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ON THE CLUSTER MULTIPLICATION THEOREM FOR
ACYCLIC CLUSTER ALGEBRAS

FAN XU

ABSTRACT. In [3] and [I3], the authors proved the cluster multiplication the-
orems for finite type and affine type. We generalize their results and prove
the cluster multiplication theorem for arbitrary type by using the properties
of 2-Calabi—Yau (Auslander—Reiten formula) and high order associativity.

INTRODUCTION

Cluster algebras were introduced by Fomin and Zelevinsky in [9]. By defini-
tion, the cluster algebras are commutative algebras generated by a set of variables
called cluster variables. Let @ be a quiver and we denote by A(Q) the associ-
ated cluster algebra. If () does not contain oriented cycles, we call @ an acyclic
quiver. The cluster algebras associated to acyclic quivers are called acyclic clus-
ter algebras. Their relations to quiver representations were first revealed in [19).
In [I], the authors found the general framework of the link of cluster algebras and
quiver representations and introduced the cluster categories as the categorification
of acyclic cluster algebras. For an acyclic quiver @, the associated cluster category
C(Q) is the orbit category of the bounded derived category D’(modk@) over a field
k by the auto-equivalence F' := [1]7~! where [1] is the translation functor and 7 is
the AR-translation. In general, one can define the cluster category of a hereditary
category with Serre duality v by taking 7 = [—1]v as shown in [I6].

In [2], the authors introduced a certain structure of Hall algebra involving the
cluster category C(Q) by associating the objects in C(Q) to some variables given
by an explicit map X7, called the Caldero-Chapoton map. We denote by Xy,
the variable (called the generalized cluster variable) associated to an object M in
C(Q). In the case that M is a non-projective k@Q-module, the authors gave the the
multiplication of Xj; and X, as follows:

(0.1) XomXar=Xp+1

where B is the middle term of the almost split sequence involving M and 7M.

If Q is a simply laced Dynkin quiver, Caldero and Keller [3] extended the above
multiplication (@) to the multiplication of any two variables associated to two
indecomposable objects in C(Q) as follows

Xe(PExt! (M, N) Xy Xy =Y (xe(PExt' (M, N)y) + xc(PExt" (N, M)y )) Xy
Y
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where x. is the Euler-Poincaré characteristic of étale cohomology with proper sup-
port, M, N € C(Q) and Y runs through the isoclasses of C(Q). This is called the
cluster multiplication theorem for finite type.

The above cluster multiplication theorem was generalized to the affine type in [13]
by using Green’s theorem and the existence of Hall polynomials for affine quivers.
A cluster multiplication theorem for indecomposable regular modules over the path
algebra of an affine quiver was proved in [7]. In [20], the author gave the cluster
multiplication theorem in the case when dimgExt'(M, N) = 1 and introduced the
cluster character for an arbitrary 2-Calabi-Yau category with cluster-tilting objects.

The aim of this paper is to generalize the cluster multiplication theorems for
finite and affine types to arbitrary type. Note that there is an alternative proof of
the cluster multiplication theorem for arbitrary type in [31] by applying the pro-
jective version of Green’s theorem under the C*-action. Compared with [31], the
present proof has the following differences. First, it is more direct and simpler. The
present proof is independent of the projective version of Green’s formula and only
involves the properties of high order associativity (analogous to the associativity
of the multiplication of a derived Hall algebra defined in [29], see Section for
details) and 2-Calabi-Yau (Auslander-Reiten formula). Second, it is more accessi-
ble. The present proof uses Euler characteristics of algebraic varieties instead of
quasi Euler characteristics of orbit spaces of algebraic varieties under the actions
of algebraic groups in [3I]. Third, it is more promising to apply the approaches
in the present proof to hereditary categories which are not module categories of
hereditary algebras.

The interaction between cluster algebras and representation theory of quiver
naturally makes us ask the question whether there are cluster algebras associated to
the cluster categories of the categories of coherent sheaves over weighted projective
lines or elliptic curves. Also, it is meaningful to ask what is the corresponding
cluster multiplication theorem. The intuitive idea is to extend the method in [31].
However, the proof in [31] heavily depends on Green’s theorem which holds just for
module categories of hereditary algebras. Also, the proof of the projective version
of Green’s formula in [31] is complicated. We need to look for a new approach not
using Green’s theorem.

The high order associativity in the present proof is analogous to the associativity
of the multiplication in derived Hall algebras under combinatorial context. Hence,
it is hopeful that the property of high order associativity holds for categories of
coherent sheaves over weighted projective lines or elliptic curves if we discuss the
property under the suitable geometric context (see Remark[4.2]). As for the property
of 2-Calabi-Yau, the situation is the same.

This paper is organized as follows. In Section [I we recall the general theory
involving the computation of Euler characteristics of algebraic varieties and the
cluster category needed in this paper. In order to use the proposition in Section [I]
to compute Fuler characteristics, we need construct some morphisms of varieties.
Section 2] is contributed to this aim. In Section [B] we prove an equation called the
high order associativity. The cluster multiplication theorem for arbitrary type is
stated and proved in the last section. As an application of the proof of the main
theorem, we induce the formula ([@I)). Finally, we illustrate our theorem through
an example which has been studied in detail in [5] and [33].
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1. PRELIMINARIES

Let Q@ = (Qo, @1, s,t) be an acyclic quiver, where y and @7 are the sets of
vertices and arrows, respectively, and s,t: Q1 — Qo are maps such that any arrow
a starts at s(«) and terminates at ¢(«). Let CQ be the path algebra of @Q over
C. We denote by modCQ the category of finite dimension CQ-modules. A map
d : Qo — N such that Qo \ d™*(0) is finite is called a dimension vector for Q.

1.1. Euler characteristics and the pushforward functor. For any dimension
vector d = (d;)ieq,, we consider the affine space over C

Eq = Eq(Q) = @ Homg (C% (@, Cdu),

acQq

Any element z = (74)acq, in Eq defines a representation M (z) = (CY,z) where
cd = ®ier C%. Naturally we can define the action of the algebraic group
Ga(Q) = [L;cq, GL(C%) on Eq by g.x = (gt(a)xags_((ll))ate'

Let X be an algebraic variety over C. A constructible function f : X — Q
satisfies that f(X) is a finite subset of Q and f~!(c) is a constructible subset of
X for any ¢ € Q. Write M(X) for the Q-vector space of constructible functions
over X. Now, suppose O is a constructible subset of Eq. The function 1¢ is called a
characteristic function if 1p(z) = 1, for any x € O and 0 otherwise. It is clear that
1o is the simplest constructible function and any constructible function is a linear
combination of characteristic functions. We say O is Gg-invariant if Gq - O = O.
In this case, 1¢ is called Gq-invariant.

In the following, the constructible sets and functions will always be assumed
G g-invariant unless particularly mentioned.

Let x denote the Euler characteristic in compactly-supported cohomology. Let
X be an algebraic variety and O a constructible subset of X which is the disjoint
union of finitely many locally closed subsets X; for i = 1,--- ,m. Define x(O) =
Yot x(X;). We note that it is well-defined. We have the following properties of x.

Proposition 1.1 ([22] and [15]). Let X,Y be algebraic varieties over C. Then

(1) If the algebraic variety X is the disjoint union of finitely many constructible
sets X1, ,X,, then

X(X) = Y x(X)).

(2) If ¢ : X — Y is a morphism such that all fibers have the same Euler
characteristic y, then x(X) = x - x(Y).
(3) x(C") =1 and x(P") =n+1 for all n > 0.

We recall the pushforward functor from the category of algebraic varieties over
C to the category of Q-vector spaces (see [I§] and [15]). Let ¢ : X — Y be a
morphism of varieties. For f € M(X) and y € Y, define

¢ () =Y _ex(f ()N~ ().
c#0

Theorem 1.2 ([0],[15]). Let X,Y and Z be algebraic varieties over C, ¢ : X —
Y and ¥ : 'Y — Z be morphisms of varieties, and f € M(X). Then ¢.(f) is
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constructible, ¢, : M(X) — M(Y) is a Q-linear map and (Yd)s = iy is a
Q-linear map from M(X) to M(Z).

Given a CQ-module M and any dimension vector e € N?0_ we denote by Gre(M)
the set of submodules M; C M such that dimM; = e. It is a closed subvariety of
the product of Grassmannians of subspaces [[;co, Gre, (C%). Here, dimM = d.
Set

Gre(Eq) = {(M,M;) | M € Eq, M7 € Gre(M)}.

Proposition 1.3. Let d and e be two dimension vectors. Then the function
f:Eq — Q sending M to x(Gre(M)) is an Gg-invariant constructible function.

Proof. Consider the natural projection ¢ : Gre(Eq) — Egq. It is clear that ¢ is
surjective. By Theorem [[L2) we know that ¢.(1g: (ky)) = f is constructible. O

For fixed d, we can make finitely many choices of e such that Gre(Eq) is
nonempty. For M € Eq, we define [11], Section 1.2]

(M) :={M' € Eq | x(Gre(M")) = x(Gre(M)) for any e}
Proposition has the following corollary.
Corollary 1.4. There exists a finite finite subset S(d) of Eq such that

Ea= || (M)

MeS(d)

1.2. The cluster category. Given an acyclic quiver @ and i € @y, we denote by
S; the simple CQ-module associated to i, by P; its projective cover and by I; its
injective hull. Given a CQ-module M, we denote by dimM its dimension vector.
For any i € Qq, we will always denote by s; the i-th vector of the canonical basis
of Z%0. In particular for any i € Qg, we have dimS; = s;. We denote by (—, —)
the Euler form on CQ-mod given by

(M, N) := (dimM, dimN) = dimcHomco(M, N) — dimcExt Lo (M, N)

for any CQ-modules M and N. In the following, for any additive category F, we
denote by ind(F) the subcategory of F formed by a system of representatives of
the isomorphism classes of indecomposable objects in F.

Let D*(Q) be the bounded derived category of modCQ with the shift functor
[1] and the AR-translation 7. The cluster category associated to @ is the orbit
category C = C(Q) := D*(Q)/F with F = [1]7~!. It is proved in [I6] that C is a
triangulated category with the canonical triangle functor D?(Q) — C. As in [1] and
[3], the category C is 2-Calabi-Yau, i.e., there is an almost canonical non degenerate
bifunctorial pairing

¢ : Extt(M,N) x Ext ;(N, M) — C.
Here, the property of 2-Calabi-Yau is induced by Auslander-Reiten formula
Ext & (X, Y) & DHomcg (Y, 7X)
for X,Y € modCQ. We can identify CQ-modules with their images in C(Q) by
considering the embedding of modCQ into C(Q). Each object M in C(Q) can be

uniquely decomposed into the form: M = My ® Pyp[1] = Mo @ 7Py, where My €
mod CQ and P,y is projective in mod CQ.
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The Caldero-Chapton map of an acyclic quiver @) is the map
X 1 0bi(C(Q)) = Qlan, -+ )
defined in [2] by the following rules:
(1) if M is an indecomposable CQ-module, then
X5y = D x(Gre(M)) [ ay (o= timtize);
e 1€Qo
(2) if M = P;[1] is the shift of the projective module associated to i € Qg, then
X =
(3) for any two objects M, N of Cg, we have
Xiten = Xy Xy
Here, for v = (v1,- -+ ,v,) € Z", we set
¥ =t .
Without risk of confusion, we can write X- instead of X?Q. Let R = (r;;) be a
matrix of size |Qo| X |Qo]| satisfying
Tij = dim CEth(Si, Sj)

for any i,j € Qp. We need the following lemma [I3] Lemma 1] to reformulate the
Caldero-Chapoton map.

Lemma 1.5. For any CQ-module M without projective summands, we have
(dimM)R + (dimTM)R" = dimM + dimtM

For a projective CQ-module P and an injective module I, we have
(dimP)R = dimradP, (dimI)R" = dimsocl

Following this lemma, we reformulate the above map by the following rules:

(1)
X,p= XP[l] _ IdimP/radP,X‘IﬁlI _ XI[—I] _ xdimsocl

for any projective CQ-module P and any injective CQ-module I;
(2)
Xm = Z X(Gl"e(M))xeR-i-(dimM—e)R”—dimM

where M is a CQ-module and R'" is the transpose of the matrix R.

The following proposition shows that the above reformulation induces the third
rule in the definition of the Caldero-Chapoton map. It is actually the degeneration
form of Green’s formula in [8].

Proposition 1.6. For any M, N € modCQ, we have Xpron = Xy Xn-

Proof. Tt is enough to prove

X(Gre(M & N)) = Z X(Gre, (M)) - x(Gre, (N)).

e;tex=e

We define a morphism of varieties:

Gre(M@N)— | | Gre, (M) x Gre,(N).

e;t+es=e
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Any submodule L of M & N induces uniquely the submodules M; and N; of M
and N, respectively. It is a surjective morphism. The fibre for any (M, Ny) €
Gre, (M) X Gre,(N) is isomorphic to an affine space by [13, Lemma 7]. Then,
Proposition [T induces the identity of the proposition. (I

For any M € mod CQ), we say that Py is the maximal projective direct summand
of M if M ~ M'® Py as the CQ-modules and M’ does not contain projective direct
summands.

Let A(Q) be the subalgebra of Q(z1,-- - ,z,) generated by

{Xm, X, p|M, P € ind (modCQ) and P is projective }
and A(Q) the subalgebra of A(Q) generated by
{Xn, X, p|M, P € ind (modCQ), P is projective and Ext* (M, M) =0 }.

The algebra A(Q) is called the cluster algebra associated to Q. If @ is of finite
type, then A(Q) is just the cluster algebra A(Q) as shown in [4]. We note that
the relation between A(Q) and A(Q) is different from the relation between the
Ringel-Hall algebra and the composition algebra for Q (see Section [4.2)).

2. MORPHISMS OF VARIETIES INDUCED BY KERNEL, COKERNEL AND
AR-TRANSLATION

The cluster multiplication theorem for arbitrary type in Section 4 will be ex-
pressed under the context of CQ-modules. In the sequel, we will only consider the
restriction of AR-translation 7 to modC(Q), rather than the cluster category. We
use the same notation without risk of confusion. Hence, 7P = 77'I = 0 for any
projective module P and injective module I. In this section, we define morphisms
induced by kernel, cokernel and AR-translation 7. These morphisms guarantee that
we can use Proposition [T}

2.1. Morphisms induced by kernel and cokernel. Let (C9,z) and (CY',z')
be two CQ-modules. In this subsection, for any f € Homeg((C4, ), (CY', 2')), we
will describe kerf, Imf and cokerf under geometric context. The main barrier is
that the underlying spaces for kerf, Imf and cokerf are not of the form C¢ for
some dimension vector e. First, we deal with the case of vector spaces.

Let C% and C¥ be two vector spaces of dimension d and d’, respectively. Let
Mgrwq be the set of all matrices of size d’ x d. Then My «4q = Hom(C?, (Cd,) and
Mgy xa = |, Marxa(r) where Mg yq(r) consists of all matrices of rank r. For
any A = (a;;) € Mg xa(r), let us denote the r x r submatrix of A formed by
the rows 1 < 47 < -+ < 7, < d’ and the columns 1 < j; < -+ < j. < d by
DGy e sinsjrseeejn) (A). For every pair of multi-indices I = {i1,--- ,i,} € {1,---,d'}
and J = {j1, - ,5-} € {1,---,d}, we define My 4(r,I,J) to be the subset of
Mg «q(r) consisting of the matrices A which satisfy A ¢ My wq(I’,J") for any
I'<Torl =1J < Janddet Ay .. ;.. ) (A) # 0. Here I' < I is the
common lexical order. We have a finite stratification of My «q(r), i.e.,

Myxa(r) = | | Marxa(r, 1, 7).
(1,7)

In particular, if d < d’ and r = d, this gives a finite stratification of the Grass-
mannian Grg(C?) consisting of all d-dimensional subspaces of C% . Indeed, for any
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I={i, - ,ia} € {1,---,d'} and J = {1,--- ,d}, let MY, ,(I) be the subset of
Marxa(d, I,J) consisting of the matrices A satisfying that A, ;) (A) are identity
matrices. Then there is a finite stratification

Grg(C¥) = | | M, (D).
I

For any A € My xa4(d,I,J), we substitute the identity matrix for the submatrix
A(1,5)(A) and then A corresponds to a unqgiue matrix A" € M3, ,(I).

For every pair of multi-indices I = {i1,--- ,4,} and J = {j1, -+ ,Jr}, we will
define the following morphism of varieties:

T%TJ’J) : Md/Xd(T’ I, J) - de(dfr)(d - 7')7
T%T,I,J) s My sa(r,I,J) — Grdfr((Cd),

Q%T,I,J) t Marxa(r, I, J) = Mg —pysar(d —7),
and
Q%T,I,J) : Md’xd(ﬁ 1, J) N GI'T((Cd )

Let P;;(k) be the elementary matrix of size k x k transposing the i-th row and the
j—th row. Set P](d/) = Pr,ir (d/) e P17i1 (d/) and P](d) = PT,jT (d) ce P17j1 (d) Then

we have

P[(d/)APJ(d) S Md/xd(T,(l,-” ,’I”)(l,-“ ,’I”))

for any matrix A € Mgxq(r, I, J). The matrix P;(d") AP;(d) has the form ( A1 A )

Az Ay
with an invertible r x r matrix A; and Ay = A3A1_1A2 = A2A1_1A3. The matrix

—A7'A
PJ(d) ( Idl,T °

(—A3A7Y Iy, )Pr(d') determines the solution space {x € C? | A = 0}. We define

—A7'A
T =it (),

) determines the solution space {x € C? | Az = 0}. The matrix

Qs (A) = (—AsATY Lo ) Pr(d).

-1
Assume that P;(d) ( _1;11 4 ) € Mgy (a—ry(d=r,1',J") for some I’ C {1,--- ,d}
d—r
and J' = (1,---,d —r). Then we define T%MJ)(A) to be the unique matrix
—ATt Ay
Id—r
)(A) to be the unique matrix in M, 9« ~(I) which the submatrix

in ng(d_r)(l') which the matrix Py(d) (
we define Q%TJJ
Ao gy, g ) (A) of A corresponds to. Hence, for any A € Mg xa(r,I,J), we
have a long exact sequence of C-spaces

) corresponds to. Similarly,

Yo, (A) Qr.1,5)(A)
O%Cd_r (r,I,J) (Cd A (Cd, (r,1,J) (Cdlir—>0-

Now, we consider the CQ-module. Let (C4, ) and (C¥',2/) be two CQ-modules
with dimension vectors d and d’, respectively. For any morphism of CQ-modules
f:(Cdz) — ((Cd/,:t'), we have f = (f;)icq, with f; € M xa;, and fya)Ta =
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7, fs(a) for any i € Qo and a € Q. There is a finite stratification of Ma; xa, for
any ¢ € Qo as follows:

Mywa, = || Maxa,(ri, I, Ji).
ridi,Ji

Then Homeg ((C4, z), (C4, 2')) is a closed subset of

H Mdéxdi = |_| H Md;xdi(rialiv']i)'

i€Qo ((ri,1i,Ji))icqq 1€Qo

This induces a finite stratification of Homgg ((C9, z), (C4', 2/)).

For any i € @, we fix a pair of multi-indices I; = (kij1, -, kir,) and J; =
(lix, -+, lir, ). We have the following morphism of varieties:
T((ml J))ieqo H T(rll J;) H Md’xd (ri, Ii, Ji) — H My, x(di—r;) i—Ti),
1€Qo 1€Qo 1€Qo

2 . 2 d
T((ri7]i7ji))i€Q0 = H T(”,Ii,Jl H Md’xd Tzalzan H Gl"d —m (C

1€Qo 1€Qo 1€Qo
(2((7“I 1;,Ji))ieqq * H Sz(rI 1;,J;) H Md’ xd; Tla Ilu Jl H M(d'—r ><d/ _Ti)7
1€Qo 1€Qo 1€Qo

and
Q?(Tixliin))ier = H Q?Tixli)Ji) : H Md;Xdi(Ti’Ii’Ji) - H Grri((cdi)'
1€Qo 1€Qo 1€Qo

Without loss of generality, we can assume the above CQ-module homomorphism
f S Hier Mdéxdi(riu‘[hJi)' Then we have T%(Tiyli”]i))ier (f) € Grd—r((cdax))
with r = (7;)ieq,. Indeed, since

2
Fry®a(Y3, oy o) @) = Tas@) (T, o 1oy o) o)) = 0,
then xa(T%Ts(a)vls(a)vJs(a))(fs(a))) € T%Tt(a)vlt(a)v‘]t(a))(ft(a))' In fact,

T%(n,li,Ji))iEQo (f) = kerf.

As discussed in the case of matrix, for any i € Qo, we assume Py, (d})fi Py, (d;)
has the form ( i) A2(fi)

1(f

As(fi)  Aa(fi)
Aa(fi) = As(fi)(As(f

O

> with an invertible r; x r; matrix A;(f;) and

)) 1A2(f1) Ag(fz)(Al (fi))_lAg(fi). Then we have a CQ-
module (C977, y) isomorphic to kerf such that

_(Al(fs « ))_1A2(fs [eY )
Yo = ( 0 Idt(a)_Tt(a) )PJt(a) (dt(a))IaP]s(a) (ds(a)) < Id( ) () :

s(a) ~Ts(a)

Now we can write down the following left exact sequence of CQ-modules

q T%("‘ialiu]i))ig@o H d ¥ )
0— >((C 7r,y) (Caz)—>((cd,x’).

By similar discussion, we obtain

Q%(ri,li,,]i))ie% (f) =Imf.
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and a CQ-module (C%'~*, y/) isomorphic to cokerf satisfying the following right
exact sequence

1
Q((""L’Iiw’i))iGQo ()

(€4, ) —L> (€, 2)

((Cdl*r,y/) ~0.
Therefore, we have the following proposition.

Proposition 2.1. For any CQ-modules (C4, 2) and (C¥', #'), there are the follow-
ing maps whose restriction to stratifications are morphisms of varieties

T : Homeg((CY, 2), (C¥, ') — ];[Inj(Ee(Q), (€4, z)),
Y2 : Homeg (€4, 2), (CY, ') — HGre((Cd,w)),
Q' : Homgeo ((CY, z), (CY, ') —>HSU1"J E(Q)),
Q2 : Homeg ((C9, z), (CY', 2) aHGre '),

where Inj(E¢(Q), (CY, 1)) is the set
{((C®,y),9) | g: (C®y)— (CY,z) is an injective CQ-homomorphism }
and Surj((CY, 2), Eg(Q)) is the set
{((CE ), 9) 1 ¢ - ((Cd/, z') — (CF,y/) is an surjective CQ-homomorphism }

satisfying that for any f € Homeg((C9,z), (CY, '), there exists a long exact
sequence of CQ-modules

T! (f) !

, Ql(f
(C4,2) —> (o) 2L

O (C ay) (Cf, y/) —— O .

By the proof of Proposition 2] we also have the following corollary.

Corollary 2.2. For any CQ-modules (C9, ) and dimension vector e, there are the
following maps whose restriction to stratifications are morphisms of varieties

To: Gre((C4,2)) = Ee(Q) and Qg : Gre((CY,2)) — Eq_o(Q)

such that for any M € Gre((CY,7)), as the CQ-modules, Yo(M) = M and
Qo(M) = (C,2)/M.

2.2. Morphisms induced by AR-translation 7. In this subsection, we will
describe the Auslander-Reiten translation 7 under geometric context. Let &, &~
be the Coxeter functors introduced by Bernsetein, Gelfand and Ponomarev. We
denote by T the endofunctor of modCQ sending (C9,z) to (C4,—x). Then the
functor T®* on modCQ is just the AR-translation 7 on modCQ.

Given any CQ-module (CY, ) € Eq, the representation

ot (Cda I) = (Cev y)

can be constructed inductively as described in [25]. Let us recall it. Since @ is
acyclic, one can define a partial order on Qo such that for any arrow 3, s(8) > ¢(5).
Assume that the dimension e; with j < 4, the linear maps hg : C*#® — C%» for
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all 8 € @1 with s(8) < ¢ and the maps y, : C%@ — Ce for all a € Q1 with
s(a) < i are defined. Then we have the sequence

ds(a A (Za, hﬂ)
t(a)=i €@ @ By (5)=; C® PP s

T (2ahp)a.s)
(21) 0 Cei AlLyas

where e; is the dimension of the kernel of the map (24, hs)a,s and T! was defined
as in Section 2.1. Now we define the map yg : C%® — C°® for any B with
s() =i to be the composition

! Loy o
T ((wa,hs) ,ﬁ)®

ce taymi T @ 5 €249 ——> Corn

where the second map is the projection. Inductlvely we obtain the representation
7(C4,2) = TP+ (CY,x) = (C®,—y). We write 7(d) = e. The geometric construc-
tion of ®~ (also 77) is similar. For any CQ-module (C4,z) € Eq, let (C4", z*) and
Py(d, z) be its maximal non-projective summand and the maximal projective sum-
mand, respectively, i.e., (C4,z) = (C1",z%) & Py(d, z) satisfying that (C4" zt)
contains no projective summands and Py is projective. In fact, we have the isomor-
phism of CQ-modules
r1r(CY, z) = ((Cd+,;v+).

We can explicitly write down the submodule (V, ) := 7=17(C9,z) of (C4,z).

The space V; is just the image of (zq, hg)a,s for any i € Qo in the sequence ([2.1)).

Indeed, Dually, we denote by (C9 ,z7) and Io(d,z) the maximal non-injective
summand and the maximal injective summand of (C9, z), respectively. Then

rr (€4, z) = (CY ,27).
The above construction and its duality induces the following two propositions.

Proposition 2.3. For any dimension vector d, there exists a morphism of varieties
¢" :Egq — H E;a+)
7(dt)
such that ¢*((C4,z)) = 7(C4, z).
Dually, we have

Proposition 2.4. For any dimension vector d, there exists a morphism of varieties
¢_ : Ed i H ]ET—I(df)
T=1(d")
such that ¢~ ((C4,z)) = 771(Cd, z).
Let f = (fi)icqo : (C4,2) — (C¥,2’) be any morphism of CQ-modules. Let
d+((C4,z)) = (C,y) and &+ ((CY,2’)) = (C,y'). Then we can inductively con-

struct the maps g = (gi)ico, : (C%,y) — (C*,4y’) by the following commutative
diagram:

ha, ash
0 ce (ha,yg)a,s @ (Cds<a> @ @ Cen (zashp)a,s cd
gi lGst(a)@gt(a) fi
(hiy,y5)a,8 (Tashp)a,s

0 Cei @t(a) i ;s (a) fast @ Ceup el Cds
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The commutativity of the diagram guarantees that ¢ = (g;) is the morphism of
CQ-modules. Hence, by using Proposition 211 Corollary 2.2] Proposition and
2.4 we have the following result.

Proposition 2.5. For any dimension vectors d, there exists a morphism of varieties

Gre((CY, 2)) == Gr, (o) (C"@, 72))

3. HIGH ORDER ASSOCIATIVITY

In [29], Toén associated an associative algebra (called the derived Hall algebra)
to a dg category over a finite field k. In particular, we can define the derived
Hall algebra DH(Q) for the derived category D’(modkQ). Let ux denotes the
isomorphism class of X € D°(modkQ). The algebra DH(Q) is an associative algebra
generated by ux for any X € D’(modkQ). The associative multiplication contains
a non-trivial case as follows. For any L1, Ls € mod k@, we have

K[]ecC
ULy, * UL [1] = Z QLI[[l]]GzQ UK[1)@C
[6],0:L1— Lo

where gﬁ[[ll]]eif € Q is called the derived Hall number and K = kerf, C' = cokerf

and [f] is the equivalence class of 6. Here 6, is equivalent to s if there exist auto-
morphisms ar, and ar, such that 61ar, = ar,02. The above equation implies the
following exact sequence

0 K Lle

Lo C 0.
By the associativity of the multiplication of DH(Q), we have
ur, * (Ure, (1) * Ur, (1) = (Uky 1] * ULy) * UL, (1] = Uk, (1) * (ULy * UL, (1))
for any k@Q-modules K1, L1, Lo and
(up, * up (1)) * Uc, = UL, * (Up,[1] * UC,)

for any kQ-modules Cs, L1, Lo. These two equations can be illustrated by the
following commutative diagrams.

K K4
0 K L Lo C 0
0 K> Ly Lo C 0
and
0 K Ly Lo Ch 0
0 K Ly L C 0
Cs Cs
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We note that the long exact sequences in the above diagrams can be decomposed
into short exact sequences so that the above two equations can be induced by using
the associativity of the multiplication of the Ringel-Hall algebra for two times. In
this section, we will prove an identity analogous to the above associativity of the
multiplication of the derived Hall algebra in the context of Euler characteristic.
The identity is called the high order associativity .

3.1. The description of Ext ¢, (M,N). Let M € Eq,, N € Eq, and m(M,N)
be the vector space over C of all tuples m = (m(a))aeq, such that linear maps
m(a) € Home (M(a), Ni(a)) for all @ € Q1. We define a linear map 7 : m(M, N) —
Ext'(M, N) by mapping m € m(M, N) to a short exact sequence

() o, 00

0 N L(m) M 0

where as a vector space, L(m) is the direct sum of Y and X . For any a € @1,

_( Na m(a)
L(m)y = ( 0 M, ) .
Let us fix a vector space decomposition m(X,Y) = kermr & E(M, N), then we can
identify Ext'(M,N) with E(M,N). There is a natural C*-action on E(M, N)
by defining t.m = (¢tm(a)) for any ¢t € C*. This action induces the action of C*

on Ext!(M, N). Considering the isomorphism of CQ-modules between L(m) and
L(t.m), we know that t.c is the following short exact sequence:

(0) o

0 N L(m) M 0

for any t € C*. Let Ext’(M, N)p be the subset of Ext!'(M, N) with the middle
term isomorphic to L, then Ext'(M, N);, can be viewed as a constructible subset
of Ext! (M, N) by identifying Ext* (M, N) and E(M, N). Define
Ext'(M,N)o ={[0 = N - L - M — 0] € Ext'(M,N)\ {0} | L € O}
where the set O is a Gq,+d,-invariant constructible subset of Eq,q, (see [32] or
[11]). Tt can be identified with
EM,N)o ={m e E(M,N) | L(m) € O}

which is constructible and C*-invariant, see [I1]. Hence, Ext'(M,N)o can be
viewed as a C*-invariant constructible subset of Ext'(M, N)\ {0}. Let e;,es be
two dimension vectors.

3.2. High order associativity. Let M, N € modCQ and 7 be the Auslander-
Reiten translation on modC@. We assume that M contains no projective sum-
mands. Note that for any X € modCQ, there is a decomposition of CQ-modules

X2r(r ' X)e X/r(r71X)

with X/7(771X) isomorphic to an injective CQ-module. For dimension vectors
d;,d;> and ey, es, we consider the sets

DEFZ d2(N 7M) = {(g,Y1, X1) | g € Homeg (N, 7M), dimkerg = d;,

€1,e2
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dim7 ! (cokerg) = dj, V; € Grel(TOTQ(g)), U, € Gre, (6~ Q00%(9))}
and DFEe, o, (N, 7M) =

{(N1,M1,¢") | N1 € Gre,(N), My € Gre,(M),g" € Homeg(N/Ny1,7M)}.

Here, Yo, T2, Q% and ¢~ were defined as in Section 2. By definition, Yo Y?(g) €
Ea,, ¢~ Q2090%(g) € Eq, and TY?(g) = kerg, ¢~ Q0%(g9) = 7~ !(cokerg). We set
U=¢"Q92%(g) and V = ToT?(g).

Remark 3.1. Let’s explain the notations for these sets. The letter “D” means
“derived”. The letters “E” and “F” stand for extension and flag, respectively. Let
M and N be two indecomposable CQ-modules. Then (for example, see [I] or [13])

Ext ¢ () (N, M) = Ext ¢ (N, M) & Homeg (N, 7M)

and if Ext ¢, (N, M) = 0, then any g € Homcq(N,7M) induces an extension of M
by N in the cluster category C(Q) as follows

M — kerg @ cokerg[—1] — N L 7M.

Recall that each principal C*-bundle is locally trivial in the Zariski topology.
Let 7 : P — @ be such a bundle. Then (7, Q) is a geometric quotient for the free
action of C* on P (see [2§] and [I1I]). In the following, we will write Pz for the
C*-orbit of z if x belongs to a principal C*-bundle.

Let Hom(N,7M)(d1,dz) be the subset of Hom(N,7M) consisting of the mor-
phism g with dimkerg = d;,dim7~!(cokerg) = ds. By Corollary [L4, we have
finite subsets S(d;) and S(dz) of Eq, and Eq4,, respectively such that

Ea, = |_| <V>7 Ea, = |_| <U>
Ves(ds) Ues(dz)
It induces a finite partition
Hom(N, 7M)(dy,dy) = | ] Hom(N, 7M)vye a1
VeS(d),UeS(dz),I
where Hom(N, TM)(V)GB(U){BI[fl] is

{g € Hom(N,7M)(dy,ds) | ToYT2(g) € (V),Q00%(g) =7U' & I,

for some U’ € (U), I is an injective CQ-module}.
Note that Q0Q%(g) = cokerg.
There is a natural C*-action on Hom(N, 7M)(d;,d2)* := Hom(N, 7M)(d1,d2)\
{0} with a principal C*-bundle:
Hom(N,7M)(dy,d2)* — PHom(N,7M)(dy,d2).

Thus by considering the trivial action of C* on Gre, e,(d1,d2) = Gre, (Eq,) X
Gre,(Eq,), we obtain a new principal C*-bundle (similar to [I1} Section 5.4]):

7 : Hom(N,7M)(d1, d2)" XGre, e, (d1,d2) — Hom(N, 7M)(d4, dQ)*XC*GI‘ehe2 (di1,ds).

We note that the action of C* on Hom(N,7M)(d1,d2)* x Gre, e,(d1,d2) is free.
The set DEF392(N, 7M) is its C*-stable constructible subset. This implies that

€1,€e2

PDEF2%2(N,7M) := 7(DEFeq, o,(N, 7M))

€1,€e2
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is again a principal C*-bundle and (7, PDEFe, ¢,(N,7M)) is a geometric quotient
for the action of C* on DEFe, e, (N,7M) (similar to [I1 Section 5.4]). We have a
natural projection:

p: PDEFS! 82 (N, 7M) — PHom(N, 7M)(dy, d).
There is a finite partition
PHom(N, 7M)(dy,dy) = | | PHom(N, 7M) vy yer(—1]
VesS(dy),UeS(da),I
where PHom(N, 7M) vyawyer—1) is the set
{Pg € PHom(N,7M)(d1,d2) | ToT?(g) € (V), 2Q%(9) =7U" & I,
for some U’ € (U), 1 is an injective CQ-module}.

For any Pg € PHom(N, 7M)(d1,d2)(vye@)er—1], the Euler characteristic of the
fibre p~! (Pg € PHom(N,7M)(d1,d2)) is x(Gre, (V)) - X(Gre, (U)). By Proposition
[T we obtain the following lemma.

Lemma 3.2. For fized dimension vector d, we have

> X(PDEFg 2 (N, 7M))
e1+ex+dimM—ds=d
= Z X(PHom(N, 7M ) vygvyer—11)X(Gre, (V)X (Gre, (U))

dl,dQ,el,EQ,U,V,I;
e1+es+dimM—ds=d,
UeS(dz),VeS(dy)
There is also a free action of C* on DFEe, ,(N,7M) defined by
t'(NlaMlvg) = (NlaMlat'g)
for any t € C* and (N1, M1, g) € DFEg, ,(N,7M). The orbit space is denoted by
PDFEe, , (N, 7M).
Consider a natural projection

q : PDFEeg, e, (N, 7M) — Gre, (N) X Gre, (M).
Define (N1, M7)) to be
{(N1, M}) € Gre, (N)xGre, (M) | x(PHom(N/Ny, M7)) = x(PHom(N/Ny, 7Mi))}.

We note that the notation is different from the Euler form (N7, M;) of Ny and M.
Since ¢.(1pprE,, .,(N,rM)) i a constructible function on Gre, (N) X Gre, (TM) by
Theorem [[2] ((N1, M1)) is a constructible subset and there exists a finite subset
R(e1, ez2) of Gre, (N) x Gre, (M) such that

Gre, (N) x Gre, (M) = L] ((Ny, My)).
(N1,M1)ER(e1,e2)

Hence, by Proposition [[.T] we have the following lemma.

Lemma 3.3. For fized dimension vector d, we have

> X(PDFE, .,(N,7M)) =

e1,ex;e;t+ex=d

) ST XN, M) x(PHom(N/Ny, 7My)).

e1,ex;e1+ex=d (Ny,M;)ER(e1,e2)
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Now, we can compare DEF3::92(N, 7M)) with DFEe, e, (N, 7M)). Let (g, Vi,U1) €

€1,€e2

DEF3vd2(N 7M). Then we have a long exact sequence

€],e2
0>V sNLM-sUsI—0

where V = YoY2%(g) and U = ¢~ Q0Q%(g). It is clear that Vi € Gre,(N). By
Proposition 2] and Corollary 22, we have a morphism of varieties Gre, (N) —
Edim~N—e, sending any submodule N; to a CQ-module isomorphic to the quotient
module N/N;. Let U* be the pullback of the following diagram

0 Q*(g) Ul * Ui 0
0 02(9) M U 0

Note that Q2(g) = Img. Then U* € Grdima—dimU-+dimt, (M) and we have the
commutative diagram

0 1% N—L M TUS T —=0
0 v/ N/Y, L U~ U, —=0

Hence, for fixed dimension vector d, by Proposition 2.1l Corollary 2.2 and 2.5 we
have a morphism:

r: L] DEF3-92(N M) — | | DFEq; ¢, (N, 7M)

€1,€e2

di,ds,er,ez2; e, ehe)+ex=d
e1t+ex+dimM —do=d,

mapping (g, V1,U;) to (V1,U*,¢’). Conversely, we have an inverse morphism:

I |_| DFEe; o (N, 7M) — L] DEFS &2 (N, 7M).
e} ,e} di,d2,er,ez;
e1t+ex+dimM —do=d,
The action of C* induces the homeomorphism
d;.d
PT: |_| PDEFg; 67 (N, 7M) — |_| PDFEg; e, (N, 7M).
d;,ds,ep,eq; e’l,e’z;e’l-i-eg:d

e;+ezx+dimM —ds=d,
By Lemma and [3.3] The above homeomorphism induces the following proposi-

tion referred to as the high order associativity.

Proposition 3.4. With the above notations, for fixed dimension vector d, we have

Z x(PHom(N, TM)(V)ED(U)GBI[—I])X(Grel (V)x(Gre, (U))

di,dz,e1,e2,U,V,I;
e1t+ex+dimM —do=d,
UeS(dz2),VeS(dr)

= > > X({((N1, My)))x(PHom(N/Ny, 7My)).

e} ,el;el+ef=d (N1,M1)ER(e],e})
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4. MAIN THEOREM AND PROOF

4.1. The main theorem. We introduce some notations. For any CQ-module M
and projective CQ-module P, let I = DHomcg (P, CQ). By Corollary [[L4] we have
the following finite partitions:

Hom(M, I) = L] Hom(M, 1) vya (-1,
I',Ves(d,(I"))
Hom(P, M) = L] Hom(P, M) prj1)g (v

P,UeS(d2(P))

where d;(I') = dim/ +dim/!’ —dimM, dz(P’) = dimP + dimP’ —dimM, Eq, =
|—|V€S(d1)< ), Ea, = |_|Ues(d2)<U>= Hom (M, I)vyeri-1) = {f € Hom(P, M) |
ToY2(f) = V,QQ(f) = I' for some V' € (V)}, and Hom(P, M)p/jaw) =
{g € Hom(P, M) | YoY?(g9) = P',Q0Q%(g) = U’ for some U’ € (U)}. Note that
YToY2(f) = kerf and QoQ%(f) = cokerf.

The following theorem generalizes the cluster multiplication theorem for finite
type in [3] and affine type in [13] and is referred to as the cluster multiplication
theorem for arbitrary type.

Theorem 4.1. Let Q be an acyclic quiver. Then
(1) for any CQ-modules M, N such that M contains no projective summand, we
have

dimcExtig (M, N)Xu Xy = Y X(PExtig (M, N) (1) XL
LeS(e)
+ Z Z X(PHOIII(CQ(N, TM)(VNB(U)@][,”)XUXdeimSOCI

I,di,d2 VES(dy),UeS(d2)
where e = dimM + dimN .
(2) for any CQ-module M and projective CQ-module P, we have
dimeHomeg(P, M) Xy a®™ort?) = N~ y(PHomeq (M, 1) vy (- 1) Xyadimsee!’

I'\ves(di(I)
+ Z X(]P)HOIH(CQ (P, M)P/[1]®<U>)XU:Z?dimmp(Pl)
P,UeS(d2(P"))
where top(P) = P/radP, I = DHomcq (P, CQ), I’ is injective, and P’ is projective.
Proof. We set
22 = Z Z X(PHOIDCQ(N, TM)(V>®<U>@][_1])XUXviZ?dimSOCI
I,d1,d2, VeS(d:),UeS(dz)
By definition of Xj;, the sum is
> X(PHomeo (N, 7M)(vyauy@r(-1))-
I1,dy,d2,e1,e2,VES(d1),UeS(d2)
X(Grel (V))X(Gl”e2 (U)x(el +e2) R+ (dimV —e; +dimU—eg)RtT—(dimV+dimU)+dimsocI'
By Lemma [I.5] we have
(dimV + dimU)R" — (dimV + dimU) + dimsocl
= (dimV + dimU)R"" — (dimV + dimU) + dim/I(1 — R'")

= (dim7U + dim/ — dimV) — (dim7U + dim/ — dimV)R"" + dimU(R"" — R)
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= (dim7M — dimN) — (dim7M — dimN)R" + dimU (R"" — R)

= dimrM(1 — R") — dimN + dimNR" + dimU(R" — R)

= (dimM — dimU)R + (dimN + dimU)R"" — (dimM + dimN)

Then, the exponent of x is

(e1 + e +dimM — dimU)R + (dimN + dimU — e; — e3) R — (dimM + dimN).
Hence, we have

Yo = Z Z Z x(PHomeq (N, 7M) (vya wy@ri-1))-

d I.di,dsz.ei,ez; VeS(d1),UeS(d2)
e;t+ex+dimM—-d;=d

X(Cre, (V)x(Gre, (D)t (- D e
where e = dimM + dimN. Using Proposition [3.4] we obtain that X5 is equal to
> X > (N, M) x(PHomeg(N/Ny, 7My))a it (e R ~e,
d ef,e};el+el=d (N1,M1)ER(e],e))

Now we set
Si= Y x(PExteg(M, N)z)) XL
LeS(e)
We consider
EFq(M,N) = {(e,L1) | € € Ext (M, N) \ {0}, L1 € Gra(L)}.
As a vector space, L = M & N. Define
t.(m,n) = (m,t.n)

for any (m,n) € M @ N and t € C*. This induces the action of C* on L;. So
we have an C*-action on EFq(M, N) ([11]). As the discussion in Section 2.5, the
C*-action induces the geometric quotient PEFq4(M, N). The projection

PEF4(M, N) — PExt ¢ (M, N)

has the fibre {(Pe, L1) | L1 € Gra(L)} for any Pe € PExt {.o(M, N). By Theorem
[L1l and Corollary [.4] this implies

X(PEFa(M,N)) = > x(PExt{q(M,N)1y)x(Gra(L))

LeS(e)

and
$1 =Y x(PEFg(M, N))zdfitled)fi—e,
d
On the other hand, we have a natural morphism
U : EFgq(M,N) — | | Grey (M) x Gre; (N)
e} ,elel +ef=d
mapping (¢ = [(f, 9)], L1) to (g(L1), f~1(L1)). Here € is the equivalence class of the
exact sequence
0-NLLLM—0
The morphism ¥ induces a morphism
PV : PEF(M,N) := UPEFd(M, N) — |_| Gre, (M) x Grey (N).

d e} ,el
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Let’s compute the fibre for any (M7, N1) € Gres (M) x Gre, (N). Consider the map
B Ext'(M,N) & Ext ¢.o (M, N1) — Ext ¢o(Mi, N)

sending (g,¢’) to ep, — €y where €y, and €y are induced by including M; € M
and N7 C N, respectively as follows:

EM; ¢ 0 N Ly My 0
€: 0 N L———=M 0
where L, is the pullback, and
e 0 N L My 0
NS 0 N L My 0

where L} is the pushout. It is clear that €, and M, N7 induce the inclusions
L; C L and I’ C L}. Considering the map

po : Ext (M, N) @ Ext ¢ (My, N1) — Ext o (M, N),
we have ([IT, Lemma 2.4.2])
(PO)~ Y (M, Ny) = {(Pe, L) | Pe € P(po(ker)), L’ € F(e, My, N1)}

where F(e, My,N1) = {L' C L | n(L') = M;,L’ "N = N} is isomorphic to the
affine space Hom(M;, N/Ny) or an empty set ([I3, Lemma 7], see also [I1, Lemma
3.3.1] for a similar discussion). By the 2-Calabi-Yau property (Auslander-Reiten
formula) Ext (M, N) ~ DHom(N,7M), we can consider the dual of 3’ which is

B : Hom(N,7M;) — Hom(N,7M) & Hom(Ny, 7My).
By using the knowledge of bilinear form and orthogonality, we know that as a vector
space,
(po(kerp'))* = ImB( ) Hom(N, 7M) ~ Hom(N/Ny, 7M).
Note that if F'(e, My, N1) is an empty set, then P(po(kerS’)) is an empty set. In
this case, dimcExt! (M, N) = x(PHom(N/Ny,7M;)). Hence, we obtain
(4.1) x((P®) =My, Ny)) = dimcExt' (M, N) — x(PHom(N/Ny, 7M;)).
Now, using the partitions as in Proposition B.4] we know
Gre; (M) x Gre, (N) = L] ((Ny, My)).
(N1,My)ER(e),e))
Hence, according the Euler characteristic of the fibres in (@.I]) and Theorem [[T] we
obtain 3 is equal to
> > X({(N1, My)))(dimcExt' (M, N)—x(PHomeq (N/Ny, 7M1)))-
d ef,e};el+el=d (N1,Mi)ER(e],e))
pdR+(e—d)R""—e

Hence,
Y1 + ¥y = dimeExt! (M, N) X X x.
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We complete the proof of the first assertion of the theorem. As for the second part,
we set

T = > x(PHomeq (M, 1) (vygr-1))X(Gre, (V)
I'e1,V;VeS(di(I))
IelRJr(dl (I'Y—e1)R'" —d;(I')+dimsocI’

and
T = > x(PHomeq (P, M) prijaury) X (Gre, (V)
P,,eg,U;UES(dg(P,))
Ie2R+(d2(P’)feg)Rmfd2(P’)+dimtop(P’)
By the similar argument as in Corollary [[4] there is a finite subset R(e;) of
Gre, (M) such that partition

Gre, (M) = || {Mi}
MieR(e1)
where {M1} = {W € Gre, (M) | x(PHom(M/W,I)) = x(PHom(M/My,1I))} is a
constructible subset of Gre, (M). Note that
{M1} = {W € Gre, (M) | x(PHom (P, W)) = x(PHom(P, M1))}.

By using Proposition [[L1] we obtain that T} is equal to

Z Z X({Ml}) . X(]P)Hom(M/MhI))xelRJr(dimeel)R”*dMerimsoc(I)

e1 Mi€R(e1)
and T5 is equal to

Z Z {Ml (PHOID(P, Ml))xel R+(dimM—e1)R”—dimM—i—dimtop(P)'

e1 My€R(e1)
Since dimsoc(/) = dimtop(P) and

X (PHom(P, My)) + x(PHom(M /My, I)) = x(PHom(P, M)),

we have

T+ Ty = dimCHom(P, M) Z X(Gre(M))xeR—i-(dimM—e)Rtr—dimM+dimtop(P)

= dimcHomeg (P, M) X pyadimtor(P),
0

Remark 4.2. The proof of Theorem Tl only involves Auslander-Reiten formula and
the high order associativity. It inspires us to look for an analog of the present cluster
theorem for hereditary categories with Serre duality. The simplest case is as follows:
if Q is a Kronecker quiver, then we know D’(Q) is derived equivalent to D’(cohP).
We hope that the present approach can help us to found the cluster multiplication
for cohP*. One of the difficulties is to substitute the stacks for module varieties to
rewrite the results in this paper as done in [I5] and [27]. It will be interesting to
compare these cluster multiplication theorems.

Remark 4.3. In Theorem ] the condition that M contains no projective sum-
mands is not essential. Let M’ = M @ P with the maximal projective summand P.
Then we multiply two sides of the first equation in Theorem 1] by Xp to obtain
the equation involving X X .
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Now we consider a particular case that M is a non-projective indecomposable
CQ-module and N = 7M. By the Auslander-Reiten formula, there is an isomor-
phism of Endcg(M)°P-modules: Ext ¢o(M,7M) = DEndcq(7M). Tt induces the
isomorphisms:

(4.2) socExteq (M, 7M) = D(Endcg(rM)/radEndcg(TM)),

where socExt%;Q (M, 7M) is the socle of Ext ¢, (M, 7M) as a Endcg(M)°P-module,
and

(4.3) Extf (M, 7M)/socExteo (M, 7M) 2 D(radEndeq(M)).

The equations (£2) and (@3] can be viewed as variants of 2-Calabi-Yau property
(Auslander-Reiten formula). An extension £ € Ext %ZQ (M,7M) is an Auslander-
Reiten sequence if and only if € € socExt%;Q (M,7M). We denote by Lg the mid-

dle term of e. In the proof of Theorem 1] we substitute socExt(lcQ(M ,TM) or

Ext(lcQ (M, TM)/socExt(lcQ (M, 7M) for EX‘L}CQ (M, 7M) and the above variants ([d.2])
or ([{3) for Auslander-Reiten formula. Then we obtain the following result (see [2]
or Lemma 7 in [I3] for different proofs).

Proposition 4.4. Let QQ be an acyclic quiver and M be a non-projective indecom-
posable CQ-module. Then

dimcExtiq (M, 7M) /socExtio (M, M) Xy X = Y X(PExtig (M, 7M) 1)) Xy
L#ELoeS(e)
T Z Z X(PradEndCQ(TM)(V)@(U}@[[fu)XUXV,TdimSOCI

I,dy,d2 VeS(d1),UeS(d2)
and
XuXem =14+ X,

where e = dimM +dim7M and PradEndcg(7M) is the quotient of radEndcg (M)
under the free action of C* and Lg is the middle term of the Auslander-Reiten
sequence ending in M.

Proof. We only need to prove the second equation. It is equivalent to prove that
dim@socExtéQ(M, TM) X\ X0 is equal to
(4.4) X(PEXt(lcQ (M, TM)LO)XLO + X(P(Endcg (TM)/radEnd(cQ (TM)))
We use the notation in the proof of Theorem [£.]] and set
21 o= x(PExtgo (M, 7M) ) X L,
and
EFa(M,7M) = {(¢,L1) | € € Ext (M, N)L,, L1 € Gra(Lo)}.
The C*-action induces the geometric quotient PEF4 (M, 7M). We have

S1 =Y X(PEFg(M, 7M))zdfrt(e-d) R —e
d

and a morphism

PU : PEF(M,TM) := UPEFd(M, ™) — |_| Gre, (M) x Grey (TM).

d el ,el
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For any (M1, N1) € Grer (M) x Grey (M), we consider the map
B+ socExt ' (M, 7M) @ Ext ¢ (Mi, N1) — Ext o (M, 7M)
and the map
po : socExt ¢ (M, 7M) @ Ext &g (M1, N1) — socExt ¢ (M, 7M),
Then as in the proof of Theorem [.1] we have
(PO)~Y(My, N1) = {(Pe, Ly) | Pe € P(po(ker3')), Ly € F(e, M1, N1)}

where F(e,My,N1) = {L1 C L | n(L1) = Mi,L1 N N = N;} is isomorphic
to the affine space Hom(My, N/Ni) or a empty set. By using the variant (£2)
of Auslander-Reiten formula socExt *(M, N) ~ D(End(rM)/radEnd(M)), we can
consider the dual of 5’

B : Hom(tM,7M;) — End(7M)/radEnd(M) & Hom(Ny, 7M7)

Then
(po(ker@))" = ImB( ) End(rM)/radEnd(}M).

which vanishes unless N7y = 0 and M; = M. Hence, we obtain

_1 [ dimgsocExt' (M, N), if Ny #0 or M; # M,
X((P)7(My, W) = { 0, otherwise.

This implies the equation (£.4). O

4.2. An example. Let us illustrate Theorem ] and Proposition [£.4] by the fol-
lowing example. Let @ be the Kronecker quiver 1 ——= 2 . Let S; and Ss be the
simple modules associated to vertices 1 and 2, respectively. Hence,

(0 2 , (00
R (02) waowe(20)

dimS> R’ —dimS5 + xdimSgR—dimSg _ ,’E;l(l + ,’E%),

and
z9:=Xg, =2
r3 = Xg, = xdi_mis’—di_mSl + pdimS1 R—dimSy _ Ifl(l + :E%)
1
For A € P1(C), let uy be the regular representation C ——= C . By definition,
A

Xu, = WD) L pUDA=(0) L ODRELOR (1) — oty gty |1y

Similarly, let ux(,) (n > 1) be the unique indecomposable regular CQ-module with
socle uy and length n. In particular, uy) = ux. Then dimCExtl(uA,u,\(n)) =1
and for any f # 0 € Hom(ux(n), Tux), we have an short exact sequence

0— U,)\(n,l) — U)\(n) L) TUN — 0.
By using Theorem (1] we have

. 1
dimcExt (uA,uA(n))XuAXuMn) = Xuy i) — Xuynony-

It is clear that X, ,, is irrelevant to the choice of A € P!(C). We denote it by

rn. Set rg = 1. Hence, we have

(4.5) r1 = xor3 — 1Tz and  rpp1 =710 — Tho1
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which has been shown as the elements of the dual semicanonical canonical basis
in [5] and [33]. For n = 2, it is known that dimcExteg (une),ure) = 2. The
corresponding two linear independent extensions are as follows:

0 — ux@) — uxn@g) — uxe) — 0
and
0 — ux@2) = ux@) © ur@) — ur@e) — 0.
The latter is the Auslander-Reiten sequence. By using Theorem [£.1] we have

dimeExt ' (ux2), 4x2)) Xux o Xun) = Xuaw T X Xuny T Xy + 1-

UN(2) T UN(2) UN(1) T UN(3) ux(1)
Hence, we have
2 2
2ry =rqa +rirg +ri + 1.

However, The equations (.F) tell us that r§ = 75+ 1 and 74 +72 = r173. Therefore,

we have r3 = r17r3 + 1. It agrees with Proposition (4.4l
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