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THE METHOD OF THUE-SIEGEL FOR BINARY QUARTIC
FORMS

SHABNAM AKHTARI

ABSTRACT. We will use Thue-Siegel method, based on Padé approxima-
tion via hypergeometric functions, to give upper bounds for the number

of integral solutions to the equation |F(z,y)] = 1 as well as the in-
equalities |F'(x,y)| < h, for a certain family of irreducible quartic binary
forms.

1. INTRODUCTION

In 1909, Thue [20] proved that if F'(z,y) is an irreducible binary form of
degree at least 3 with integer coefficients, and h a nonzero integer, then the
equation F(x,y) = h has only finitely many solutions in integers x and y .

In this paper we will consider irreducible binary quartic forms with integer

coefficients, i.e. polynomials of the shape
F(z,y) = apz* + a12’y + aex®y® + azzy® + agy’.
The discriminant D of F' is given by
D = Dp = al(a; — as)* (a1 — az)* (a1 — ay)? (o — a3)?(ar — o) (a3 — o),
where a7 , as, a3 and a4 are the roots of
F(z,1) = apz® + a12® + apa® + asw + ay.

Here, we will recall some well-known fact about the invariants of quartic
forms. We refer the reader to [9] for more details. The invariants of F' form

a ring, generated by two invariants of weights 4 and 6, namely
I = IF = CL% - 3(11(13 + ].2(1,00,4

and
J=Jpr = 2a§ — 9aqaqa3 + 27a%a4 — T2apasa4 + 27a0a§.

These are algebraically independent and every invariant is a polynomial in

I and J. For the invariant D, we have

27D = 4]3 — J2.
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In what follows, we will just consider the forms F' for which the quantity

Jr is 0; i.e. for which we have
27D = 41°.

Let h be a positive integer. The number of solutions in integers x and y

of the equation
(1) |F(z,y)| = h.

will be the focus of our study in this paper. In Section 2l we will show that
to apply a classical theorem of Thue [20] from Diophantine approximation

to a quartic form F', one needs to assume Jr = 0.

Theorem 1.1. Let F(x,y) be an irreducible binary quartic form with integer
coefficients and positive discriminant that splits in R. If Jp = 0, then the
Diophantine equation |F(x,y)| = 1 possesses at most 12 solutions in integers
x and y (with (x,y) and (—z, —y) regarded as the same) .

In Section [I1Il, we will summarize the result of our computations for bi-
nary forms with small discriminant. We will give some examples for quar-
tic binary forms F(x,y) satisfying the hypotheses of Theorem [[LT| where
|F'(z,y)] = 1 has 4 or 3 solutions in inegers x and y. The author is not
aware of any quartic binary form F for which |F(z,y)| = 1 has more than
4 solutions.

In [3] different methods are used to give an upper bound 61 upon the
number of integral solutions to the equation |F(x,y)| = 1, where F' is an
irreducible binary quartic form with no restriction on the value of Jr and
with |Dp| large enough. Moreover, it is shown in [3] that if the irreducible
binary quartic form F splits in R and have large discriminant, the Dio-

phantine equation |F(x,y)| = 1 has at most 36 solutions in integers = and

Y.

Theorem 1.2. Let F(x,y) be a reduced irreducible binary quartic form with
integer coefficients and positive discriminant that splits in R. If Jp = 0,
then the inequality |F(x,y)| < h possesses at most 12 co-prime solutions

3/4
(z,y), with |yl = G5

The definition of a reduced form is given in Section Bl It turns out that
each quartic binary form is equivalent to a reduced one (see [9]).

One reason for us to be interested in these results, despite what are
apparently quite serious restriction upon F', is that we know important
families of quartic forms with these properties. For example a solution to

the equation aX* — bY? = 1 gives rise to a solution to the Thue equation

ot + dtxdy — 6ta’y? — APay® + 2yt = 13,
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where t;]t. We have applied the methods of this paper to treat the above
Thue equation in [1].

The method of Thue and Siegel based on Padé approximation to binomial
functions applies to broad families of binomial Thue equations, and both so-
called ” quantitative” results (see the works of Evertse [10] [12], for example)
as well as effective results (via effective irrationality measure from Baker
[4, 5] onwards) can be obtained from it. This method has also been used to
study binary cubic forms with positive discriminant, for decades (see [11],
[6]). In 1939, Krechmar [I3] showed that when the discriminant of quartic
form F(z,y) is sufficiently large ( Dp > h?'%/%) the equation () has at
most 20 solutions in integers = and y, provided that Jr = 0 and all roots of
F(z,1) are real numbers. We will use a refinement of Thue-Siegel method

by Evertse [11] to obtain our results.

2. THE METHOD OF THUE-SIEGEL

The main purpose of this section is to explain why we need the restric-
tion Jr = 0 in the statements of our Theorems. The answer is hidden in
the method we use, the method of Thue-Siegel. The relationship between
a system of approximations to an arbitrary cubic irrationality and Padé
approximations to /1 — x was first established by Thue [21]. Siegel [15, [16]
identified approximating polynomials in Thue’s papers [21), 22] with hyper-
geometric polynomials and applied this method to bounding the number
of solutions to Diophantine equation f(z,y) = k, for certain binary forms
f(x,y) of degree r. He also established bounds for the number of solutions
to

ax" — by" = c,

where n > 3 [17].

Lemma 2.1. Suppose that P(x) is a polynomial of degree n and there is a
quadratic polynomial U(x) such that

(2) U(z)P"(x) — (n — 1)U (z)P'(z) + @U”(U@)P(U@) =0.
Let

Y(x) = 2U(z)P'(x) — nU'(z)P(x)
and

n®—1
4

h:

(U'(z)* = 2U (z)U" ().
Consider the recurrences

Prii(z) = kY (2) Pr(2) = P(2)* P (2);
Qri1(z) = kY (2)Qp(2) — P(2)* Qi1 (),
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with the initial conditions

Pyfa) = Qol) = Sh,
n—1

Pi(z) =U(x)P'(z) — U'(z)P(x),
Q1(z) = zPi(x) — U(z)P(z),

where
o — §’ = 22n —1)(2n + 1>h, b, — 2r+1
2 3n—=1)(n+1) 2
and
Cry1 — Cr—1 — 9 n? _
k, (n—1)(n+1)

Then polynomials P.(x), Q.(z) are of degree rn + 1 and satisfy equation

alp(z) = Qr(z) = (z — @) ' R,(2)
for a polynomial R,.(x) .
To apply Theorem 211 to the polynomial P(z) = az* + ai2® + asz? +

asr + a4, suppose that for a quadratic polynomial U(z) = usx? + uyz + uo,

we have

0 = U(x)P"(x) —3U'(z)P'(x) + 6U" (z)P(x)
= (12a0uy — 3a1u; + 2aus)2” + (6ayug — 4agu; + 6asusy)x
+2a2u0 - 3&3’&1 —+ 12a4u2.

This implies that

120,0 —3CL1 2&2 Ug
3&1 —QCLQ 3&3 (751 =0.
20,2 —3&3 12&4 U9

Therefore,
120,0 —3CL1 2&2
det 3a; —2ay 3as
2(1,2 —3(1,3 ]_2(1,4
= 4(2a3 — 9ayazas + 27atay — T2apaza4 + 27apa3)
= 4J=0.

In this paper, we always suppose that J = 0. In Section B we will show
that if Jp = 0 then there are linear forms £ = &(x,y) and n = n(x,y) so
that

F(x, —
(z,y) = 3 \/?)[—A (5 n )
where the quantity A, is defined in (8). We will use Padé approximation via
hypergeometric polynomials to approximate 1/¢ with rational integers. The
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main idea here is to replace the construction of a family of dense approxima-
tions to n/&, by a family of rational approximations to the function (1—z)'/4.
Consider the system of linear forms R,(z) = —Q,(2) + (1 — 2)/*P,(2) that
approximate (1 — 2)Y/* at z = 0, such that R,.(z) = 2 "' R,(2), R,(2) is
regular at z = 0, and P,(z) and @), (z) are polynomials of degree r. Thue
[19, 21] explicitly found polynomials P,(z) and @,(z) and Siegel [15] identi-
fied them in terms of hypergeometric polynomials. Refining the method of
Siegel, Evertse [I1] used the theory of hypergeometric functions to give an
upper bound for the number of solutions to the equation f(z,y) = 1, where
f is a cubic binary form with positive discriminant. Here we adjust Lemma

4 of [I1] for quartic forms.

Lemma 2.2. Let r, g be integers with r > 1, g € {0,1}. Put

A = X (I (o

m=0

@ B = () e

m=0
(1) There exists a power series F, 4(z) such that for all complex

numbers z with |z| < 1

(4) Arg(2) = (1= 2)V1Byy(2) = 2 H179F, 4 (2)
and
(r—gil—l/4) (r—1/4)
r+1— r —Lopa1—
() |Frg(2)] < (zrgﬂ_g) (1= [of)72r+tma),

(ii) For all complex numbers z with |1 — z| < 1 we have

(6) A< (770,

r

(iii) For all complex numbers z # 0 and for h € {1,0} we have
(7) Aro(2)Brin1(2) # Arini(2)Bro(z).

Proof. This lemma has been proven in [1]. O

3. EQUIVALENT FORMS

We will call forms F} and F, equivalent if they are equivalent under

SLy(Z)-action (i.e. if there exist integers b, ¢, d and e such that
Fi(bx + cy, dz + ey) = Fy(z,y)

for all x and y, where be —cd = £1). Denote by Ng the number of solutions
in integers x and y of the Diophantine equation

|F(z,y)| = h.
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Note that if F; and F, are equivalent, then Np = Npg,, Ip, = Ip, and
JFl - JF2 .

Let us define, for a quartic form F', an associated quartic form, the Hessian
H, by

d2F d°F 2F\?
H = — .
(z.9) dx? dy? (da:dy)

Then
H(z,y) = Aoz + A12®y + Asa®y? + Azzy® + Agy’,

where

Ay = 3(8agay — 3a?),
Ay = 12(6agas — ajas),
(8) Ay = 6(3aya3 + 24apay — 2a3),
As = 12(6ajaq — asas),
Ay = 3(8azay — 3a§).

We have the following identities (see Proposition 5 of [9]):

(9) Iy = 12%1%,
(10) Jy = 12%(2I — J%)
and

Dy = 125J%Dp,

where H is the Hessian of F' and Dp, Dy are the discriminants of F' and
H, respectively . From identities in (§) and using algebraic manipulation,

we have

AgA; — ALA3
= 123(a0a§ — aya?) (2&3 — 9ayasas + 27atay — T2apaza4 + 27a0a§)

= 12%(apaj — asa?)Jp
and similarly,
A§ + 8A A2 — 4A,A3A, = 123(a§ + 8aya? — dazasay) Jr.
When Jr = 0, we obtain

(11) ApgA; = A4AL
A3+ 8A1A7 = 4A,A3A,.
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Therefore, when AsA, # 0,

H(z,y) = Az’ + A2’y + Ayr®y® + Azzy® + Ayy®
1
= ——(2A,Ay2® + A3 2A4A3y°)°
414:25144( 14427 + 3.Ty—|— 4 By)
1 2
= MW(L y)°,
where we define the quadratic form W (z,y) = 24, Aya® + Azy + 24, A3y>.

So we get

I, = AL — 164, 4245\ °
4A2A, '
From (@), we obtain
(12) | A5 — 16A, AT As| = |[48A3AIp|.

In order to make good use of the above identities, we prove the following

lemma:

Lemma 3.1. Let F(x,y) be a quartic form with Jp = 0. There exists a
form equivalent to F(x,y), for which AzA, # 0.

Proof. 1If Ay =0, then by (IIl) we have Ay = A3 = 0 and therefore,
H(z,y) = a®(Ap2® + Ay + Asy?).

Let

r=mX +1Y
and

y =pX +4qY,
where m,[,p and ¢ are integers satisfying mq — [p = £1. Suppose that
®,(X,Y) is equivalent to F'(x,y) under this substitution with Hessian

Hy (X,Y) = ALX* + ALXPY + ALXPY? + ALXYS + Ay
We have,
Al = Hg, (0,1) = Hp(l,q) = P(Aol* + Ailg + Asg®).

If Hp is identically zero then by (@) and (I0)), we will have Ir = Jp = Dp =
0. But since we have assumed that F(x,y) is irreducible, Hg(x,y) is not

identically zero. Therefore, the integers [ and ¢ can be chosen so that
Ay = Hp(l,q) # 0.

Let t € Z and put
M =m +1t,
P=p+qt.
Let ®5(X,Y) be the equivalent form to F'(x,y) under the substitution
v = MX +1Y
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y=PX +¢qY,
and Hy,(X,Y) = AIX* + AUX3Y + AUX?Y? + AUXY3 + AIYY. Then
substituting by MX + 1Y and y by PX + ¢Y in Hp(z,y), we find that
A% the coefficient of the term XY? in Hg,(X,Y), is equal to

Al = AMP Ay + (PP + 3MI%q) Ay + (21*Pq + 2Mlg?) Ay
+(¢*m + 3P¢*l)As + 4P¢* A,
= (m+ )41 Ag + 312q Ay + 21¢° Ay + ¢* As)
+(p+ qt)(IP Ay + 21°qAs + 31g° A3 + 4¢> Ay)
— K+ 4t(1* Ao+ PgAs + PP Ay + 1P As + ¢* Ay)
= K +4tA).
Since A} # 0, the integer ¢ can be chosen so that A% # 0. O

In the following, we will show that F'(z,y) or one of its equivalences
(under G Lo(Z)-action) satisfies

‘A4‘ < 41.
From now on, we will suppose that A3A, # 0. Let
r=mX+1Y

and
y =pX +qY,
where m, [, p and ¢ are integers satisfying mq — Ip = £1. Let ®(X,Y") be

equivalent to F'(z,y) under this substitution and
O(X,Y) =a)X* +d, XY + ay, X?Y? + ay XY? +a) Y™
We observe that
Ay = Ho(0,1) = Hr(l, q),
where Hy(X,Y) = ALX* + A\XPY + ALX2Y? 4 ALXY? + ALY,

To continue, we will be in need of the following Proposition due to Her-

mite.

Proposition 3.2. Suppose that fi120? +2fiaxy+ foay? is a binary form with
D = fi1fe — f% # 0. Then there is an integer pair (uy,us) # (0,0) for

which
2 2 /4
0 < |fuui + 2fiougus + fou] < §|D|

Proof. See [7], page 31. O
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Proposition implies that we can choose [ and ¢, such that
1

0< |4 = |4T§A4|(2A1A4l2 + A2lg + 2A4A3q?)?
11
— | (A3 —16A,A%A
< Ay |3V T 164
(13) = 41,

where the last equality comes from (I2).
We have shown that the Hessian of F' satisfies the following formula.

H(:Ea y) = 140x4 + A1!E3y + A2$2y2 + 143l’y:S + A4y4
1
= —— (24, A42° + A} 2A4A3y°)%
4A§A4< 14427 + B'Ty_'_ 4 By)

We will need some results due to Cremona [9]. Since we are using different
notations in this paper, we will summarize Propositions 6 and 8 of [9] in
Lemmas B3] and B4l In particular, we note that the quartic polynomial
94(X) in [9] is equal to 5L H(z,1) and its leading coefficient is equal to
—Ap/3.

Lemma 3.3. Suppose F(x,y) is a quartic form with invariants I and J
and Hessian H(x,y). Let ¢ be a root of X3 — 31 + J. Then

1

4
—gH(@.y) + 30F(x.y) = m(x,y)’,

where m(x,y) is a quadratic covariant of F(z,y).
Proof. See part (vi) of Proposition 6 of [9]. O

Lemma 3.4. Let F(z , y) be a quartic form with real coefficients and the
leading coefficient ag. Suppose that F(xz,1) = 0 has 4 real roots. Order the
roots ¢; of X3 — 31 + J, with 4agpy > 4agps > 4agps. Set ¢ = ¢o. Then
m(z,y) is a positive definite quadratic form with real coefficients, where
m(x,y) is the covariant of F(x,y) defined in Lemma[3.3.

Proof. This is part (ii) of Proposition 8 of [9]. Note that the quantity z
in that Proposition is equal to —A, and therefore a positive value in our

case. O

Following Definition 4 of [9], we say that the quartic form F(x,y) =
aoxr* + a1 23y + axx®y? + asxy® + auy* with positive discriminant is reduced
if and only if the positive definite quadratic form m(z,y) is reduced. Here,
we remark that the real quadratic form f(z,y) = ax? + bry + cy? is called
reduced if

b <a<ec.
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Lemma 3.5. Let F' be the quartic form in Theorem[I.3 and H be its Hes-

sian. If F is reduced then for integers x,y we have
[H (2, y)| > 36 Ty".

Proof. Suppose that our quartic form F(z,y) is reduced. Taking ¢ = 0 in
Lemma [3.3, we know that the algebraic covariant %H (z,y) is the square
of a quadratic form, say

—1
?H(l‘, y) = mQ(xv y)
We assume that y # 0. Put

m(z,y) = y*m(z) = y* (Az* + B2+ 0),

T

.. _RB2
where z = .- Note that m(z) assumes a minimum equal to 4‘4(;;7143 at

_ =B 1
z= 37 Since

1
m2<gj’ y) = 36T2144<2A1A4x2 + A?S.Ty —+ 2A4A3y2)2,
3
by [I2), we get
2 _ A4
Ao — pr = MoAhAdi A 4

36424, 3
Recall that Ay < 0 and hence, by (Il), A4 < 0. Since I > 0 and m(z,y) is
reduced, we have 4AC — B? > 0 and

1 4
A2 < AC < g(4AC — B%) = 51.
Therefore,
m(z,y) > 2V1y’,
O

So we can assume that |H(z,y)| > h3124/31 when looking for pairs of

. . 3/4
solutions (x,y) with |y| > (?)]}W

4. REDUCTION To A DIAGONAL FORM

Our goal in this section will be to reduce the problem at hand to con-
sideration of diagonal forms over a suitable imaginary quadratic field. The
method of Thue-Siegel is particularly well suited for application to such
forms. We will show that

Lemma 4.1. Let F be the binary form in Theorem [L1. Then

1 4 4
F(x,y) = W (f (z,y) —n (:c,y)),

where & and 1 are complex conjugate linear forms in x and y.
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Proof. Let H(x,y) = Aoz + A1y + Asr?y? + Azxy® + Agy* with AzA, # 0,
be the Hessian of F(z,y). We can factor 24, Ayx® + AZzy + 2A4A3y® over
C as

(14) E(z,y)n(z,y) = 24, Aga® + Ajzy + 2A, A5y,
where £ and 7 are linear forms. So we may write
x=mé+In
y = p& +qn,

for some m, [, p, ¢ € C. Therefore,
Flr,y) = F(m&+n,p&+ qn)
= apg" + d &% + a8’ + asé’ + ajn’
= O n)
The Hessian H'(&,n) of ®(£,n) satisfies
H'(&n) = A+ A0+ Ay + Asen® + Ay’

2 A,
= A°H = .
Hence,
1
(15) %zﬁz%zazm%zﬁM%!

On the other hand,
Al = 3(8apal, — 3a)
and
Al =12(6aga; — ajab).
Using Maple, it is easy to check that for any form F(z,y),
—10(1,4AO + 2(1,3A1 - a2A2 + a1A3 - 2(1,0A4 =6J.
So, for ®(&,n), we obtain
—10a, Ay + 2a5 A} — ab Ay + a) Ay — 2ap A} = 6Jy = 6A* Jp = 0,
where a are the coefficients of ® and A} are the coefficients of its Hessian.
Therefore, by (IH),
ay =0
and from the expressions for Aj and A} respectively that result from (8]),
a; =ay =0,
whereby;,
F(z,y) = ®(&n) = a€’ + ajn’*.
Observe that if

2A, Ayx® + Asxy + 24, A3y% = (ax + By) (yx + 0y)



12 SHABNAM AKHTARI

then for any complex number A, in (I4]) we may take & = A(ax + [y) and
n = p(yr + dy), where Ay = 1. Our goal now is to determine the values of
Aand g =+ in &€ = Max + By) and n = p(yx + dy), so that a) = —af. We

have
(Aa )\ﬁ)(m l):(l 0)
py po P q 0 1)
Thus,

(16) <mz)_<m )\ﬁ)_l_ 1 (u(s —w)
p qg) \ pmy po (b —py) \ —my A

whereby;,

p_ M
q A
and we get
Apa
g=—-—"
My

Since ®(&,n) = apé* + ajn?, we have
ag=®(1,0) and  a) = P(0,1).

When 1 = p(yz + dy) = 0, we have

m=—
~
and when & = Aax + fy) = 0, we have
T
a

So we can write
—0p p
ag = F(m,p) = F (—,p) = —F(=4,7)
Y Y
and

_ 4
&= Fltg) = (Zq) = Lr(-p.0)

,lL_4 — F(—67Oé)
X = Fo—)

We have shown that F(z,y) can be written as af (£*(x,y) — n*(z,v)),

Therefore, if we choose A and y so that u® = then —a( = a).

where
(17) ¢ = Max +fy), 1= p(yz +6y)
and Ay = 1. It remains to calculate the value of af. Using (I5) and (8), we
get
1
Al = A’ = 6(3d)al + 24a)al, — 2ay) = 144a)ad).
2 1AZA, (3ayas 0fq 2) 0fa
Substituting a) by —ay, we obtain
, A?

242424,
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where A = mq — Ip is the determinant of the matrix ( T; (l] ) Therefore,
from (I6]) and he fact that Au = 1,
y 1
azo — 2 .
(ad — B7)?242 A5 A4
To calculate (ad — 37)?, we recall that

2A1 Aga® + Ajry + 2A5A4y° = (ax + By) (yx + by),

consequently, computing the discriminant of the above quadratic form and

by ([@2),
(18) a6 — By|* = | A — 16 A, A As| = |48A3A4L
and therefore,
1
ay=t—
O T 96424,/ =31

where I = Ip.
We will assume, without loss of generality, that
1

19 [ —
(19) 0T 96424,/ =31

5. RESOLVENT FORMS

Suppose that £ and 7 are linear forms in Lemma [4.Tl Let us define

él — g
(12A3)1/4| Aylt/8
and
' n
T A AR
so that )
F(x,y) = ST (5'4(az,y) — 77/4(:c,y)> .

Lemma [4. ] can be restated as follows:
Lemma 5.1. Let F' be the binary form in Theorem[I1. Then

(20) Flay) = 5o (€)= 1)

where & and n are complex conjugate linear forms in x and y, with
&t € Q(VAI3).

Proof. For the binary form F'(z,y) with Hessian H(x,y), the sextic covariant
Q(z,y) is defined by

0F 0H OF 0H
Q) == -
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Since we have taken H(z,y) = 3 (241 Ay2? + A2y + 244 A3y%)?, we may

4A2A4
write
1
Qz,y) = 2A§A4W(fv,y)¢(af,y),
where
W(z,y) = 2A, Ayz” + ASzy + 24, Asy?
and
oF oF
Ulw,y) = (A5 + 443 Asy)—— — (441 Agr + A§y)5—y-

We have (see equation (25) of [9])
16H? +9Q* = 4* x 33 THF?.

We remark that in [9], g, = 5tH, g6 = 73Q and the invariants I and J are
@W@ y)?
is not identically zero, we can divide both sides of the obove identity by
H(z,y) to get

the negative of our I and J, respectively. Since H(z,y) =

(21) Wh(x,y) + 9A2A% (2, y) = 4% x BB TASA2F? (2, y).

Since W(x,y) = &n and F(x,y) = ﬁ, (2I) implies that
3

et + 9AZ A () = i (=€" =" +2¢"")
and we obtain
(22) (€' +n")? = =36A5A0% (2, y)
and therefore, by (1))

6.A2
¢t = in\/ —Ag(x,y).

Note that if all roots of F'(z,1) are real then I > 0 and Ay < 0 ( see [9],
Proposition 7). So we may write

54"‘774 = b\/ _A07
with b € Q. We have also seen that
¢ —nt = iaV/31

for some even integer a. Therefore, for integers x, y, the quantities £*(z, )
and n*(z, y) are complex conjugates and belong to Q (\/ —Ap, V —3[). More-

over, v/—Ag £*(x,y) and /= A n*(x,y) are algebraic integers in Q ( AOI/?)).

This is because

—GAy A2
V=4 (£ +1') = i%d}(%y)-
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and by (), A;|A¢A3. We will work in the number field Q < AOI/S). We
also have

¢4 by/—Ag + iav/31

7]4 b\/ _AO — za\/?)__f
—A0b2 - 3&2[ + i6ab\/ —A0[/3

—Apb? + 3a?1

Therefore,
4
F € Q(\/Aol/3).

Note that, in (IT), we started with two linear forms and continued with
their fourth powers. Let the linear form & = £(z,y) be a fourth root of
¢4(x,y) and define

n(w,y) = &z, y).
Indeed, n(z,y) is a fourth root of n*. Hence, when F(x,1) splits in R, we
can define the complex conjugate linear forms £(x,y) and n(z,y), so that

¢t =t = 96424,/ =3I F (z,y)
and
En| = ’2A1A4$2 + Azy + 2A4A3y2’ )

Now let us define

é—/ — g
(12A3)1/4] Ay['/8
and
r_ n
T @A AT
so that
1 ' ”

From (B]), for every pair of integers (x,y), we have

3 | W2(x,y) = H(z,y).

1
4A%A,
This gives

12434, | W3(z,y).
By (21), for every pair of integers (z,y), we have
16A2A, | *(z,y).

Using (22), we conclude that the real part of ¢* has the factor 12434, .
Since £* — n* = a(F, by ([IJ), the imaginary part of £* has also the factor
1214%144 So

54 n4
/4, V=3T).
12424, 12424, € Q(v=4o. v=3I)
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By (1),

V-AE V-Am!
VA3
12424, 12424, © ZE)
0

We call a pair of complex conjugates £ and n satisfying the identities in
Lemma [B.1] a pair of resolvent forms, and note that if (£,7) is one pair,
there are precisely three others, given by (i£, —in) , (=§, —n) and (—i&, i),
where i = /—1. We will, however, work with (£, 7), a fixed pair of resolvent
forms. For the pair of resolvent form (£, 7), we have
(03)  |en| = [P+ Afry +240Auy? | (H(@ ) Ad)"

1242 /4, V3

REMARK. The fact that for integers x and y, &*(z,y) and n*(x,vy)
are complex conjugates and belong to an imaginary quadratic field is very
crucial for our proof. To satisfy these conditions, when Jr = 0, we only need
IrAy < 0 (see the proof of Lemma [5.1). Proposition 7 of [9], guarantees
this property for quartic binary forms that split in R. So we may generalize
Theorem [L.T] to all quartic binary forms with IpAy < 0.

6. GAP PRINCIPLES

2jmi

Let w be a fourth root of unity (for some j € {1,2,3,4}, let w =77 ).
We say that the integer pair (x,y) is related to w if

o n<x7y> ‘ _ erm/4 _ 77<5U7y) ‘ )
§(wy)|  oskss §(z,y)
4
Let us define z = 1— (2&;33) , where (£, 7) is a fixed pair of resolvent forms
(in other words, ¢ is a fourth root of (1 — z)). We have
1—z=1, |z/<2.

Note that |z| = 2 is impossible here. Because it would mean n* = —¢*; so
F(z,y) = ﬁ{‘l and hence Dp = 0.

Lemma 6.1. Let w be a fourth root of unity and the integral pair (x,y)
satisﬁes F(.ﬁl],y) = ﬁ(f4<l’,y) o 774($ay)) =1, with

B n(w,y)’ _ Smijd n(w,y)’
"" E(w.y)|  otkes | Ewy)|
If |z| > 1 then

n(z,y)| _w
(24) “T S(fv,y)' =5V
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If |z| <1 then
Cn(@y)|
(25) w £z 1) < 12|z|.
Proof. Put
n(fc,y)“)
460 = ar )
¢ (é (z,y)!
We have

2 — 2cos(40) = |z|.

Therefore, when |z| < 2 we have

7r
gl < =
ol < T
and when |z| < 1 we have
< 35
12
Since
‘w B n(:v,y)‘ <0,
§(z,y)
we obtain
‘w B n(x,y)' 1 46| ‘1 @)t
§(z,y)| — 4/2 — 2cos(46) £z, y)t
By differential calculus \/% < § whenever 0 < |0 < §. Therefore
n@y| _=
p— < J—
o= fog < 5
and from the fact that \/%ﬁ < % whenever 0 < |0 < {5 , we conclude
n@y)| _ o«
¢ é(x,y)‘ <1
as desired. t

Suppose that we have distinct solutions to |F(x,y)| < h indexed by ¢,
say (x;,v;), related to a fixed fourth root of unity w with |{(z;11, yit1)| >

|€(xi, i) Let
F(zi,y;) = hiy F(Tis1, Yir1) = higa.
For brevity, we will write n; = n(x;,y;) and & = &(z;,y;). We have

da A3 v wy\ / i S &
(m M)(yl yz)_ 1245 |A4|<771 ?72)

(see the definition of linear forms ¢ and n in Section [l). Since (x1,y;) and

(z2,y2) are distinct co-prime solutions, x1ys — x2y; is a nonzero integer. So

by (I8)) and (1), we get
5 — —
(26) |§1n2 o 52771| _ |(Oé 67><x1y2 nyl)‘ > 2\/f|A4|1/4 ]

1242, /JA4]
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On the other hand, by (24]) and (25]), we have

‘&"fh'ﬂ - fz‘+17h“ = ‘£i<ni+1 - sz‘ﬂ) - §i+1(7h‘ - sz)|

< & (M — ) ‘ &t (— — w) ‘ (by the triangle inequality)

i1 &i
< = (|§i€i+1zz‘+1| + 1&i&ir12i]) (from(24)))
4
= (‘§z£z+1m+147§l+1| + 1&i&it1 L & S ‘)
i+1
< wny/BIA (o + el
Z+1

the last inequality holding from expression for F'(z,y) in Lemma [5.1] and
since |F'(z,y)| < h. Since we assumed |&;| < |&41], we get

|Einiv1 — Eivami| < 2mh/ |31 Ay (ﬁgl‘)

Combining this with (26]), we conclude
1 3
(27) il >~ el
Let us now assume that there are 4 distinct solutions to |F(z,y)| < h
related to a fixed choice of w, corresponding to & 1, &, & and &, where
1€-1] < &l < |&] < |&]and F (x4, y;) = h;. We will deduce a contradiction,
which shows that at most 3 such solutions can exist. By (27) and since
|hil < h,

| < 34| 23 h?

Zipl| S — (5

! 641

where z; =1 — ; = 8h” ‘31A4 . Since |z_1] < 2, if T > 36.6h* then |z| , |z1]
, ‘22‘ < 1. By (M)

1€-1m0 — &on—1l = |§-1(wno — o) — Eolwn—1 — &-1))|

< Sh(1 + 15)y/BIAY (“gh)

Combining this with (26]), we conclude

2v/3
[ 71/4|§—1|3-
5mh |A4|
Similarly, we get

[Som — &inol = [€o(wm — &) — fl(w'flo — &)

< 8hy/BT AL~ - (E—?+%) h\/|3]A4 (E; )

which leads to

3
(28) 1&1] > W|§0|3

723

2rhA(5m)? | Ay
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8hy/|31 Aq] -
€1 = %=

(29) |€1]* > 4hy/|31 Ay
Thus, when I > 36.6h% we have
9/4
B OET AN 1 A
27 (5m)3nT/4 ' hT/4

Recall that By Lemma [B.5 we can assume that |H(z,y)| > h312v/31
when looking for pairs of solutions (z,y) with |y| > -2, This implies

(3[)1/8
h3v/31
|AZA4|’

Note that

1— <—i) ‘ < 2 and therefore,

(30) & > 1

‘H(Jf—lay—l)‘ > 12

So by (23),
H,\/|A
et = % > 4h*\/|31A,).

Moreover, one may assume that h > 2, for the case h = 1 is being addressed

when we are treating the Thue equation. Under these assumptions, we have

8h/|31 Ay
54

|21 =

and by (28) and Lemma [6.1],

3 4
(B1) 6] > @B |4, <2_) > ARV (4]
T

Here the point is that the inequality |y| > (31)1 /8 provides us with a good
enough lower bound (31l) for the size of &;. Hence, to prove Theorem [[L2]
we do not need the assumption I > 36.6h>%.

7. SOME ALGEBRAIC NUMBERS

Combining the polynomials A, ; and B, 4 in Lemma 2.2 with the resolvent
forms, we will consider the complex sequences ¥, , given by

T2 m
Yig = gAr,g(Zl) - gBr,g(Z’l)

where z; = 1 — nt/& . For any pair of integers (x,y), £4(z,y) and n*(x,y)
are algebraic integers in Q(y/Agl/3)(see Lemma [E.1]). We have seen that
Ap < 0 and one can assume AsAs # 0 (see Lemma B.1]). Therefore from
(), we have A; # 0. Define

Mg = (91AL]) T €1 796,3,

A"I) or a fourth root of

We will show that A, , is either an integer in Q(
such an integer. If A, ;, # 0, this provides a lower bound upon |A, 4|.
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Lemma 7.1. For any pair of integer (s,t), we have

f(S,t) 7](8,1;)
£1.0) o) © AV AL/t

Proof. By (1)) and (I8]), we have

- —  4A
ab — By = \/A3 - 16414343 =~ /3T =

1242 [TA,
A, V3

Since

2A1Ayx® + Adry + 243A40° = (az + By)(yr + 0y)
=V 12AVIAE(z, y)n(z, y),

we conclude that ay , 6 , ad + Gy € Z. Thus, for integral pair (s,t), we

£(s,t) n(s,t)
£(1,0)" n(1,0) € Q(v/AoI/3)[s,1).

obtain

U
Lemma 7.2. If (x1,y1) and (z2,y2) are two pairs of rational integers then

3| A2 (w1, y1)n (w2, y2),
5(5517191)35(3727192)

and
77<5517 y1)377(372, yz)

are integers in Q(1/Aol/3).

Proof. For any pair of integers (z,y), Lemma [Z.I] implies that

SY) o o /AIT3).

£(1,0)
Thus,
f(xlvyl) /A T2
5@2,?/2) © Q( AOI/?))'
Since
S el n(an,) = 250 €

the algebraic integer /3] A4|2€ (1, y1)n(22, y2) belongs to Q(v/A¢l /3).
Let &(x,y) = €12 + €9y. Clearly, €; and ey are algebraic integers and so are
€}, €36y, €2, e165 and 3. Since &4 is an integer in Q(1/A¢l/3), we conclude
that €}, €3y, €263, €165 and €5 are all algebraic integers in Q(\/m)
E(x1,y1)3E (22, y2) is an integer in Q(1/Apl/3) , because it can be written
as a linear combination with rational integer coefficients in €} , €3¢y, €2e2,
er65 and €5.

We can similarly show that that n(z1,y;)?n(ze, y1) is also an integer in

Q(v/ Aol /3). O
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For every polynomial P(2) = a,2" + a,_12" ' + ...+ a1z + ap, we define
P*(z,y) = 2"P(y/x) = apx" + a12" 'y + ...+ an_12y" "+ any™
Let A, , and B, , be as in (3) and
Cra(2) = Ang(1 = 2), Drg(2) = Byl — 2),

where A, , and B, ; are the polynomials in Lemma 2.2l For z # 0, we have
D,o(2) = 2"C,0(27"), hence

Ag(z2—2) = ZAg(l—2)=2"Cho(2)

’ y4 ya

ya ya

32 — 7D, o(2) =7 B.o(1 -2

(3) #Dro(2) = Brall = 2)
= By(z,2—2)=B(z,2 — 2).

Lemma 7.3. For any pair of integers (z,y),

A:,g<§4('r7 y)7 §4(JZ‘, y) - 774<.§L’, y))
and
B:,g<§4('r7 y)7 §4<.§L’, y) - 774(377 y))
are algebraic integers in Q(1/Aol/3).
Proof. 1t is clear that
A::,g(gél(xv y)a §4($7 y) - 774(1‘7 y))
and
B:,g<§4('r7 y)7 §4<.§L’, y) - 774(377 y))
belong to Q(y/Aol/3). So we need only show that they are algebraic inte-

gers. This follows immediately from Lemma 4.1 of [§] since
1w y) —n'(z,y) = 8h/3IAF (z,y).
O

We now proceed to show that for any r € Z, A, and A}, are integers in
QLA /3).
Mg = O ¥ g5,
= (9|A4|)1TTQ ( 11_977214;9(5?7 fil - 7711) - ffgfsz:,g(fila fil - Tﬁ)) .
For g = 0, we have

Ao = (9]A4])

=

(51772*4::,0(5;1’ 511 - 7)11) - 527713:,0(&, 511 - 77%))

1 1 . .
By Lemmall.2] (9]A44|)7 (&112) and (9| A4])* (§2m1) are integers in Q(+/ Aol /3).
They are also complex conjugates. From (32]), Lemma and the charac-
terization of algebraic integers in quadratic number fields, we conclude that
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Ayo € Zy/AgI /3. By Lemma [72 and Lemma[73, A?, is an algebraic inte-
ger in Q(y/Aol/3). Next we will show that A}, is not an integer when %,
1s nonzero.

Suppose Ajf,l € Z. Then we have for some p € {£1, +i}, that pA,; = A,.;.

Hence by the definition of A, ; and since §; and 7; are complex conjugates,

pSea = &V A

4 4
= §1—47"§2_177117"7]2 (%Ar,l ( - %) — %BTJ ( — %))
4 4
= §;4r§27177117'7]2 (%Ar,l ( - %) — %Bnl ( _ %))

Ar 4 4
(- 5)- S ()
1 m/)  &m Un
This, together with Lemmas and [.3] implies that
(33) p501 € QYA J3).
We have, by definition,

_ o _ 1 [me/n _m/n }
Hro = g, Aro(2) ff%“m)_s{&@Aw@” ¢ Prale)|

where n =n(1,0) and € = £(1,0). By Lemmas [Tl and [.3]
By ()~ BB € QUy/ATTB).

&/ &/&
Hence
(34) = VAT /3, pr,) = QYA 3,5,

If we choose complex number X so that £(X,1) = n(X,1) then by Lemma
[[1l X € f. We have FI(X,1) = 8\/%74(54()(, 1) —n*(X,1)) = 0. Since we
have assumed that F' is irreducible, X has degree 4 over Q. But from (33)
and the definition of number field f in (34]),

X €f=Q(/All/3).

This contradicts the fact that X has degree 4 over Q). We conclude that
A, 1 can not be a rational integer.

From the well-known characterization of algebraic integers in quadratic
fields, we may therefore conclude that, If A, , # 0, then for g € {0,1}
1_3g

8.

(35) [Argl = 27 (= A01/3)2"

8. APPROXIMATING POLYNOMIALS

In order to apply (26), we must make sure that A, , or equivalently %, ,
does not vanish. First we will show that for small r, 3, o # 0.
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Lemma 8.1. Suppose that (x,y) is a pair of solutions to F(x,y) = +1 with

I > 135 or a pair of solutions to |F(x,y)| < h with |y| > % . For this

pair of solutions and r € {1,2,3,4,5}, we have

27’,0 7£ 0.

Proof. Let r € {1,2,3,4,5}. Suppose that ¥,y = 0. From (4)), we can find
for each r, a polynomial F,(z) € Q[z], satisfying

Aro(2) = (1= 2)Bry = 2" F,(2).
In fact, using Maple, we have
Ai(z) =4A10(2) = 8 — bz,
By(z) = 4B (2) = 8 — 3z,
Fi(2) = 320 — 320z + 8122,
/b(z)zz%?/bp(z)::64——72z—%15z{

32
lﬁ(z)::?;lﬁp(z)::64——56zﬁf7za

Fy(2) = 86016 — 1720322 + 1146242 — 286082° + 24012,
Az(2) = 128A30(2) = 2560 — 41602 + 18722% — 19527,
Bs(2) = 128Bs(z) = 2560 — 35202 + 12322* — 772°,

Fy(z) = 14057472000 — 421724160002

+4848363520022 — 2667991040023
+7150266240z* — 8390470402°

+3515304125,
2048
A4<Z> = 5 A470<Z>
= 28672 — 60928% + 4243222 — 106082> 4 6632,
2048
B4(Z) = 5 B470(Z)

= 28672 — 53760z + 316802% — 61602z> + 2312*,

Fy(z) = 13989396348928 — 559575853957122
+919161250775042% — 798968263475202>
+394637640785922* — 110500005396482°
+164847554265625 — 113348764800%"
12847396321 2%,
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8192
A5(Z) = 21 A570(Z)

= 98304 — 2580482 + 24371222
—990082°% + 159122* — 6632°,

8192
B5(Z) = 73570(2)
= 98304 — 2334722 + 19456022

—668802z° + 83602* — 2092°.

and

Fy(z) =  121733331812352 — 6086666590617602
+13017565542481922% — 15550262626222082>
+11366075612528642* — 5236307326402562°
+1510291621765122°% — 2620442488832027
125154416083842° — 1139718857602°
1+19080297612™.

We also define A and B} via

Ai(z,y) = 2" A (y/ ),
and
Bl (z,y) = 2" B.(y/x).

Since ¥, is assumed to be zero,

m _ (B & —m)

& G e — )t

Let J, be the integral ideal in Q(+/1Ag/3) generated by &} (A* (&}, &F —ni))?
and n{(B*(&1, & —ni))* and N(3J,) be the absolute norm of J,. Since the
ideal generated by €4(43(¢4, €6 — nf))* — ni(B2(€l, & — n)! divides (¢ —
75).J-, we obtain

1| DAL (21) = (1 — 21) B (21))]
= &AL & =)t = mi(Br(EL € — )t
Since J, is an imaginary quadratic field, by (I9), we get
& DIAN () = (1= 21) B (z1)| < N(3:)Y2165 — )
By (@),
Al(z1) = (1= 21)B)(z1) = 27 Fo(=),
and so we conclude

|21 Fr ()| < N(3) 7165 — il =Y,
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ie.
N(3,)'21€5 — ma| &+
|21+ E (1)
. 4 _ _ .
Since €1 = (¢f —nf)(1 — )" = (6 ~ n)=i "we obtain
|« NO)IEG —mll&d — i~
N |Fr(21))
Noting that [z1] = [&7*][&f —nf| and [} —n}| = [8hV/3TAF(z,y)
obtain for r € {1,2,3,4,5},
(N(3)'21€f — it~ ) |8h/3T AL+
|F(21)] '
To estimate N(J,)'/2, we choose a finite extension M of Q(v/A¢1/3) so
that the ideal generated by & and & — nf in M is a principal ideal, with

1<

, We

(36) (STl

generator p, say. We denote the extension of J, to M, by J/. Let t, be the

4 4,4
Y and v = 820
P P

ideal in M generated by A% (u,v) and B}(u,v), where u =
Since A7 (z,x —y) = Bi(y,y — ),
BT B0, 1)t p"he(u, BY(0,0)") (u — v, BY(0,v)")
C P he(u, Bi(0,0)Y) (u — v, Al(v,0)")
c p" e u,u — ) (u, B (u,v)) (v — v, Af(u, v)?)
c p" M (uA*(u,v)t, (u—v)B(u,v)t) =T

T

where (my, ..., m,) denote the ideal in M generated by my, ..., m,.

We have
Ai(@,y) = Bi(z,y) = —2y.
Therefore,
2(v) C (Al(u,v), Bi(u,v)) C 1y,
where (v) is the ideal generated by v in M. Since B (0,1) = —3, it follows
from (37) that

1296(&1 — ) € 1296p(&} — ni)" = p*160" B (0,1)* € ..
For r = 2, we first observe that
By (z,y) A (2, y) — Aj(z,y) B;(x,y) = —10y°
and
(=322 + Ty) As(z,y) — (=322 + 15y) By (x,y) = 80zy°.
Therefore, by (37) we have
80(v)? C (—=10v°,80uv?) C (Aj(u,v), Bi(u,v)) C .
Since B;(0,1) =7, we have
80% x TH(&L — i) € 80" x Tip(&) —ni)* = 80p°v* B3(0,1)" C T
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When r = 3, we have
B (x,y)Aj(x, y) — Aj(x,y) By (v, y) = —210y°

(16162* — 1078zy + T7y*) Aj(x, y)
— (16162* — 1482xy + 195¢°) B (z, )
= —16800x%y>.
Substituting 77 for B3(0,1), we conclude
16800 x 774(&} — n)™ € 16800* x 7T7*p(&} — ny)*?
= 16800*p"*v? B3 (0,1)* C 75.
For r = 4, setting
Gy(z,y) = 141783042 — 1588928022y + 4071760xy* — 162393y°,
Hy(z,y) = 141783042 — 194338562y + 67148642y — 466089y,
we may verify that
B3 (z,y)Aj(z,y) — Aj(z, y)Bi(z,y) = —6006y"
and
Gz, y)As(x,y) — Hy(x,y)Bj(x,y) = —150678528y"2>.
These two identities imply that
150678528* x 231%(&1 — n)'™ C 150678528* x 231*p(&f — ni)'e.

Since this latter quantity is equal to 150678528*p'"v'9B;(0,1)*, from (37)
it follows that
150678528 x 231*(¢ — )" C 7).

Finally, for r = 5, set
G5 (.T, y)
= 43706368z — 693460482%y + 32767856x2y>
—4764782xy> + 123519y*,

H5 (l‘, y)
= 43706368z — 8027264023y + 460068962y
—8845746x1y> + 391833y
Then we have
Bi(z,y)As(x,y) — Ai(x,y) Bs (z,y) = —14586y"
and
Gs(x,y)As(z,y) — Hs(z,y)Bi (2, y) = —1344245769°x*.
These two identities imply that
134424576* x 209* (& — n)?' C 134424576" x 209%p(&f — ).
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So by (1),
134424576* x 209* (&8 — n)?' € 134424576*p* v B; (0, 1)* C J%.

From the preceding arguments, we are thus able to deduce the following

series of inequalities :
N(3:) 1€t — i~ < 1296,
N (32)"2]€] = ni] = < 560%,
N(33)" 2168 — i~ < (77 x 16800)",

N(39)' 2t — i 717 < (231 x 150678528)*
and
N(3T5)' 2168 — i7" < (134424576 x 209)*.

Substituting any of these in (B€]) provides a contradiction to inequality

(B0) when I > 135 and a contradition to (BI) when |y| > % Note
h3/4

that under both assumptions I > 135 and |y| > GBI the function
|z| = |67 ’8h\/3IA4F(x,y)} is small. This makes |F,.(z)| large enough
for our contradictions. U

Lemma 8.2. If r € N and h € {0,1}, then at most one of {3, 0, X, 1n1}

can vanish.

Proof. Let r be a positive integer and h € {0,1} . Following an argument
of Bennett [6], we define the matrix M:

Arp(z1) Apna(z1) &
M= | Ap(z1) Apni(z) &
B,o(z1) Brini(z1) =

The determinant of M is zero because it has two identical rows. Expanding

along the first row, we get

0 = A o(21)84n1 — Arena(z1)X00
2 (A 0(20) Brina(21) — Avina(21) Bro(21)).

&2
If ET’,O = 0 and ErJrh,l = 0 then Ar70<zl)Br+h,1(Z1) — Ar+h,1<zl>Br70<zl> = 0
which contradicts part (iii) of Lemma 2.2 O

9. AN AUXILIARY LEMMA

We now combine the upper bound for A, ; obtained in (35]) with the lower
bounds from Lemma 2.2] to prove the following lemma.
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Lemma 9.1. If ¥, , # 0, then

ci(r, Q)& 967 + eo(r, g) &P |G| > 1,

where we may take

1/2
01(1,0):47rh< '|20'| )

and

3| Ay 5

1/2
(1,0) = 27h° ( A ) (9 3[|A4|>2E8

and for (r,g) # (1,0),

1/2 _
AP AL\ g
ci(r,g) =2V h <L 4l ) ( 3| A4 )

| Ao| | Ag|3/2 VT
and
02(rag):
1/2 N
o7 perei-a (3144 314 9/4(9 ST 71—
| Ao| | Ag|3/2 * Jrmdr

Proof. By the definition of A, , and (#]), we can write

_ 1 7 -
[Argl = (A9 4|y 191, ‘<§_§ — w)Arg(z1) + w2 T TIE, 4(21)]

Since |1 —z1| =1, |z < 1and |z| = 8"‘5\41‘)7, by (@), (@) and inequality (25]),

we have
(38) Argl < (O] AL) D& |19 £,
where £ is equal to

(27« - g) 2mhy/3TTAL | (" () (9;“/31 4, ) S

r 313 (G 131

T

Comparing this with (B33]), we obtain

ci(r, Q)& 967 + eo(r, g) &P |G| > 1,

where we may take ¢; and ¢, so that

Cl(Tv g) Z

1/2 —g/4
| Aol | Ao| >/ r
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and

C2 <T7 g) 2
r—g+1/4) (r—1/4)

1/2 _
97 p2rt1-g 3144 3144| 9/4(9 3I|A I)Qrg(r“_g -
| Ag| | Ag|3/2 4 (27"+1—g)

Substituting » = 1 and g = 0, we get the desired values for ¢;(1,0) and
c2(1,0). Let us apply the following version of Stirling’s formula (see Theo-

rem (5.44) of [18]):
1 2k 1
= (5) <7

for £ € N. This leads to the stated choice of ¢; immediately.
To evaluate cy(r, g), we first note that

2r+1—g S 2r S 4 .
r —\r) T 2yr
Next we will show that
— 1/4 —1/4 1
& (A0 <
r+1—g r V2rr
for r € N and g € {0, 1}, whence we may conclude that
r—g+1/4y (r—1/4
( rﬁl—g )( 7"/ ) < \/é
(27"+r1—g) \/F7T4T '
This leads immediately to the stated choice of ¢y. It remains to show (39).

X - (r— 3/4) <7’ — 1/4) _ %’
r r r
whereby

P 14\ (r+3/4\ (P4 +2/9\ y,
USRS | r+1 /) r2+r r+1

This implies

Let us set

r—1 ;9
g1 =3/16 , y, = %H—k Zfi:/m.
Since
v k2 +k+3/16 16 16
I1 +k  30(1/A03B/4)  3v2r
we obtain .
X, < Jonr

For r € N, we have

(r _Tg /4) N <rr++1 {4)

(TT—+g1+_1;4) (r _7»1 /4) “x.

So when g € {0,1},
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which completes the proof. O

10. PROOF OF THE MAIN THEOREMS

Let us now assume that there are 4 distinct solutions (z;,y;) to reduced
form
|F(z,y)[ <h

h3/4
(3[)1/8 )

we have ordered these in nondecreasing modulus. We will deduce a contra-

related to w with |y;| > corresponding to £ 1, &, & and &, where

diction, implying that at most 3 such solutions can exist. Then Theorem
will be proven, since there are 4 choices of w.

We will show that [&| is arbitrarily large in relation to |&]. By (B0)
and ([31)), we know that |£;| is large and hence |{,| is arbitrarily large, a

contradiction.

Lemma 10.1. Let F(x,y) be the quartic form. Suppose that (z1,y1) and
(z2,y2) are 2 pairs of solutions to |F(x,y)| < h, both related to w, a fized
fourth root of unity. Put & = £(xj,y;). Assume further that either

(i) F(x,y) is the quartic form in Theorem [1.3 with
AR < ] < 6ol

or
(ii) F(x,y) is the quartic form in Theorem 11 with I > 135 and

(40) 0.39 [Ay|"/S RIVAISE < g < |&.

Then, for each positive integer r,

4 JF | Ag[V/#
(31 2)1/2 par+1

131 (9v/3I | Ag]) 2" |& |7,

Proof. We will use the upper bound (B1l) for case (i) and the upper bound
Q) for case (ii). Note that (40) is a generalization for the upper bound

. . 3
(B0) obtained to treat the equation |F'(z,y)| = 1. By [28), || > %.

This implies

1/2
c1(1,0)[6 &7 < 4w x 127 (|A—30|> / |Adl 12|
Therefore, by (31]) or (40) and from the fact that |A4| < 41, we obtain
c1(1,0)[& 7|6 < 0.01
Lemma [B.1] implies that ¥, # 0. So we may apply Lemma to get

ca(1,0) 7)€, 77|€] > 0.99.
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One may now conclude

3 |A4|1/2
| Ao|

099 . »
> — > 0.93h
‘£2‘ 02<1,0)|£1| (

This proves the lemma for r = 1. Moreover, we may conclude that
18 W0/ x 16 x (5 x 27)3|A 6
| Ap|21273/2
Since |A4] <41, by 31 or ([@0) we have

c1(2,0)&)7)&) 7 < 0.1

Via Lemmas and 8], we obtain
0.9 .

This leads to the proof of the Lemma for » = 2, after substituting the value

—~1/2
) (9v/31 A2

a(2,0)[& 16 7° <

|€a| >

of ¢5(2,0). To complete the proof, we use induction on r. Suppose that for

some r > 2,
47’\/,'_,. |A0|1/8

9\/3I[AL]) 7 ]&t| .
1/2 (
27 <3\A4\1/2> p2r+1

|€a| >

Then

a(r+1,0)&[" 160 <
18 /7 % 27% | Ay| b+

|Ag|7/8427 =1\ /(r + 1)r+/7
By (31)) or (40), we have
ci(r +1,0)|6 7 F°|& 7% < 0.1.

If ¥,410 # 0, then by Lemma [0.T]
CQ(T + ]_, 0)|§1|_4(T+1)_3|§2| > 0.9.

(ov/BTTAL) feal .

Hence,
0.9 4(r+1)+3
>
|£2| 62(7,_'_1’0)|£1|
1/2
4T+1\/T -+ 1 |A0| [T — 2 — r
927 h2r+3 3 |A |1/2 (9 3[) ? 2‘&1‘4 +7'
4

If, however, 3,119 = 0, then by Lemmal8.2] both ¥, and ¥, 2, are both
non-zero and by Lemma [8.], we have r > 5. Using the induction hypothesis,
we get

cr(r+1,1)[&] &3 < 0.01

and thus by Lemma [0.1] (I1]) and (30), we conclude
co(r 4+ 1, 1)[&] 7 &] > 0.99.
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So, we obtain

A A
27 h2r+2 |3 A4/

Consequently, c1(r + 2, 1)]|& ] 8|&|73 is less than

—2r—1 4 1
13 (9 3I|A4|> &,

6r+3
2ﬁx27(3|A4|)(9 3]|A4|) por+7

420+ (r + 1) /(r + 1) (r + 2) | Ag]
A final application of Lemma implies

|§1|—8r—4 < 0.1.

CQ(T + 2, 1)|§1|—4r—8|€2| > 0.9

or
0.9

— =&
CQ(T + 27 ]-)

|€a| >

It follows that

m4r+2 |A0|1/8 —2r—3 ,
|&a| > o S1/a)3rE (9\/3[|A4|) |£1|4( +1)+4

Since |&| > 4198p1/% | A4|"®, we conclude that
rOVEET Al
27 1/2
(3144)

|&af > AVETHVVI) Rt ST

11. ForMSs WITH SMALL DISCRIMINANT

To finish the proof of Theorem [Tl we need to study the quartic forms
F(x,y) = apx* + a12%y + asx®y* + azry® + ayy* with 0 < Ip < 135 and
Ag = 3(8agay — 3a?) < 0.

We followed an algorithm of Cremona, in Section 4.6 of [9], which gives
all inequivalent integer quartics with given invariant / and J = 0. Using

Magma, we counted the number of solutions to
|F(l‘, y)| =1,

for all reduced quartic forms F’ with Ir < 135 and Jp = 0. Regarding (zx,y)
and (—z, —y) as the same, we didn’t find any form F' for which there are
more than 4 solutions to F'(z,y) = £1. Our programming was not efficient
in the sense that it solves more than one equation from some equivalent
classes. While reading the earlier versions of this paper, the referee has
verified these computations in a very efficient way and kindly shared his
results with the author. The following table contains all representatives of
the complete set of binary forms F' with Ir < 135 and Jp = 0 that split in
R.
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F(z,y) I
ot — 23y — 62%9y% + 2 + o1
ot + 223y — 622y — 223 + y* 60
xt — 122%9% + 162y3 — 4y* 96
ot + 823y + 62%y? — dayd — 294 108

ot + 23y — 15222 + 182y — 4y 123

are representatives of the complete set of binary forms I with Ir < 135
and Jp = 0 that split in R. To solve the Thue equations F'(x,y) = +1 for
forms F' in above table, we may also use PARI since all of the binary forms
in the table are monic.

If
F(z,y) = ' — 2y — 629" + 2y° + ¢
then I'r = 51 and the solutions are:
(=1,0),(0,1),(1,2),(—=2,1).

Note that we can write

F(z,y) = 2' — 2%y — 62%¢y° + 2y® + y* = &z, y) — n'(z,y),

($7) _ T (_170) _ (071) _ (172) _ 3441
so that 2@@) = wZ and we have Z(—LO) =1, Z(Ovl) = -1, 2(172) = —=F
and ?Eigﬂ = 34 This means (—1,0) is related to w = 1, (0, 1) is related
to w = —1, (1,2) is related to w = —i and (—2,1) is related to w = 1.

Therefore, related to each root of unity there is one pair of solution.

It
F(z,y) = * + 22y — 62°y* — 229> + y*
Then Ir = 60 and the solutions are (1,0) and (0, 1).

If
F(x,y) = 2* — 122%y* + 162y° — 4y*
then Ir = 96 and

F(z,y)=1
has 4 solutions (5,2), (1,3), (1,1), (1,0) and the equation
F(z,y) = -1

has no solution.

If
F(z,y) = ' + 82y + 62%y* — 4ay® — 2¢*

then Ir = 108 and the solutions are (1,0) and (—1,1).

If
F(z,y) = 2* + 2%y — 152%y* + 18zy° — 4y*
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then Ir = 123 and the solutions are (1,1) and (1,0).
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