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COMMUTATIVE QUOTIENTS OF FINITE W-ALGEBRAS
ALEXANDER PREMET

ABSTRACT. Let e be a nilpotent element in a Chevalley form gz of a simple Lie
algebra g over C and let € = e ® 1 be the corresponding nilpotent element in the
restricted Lie algebra g = g ®z k, where k is the algebraic closure of F,,. Assume
that p > 0 and set x := k(€, - ), where x is the Killing form of gx. Let Gy be
the simple, simply connected algebraic k-group with gx = Lie(Gy), write Oy for the
adjoint Gg-orbit of e, and denote by U(g, e) the finite W-algebra associated to e.
In this paper we prove that if U(g, e) has a 1-dimensional representation, then the
reduced enveloping algebra U, (gx) possesses a simple module of dimension pe)
where d(€) is the half-dimension of Ox. We also show that if e is induced from a
nilpotent element ej in a Levi subalgebra [ of g and the finite W-algebra U([[, [], eo)
admits 1-dimensional representations, then so does U (g, e). This reduces the prob-
lem of 1-dimensional representations for finite W-algebras to the case where e is a
rigid nilpotent element in a Lie algebra of type Fy, Eg, E7, Eg. We use Katsylo’s
results on sections of sheets to determine, in many cases, the Krull dimension of the
largest commutative quotient of the algebra U(g, e)

1. Introduction

1.1. This paper is a continuation of [34]. Let U(g) denote the universal enveloping
algebra of a finite-dimensional simple Lie algebra g over C. Roughly speaking, the
main result of [34] states that the primitive ideals of U(g) having rational infinitesimal
characters admit finite generalised Gelfand—Graev models. One of the goals of this
paper is to remove the unnecessary rationality assumption from the statement of [34,
Thm. 1.1] and thus confirm [33, Conjecture 3.2] in full generality; see Theorem 4.2.
This was announced in [34, p. 745], and very few changes to the original proof in [34]
are actually required.

In the meantime two different proofs of [33, Conjecture 3.2] have appeared in the
literature; the first one was found by Losev in [24] and the second one by Ginzburg
n [16]. Our proof relies on the method developed in [34], the only difference being
that in the present case our base ring is a finitely generated Z-subalgebra of C rather
than Q. In this setting, we have to produce sufficiently many primes p for which the
reduction procedure described in [34] leads to irreducible representations of the p-Lie
algebra gz ®7F, with p-characters belonging to the modular counterpart of our initial
nilpotent orbit; see Section 4.

1.2. Denote by G a simple, simply connected algebraic group over C, let (e, h, f)
be an sl,-triple in the Lie algebra g = Lie(G), and denote by (-, -) the G-invariant
bilinear form on g for which (e, f) = 1. Let x € g* by such that x(z) = (e,z) for
all z € g and write U(g, e) for the quantisation of the Slodowy slice e + Kerad f
to the adjoint orbit O := (AdG)e. Recall that U(g,e) = Endg(Q,)°?, where Q,
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is the generalised Gelfand—Graev g-module associated with the triple (e, h, f). The
module @), is induced from a 1-dimensional module C, over of a nilpotent subalgebra
m of g whose dimension equals %dim O. The Lie subalgebra m is (ad h)-stable, all
eigenvalues of ad h on m are negative, and x vanishes on [m,m]. The action of m
on C, = Cl, is given by z(1,) = x(x)1, for all x € m; see [31, 13] for more detail.
The algebra U(g, e) shares many remarkable features with the universal enveloping
algebra U(g) and is often referred to as the enveloping algebra of the Slodowy slice
to O. As an example, U(g,e) is a deformation of the universal enveloping algebra
U(3y), where 3, is the stabiliser of x in g; see [33]. It is also known that U(g, e) is
isomorphic to the Zhu algebra of the vertex W-algebra W#f(g e). The Zhu algebra
of W#(g, e) is, in turn, isomorphic to the finite WW-algebra Wi (g, e) associated with
g and e; see [9] and [10].

1.3. In [33], the author conjectured that every algebra U(g, e) admits a 1-dimensional
representation; see [33, Conjecture 3.1(1)]. In [24], Losev proved this conjecture for g
classical. In this paper, we take another step towards proving [33, Conjecture 3.1(1)].
Recall that O is said to be induced from a nilpotent orbit Oy in a Levi subalgebra [ of
g, if O intersects densely with the Zariski closed set Oy 4+ n, where n is the nilradical
of a parabolic subalgebra of g with Levi component [. If O is not induced, then one
says that O is a rigid orbit.

Theorem 1.1. Suppose the orbit O is induced from a nilpotent orbit Og in a proper
Levi subalgebra U of g, and let eg € Og. If the finite W-algebra U([I,1],e9) admits a
1-dimensional representation, then so does U(g, e).

Theorem 1.1 is proved in Section 3. Combined with [24, Thm. 1.2.3(1)] it reduces
proving [33, Conjecture 3.1(1)] to the case of rigid nilpotent orbits in exceptional
Lie algebras. We say that g is well-behaved if for any proper Levi subalgebra [
of g and any nilpotent element eq € [ the finite W-algebra U([[, 1], ey) admits a 1-
dimensional representation. In view of [24, Thm. 1.2.3(1)] the Lie algebras of types
Ay, By, Cy, Dy, Go, Fy, Eg are well-behaved.

Given an associative algebra A we denote by A®" the factor-algebra A/A - [A, A],
where A - [A, A] is the ideal of A generated by all commutators [a,b] with a,b € A.
Clearly, A®" is the largest commutative quotient of A. Since U(g, e) is Noetherian, by
[31, 4.6], so is the commutative C-algebra U(g, ¢)*". By Hilbert’s Nullstellensatz, the
maximal spectrum & := Specm U (g, ¢)*® parametrises the 1-dimensional representa-
tions of U(g, €). Our main goal in Section 3 is to determine the Krull dimension of the
algebra Ul(g, e)®® under the assumption that g is well-behaved. In proving the main
results of Section 3 we shall rely on Borho’s classification of sheets in semisimple Lie
algebras and Katsylo’s results on sections of sheets.

Given z € g we denote by G, the centraliser of  in G. For d € N, set g9 :=
{r € g| dim G, = d}. The irreducible components of the quasi-affine variety g'®
are called sheets of g. The sheets are (Ad G)-stable, locally closed subsets of g. It is
well-known that every sheet contains a unique nilpotent orbit and there is a bijection
between the sheets of g and the G-conjugacy classes of pairs (I, Op), where [ is a Levi
subalgebra of g and Oy is a rigid nilpotent orbit in [[, [].

If [if a Levi subalgebra of g, then the centre 3(I) of [ is a toral subalgebra of g.

Denote by 3([).e the set of all z € 3(I) for which ad z acts invertibly g/I. Given a
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nilpotent element ey € [, [] define D(l,ep) := (AdG) - (ep + 3(I)reg), a locally closed
subset of g, and call D(I,ey) a decomposition class of g. By [1], every sheet 8 of g
contains a unique open decomposition class. Moreover, if D(I, eg) is such a class, then
Qo := (Ad L) - e is rigid in [[,[] and the (Ad G)-orbit induced from Oy is contained
in 8 (here L is the Levi subgroup of G with Lie(L) = ).

The group C(e) := G N Gy is reductive and its finite quotient I'(e) := C(e)/C(e)°
identifies with the component group of G.. If 8(e) is a sheet containing e, then
the set X := 8(e) N (e + Kerad f) is C(e)-stable and Zariski closed in g. By [21],
the identity component C(e)° acts trivially on X and the component group I'(e)
permutes transitively the irreducible components of X. Furthermore, if D(I, eq) is
the open decomposition class of 8(e) and Y is any irreducible component of X, then
dim Y = dim 3(0).

For an algebraic variety Z, we denote by Comp(Z) the set of all irreducible com-
ponents of Z. Our main result in Section 3 is the following:

Theorem 1.2. Suppose g is well-behaved and O is not rigid. Let 81,...,8; be the
pairwise distinct sheets of g containing e € O. Let D(;, e;) be the open decomposition
class of 8; and X; = 8; N (e + Kerad f). Then there is a surjection

7: Comp(€) - Comp(X;) L ... Comp(X;)
such that dim Y = dim 3(1;) for every Y € 771 (Comp(X;)), where 1 <i < t.
It follows from Theorem 1.2 that if g is well-behaved and O is not rigid, then

dim U(g,e)™ = max dim 3(I;).

We also show in Section 3 that if O is rigid and e € O, then € is a finite set (possibly
empty). In this case we do not require g to be well-behaved.

For g = gl(N), we obtain a much stronger result. Recall that to any partition
A= (pn > pn_1>+-->p;) of N there corresponds a nilpotent element e, € gl(N) of
Jordan type (p1,pa,--.,Pn), and any nilpotent element in gl(N) is conjugate to one
of the e)’s. At the end of Section 3 we show that

U(gl(N),en)™ = C[Xy,..., X)), [=p,.

In proving this isomorphism we use Theorem 1.2 and the explicit presentation of finite
W-algebras of type A found by Brundan—Kleshchev in [7].

1.4. Our proof of Theorems 1.1 and 1.2 relies on characteristic p methods developed
in [34]. We have to generalise several technical results proved in [34]; see Section 2.
The algebra U(g,e) is defined over a suitable localisation A = Z[d '] of Z. More
precisely, there exists an A-subalgebra U(ga,e) of U(g,e) free as an A-module and
such that U(g,e) = U(ga,e) ®4 C. We take a sufficiently large prime p invertible in
A, denote by k the algebraic closure of F,, and set U(gy,e) = U(ga,e) ®a k. Here
gk = 9z ®zk, where gz is a Chevalley Z-form of g containing e. We identify e with its
image in g, and regard y = (e, - ) as a linear function on gy (this is possible because
the bilinear form (-, -) is A-valued).

The subalgebra m from (1.2) is defined over A and we set my := m4 ®4 k, where
my = mNga (it can be assumed that m4 is a free A-module). By construction, the

Lie algebra my possesses a 1-dimensional module on which it acts via x; we call it k,.
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We then consider the induced gi-module Qy k := U(gk) Qu(m,) ky, denote by py the
corresponding representation of U(gy), and define

Ul e) = (Endg, Q).
It is easy to see that U(gy, ) is a subalgebra of U(gy, ). Let Z, = Zy(gk) denote the
p-centre of U(gy) (it is generated by all 27 — 2! with x € g, where z — =P is the
p-th power map of the restricted Lie algebra gi). Clearly, px(Z,) C U(gy,e). Given
a subspace V of gy we write Z,(V) for the subalgebra of Z, generated by all v? — /7!
with v € V. In Section 2 we prove:
Theorem 1.3. The algebra U(gy, e) is generated by Ul(gy, e) and px(Z,); moreover,

~

U(gk, €) is a free px(Z,)-module of rank p", where r = dim G.. There is a subspace ay
of g with dim ay = %dim O such that U(gk, e) = U(gk, e) @k Zy(ax) as k-algebras.

Let Gy be a simple, simply connected algebraic k-group with Lie(Gy) = gx. Recall
that for £ € gj the reduced enveloping algebra Ug(gx) is defined as the quotient of U(gx)
by its ideal generated by all 2P — 2P! — £(2)P with = € g,. One of the challenging
open problems in the representation theory of gy is to show that for every ¢ € g;
the reduced enveloping algebra Ug(gy) has a simple module of dimension p(dim 9(£)/2,
where O(§) = (Ad" Gk)&. As a consequence of Theorem 1.3 we obtain:

Theorem 1.4. If the finite W-algebra U(g,e) admits a 1-dimensional representa-
tion, then for p > 0 the reduced enveloping algebra U, (gk) has a simple module of
dimension p(dim 00))/2,

Together with Theorem 1.1 and [24, Thm. 1.2.3(1)] this yields:

Corollary 1.1. If g is classical and p > 0, then for any & € gi the reduced enveloping
algebra Ue(gi) has a simple module of dimension pldim 9(€)/2,

It also follows from Theorems 1.1 and 1.4 that if O is induced from Oy C [ and the
finite W-algebra U([L, ], eg) with ey € Op has a 1-dimensional representation, then for
p > 0 the reduced enveloping algebra U, (gx) has a module of dimension pldim 00))/2
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tute for worm hospitality and support. The results presented here were announced in
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2. Finite W-algebras and their modular analogues

2.1. Let G be a simple, simply connected algebraic group over C, and g = Lie(G).
Let b be a Cartan subalgebra of g and ® the root system of g relative to . Choose
a basis of simple roots IT = {ay,...,a,} in ®, let ®T be the corresponding positive
system in ®, and put @~ := —®T. Let g = n~ ®hdn™ be the corresponding triangular
decomposition of g and choose a Chevalley basis B = {e, | v € @} U {h,| a € II} in
g. Set B :={e,| a € £®T}. Let gz and Uy denote the Chevalley Z-form of g and
the Kostant Z-form of U(g) associated with B. Given a Z-module V' and a Z-algebra
A, we write V.=V ®z A.
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Take a nonzero nilpotent element e € gz and choose f,h € gg such that (e, h, f)

is an sly-triple in gg. Denote by (-, -) a scalar multiple of the Killing form x of g
for which (e, f) = 1 and define x € g* by setting x(xz) = (e,x) for all z € g (it
follows from the sly-theory that k(e, f) is a positive integer). Given = € g we set
O(z) := (AdG) - z and d(z) := § dim O(x).
Definition 2.1. We call a commutative ring A admissible if A is a finitely generated
Z-subalgebra of C, k(e, f) € A*, and all bad primes of the root system of G and
the determinant of the Gram matrix of (-, -) relative to a Chevalley basis of g are
invertible in A.

It is clear from the definition that every admissible ring is a Noetherian domain.
Given a finitely generated Z-subalgebra A of C we denote by m(A) the set of all primes
p € N such that A/ = F, for some maximal ideal P of A.

Let g(i) = {z € g| [h,2] = iz}. Then g = p,., 9(i), by the sly-theory, and
all subspaces g(i) are defined over Q. Also, e € g(2) and f € g(—2). We define a
skew-symmetric bilinear form (-, -) on g(—1) by setting (z,y) := (e, [z,y]) for all
x,y € g(—2). This skew-symmetric bilinear form is nondegenerate, hence there exists
a basis B ={z21,...,2,,21,...,2s} of g(—1) contained in gg and such that

)’ ~s)

(2, 25) = dij, (2i,2) = (#,2;) =0 (1<i,j<s).

As explained in [34, 4.1], after enlarging A if need be, one can assume that ga =
D,c, 94(i), that each ga(i) := ga N g(7) is a freely generated over A by a basis of
the vector space g(i), and that B is a free basis of the A-module ga(—1).

Put m := g(—1)°® > .., g(i) where g(—1)° denotes the C-span of z,...,z..
Then m is a nilpotent Lie subalgebra of dimension d(e) in g and y vanishes on the
derived subalgebra of m; see [31] for more detail. It follows from our assumptions on
A that my = g4 Nm is a free A-module and a direct summand of g4. More precisely,
ma = ga(—1)° 3, 9a(i), where ga(=1)° = gaNg(—1) = Az; ©--- @ Az,

Enlarging A further we may assume that e, f € g4 and that [e, g4(i)] and [f, g (i)]
are direct summands of g (i+2) and ga(i—2), respectively. Then ga(i+2) = [e, ga(i)]
for all i > 0; see [34, 4.1].

Write g, for the centraliser of e in g. Similar to [31, 4.2 and 4.3] we choose a basis
L1y .oy Ly, Tpgds - - -, Ty OF the free A-module py := @,~, 94(i) such that

(a) z; € ga(n;) for some n; € Z;
(b) x1,...,z, is a free basis of the A-module g4 N g;
(€) Tri1,- oy Tm €S, 04

2.2. Let @) be the generalised Gelfand-Graev g-module associated to e. Recall that
Qy = U(9) ®u(m) Cy, where C,, = C1, is a 1-dimensional m-module such that -1, =
x(z)1, for all € m. Given (a,b) € Z7 X Z5 we let 222" denote the monomial
gt ptm 2t in U(g). Set Q. a = U(ga) ®u(m,y) Ay, where A, = Al,. Note
that Q,, 4 is a ga-stable A-lattice in Q, with {z'2d ® 1,, | (i,j) € Z7 x Z5 } as a free
basis; see [34] for more detail. Given (a,b) € Z7 x Z3 we set

m

(a,b)le == ) ai(n;+2) + Z ;.

=1
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According to [31, Thm. 4.6], the algebra U(g, e) := (Endy Q) is generated over C
by endomorphisms ©1, ..., 0, such that

(1) O,(1,) = (:)sk + Y Aﬁjxizj> ® 1., 1<k<n
0<[(i.d)[e<ni+2

where X ; € Q and A{; = 0 if either [(i, j)[c = nx +2 and [i| +[j| = 1ori# 0, j =0,
and 7; = 0 for [ > r. Moreover, the monomials @’f -+ O with (iy,...,1,) € Z'_ form
a PBW basis of the vector space U(g,e).

The monomial O ---©¥ is said to have Kazhdan degree Y ., a;(n; + 2). For
k € Z, we let U(g,e), denote the C-span of all monomials ©% --- 0% of Kazhdan
degree < k. The union (J,~, U(g, €)x is an increasing algebra filtration of U(g, e),
called the Kazhdan filtration; see [31]. The corresponding graded algebra grU(g, e)
is a polynomial algebra in gr©y,...,gr0,. It is immediate from [31, Thm. 4.6] that
there exist polynomials Fj; € Q[Xq,...,X,], where 1 < ¢ < j <r, such that

Moreover, if [z;, ;] = >, _ o x) in g, then
Fij(O,..., Za Ok + ¢ij(©1,...,0,) (mod U(g, e)m+nj),

where the initial form of ¢;; € Q[X1,...,X,] has total degree > 2 whenever ¢;; # 0.
By [34, Lemma 4.1], the algebra U(g,e) is generated by Oy, ..., 0, subject to the
relations (2). As in [34], we assume that our admissible ring A contains all Af; in (1)
and all coefficients of the F};’s in (2).

2.3. Let N, denote the ideal of codimension one in U(m) generated by all x — x(x)
with # € m. Then @, = U(g)N, as g-modules. By construction, the left ideal J, :=
U(g)N, of U(g) is a (U(g),U(m))-bimodule. The fixed point space (U(g)/J,)*™
carries a natural algebra structure given by (z+7,) - (y+7J,) =2y +J, for all x,y €
U(g). Moreover, U(g)/J, = @)y as g-modules via the g-module map sending 1 + g,
to 1,, and (U(g)/J,)*™ = U(g,e) as algebras. Any element of U(g,e) is uniquely
determined by its effect on the generator 1, € @, and the canonical isomorphism
between (U(g)/J, )™ and U(g, e) is given by u — u(1,) for all u € (U(g)/J, )™ It
is clear that this isomorphism is defined over A. In what follows we shall identify @),
with U(g)/J, and Ul(g, e) with (U(g)/J, )™

Let U(g) = U,¢z K;U(g) be the Kazhdan filtration of U(g); see [13, 4.2]. Recall
that K;U(g) is the C-span of all products ; - - - 2, with z; € g(n;) and 3°0_, (n;+2) < j
(the identity element is in KoU(g) by convention). The Kazhdan filtration on @, is
defined by K;Q, = 7(K;U(g)), where 7: U(g) — U(g)/J, is the canonical homomor-
phism; see [13, 4.3]. It turns (), into a filtered U(g)-module. As explained in [13] the
Kazhdan grading of gr @), has no negative components. The Kazhdan filtration of
U(g, e) defined in (2.2) is nothing but the filtration of U(g, e) = (U(g)/J,)* ™ induced
from the Kazhdan filtration of Q, through the embedding (U(g)/J,)™™ — Q,; see
[13] for more detail.

Let U(ga, e) denote the A-span of all monomials ©% - - - 0¥ with (i1,...,i,) € Zr.

Our assumptions on A guarantee that U(gu, e) is an A-subalgebra of U(g, e) contained
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in (Endg, @, 4)°. It is immediate from the above discussion that @, 4 identifies
with the ga-module U(ga)/U(ga)Ny 4, where N, 4 stands for the A-subalgebra of
U(my,) generated by all x — x(z) with x € my. Hence U(ga, e) embeds into the A-

algebra (U(gA)/U(gA)NX,A)ad ™. Since Q. 4 is a free A-module with basis {712} ®
1y, | (1,j) € Z7 x Z3,.}, easy induction on Kazhdan degree (based on [31, Lemma 4.5]
and the formula displayed in [31, p. 27]) shows that

(3) U(gae) = (Endg, @y, 4)” 2 (U(ga)/U(ga)Nya)™ ™.

Repeating verbatim Skryabin’s argument in [31, p. 53] one also observes that @, 4 is
free as a right U(g4, e)-module.

2.4. We now pick p € m(A) and denote by k the algebraic closure of F,. Since the
form (-, ) is A-valued on g4, it induces a symmetric bilinear form on the Lie algebra
o = ga ®a k. We use the same symbol to denote this bilinear form on g,. Let Gy
be the simple, simply connected algebraic k-group with hyperalgebra Uy = Uz ®7 k.
Note that gy = Lie(Gg) and the form (-, - ) is (Ad Gg)-invariant and nondegenerate.
For x € gy we set T := x® 1, an element of g,. To ease notation we identify e, f with
the nilpotent elements é, f € gi and y with the linear function (e, -) on gy (this will
cause no confusion).

The Lie algebra g, = Lie(Gy) carries a natural [p]-mapping = + /P! equivariant
under the adjoint action of Gy. For every x € g the element 27 — z/P! of the universal
enveloping algebra U(gy). The subalgebra of U(gy) generated by all 2P — 2P) € U(gy)
is called the p-centre of U(gx) and denoted Z,(gx) or Z, for short. It is immediate from
the PBW theorem that Z, is isomorphic to a polynomial algebra in dim g variables
and U(gy) is a free Z,-module of rank pd™ 9. For every maximal ideal J of Z, there
is a unique linear function n =7, € g; such that

J = (2 —al” —p(2)"1] @ € gu).

Since the Frobenius map of k is bijective, this enables us to identify the maximal
spectrum Specm Z, with gj.

Given £ € gi we denote by I¢ the two-sided ideal of U(gx) generated by all 27 —
ol — £(2)P1 with o € gy, and set Ug(gy) := U(gx)/Ie. The algebra Ug(gy) is called
the reduced enveloping algebra of g, associated to £&. The preceding remarks imply
that dimy Ug(gi) = p¥™® and I N Z, = Jg, the maximal ideal of Z, associated with
€. Every irreducible gx-module is a module over Ug(gk) for a unique £ = & € g;.
The linear function &y is called the p-character of V; see [30] for more detail. By
[30], any irreducible Ug(gx)-module has dimension divisible by p(dim e=dim 3)/2 " where
3e = {x € gk | {([z, gk]) = 0} is the stabiliser of £ in gy.

2.5. Fori € Z, set gk(i) := ga(i)®ak and put my := m,4®4k. Due to our assumptions
on A the elements Z1,...,Z, form a basis of the centraliser (gx). of e in g, and that
my is a nilpotent subalgebra of dimension d(e) in gi. Set Qy,k = U(gk) Qu(m) Ky,
where k, = A, ®4 k = kl,. Clearly, k1, is a 1-dimensional my-module with the
property that x(1,) = x(z)1, for all x € my. Define

o~

U(g]k, 6) = (EIld.g]k QX’]]()OP.
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It follows from our discussion in (2.2) and (2.3) that Q, k = @y, 4 ®4 k as modules
over gy and @), i is a free right module over the k-algebra

U(gk,e) = U(gA,e) ®4 k.

Thus we may identify U(gy,e) with a subalgebra of U (gk, €). Note that the algebra
U(gi,e) has k-basis consisting of all monomials ©% ---©¥ with (iy,...,i,) € 7,
where ©; 1= 0; ® 1 € U(ga, e) ®1 k. Given a polynomial g € A[X,..., X,] we let Pg
denote the image of g in the polynomial algebra k[ X1, ..., X,] = A[X,..., X,]®ak.
Since all polynomials F;; are in A[Xq,...,X,], it follows from the relations (2) that

(4) [(:)27(:)]] = pﬂj(él,,éT) (1§Z<j§’/’)
Lemma 2.1. The algebra U(gy, e) is generated by the elements Oy, ..., 0, subject to
the relations (4).

Proof. We argue as in the proof of [34, Lemma 4.1]. Let I be the two-sided ideal of
the free associative algebra k(Xy, ..., X,) generated by all [X;, X;] —PF};(Xy, ..., X,)
with 1 <4 < j < r. Let X; denote the image of X; of in the factor-algebra U :=
k(Xy,...,X,)/I. There is a natural algebra epimorphism ¢: U — U(gy, €) sending

X; to ©; for all 7. For k € Z4 let U, denote the k-span of all products X;, ---X;

with 37", (nj, +2) < k and let U be the k-span of all monomials X]"--- X! with

(i1,...,4,) € Z'. Double induction on k and m (upward on k and downward on
m) based on the relations (4) shows that U = U. Since the monomials 6% --- O
with (¢1,...,4,) € Z' are linearly independent over k, we obtain U = U(gy,e), as
required. O

Given an associative algebra A we set A := A/A - [A, A], where A - [A, A] is the
(two-sided) ideal of A generated by all commutators [a, b] = ab — ba with a,b € A. It
is immediate from [34, Lemma 4.1] that U(g, e)?" is isomorphic to the quotient of the
polynomial algebra C[X1,...,X,| by its ideal generated by all polynomials F;; with
1 <i < j <r). Given a subfield K of C containing A we denote by E(K) the set of all
common zeros of the polynomials Fj; in the affine space A%. Clearly, the A-defined
Zariski closed set €(C) parametrises the 1-dimensional representations of the algebra
U(g,e). Let E(k) denote the set of all common zeros of the polynomials PF;; in Aj.
By Lemma 2.1, the set £(k) parametrises the 1-dimensional representations of the
algebra U(gy, €). This has the following consequence:

Corollary 2.1. If the algebras U(gy,e), where k = F,, afford 1-dimensional rep-
resentations for infinitely many p € w(A), then the finite W-algebra U(g,e) has a
1-dimensional representation.

Proof. Suppose for a contradiction U (g, e) has no 1-dimensional representations. Then
€(Q) = 9, where Q denotes the algebraic closure of Q in C. Since Q is alge-
braically closed, there exists a finite Galois extension K of Q and polynomials g;; €
K[Xi,...,X,] such that Z” 9i;Fij = 1. Let Ok denote the ring of algebraic in-
tegers of K. Rescaling the coefficients of the g;;’s if necessary, we can find h;; €
Ox[X1,...,X,] such that Z” hijF;; = n for some positive integer n. For each
p € w(A) choose P € Spec O with PN Z = pZ. Since Ok is a Dedekind ring,
O/P = F, for some p-power ¢. Let

e 0[X1,..., X,] — (oK/qsg[Xl,...,Xr] < k[X1,..., X,]



denote the homomorphism of polynomial algebras induced by inclusion F, — k.
Note that ¢(F;;) = PF;; and ¢(n) is just the residue of 7 modulo p. As 7 has finitely
many prime divisors, we derive that the ideal of k[ X7, ..., X,] generated by the PF};’s
coincides with k[X7, ..., X, ] for almost all p € 7(A). As E(k) = @ for all such p, this
implies that the algebra U(gy, e) has no 1-dimensional representations for almost all
p € m(A). Since this contradicts our assumption, the corollary follows. O

2.6. Let g% be the A-module dual to g4, so that g* = g% ®4C and g; = g5, ®ak. Let
m7 denote the set of all linear functions on g4 vanishing on my, a free A-submodule
and a direct summand of g% (by our assumptions on A). Note that m} ®4 C and
my ®4 k identify naturally with with the annihilators m* := {f € g| f(m) = 0} and
mi- = {f € gt | f(my) = 0}, respectively.

For n € x +mi- we set Q7 = Qyx/[,Qy.x, where I is the ideal of U(gy) generated
by all 27 — zlPl — n(x)P1 with = € g. Evidently, Q7 is a g-module with p-character

x- Note that QY = ng} in the notation of [34, 4.3]. Each gg-endomorphism 6; ® 1 of
Qy,xk = @y, 4 ®ak preserves the submodule 7,,Q, x, hence induces a gx-endomorphism
of Q7. To ease notation we call this endomorphism 6;. Let U, (gx,e) denote the
algebra (Endg]k Q@Op. Since the restriction of  to my coincides with that of y, the
ideal of U(my) generated by all z — n(x) with x € my equals N, x = N, 4 ®4 k and
k, =k, as my-modules.

In what follows we require a slight generalisation of [34, Prop. 4.1].

Lemma 2.2. The following are true:
(1) Q7 = Uy,(gk) ®u,(m) ky as gx-modules;

.. ~ ad
(ii) Uy(gus€) = (Uy(gi)/Un(gi) Noi) ™™
(iii) QY is a projective generator for Uy, (gx) and Uy,(gx) = Mat (Un(gk,e));
iv) the monomials 0% - - -0 with 0 < iy, < p — 1 form a k-basis of Uy (g, e).
T n

Proof. Let 1, be the image of 1,, € Q,, i in (7. By the universality property of induced
modules the is a surjection &: Qyx = U(gk) ®um) ky = Up(gk) Qu,(my) Ky As
I,Qy x € Ker @, it gives rise to an epimorphism a: Q7 — U, (gk) ®u, (m,) ky- On the
other hand, Q7 is generated by its 1-dimensional U, (my)-submodule k1, = k,. The
universality property of induced U, (gk)-modules now shows that there is a surjection
o' Uy(gk) ®u,y(my) ky — Q7. But then « is an isomorphism by dimension reasons,
proving (i). Part (ii) is an immediate consequence of part (i); see [31, p. 10] for more
detail.

Suppose my N 3, contains a nonzero element, say y, and write y = > .. | y; with
y; € ge(i). Let d € Z be such that ys # 0 and y; = 0 for i > d. Since 5 € y + mi,
we can write n = (e +a, ) for some a € Y. gk(?). As 3,y = (Gk)era a0d 3y = (Gi)e,
our choice of d forces yq € my N 3,. Since (gx)e C Y50 Ok(4), this is impossible. So
my N 3, = 0, implying that my is an n-admissible subalgebra of dimension d(e) in gy;
see [31, 2.3 and 2.6]. Part (iii) now follows from [31, Thm. 2.3].

By (i) and (ii), the Kazhdan filtration of the module @),  indices that on the algebra
Uy(gx, ) = (Qy.x/1,Qy.x)* ™. Repeating verbatim the argument from the proof of

[31, Thm. 3.4(i)] one obtains that the monomials #%' --- 0 with 0 < 4, < p — 1
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are linearly independent in U,(gx,e). Since dim U,(gx,e) = p" by part (iii), these
monomials form a basis of U, (g, €). O

2.7. Recall from (2.1) the A-basis {x1,..., %y, Tpy1, ..., Ty} of pa. Set

v _Js f1<i<s,
) sy i s+H1<i<m-—r+s.
For a € Z% put X2 := X7 .. -Xgé()e) and X2 := X" .. -)_(gé)e), elements of U(ga)
and U (gy), respectively. By [34, Lemma 4.2(i)], the monomials X2®1, with a € Z4©
form a free basis of the right U(ga, e)-module Q) 4.

Lemma 2.3. Let 1, be the image of 1, € Q. x in Q1. For everym € x + mi the
right Uy (g, €)-module Q7 is free with basis {X* ® 1| 0 < a; <p—1}.

Proof. The Kazhdan filtration of the U(gk)-module @, i induces that on the factor-
module Q7 = Qy k/1,Qy k. For k > 0 denote by (Q7)x the kth component of the
Kazhdan filtration of Q7. Call a tuple a € Z!.. admissible if a; < p — 1 for all i. By
Lemma 2.2(iv), the monomials 2 := 6] - - - 6%, where a runs through the admissible
tuples in Z’_, form a k-basis of U,(gx,e). Using (1) and induction on the Kazhdan
degree k="' a;(n; +2) of ©2 it is easy to observe that

02(1,) = 7927 @ 1, + > 1T B @1, (mod (Q1)5-1
[G3)le=F, lil+]i[>]al
for some 7;; € k. This relation in conjunction with double induction on |(i, j)|. and
li| + |j| (upward on |(i,j)|c and downward on [i| + |j|) yields that every z'# ® I,
belongs to the k-submodule of Q7 spanned by the vectors X 20P(1,) with admissible
ac Zi(e) and b € Z. Since dimy Q7 = pY©+" by Lemma 2.2(i), these vectors are
linearly independent. The result follows. U

Let a; be the k-span of X7, ... ,)_(d(e) in gx and put ay := ax®3,. By our assumptions
ON Typy1,. .., Ty in (2.1) and the inclusion Kerad f C P, gx(4), we have that

(5) ay = {z €ax| (z,Keradf)=0}.

The bilinear form ( -, -) allows us to identify the symmetric algebra S(ay) with the co-
ordinate ring k[x +mji-]. Given a subspace V in g; we denote by Z,(V') the subalgebra
of the p-centre Z(g;) generated by all 2P — zlPl with 2 € V. Clearly, Z,(V) is isomor-
phic to a polynomial algebra in dimy V' variables. Let p, denote the representation of
U(g]k) in Endk QXvk'

Our next result is, in a sense, analogous to Velkamp’s theorem [42] on the structure
of the centre of U(gy). Similarity becomes apparent when one takes for e a regular
nilpotent element in gy and observes that in this special case U(gy, e) identifies with
the invariant algebra U (gy)%.

Theorem 2.1. The following hold for any nilpotent element e € gy:
(i) the algebra ﬁ(gk, e) is generated by its subalgebras U(gy,e) and px(Z,);
(ii) px(Z,) = Zy(ax) and Ulgy, €) is a free px(Z,)-module of rank p";
(iii) U(gy,e) = Ulgy, €) @x Zy(a) as k-algebras.
10



Proof. (a) First note that Z,(gx) = Z,(mx) ®k Z,(ax) as algebras, and Z(my) NKer py
is an ideal of codimension 1 in Z,(my). Hence px(Z,) = px(Z,(ax)). As the monomials
A ®1, with (i,j) € Z7 x Z5, form a basis of @y x and Z,(dx) is polynomial algebra
inz’— 2" (1<i<s)and :Z’?—:Z’ED] (1 <j <m), we have that Z,(ax) NKer px = {0}.
It follows that py(Z,) = Z,(a) = k[y + mi’] as k-algebras.

(b) Denote by I; the set of all admissible tuples in Z' and let e; denote the tuple
in I; whose only nonzero component equals 1 and occupies the i-th position. As an
immediate consequence of (1), for 1 < k < r we have that

© O (T D ) 91 € Qe a

|(Ld)le=nr+2

for some yf; € F,. Also, gr(z/ — 2P = gr(z)P and gr(z — jg-p}) = gr(z;)P for all

1 <i<sand1l<j<m. On the other hand, [34, Lemma 4.2(i)] implies that the
vectors X? ® 1, with a € Zi(e) form a free basis of the right U(gy, e)-module Q) k.
As @,k is a Kazhdan filtered U(gk)-module, straightforward induction on filtration
degree, based on (6), shows that @), i is generated as a Z,(ax)-module by the set
{Xi(:)j ® 1, |ie Lice), jelL.}.

Let i be an arbitrary element of U(gy, €). Then h(1,) = Z(i,j)eld(e)xlr fi;X'03(1,)
for some fi; € Z,(ai). For every & € x + my the image of fi; in Ug(gy) is a scalar
which shall be denoted by £(i, j). Suppose fap # 0 for a nonzero a € I,y and some
b € I,. Then there exists € x + mi- such that n(a,b) # 0. Let h(n) be the image
of h in U, (g, €) ‘Z_(Endgk QZ)OP. Lemma 2.2(iv) implies that .h(n)_(ix) is a k-linear
combination of #'(1,) with i € I,. By Lemma 2.3, the set {X'® 1, |i € Iy} is a
free basis of the right U, (gx,e)-module Q7. Since n(a,b) # 0 and 6" is the image
of O in U,(gx, €), it is now evident that h(n)(1,) cannot be a k-linear combination
of #'(1,) with i € I,. This contradiction shows that fi; = 0 unless i = 0. As a
consequence, the set {©'] i € I} generates U (gy, €) as a Zy(ax)-module. Specialising
at a suitable n € y +m;" and applying Lemma 2.2(iv) one more time we deduce that
the set {©1] i € I} is a free basis of the Z,(a)-module U(gy, e).

(¢) Our next goal is to show that U (g, €) = U(gy, €)- Zy(ag). Every ggx-endomorphism
of @y, k is uniquely determined by its value at 1,. For a nonzero u € U (gk, €) write
u(ly) = 32\05)0<n M 72 @ 1,, where n = n(u) and A\;; # 0 for at least one (i, )
with |(i,j)]e = n. For k € Z; put A*(u) := {(i,j) € Z7 x Z5 | My #0 & |(1,])]e = k}
and denote by A™*(u) the set of all (a, b) € A™(u) for which the quantity n—|a|— |b|
assumes its maximum value. This maximum value will be denoted by n’ = n/(u). For
each (a,b) € A™™ we have that

|(a,b)le —lal = [b] = >, (i +2)a; +>_i_, bi — [a] — [b[ > 0.

Consequently, n(u), n'(u) € Z; and n(u) > n'(u).
Put Q := {(a,b) € Z2 | a > b}. By the preceding remark, (n(u),n’(u)) € Q for

all nonzero u € U(gg,e). It is immediate from (1) and our discussion in part (b)
that A™*(0;) = {(ex,0)}, A" (pu(& — z")) = {(pe;,0)} for 1 < i < m, and

A (py (2 — Z][-p])) = {(0,pe;)} for 1 < j < s. Since @, k is a Kazhdan filtered
11



U (gx)-module, this implies that
A (T, (@ = #) TT, (2 — 2P0 68) = {(pa+ S0, ciewpb)

for all (a,b) € ZT' x Z7, and all ¢ € I,.. Since U(gy, e) is generated as a Zy(ax)-module
by the set {©7| i € I}, it follows that for every u € U(gy, €) with (n(v), n'(uv)) = (d, 1)
there exists a k-linear combination u’ of the endomorphisms
u(a,b,c) = [ pela? — ) TIL, pe(E — 2% 69, (a,b) € 27 x Z3, c €1,
with A™*(u(a, b,c)) C A™™(u) such that either n(u —u') < d or n(u — v') = d and
n'(u—u') <l

Order the tuples in 2 lexicographically and assume that v € U(gg,e) - Z,(ax) for
all nonzero u € U(gy, €) with (n(u), n’(u)) < (d,1) (when (n(u),n’(u)) = (0,0) this is
a valid assumption). Now let u € U(gy, €) be such that (n(u),n'(u)) = (d,1). By the
preceding remark, there exists u' = >}, o Aapcu(a, b, c) with A™* (u(a,b,c)) C
A™(u) for all (a, b, c) with A\ pe # 0 such that (n(u —u'),n' (v — ') < (d,1). Set

v(a,b,c) = u((0,...,0,ar41,...,am),b,0) - [[}_, OF% - ©°.
Using (6) it is easy to observe that A™*(u(a, b,c)) = A™>(v(a, b, c)) and
(n(u(a, b. <) — v(a,b,c). w'(u(a,b.c) — v(a,b,<))) < (n(ula,b,c)). n'(ula,b,c)).

We now put u” := 37,1, ) Aabecv(@ b, c), an element of U(gx, €) - Z,(ax). Because

(n(u—u"),n'(u—u")) < (n(u),n(u)), the equality U(gy, €) = Ul(gy, €)- Zy(ag) follows
by induction on the length of (d,[) in the linearly ordered set (£2, <).

(d) It remains to show that U (g, €) = U(gy, €) Zy(ax). We have already mentioned
that the vectors X*® 1, with a € Zi(e) form a free basis of the right U(gy, e)-module

Qy.k- Since XP and X — X" have the same Kazhdan degree in U(gy) and Q.. is a
Kazhdan filtered U(gx)-module, it follows that the vectors

{Hfiel) p]k(Xf) — Xi[p})ai . ¢ ® 1X ‘ a; € Z+, Ccc Z:_}

are linearly independent. This implies that U (gy, €) = U(gy, €) @y Zy(ax) as algebras,
completing the proof. O

2.8. As an immediate consequence of Theorem 2.1 we obtain:
Corollary 2.2. U(gy, €)™ = U(gy, )™ @ Zy(ax) as k-algebras.

Proof. 1f C'is an associative commutative k-algebra, then for any associative k-algebra
A we have that

A C A Cl- (A C) = (MA@ C)- (A C) = [AA]-A® C.

Hence (A @, C)** =2 A @, C as k-algebras. In view of Theorem 2.1 the corollary
obtains by setting A := U(gk, e) and C := Z,(ay). d

We are now in a position to prove the main result of this section.
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Theorem 2.2. If the finite W -algebra U(g, €) affords a 1-dimensional representation,
then for p > 0 the reduced enveloping algebra U, (gx) admits irreducible representa-
tions of dimension p™©).

Proof. (a) Suppose Ul(g, e) affords a 1-dimensional representation. Then £(C) # @.
Since the affine variety &(C) = Specm U(g, €)*" is defined over Q and Q is algebraically
closed, it follows that £(Q) # @. Hence &(K) # @ for some finite Galois extension
K of Q. It follows that there exists d € N such that € has a point with coordinates in
Ok[d™!], where Ok stands for the ring of algebraic integers of K. If ptd, then there
is P € Spec Ok [d™'] such that Ok [d~']/PB = F,, where ¢ is a power of p. Embedding
F, into k = F, we see that &(k) # & for all such p. In view of Lemma 2.1 this implies
that U(gy, e) affords 1-dimensional representations for all primes p satisfying p t d.

(b) Now suppose that p > 0 and U(gk,e) affords a 1-dimensional representation.
Then Theorem 2.1(iv) yields that the k-algebra U (gk, ) affords a 1-dimensional rep-
resentation too; we call it v. By Theorem 2.1(ii), px(Z,) N Ker v is a maximal ideal
of the algebra px(Z,) = Z,(ax) = k[x + mi"]. So there exists n € x + m;- such that
pi(a? — 2Pl —n(2)P) € Ker v for all z € gy. Our choice of 7 ensures that the k-algebra
ﬁn(gk, e) := U (g, €) ®z,G,) ky affords a 1-dimensional representation. On the other
hand, the canonical projection Qy x = Qy kx/I[,Qy.x = Q7 gives rise to an algebra
homomorphism p,): ﬁn(gk,e) — (Endg, QZ)OP = U,(gk,e). As dimy ﬁn(gk,e) <p"
by Theorem 2.1(ii), applying Lemma 2.2(iv) yields that p, is an algebra isomorphism.
As Uy (gx) = Matae (Uy(gk,€)) by Lemma 2.2(iii), it follows that the algebra U, (gx)
has an irreducible representation of dimension p©).

(c) Let = denote the set of all £ € gi for which the algebra Ug(gx) contains a two-sided
ideal of codimension p?¥©). It is immediate from [35, Lemma 2.3] that the set = is
Zariski closed in g;. If ¢ = (Ad"¢)(&) for some g € Gy, then Ug(gy) = Ug(gx) as
algebras. Hence = is stable under the coadjoint action of Gy.

We claim that k* - & C = for all £ € =. To prove the claim we first recall that
¢ = (z, -) for some x € gg. Let x = x5+x,, be the Jordan—Chevalley decomposition of
x in the restricted Lie algebra gy and put & := (xg, - ), & = (2, ,- ), and [ := 3(xs)-
As p > 0 and =z, is semisimple, [ is a Levi subalgebra of g,. It ¢ € k*, then
tr = txs + tx, is the Jordan—Chevalley decomposition of tz. Obviously, 3(t£;) = [.

Put d := %(dimk gk — dimy [). It follows from the Kac—Weisfeiler theorem (or rather
from its generalisation due to Friedlander—Parshall) that Ug(gc) = Mat,a (Ug(l))
and Use(gk) = Matya (Ug(1)); see [31, 2.5], for example. Since p > 0, we have a
direct sum decomposition [ = s @ 3([), where s = [[,[], and induced tensor product
decompositions Ug([) = Ug(s) @k Ue(3(1)) and Use([) = Ue(s) @k Use(3(1)). As 3(1) is
a toral subalgebra of gy, the reduced enveloping algebra Uy (3([)) is commutative and
semisimple for every ¢ € 3(I)*. From this it is immediate that U (3(l)) = U (3(1)) as
algebras.

Let L be the Levi subgroup of Gy with Lie(L) = [. It acts on s as restricted Lie
algebra automorphisms. Note that &, = &,. As z,, is nilpotent and L is reductive,
all nonzero scalar multiples of z,, are conjugate under the adjoint action of L. This

implies that the algebras Ug(s) and Up(s) are isomorphic. In view of our earlier
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remarks this shows that Uk ([) = Ug(l) and Uwe(gk) = Ue(gk) for all t € k*. Our
claim is an immediate consequence of the last isomorphism.

(d) Since = is Zariski closed and k* - £ C = for all £ € =, the set = is conical. As
U, (gk) has a simple module of dimension pX®), we have n € Z. Asn € x +mj- we can
write n = (e +y, - ) for some y = > .. | y; with y; € gi(¢). There is a cocharacter
A: k* — Gy such that (Ad A\(¢))z = #/x for all x € g(j), j € Z and t € k*. For
i < —1,set m;:=(yi, - ). Thenn=x+>,c; mand (Ad* X)) n = x4+ 0, t'ni.
As Z is conical and (Ad" Gy)-invariant, this implies that x + Y., t*7“n; € = for all
t € k*. Since = is Zariski closed, this yields y € =. -

Let I be a two-sided ideal of codimension p?® in U,(gyx). Then U, (gx)/I is a
Uy (gi)-bimodule. Since U, (gk) @k Uy(gk)® = Ufy,—y) (0x © gk) as k-algebras, it is
immediate from [30, Thm. 3.10] that the bimodule U, (gk)/I is irreducible. But then
Uy(gx)/I = Mat e (k). This shows that U, (gx) has a simple module of dimension
p™©) completing the proof. O
2.9. We call a representation of Ug(gk) smallif it has dimension equal to pldim G €)/2
To prove that every reduced enveloping algebra Ug(gx) has such a representation is a
well-known open problem in the modular representation theory of Lie algebras; see
(30, p. 114], [20], [17, p. 110], for example. This problem has a positive solution for
Lie algebras type A due to the fact that all nilpotent elements in gl,, are Richardson.
This enables one to construct small representations by inducing up 1-dimensional
representations of appropriate parabolic subalgebras. However, outside type A the
problem of small representations is wide open, and in the most interesting cases it
is impossible to obtain such representations by parabolic induction. Our next result
solves the problem of small representations for Lie algebras of types B, C, D under
the assumption that p > 0.

Corollary 2.3. If gi is of type B, C or D, then the problem of small representations
for gy has a positive solution for almost all primes. More precisely, if k = F, and
p > 0, then for every & € gi the reduced enveloping algebra Ue(gx) has a simple
module of dimension p(dm Gx€)/2,

Proof. If | Levi subalgebra of gx, then [ = [[,[] & 3(I) and [[,] decomposes as a
direct sum of ideals each of which is a simple Lie algebra of type A, B, C, D (one
should keep in mind here that p > 0). In view of the Kac—Weisfeiler theorem this
reduces the problem of small representations to the case where £ = (7, -) for some
nilpotent element 7 € gy; see [31, 2.5] or [17, p. 114]. Furthermore, it can be assumed
that » = n ® 1 for some nilpotent element n € g. By [24, Thm. 1.2.3(1)], the
finite W-algebra U(g, n) admits a 1-dimensional representation (the argument in [24]
relies on earlier results of McGovern on completely prime primitive ideals; see [27,
Ch. 5]). Applying Theorem 2.2 we now see that the reduced enveloping algebra
Ue(gk) has a module of dimension p(dm @& $)/2 This module is irreducible thanks to
30, Thm. 3.10]. 0

Remark 2.1. Applying successively [34, 4.3], Corollary 2.1, [33, Thm. 3.1(ii)], and
[24, Prop. 3.4.6] one observes that if the problem of small representations for gy has

a positive solution for almost all primes, then for every nilpotent orbit O C g there
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exists a completely prime primitive ideal I of U(g) such that VA(I) = O (here VA(I)
stands for the associated variety of I).

Remark 2.2. 1t seems likely that Corollary 2.3 remains true for all p > 2. To relax
the assumption on p in the statement of Corollary 2.3 by the methods of this paper
one would need a more explicit presentation of U(g,e) in the spirit of [7].

3. Sheets and commutative quotients of finite I/ -algebras

3.1. Our main goal in this section is to estimate the number of irreducible compo-
nents of the affine variety Specm U (g, €)*” and determine their dimensions. Since our
arguments will rely on Corollary 2.3, we have to leave aside some nilpotent orbits in
Lie algebras of type E; and Eg.

Because the field Q is algebraically closed, all irreducible components of &(C) =
Specm U(g, €)?P are defined over an algebraic number field, K say. Let R denote the
ring of algebraic integers of K. For any maximal ideal p of R the residue field R/p
is finite. Denote by k(p) the algebraic closure of R/p and let ¢: R[Xy,...,X,] —
(R/p)[X1,...,X,] be the homomorphism of polynomial algebras induced by inclu-
sion R/p — k(p). Given a Zariski closed set V' C Af with defining ideal J C
K[Xy,..., X;] we let p(V) stand for the zero locus of ¢(J N R[Xy,..., X;]) in Af ).

Given an algebraic variety Y we let Comp(Y') denote the set of all irreducible

components of Y. If is a regular function f on Y, we write V() for the zero locus of
finY.

Lemma 3.1. For any p > 0 there exists a bijection o: Comp(&(C)) = Comp(€E(k))
such that dim¢ Y = dimg o(Y) for all Y € Comp(E(C)).

Proof. Let Yy, ..., Y, be the irreducible components of £(C). Since the Y,’s are defined
over K, it follows from [29, Satz XVII], [38, Ch. III, Prop. 17] and [37, Prop. 18
and Thm. 28] that for almost all p € Spec R the affine varieties p(Y,),...,p(Y,) are
irreducible and nonempty, that dim¢Y; = dimy p(Y;) for all 7, and that p(E(C)) =
p(d)U...Up(Y,).

Note that A C S™'R and &(C) = ), V(F};). Passing to a finite extension of K
if necessary, we may assume that all hypersurfaces V(Fj;) are defined over K and
the sets Y1 (K),...,Y,(K) are pairwise distinct. By [38, Ch. III, Prop. 19], if Zariski
closed sets V; and V3 are defined over K, then p(Vy NV,) = p(Vi) Np(Va) for almost
all p. This shows that p(E(C)) = (;; p(V(Fi;)) for almost all p € Spec R. If
p = chark(p), then k(p) =k and p(V(F;;)) = V(PF};) for all 7, j. As a consequence,

p(E(C)) = Ny p(V(Fy) = N,V F;) = Ek)
for almost all p € Spec R (see [14, pp. 28, 30] for a similar reasoning). Since the
morphism Spec R — SpecZ induced by inclusion Z C R is surjective, we obtain
that Comp(E(k)) = {p(Y1),...,p(Y,)} for all but finitely many p € n(A). As

p(Y1),....p(Y,) are pairwise distinct for almost all p and dimc¢ Y; = dimy p(Y;) for all
1, the statement follows. O

3.2. In what follows we are going to use the Lusztig—Spaltenstein theory of induced
nilpotent orbits and the Borho—Kraft theory of sheets in gg; see [26] and [4]. Our main

reference here is [1]. Although the base field in [1] is assumed to have characteristic
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0, the results in loc. cit. that we actually need are valid over k under the assumption
that chark is a good prime for the root system of Gy; see [26], [1, p. 289], [41, p. 33]
and [28] for related discussions.

At some point, we are going to invoke Katsylo’s results [21] on sections of sheets.
The original argument in [21] involved Hausdorff neighbourhoods and holomorphic
maps, but a purely algebraic proof was recently found by Im Hof; see [18, pp. 8-14].
Since all results of [1] used in [18, pp. 8-14] apply in good characteristic, one can see
by inspection that Im Hof’s arguments are valid in positive characteristic provided
that (gi)s N [e, gk] = 0. The latter holds for all p > 0.

From now on we assume that p > 0. Let I be either C or k and put gr := gz ®z F.
Then gr = Lie(Gr) and (gr, Gr) is either (g, G) or (g, Gx) (depending char F'). Let
[ = Lie Lr be a proper Levi subalgebra of G and let Oy be a nilpotent orbit in [z.
Let gp = u_ r @ lp © uy r be a triangular decomposition of gp with [ ® u_ r and
[r @uy p being conjugate parabolic subalgebras of gr. Since the number of nilpotent
orbits in gp is finite, there is a unique nilpotent orbit O C g which intersects densely
with the irreducible Zariski closed set Og + uy . We say that the orbit O is induced
from O, written O = Indﬁf Op. It is known that O is independent of the choice of a
triangular decomposition of gp involving [, which justifies the notation; see [26, [1],
[41]. If eg € Op and e € Indﬁf Qg, then e is said to be induced from eq. If a nilpotent
orbit O C gp is not induced from a nilpotent orbit in a proper Levi subalgebra of g,
then O is said to be rigid and every x € O is called a rigid nilpotent element of gp.

Theorem 3.1. Let Oy be a nilpotent orbit in a proper Levi subalgebra | of g, and
O = Ind} Op. Let eg € Oy and e € O. If the finite W-algebra U([L,1], o) affords a
1-dimensional representation, then so does the finite W-algebra U(g, e).

Proof. (a) By the Bala—Carter theory, we may assume that [ = Lie(L) is a standard
Levi subalgebra of g and ey € [z, where [ = [N gz. Let pz = [ ® uy be a standard
parabolic Z-subalgebra of gz with nilradical uz. By our earlier discussion, we may
also assume that O intersects densely with Og+u, where u := u;®7;C. Set &y := ey®1,
an element of [y = [z ®z k. As explained in [34, 2.5], we may choose ey such that
dim(c OO = dlmk O]k,0> where Olk,O = (Ad L]k) - €9

Since Ind{ Oy contains a nonempty Zariski open subset of Oy + u and the set
((Ad L(@)) - €p + ug is dense in Op + u, there is e; € ug with e := ey + e; € Ind} Op.
Enlarging A if necessary, we may assume that e; € uy. For p € w(A) set € := ¢y + €y,
an element of gy = ga ®4 k. It follows from [26, Thm. 1.3] that dimg. = dim [,
and g. C p, where p = pz ®z C. Therefore, dim [p, e] = dim [[, ¢y] + dim u, forcing
[po. €] = [lo, €0] + ug. Extending A further, we may assume that [[4, o] is a direct
summand of [4 and [p4,e] = [la, eo] + ua. Then [pg,e] = [l, o] + ug for all p € w(A),
implying that (Ad P) - € is dense in O + w (here P is the parabolic subgroup of
Gy with Lie(Py) = pi). This shows that € € Indfﬂ’ik o,k for all p > 0. Extending A
even further we include e into an sly-triple {e, h, f} C g4 and then consider the finite
W-algebra U(ga,e) as in (2.3).
(b) Put & := (€, - ) and £ := (e, - ), linear functions on [ and gy, respectively. Note
that ¢ vanishes on uy and the restriction of £ to [y equals &. As [lg, k] is a direct
sum of simple ideals and Ug,(Ix) = Ug ([lk, k]) ®k Ug (3(lk)), it is immediate from

Theorem 2.2 that for all p > 0 the reduced enveloping algebra Ug,(lx) has a simple
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module of dimension p?) where d(eg) = (dim Og)/2. Given such a module V we
regard it as a Ug(px)-module with the trivial action of u; and consider the induced

Ue(gi)-module V' := Ue(gk) ®@u,(p,) V- It follows from the PBW theorem that

d1m‘7 — pdim gx—dim py pd(eo) — p(dim g—dim (+dim Op)/2 _ pd(e).

Since dimg (Ad*Gy) - £ = 2d(e) by our choice of e, Lemma 2.2(iii) entails that the
algebra Ug(gy, €) affords a 1-dimensional representation. Then so does the algebra
U (gk, ) thanks to Lemmas 2.2(iv) and 2.1. Since this holds for all p > 0, Corollary 2.1
yields that the finite W-algebra U(g,e) affords a 1-dimensional representation too.
This completes the proof. O

Corollary 3.1. Let Oy and O be as in Theorem 3.1. If the finite W-algebra U([L, 1], e)
affords a 1-dimensional representation, then the enveloping algebra U(g) has a com-
pletely prime primitive ideal I with VA(I) = O.

Proof. Let x = (e, - ), a linear function on g. By Theorem 3.1, the finite WW-algebra
U(g,e) has a 1-dimensional module, Cy say. By Skryabin’s equivalence, the anni-
hilator I := Anny (g (Qy ®u(ge Co) is a primitive ideal of U(g); see [39]. By [33,
Thm. 3.1], the associated variety of I equals O. By [24, Prop. 3.4.6], the primitive
quotient U(g)/I is a domain, that is I is completely prime. O

Remark 3.1. Corollary 3.1 reduces to rigid orbits the well-known open problem of
assigning to any nilpotent orbit O in g a completely prime ideal primitive ideal I of
U(g) with VA(I) = O. Closely related results were recently obtained by Borho-Joseph
through a careful study of the behaviour of Goldie rank under parabolic induction;
see [2, 4.8 and 7.4]. Our arguments are completely different (and more elementary).
We recall from the proof of Corollary 2.3 that if all components of the semisimple Lie
algebra [[, ] are of type A, B, C, D, then U([l, ], e0) affords 1-dimensional represen-
tations (this follows from [27, Ch. 5] and [24, Thm. 1.2.3(1))]).

3.3. The group Gy contains a unique connected unipotent group My of dimension d(e)
with the property that expadz € Ad My for all x € my (since p > 0 exponentiating
nilpotent derivations of gy does not cause us any problems). Note that Lie M = my.
The group My is a characteristic p analogue of the unipotent group M from [16]
which, in turn, is a special instance of a group N; for [ = g(—1)° (the group N; can
be defined for any totally isotropic subspace | C g(—1); see [13]).

In what follows we need a characteristic p version of [13, Lemma 2.1]. Let x: g — g*
be the Killing isomorphism given by x +— (z, -), so that x = k(e), and write Sy
for the Slodowy slice y + x(Kerad f) to the coadjoint orbit (Ad*Gy) - x. Since x
vanishes on [mymy|, the group Ad* My preserves the affine subspace x + mi- C g;.
Set gi(1)? := {z € gi(1)] (2, gx(—1)?) = 0}, an s-dimensional subspace of g(1). Then

RN my) = 0x(1)° ® @0 (0)-
Let A\, € X,(Gy) be the cocharacter such that (Ad\.(z)) -z = t'x for all z € gi(4)

and ¢ € Z and define a rational action p.: k* — GL(gx) by setting p.(t)(z) :=
t2(Ad X)) (t71) () for all z € gy.

Lemma 3.2. (cf. [13, Lemma 2.1]) The coadjoint action-map o: My X Sy — x +mi-
s an isomorphism of affine varieties.
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Proof. As My is a connected unipotent group, we have that M = Aﬂi(e) as affine
varieties. Set my := x~'(m;"). In order to prove the lemma we need to show that the
adjoint action-map «: My X (e + Kerad f) — e + my is an isomorphism. It is easy
to see that both varieties have the same dimension.

The differential d, oyor: my @ Kerad f — my is given by o+ 2 — [z, e] 4 z for all
x € my and z € Kerad f. Since ad e is injective on my and (Kerad f) N (Imade) =0
under our assumptions on p, the map d(; ¢ya is a linear isomorphism. As in [13], we
define a k*-action on the affine variety My x (e + my) by

t(g,2) == (Ae(t) " gAe(t), pe(t) () (tek™, g€ My, v €my)

As in [13, p. 246], we see that this k*-action is contracting and the Zariski closure of
the set {t- (g,2z)|t € k*} contains (1,e). Since the morphism « is k*-equivariant,
we can apply [40, Lemma 8.1.1] to complete the proof. O

Remark 3.2. Instead of applying [40, Lemma 8.1.1] we could finish the proof of
Lemma 3.2 by a more geometric argument outlined in [15, p. 553]. This argument is
purely algebraic and works in all characteristics.

3.4. Let € denote the maximal spectrum of U (g1, €)2P. Composmg the embeddlng

Zy(ay) — U(gy, €) with the canonical homomorphism U(gy, ) —» U (gy, €)™ we get a
map k[y + mi-] — U(gy, €)®® which, in turn, gives rise to an algebra homomorphism

5% Kl +my] — (g, )™ /mil Ulge. o) = K[E]
(asin (2.7), we identify Z,(a;) with the coordinate algebra k[y+m]). Let .J, = Ker 3*
and denote by Y the zero locus of J, in x +my. As U(gy, €) is a finite Z »(ax)-module
by Theorem 2.1(ii), k[g] = U(gy, €)™ /nil U(gy, €)™ is a finite module over k[, ] So
B* induces a finite (hence surjective) morphism of affine varieties
0 & — Y,.

The group My preserves the left ideal U(gk)V, x and therefore acts on U(gy. ¢) =

(Endg, U(g]k)/U(gk)]\fx,k)op as algebra automorphisms. Hence My acts on U(gy, €).
As My preserves pg(Z,) = k[x +m,], the map 5* is a homomorphism of My-modules.

Thus, both € and Y, are My-varieties and the morphism (3 is My-equivariant. Thanks
to Lemma 3.2, the action-map My X Sy — x + mi- induces an isomorphism

(7) Y, = My x (SxNY,).
Proposition 3.1. The following statements hold:

(1) & =~ My x E(k) as affine varieties.

(2) The map 3 induces a finite morphism 3: E(k) — Sg NY,.

Proof. (a) Let &y = g (Sk N'Y,), a Zariski closed subset of €. Since 8 is M-
equivariant, we have a natural morphism ~: M X 80 — €. As B is surjective, (7)
entails that so is v. If p; is the first projection Y, = My x (Sy NY,) — M, then
pi(z)~1(z) € & for every x € €, and the the morphism

& — M, x &, z = (pu(2), pr(2) " (),
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is the inverse of v. Hence € o My % EO as affine varieties.
(b) By Corollary 2.2, U(gy,e)™ = U(gy, €)™ @ Zy(ax). Since Zy(ay) is a domain,

-~

it follows that k[€] = k[E(k)] ® Z,(ax) as algebras. Therefore, Z,(ax) embeds into

-~ -~

k[g] It also follows that the ideal k[€]ay of k[€] is radical and its zero locus, V
say, is isomorphic to €(k). On the other hand, it is evident from (5) that the ideal
of Z,(ax) = k[x + mi’] generated by ay is nothing but the defining ideal of Sy in
k[x + mi]. As a consequence, 3(V) C Sy NY,, implying V C €.

Now € 2 &y x M by part (a) and = E(k) x Ag(e) by our earlier remarks in this
part. As My = Aﬂi(e) and €(k) =V, we deduce that there exists a bijection 7 between

~

Comp(V) and Comp(&€y) such that dim X = dim7(X) for all X € Comp(V). As
V C &y, this yields V = €y and statement (1) follows.

(c) Let I; be the augmentation ideal of the Hopf algebra k[My|. By part (b), we
can identify k[My] ® k[€ (k)] and k[My] @ k[Sx NY,] with k[g] and Kk[Y, ], respectively,
in such a way that I; := I; ® k[€(k)] identifies with the defining ideal of the closed
subset Eo = E(k) of €. Since 0 is My-equivariant, composing 5* with the canonical

homomorphism k[€] — k[€]/]; induces an algebra map 3*: k[Y,] — k[&(k)] whose
kernel equals I; ® k[Sx NY,]. Since [ is a finite morphism and Ker 8* identifies with
the defining ideal of {1} x (Sx NY,) & Sx NY,, we thus obtain a finite morphism

B: E(k) - Sk NY,. This completes the proof. O

3.5. In order to obtain a good lower bound on the number of irreducible components
of £(C) we now need more information the affine variety Sy NY,.

For d € N, define gﬂ(;l) = {z € gx| dim(gx), = d}. When p > 0, the centraliser
(gx). coincides with the Lie algebra of (Gy), = Zg, (¢) and dim (gk), = dim (Gy),, for
all © € gy; see [19], for instance. Since the set gﬂid) is quasi-affine, it decomposes as a
union of finitely many irreducible components gx. The irreducible components of the
gﬂid)’s are called sheets of gx. The sheets are (Ad G)-stable, locally closed subsets of
gx- By one of the main result of [1], there is a bijection between the sheets of gy and
the Gy-conjugacy classes of pairs (I, Og), where [ is a Levi subalgebra of gx and Qg
is a rigid nilpotent orbit in [I, []. Borho’s classification of sheets remains valid over k
under the assumption that chark is a good prime for the root system of G; see (3.2)
for related references. By [4, 5.8], every sheet of gy contains a unique nilpotent orbit.
However, outside type A sheets are not disjoint, and when two sheets overlap, they
always contain the same nilpotent orbit.

Let [ be a Levi subalgebra of gx. The centre 3(I) of [ is a toral subalgebra of g,
and (gx), 2 [ for all z € 3(I). We denote by 3(I).eg the set of all z € 3(I) for which
the equality (gx), = [ holds; this is a nonempty Zariski open subset of 3([). For a
nilpotent element ey € [I,[] define D([, e) := (Ad Gy) - (eg + 3(I)reg), a locally closed
subset of gx. We call D(I,e9) a decomposition class of gy (this term has to do with
the Jordan—Chevalley decomposition in gx). Each sheet § C gy is a finite union of
decomposition classes and contains a unique open such class; see [1, 3.7]. Moreover,
if D(I,ep) is open in 8, then Op := (Ad L) - e is rigid in [[, (], the orbit Ind{*(0Oy) is
contained in 8, and dim (8§/Gy) = dim3([). These results, established in [1, 3.2, 4.3

and 5.6], are valid under our assumption on p.
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Let C(e) := (Gk). N (Gx)s. This is a reductive group and its finite quotient I'(e) :=
C(e)/C(e)° identifies naturally with the component group I'(e) := (Gk)./(Gk)S; see
[32], for instance. If $(e) is a sheet containing e, then the set X := §(e)N(e+Kerad f)
is Zariski closed and connected. Indeed, since e € X, this follows from the fact that
X is preserved by the contracting action of the 1-dimensional torus p.(k*) introduced
in (3.3). Clearly, X is stable under the adjoint action of C/(e).

Assume for a moment that k = C. In [21], Katsylo proved that the connected
group C'(e)° acts trivially on X and the irreducible components of X are permuted
transitively by the component group I'(e). The action-morphism ¢: Gy x X — 8(e)
is smooth, surjective of relative dimension dim (gx).. By [21], it gives rise to an open
morphism t: 8(e) — X/I'(e), whose fibres are (Ad Gy)-orbits, such that for any
open set U C X/T'(e) the induced map k[U] — k[p~1(U)]% is an isomorphism.
In brief, ¥ is a geometric quotient. Since I'(e) acts transitively on Comp(X), it is
straightforward to see that X/I'(e) = Specm k[ X](®) is an irreducible affine variety.

A purely algebraic (and rather short) proof of Katsylo’s results was given in [18].
It is a matter of routine to check that this proof works under our assumption on p.

Summarising, if D([, eg) is the open decomposition class in 8(e), then e € Ind{* Oy,
the orbit Op = (Ad L) - eg is rigid in [[, [], and

(8) dim 3(I) = dim 8(e)/Gx = dim X; V X; € Comp(X).

3.6. Let 81,...,8; be the pairwise distinct sheets of g, containing our nilpotent ele-
ment e. For 1 <i <tset X;:=38;N(e+ Kerad f) and denote by D([;, e;) the open
decomposition classes of 8;. Recall from (3.3) the Killing isomorphism x: g — g
and put Y; := r(X;) = k(8;) NSk, where 1 <i < t.

Proposition 3.2. The following are true for all p > 0:
(i) Y,NS C YiU...UY,.
(ii) dim &(C) =dim €(k) < maxj<;<; dim 3(;).
(iii) If e is rigid, then E(k) and E(C) are finite sets of the same cardinality.

Proof. If n € Y,, then the definition of 5* in (3.4) shows that the algebra ﬁn(gk, e) =

~

U(gk, €) @z, k, affords a 1-dimensional representation. In part (b) of the proof
of Theorem 2.2 we have shown that this algebra is isomorphic to U,(gk,e). By
Lemma 2.2(iii), the reduced enveloping algebra U, (gx) affords a representation of
dimension p?©). Then [30, Thm. 3.10] yields dim 3(n) < d(e).

On the other hand, our discussion in (3.3) shows that n = k(e + z) for some
z € @, gk(7). Since e lies in the Zariski closure of p.(k*)(e+x) and the centralisers
of pe(t)(e+2) and e+ in g, have the same dimension for all ¢ € k*, it must be that
dim3(n) > r. Asaresult, e+ € gﬂ(:). Every irreducible component of gﬂ? containing
e+ x must contain p.(k*)(e + =) and hence e. This yields

Y, € Ulgigt (’{(Sz’) N(x+ mﬂi_))a

from which statement (i) is immediate. Since dim(Y, N Sx) = dim E(k) by Propo-

sition 3.1(2) and dim €(k) = dim £(C) by Lemma 3.1, statement (ii) now follows

from (8). When e is rigid, there is only one sheet containing e, namely, the or-

bit O = (AdGy) - e. So (8) implies that X = O N (e + Kerad f) = {e} (for X is
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connected). Then (i) shows that either Y, NSy = {x} or Y, NSy = @. By Propo-
sition 3.1(2) and Lemma 3.1, the sets E(C) and £(k) are finite and have the same
cardinality. O

We say that g is well-behaved if for any proper Levi subalgebra [ of g and any
nilpotent element ey € [ the finite W-algebra U([L, ], ¢9) admits a 1-dimensional rep-
resentation. Thanks to [27, Ch. 5] and [24, Thm. 1.2.3(1)] the Lie algebras of types
Ay, By, Gy, Dy, Go, Fy, Eg are well-behaved (in these cases all irreducible components
of the proper subsets of II have type A, B, C, D).

Proposition 3.3. If g is well-behaved and e is not rigid, then Y, NSy = Y1U...UY;
for all p > 0.

Proof. Since (3 is a closed morphism, we just need to show that ﬁ(g) contains an
open dense subset of each Y;. By (3.5), the adjoint action-map ¢: Gy x X; — §;
is surjective. As D(l;,e;) is open in §; and C(e) permutes the components of X;
transitively, the set =1 (D(l;, e;)) is open dense in Gy x X;. Looking at the image of
0 1 (D(1;,¢;)) under the second projection Gy x X; —» X; we observe that the set

X% := D(l;,e;) N (e + Kerad f)

2

contains an open dense subset of X;. We are thus reduced to show that for every
n € k(X;®) the algebra U, (gx, ¢) has a 1-dimensional representation. As explained
in part (b) of the proof of Theorem 2.2 this is equivalent to showing that the reduced
enveloping algebra U, (gk) has a module of dimension p©) . Note that [; is a proper
Levi subalgebra of g, (otherwise e would be rigid in gy).

As every element of D(l;,e;) is (Ad Gi)-conjugate to an element in e; + 3([;)eg,
no generality will be lost by assuming that n = ns + n,, where 5, = (e;, -) and
ns = (2, -) for some z € 3(l;)reg. Since n = ns + 1, is the Jordan decomposition
of n and 3(ns) = (gk). = l;, applying the Kac—Weisfeiler theorem (as generalised by
Friedlander—Parshall) we derive that U, (gix) = Mat,m: (U,(I;)), where m; = (dim gy —
dim [;)/2; see [31, 2.5], for instance.

As U, () = U, ([, 6]) ® U,(3(;)) and dim (Ad L;) - ¢; = d(e) — m;, it remains
to show that the reduced enveloping algebra U, ([l;,1;]) has a module of dimension
plde)=mi)/2 - But this follows from Theorem 2.2 by our assumption on g. U

3.7. We are now in a position to state and prove the main result of this section:

Theorem 3.2. Suppose g is well-behaved and let e be any nonrigid nilpotent element
of g. Let 81,...,8; be the pairwise distinct sheets of g containing e. Let D(;,e;) be
the open decomposition class of 8; and X; = 8§; N (e + Kerad f), where 1 < i < t.
Then there exists a surjection

Comp(E(C)) - Comp(X;) U. ..U Comp(Xy)

such that for every component'y of E(C) lying over Comp(X;) the equality dim Y =
dim 3(I;) holds.

Proof. We may assume that e € gz, that [, ..., [; are standard parabolic subalgebras
of g, and that e¢; € [ for all . We then may regard e and e; as nilpotent elements

of gx and [; i, respectively. Arguing as in part (a) of the proof of Theorem 3.1, one
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observes that for p > 0 each e, is rigid in [; x and e is not rigid in gyx. By Lemma 3.1,
there is a dimension preserving bijection between Comp(€(C)) and Comp(E(k)).

Let Sk be a sheet of gy containing e and let D([, ey) be the open decomposition class
of 8. Since [ is (Ad Gy)-conjugate to a standard Levi subalgebra and e € Ind{* O
for some rigid nilpotent orbit Oy C [I, ], our discussion in (3.5) shows that there is
a dimension preserving bijection between the sheets of g containing e and those of
gr containing its image in gx. Moreover, every sheet of gi containing e € gy has the
form

Si,]k = @([Lk,ﬁ) N gﬂ(;), 1< <t

By our discussion in (3.5), each variety X; i := 8; xN(e+Kerad f) is equidimensional
of dimension dim 3(I;). To finish the proof it suffices now to apply Theorem 3.3 and
Proposition 3.1(ii). O

Remark 3.3. In [33, 3.4] the author made the following conjecture:
1. Every finite W-algebra U(g, e) has an ideal of codimension 1.

2. The ideals of codimension 1 in U(g, e) are finite in number if and only if the
orbit (Ad G) - e is rigid.

3. For any ideal I of codimension 1 in U(g, e) the annihilator of the U(g)-module
Qy ®u(g,e) (U(g,e)/I) is a completely prime ideal of U(g).

Theorem 3.1 reduces part 1 of this conjecture to the case where e is rigid in g, whereas
Theorem 3.2 and Proposition 3.2(iii) show that part 1 implies part 2. Part 3 was
recently proved by Losev, who also confirmed part 1 for the Lie algebras of classical
types; see [24]. As far as I am aware, part 1 remains open for some rigid nilpotent
orbits in Lie algebras of types Fy4, Eg, E7, Eg. There are indications that these open
cases will soon be tackled by computational methods.

3.8. As an application of Theorem 3.2 we now wish to describe the commutative
quotient U(g, e)®® for g = gl(N). We are going to use the explicit presentation of
U(g, e) obtained by Brundan—Kleshchev in [7]. Given a partition = (g1 > -+ > ¢m)
of N with m parts we denote by g(u) the standard Levi subalgebra gl(q;)®- - -®gl(gm)
of gl(IN). Note that the centre of gl(x) has dimension m.

Let A = (pn > pn_1 > -+ > p1) be a partition of N with n parts. As in [7], we
associate with A a nilpotent element e = ey € gl(N) of Jordan type (p1,p2,...,Dn)-
By [7, Thm. 10.1}, the finite W-algebra U(g, e) is isomorphic to the shifted truncated
Yangian Y,, ;(0) of level | := p,,. Here o is an upper triangular matrix of order n with
nonnegative integral entries; see [7, § 7] for more detail. It follows from the main
results of [7] that U(g,e) is generated by elements

{Dlm ceU(g,e)| 1 <i<n;r>1},
(9) (B eU(ge)| 1<i<n—1; r>pi —pil,
(F eU(g,e)| 1<i<n—1; r>1}
with DY) = 0 for r > py, subject to certain relations; see [7, (2.4) - (2.15)].
Recall from [33, p. 524] that the centre Z(g) of the universal enveloping algebra

U(g) identifies canonically with the centre of U(g, e) (this holds for for any simple Lie

algebra g and any nilpotent element e € g).
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Theorem 3.3. If g = gl(N) and e = ey, then U(g, e)* is isomorphic to a polynomial
algebra in | = p,, variables.

Proof. If n =1, then e is regular and [ = N. Hence U(g, ) = 7Z(g) = (C[Xl, X
) e £ the images ofD E(T)

F" in U(g, e)™. Applying [7, (2.6) and (2.7)] with r = 1 we see that ¢\” = f*)
forall1 <i<n-—1ands>1. By [7, (2.4)], the elements DZ( and D](- commute
for all 7,5 <n and all r,s.

As in [7], we set D := 1 and D;(u) == ¥,-y D'u", an element of Y, ;(o)[u""],

and define D" from the equation D;(u) = >0 D"u = —D;(u)"". Since

1 &
Di(U)_l - (1 + 27’21 Dl( )u—T> =1+ ZkZI (_]‘)k(Zr>l D( Ju ) )
) 1)

So assume from now that n > 2 and denote by a"

it is easy to see that 50’ D( " is a polynomial in D( ) . DZ( With initial form

of degree > 2. In partlcular D( =—1, D(1 D and D( = D D(1 D(1 Let
di denote the image of D~ in U(g, e). Since [ e; ,fj(r | =0, applying [7, (2.5)] yields
(10) > e od(t ]+1 '=0 1<ji<n—1,7>piy1—pi)

Set po := 0 and denote by A’ the subalgebra of U(g, ¢)” generated by all dyg) with
1 <k <p;—pj_1. We claim that dg-k) € A’ for all (j,k) with 1 <j <mnand k > 0.
The claim is certainly true when j + k& = 2. Suppose dg-k) e A for all (j,k) with

j+k <dandlet (i,7) be such that Dlm #0andi+r=d+1. If r <p; —p;_1, then
dzm € A’ by the definition of A’. If » > p; — p;_1, then ¢ > 2, for otherwise Di(r) = 0.
Applying (10) with 7 =i — 1 we obtain
T (1 1) r—1
d"ecld”,....d",d",. . . d""].

m)

M .. d"™ e A’ by our induction assumption and d'"™) —d\™) is a polynomial

Since d;”’, ..., d;
in dgl_)l e dﬁ"ﬁ Y the claim follows by induction on d. Since dl(-o) = 1, we thus deduce
that the algebra U(g, e)®" is generated by py + (p2 — 1) + -+ (Pp — Pp_1) = pn = [
elements.

As a result, there is a surjective algebra map v: C[X1, ..., X;] — U(g,e)®. If v is
not injective, then the morphism induced by v identifies &(C) = Specm U (g, ) with
a proper Zariski closed subset of AL. Then dim &(C) < I. On the other hand, [22
Satz 2.2| says that e is Richardson in a parabolic subalgebra p = [ @ u of g = gl(N)
with [ = g()\’), where X is the partition of N conjugate to A. In other words,
(Ad GL(n))-e = Indﬁ(k,) {0}. As X has [ parts, Theorem 3.2 then yields dim £(C) >
dim 3(g(\')) = I. This contradiction shows that U(g,e)®® = C[X,...,X;]. O

Question 3.1. Is it true that for any simple Lie algebra g and any nilpotent element
e € g the algebra U(g, e)®® has no nonzero nilpotent elements?

3.9. Recall from [33, p. 524] that the centre Z(g) of the universal enveloping algebra
U(g) can be identified with the centre of U(g, ) (this holds for any simple Lie algebra
g and any nilpotent element e € g). In [31, Rem. 2], the author asked whether it is

true that the centre of any factor-algebra A of U(g,e) coincides with the image of
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Z(g) in A. The aim of this subsection is to show that the answer to this question is
negative already for A = U(g,e)*® and g = gl(4). We keep the notation introduced

in (3.8).
The centre of U(g, e) was determined in [8] and [6]. Let Z1,..., Zx be the central
elements of U(g, e) introduced in [6, Sect. 3] and denote by zi, ..., zy their images in

U(g, e)™. Set Zy = 2 = 1 and define Z(u) :== S ) ZiuV " and 2(u) == SN zuN~,
elements of U(g, e)[u] and U(g, €)*°[u], respectively. From the explicit presentation of
Z(u) given in [6, Sect. 3] it follows that z(u) equals the determinant of the diagonal
matrix

diag(upldl(u), (= D)P2dy(u— 1), , (u— 1+ 1)Pdy(u—n + 1)).

Now suppose N =4 and A\ = (2,2). Then n = 2 and p; = p; = 2. Combining [8,
Thm. 3.5] with the equalities ") = ¢e{” =0, r > 1 and d{” =0, r > 2, it is not hard
to observe that dg) = 0 for all » > 2. This implies that

2(u) = (u? +dPu+dP) ((u—1)2+d (w—1) +dP).

It was mentioned in (3.8) that CZZ(-I) = dl(-l) and CZZ@) = dl(?) — dgl)dgl) for i = 1,2. The
proof of Theorem 3.3 shows that U(g,e)*® = (C[dgl),dgm], whilst from (10) we get
dV +dY =0 and d? + dVd + d? = 0. This yields dY = d = —d\" and
dgz) = —d§2). Setting X := dgl) and Y := d§2) we obtain
2(w) = (W+Xu+Y)(u—1°-X(u—-1)-Y)
(v +Xu+Y)((u*— (X +2u+ (X -Y +1))

= u' —2u’ — (X2+X— 1)u2

+ (X?—2XY -2V + X)u+ (XY —Y?4Y).

According to [6], the image of Z(g) in U(g, e) is generated by Z, Zs, Z3, Z,. Suppose
for a contradiction that A = U(g,e)* coincides with the image of Z(g) in A. As
X? —2XY —2Y + X = (X2 + X) — 2Y(X + 1), we then have the equality

CIX,Y] = A = Clz1,20,23,24) = CIX?+ X, V(X +1),Y(X —Y +1)].

It follows that C[X,Y]/(Y) is generated by the image of X (X + 1) in C[X,Y]/(Y).
Since C[X,Y]/(Y) = C[X], this is impossible, however. This shows that the image
of Z(g) in U(g, e)*" is a proper subalgebra of U(g, e)".

4. Generalised Whittaker models for primitive ideals

4.1. We denote by L(A) the irreducible g-module of highest weight A € h*. Recall
that L(\) is the simple quotient of the Verma module M()) := U(g) ®upan,) Cor,
where C0, is a 1-dimensional (h @ ny)-module with h - 9y = A(h)7, for all h € b.
Given a primitive ideal P of U(g) we write VA(P) for the associated variety of P.
The affine variety VA(P) C g* is the zero locus of the (Ad G)-invariant ideal gr P
of S(g) = grU(g). By the Irreducibility Theorem, VA(P) coincides with the Zariski
closure of a coadjoint nilpotent orbit in g*. By Duflo’s Theorem, P = Anny g L(A) for
some A € h*. In general, such a A is not unique, but if Anny g L(A) = Anng g L(X)
then ' + p = w(A + p) for some w € W (here W = (s, | a € ®) is the Weyl group of

gand p = % Y aco+ @ is the half-sum of positive roots).
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By [33, Thm. 3.1(ii)], if P = Anny g (Qy ®u(g,e) V) for some finite dimensional ir-
reducible U(g, ¢)-module V, then VA(J) = O,, where x = (e, - ). A few years ago the
author conjectured that the converse should also be true; that is, for every primitive
ideal P of U(g) with VA(P) = O, there should exist a finite dimensional irreducible
U(g, e)-module V' such that P = Anny g (Qy ®u(ge V); see [33, Conjecture 3.2]. In
[34], this conjecture was proved under the assumption that the infinitesimal character
of P = Annyg L()) is rational, i.e. (X, a") € Q for all a € II. In proving [33, Con-
jecture 3.2] under this assumption the author relied almost entirely on characteristic
p methods.

In the meantime, two different proofs of the author’s conjecture have appeared
in the literature. The first proof, based on equivariant Fedosov quantisation, was
obtained by Losev; see [24, Thm. 1.1.2(viii)|]. The second proof, relying on Harish-
Chandra bimodules for quantised Slodowy slices, was recently found by Ginzburg;
see [16, Thm. 4.5.1].

The main goal of this section is to revisit the proof of [34, Thm. 1.1] and make a
few amendments sufficient for confirming [33, Conjecture 3.2] in full generality (this
was announced [34, p. 745]).

4.2. Given a Lie algebra £ over a commutative ring A, which is free as an A-module,
we denote by U, (L) the nth component of the canonical filtration of the universal
enveloping algebra U(L). By the PBW theorem, the corresponding graded algebra
grU(L) is isomorphic to the symmetric algebra S(L) of the free A-module L. Given
a commutative Noetherian ring R we write dim R for the Krull dimension of R.

Let J = Anng g L(p) be a primitive ideal of U(g) with VA(J) = O,. From now on
we shall always assume that our admissible ring A contains all elements (1, a¥) with
a € II. In this case, M4 () := U(n},)0, is a ga-stable A-lattice in the Verma module
M(p) (here ny stands for the A-span of the e, with v € n_).

Denote by M™**(pu) the unique maximal submodule of M(u), so that L(u) =
M(p)/M™>*(p), and let v, be the image of 9, under the canonical homomorphism
M(p) = L(p). Put MP*(u) := M™(u) N Ma(p) and define

La(p) = Ma(p)/M3™ ().
Since M4 () is a Noetherian U(ga)-module, so are M™*(u) and La(p). Forn € Z,,
put L, (p) := Uy(g)v, = Up(n")v, and Ly, (1) := Uy,(ga)v, = Un(ny)v,, and let
gr L(p) = D,50 Ln(p)/Ln-1(p) and  grLa(p) = @,50 Lan(p)/Lan-1(p)

(here L_y(p) = La_1(n) = 0). Note that gr L(u) and gr Ls(u) are generated by
v, = gryv, as modules over S(g) = grU(g) and S(ga) = grU(ga), respectively.
We now define

J := Anng(g gr L(p) = Annggv, and g4 := Anng,)gr L(p) = Anngg,) v,
These are graded ideals of S(g) and S(g4), respectively. Put

R = S(g)/H and fRA = S(gA)/HA

The zero locus of the ideal § C S(g) in g* is called the associated variety of L(u) and

denoted by V4L(it). By a result of Gabber, all irreducible components of the variety

V4L(p) have dimension d(e); see [34, 2.2] for more detail. In particular, dim R = d(e).

Since R = @,,~, R(n), where R(n) = L, (pt)/Ln—1(p), is a graded Noetherian algebra
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with R(0) = C, we have that d(e) = dim R = 1 + deg Px(t), where Pg(t) is the
Hilbert polynomial of R; see [12, Corollary 13.7].

First we note that Ry = @, Ra(n) is a finitely generated graded A-algebra and
all Ra(n) = Lan(p)/Lan1(p) are finitely generated A-modules. Also, A C C is a
Noetherian domain. If 0 # b € A, then standard properties of localisation [5, Ch. II,
24] yleld that gA[bfl} = 3 XA A[b_l] and

fRA[b—l} = S(gA[bfl})/gA[b—l} & (S(gA) XA A[b_l])/(HA XA A[b_l]) = fRA Xa A[b_l]

Denote by F' the quotient field of A. Since Rp := R4 ®4 F is a finitely generated
algebra over a field, the Noether Normalisation Theorem says that there exist homoge-
neous, algebraically independent ¥, ..., ys € Rp, such that Rp is a finitely generated
module over its graded polynomial subalgebra Fyi, ..., ya]; see [12, Thm. 13.3]. Let

v1,...,vp be a generating set of the Flyy,...,y4-module Rr and let xq,...,z,y be
a generating set of the A-algebra R. Then
vievg o= S b, ya) vk (1<i,j<D)
T, = ZJ-Dzl Qi (Y1, - Ya)v; (1<i<m)
for some polynomials pﬁj, ¢ij € F[X1,...,X4]. The algebra R4 contains an F-basis

of Rp. The coordinate vectors of the x;’s, y;’s and v;’s relative to this basis and the
coefficients of the polynomials ¢;; and pﬁ ; involve only finitely many scalars in Q.
Replacing A by A[b™!] for a suitable 0 # b € A if necessary, we may assume that all
y; and v; are in R4 and all pﬁj and ¢; j are in A[Xq,..., X4|. In conjunction with our
earlier remarks this shows that no generality will be lost by assuming that

(11) Ra = Alyr, .., yalvr + -+ Alyr, - - -, yalvp

is a finitely generated module over the polynomial algebra Alyi,...,y4. We may
assume without loss that D! is invertible in A.

Lemma 4.1. There exists an admissible ring A C C such that each graded component
Ra(n) of Ry is a free A-module of finite rank.

Proof. Since Ry is a finitely generated Alyi, ..., yq]-module and A is a Noetherian
domain, a graded version of the Generic Freeness Lemma shows that there exists a
nonzero a € A such that each (Ra(n))[a™'] is a free Ala™*]-module of finite rank;
see (the proof of) Theorem 14.4 in [12]. Since it follows from [5, Ch. II, 2.4] that
(Ra(n))[a™] = Rype-1y(n) for all n € Z, the result follows. O

4.3. Denote by Lg(u) the highest weight module L4 (u)® 4 F over the split Lie algebra
gr, where F' = Quot(A). Since L(u) = Lp(pn)®rC, each subspace INU,(g) is defined
over I. It follows that the graded ideal

grd = @, (INT.(a)/(INTsa(g)) C S(g)

is defined over F' as well. Hence, for every n € Z, the F-subspace S™(gr) N grJ is
an F-form of the graded component gr, J C S"(g). Since S(g) is Noetherian, the
ideal grJ is generated by its F-subspace grip,, = grd N @P,.,, S*(gr) for some
n' =n'(1) € Z,. From this it follows that J is generated over U(g) by its F-subspace

Ipw == Uy(gr) NJ. Since J is a two-sided ideal of U(g), all subspaces I N U,(g)
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and gr, J are invariant under the adjoint action of G on U(g). It follows that the F-
subspaces grJg,, and Jp,, are invariant under the adjoint action of the distribution
algebra Ur := Uz ®z F. Since hg = h N gr is a split Cartan subalgebra of gp,
the adjoint gp-modules grJp,, and Jg,s decompose into a direct sum of absolutely
irreducible gp-modules with integral dominant highest weights. Consequently, these
gr-modules possess Z-forms invariant under the adjoint action of the Kostant Z-form
Uz; we call them grJz,, and Jz,,.

Let {¢;| ¢ € I} be a homogeneous basis of the free Z-module grJz, and let
{u;| i € I} be any basis of the free Z-module Jz,,. Expressing the u; and ; via the
PBW bases of U(gr) and S(gr) associated with our Chevalley basis B involves only
finitely many scalars in F'. Thus, no generality will be lost by assuming that all v;
are in S(ga) and all u; are in U(ga).

Let K be an algebraically closed field whose characteristic is a good prime for the
root system ®. Let gx = gz ®z K and let Gx be the simple, simply connected
algebraic K-group with hyperalgebra Uy := Uy ®7 K. Let N(g) and N(gx) denote
the nilpotent cones of g and gy, respectively. As explained in [32] and [34, 2.5], there
are nilpotent elements ey, ..., e; € gz such that

(i) {e1,..., e} is a set of representatives for N(g)/G;
(ii)) {e1®1,...,6, ® 1} is a set of representatives for N(gx)/Gxk;

(iii) dimc (AdG)e; = dimg (AdGg)(e; ® 1) for all ¢ < t.

For 1 <i <tset x; := (e, ). As in [34], we assume that e = ¢, for some k < ¢ and
O(e;) € O(e) for i < k. Since VA(J) is the zero locus of grJ and grJ is generated by

the set {¢;| i € I}, we have that O(x) = (\;c; V (¢:). It follows that the v; vanish
on all x; with j < k. Since all ¢; are in S(g4), all e; are in gz, and the form (-, -)
is A-valued, we also have that v;(x;) € A. Localising further if necessary we may
assume that all nonzero ;(;) are invertible in A.

4.4. Now suppose that A satisfies all the conditions mentioned above. Take p € 7(A)
and let v: A — T, be the algebra homomorphism with kernel 8 € Specm A. Write k
for the algebraic closure of F), and set Ly(p) := La(p) ® 4k, where it is assumed that
A acts on k via v. Clearly, Ly(u) is a module over the Lie algebra gy = n, @b, ®&n,",
where nﬂf = n* ®4 k and by := hy ®4 k. Furthermore, 9, := v, ® 1 € Lyp(u) is a
highest weight vector for the Borel subalgebra by @ ny of gy, and Ly(p) = U(ng) - 0.
Denote by i the hy-weight of ,,. Since p(h,) € A for all o € II and v(a) € F), for all
a € A, we have that fi(h,) € F, for all a € II.

Recall the notation and conventions of Section 2. Similar to [34, 3.1], we now set
In(p) == {2z € Z,| z- v, = 0}, an ideal of the p-centre Z, of U(gk), and denote by
Vip(pe) the zero locus of Iy(p) in gg. It is immediate from the preceding remark that
e? € Iyp(p) for all v € * and h? — h, € Ip(p) for all a € I1. Consequently,

(12) Vip(p) € {n € gl n(be) = n(n}) =0}

As the U(gy)-module Ly(p) is generated by 0, we have that Iyp(n) = Anng, Lyg(p).
Given 7 € gi we set Lg(p) = Lyp(p)/ 1 - Lyp(pn). By construction, L(u) is a g
module with p-character n. It follows from (12) that every £ € Vig(p) has the form
£ = (z,-) for some z € nf.
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Lemma 4.2. Ifn € Vip(p), then Lg(p) s a nonzero Uy (gx)-module.

Proof. Replace L, (1) by Leg(pe) and I,(p) by Igp(p), and argue as in the proof of [34,
Lemma 3.1]. O

Set Lo (1) = Un(gk)vy, and gr Lp(p) == D, Lpn(1t)/Lypn-1(pt), where n € Z,..
Note that gr Ly () is a cyclic S(gk)-module generated by v,, = gr,v,. Also,

Loy (1) = Un(81)0 = (Un(g4)v,) ®ak = Lan(p) @4 k.

We put Jyp := Anngg,) gr Lyp(p) = Anngg,) 0, and Ry := S(gi)/Jp, and denote by
VgLg(pe) the zero locus of Jg in Specm S(gx) = gi. Since 7, is a highest weight vector
for by @ ny", all linear functions from VyLg(p) vanish on by @ ny.

By Lemma 4.1, all graded components Ra,, = Lan(i)/Lan—1(p) of Ry are free
A-modules of finite rank. From this it is immediate that so are the A-modules Ly4 ,,
and Ry = Ry ®4 k as graded k-algebras. Comparing the Hilbert polynomials of
R =Rs®4C and Ry = Ry ®4 k we see that dimRyp = dimR = d(e); see [12,
Corollary 13.7]. As a consequence,

Recall from (11) the generators vy, ...,vp of the Ay, ..., y4-module R4. Since
R = Ra ®4 C, the above discussion also shows that d = dim R = d(e). We stress
that D = D(u) depends on g, but not on ‘B.

Lemma 4.3. For every n € gi we have that dimy Lg(u) < Dp®e)
Proof. Repeat verbatim the proof of Lemma 3.2 in [34]. O

4.5. Since D! is invertible in A, we have that p > D for all p € 7(A). As before, we
identify g, with gi by using the Gy-equivariant map = — (x,-). Then Vy(p) C n;
see (12). The p-centre Z,(n, ) = Z,NU(n, ) of U(n, ) is isomorphic to the polynomial
algebra in ef, where v € ®~, hence can be identified with the subalgebra S(n, )? of
all p-th powers in S(n, ). Therefore, we may regard Iy(p) N Z,(n, ) as an ideal of the
graded polynomial algebra S(n, )P = k[e? | v € ®~]. It follows from our discussion in
(4.4) and the above identifications that

(14) Vip(p) = V(Ip(p) N Zy(n)) N

Let gr(Ip(p) N Zy(n,)) be the homogeneous ideal of S(n; )P spanned by the highest
components of all elements in Ip(u) N Zy(n, ). From (14) it follows that the zero
locus of gr(Ip(n) N Zy(ny)) in w coincides with K(Vis(p)), the associated cone to
V() (associated cones are defined in [4, §3], for instance). Since Iyp(p) N Z,(ny ) is
contained in Anngy, 0, all elements of gr(Iy(p)NZ,(n; ) annihilate gry v, € gr Ly(s).
Then gr(Ip(p) N Zy(nyg)) C Jgp N S(ny ), which yields

(15) VaLa() = V(30 S(ng)) Nnf € K(Viplw)).

Theorem 4.1. Under the above assumptions on A, the variety Vig(p) contains an
wrreducible component of mazximal dimension which coincides with the Zariski closure
of an irreducible component of ' N (Ad Gy)e.
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Proof. This is a slight generalisation of [34, Thm. 3.1]. In view of (15) and (13) one
just needs to replace V,,(1n) by Vig(p), VgLyp(pt) by VgLes(p) and g, by Jgp, and repeat
the argument used in [34]. O

Recall from (4.3) the generating set {w;|i € I} of the primitive ideal J. By
construction, u; € U(ga) for all i and the A-span of the w;’s is invariant under
the adjoint action of g4. Let u; be the image of w; in U(gyx) = U(ga) ®4 k. Clearly,
the k-span of the @;’s is invariant under the adjoint action of gx. Let ¢, : U(ga) —
@y, 2 = U(ga)/Ny, a be the canonical homomorphism, and denote by ¢, the induced
epimorphism from U, (gx) onto QY; see (2.2) and Lemma 2.2(i). By Lemmas 2.2 and

2.3, there exists a finite subset C' of ZX e ) such that

(16) Px () ZXC il (hi,CGU(gA,e), iEI).

ceC
On the other hand, it follows from Lemma 2.1 that the k-algebra U,(gy,e) is a
homomorphic image of the k-algebra U(gk, e). Let h; . denote the image of h; . ® 1
in U, (gk, e). From(16) we get

(17) Pr(tis) = > Xhy (1) (Viel).

ceC

Put ¢ := maxce ¢ |c|. From now on we shall assume that ¢! is invertible in A. This
will ensure that the components of all tuples in C' are smaller that any prime in w(A).

Proposition 4.1. Under the above assumptions on A, for every P € Specm A with
A/B = F, there is a positive integer k = k(P) < D = D(u) such that the algebra
U, (gk,€) has an irreducible k-dimensional representation p with the property that
p(hi.e) =0 forallc € C and alli € I.

Proof. Let B € Specm A be such that A/ = F,. By Lemma 4.2 and Theorem 4.1,
there exists g € Gy such that L *(u) # 0, where g-x = (Ad” g)x. By [30, Thm. 3.10]
and Lemma 4.3, every composition factor V' of the gi-module L X(x) has dimension

kp®® for some k = k(V) < D. Since u; € Annyg,) La(p) for all i € I, the elements
u; € U(gx) annihilate L,(u) = La(p) ®ak. Consequently, all @; annihilate L, * (1) =
Los(1) /1. Lep(pt), and hence V.

Since (Ad g)(1y) = Ig v, the map Ad g: U(gx) — U(gk) gives rise to an algebra
isomorphism U, (gx) — U, ,(gx). Let V' = {v'| v € V}, a vector space copy of
V. Give V' a gg-module structure by setting x - v' := ((Adg)~lz-v) for all x € gy
and v' € V'. Since all elements ((Ad g)z)? — ((Ad g)x)P! — x(z)?1 annihilate V, the
gr-module V' has p-character x. Furthermore, all elements (Ad ¢)u; annihilate V.
The Z-span of {u;| i € I} is invariant under the adjoint action of Uz on U(gz); see
(4.3). Since Uz ®z k is the hyperalgebra of Gy, the k-span of the @;’s is invariant
under the adjoint action of Gy on U(gy). In conjunction with our preceding remark
this implies that u; € AnnU y V' for all i € I. Let

= { eV | z-v= x(x) forall xe€m}.

Since U, (gk, ) = (Ux(gk)/UX]\fmk)adImk by Lemma 2.2(ii), the algebra U, (g, €) acts

on V{. Since my is a y-admissible subalgebra of dimension d(e) in g, it follows from
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[31, Thm. 2.4] that Vj is an irreducible k-dimensional U, (gk,e)-module. We let p
stand for the corresponding representation of U, (g, €).

Denote by V" the U, (gk)-module QX @y, (q,,) Vg and let vy,. .., v} be a basis of
Vy. It follows from Lemma 2.3 that the vectors X2 ® v;» with 0 < a; < p—1 and
1 < j < k form a basis of V" over k. Since V' is an irreducible gi-module, there
is a gxy-module epimorphism 7: V" — V' sending v' ® 1 to v’ for all v' € Vj. Since
dimy V' = kp®©) the map 7 is an isomorphism. Let j stand for the representation of
U, (gx) in Endg V”. As N, x annihilates Vj @ 1 C V" it follows from (17) that

0= p(a)(W' ®1) = p(@(@)v' ®1) = Yo X@ plhic) (V')
for all v € V. As the nonzero vectors of the form X ® p(h; ¢)(v') with v’ fixed are

linearly independent by our assumption on A, we see that p(h; ) = 0 for all c € C
and all ¢ € I. This completes the proof. 0

4.6. By our discussion in (2.3), there are polynomials H; . € A[Xy,...,X,] such
that h; ¢ = H; ¢(©1,...,0,) for all c € C and i € I. Let Jy be the two-sided ideal
of U(g,e) generated by the h; .’s. In view of (2) and [34, Lemma 4.1], the algebra
U(g, €)/Jw is isomorphic to the quotient of the free associative algebra C(X1, ..., X,)
by its two-sided ideal generated by all elements [X;, X;| — F;(Xi, ..., X,) with 1 <
i < j <rand all elements H. ;(X;,...,X,) with c € C and | € I. Given a natural
number d we denote by My the set of all r-tuples (M, ..., M,) € Maty(C)" satisfying
the relations

(M, Mj] — Fiy(My, ..., M,) = 0 (I1<i<j<r)
He (My,...,M,) = 0 (ceC,lel)

(the monomials in M, ..., M, involved in F;(M;, ..., M,) and H. (M, ..., M,) are
evaluated by using the matrix product in Maty(C)). The preceding remark shows
that My is nothing but the variety of all matrix representations of degree d of the
algebra Ul(g, e)/Iw.

Lemma 4.4. The set (A) of all primes p such that A/P = F, for some P € Specm A
is infinite for any finitely generated Z-subalgebra A of C.

Proof. By Hilbert’s Nullstellensatz, there is an algebra homomorphism A — Q. Thus,
in proving the lemma we may assume that A C Q. Then A is a finitely generated
Z-subalgebra of an algebraic number field K = Q[X]/(f), where f € Z[X] is a
polynomial of positive degree irreducible over Q. Then A C Z[b~'][X]/(f) for some
b € Z*. Since b has only finitely many prime divisors, we may assume without loss
of generality that A = Z[X]/(f) and deg f > 1.

Given = € R denote by 7(z) the number of primes < z. If p is a prime, let N,(f) be
the number of zeros of f in F, = Z/pZ. As explained in [36], for instance, it follows
from Burnside’s Lemma and Chebotarev’s Density Theorem that

N,
(18) lim M = 1.
T @
Because A = Z[X]/(f), the set m(A) consists of all primes p with N,(f) # 0. In view
of (18) this implies that | 7(A)| = co. O
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4.7. Let J; be the ideal of P := C [:L’gz) |1 <a,b<d, 1<k <r| generated by the
matrix coefficients of all [M;, M;] — F;; (M, ..., M,) and H. (M, ..., M,), where M

(k)

is the generic matrix (z, )1 capeq Note that My is nothing but the zero locus of

Jy in Specm P = A’ (C). In particular, My as a Zariski closed subset of A™(C).
As all Fj; and H,; are in A[X;,..., X,], the ideal J; is generated by a finite set
of polynomials in P4 = A[a:l(llz)| 1<a,b<d 1<k<r|say {fi,...,fn}. Given
g € P4 and an algebra homomorphism v: A — F,, we write “g for the image of ¢ in
Pa®4 (A/Ker v) C Py @4, and denote by My(F,) the zero locus of “fy,...,"fy in
AT (F,).

Proposition 4.2. The algebra U(g,e)/Iw has an irreducible representation of di-
mension at most D = D(u).

Proof. We need to show that M4(C) # @ for some d < D. Suppose this is not
the case. Then ¢g1f1 +--- 4+ gnfn = 1 for some ¢q,...,9g8y € P. Let B be the A-
subalgebra of C generated by the coefficients of g1,...,¢). By Lemma 4.4, the set
m(B) is infinite. Take p € w(B) and let v: B — F, be an algebra map such that
B/Ker v = F,. Denote by 7 the composite

Py — Pp/(Ker )Py — FlzM | 1<ab<d 1<k <r] = Pya4F,.
Since v(F') = YF for all F' € Pp, we have that “g; Vf; + -+ “gn Vfn = 1. But then

Mqy(F,) = @ for all d < D. Since this contradicts Proposition 4.1, we conclude that
M4(C) # @ for some d < D. O

We are ready to prove the main results of this section.

Theorem 4.2. For any primitive ideal I of U(g) with VA(J) = O, there is a finite
dimensional irreducible U(g, e)-module V' such that ] = Anngg)(Qy Qu(g,e) V).

Proof. By Proposition 4.2, there is an irreducible finite dimensional representation
p: U(g,e) — End V such that Jy C Ker p. Associated with p is a representation of
U(g) in End(Q ®uge) V); call it p. It follows from Skryabin’s theorem [39] and [33,
Thm. 3.1(ii)] that Ker j is a primitive ideal of U(g) with VA(Ker p) = O,. From (16)
it follows that

plui) (L @ v) = pley(ui))(1y @v) = Dee o X @ plhie)(v)

for all v € V and ¢ € I. Since Jy C Ker p, all p(u;) annihilate 1, ® V' C V. Since
1y ® V' generates the g-module @, ®y (g V and the span of the u;’s is stable under
the adjoint action of g, we have that u; € Kerp for all ¢ € I. Since the u;’s generate
the ideal J, it must be that J C Ker p. Since the primitive ideals J and Ker p have the
same associated variety, applying [3, Korollar 3.6] gives J = Ker 4. O

4.8. A more invariant definition of the algebra U(g, e) was given by Gan—Ginzburg
in [13]. Let ny, = P,._, 9(i) and n} := P,._, 8(¢), and denote by CA)X the Kazhdan-
filtered g-module U(g)/U(g)N,,, where N is the left ideal of U(g) generated by all
r — x(z) with € n{. Note that CA)X is a U(n,)-bimodule and Q2™ carries a
natural algebra structure. By [13], the algebra @;d ™ s Canoniczilly isomorphic to

U(g,e). Denote by ¢, and ¢y, the canonical projections U(g) — @), and @x — Qy,
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respectively. The adjoint action of G on U(g) gives rise to a rational action of the
reductive part C(e) = G. N Gy of the centraliser G, on CA)X. Clearly, the g-module
map @, is C(e)-equivariant and ¢ 0 @, = gpx

Recall from (2.1) the Witt basis {2],...,2%,21,...,2s} of g(—1) and write Z® for
the monomial 2/ - - - 2% € U(g), where b = (by,...,b,) € Z5, . Let 1X be the image of
1in @x Arguing as in [39] it is easy to observe that the monomials X*Z®(1,) with
ac€ Z ) and b € 77 form a free basis of the right U(g, e)-module @x Note that
for any hap € Ulg, ) we have that @, (X*Z' P hap(ly )) = X®hap(1ly) if b=0and 0
otherwise.

Lemma 4.5. Let M be any U(g,e)-module and v € Anngq (QX Qu(g,e) M) Then
oy (u) = Zab XaZ’bha,b(iX) for some hap € Anng(g ¢y M.

Proof. Set Q(u) = {(a,b) € Z+ X 72 | hap & Anngg ) M} and denote by Qpax(u)
the set of all (a,b) € Q(u) for which the Kazhdan degree of X2 € U(g) is maximal
possible. Suppose Q. # @ and denote bt A(u) the set of all b € pry(Qmax(u)) for
which hap & Anng(g ey M (here pr, is the second projection Zi(e) X 75, — Z7,). Order
the elements in Z7 lexicographically and denote by m the largest element in A(w).
Let ay,...,a; be all elements in Zi(e) for which (a;, m) € Quax(u).

Set v’ := [];_,(ad z;)™ (u), an element of Anny g (Qy ®u(ge) M). Since @x is a
Kazhdan-filtered g-module, we have that Quax(u') C Quax(u), while it is immediate
from the definition of {ay,...,a;} that (a;,0) € Quax(v’) for all ¢ <[. Furthermore,

@X(u/> = Zé:l )‘iXaihamm(iX) + Z(a,b)€Qmax(u’)XaZ/bh;,b(iX>v Ai # 0,

by our choice of m. Hence (gm0 ¢y) (1) = Sty MiX%ha m(1y) + D azag X ha(ly)
for some h,, € U(g,e). As ha,m & Anngg ) M and A\; # 0 for all ¢ < [, we obtain
u' & Anng g (QX ®u(g,e) M ), a contradiction. This completes the proof. O

Corollary 4.1. Let M be as in Lemma 4.5 and denote by Jr the U(g)-submodule of
Qx generated by Anng g o) M C Q™. Then

Anng g (QX QU (g, e) M) ﬂ (Adg)(A_l( M))

geG

Proof. Let I = Anngy, (QX ®U(g o M) and I' = Nyeq (Adg) (&7 1(Tnr))- Tt follows
from Lemma 4.5 that I C $'(Jas). Since I is a two-sided ideal of U(g), it is invariant
under the adjoint action of G. Hence I C I’. On the other hand, I’ is a left ideal of
U(g) contained in @ '(Jy) and invariant under the adjoint action of G. Therefore,
I' is (ad g)-stable and annihilates the subspace 1, @ M of Q, ®y(q,) M (one should
keep in mind that n| C m). Since the latter generates the g-module Q, ®y (g ) M,
we deduce that I = I’ O

Since C(e) stabilises both n, and n/, it acts on U(g,e) = @;d ™ as algebra auto-
morphisms; see [33, 2.1] for more detail. Thus, we can twist the module structure
U(g,e) x M — M of any U(g, e)-module M by an element g € C(e) to obtain a new

U(g, e)-module, M9, with underlying vector space M and the U(g, e)-action given by
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u-m = g(u)-m for all u € U(g, e) and m € M. Since the map @, is C(e)-equivariant
and g(Jps) = T, it follows from Lemma 4.1 that

(19)  Anny(g) (@ Oug.e) M) = Annyg (Qy Qv M?) (Vg€ Cle)).

4.9. As explained in [31, 6.2] and [33, p. 524], the centre Z(g) of U(g) maps iso-
morphically onto the centre of U(g, e). Thus, we may identify Z(g) with the centre
of U(g,e). Given an algebra map A\: Z(g) — C denote by Irry U(g,e) the set of all
isoclasses of finite dimensional irreducible U(g, e)-modules with central character .
As we recalled in (4.8), the reductive part C(e) = G. N Gy of the centraliser G. acts
on U(g,e) as algebra automorphisms. Since Ad G acts trivially on Z(g), the group
C'(e) acts on each set Irry U(g, e).

By [33, Sect. 2], the Lie algebra g.(0) of C(e) embeds into U(g,e) in such a way
that the adjoint action of g.(0) C U(g,e) on U(g,e) coincides with the differential
of the above-mentioned action of C(e) on U(g,e). This implies that twisting the
module structure U(g,e) x M — M of a finite dimensional U(g, e)-module M by an
element of the connected component of C'(e) does not affect the isomorphism type
of M. We thus obtain, for any d € N, a natural action of the component group
I'(e) = G./G2 = C(e)/C(e)° on the set of all isoclasses of d-dimensional U(g, e)-
modules. By the same token, I'(e) acts on each set Irry U(g, e).

Let X be the primitive spectrum of U(g) and denote by X* the set of all I € X with
I'NZ(g) = Ker A. Given a coadjoint nilpotent orbit O C g* we write X for the set
of all I € X with VA(I) = O, and set X} := X* N Xo. It follows from Theorem 4.2
that for any algebra homomorphism A: Z(g) — C the map

Ya: iy Ulg,e) — %Z\a(x)u [V] — Anng, (Qx QU (g, e) V)

is surjective (here [V] stands for the isomorphism class of a U(g, e)-module V' and
O(x) = (Ad*G)x). For any finite dimensional irreducible U(g, e)-module M, the
g-modules @, ®u (g ¢) M7, where g € C(e), have the same annihilator in U(g); see
(19). From this it is immediate that that all fibres of ¢, are I'(e)-stable.

In his talk at the MSRI workshop on Lie Theory in March 2008, the author con-
jectured that T'(e) acts transitively on the fibres of 1y; that is, the fibres of i) are
precisely the I'(e)-orbits in Irry U(g,e). This conjecture was known to hold in some
special cases; see [34] and [8]. Very recently, the author’s conjecture was proved in
full generality by Losev; see [25, Thm. 1.2.2]. We would like to finish this paper
by putting on record the following interesting consequence of Losev’s result. For g
semisimple, it solves an old problem posed by Borho and Dixmier in the early 70s;
see [11, Problem 2].

Theorem 4.3. For any complex semisimple Lie algebra g the primitive spectrum of
Ul(g) is a countable disjoint union of quasi-affine algebraic varieties.

Proof. Let g1,..., g, be the simple ideals of the Lie algebra g. Let I be a primitive
ideal of g and set I; :== I N U(g,), where 1 < j < k. Since [ is the annihilator in
U(g) of a simple highest weight module, by Duflo’s Theorem, it is straightforward to
see that each I; is a primitive ideal of U(g;) and I = Z§:1 U(g)l;. From this it is
immediate that the primitive spectrum of U(g) is the direct product of the primitive

spectra of the U(g;)’s. Thus, in proving the theorem we may assume that g is simple.
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Since there are finitely many coadjoint nilpotent orbits in g*, it suffices to show that
Xo(y) is a countable union of quasi-affine algebraic varieties.

The group GL(d) acts on Maty(C)" by simultaneous conjugations and preserves its
Zariski closed subset M, defined in (4.6). Since GL(d) is a reductive group, the in-
variant algebra C[My]“*@ is finitely generated and the C-points of the affine variety
Ry := Specm (C[M,4] ™) parametrise the closed GL(d)-orbits in My. Moreover, the
morphism 7;: My — Rg induced by inclusion C[My]“@ « C[M,] is surjective and
takes the GL(d)-stable closed subsets of My to closed subsets of Rgy; see [23, Ch. II,
3.2], for example. It follows from Procesi’s results on invariants of r-tuples of d x d
matrices that the closed GL(d)-orbits in My are in 1-1 correspondence with the equiv-
alence classes of semisimple d-dimensional matrix representations of U(g,e). Thus,
the C-points of R4 can be identified with the isoclasses of semisimple d-dimensional
U(g, e)-modules.

It is well-known (and easily seen) that the set of all reducible d-dimensional matrix
representations of U(g, e) is Zariski closed in M. Since this set is also GL(d)-stable,
the above-mentioned properties of w4 show that the subset Irry C Ry consisting of
the isoclasses of irreducible d-dimensional U (g, e)-modules is Zariski open in Ry. As
we mentioned earlier, the component group I'(e) acts on R; and preserves its open
subset Irry. As I'(e) is a finite group, the quotient space R4/I'(e) is an affine variety
(the coordinate algebra of R4/T'(e) is nothing but the invariant algebra C[Ry]"(®)).
Furthermore, the quotient morphism 7pey: Ry — Rg/I'(e) is open in the Zariski
topology. Since Irrq is open in Ry, the set mp()(Irrg) = Irrq/I'(e) is open in Ry/T'(e).

Thus, each orbit space Irry/I'(e) is a quasi-affine variety. On the other hand, it
follows from Theorem 4.2 and [25, Thm. 1.2.2] that there is a bijection

|_|d20 (Irrd/F(e)) — Xog)-

Since this holds for any coadjoint nilpotent orbit in g*, the primitive spectrum of
U(g) is a countable union of quasi-affine algebraic varieties. U
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