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POINCARE DUALITY PAIRS OF DIMENSION THREE

BEATRICE BLEILE

ABSTRACT. We extend Hendriks’ classification theorem and Turaev’s realisa-
tion and splitting theorems for PD3—complexes to the relative case of PD3-
pairs. The results for PD3—complexes are recovered by restricting the results
to the case of PD3—pairs with empty boundary. Up to oriented homotopy
equivalence, PD3—pairs are classified by their fundamental triple consisting
of the fundamental group system, the orientation character and the image of
the fundamental class under the classifying map. Using the derived module
category we provide necessary and sufficient conditions for a given triple to
be realised by a PD3—pair. The results on classification and realisation yield
splitting or decomposition theorems for PD3—pairs, that is, conditions under
which a given PD3-pair decomposes as interior or boundary connected sum of
two PD3—pairs.

1. INTRODUCTION

A Poincaré duality complex of dimension n, or PD"—complex, is a CW-complex
exhibiting n—dimensional equivariant Poincaré duality. We may thus regard PD"—
complexes as homotopy generalisations of manifolds. Similarly, Poincaré duality
pairs of dimension n, or PD"—pairs, are homotopy generalisations of manifolds
with boundary.

A PD"—pair is a pair of CW—complexes, (X, 9X), where X is connected and 0.X
is a PD""'—complex, together with an orientation character w € H'(X;Z/27Z) and
a fundamental class [X,0X] € H3(X,0X;Z%), such that

N[X,0X]: H(X; B) — H,_(X,0X; B*)

is an isomorphism for every r € Z and every left module B over the integral group
ring of the fundamental group of X.

Note that we do not require X to be finitely dominated. Wall [T9] showed that
the cellular chain complex C(X) of the universal cover of X is chain homotopy
equivalent to a complex of finitely generated projective A—modules, vanishing except
in dimensions r with 0 < r < n. Furthermore, 1 (X; ) is finitely generated and
almost finitely presentable, and X is dominated by a finite complex if and only if
m1(X; %) is finitely presentable.

In Section 2 we review material well-known to experts concerning the definition
and properties of the relative twisted cap products but not readily available in
the literature, as well as results on the algebraic sums of chain pairs satisfying
Poincaré duality needed for the discussion of connected sums of Poincaré duality
pairs. One of the main results is the generalisation of a theorem by Browder [] to
the non—simply connected case.
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Section 3 is concerned with the homotopy classification of PD3 pairs. An ori-
ented homotopy equivalence of PD*—pairs, (X,0X) and (Y,dY), induces an iso-
morphism

(o {wities) : {ri: m(0Xy, %) — m(X, %) ies — {pi s T1(OYi, %) — w1 (Y, %) bies
of their m;—systems such that
(1) P (wy) =wx and  @.(cx«([X,0X])) = cy.([Y,0Y]),

where ¢x and cy are classifying maps and {0X;} and {0Y;} are the connected
components of X and Y respectively. The converse holds for PD3—pairs with
aspherical boundary components.

Putting px := cx«([X, 0X]), we call ({k;}icr,wx, ptx) the fundamental triple of
the PD3pair (X, dX). Two fundamental triples ({; }ic,w, 1) and ({}}ics, ', 1')
are isomorphic if there is an isomorphism (o, {@i}ics) : {Kitics — {K;}ics with
¢* (W) =w and @, () = p'.

Theorem 1.1 ([CLASSIFICATION]). Two PD?-pairs (X,0X) and (Y,dY) with
apsherical boundary components are orientedly homotopy equivalent if and only if
their fundamental triples are isomorphic.

The case X = () yields Hendriks’ Classification Theorem for PD?-complexes.

Section 4 investigates which triples ({&; }ies,w, pt) consisting of a m—system {x; :
Gi — Glics, w € HY(G;Z/27) and p € H3(G, {Gi}ics; Z¢) are realised by PD?~
pairs. We introduce the derived module category [10] which is needed for the
formulation of the realisation condition. Given a finitely presentable group G and
w € HY(G;Z/2Z), Turaev defined a homomorphism

v:Hs(G;Z%) — [F, 1],

where F' is some Z[G]-module, I is the augmentation ideal and [A, B] denotes the
group of homotopy classes of Z[G]-morphisms from A to B. If

({ki: Gi = Glics,w, 1)

is the fundamental triple of a PD3 pair, then v(x) is a class of homotopy equiv-
alences of Z[G]-modules. The converse holds for mi—injective triples ({x; : G; —
G}icy,w, ) with G finitely presentable.

Theorem 1.2 ([REALISATIONY]). There is a PD®-pair realising the m ~injective
triple ({ki : G; — G}icy,w, ) if and only if v(u) is a class of homotopy equivalences
of Z|G]-modules.

The case 0X = () yields Turaev’s Realisation Theorem for PD3-complexes. Pre-
cise statements of the results on realisation are contained in Section 4. As the
assumption of mj—injectivity is indispensable for the method used, the question
remains whether the realisation theorem holds without it.

Finally, in Section 5, we use the Classification and Realisation Theorems to
show that a PD3-pair decomposes as connected sum if and only if its m;—system
decomposes as free product. There are two distinct notions of connected sum
for PD3 pairs reflecting the situation of manifolds with boundary. We introduce
the interior connected sum of two PD?pairs as well as the connected sum along
boundary components.
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If the PD?pair (X,0X) is orientedly homotopy equivalent to the interior con-
nected sum of two PD>—pairs (Xk, 0X}) with m—systems {kre : Gre — Grlee,
for k = 1,2, then the m—system of (X,0X) is isomorphic to {tx o kre : Gre —
G1 * Ga}oe g, k=12, Where t : G, — Gy * G denotes the inclusion of the factor in
the free product of groups for k = 1,2. We then say that the m—system of (X, 0X)
decomposes as free product. The Classification Theorem and the Realisation Theo-
rem allow us to show that the converse holds for finitely dominated PD®pairs with
aspherical boundaries in the case of m;—injectivity.

Theorem 1.3 ([DECOMPOSITION I)). Let (X,9X) be a finitely dominated PD?~
pair with aspherical boundary components. Then (X,0X) decomposes as interior
connected sum of two m1 —injective PD® —pairs if and only if its w1 —system decomposes
as free product of two injective w —systems.

If the PD>—pair (X, 0X) is orientedly homotopy equivalent to the boundary con-
nected sum of two PD3—pairs (Xk, 0X}) with m—systems {kre : Gre — Gi}eer,, k =
1,2, along the boundary components 9X1,, and 0Xsy,, the m—system of (X, 0X)
is isomorphic to {x : K — G1 * G2, 1) 0 ke : Gre — G1 % Galeer, t44,,k=1,2, Where
K = m(0X1,6,80X2.0,;%) and k : K — G * Gy is induced by the inclusion of
the connected sum of the boundary components 0.X1¢, and 90Xy, in the connected
sum of the pair. We then say that the m—system of (X,90X) decomposes as free
product along G1g, and Gag,. As for the interior connected sum, the converse holds
for finitely dominated PD?~pairs with non—empty aspherical boundaries in the case
of m—injectivity.

Theorem 1.4 ([DECOMPOSITION II)). Let (X,0X) be a finitely dominated
PD? —pair with non—empty aspherical boundary components. Then (X,0X) decom-
poses as boundary connected sum of two w1 —injective PD? —pairs (X, 0Xk), k=1,2,
along 0X1¢, and 0Xae,, if and only if its w1 —system decomposes as free product of
two injective m —systems along w1 (0X1¢,;%) and w1(0X20,; *).

A recent paper by Wall [19] contains a different formulation of the first decom-
position theorem.

Given an orientable PD?pair (X,0X), where dX is an aspherical 2-manifold,
Crisp’s algebraic loop theorem [5] allowed him to construct a m—injective PD3—pair
(X , 0X ) with the same fundamental group. Using the decomposition theorem for
interior connected sums, Crisp showed that (X , oX ) is homotopy equivalent to the
connected sum of a finite number of aspherical PD?pairs and a PD?-complex with
virtually free fundamental group. The result holds for the non—orientable case with
the addition that the connected summand with virtually free fundamental group
may be a PD?-pair whose boundary is a disjoint union of copies of RP2.

2. THE RELATIVE TWISTED CAP PRODUCTS AND ALGEBRAIC SUMS

Let A := Z|[G] be the integral group ring of the group G and aug : A — Z the
augmentation homomorphism, defined by aug(g) := 1 for all g € G. TIts kernel is
the augmentation ideal, I. A cohomology class, w € Hom(G;7Z/27Z), determines a
homomorphism from G to Z/27Z = {0,1}, which, in turn, gives rise to the anti—
isomorphism ~: A — A defined by g := (=1)*@g~! for every g € G. This anti-
isomorphism allows us to associate a left A—module with every right A—module and
vice versa. Namely, given a right A—module A we define a left action on the set
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underlying A by \.a := a.\ for every a € A and X € A. Proceeding analogously for
a left A—-module B, we obtain a left A—-module “A and a right A—module B“.

Take chain complexes C' and D of left A-modules and a chain complex F of right
A-modules. Define E ®, D and Homy (C, D) as usual with the conventions

dFEAD g o p, = OF @id + (—1)lid ® 97;
a((fi)iEZ)lHomA(C,D)n = (0P f)ien — ((—1)”]‘}60)1_62_

Treating right A—modules A and left A—modules B as chain complexes concentrated
at level zero, we define
H,(C; A) :=H,(A®,C); HF(C;B) := H_i(Hom,(C, B)).

The group G acts diagonally on C®D via g(¢; ® d;) = ge; @ gd; for g € G and
¢ ®d; € C; ® Dj. On the level of chains, the twisted slant operation is the chain
map

/+ (Homy(C, B))_, ®(Z“®x(C®D)) — B*®xDn_r,
0/(2® Y e®d;) = 2p(ck) ® dn.

i+j=n
Passing to homology and composing with the homomorphism
a: HC®HD — H(C®D), [z]®[y] — [x®y],
yields the twisted slant operation
/ : H*(C; B)®H,,(C®D; Z¢) — H,_1(D; B®).

Let ¢ : P — Z be an augmented chain complex of left A—-modules with equivariant
diagonal A : P — P®P, that is, (e®id)A(c) = (id®e)A(c) = ¢, and let Q be a
subcomplex of P such that the inclusion ¢ : @ — P is a map of augmented chain
complexes with equivariant diagonal, that is, Aot = (1®¢)oA. Then (P, Q) is called
a geometric chain pair, Q P 5 D= P/Q a short exact sequence of augmented
chain complexes with compatible diagonals and the chain map

Ayl : D — P®RD,d — (id®n)(A(p)), where d=n(p),

is called the relative equivariant diagonal. Composing the relative diagonal and the
twisted slant operation, we obtain the relative twisted cap product

N : Homp (P, B) _x®(Z*@aD)yn — (B*@AD)n—k, (¢, (20d)) + ¢/ (2@Aa1(d))

for every left A—module B. Passing to homology and composing with a, we obtain
the relative twisted cap product

N : H*(P; B)®H,(D;Z%) — H,_(D; B®).
Similarly, the relative diagonal Al : D — D®P,d — (n®id)(A(p)), where d =
m(p), yields the relative twisted cap product

N: H*(D; B)®H, (D;Z°) — H,_x(P; B*).

Note that the relative cap products reduce to the absolute cap product when @ is
trivial.

If M is a A-—bimodule, then A acts on the left on M®4p B via A.(m®b) := (A.m)®b
and on the right on Homy (B, M) via (p.\)(b) := ¢(b).A for all left A—modules
B,Ae A,be B,m € M and ¢ € Homy (B, M). In particular, B* :=* Homu (B, A)
is a left A—module. Any left A—module A gives rise to the functors A“®x— and
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Homy (“Homp (—, A), A)) from the category y M of left A—modules to the category
Ab of abelian groups and there is a natural transformation

(2) np : AY®@pB — Homy (B*, A)

given by

np(a®db) : “Homp(B,A) — A, ¢ +— o(b)a

for every left A—module B. When we restrict the two functors to the category
of finitely generated free left A—modules, the natural transformation 1 becomes a
natural equivalence. For A-bimodules M we may view “Homy (“Homp (—, A), M)
and “M“®— as functors from the category of left A—modules to itself and in this
case the natural transformation n respects the additional left A—module structure.
Identifying the left A—module B with “A“®, B for M = A, the natural equivalence
7 becomes the evaluation homomorphism from B to its double dual

(B*)* =*Homp (“Homp (—, A), A).

Let Q — P — D be a short exact sequence of augmented chain complexes with
compatible diagonals, so that (P,Q) is a geometric chain pair. Then the chain
map given by taking the cap product with a cycle 1®x € Z¥®, D,, is almost chain
homotopic to its dual.

Lemma 2.1. Let 1Qx € Z¥®pD,, be a cycle. Then the diagram

DZ 4 (WAUJ@ADk)*
ﬂl®ml l(ﬂl@z)*
wAw@APn—k . (P’:*k)*

commutes up to chain homotopy, where the isomorphism 0 is given by 0(v)(A®d) :=
Xp(d) for every ¢ € Dy, A € A and d € Dy,.

Proof. Use that any two diagonals are chain homotopic [2]. O

The short exact sequence @) 5P Dof augmented chain complexes of free A—
modules with compatible diagonals splits and stays split short exact when we tensor
or apply the Homp—functor. Given a right A—module M, denote the connecting
homomorphisms of

ZXRNQ — ZQAP — Z¥ @D,
MRAQ — MRAP — M®@xaD and
wHOmA(D,wM) HwHOmA(P,wM) %wHOmA(Q,wM)

by d., 0, and §* respectively. Standard arguments [2] show
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Theorem 2.2 (Cap Product Ladder). For all y € H,(D;Z%), the diagram

o H'(D#*M) —=— H'(P{*M) —— H'(Q;*M)

\Lﬁy \Lﬁy \Lﬁ&y
6/

c —>'anr(P,M) —— anr(DaM) — nfrfl(Q;M)

L) Hr+1(D;wM) - ...

lmy

——— Hyp (P M) ———— -
commutes, up to sign.

The geometric chain pair (P, Q) is called a Poincaré chain pair if there is an
element v € H,(P;Q;Z*) of infinite order such that

v : HY(P;*M)@H,, (D; Z*) — H,_(D; M)

is an isomorphism of abelian groups for every right A—module M and every k € Z.
We then call v the fundamental class of (P,Q). For the definition of connected
sums of PD"—pairs we need a generalisation of Browder’s result [4] concerning cap
products and sums of Poincaré chain pairs to the case of non—trivial fundamental
groups.

Suppose B = Bl +B2,BO = Bl ﬁBQ,A Q B,Az = B1 NA for i = 1,2, and
Ap = A1 N Ay are chain complexes of free A—-modules such that all pairs arising are
geometric chain pairs. Let dy be the connecting homomorphism of the short exact
sequence

ZY®N(BoJAog) > Z@x(B1/A1 @ By/Az) —= 7@, (B/A),
and, for i = 1,2, let n; denote the A—morphism rendering the diagram

Hy (B, A; 7)) —— "~ H,(B, BT A1;7%)

\

Hy(B, By + A; Z¥)
commutative. Standard arguments [2] show

Theorem 2.3. Any two of the following conditions imply the third:

(1) (B,A) is a Poincaré chain pair with fundamental class v € Hyp(B, A;Z%);

(2) (Bo, Ao) is a Poincaré chain pair with fundamental class Ogv an element
of Hy—1(Bo, Ao; Z°);

(3) fori=1,2, (B;,Bo+ A;) is a Poincaré chain pair with fundamental class
UZAS Hn(Bi, By + Ai; Zw)
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3. HoMoTOPY CLASSIFICATION OF PD3-PAIRS

Given a CW—complex X, fix a base point * in X, put G := m1(X;*) and A :=
Z|G). Let p: X — X denote the universal covering of X and C(X) the cellular
chain complex of X, viewed as a complex of left A~modules. Then, for a right
A-module A and a left A—module B,

H,.(X;A):=H,(C(X);4) and H"(X;B):=H"(C(X);B).

)

A connected PD"—complez is a triple (X,w,[X]), where X is a connected CW—
complex, w € H(X;Z/2Z) and [X] € H,,(X;Z*) such that

(3) N[X]:H(X;B) - H,_.(X;B*); a—an|[X]

is an isomorphism of abelian groups for every r € Z and every left A—module B. We
often write X for the triple (X, w, [X]) and call w the orientation character and [X]
the fundamental class of X. A PD"—complex (X,w,[X]) is a finite disjoint union
of connected PD"—complexes (X;,ws, [X];), i € J, where A = @, Z[Gi], w =
(wi)ies and [X] = ([Xi])ies. Note that it is enough to demand that (@) is an
isomorphism for B = A [15].

Every n—dimensional manifold is homotopy equivalent to a CW-complex and
thus determines a PD"—complex. But not every PD~complex is homotopy equiv-
alent to a 3—manifold. Wall [15] showed that the class of finite groups which are
fundamental groups of PD?-complexes coincides with the class of finite groups with
periodic cohomology of period 4. By Milnor’s results [12], some of these groups are
not realisable as fundamental groups of 3—manifolds, the simplest such group being
the permutation group S3. Swan [I3] explicitly constructed a PD3-complex K with
fundamental group Ss.

Given a pair, (X,0X), of CW—-complexes, let C(9X) denote the subcomplex of
C(X) generated by the cells lying above 0X and put C(X,0X) := C(X)/C(0X).
Then C(X,0X) is called the relative cellular complex and

COX)— C(X)—» C(X,0X)
the short exact sequence of cellular chain complezes of the pair (X,0X). We define
H, (X,0X;A):=H,(C(X,0X);A) and H'(X,0X;B):=H"(C(X,0X);B)
for every right A—module A and every left A—module B, and denote the connecting
homomorphism of Z¥®@xC(0X) — ZY@,C(X) = Z°®@,C(X,0X) by .

Definition 1. The quadruple (X,0X,wx,[X,0X]) is a connected PD"—pair if
(X,0X) is a pair of CW-complexes with X connected, (0X,wsx,[0X]) is a PD" !~
complex, where wx induces wyx, on the connected components 0X; of 0X, and

[X,0X] is an element of H, (X, 0X;Z%) with 6,[X,0X] = [0X], such that
(4) N[X,0X]:H(X;B) — H,_.(X,0X; B*),a— an[X,0X]

is an isomorphism for every left A—-module B and every r € Z. We often write
(X,0X) for the PD"—pair and call wx the orientation character and [X,0X] the
fundamental class of (X,0X).

Again it is enough to demand that () is an isomorphism for B = A [15]. As
for PD"—complexes, we may define a general PD"—pair as a finite disjoint union of
connected PD"—pairs. Every manifold with boundary determines a PD"—pair. We
obtain examples of PD"—pairs which are not homotopy equivalent to a manifold
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with boundary by taking a PD"—complex which is not homotopy equivalent to a
manifold and removing the interior of an n—cell.

Poincaré duality manifests itself on the level of chains, namely, for a PD"—pair,
(X,0X), the cap product with a representative of the fundamental class defines a
chain map of degree n which is a chain homotopy equivalence.

Definition 2. The PD"—pairs (X1,0X1) and (X2,0X5) are orientedly homotopy
equivalent if there is a homotopy equivalence f : (X1,0X1) — (Xa,0X3) of pairs
with f*(wx,) = wx, and f«([X1,0X1]) = [X2,0X3).

A family, {k; : G; — G}icg, of group homomorphisms is also called a w1 —system
and an Eilenberg—Mac Lane pair of type K({k; : G; — G}ic;1) is a pair (X,0X)
such that X is an Eilenberg-Mac Lane complex of type K(G;1), the connected
components {0X;}ics of 0X are Eilenberg-Mac Lane complexes of type K(G;;1)
and there is an isomorphism

(o Awities) :{pi: Gi — Glicg — {ri: T (90X, %) — T (X, %) bies

of m—systems, that is, for each ¢ € J the diagram

G; LG m(0X;, %)

GLT‘-l(X7*)

commutes up to conjugacy. Note that we do not require the homomorphisms «;
to be injective as in the standard definition given by Bieri-Eckmann [I]. For any
mi—system, {k; : G; — G}icy, there is an Eilenberg—Mac Lane pair of type K ({x; :
G; — G}ieg; 1), which is uniquely determined up to homotopy equivalence of pairs.
Further, for any pair, (X, 9X), of CW—complexes there is map of pairs

CX : (X) 6X) — K(G7 {Gi}iEJ; 1)3

called the classifying map, which is uniquely determined up to homotopy of pairs
and induces an isomorphism of 7 —systems.

An oriented homotopy equivalence of PD"—pairs, (X,0X) and (Y, dY), induces
an isomorphism

(s {pities) t {ri 1 m(0Xi, %) = (X, %) hies — {pi: m1(OYi, *) — m1 (Y, %) bies
of their m;—systems such that
(5) P (wy) =wx and @.(ex«([X,0X])) = ey ([Y,0Y]),

where c¢x and cy are classifying maps and {0X;} and {0Y;} are the connected
components of 0X and 9Y respectively. The Classification Theorem states that
there is a converse for n = 3.

Now put px := cx.([X,0X]) and restrict attention to the case n = 3.

As the homology and cohomology sequences of any Eilenberg—Mac Lane pair
K({k; : Gi — G}iecg;1) are isomorphic to those of the group pair (G,{G;}ics)
[0, we may identify cx.([X,0X] and wx with their images in H'(G;Z/2Z) and
Hs3(G,{G;}ics; Z%), respectively.

Definition 3. The triple ({k;}ics,wx, ux) is the fundamental triple of the PD?-
pair (X, 0X).
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Two triples ({Kities,w,n) and ({K)}ies,w',p’) are isomorphic if there is an
isomorphism (o, {@itics) : {Kkities — {Kl}ics of m1—systems such that p*(W') = w
and @ () = p'.

Note that the fundamental triple of a PD3—pair is uniquely determined up to
isomorphism of triples.

Proof of Classification. The proof generalises Turaev’s alternative proof of Hen-
driks’ result for the absolute case.

Given two PD3pairs, (X,0X) and (Y,0Y), with aspherical boundaries and
isomorphic fundamental triples, we use homological algebra and obstruction theory
to construct a map f: (X,0X) — (Y,9Y) of pairs such that

(i) f induces a homotopy equivalence f:0x — oy,
(ii) fi:m(X,*) — m(Y,*) is an isomorphism respecting the orientation char-
acter;

(iii) f has degree one, that is, f.([X,0X]) = [V, 9Y].

Then f is a homotopy equivalence of PD>-pairs by Poincaré duality, the Five
Lemma and Whitehead’s Theorem.

It is not difficult to see that X is homologically two-dimensional for any PD?-
pair, (X,0X). By definition, the boundary dX is a PD*-complex and Eckmann,
Miiller and Linnell ([7] and [6]) showed that every connected PD?-complex is homo-
topy equivalent to a closed surface. If the boundary is not empty, we may apply the
mapping cylinder construction and hence assume that the components {0X;};c of
0X are closed surfaces which are collared in X, the collar being a 3—manifold with
boundary. Splitting off a 3—cell from the collar of one of the boundary components,
we obtain X = X’ U, e where g : $% — X'.

By definition [I6], the connected CW-complex X satisfies D, if H;(X) = 0 for
i >n and H"™(X; B) = 0 for all left A-modules B. Poincaré duality implies that
X satisfies Dy for every PD?-pair (X,9X). We obtain [2]

Lemma 3.1. Let (X,0X) be a PD® pair. Then X = X' Uy €* where g : S* — X'
and X' satisfies Do and is thus homologically two—dimensional.

Take a connected PD3—pair, (X,0X), with aspherical boundary components and
X = X'Uge? as above. Without loss of generality, we may assume that X Ne® = ().
We denote the subcomplex of C'(X) generated by the cells lying in X’ := p~1(X’)
by C(X'). By Theorem [E] in [16], we may assume that X and hence X’ are
geometrically 3—dimensional. As X’ is homologically 2-dimensional, C(X’) is a
chain complex of free left A-modules with H*(C(X’); B) = 0 for & > 3 and for
every (left) A-module B. Hence Lemma 3.6 in [2] implies that C(X’) decomposes
into the direct sum of the two subcomplexes

D: 0 - C3X') — imd)

E: 0 - Ale] - S — Ci(X) — CuX),

where D ~ 0, S is the cokernel of the boundary operator 95 : C3(X') — Co(X’), the
chain e corresponds to the 3—cell attached via g and Ale] denotes the free A-module
with generator e. As before, we may assume that the connected components of X
are closed surfaces, so that C;(0X) =0 for i > 2.
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Lemma 3.2. Let p: X — X be the universal covering. Then the components of
p~1(0X) are open surfaces and hence the boundary operator Co(0X) — C1(0X) is
injective.

Proof. Suppose the PD3pair (X,0X) has m-system {x; : G; — G};c; and con-
nected boundary components {0X},cs which are closed aspherical surfaces. Sup-
pose further that r;(G;) is finite in G for some i € J. Passing to (X*,0X ™), where
X is the orientable covering space of X and X T is the inverse image of X under
the covering map, the image of the fundamental group of each component of X+
over 0X; is still finite. Thus we may assume that (X,0X) is orientable.

We replace X by X' = X U,»; Hj;, where (H;,0X;) is a connected PD3-pair
for j € J,j # i. By Theorem 3 (X’,0X;) is a PD*pair. Thus we may assume
without loss of generality that X is connected. Poincaré duality and the Hurewicz
homomorphism together with our assumptions yield H; (0X; Q) = 0, so that 0X =
S2. Hence, if all components of X are aspherical, all components of p~1(9X) are
open surfaces. (I

Lemma implies imd% N C2(0X) = 0 and hence the relative chain complex
C(X,0X) of the pair (X,0X) decomposes into the direct sum of the two subcom-
plexes

D: 0 - C3X') — imd), and

E: 0 - Al¢)] - S — C1(X,0X) — Cy(X,0X),
where S = §/C5(0X) and D ~ 0.

Let {€2,}menm be a collection of two—cells of X such that above every two—cell in
X\ OX there lies exactly one cell from this collection. Then the collection {e,, }men
of chains represented by these cells comprises a basis of the A—module C3(X, 0X).
Suppose 92(€) = > amem, where 0 : C5(X,0X) — C2(X, 0X) denotes the bound-
ary operator of the relative complex and a,, € A for m € M.

Lemma 3.3. The chain 1®e is a relative cycle representing the homology class
[X,0X]. Further, I =im(0F)* and is generated by {@m }men -

For a proof we refer the reader to [2].

Given connected PD?pairs, (X,0X) and (Y,0Y), with aspherical boundary
components and isomorphic fundamental triples, we must construct a map f :
(X,0X) — (Y, 0Y) satisfying (i) — (iii). Suppose the isomorphism of fundamental
triples is given by

(o {pitics) : {ri: Gi = Glics — {pi : Hi = H}iey.
We may assume without loss of generality that Y is contained in (K, 9Y") := K ({p; :
H; — H}ics;1). Let ¢ : K — K be the universal covering, put Ax := Z[G],
Ay := Z[H] and let Ix and Iy denote the kernel of augy and augy respectively.
By LemmalB3] X = X' Ue3 and Y = Y/ U¢e’®, where X’ and Y’ are homologically
two—dimensional, and if e and e’ are chains representing the 3—cells e* and ¢’ ® then
1®e and 1®e¢’ represent [X,0X] and [Y, dY] respectively.

Further, we may assume that the connected components of 0X and Y are
closed surfaces, and that there is a homeomorphism g : 0X — 9Y which in-
duces the isomorphisms ; : G; — H; on the fundamental groups of the connected
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components of X and JY respectively. It is not difficult to construct a cellu-
lar map of pairs ¢’ : (X',0X) — (Y',0Y) with ¢'|sx = g. As ma(K;x*) = 0,
the map ¢’ gives rise to a cellular map of pairs g : (X,0X) — (K,9Y) with
glox = g. Let g, : O(X,0X) — C(K,9Y) be the chain map induced by g. Then
s (cx«([X,0X])) = cy«([Y,0Y]) implies 1®g.(e) — 1®e’ = 0 in H3(K,dY;Z“Y),
where we identify e’ with its inclusion in K. Thus g.(e) — ¢’ is contained in
im (03 : C4(K,0Y) — C3(K,0Y)) + Iy C3(K,dY), and hence

(6) B2(g+(€) — €') € Iy 92(C3(K, 0Y)).

The group isomorphism ¢ : G — H induces a ring isomorphism ¢ : Ax — Ay
and p*(wy) = wx implies p(A) = () for every A € Ax. By Lemma B3 Ix
is generated by {am}menr, where 02(€) = 3, 1/ @mem. Hence Iy = (p(Ix)) =

©(Ix) is generated as right A—module by {@(am)}men and we obtain

0a(g.()) — Ba(e) = 9.(0a(e)) — Ba(¢) = 3 3 (@) Auurdl,

meM k

where d = 0Oacy for some ¢, € C3(K,0Y). In other words, dj is represented
by the gluing map fx : S — ¢~ 1(Y'\9Y) of a 3—cell in ¢~} (Y'\dY). We obtain
(€)=, lam)(gx(em)—> Amkdi) and as D*#S5? ~ D? we may modify ¢'| x(
on the interior of two—cells to obtain a map of pairs h : (X’,0X) — (Y’,9Y) with

(7)  ha(02(€)) = hu( Z UmEm) = Z Plam)(g«(em) — Z)‘kmdk) = 0a(€').

meM meM

Since all components of Y are aspherical, the components of g~ (9Y") are open sur-
faces by Lemma Hence the long exact homology sequence of the pair (Y’,9Y)
yields an injective homomorphism Ha (¢~ 1(Y'); Ay) — Ha(q¢ 1 (Y"),q 1(0Y); Ay).
As 6,[Y,0Y] = [9Y], the class [0:€'] is contained in the image of this homomor-
phism. Therefore 7o (Y') = Ha(¢71(Y”); Ay) and () imply that the composition of
the attaching map of the 3—cell 3 (represented by e) and the map h is homotopy
equivalent to the attaching map of the 3—cell €’ 3 (represented by e’).

We conclude that h extends to a map of pairs f : (X,0X) — (Y,0Y) satis-
fying (i) — (iii), showing that the PD* pairs (X,0X) and (Y,dY) are homotopy
equivalent. (I

4. REALISATION OF INVARIANTS BY PD3-PAIRS

We need the following result from the derived module category, also called the
projective homotopy category of modules.

Theorem 4.1. Let A be a ring with unit. A homotopy equivalence p : A — B of
A-modules factors as

A>—L>-A@P—¢»-B@Q—7r>>B7

where P and Q are projective and v and w are the natural inclusion and projection
respectively.

Proof. The proof is dual to the proof of Theorem 13.7 in [9]. O
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Observation 1. There is a projective A—module P such that P® P is isomorphic
to a free A—module F', so that ¢ factors as

A>—>~A@F—»B@Q—»B

where Q = Q ® P is projective. If the A-modules A and B are finitely generated,
the projective A-modules P and Q are also finitely generated. Then F = A™ for
somen € N and Q is finitely generated projective.

Let A be the integral group ring of the group H and take w € H'(H;Z/27Z).

Given a chain complex ... — Cy41 o C, — ... of left A—modules, put
G, (C) := cokerd, = C,. /im0,

and given a chain map f : C — D, let G,(f) : G.(C) — G,(D) be the induced
A—morphism of cokernels. Then G = G, is a functor from the category of chain
complexes of left A—modules to itself. Writing C* for “Homp (C, A), we compose
the functors G and “Homy (—, A) to obtain the functor F' (see [14] p.265) given by

(8) F7(C) = G_,(C*) = C" /imd;_,.

Lemma 4.2. Let f,g: C — D be chain homotopic maps of chain complexes over
A. If D, is projective, then G, (f) ~ G,(g9) as A—morphisms.

For a proof we refer the reader to [2].

Thus we may view G,, as a functor from the category of chain complexes of pro-
jective left A—modules and homotopy classes of chain maps to the derived module
category.

Corollary 4.3. Let f : C — D be a homotopy equivalence of chain complexes
over A. If C, and D,, are projective, then Gy (f) is a homotopy equivalence of
A-modules.

Lemma 4.4. Let (X,Y) be a pair of CW—complezes with X connected, w €
H'(X;Z/2Z) and H,(X,Y;Z°) = 7 generated by [1®z]. Then there is a chain
wy € C1(X), such that the A—morphism N1@z : C*(X,Y) -“A“@,C(X) =2 C(X)
s given by

o N1ex = p(@).(1 + dowy)

for every cocycle ¢ € C*(X,Y), where we identify \&c € “A“@,C(X) with \.c €
C(X).

Proof. Let 7 : C(X) — C(X,0X) be the natural projection, take y € C,,(X) with
7m(y) = x and assume Ay = > y;Qz,—; with y;, z; € C;(X). Then y = (id®e)A(y)
implies y,.€(20) = y. As [1®z] is a generator, x and thus y are indivisible, so that
y = yn and €(z0) = 1 up to sign. As X is connected, we may assume Cp(X) = A
and identify im9; with I = kere. Then e(z9) = 1 implies zo = 1 + wgy with wg € I.

Hence zg = 14 dowy for some wy € C1(X), so that o N 1@z = ¢(z).(1+ dowy). O

Given a PD*-pair, (X,0X), take a cycle 10z € Z¢®,C3(X,dX) representing
[X,0X]. Then N1@x : C*(X,0X) -“A*@,C(X) = C(X) is a chain homotopy
equivalence. As both C5(X,0X) and C1(X) are free and hence projective, Corol-
lary 3] implies that

G _o(Nl®z) : F2(C(X,0X)) = G_o(C*(X,0X)) — G1(C(X))
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is a homotopy equivalence of A—modules. Composing with the isomorphism ¥ :
G1(C (X)) — I, given by ¥([c]) := do(c), we obtain another homotopy equivalence of
A-modules. The fact that N1®z is a chain map together with Lemma 4 yields (9o
G_2(N1@2))([¢]) = (F50)(x) + (05¢)(x)0ow; for every ¢ € C5(X,0X) and some
wy € C1(X). As the A-morphism F?(C(X,0X)) — I, [p] — (05¢)(z)dow: is
null-homotopic,

F*(C(X,0X)) — I, [¢] — (95¢)(2)

is a homotopy equivalence of A—modules.

Attaching cells of dimension three and larger to (X, 9X), we obtain an Eilenberg—
Mac Lane pair (K,0X) of type K({s; : m1(0X;,%) — m1(X,*)}ics; 1) with the
inclusion ¢ : (X,0X) — (K,0X) a cellular classifying map. Identifying the cellular
chain complexes of the pair (X, 0X) with their image under the chain map induced
by ¢, we obtain C;(K) = C;(X), C;(K,0X) = C;(X,0X) for i = 0,1,2 and [1®z] =
[X,0X] = w.([X, 0X])).

Lemma 4.5. The A-morphism
(9) F2(C(K,0X)) — I, [¢] = (959)(x)
is a homotopy equivalence of A—modules.

Given a chain complex C of free left A—modules, Turaev constructed a group

homomorphism
ver t Hep1(Z9®@AC) — [F7, )

such that vo(x 0x),2([187]) = vo(x,0x),2(t«([X, 0X])) is the homotopy class of the
homotopy equivalence ([@). Let § denote the connecting homomorphism of the short
exact sequence 1C — C — Z¥®,C and identify ¢ € C, with 1®c € AY®@,C. Then
the natural transformation n of ([2) yields the A—morphism n : C,, — (CX)*, ¢ +—
n(c) given by n(c)(¢) = p(c). It is not difficult to show that n(c) factors through
the cokernel F"(C') of 97_; and that its image is contained in I. We obtain the
A—morphism

n(c) : F(C) — 1, [¢] — ¢(c),
whose homotopy class depends on the homology class of the cycle ¢ € IC only.
The composition of the homomorphism H(IC) — [F"(C), I], [¢] — [n(c)] with &
yields the homomorphism
(10) Vo Bt (Z994C) — [F7(C). 1], [1&c] — [n(e)]
represented by the A—morphism

F(C) — 1, [¢] — 9(0r(x)).
Lemma 4.6. Suppose C is a chain complex of free left A—modules such that C, is
finitely generated and H,(C) = Hy,+1(C) = 0. Then vc, is an isomorphism.

For a proof we refer the reader to Lemma 2.5 in [I4].
Suppose (K,0X) is an Eilenberg—Mac Lane pair of type K ({x; : G; — G};es; 1),
we HY(K,Z/2Z) and pu € H3(K,0X;Z%).

Theorem 4.7 (REALSIATION I). If ({ki}tics,w, ) is the fundamental triple of
a PD®—pair then vo(k,ox),2(1) is a homotopy equivalence of A-modules.
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Proof. Assume ({x;}ics,w,u) is the fundamental triple of the PD*pair (X,0X)
and the Eilenberg—Mac Lane pair (K,0X) of type K({x;}ics;1) was obtained by
attaching cells of dimension three and larger to X. Take

10z € Z°®,C3(X,0X) C Z°®,C3(K, 8X)

with [1®z] = p. Then F?(C(K,0X)) — I, [¢] — ¢(d2(z)) represents the class
ve(k,0x),2(1) and is a homotopy equivalence of A-modules by Lemma

Given another Eilenberg—Mac Lane pair (L, L) of type K ({;}ics;1), there is
a homotopy equivalence f : (K,0X) — (L,dL) of pairs of CW—complexes inducing
a chain homotopy equivalence ¢g* : C*(K,0X) — C*(L,0L). Thus Corollary 3]
implies that F?(g) = G_2(g*) is a homotopy equivalence of A—modules. The dia-
gram

ve(n,oL),2(fxp)

F2(C(L,dL))

F2(9)l
VC(K,BK),z(M)

F2(C(K,0K)) I

commutes and hence ve(r,ar),2(f«it) is a homotopy equivalence of A-modules if
and only if vo(k aK),2(1) is one. d

For {k; : G; — G}ics to be the m;-system of a PD*—pair (X,dX), the groups G;
must be surface groups for all i € J as the components of X are PD?—complexes
by definition and thus homotopy equivalent to closed surfaces.

Definition 4. The w1 —system {k;}ic is injective if k; is injective for every i € J.
The triple ({K;}ics,w, 1) is then called m—injective.

Let {k; : G; — G}ics be an injective m—system with G finitely presentable
and G; a surface group for all ¢ € J. Furthermore, let (K,90X) be an Eilenberg—
Mac Lane pair of type K({k;}ics;1) such that the components 0X; of 0X are
all surfaces. Take w € H'(K;Z/2Z) and p € H3(K,0X;7Z*) such that d,u =
[0X], where [0X] is the fundamental class of the PD*-complex X and d, is the
connecting homomorphism of C(0X) — C(X) - C(X,0X). Following Turaev’s
construction in the absolute case, we construct a PDgfpair realising ({k; }icg,w, i).

Since G is assumed finitely presentable, we may also assume that K has finite
2-skeleton K2 so that the A-modules Co(K,9X) and thus F?(C(K,0X)) are
finitely generated. Let h : F?(C(K,0X)) — I be a A-morphism representing
vo(k,0x),2(1). Then h is a homotopy equivalence of A— modules which factors as

F2(O(K, 8X))—= F2(C(K,8X)) ® A" [ P —> T |

by Theorem LTl where P is finitely generated and projective. Let B = (e Ve?)Ue?
be a 3-dimensional ball. If we replace K by KV (\/|~, B), then K (] is replaced by
K2y (Vi e?) and F2(C(K,0X)) is replaced by F?(C(K,0X)) @ A™. Thus we
may assume without loss of generality that h factors as

(11) F2(O(K,0X))—= I & P I,

where P is finitely generated and projective.
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First we consider the case where P is free, that is, P = A", for some n € N.
Denote the natural projection C?(K,0X) — F?(C(K,0X)) by m, put 7 := (¢,idp) :
I® P — A® P and consider the A—morphism

(12)  ¢: C2(K,0X) — == F*(C(K,0X))—> & P— > A& P,

By definition, ¢ o 97 = 0 and hence imp* C ker 0;.

Let p : K — K be the universal covering. Since k; is injective for every ¢ € J,
the components of p~1(8X) are universal covering spaces of Eilenberg-Mac Lane
complexes, so that Ha(p™1(0X)) = Hi(p~*(0X)) = 0. The long exact homology
sequence of the pair (p~! (K2, p~1(0X)) and the Hurewicz Isomorphism Theorem
imply
(13) img" C kerdr = Ha(p~ ' (K),p™" (0X)) = Ha(p~ ' (KP))) = ma(p~" (K1),

We may thus attach 3—cells to K% to obtain a pair (X,0X) of CW-complexes
whose relative cellular chain complex is given by

D:0— (A® P)* 25 Oy(K,0X) — C1(K,0X) — Co(K,0X).
As w2 (K) = 0, the inclusion
(K, 0X) — (K,0X)

extends to a map f : (X,0X) — (K,0X). Since f induces an isomorphism of
71-systems, we may view w as an element of H'(X; Z/27).
Then (X,0X) is a PD*pair realising ({x;}ic.s,w, u) since

Proposition 4.8.
(i) H3(X,0X;72°) = Z;
(i) f«([X,0X]) = p, where [X,0X] generates Hs(X,0X;7Z%);
(iil) 8.[X,0X] = [0X], where [0X] is the fundamental class of the PD?—complex
0X and 6. is the connecting homomorphism of the short exact sequence

C(0X) — C(X) — O(X,9X);

(iv) N[X,0X] : H(X;¥A¥) — H,._3(X,0X;A) is an isomorphism for every
r € 7.

Proof. We only prove (iv), details for (i) — (iii) are contained in [2].
First observe that the definition of (X,dX) implies H?(X,9X;*A“) = 0. Since
H;(X;A) =H;(C(X)) =0, the homomorphism

N[X,0X]: H*(X,0X;*A¥) — Hy(X;A)

is an isomorphism.

As A®P is free, we may use the natural transformation 7 to identify the module
“Homy (A @ P)*“A%) with A @ P and (¢*)* with ¢. Then H?(X,0X;*A¥) =
(A @ P)/imp = A/I = 7. Clearly, H*(X,0X;*A%) is generated by ¢ = (1,0) €
(A*)* @ (P*)* = C5(X,0X) = C5(X). By Lemma 4 [¢] N [X,0X] = [¢] N
[1®z] = (x) = 1, that is, N[X,0X] maps 9 to a generator of Ho(X;A). Hence
N[X,0X]: H?’(X, 0X;¥A¥) — Ho(X; A) is an isomorphism.

Since dX is a PD*complex, N[0X] : H (0X;*A¥) — Hy_,.(0X;A) is an iso-
morphism for every r € Z. Thus the Cap Product Ladder of (X,0X) (Theorem
22) with y = [X,0X], and the Five Lemma imply that N[X,0X] : H(X;¥A¥) —
H,_3(X,0X;A) is an isomorphism for » = 2 and r = 3. Identifying “A¥ with A,
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A®pA with A and denoting “Homy (A4, A) by A* for left A—modules A, we obtain
the chain homotopy equivalence

0 —> imd] C3(X) C3(X) 0
l l/ lﬂl@z lﬂl@z l/
0 imd Cl(X,aX)—>CO(X,8X)—>O

Applying * = “Homy (—, A) yields the chain homotopy equivalence
00— Co(X,0X)* —— C1(X,0X)* —— (imdy)* ——=0

J{(mm)* J{(mm)* l ‘(

00— (C3(X)")" —— (C2(X)")" —— (imd})" —0,

which shows that (N[1®z])* induces homology isomorphisms. By Lemma [ZT] the
A-morphism N(1®z) induces isomorphisms in homology if and only if (N1®z)*
does. Thus the homomorphism N[X,8X] : H*(X,0X;“A%) — Hs_p(X;A) is
an isomorphism for k¥ = 0 and ¥ = 1. The Cap Product Ladder of (X,0X)
with y = [X,0X] and the Five Lemma imply that N[X,0X] : H (X;“A¥) —
H3_(X,0X;A) is an isomorphism for » = 0 and » = 1 and hence for every
r € Z. ]

Theorem 4.9 (REALISATION II). There is a PD®pair which realises the m -
injective triple ({ki}ies,w, p) if and only if vo(k ox)2(1) is a class of homotopy
eqivalences.

Proof. Tt only remains to investigate the general case, where the module P in the
factorisation (1)) of the homotopy equivalence h is finitely generated projective,
but not necessarily free. Then there is a finitely generated projective A—module @
such that P* @ @ = A™. Attaching infinitely many 3-cells to K2/ v (v, €2) we
obtain a pair (X,0X) of CW—complexes whose relative cellular chain complex is
chain homotopy equivalent to the complex

pr pr’ q

E: ... A" A A" APy aoQ

¢* 0
0 0
02(K78X) %Cl(Kaa‘Xj —>CO(K58X)5

where pr : A" = P*®Q — Q and pr’ : A" = P* ® ( — P* are the canonical
projections and ¢(z) = (0,0,pr(z)) € (A@ P)* & Q for z € A™. As E is a complex
of finitely generated free A-modules, the proof that (X, 90X) realises ({; }ics,w, 1)
is analogous to the proof in the case where the module P is free. [

Observation 2. If the PD?® pair (X,0X) realises ({k;}ics,w,p) with G finitely
presentable, Wall’s results imply that X is in fact dominated by a finite cell-complex.

Observation 3. Note that m —injectivity guarantees the first isomorphism in (I3)
which allows us to attach 3—cells to K such that ¢* is the boundary operator of
the resulting relative cellular chain complex. Thus w1 —injectivity is an indispensable
assumption for our method. The question remains whether the realisation theorem
holds without this assumption.
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5. CONNECTED SUMS AND DECOMPOSITION OF PD?-PAIRS

5.1. The Interior Connected Sum. Given a PD* pair (X, 0X), we may assume
that the components of 0X are collared in X, the collar being a 3—manifold with
boundary. Lemma implies that there is a homologically 2-dimensional C'W—
complex K and a map f : S? — K such that

X ~ K Ujyé

We may assume without loss of generality that f(S?)NdX = (. If e € C3(X,0X)
is the chain corresponding to the 3—cell €2, then 1®e is a relative cycle representing
the homology class [X,0X]. Wall [I5] showed that the pair (K, f) is unique up
to homotopy and orientation for X = @. The argument extends to the case of
PD?pairs with X not necessarily empty, allowing for the definition of the interior
connected sum of PD3—pairs.

Proposition 5.1. The pair (K, f) is unique up to homotopy, that is, if X ~
Ky Uy, e3 ~ K, Uy, e3, there is a homotopy equivalence g : K1 — Ko such that
g«([f1]) = [fe], where g. denotes the isomorphism of homotopy groups induced by
h.

For a proof we refer the reader to [2].

To define the interior connected sum of two PDgfpairs (X1,0X1) and (X3, 0X3),
write Xy = K¢ Uy, ) for £ = 1,2, and let ¢, : K; — K1 V K3 be the inclusion of the
first and second factor respectively. Then fe =140 fr: 82 — K V K5 determines
an element of mo (K7 V Ka; %), and we put f1 + fo := i+ fo

Lemma and Definition 5.2. Up to oriented homotopy equivalence, the pair
(X,0X) = (X1,0X1)8(X2,0X5) := (K1 V K2) Ug, 45, €°,0X1 U 0X3))

is a PD?—pair uniquely determined by (X;,0X;),i = 1,2. It is called the interior
connected sum of (X1,0X1) and (X3,0X2).

Proof. Proposition (.1l implies uniqueness up to oriented homotopy equivalence.
Theorem 23] guarantees that (X,9X) is indeed a PD*—pair. To see this, put G :=
m(X;*) and Gy := 71 (Xk; %), k = 1,2, so that G = G1 * Ga. For k = 1,2, let
i : G — G be the canonical inclusion. Regarding Z[G] as a right Z[Gj]-module
via ¢k, we define the functor Ly, from the category of Z|G]-modules to the category
of Z[G]-modules by

(14) LM = Z[G] @zig,) M and Lpa:=id®«

for Z[Gg|-modules M and Z[Gj]-morphisms o : M — N. Let B denote the
subcomplex of C(X) containing the 3—cell attached via f; + fo together with its
boundary and denote the boundary by dB. Then (L (C(K%)), Lr(C(0Xy)) + 0B)
is a Poincaré chain pair for k¥ = 1,2 and (9B,0) is also a Poincaré chain pair.
Applying Theorem repeatedly, we see that (C(X),C(0X)) = (Li(C(Ky)) +
Ly(C(K2))+ B, L1(C(0X1)) + L2(C(0X2))) is a Poincaré chain pair, showing that
(X,0X) is a PD* pair. O

The notion of interior connected sums of PD®—pairs is consistent with that of in-
terior connected sums of manifolds with boundary. In the case of empty boundaries,
the notion of interior connected sums of PD?>—pairs reduces to that of connected
sums of PD?~complexes [I5].
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Definition 5. The free product of two w1 —systems {kie : Gre — G }ees., kK =1,2,
1s the m —system
{tk © ke : Gre — G1 % Ga}ee s, k=12,

where v : Gy, — G1 % G denotes the inclusion of the factor in the free product of
groups.

A m—system isomorphic to such a free product is said to decompose as free
product.

A decomposition of the PD* pair (X,0X) as interior connected sum yields a
decomposition of its m—system as free product. The Classification Theorem [LI]and
the Realisation Theorem allow us to show that the converse holds for finitely
dominated pairs with non—empty aspherical boundaries in the case of 71 —injectivity,
thus proving Theorem

Proof of Decomposition I. Suppose the m—system of the finitely dominated PD3-
pair (X,0X) with aspherical boundary components decomposes as free product of
the injective m—systems {kr¢ : Gre — Grlecs,,k = 1,2. Then G := 71 (X;*) =
G1 * G2 and thus G; and G2 are finitely presentable. For i = 1,2, let (K;, 0K;) be
an Eilenberg-Mac Lane pair of type {kre : Gre — Gi}icg, with finite 2-skeleton.
Then the pair (K,0K) = (K3 V K3,0K; U 0K3) is an Eilenberg-Mac Lane pair of
type {tkokie : Gre — G1*Ga}rey, k=12 and H3(K,0K;Z*) = Hg(K1,0K1; Z*) @
Hs (Ko, 0Ko; 74?), where wy, € H(K;; Z*) is the restriction of the orientation char-
acter wx € Hl(K;Z“’) for k = 1,2. Hence pux = p1+pe with py, € Hg(Ky, 0K ; Z4F).
It is now sufficient to show that the triple ({sx¢ : Gre — Gi}ec,, pkswk) is re-
alised by a PD*—pair (Xk,0Xy) for k = 1,2. Then the interior connected sum of
(X1,0X1) and (X2,0X5) realises the fundamental triple of (X, 0X) and the Clas-
sification Theorem [[.T] implies that (X,0X) is orientedly homotopy equivalent to
(X1,0X1)8(Xs,0X>).
For k = 1,2, let Ly be the functor defined by ([4). Then

Ci(K,0K) = Li(Ci(K1,0K1)) @ La(Cy (Ko, DK3))

for ¢ > 1, and the boundary morphism 8Z-K’8K : Cip1(K,0K) — C;(K,0K) is the
direct sum of Ll(aiKl’aKl) and Lg(@iKQ’aIQ). Thus

F*(C(K,0K)) = L1(F*(C(Ky,0K)}))) ® Lo(F?(C (K3, 0K>)))

and I(G) = L1(I(G1)) @ La(I(G2)), where the canonical inclusion Ly(I(Gy)) —
I(G) is given by @ A — pA for p € Z[G], and X € I(Gy,) is viewed as an element
of I(G).

For k = 1,2, let ¢ : F?(C(Ky,0Ky)) — I(Gy) be a Z[G)]-morphism rep-
resenting the class vo(k, ok,),2(#r). Then the class vo(x o) 2(p) of homotopy
equivalences is represented by

Li(F?(C(K1,0K1))) @ Lo (F?(C (K2, 0K2))) == F?(C(K, 0K))
Li(p1)®L2(p2)
Li(1(Gh)) ® La2(1(G2)) 1(G).

It follows from the proof of the analogous proposition for the absolute case [14]
that the Z[G)]-morphism @), is a homotopy equivalence of modules for k = 1, 2.
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Hence, by the Realisation Theorem [[2l ({kre : Gre — G }eer,, ik, wi) is realised
by a PD?-pair (X, 0Xy) for k =1,2. O

5.2. The Boundary Connected Sum. Let (X;,0X;) and (X3,0X3) be two
PD? pairs with connected boundary components {0X1;}ics, and {0Xa;}jer, Te-
spectively. Choosing ¢, € Iy, k = 1,2, we may assume that 0Xy,, and 0Xay,
are collared in X; and X5 respectively, and that there are discs ef C 0X1s, and
e3 C 0Xa,. We denote the chains corresponding to e and e3 by e; and ey re-
spectively, and the quotient of X; [] X2 obtained by identifying e? and e3 via an
orientation reversing map by X1 [[ X2/ ~. For subsets A; C X;,i = 1,2, we denote
the image of A; [] A2 under the canonical projection 7 : X1 [[ X2 — X1 [[ X2/ ~
by A1 [[As/ ~ . If we assume that 0X1p, and 0Xo, are closed surfaces, then
0X10,80X 20, = (0X14, \ €3) [[(0X 20, \ €3)/ ~ is homotopy equivalent to the con-
nected sum of 09Xy, and 90Xy, as 2-manifolds.

Lemma and Definition 5.3. Up to oriented homotopy equivalence, the pair

(X1,0X1)te, 65 (Xo,0X2) := (X1 [ X2/ ~, (0X1\ ) [[(0X2 \ €3)/ ~)

is a PD?pair determined by (X;,0X;),i = 1,2, and ({1,03) € I} x I. It is called
the (£1,¢2)-boundary connected sum of (X1,0X1) and (X2,0X3).

Proof. Note that X; [ X2/ ~ is homotopy equivalent to the wedge X3 V Xo.
For k = 1,2, we denote the fundamental triple of (X, 0Xx) by ({kre : Gre —
G Yeer,,, ik, wy). Putting G := m1(X; %), we obtain G = G1 * G2. For k = 1,2, let
Ly, be the functor defined by (4.

Put (X,0X) := (X1,0X1)le, 0,(X2,0X5). Furthermore, let D denote the sub-
complex of C(X) generated by m(e1) = m(ez2) and its boundary 7(de;) = w(9ez),
and let D denote the subcomplex generated by 7(dey) = m(dez). Then the geomet-
ric pairs (L1(C(X1)), L1(C(8X1))), (L2(C(X2)), L2(C(0X2))) as well as (D,0D)
are Poincaré chain pairs. By Theorem [2.3]

(L1(C(X1)) + L2(C(X2)), L1(C(0X1) \ Ailer]) + La(C(0X2) \ Azlea]))

is a Poincaré chain pair, where A; = Z[G;]. Hence (X,0X) is a PD’ pair with
fundamental triple

({k: K — G1%Ga, tkokre : Gre — G1 % Gatoer, o0y, k=1,2, 11 + 2, w1 + wa),

where K := 71(0X14,£0X00,;%) and k : K — G1 * Gy is induced by the inclu-
sion 0X1p,80X0s, — X1 ][ X2/ ~. As the fundamental triple does not depend on
the choice of discs e?,i = 1,2, the Classification Theorem [[T] implies that, up to
oriented homotopy equivalence, the PD3—pair (X,0X) is uniquely determined by
(Xi,aXi),’L': 1,2, and (fl,fg) el x Is. O

The notion of boundary connected sums of PD3—pairs is consistent with that of
boundary connected sums of manifolds with boundary.

Let {kke : Gre — Gi}eecy, be two m—systems such that Gy, is a surface group
for every ¢ € J and let (K, 0K}) be an Eilenberg—Mac Lane pair of type {kke :
Gre — Grleer, for k = 1,2. We may assume that the components of K}, are
closed surfaces which are collared in K and that there are discs e? C 0K, and
€3 C OKa,. Let e1 and e denote the chains corresponding to ef and €3 respectively
and let K7 [] K2/ ~ be the quotient of K [[ K2 obtained by identifying e? and e3
via an orientation reversing map. Put 0Ky, $0K2s, := (0K1s, \e3) [[(0K 20, \€3)/ ~
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and H := m(0K1¢,80Ka,). Finally, let kK : H — G7 * G2 be the homomorphism
induced by the inclusion 0K1¢, $0Kop, — K1 [[ K2/ ~ .

Definition 6. The free product of the w1 —systems {kxe : Gre — Grlees,, k=1,2,
along G, and Gog, is the m—system

{k:H — G1%Ga, tkokke: Gre — G1 % Gaticr, 140, k=12,

where v, : G, — G1 x Gao, k = 1,2, denote the inclusions of the factors in the free
product of groups.

A my-system isomorphic to such a free product is said to decompose as free
product along Gie, and Gay,.

The proof of Lemma [5.3] shows that the m1—system of the boundary connected
sum of two PD?pairs (X}, 0X}) along X1, and 0 X», decomposes as free product
along Gy, and Gog,. The Classification Theorem [Tl and the Realisation Theorem
allow us to show that the converse holds for finitely dominated pairs with non—
empty aspherical boundaries in the case of m—injectivity, thus proving Theorem

L4

Proof of Decomposition II. Suppose the m1—system of the finitely dominated PD3~
pair (X, 0X) with non—empty aspherical boundary components decomposes as free
product of the injective m—systems {kpe : Gre — Gk }eer,, k = 1,2, along G4, and
Gap,. Then G := m(X;*) 2 G1 * G2 and thus G; and G2 are finitely presentable.
For k = 1,2, let (K, 0K}) be an Eilenberg-Mac Lane pair of type {kgs : Gre —
Gy }eer, with finite 2—skeleton, let K7 [ K2/ ~ be defined as above and let Ly be
the functor defined by (I4)), so that

Cs5(K,0K) = L1(C5(K1,0K1)) ® La(C3(K2, 0K?)).
Take a cycle 1 ® x in Z* @5 C5(K,0K) representing px. Then there are cycles
1®xz € Z¥ @5 C3(Kg, 0K}) such that 1®x = 1®x1 + 1®x2, where wy, denotes

the restriction of the orientation character wy € H'(K;Z/2Z) to H' (Ky; Z/27) for
k=1,2. Put i := [1®z] and note that

Ci(K,0K) = L1(C1(K1,0K1))® La(Cy(K2,0K>))
Co(K,0K) = L1(Ca(K1,0K1)) ® La(Co(K2,0K2)) ® Aleq]
and that the boundary morphism a{“‘"K : C2(K,0K) — C1(K,0K) is the direct
sum of Ll((?lKl’aKl) and L2(81KZ’6K2). Thus
F%(CO(K,0K)) = L1(F?(C(K1,0K)1))) @ Lo( F*(C (K2, 0K3))) @ Aley].
For k = 1,2, let ¢ : F?(C(Kg,0K})) — I(Gy) be a Z|Gy]-morphism representing

the class vo(k, ok,),2(1k). As a{‘aK|A{61] = 0, the class vo(k,9K),2(1) of homotopy
equivalences yields a homotopy equivalence

Li(F?(C(K1,0K1))) ® Ly (F?(C(Ka, 0K3))) == F*(C(K,0K))
Li(p1)®L2(p2)
Li(I(Gr)) ® L2(1(G2)) 1(G).

By [14], the Z]Gk]-morphism ¢, is a homotopy equivalence of modules for k = 1,2
and the Realisation Theorem implies that ({skke : Gre — Gileer,,, ik, wr) 18
realised by a PD®-pair (X, 8X}) for k = 1,2. The Classification Theorem 1]
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implies that (X,0X) is orientedly homotopy equivalent to the (¢1,¢3)-boundary
connected sum (X1, 0X1)le, ¢, (X2, 0X2). O
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