p. 805 of loc. cit.). O

Remark 2.2. The classical Euler numbers Ej, is defined by

2 5 tk
ol f et Z LN
k=0
They are related to Ex(0) by the formula (see [T, p. 805, 23.1.7])
m m—Fk
m Ek 1
Ep(0) = ey (e .
020z ()

Corollary 2.3. Let a € Z>o and p be a prime such that p > a+ 2. Then

_9p—a
—MBP_,I (mod p), if a is odd;
H(—a;p—1)= a(l — 2(;717(1) (12)
————pBp_1-4 (mod p?), if a is even.
a+1

Proof. Taking d =p and n = p(p — 1) — a in the Lemma we see that
H(—a;p—1) =Fpp-1)—appp-1) P00 = 1) = @) Fpo—1)—appip-1)-1-a
1
= p(p—l)—a(o) - ipaEp(p—l)—l—a(O) (mOd p2)7

since all the coefficients in (&) are p-integral by (@) and the property of Bernoulli numbers: B,,
is not p-integral if and only if p — 1 divides m > 0. Then the corollary directly follows from (@)

and Kummer congruences

Byp-1)-a - Bp1-a (mod p)
pp—1)—a p-1-a ’
Bpp-1)-a+1 - By (mod p)
pp—1)—a+1" p-—a '

O

Remark 2.4. (a). The corollary can also be obtained from [16], Theorem 2.1] combined with (@).
Notice that both terms in [I6, Theorem 2.1] contribute nontrivially when a is even since the
modulus is p2. (b). Notice that if a is odd we allow p = a + 2 to be a prime modulus unlike [4]
Lemma 5.1]. If a is even then the corollary is given also by [4l, (6.2)].
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2.3. Two reduction formulae. We now prove two reduction formulae of H(s) for arbitrary
composition s, corresponding to the two cases where s begins with a positive or a negative

number.

Theorem 2.5. Let a,/ € N, s = (s1,...,8) € (Z*)" and ' = (sa,...,5¢). For any prime
p>a+2 write H—)= H(—;p—1). Then

H(a,s)z—éH((a—l ) ®s1,8") + Z < “) kaH((quafl)@sl,s’) (mod p). (13)

Proof. By definition

Je—

Clsgn(s) X2 sen(sm) o R sen(s) RS,
Hla,s) =) Tsel > Tse 1l 23 J51] > i

ge=1 J

p—1l—a

k=0

(se)
¢ je—1=1 Jeoq a=1 N j=1
p

k

_ . i,—1 . Jo—1 :
—a\ Br = sgn(se)t e sgn(s,_i)e sgn(s1)’' ok
(7, 1) 2, St ey S s

je=1 J¢ Ge_1=1 -1 =1 N1

which is exactly the right hand side of ([I3). O

Theorem 2.6. Let a,/ € N, s = (s1,...,8) € (Z*)" and ' = (sa,...,5¢). For any prime
p>a+2 write H—)=H(—;p—1). Then

1—20-9B
H(—a,s) E(#(H(S) — H(—sl,s’))
p—a
p—2—a k+1
— 1 — 1—-2 B
- Z )1 =27 ) B kHH((k +a)® (—s1),s') (mod p).
E+1
Proof. By definition and Lemma 2.7
= sgn(se )’ = sgn(sg_1)7-1 = sgn(sy)7! = jip—1—a
Ha,s) = el > Teal > s > (=)
je=1 Ji jeo1=1  Je—1 a=1 N1 j=1
p—2—a p—1 - Je—1 . J2—1 ;
P (-1 a) B0 K st K st B st
S (P )R e e S s
k=0 = jeor=1  Jo—1 ji=1J1
-1 ] jé_l i j2—1 -
Eyp—1-4(0) X sgn(se)”* sgn(sg—1)’¢ 1 sgn(sy )7 i
* 2 Z | sg] Z [sp—1] Z 1] ‘(1_(_1) )
je=1 Jt Je1=1 -1 =1 J1

B0 (165) — (o1, ) - Z( )R (v (o.s).

The theorem follows from (@) easily. O

3. AMHS OF DEPTH TWO

In this section we will provide congruence formulae for all depth two AMHS. All but one case

are given by very concise values involving Bernoulli numbers or Euler numbers (which are closely
related by the identity (@)).
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Theorem 3.1. Let a,b € N and a prime p > a+ b+ 2. Write S(—) = S(—;p — 1) and
H(-)=H(—;p—1). If a4 b is odd then we have

S(a,b) = H(a,b) = (aj)bb (“ Z b> Byacs (mod p),  (14)
H(—a,—b) z%(q)b (“ Z b> Byact (mod p),  (15)
S(—a, —b) z% <2 + (1)b<“ Z b>) Bp—a_y (mod p), (16)
H(~a,b) = H(a, -b) %B},ab (modp),  (17)
S(—a,b) = S(a, —b) E%Bp,a,b (mod p).  (18)
Ifa+b is even then we have
S(a,b) = H(a,b) =0 (modp),  (19)
S(-a.—b) = H(-a ) =2 Z =2 g By (medp). )

Proof. Congruences (I4) and ([3) follow from [I8, Theorem 3.1] (see [I0, Theorem 6.1] for a
different proof). Congruences (&), (I7), and ([20) are given by [4, Lemma 6.2] (notice that (1 —
2P~ B,_1 = g, (mod p)). Finally, congruences for S version of AMHS are all easy consequence
of the H version by the relation S(a, 8) = H(a, 8) + H(a & ). O

Even though we don’t have compact congruence formulae for H(—a,b) and H(a,—b) when
a + b is even we can prove two general statements using the two reduction procedures provided
by Theorem and Theorem

Proposition 3.2. Let a,b € N and a prime p > a+ b+ 2. Write S(—) = S(—;p— 1) and
H(-)=H(—;p—1). If a+ b is even then we have

S(a,—b) = H(a,—b) = —S(—b,a) = —H (b, a)

:piail p—a\2(1 =22 KB, By .
e () mdn. e

Proof. By Theorem we have

H(a,~b)= Y (p . “) p]i’“a "H(—(a+b+k—1)) (mod p).
k=0

To use Cororllary we need to break the sum into two parts, i.e., when a + b+ k£ < p and
when a + b+ k > p. In the first case we can replace k by k + p — 1 and then to get the correct
term in (2I) we only need to use Fermat’s Little Theorem 2p+1-a—b=k = 92p—a=b=k (;0d p)
and Kummer congruence Bpi1—q—p—k/(p+1—a—b—k) = Bop_q—p—1/(2p—a—b—k) (mod p).
This finishes the proof of the proposition. (]

The second reduction procedure, Theorem [2.6] provides us another useful result on AMHS of

even weight and depth two.
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Proposition 3.3. Let a,b € N and a prime p > a+ b+ 2. Write S(—) = S(—;p—1) and
H(-)=H(—;p—1). If a+ b is even then we have

S(—a,b) = H(—a,b) = —S(b,—a) = —H(b, —a)

k (k+1)(a+b+k)

(mod p).

—1-a
N ”Z (p —1- a) 2(1 — 2k+1) (1 — 22— 1=a=b=F\By 1 Boy 1 pi
—~ . k+1D)(1+a+b+k)

Proof. By Theorem we have

p—1l—a 1_a _ ok+1 L
H(—a,b) = Z (p ]1 )%H(—(kz—i—a—i—b)) (mod p)
k=0

since H(b) = 0 (mod p). The rest follows from Cororllary similar to the proof of Proposi-
tion O

The two propositions above will be used in §6l to compute some AMHS congruences explicitly.

4. AMHS OF DEPTH THREE

All the congruences in this section are modulo a prime p. Write H(—) = H(—;p — 1). Recall
that for depth three MHS modulo p can be determined [I8, Theorem 3.5], [10, Theorem 6.2] and
[18 (3.13)]. For AMHS, we first observe that for any «, 3,y € Z

H(a,B,v) =H(a)H(B)H(y) — H(v)H(B,a) — H(v)H (B & )
—H(v,B)H(a) — H(y @ B)H () + H(7, 3, )
+H(y® pB,a)+ H(y,0@a) + Hy® [ a).

This can be easily checked by stuffle relations but the idea is hidden in the general framework set
up by Hoffman [9]. Combining with the reversal relations we can obtained the following results

without much difficulty. We leave its proof to the interested reader.

Theorem 4.1. Let p be a prime and a,b,c € N such that p > w where w := a + b+ c. Write
H(—)=H(—;p—1). Then we have
(1). If w is even then

2H(a,—b,c) =H(—c—b,a) + H(c,—b—a) (mod p), (22)
2H(a,b,—c)=— H(—c)H(b,a) + H(—c—b,a) + H(—c,b+a) (mod p), (23)
2H(—a,—b,—c)=— H(—c)H(-=b,—a) — H(—c,—b)H(—a) (24)
+H(c+b,—a)+ H(—c,a+D) (mod p). (25)

(2). If w is odd then
2H(a,—b,—c) =H(c+b,a) + H(—c¢,—b—a) — H(—c)H(=b,a) (mod p), (26)
2H(—a,b,—c) =— H(—c¢)H(b,—a) — H(—c¢,b)H(—a) (27)
+H(—c—b,—a)+ H(—c¢,—b—a) (mod p). (28)

Because of the reversal relations when the weight is even there remains essentially only one

more case to consider in depth three. This is given by the next result which will be used in §6
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Theorem 4.2. Let a, b, c be positive integers such that w := a + b+ c is even. Then for any

prime p > w + 3 we have

H Pt ( > <k teo— 1) (1= 25) By By—wy_ps1
a’
— P w— k +1 c ak
B pi p—a kE+c—1\(1—25)ByBayp w_r
2p —w —k c ak
k=p+1—b—c

(L—20-9)(1=20""")B, \ B, .
(a+b)c '
Proof. The proof is essentially a repeated application of Theorem But we spell out all the

details below because there are some subtle details that we need to attend to.

By (7) and Fermat’s Little Theorem we have modulo p

p—1 (71)1 i—1 _ j—1
H(a,—b,—c) = — (fl)ijflbekp*k“
- v = k=1
_X (-1 PR (p—a> By, 5(71)jjp(k)+p—a—b—k
= Y = k Jp—a j=1 ,

where p(k) =0if k <p—a—band p(k) =p—1if k > p—a—b (to make sure all exponents are
positive in the sum of the second line above). By Lemma 2]
p—1l—a » a B n n p—1
- k i,m—r—c
H(a, b, ~0) (L) (1) e en,
0 r=0 i=1
_y (") 5 (1) 2 BB e
- =0 ke i\ (p—a)(r+1) i=1
p—1l—a 1 p—1
p—a\(1—2"")ByBy ; -
+ 1) —=1)i~¢
. ) s 2 (=)

where n = p(k)+p—a—b—k. Here we have used the fact that when r = 0 we have F}, ; , = (—1)"!

and thus the inner sum is Zf;ll i"7¢ = 0 (mod p) except when p — 1|n — ¢, i.e., except when

n =cand k =p — w. But then By = 0 since w is even by assumption. Thus

I

0<k<p—a
c<n
P (p—a)(n+1)
Now if ¢ is even then H(—c) = 0 (mod p). So we may assume c is odd in the last line above.

Then k + n + 1 is always odd so that BxBp41 # 0 if andonlyif k =1andn=p—a—5b— 1.
Hence

H(a, :pil p—a\(p—a—b—k\(1- 22" YBB, ki
= p—w—k (p—a)p—w—k+1)
+ pia p—a\(2p—1—a—-b—Fk\(1—-22"""FB.By,
=k p—1—w—k (p—a)(2p—w—k)

(-2 NB, B,
(a+b)c '

After substitutions £k — p — w + 1 — k in the first sum and &k — 2p — w — k in the second sum

the theorem follows immediately from Cororllary 2.3 O
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Remark 4.3. The condition p > w + 3 in Theorem can not be weakened since

H(1,-2,-3)=RHS +5# RHS (mod 7).

5. AMHS OF ARBITRARY DEPTH

In this section we provide some general results on AMHS without restrictions on the depth.
We first consider the homogeneous case for which the key idea comes from [I8, Lemma 2.12] and
[10, Theorem 2.3].

Let p; = Z]>1 § ' be the power-sum symmetric functions and e; = Zj1<~~~<ji xj, -z, be
the elementary symmetric functions of degree i. Let P(¢) be the set of unordered partitions of
0. For A= (M1,...,A\r) € P(£) we set px = [['_; pr,- Recall that the expression of ¢; in terms
of p; is given by the following formula (see [I3] p.28]):

D1 1 0 . 0
D2 D1 2 . 0
e = 0= 2 an (29)
Pe—1 Pe—2 pe—g - £—1 AEP(0)
Dbe Pe—1 DPe—2 - 1

Denote by O(¢) C P(¢) the subset of odd partitions A = (Ay,...,A.) (i.e., A; is odd for every
part).

Lemma 5.1. Let a,f € N and p a prime such that ol < p—1. Set H(=) = H(—;p—1). For
an odd partition X = (A1,...,\) € O(C) we put Hx(—a) = [[;_, H(—Xia). Then

0H ({—a}") = Z exHyx(—a) (mod p), (30)

A€O(0)

where ¢y are given by (29). In particular, if a is even then B0) = 0 (mod p). If a > 1 is odd
then BU) is congruent to a Q-linear combination of Bp_x,q - Bp—x,a for odd partitions A\ =
(Aty - Ar). Ifa =1 then (B0) is congruent to a Q-linear combination of ¢yBp—x,,, -+ Bp-x,
for odd partitions A = ({1}*, Xs41,.--, Ar) (N > 1 for alli > s), where q, = (2P~1 —1)/p is the

Fermat quotient.

Proof. Congruence ([B0) follows from [I8, Lemma 2.12] and [10, Theorem 2.3]. The last part
follows from [16, Theorem 2.1] and (). O

For example, by [16, Theorem 2.1] and (@) we have
—1 2 1
H(-1)=—H(1) + H(1; pT) = 20, + g} — 30’0y — P°Bps (mod ). (31)
Observe that O(2) = {(1,1)},0(3) = {(1,1,1),(3)},0(4) = {(1,1,1,1), (1, 3)}. It is obvious that

C(1, 1) = 1, C(g) = 2, C(1,3) = 8, C(171,3) = 20, and C(1,171,3) = 0(3,3) = 40, which 1mphes that

2H ({—1}?) =4q;, so H({-1}?) = 2¢; (32)
6H ({—1}°) = — 8¢} +2H(-3), so H({-1}?%) = —%q;’ - %Bp,g (33)
24H ({—1}*) =16q, + 8H(—1)H(-3), so H({—1}") z% g, + ;qup_g, (34)
51H ({-1}°) = — 32¢) + 20H (—1)*H(-3), so H({-1}°) = 714—5115 - %qup,g (35)
and
6!H ({—1}°) =64q) + 40H (—1)°H(—3) + 40H (-3)?,
H({-1)%) =02} + 2aBys + 5 By (36)
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Remark 5.2. Congruences ([B2)) and ([33) are not new. See the Remarks on [4, p. 365].

For non-homogeneous s we don’t know too much except for those of very special forms. For

example we have the follow easy statement.

Proposition 5.3. Suppose s = ‘s is palindromic. If the number of negative components in s

and the weight |s| have different parity then
S(s;p—1)=H(s;p—1)=0 (mod p).
Proof. This is obvious by the reversal relations (@) O

In order to state and prove Proposition [5.7] we need to investigate the following two types of

sums. Define

¢
Usin) = Z H (—sgn(s;)/2 + 3/2)k ’ (37)

1<ky<ka<-<ke<n i=1 kl&"
¢
(sgn(s;)/4 + 3/4)"
V(s;n) = Z H o . (38)
1<k1<ke< - <ke<n i=1 k

For example, U(—m;n) = > ,_, 28/k™, V(—m;n) = Y7_,1/(2¥k™), and for s with only
positive components U(s;n) = V(s;n) = H(s;n). The sums U(—m;p — 1) appeared previously
in congruences involving powers of Fermat quotient (see [2} 3,5, [8]). To compute the congruence

involving these sums we need the following preliminary results which will also be needed in {7

Lemma 5.4. Assume s = (s1,...,8¢) € (Z*)*. Let e; be the standard j-th unit vector. Then

we have
£

Ulsim) =205 <0 O (VS 493 IV ETegm) (mod?)  (39)
¢
V(s;n) =27 PHIsi <0} (_q)ls] (U(?; n) + pz |s;|U(s @ ej; n)) (mod p?). (40)
Further,
V(1) = f% (U(—l) +pU(~2) +p2U(—3)) (mod p®). (41)

Lemma 5.5. Let p be an odd prime. For all positive integers d and m we have

13n1§2nd3m e :i ( > (42)

1<n1 < <ng<p—1

p—1

x—d(l—pH (1;4) + p*H(1,1; )) (mod p?). (43)

HPl%

Proof. Since for all positive integer j < p
(p—1\ _ . 2 . 3
(—=1)? ;)= —pH(1;j) +p"H(1,1;j) (mod p°), (44)

congruence ([43) follows easily from ([@2) which we now prove by mimicking the argument in [12].
Let Q* = Q) {0}. Define the injective operator

Qz]\ Q" — Qz] \ Q"
p(x) — xp'(x).
It suffices to show that

D S T il Lo a0

1<n <-<ng<m j=1
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Clearly

j=1 =
On the other hand,
TS R = iEL
1<n1<ne < <ng<m ning -+ - Ng
Nl I S )
1<ns<---<ng<m ng -+ +Ng
N
1<ng<m ng
= — Z (1 —x)"'i_l
1<ng<m
=(1-a)" ~ 1.
By injectivity of A this completes the proof of the lemma. .

Lemma 5.6. Let d and m be two positive integers. Then
(-1)" (1750 " 1
y, Loman(my$e-So ()
1<n; <--<ng<m =1

Proof. The proof, which is completely similar to [I2], is left to the interested reader. Note that
there is a misprint in [I2] where in the definition of f(z) the range of ¢ should be from 1 to j.
Namely

fM;( 1()2%;
O

Proposition 5.7. Let n € N. For any prime p > n+2 write H(—) = H(—;p—1) and similarly
for S,U and V. Then

H(-1,{1}") = S(-1,{1}") = (-)"H{1}", -1) = (=)"S{1}", -1)
=U(-n—-1)=(-D)""2V(-n—1) (mod p). (46)
Proof. The congruence (—1)"H({1}",—1) = U(—n — 1) (mod p) is the content of [I6, Theo-
rem 2.3]. By takingm =p—1,d =n+ 1 and z = 2 in Lemma [5.5] or Lemma [5.6 we get
S(—1,{1}") = U(—n — 1) (mod p). The congruence for V follows from (B9). The other two

congruences follows from the reversal relations (@)). O

We now generalize this to the following

Proposition 5.8. Let m,n be two nonnegative integers and a a positive integer. For any prime
p>a(lm+n)+2 write H—) = H(—;p—1). Then

H({a}™, —a,{a}") =(-1)"""S({a}", —a, {a}™) (mod p), (47)
H({a}™, —a,{a}") =(~1)" VDS ({a}™, ~a,{a}")  (mod p). (48)

Proof. The first congruence [{@T) follows from ([49) in the next Lemma by taking z = —1, k =
m+ 1 and d = m+n+ 1. The second congruence @8] follows [T)) by the reversal relation. [
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Let a,d € N and a prime p > da + 3. We identify the finite field F, of p elements with Z/pZ.
For 1 < k < d define

a 't
H)(x) = > i © Fplz],
0<iy <-+<ig<p
a zh
Si () = > (e © Fpla]

1<iy <--<ig<p
a (71)21-]‘55%
hl(z,z)g(x) = Z (i) € Fpla],

0<i1 < <1q<p
a (71)21-]‘55%
5((11)6( ) = Z (i) € Fylz],

1<in < <ia<p
where > i; = iy + -+ + iq. For convenience we set H(a)( ) = H({a}?) = 0, Sfi?;ﬂ(x) =
2P 1S({a}?) = 0, 8§%9(2) = @S{a}?) = 0 and H"), (z) = «?H({a}?) = 0 by [I8, Theo-
rem 2.13]. Moreover for even a we set h;ag(:n) =H({-a}%) =0, SEZC)IH(JU) = (—2)P71S({-a}?) =
0, s\0(2) = —zS({—a}?) = 0 and h{"), (z) = (—2)PH({~a}?) = 0 by Lemma EI and (TZ).

Lemma 5.9. For 1 < k < d we have the identity in Fp[z]

HYY) () + (~1)2859, (@) =0, (49)
B (@) + (~1)%s{,,_p (2) = 0. (50)

Proof. To prove ([49) we proceed by induction on d. For d = 1 it holds since
;Y () Z o = S510@), HY(@) = 510(0) = Hi3 (@) = 5{5(2) =0.

Now we will follow the idea of the proof of [16], Theorem 2.3]. For 1 < k < d we have that

zi aH(a)(:c) = Z ! Zkil xw
. d,k\T) = (i1 ip1inst - i)

ih_11
0< iy <o iy <o <+ <ig <p k—1tk+1 ip—in_1+1

rie+1 — pik—1+1

1
= Z (i1 ih1pg1 - id)® z—1

e—112
0<i1 << —1 i1 <+ <ia <p k—1tkt+1

xT

1 a a
— HYY, (@) — po| HYY (@),

that is
d “ a a a
(x —1) <x%> H;,,g(x) — Hé_)Lk(x) - xﬂgij_l(z).

In a similar way we have that

d ¢ a a a
(x—1) <x%> s;,,gm — zSL(i_)Lk(x) — s;jm_l(z).

d\* a a
(w=1) (o) (B + (1500 (0)
=HY) (@) —oHY) (@) + (1) %S5 (@) — (-85, (@)
=H{", (@) + (DS @) = w (HE) @)+ (108, (@) =0,

Thus (xd%)a_l (Héalz (x)+(— )dS((ia;H (@ )) = ¢ for some constant ¢ € F,, since this polynomial
has degree less than p. By letting z = 0 we see that ¢ = 0. Repeating this process a times yields

@9).
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The congruence ([B0) can be proved in a similar way. In particular, we can show easily that
d\" (@ a a
o+ 1) (g ) A = )+ a2 (),

d ¢ a a a
41 (o7 ) ) o2 o)+ ()

So by induction we get

d\" a a
(@t 1) (o) () + (150 @) =0
which quickly leads to (B0]). This concludes the proof of the lemma. O
Similar to Proposition [5.8 we also have the following

Proposition 5.10. Let m,n be two nonnegative integers. Let a be a positive even integer. For
any prime p > a(m+n) + 2 write H(—) = H(—;p—1). Then

H({-a}" a,{=a}") =S({-a}",a,{-a}") (mod p), (51)
H({~a}",a,{~a}") =(-1)"*"S({~a}", a, {~a}™) (mod p). (52)

Proof. The second congruence (BI) follows from (B0) by taking z = —1, k = m+ 1 and d =
m + n + 1. The first congruence (B2) follows (GBI by the reversal relation since a is even. O

6. AMHS OF WEIGHT FOUR

In [I6] the first author studied the congruence properties of AMHS of weight less than four.
In this section, applying the results obtained in the previous sections we can analyze the weight
four AMHS in some detail. First we treat some special congruences which can not be obtained
by just using the stuffle relations and the reversal relations. Let p > 7 be a prime and set
A=A4,, -, K =K, as follows:

|
w

P p—3 p—3
A:=> BpB, 3,  B:= Z 2*ByB, 3k, C:=Y 2°73°FBB, 5 4,
k=2 k=2 k=2
p—3 P=3 5k P=3 5p—3—k
BBy 3k 2B B, 3k 2p BB, 3k
D .= P p= —ert . pa= P
DL St AZS
k=2 k=2 k=2
p—3 p—3 p—3
G:= kBpLB, 3, J:= Z kBB, 3k, K:=Y 2'7%°*kByB, 5 4.
k=2 k=2 k=2
Then by [I8, Cororllary 3.6] and simple computation
3
A=-B,3, G=0, CEB*ZA, K=-3B—J+3A (mod p). (53)

Proposition 6.1. For all prime p > 7 write H(—) = H(—;p — 1). Then we have

p—3

1
H(1,-3) =g H(-2,2)=B - A= > 2"ByB, s (mod p), (54)
k=0
1
H(-1,3)=—- iqup,g (mod p). (55)

Proof. We take congruence modulo p throughout this proof. By Proposition we have

1P=5 Bipt1Bp—a— 1
H(-3,1)=— 2> (k+2)(k+3)(1 - 28" (1 - 207" H) =L 28 — g, B,
3 & k+4 2
1 p—3 3 g\ BeBp—s—r 1
=3 S (k+1)(k+2)(1 - 2F)(1—2v )= ~ 3®Br-s

k=2
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by the substitution & — p — 4 — k. Similarly we can get

p=3 BB 3
H(-2,2) = — 2)(1 — 2%)(1 — gp—3-k)2kZp=3=k | 2 B
(-2,2) ;(’H )( )( ) +5apBp-3
b3 B.B
H(-1,3)=2)"(1-2"01- 2P*3*’<)% —2¢,B, 3
k=2

Using (B3) we reduce the above to
) 3
8H(~3,1) =34~ 3B + 2D — 2B —2F — 5q,B,
H(~2,2) =2B — 24 — gD +2F +2F + gqup_g

5
H(-1,3) = + 5D —2E —2F — 2,8,

On the other hand, by Proposition 3.2l we get

92 p—2 p— 1) 1— 22p*4*k

H(1,-3)=—— < i mBkB2p74fk

21 —opsk
ByBp_3_1 +2q,8,_3

= p—3- k
ok

=-2 Z ’ BirBp—3—k + 2qpBp—3
k=2

=2F — 2D + 2¢,B,_3.
by the substitution £ — p — 3 — k. Thus by the reversal relation
H(-3,1)=—-H(1,-3)=2D — 2E — 2¢, B,_s.
Similarly we find
H(-2,2)=—-H(2,-2)=B - A+2E —2D +2q,B,_3,
H(-1,3)=— H(3,~1) = %(— J+3A—33+2D—2E).
Then by adding (B6), (57), (E9) and (G0) altogether we have
4H(-3,1)4+2H(-2,2)=0
which implies the first congruence in (B4). Now adding (B9) and (60) yields
—H(-3,1)=H(-3,1)+ H(-2,2)=B-A
which is the second congruence in (B4)). Plugging this into (56]) we see that

) 3
§D —2F —2F — §qup—3 =0

which combined with (B8]) produces (B3)). This finishes the proof of the proposition.

Proposition 6.2. For all prime p > 7 write H(—) = H(—;p — 1). Then we have
1 1
H(1,~1,-2) =5 H(1,-3) + 5.J (mod p),
)
H(1,-2,-1)= H(1,-3) —quBp_g (mod p),

1.3
H(2,~1,-1) =~ H(1,-3) = 2 J+qpBy-s (mod p).

(60)

(61)

(62)
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Proof. By Theorem 2] Proposition [61] and (B3]) we get

"?
w

2H(1,-1,-2)=-)» (k+1)(1—-2")ByBp3_y=B—A+J—-G=H(1,-3)+J (66)

ST
w N

5 5
H(1,-2,—1)=— 2(1 —2MYByB, 3 — 1055 = H(1,-3)— 1053
2

k=
R (E+2)(1-25BiBy s 3
2

1 3
H(2,-1,-1)= — + quBp_g =—-H(1,-3) - §J+ quBp_g,

k=
as claimed. g
By (23) and (62)) it is readily seen that
2H(1,1,-2) = H(—3,1) + H(—2,2) = —H(-3,1).

In fact, by the stuffle and the reversal relations we can find congruences of all weight four AMHS

of depth up to three. By the reversal relations we only need to list about half of the values.

Proposition 6.3. For all prime p > 7 write H(—) = H(—;p — 1) and set H3, := H(-2,1,1).
Then Hz11 = (A— B)/2 and

H(4) = H(—4)= H(2,2) = ( 2,-2)= H(1,3)= H(1,-2,1) = H(-1,-2,-1) =0,
H(1,-3) = —2H,, H(2, =4H3;,, H(1,-1 2) = 3Hzy,

H(-1,-3)= %%Bp—?n H(3,-1)= QqPBP—3’

H(1,-1,-2) = —Hzyy + 5, H(- 27 17* ) =2H311 — ¢pBp-—3,
H(-1,2,1) = —Hy; + ZQpo 35 H(-1,1,2) =2Hz3, — 4Qpo73;
H(-2,1,-1) = 3Hz; — 3J + 4‘Zpo 3 H(1,-2,-1) = —2Hz1; — 39, Bp-3,
H(-1,2,-1) = —4Hs4 + J—2¢,B,_3, H(2,-1,-1)=2Hs3);, — 3J + 2¢,B,_3.

We now turn to the depth four cases.

Proposition 6.4. Let p > 7 be a prime and write H(—) = H(—;p —1). Then we have

H(1,-1,-1,1)

H(1,-3) +J +q§) (mod p),  (67)

H(-1,-1,1,1)= H(1,1,—1, 1) 6. + TqpBy_s + 8q;*) (mod p),  (68)

5|’_‘B|’_‘§|’_‘L\DI>—‘

H(_lalv_lvl)EH(la_laL_l) q;DBP—3+2q;4)) (mOd p)’ (69)

/N 7N 7N N

H(-1,1,1,-1)= — (6H(1,-3) +7qup_3+2q;;) (mod p).  (70)

Proof. By Theorem

1
H(l,—l,—l,l)z—H(—l,—l,l)—§H —2,-1,1) ZBkH (k+1),-1,1),

-3
1 p
H(1,1,-1,-1)=—H(1,—1,—1) — 5H(2, ~1,-1)= Y BeH(k+1,-1,-1).
k=2
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Using reversal relations and (26]) we see that
1
H(1,-1,-1,1)= = H(~1,~1,1) = sH(-2,~1,1)
152
+32 B (H(k $2,1) + H(—(k+1),-2) — H(—(k+1)H (-1, 1)), (71)
k=2
1
H(1,1,-1,-1) == H(1,~1,-1) = 3H(2,~1,-1)
1

p—3
-5 B (H(2, k1) + H(-1,—(k+2)) — H(—1)H(~1,k+ 1)). (72)
k=2

Note that by Theorem

CH(L 1) ZH(L 1) = — S (DB (~(k + 1)),
k=0
HO,1,~1) = — H(1, 1) %H(Q, 1)+ pz_:BkH(—l, k1),
k=2

We may use (I4), and (IH) to simplify (7I]) and (2) further. For all k =2,...,p — 5 we have

Hk+2,1) = — By-s_, H(~(k+1),-2) = L2 D)k +2)Bys s, (73)
H2,k+1)=— %, H(-1,—(k+2) = (2" %% “1)B, 5. (74)

However, one has to be very careful in applying these formulae because the formulae might fail
when k = p — 3. We need to compute these separately as follows:

iy e I =
H(P_Ll):Z;Z'pqEZ - = —1= —B,,
im1 =Y i=1
p—1 1—1 p—1
(-1) (—1)7 (-1)* 1—-2¢ 1
H(-(p—2),-2)= = -1 —=—]1=0
co-2-2-3 TR T EF (g8 f) =
p—1 1—1 p—1
1 1 i—1 1
H2,p—2)=H(p—2,2) = — Z,—QZ]_]H:—Z 5 =5=0
1=1 Jj=1 i=1
p—1 1—1 ; p—1
(-1) (—1) 1+(-1)® 1
H(-1,—-(p—1)=—-H(-(p—-1),—-1) = = =-H(-1)=—
( ’ (p )) ( (p )a ) gt i = jp_l P 2 9 ( ) dp

by BI). We see that only H(—1,—(p — 1)) fails the formula in (74]) and therefore we get
1 1 1 )
H(L,—1,-1,1) = = H(~1,~1,1) = SH(=2,~1,1) + s H(~1)H(~1,1) - SH(-1,1)

p—3
1 _a_
+5 > B (_Bp—3—k +5(2 TR 1)(k+ 2)Bp—3—k)
k=2

N =

and
1 1 1
H(la 1) _15 _1) EH(_L _15 1) - §H(2a _15 _1) + EH(_l)(H(L 1; _1) + H(la _1) + §H(2a _1))

1523 k+2)B, 5 4 1
7§ZBk <()+3k+(2p 3 kl)Bp3k> +§QPB;D*3'
k=2



CONGRUENCES OF ALTERNATING MULTIPLE HARMONIC SUMS 17

Now by [16], Cororllary 2.4, Cororllary 2.5] we know H(—1,1) = —qf), H(-1,-1,1)= qg—l—%Bp_g

and H(1,1,-1) = -3¢ — -+ By_3. Together with (BI) these yield
o 1 1 p—3—k _
H(1,-1,-1,1)=— 585 — 5H(—Q, ~-1,1) — 5 — A+ = Z (2 )(k +2)BrBp_3_k,
o 1 1 4 2 1 1 — p—3—k
H(1,1,-1,-1)=B,_3 — 5H(2, —1,-1)+ S0 + gqup_g, + A+ ZG -3 22 ByBy_ 3.
k=0

It now follows from (B3] and the substitution ¥ — p — 3 — k that

1 1 1e
H(1,-1,-1,1) =~ SH(-2,-1,1) 5 ZZ (1 —2%)(k +1)BxBp_3_r,
k=0
1 1 2 1,
H(1L1,-1,-1) = = SH(2,~1,-1) = SH(1,=3) + 20, Bp—s-1 + 305

Hence (@7) and (68) quickly follow from (G6) and (G3l).
Finally, ([69) follows from stuffle relations applied to H(—1)H(1,—1,1) and then (70) from

stuffle relations applied to H(—1)H(1,1,—1). This finishes the proof of the proposition. O

For other depth four and weight four AMHS we have the following relations derived from the
stuffle relations and the congruences obtained above:

1
H(1,1,-1,1) =2Hgyy +3H(~1,1,1,1) + 54, By-s,

H(ilv 717 15 71) E61{?11 + 3H(15 715 715 71) - 4qup*3 - 2Qg7

1 2
H(-1,-1,-1,-1) = gq,,Bp_g,Jrgq;,}.
On the other hand, we can only deduce from Theorem and Theorem that
1 =
H(L,1,1,-1) =~ H(1,1,-1) = SH(2,1,-1) = > BpH(k+1,1,-1),
k=2
1
H(-1,-1,-1,1) = — q(H(—l, “1,1)— H(1, -1, 1)) - 5H(2,-1,1)
p—3
+Y (1 -2MBeH(k+1,-1,1),
k=2
where, by the reduction theorems again,
1
Hk+1,1,-1)=— —H(k+1,-1)—-H(k+2,-1
(1,1, -1) = = o H(k +1,-1) = Sk +2,-1)
p—k—2
p—k—1\ B;
——H(G+k+1,-1
+Z< . )p—k—l (G+k+1,-1),
1
H(k 1—115——H—kz 1, 1)—=-H(—(k+2),1
(k +1,-1,1) = = g (= 1),1) = SH(~(k +2),1)
p—k—2
— H(— k+1),1).
+Z< ) )p_k_l (=@ +k+1),1)

Observe that the indices k and j in the above sums can be both taken to be even numbers. Thus
by Proposition and Proposition 3.3

p—j—k—2

. P *j — k-1 2(1 - 22p7i7j7k72)B»L'ng,i,j,k72
H k+1,-1)=
Gk, = Z < i )(P—j—/f—l)(2p—i—j—k—2)’

_ (p —Jj—k- 1) 20 =2 M DBiBy ik
a i GHhk+0)i+j+k+1)

)
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p—j—k—4 : i+1 —i—j—k—2
. p— 2 -] k 2(1 —2 + )(1 — 2P J )BiJrpr,i,j,k,Q
H(- k+1),1) = E

(=G +k+1).1) ( i ) (i+1)(i+j+k+2)

i=1
2(1 — 2P~ i=F=1)(1 —2P"1B,_,;_x_1Bp_1

p—j—k—1
_p_j_zk_3 p—2-j—k\2(1=2)A =27 YBiBy i g
= ; iG+j+k+1)

+

i=2

200 =277 H)By g
L j+k+1 '
Consequently, both H(1,1,1,—1) and H(—1,—1,—1,1) can be written as a triple sum with most
of the terms involving products B; B; By Bp—i—j—r—2. It is very likely that modulo p we cannot
reduce H(1,1,1,—1) and H(—1,—1,—1,1) to a linear combination of AMHS of depths up to
three. At least in theory one possible way to check this hypothesis is to find six infinite sets of
primes S = {pgk) ck>1},...,5 = {pék) : k > 1} for each of the following six elements:

bl(p) - Jpa b2(p) = H(la 73)) b3(p) H(lv -1,-1, *1)7

b4(p) :(I?)a b5(p) :(IPBP*& bG(p) :H(flalvlal)v

such that for each choice (pgk), . ,pék)) we always have bj(pz(.k)) = 0 (mod pz(-k)) for all 4 # j

and b; (p;k)) Z 0 (mod pg-k)) for all j = 1,...,6. In practice this is extremely difficult to carry
out. For example, if by(p) = 0 (mod p) then the prime p is called a Wieferich prime. The only
known Wieferich primes are 1093 and 3511 and if any other Wieferich primes exist, they must
be greater than 6.7 x 105 according to [6]. It turns out that

[Jp,H(1,-3),H(1,-1
[Jp,H(1,-3),H(1,-1

—1,-1),H(—1,1,1,1)] =[1023,529,670,952]  (mod 1093),
—1,-1), H(~1,1,1,1)] =[1618, 2160, 1620, 540] (mod 3511).

)
)

In order to understand the general mod p structure of AMHS we need to consider some infinite

algebras similar to the adeles (see [21]).

7. CONGRUENCE MODULO PRIME POWERS

In this last section we shall study the congruence properties of AMHS of small weights modulo
higher powers of primes p. We first need some results concerning the sums U(s;p — 1) defined

by B7).

Proposition 7.1. Let p be a prime > 7. Let A and B be defined as in §0. Write U(—) =
U(—;p—1). Then we have

U(-1) = —2q, — 1—72p2Bp,3 (mod p?), (75)
U(-2)=—q, + %pqﬁ + ngp73 (mod p?), (76)
U-L,1)=q — ;pqﬁ - 1—12po—3 (mod p?), (77)
U(l,-1) = f%po,g (mod p?), (78)
U(-8) =360 ~ 2 Bys (mod p), (79)
U(-2,1) = %qg - %BH (mod p), (80)
U(l,-2) = g s (mod p), (81)
3

U2,-1)= _ZBP_3 (mod p), (82)
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U(-1,2) = 363 + 22 B (mod p), (83)
U1, -1)= 5B, s (mod p), (34)
U1, -1,1)= 5B, s (mod p), (85)
U(-1,0,1) = ~3¢} — 5By s (modp).  (86)
U(-4)= H(-1,1,1,1) = —H(1,1,1,-1) (mod p), (87)
U(1,-3)=A-B+ ZQPBP’3 (mod p), (88)
U(-3,1)=H(1,1,1,-1)+ B— A— quBp_g (mod p). (89)

Proof. Throughout the proof we write H(—) = H(—;p — 1) and similarly for U and V. We will

prove the congruences in the following order: (79), (73), ®0), ), (6), ), =), &), B2),
[&3)), and (B3] to (BY).

First, (79) follows from [5} (4)] and H(—3) = —1B,_3 (take a = 3 in ([Z)). Taking d = 1 and
m=p—11in [@2) we have

ST S5 () -(00)

k=1 Jj=1 j=1
—ry S () -2 e ()
= i=1) i J
p—1
al (-1 (x—1)P —2P +1
=— (1)t . 90
Py D (P2 + = (90)

Since

1y (];_ D —1-pH(1;j—~1) (mod p?)

letting x = —1 in ([@0) we get
U(-1) = H(1) = —pH(~2) + p*H(1,~2) — 2, (mod p°). (91)

So it is not hard to see that (ZG) can be obtained from the following: H(1,—2) = ;Bp—3
(mod p) by [16, Cororllary 2.4], H(—2) = 1pB,_3 (mod p?) by ([IZ), and the well-known fact
H(1) = —3p®Bp—3 (mod p?) (see, for e.g., @)). Letting = 1/2 in (@) we have that

V(=1)— H(1) = —pV(=2) + p*V(1,-2) + 2~ (mod p®).

2r—1

Multiplied by —2? this yields by Lemma [5.4]

U(-1)+2PH(1) = p’U(-3) + p°U(—2,1) — 2¢, (mod p*). (92)
Thus (80) follows from (75), (@) and H(1) = —2p>B,_3 (mod p*). Further, by the stuffle
relation .

U(l,-2)=H1)U(-2)-U(-2,1) - U(-3) = ZBP_3 (mod p)

we get (8I)). Now letting = 2 in (@) we see that

H(-1) = H(1) = —pU(=2) +p°U(1,-2) — 2¢, (mod p?). (93)

Hence ([76]) follows from (8I]) and BI)). Then taking d =2 and z = —1 in [{#3]) we get

U(-1,1)+U(-2)=H(1,1)+ H(2)+ H(-2) —pH(1,-2) — pH(-3)

13
EEpo,g (mod p?). (94)
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Thus U(1,-1) = U(-1)H(1) — U(-1,1) —= U(-2) = —13pB,_3 (mod p?) which is (7). Then
(@) follows from the stuffle relation U(—1,1) = H(1)U(-1) — U(1,—-1) — U(—2). Moreover,
taking d = 1 and = = 2 in ([43]) we get

H(=1) = H(1) = U(=1) = p(U(-2) + U1, -1)) +p*(U(1,=2) + U(1,1,-1)).  (mod p?)

This implies ([&4]) because of ([7A), (76), (T7) and (&Tl).
Next, taking d = 3 and = —1 in [@3]) we get
U(—1,1,1) + U(=1,2) + U(=2,1) =H(—3) + S(1,1,1) — U(—3)
1, 5
24
since S(1,1,1) = H(1,1,1)+ H(1)H(2) =0 (mod p). Taking d = 3 and = 1/2 in ([43)) we get

By (mod p) (95)

V(-1,1,1)+ V(-2,1)+ V(-1,2) =0 (mod p)
which implies by Lemma [5.4]
UL, 1, 1)+ U(1L,—-2) + U2, ~1) =0 (mod p). (96)

Thus [82) follows from (®I) and ([B4) immediately. Then (83)) follows easily from the stuffle
relation of H(2)U(—1). Also, (85) and (Ba) follow from the stuffle relations:

HL)U(1,-1)=U2,-1)+U(1,-2)+2U(1,1,-1)+ U(1,-1,1) =0 (mod p),
HO)U(-1,1) =U(-2,1) + U(~1,2) + 2U(~1,1,1) + U(1,~1,1) =0 (mod p).

We now turn to the last three congruences of weight four. By [16], Theorem 2.3] we know (&)
holds. Hence taking d =4, m =p — 1 and = = 2 in Lemma [5.0] and using (@4]) we get

S(—1,1,1) +p(U(74) + H(-1,2,1) 4+ H(-2,1,1) + H(=3,1) — H(1)S(-1,1, 1))
=U(-3) - H(1) (modp?). (97)
On the other hand, taking d = 2 and z = 2 in [{@3) we get
S(—=1,1,1) = S(1,1,1) = U(=3) — pU(—4) — pU(1,-3) (mod p?). (98)

Comparing (@7) and (@8), using S(1,1,1) = H(1,1,1)+ H(1)H(2) = 0 (mod p?) by [18, Theo-
rem 2.13], and H(-1,2,1)+ H(-2,1,1) = %qup_3 (mod p) by Proposition [6.3] we can deduce
(8Y). Finally, (89) follows from (87) and the stuffle relation U(—3,1) = H(1)U(-3)-U(1,—-3) —
U(—4). This finishes the proof of the proposition. O

Lemma 7.2. Let a,b € Z* and write H(—) = H(—;p —1). Then
H(a,b) = (=1)*" sgn(ab) (H(b,a) + plb|H (sgn(b) + b, a) + pla| H(b, sgn(a) + a))  (mod p?).
Proof. By definition

Hab) = 3 sgn(a)™ sgn(b)" 3 sgn(a)P~"™ sgn(b)’ "

lalp ] —m)lal(p — n)bl
1<m<n<p memn 1<n<m<p (p m) (p n)
b)™ sgn(a)™ 1
=(—1 a+b b Sgn( )
U 3 e (P g
The lemma follows easily. (I

Proposition 7.3. Let A and B be defined as in §0. For all prime p > 7 write H(—) = H(—;p—1)
and set (see Theorem [LTI(b))

(3) = D 3 By
p—3 4p—8’
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Then we have

HL -1 =2 4 p (2X - 260) 497 (G + gnBa) (mods®)  (99)
=2q; — 2pq> — %pofs (mod p?), (100)

H(1,-1) =q¢; — pqj — ngp—?: (mod p?), (101)
H(-1,1) = &+ pa + 5:0By s (mod p?),  (102)
H(-3) =3X (mod p?), (103)
H(=2,1) =H(1,~2) = —;X (mod p?), (104)
H(2, 1) =~ X — LpayBy s +p(B~ A) (mod p?),  (105)
H(-1,2)=~ 3X ~ £pg,By s +p(A — B) (mod p?).  (106)

Proof. First, [@J) follows readily from the shuffle relation H(—1)? = 2H (-1, —1)+H(2), the con-
gruence ([BI), and H(2) = —4pX (mod p3) by ([@). This clearly implies (I0Q) since by Kummer
congruence X = —B,,_3/6 (mod p).
Next, taking d = 1, and = —1 in [{3]) we get
U(—1)— H(1) = H(-1) — p(H(fQ) +H(L, 4)) (mod p?).

Combining this with (75]) and using (BI]) we get

2 1 13
H(1,-1) = g5 — 34, = 7pBps +pH (1,1, 1) = q; = pgy = 57pBp—s  (mod p?)
which is (I0I). Then ({I02) is deduced from the stuffle relation

1

H(-1,1)= H(-1)H(1) - H(1,~1) — H(-2) = —¢2 + pg> + 51

PBys (mod p?).
Turning to weight three we get by [16, Theorem 2.1]

H(-8)= ZH(3:(p—1)/2) (mod p?).
Hence (I03)) follows from (). Now by Lemma [T.2] we have the reversal relation
H(-2,1)= H(1,-2) + pH(2, —2) + 2pH(1,-3) = H(1,—2) (mod p?) (107)
by Proposition [G.Il On the other hand, by stuffle relation
H(-2,1)+ H(1,-2) = HO)H(-2) — H(—3) = —3X (mod p?).

Together with (I07) this clearly yields (I04]).
Finally, by stuffle relation and (03]

4
H(2,~1)+ H(=1,2) = HQ)H(~1) = H(=3) = —5pg, B, — 3X  (mod p*). (108)
By Lemma we have the reversal relation
H(2,-1)= H(-1,2) + pH(~2,2) + 2pH(~1,3) = H(1,-2) + 2p(B — A) — pg,Bp—3 (mod p*)

by Proposition [6.1l Combining with (I08) this implies (I05) and (I0G).
We have finished the proof of the proposition. O

Corollary 7.4. For every prime p > 7 we have

7 1
U(-L;p—1)=—2q, + 5Xp2 + EpBH(fB, I;p—1) (mod p?). (109)
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Proof. Write U(—) =U(—;p—1) and H(—) = H(—;p — 1). Taking = —1 in (O0) we get
U(=1) = H(1) = —=pH(=2) + p*H(1,-2) = p>H(1,1,-2) — 2, (mod p").
Thus the corollary follows from ([[04]), Proposition [6:3] the following congruences
H(1) =2p°X (mod p*) (by [15, Remark 5.1]),
H(2)=—4pX (modp’) (by @)),
H(2,(p—1)/2) =~ 14pX (mod p°) (by @),
and H(-2) =1H(2,(p—1)/2) — H(2). O

Proposition 7.5. For all prime p > 7 write H(—) = H(—;p — 1), hs1 := H(3,1;(p — 1)/2),

and set X as above. Then

9 ) 1
H(=1,-2)= X - =pgyBy—3 + Jpha (mod p?), (110)
9. 1 1 )
H(-2,-1)=- §X — gpqup,g — thgl (mod p*). (111)

Proof. By expanding H(1,2;p — 1) we get

H(1,2:(p—1)/2) - H(2,1;(p—1)/2) (112)
=H(1,2p 1)~ H(1; (0~ 1)/2)(H(25 (p ~ 1)/2) + 20H(3; (p — 1)/2)) (113)
+pH(2,2;(p—1)/2) + 2pha (mod p?)  (114)

=-6X — g—opqup,g + 2phs; (mod p?)  (115)

since 2H(2,2;(p—1)/2) = H(2;(p —1)/2)?> — H(4;(p—1)/2) =0 (mod p) and
H(1,2)=—-H(2,1) = —6X (mod p?) (116)
by [17, Theorem 2.3]. Hence

H(-1,-2) =1 (H(1L,2 (0~ 1)/2) = H(2.1:(p— 1)/2) — phs1 ) ~ H(1,2) (mod p?)
9
3

X - gPQpo—3 + iphm (mod p?)
which is (I10). Finally, (IT1]) follows from

H(~1,~2)+ H(~2,~1) = H(~1)H(~2) - H(3) = —pg,B,-5 (mod p?).
This completes the proof of the proposition. (I

Finally, we consider the depth three cases.

Proposition 7.6. Let A and B be defined as in 6. For all prime p > 7 set X as above, write
H(-)=H(—;p—1) and hs; :== H(3,1;(p — 1)/2) as above. Then we have

4 2
H(~1,-1,-1) = - =g} + X +p(24; + $0,B-s) (mod p%), (117
H(-1,1,-1) zg (qup,g +B- A) (mod p%),  (118)
21 3, 3 A B 1
— 3 4 2
H(l,fl,fl):—qp+zX+p(§qp+gqup,3+Z* ZJrghgl) (modp ), (119)
21 3, 1 A B 1
—. 3 4 2
H(*l,*l,l) :qprX er(f§qp+§qup,3+ZfZ—§h31) (InOdp ), (120)
7
H(1,-1,1) = — 2H(1,1,~1) + 3X +p(6qup_3 +A- B), (mod p%),  (121)

1
H(-1,1,1)=H(1,1,-1) — p(§qup,3 FA- B) (mod p?).  (122)
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Proof. First, (IT7)) follows from the stuffle relation
3H(—1,—1,—1) = H(~1)H(—1,—1) — H(~1,2) — H(2,—1).

By reversal relation (similar to the proof of Lemma [[2]) we can show easily that

H(-1,1,-1) =

CH(-1,1,-1) — p(H(—Q, 1, —1)+ H(~1,2,—1) + H(—1,1, 72)) (mod p?).

Notice that H(—1,1,—-2) = H(-2,1,—1) (mod p). Hence (II]) follows from Proposition[6.3 It
then implies (IT9) and (I20) by the two stuffle relations:

2H(1,—1,—1) =H(-1)H(1,—1) — H(~1,1,—1) — H(-2,—1) — H(1,2),
2H(—1,-1,1) =H(-1)H(=1,1) — H(=1,1,—1) — H(—1,-2) — H(2,1),

Proposition [[.3], Proposition and (II6). Similarly, the last two congruences follow immedi-
ately from the stuffle relations:

H(1,-1,1)=H(1)H(1,-1)—2H(1,1,-1) - H(2,-1) — H(1,-2),
2H(-1,1,1)=H(1)H(-1,1)— H(1,-1,1) — H(-2,1) — H(-1,2),
and Proposition [7.3l This completes the proof of the proposition. (I

Remark 7.7. Currently, we are not able to express H(1,1,—1) (mod p?) explicitly. In fact, by
@7) it is not hard to find that

H(1,1,-1)=U(-3) — p(U(—4) + 1—72qPBp_3 +A-— B) (mod p?),

hence it is equivalent to determining U(—3) (mod p?).

In conclusion, we remark that to study weight w AMHS modulo p? we need information of
weight w + 1 AMHS modulo p, and if we change modulus to p? then we would need to know
AMHS of weight w 4+ 2 modulo p. Hence, it is possible that results in [2] might provide some
help in determining the congruence of weight three AMHS modulo prime squares.
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