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CHERN-WEIL HOMOMORPHISM IN TWISTED EQUIVARIANT
COHOMOLOGY

ALEXANDER CAVIEDES, SHENGDA HU AND BERNARDO URIBE

ABSTRACT. We describe the Cartan and Weil models of twisted equivariant
cohomology together with the Cartan homomorphism among the two, and we
extend the Chern-Weil homomorphism to the twisted equivariant cohomology.
We clarify that in order to have a cohomology theory, the coefficients of the
twisted equivariant cohomology must be taken in the completed polynomial
algebra over the dual Lie algebra of G. We recall the relation between the equi-
variant cohomology of exact Courant algebroids and the twisted equivariant
cohomology, and we show how to endow with a generalized complex structure
the finite dimensional approximations of the Borel construction M xg EGy,
whenever the generalized complex manifold M possesses a Hamiltonian G ac-
tion.

1. INTRODUCTION

In ordinary equivariant cohomology there are two well known models, the bigger
while more geometrical Weil model and the smaller while more algebraic Cartan
model. In ﬂm], the authors defined twisted equivariant cohomology following
the Cartan model and showed that the twisted equivariant cohomology satisfies
the cohomology axioms under some natural assumptions, for example, that the
group G is a compact Lie group. Under these assumptions, the corresponding
Cartan model is twisted by a closed equivariant 3-form (§4). In the non-twisted
case, the Cartan homomorphism gives a quasi-isomorphism between the Weil and
the Cartan models. In this article, we show (§3] §5)) that in the twisted case, the
twisted equivariant theory also has the corresponding twisted Weil model and a
that the Cartan homomorphism could be extended to the twisted models yielding
also a quasi-isomorphism between them . Moreover, we show that the Chern-Weil
homomorphism can also be extended to the twisted equivariant case, which we
use to demonstrate that the twisted equivariant cohomology is isomorphic to the
twisted cohomology of the Borel construction; this provides us with an alternative
% of the fact that the twisted cohomology is indeed a cohomology theory (cf.

).

One subtlety comes up when defining the equivariant theory in the twisted case.
In the ordinary Cartan model, we consider the complex (Q*(M)® S(g*))¢ with the
equivariant differential dg. In the twisted case we have to consider the complex
(Q* (M) ® S(g*))€ where the S(g*) is the completion of the algebra S(g*), because
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otherwise, the twisted cohomology defined over the uncompleted algebra could be
non finitely generated as we show in the Appendix (7).

The twisted equivariant cohomology appeared as the equivariant theory of gener-
alized complex manifolds [HUY, [Linh, [Lina, BL]. Then in the case of a Hamiltonian
G-action on a generalized complex manifold M, when G is compact and the finite
approximations BGy of BG are symplectic, we apply the coupling construction
using the principle G-bundle EG; — BGj, to show that the finite approximations
of the Borel construction M x g EG}, are generalized complex as well. The explicit
computation of the twisting form here coincides with the result given by the twisted
version of the Chern-Weil homomorphism.

The structure of the article is the following. In §2] we recall the basics on the
symmetries of the exact Courant algebroids as well as the definition of extended
equivariant cohomology from |[HUb]. In §3 we recall the twisted equivariant coho-
mology in both the Cartan and the Weil models. We also clarify the subtlety about
the completion mentioned above. Then we show in §4, that when the Lie group
G is compact the extended equivariant cohomology is isomorphic to some twisted
equivariant cohomology. The Chern-Weil homomorphism and its consequences are
shown in §5l In §6l we describe the coupling construction for Hamiltonian actions
on generalized complex manifolds using principle G-bundles. The Appendix {7l
compares the cohomologies of the completed and uncompleted complexes for the
twisted equivariant cohomology using the example
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2. SYMMETRIES OF EXACT COURANT ALGEBROIDS

2.1. Exact Courant algebroid. An exact Courant algebroid is a Courant alge-
broid 7 M over a manifold M that fits into the exact sequence

a

0——1T"M ™ ™M 0.

The Courant algebroid 7 M is endowed with a nondegenerate symmetric bilinear
form and a skew symmetric bracket called Courant bracket (see [LWX97, [ BCGO1]).
One can always choose a splitting s : TM — 7 M with isotropic image (see [Sev,
SWO01]) such that one can identify the extended Courant algebroid with the direct
sum of the tangent and the cotangent bundles of M, namely

T™M = TM:=TMaT*M
X = (a(X), X - s(a(X)))
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With this identification the Courant bracket on 7 M becomes the H twisted
Courant bracket on TM, where H is a closed three form determined by the splitting:

1
(X +&Y +nlg=[X,Y]+ Lxn— Ly& §d(LX77 —y§) —ixty H;
and the bilinear form becomes:
1
(X+&Y +n) = §(LX77 + 1y §).

Let us emphasize that the splitting of the Courant algebroid is not canonical;
for any two form B, the B-field transformation of the splitting

X+ =X+E+uxB

gives another splitting of 7 M with twisting three form H — dB. The cohomology
class [H] € H*(M;R) is called the Severa class of 7M.

From now on we will work with a chosen splitting of the Courant algebroid 7 M.
Hence, the three form H will also be fixed.

2.2. Symmetries of the Exact Courant Algebroid. The group Diff M x Q?(M)
with composition

(A a) o (u, B) = (A, " + )
acts on TM in the following way

(A a)o (X +&) = X+ (AT (€ +xa) = MX + (A1) E+u,xa
and its induced action on the twisted Courant bracket becomes
A @) o [X+&Y +nlm =[(Aa) o (X +&), (A a)o (Y +n)]n-1)+(Hr-da)-
Hence, the group of symmetries of the Exact Courant algebroid TM is
Gy = {(\,a) € DIf M x Q*(M) | H=(A\"Y*(H — da)}
The Lie algebra 27 of ¢y is then
Xy ={(X,A) eT(TM)® (M) | dA=—LxH=—dixH}
with Lie bracket
(X, 4), (Y, B)] = ([X, Y], Lx B = Ly A),
and with infinitesimal action on TM given by
(X, A)o (Y +1n) =[X,Y]+ Lxn— vy A.

Note then that (X, A) belongs to 27 if and only if d(A+ tx H) = 0 (this equation
will be of use later).

Definition 2.1. A Lie group G acts on the exact Courant algebroid TM if there
is a homomorphism

G — Yy g (Ag,ay),

and a Lie algebra g acts infinitesimally on TM if there is a Lie algebra homomor-
phism

g— 2x a+— (Xa, Aa)-
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2.3. Extended symmetries. Note that there is a homomorphism of algebras
k:T(TM) - Zy (X+¢r— (X,d§ —1xH)

that sends the Courant bracket to the Lie bracket on 2. With this in mind we
have an action of I'(TM) on itself given by the formula

(X +8o (Y +n)=[X,Y]+Lxn—y(d —xH).

Definition 2.2. We will say that the Lie Group G (or the Lie algebra g) acts by
extended symmetries on TM whenever:

e the infinitesimal action factors through I'(TM) as algebras, i.e. there is an
algebra homomorphism

§:(g,[.]) — @(TM),[]a)
a = (Xa+§a)

that makes the infinitesimal action be a — (X,,d€, — vx, H), and
e the image of g in T'(TM) is an isotropic subspace, in other words, for every
a,beg
<Xa + gayXb + §b> = Oa

and what is the same
tx.6p = —tx,&a and 1x,& =0.

Remark 2.3. We would like to point out that an “extended action”, as we have
defined above and in [HUb], is equivalent to a “lifted action” as is defined in section
2.3 of [BCG] (we use the skew-symmetric version of the Courant bracket while in
[BCG] is used the non-skew-symmetric version, but as in both cases the image of
the Lie algebra must be isotropic, then the two definitions agree). In [BCG07, BCG|
the authors call “extended action” a more general type of construction that includes
Courant algebras and Courant algebra morphisms a — T'(TM) that extend the Lie
algebra morphism g — I'(T'M).

2.4. Extended equivariant cohomology. In [HUb] the last two authors have
defined an equivariant cohomology for extended actions. Let us recall the construc-
tion.

Consider the complex of differential forms Q°®(M) := Q¢ven (M) @ Q°4(M) but
with Zs grading given by the parity of the degree and odd differential dy := d— HA
where H is a closed 3-form on M. The cohomology of this complex H®*(M, H) is
known as the H-twisted cohomology of M.

For X = X + & € T'(TM) consider the even operator Lx and the odd operator
tx that act on Q*(M) in the following way: for p € Q*(M) we have

txp=txp+E&Np and Lxp=~Lxp+ (d§ —1xH) A p.

If we consider any two elements X,9) that lie in the image of the map ¢ : g —
I'(TM), then the operators £, ¢ and dy behave in the following way with respect
to the graded commutators (see [HUb, Thm. 4.4.3]):

di,tx] = Lx  [Lx,Ly] = Lix,9]4 [tx, 9] =0
[ﬁx,bg_)] = L[ﬁ@]H [dH,Ex] =0 and [dH,dH] =0.

Following Cartan [GS99], we will consider the algebra Q®(M) @ S(g*) of formal
series on g with values in Q°(M). The algebra S(g*) is the a-adic completion of
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the symmetric algebra S(g*) where a is the ideal generated by all elements without
constant term (see |[AM69, Ch.10]); in the next sections it will be clarified why
it is necessary to complete the symmetric algebra . If {a,b,c...} is a base of
g and Q2 Qb ... are dual elements of even degree then S(g*) = R[Q%,Q°,...]
and S(g*) = R[[Q,Q,...]]. Recall also that for any a and b in the Lie algebra,
1af2’ =0, dQ® = 0 and therefore £,Q° = f° Q° where the structural constants of
the Lie algebra g satisfy [b,c] = fi.a.

If we consider an extended action ¢ : g — I'(TM) we can extend the action of
the operators Ls,) and t5(,) on the generators Q°(M) ® §(g*) in the natural way,
namely

Lsay(p @ Q) i= (Ls@ayp) @ B+p® L2 and 150y (p @ Q) := (t500)p) @ Q°,
and we can define the extended equivariant differential

dg,5 : Q°(M) ® S(g") — Q°(M) ® S(g")

as the odd operator
dg75 =dy®1+ Qa[,lg(a)
where the sum sum goes over a base of g and we are using the repeated index
convention.
It is easy to check that
(dg.6)*p = —Q"Ls(a)p
and therefore the second two authors have proposed the following definition (see
[HUD, Def. 5.1.1])

Definition 2.4. Let 6 : g — I'(TM) be an extended action, then the g-extended
equivariant complex of TM is the Zy graded complex

C3(TM;0) == {p € Q*(M) ® S(g") | Ls(yp =0 for all a € g};

with differential dg 5. The cohomology of Hg(TM;d) of the complex C3(TM;0) is
the extended g-equivariant De Rham cohomology of TM under the extended action
defined by 4.

Let us note that the extended g-equivariant cohomology does not depend on
the choice of splitting for 7M and its isomorphism class depends only on the
Severa class of the Courant algebroid. If one performs a B-field transform, the
action transforms & to to &' (a) = X, + &, + tx, B, one gets the isomorphism e? :
Q*(M) — Q*°(M) and therefore one obtains a quasi-isomorphism of complexes
Cg(TM;6) — Cg(TM;d") with dgs = dg—ap ® 1 + Q%4s(q) that induces an
isomorphism of cohomologies Hg(TM;0) = Hg(TM;?').

Also, if we take the Cartan complex

Ca(M) ={peQ(M)®S(g") | Lx,p=0 for all a € g}

with differential dgp = dp — Q%.x,p, then the extended g-equivariant complex
Cg(TM:;0) becomes a module over Cj (M) and therefore the extended g equivariant
cohomology Hg(TM;é) is a module over the equivariant cohomology Hy(M). In
particular we have that Hg(TM;0) is also a module over S(g*)¢ = H(-).

So far we do not know whether the extended equivariant cohomology fulfills
all the properties of an equivariant cohomology theory, nor if it has a topological
counterpart. Nevertheless, in the case that the group G is compact, the extended
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equivariant cohomology turns out to be equivalent to what is known as twisted
equivariant cohomology. This will be the subject of the next sections.

3. TWISTED EQUIVARIANT COHOMOLOGY

In as much as the twisted cohomology is defined twisting the differential of the De
Rham complex with a closed 3-form, the twisted equivariant cohomology is defined
by twisting the equivariant differential with a closed and equivariant 3-form.

We will define the twisted equivariant cohomology using the Cartan model and
we will explicitly show the relation with the twisted Weil model. Then we will
generalize the Chern-Weil map for twisted equivariant cohomology and we will
finish by giving the topological counterpart of the twisted equivariant cohomology.

Remark 3.1. We would like to emphasize the fact that the twisted cohomology is a
Zo-graded theory; therefore all inverse limits that will be carried out in this section
will be Zs -graded. Let us see the difference with a simple example:
Take the Z-graded rings H*(CP") = R[z]/2"™! where |z| = 2.
The inverse limit of these Z-graded rings is the polynomial algebra
H*(CP*>) = R[z]. Now, if one consider the same rings H*(CP") =
R[z] /2"t but Zs-graded, as in the case of twisted cohomology,
the inverse limit of these rings gives the algebra of formal series
H*(CP>) = R(a]].
To distinguish between Z and Z, graded theories we will denote the former with
an asterisk H* and the latter with a bullet H®.

Let us start by recalling the models of Cartan and Weil for the equivariant
coholomogy (see [MQ86]).

3.1. Equivariant cohomology. Following Weil one introduces a universal model
for the curvature and connection on a principal G bundle. The Weil algebra is then
by definition
Wi(g) := S(g") @ Alg")
the tensor product of the symmetric algebra and the exterior algebra of g*. If we
denote with lower case letters a,b,c,... a base for the Lie algebra g then we will
denote by 8 the variables dual to a of degree one that generate the exterior algebra,
and by Q% the variables of degree two that generate the symmetric algebra.
The derivations and contractions on this algebra are generated by

1 , ,
Laeb - 5ab LaQb =0 do® = Q% — Efl?ceb@C Q) = fl;lcﬂbeC

where f{ are the structural constants: [b, c] = fa.

The tensor product Q*(M) ® W(g) is a differential graded algebra with a g
action and derivations ¢, satisfying the standard identities of the contractions. The
contractions ¢, act on the differential forms Q*(M) by contracting on the direction
of the vector field X, that a generates, but to make the notation less heavy we will
simply denote ¢, the operator tx,. The Lie derivative £, is defined by the Cartan
formula £, = dig + tod.

The basic subalgebra

QM) = {Q" (M) @ W (g) }pas = [ | (ker Lo Nkertq)

a
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is a differential graded algebra whose elements are called (Weil) equivariant differ-
ential forms and whose cohomology H* (Q; (M)) is the G-equivariant cohomology
of M.

Cartan |[Car51) cf. [MQS86] showed that there is a smaller model for the equi-
variant forms which is given by the G-invariant forms on (2*(M) ® S(g*))? with
differential given by dg = d — £2%¢,. Let us denote the cohomology of this complex
by

Hy(M) = H" ((¥(M) ® S(g"))®, dg) .

Cartan showed that there is a homomorphism
J(M)®S(g") — (M) W(g)
a H(l — 0%,

that induces a quasi-isomorphism of complexes
(3.1) 3 (Q(M) ®S(g"))" = Qg (M)
and therefore the map j induces an isomorphism of equivariant cohomologies

g Hi(M) = H*(Q5(M)).

3.2. Twisted equivariant cohomology. Let us start by taking a closed equi-
variant 3-form H = H + Q%¢, on the Cartan complex (Q*(M) ® S(g*))? with H a
3-form and &, 1-forms on M.

The fact that H is closed implies that

dgH = (d — Q) (H + Q%,) = dH + Q(d&, — 1 H) — Qb1 =0
which happens if and only if
dH =0 d&, —t,H=0 and 1,& = —p&a.
The fact that H is equivariant implies that for all b € g
LyH = Lo H + (LyQ)Ea + Q¥ (Lo&a) = LoH + f5,Q2°€0 + QY (Ls&a) = 0;
this happens if and only if H is g invariant and & o) = Ls&a-

Remark 3.2. For an extended action ¢ : g — I'(TM) the three form H + Q%E,, with
H is the twisting form and &, = §(a) — X,, would be closed and equivariant form
if and only if d§, = —t¢,H, as this would imply that L, H = di, H = —dd{, = 0.

Let us now see what is the image in the Weil model of the three form H. We
need this in order to have a very explicit description of the twisted Chern-Weil
homomorphism. Fortunately the expression of the three form turned out to be
very simple, its proof not; we will reproduce here the calculations.

Proposition 3.3. The image of H in Q;(M) under the quasi-isomorphism j de-
fined in (31) is the basic three form

H = (M) = H 4+ d(0°6) — Sd(0°0%0,6,).
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Proof. We will proceed by expanding the derivations in the three form H and we
will compare them with the expansion of j(H).
Let us start by expanding H:

1
H = H + d(eaé-a) — §d(9p9qbq€p)
1 1 1
= H 4006 — S [0 — 0°d60 — SOP0,E, + IR0,
1 1 1
5070,y — TILO700" 146, — 5070,
1 , 1
= H+Q%, — 59179‘5[1,76] —0%dg, — QPO + §9T959qu£[rﬁs]
1
(3.2) 3070 du,.

Numerate from left to right the expressions in line (3.2). We will match them
with the expansion of j(H¢g). Let us calculate then:

J(Hg) = (1—=0%)(1 —0°)(1 —6°0)(H + Q%%,)
1
= H+4Q%, — 0°u(H + Q%,) + 59”9%0%(H +Q%,)
1
—Eebeceﬂebcbb(ﬂ +Q%,)
1 1
= H+ 0%, —0°d&, — 0°Q% &, + §9becbcd§b — gebeceﬂebcd&)

As we have that
ted§p = Lc&p — dicép = g[c,b] — dicp,
then

1 1
J(Hg) = H+Q%, —0°dg — 0°Quéa + 59b9“§[0,m - §9b9°dbc§b
1
(3.3) fgeboceae%dgb.

We see that the first 6 terms in (3] match all but the sixth term in (3:2). Let us
then expand the last term in (B3)):

SO ey = OO0 (LE — i)
- féobecoe (ee€je,p) — Letcbn)
= 7%9‘7909@ (ee€je,p) = teLlebs = te, 1)
= 7%0179096 (te€lep) = te€len) + €fe,c))
— —%ebeceebef[c,b]

and we can see that it matches the sixth term in (3.2]). Here we have used the fact
that

Ue,e)éb = fectabp = —feutba = —tb§[e,q]-
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Let us note that as H is basic we have that (. H =0, L;H =0 and dH = 0.

Having in hand the closed three forms defined previously, we can now change
the differential in the Cartan model as well as in the Weil model. But as the
twisted equivariant cohomology is a Zo-graded theory, we first need to complete
the symmetric algebra S(g*) in both the Cartan and the Weil model. Then let us

denote W(g) = S(g*) ® A(g*).
Now, in the Cartan model define the twisted equivariant differential as

dgrt = dy — HA
and in the Weil model as
dg =d—HA.
As we have that (dg3)? =0 and (du)? = 0, we can define:

Definition 3.4. The (Cartan) twisted equivariant cohomology is the cohomology
of the complex of g-invariant forms of Q°*(M) ® S(g*) and the twisted differential
dg,’Hv i.e.

Hy(M,H) == H*((Q*(M) ® 5(8"))% dg,).

The (Weil) twisted equivariant cohomology is the cohomology of the basic forms
Qg (M) = (Q*(M) @ W(g))pas with the twisted differential dp, i.e.

H*(Qg(M),H) := H*(Q3(M); drr).

As the map j : Q*(M)® S(g*) — Q*(M)® ﬁ/\(g) induces a quasi-isomorphism of
complexes j : (2*(M) ® S(g*))® — Qg(M) and j(Hg) = H, then we can conclude
that j also induces a quasi-isomorphism of twisted complexes. So we have

Proposition 3.5. The Cartan and the Weil twisted equivariant cohomologies are
isomorphic,

j o H3(M,H) = H*(Qg(M), H).

In [HUD] the last two authors have shown that the twisted equivariant cohomol-
ogy possesses all the properties of a cohomology theory. Moreover, as the twisted
equivariant cohomology is a module over the symmetric algebra S(g*)? (the equi-
variant cohomology of a point) then the last two authors have shown that a gen-
eralization of the localization theorem of Atiyah-Bott |AB84] in the case of torus
actions holds for the twisted equivariant cohomology; namely, for F = M the fixed
point set of the action, and 7 : F — M the inclusion, one has that in a suitable
localization, for all classes = € Hg (M, H) the following formula holds

v=Y iZ(iy@) Aealvz) ™

where Z runs over the connected components of F', and eg(vz) is the equivariant
Euler class of vz the normal bundle of Z in M (see Theorem 7.2.5 in [HUD]).
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4. EXTENDED EQUIVARIANT COHOMOLOGY FOR COMPACT LIE GROUPS

In this section we will show that in the case of an extended action of a compact
Lie group, one can find an appropriate choice of splitting of the exact Courant
algebroid in such a way that the extended equivariant cohomology becomes the
twisted equivariant cohomology of the previous section.

Let us first show how the group of symmetries 4y change after performing a
B-field transform, thus changing the splitting of TM. For (A, ) € ¥y it is easy to
check that

(A a+AB—B)oeP (X +¢&) =eP((\a)o (X +9)),
and therefore the group of symmetries changes to
P Yy — Gy_up
(4.1) Na) — (Aa+N'B-B).
Let us denote H := H — dB.

Lemma 4.1 (Prop. 2.11 [BCGOT]). Consider the action of a compact Lie group G
on the extended Courant algebroid TM given by the map G — Gy, g — (Ag, ag).
Then there exists a 2-form B such that

ag+AB—B=0 forallgeG;
and therefore after changing the splitting with B (see equation[{.1)), the action of G
is only given by diffeomorphisms, i.e. G — %, g — (Ag,0). Moreover, the 3-form
H = H — dB is G invariant.
Proof. For g € G and B € Q%(M) let us define the 2-form

g-Bi= ;) (B - a).
This becomes an action of G on Q?(M) as we have that
(hg)- B = (M) (B —ang) = (A1) (A7) (B — Ajan — )
= O (B-ag) —an] =h-(g-B).

Now, taking a G-invariant metric du with total volume 1, we can define the 2-form

B := /G(h -0) du(h) = /G(A,;l)*ah du(h)
which clearly satisfies g - B = B for all g € G, and therefore we have that \}B =
B — ay.

The fact the H is invariant follows from the definition of %7; for (A, @) € %5
we have that \*H = H — da. But for all ¢ € G we have that @, = 0, then
)\;F =H. O

In the case that the compact Lie group G acts by extended symmetries

§:9—->T(TM) - Zy
a = (Xaaé-a) = (dga - LXQH)a
the change of splitting of lemma E1] defines a map 6 : g — I'(TM),
g(a) = Xa +Ea = Xa +§a + LXan

and as the action is only given by diffeomorphisms we have that the 2-forms dga —
tx, H are all equal to zero. Therefore we can conclude,
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Corollary 4.2. If the compact Lie group acts by extended symmetries and we
perform the B-field transform of lemma[{_1}, then for all a € g we have that

dga — LXQF =0
where the infinitesimal action is given by §(a) = Xq + &,
Lemma 4.3 (Thm. 2.13 [BCGOT]). Let the compact Lie group G act on TM by
extended symmetries. Then, after performing the B-field transform of lemma[{])],
the 3-form L B
H =T+ Q°F, € (M) @ S(")

becomes G-invariant and dg-closed. Hence, it defines an equivariant De Rham class
[H] € HE(M).
Proof. Let us first check that H is G-invariant, so for a,b, c... a base of g we have
that

LyH LyH + (LyQ°)E, + Q% (Lo€,,)
= LoH + (f398, +Q"(Epa)
= Ebﬁ + ch[c,b] + Qag[b,a]

0

where we have used that £,€, = E[b,a]. This last equality follows from the fact that
the map g — I'(TM) is an algebra map, and so we have

g[a,b]

Lx,& — Lx, &0 — %d(anZb —1x,&q) +ixyix, H
Lx,& —dux,&, — tx,d, + dux, &, + 1x,dE,
= Lx,&.
Now let us calculate dgH:
deH = dH + Q*(d€, — 1. H) + Q°Q° (€, + tay)
and as H is closed, dga — 1, H = 0 becasue of lemma and
€+ taby = (Xa + &, Xy + &) =0

as the action is isotropic (see definition 2.2)), then dgH = 0. O

Knowing that the 3-form 7 is invariant and closed, we can conclude this section
with the following result

Theorem 4.4. Let the compact Lie group G act on TM by extended symmetries.
Then the extended equivariant cohomology Hg (TM, ) is isomorphic to the twisted
equivariant cohomology H& (M, H) where H is the equivariant closed S-form of

lemmal{.3

Proof. Let us perform the B-field transform of lemma [Tl Then we have a quasi-
isomorphism of extended complexes Cg(TM,d) — Cg(TM, ) that induces an iso-
morphism of cohomologies

Hgy(TM,d) = Hy(TM,9).
Now for p € Q*(M), we have that
ﬁg(a)p = Lap + (dza - Laﬁ) Np=Lap,
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and therefore the extended complex becomes
C;(']I‘M,S) ={peQ*(M)®S(g") | Lop=0 for all a € g}

with derivative d’3 5 :=dg+ Q“Lg(a) which can be expanded and transformed into

dy5 = d—HN+Q%, + Qbg, A
= d+Q%, - (H-9%)A
= dg—HA
= d 7.

Thus the extended complex C3(TM, ) is the same as the twisted complex
C&(M,H) = (2°(M) ® 5(g7)%; dy 7).

Therefore the cohomologies Hg (TM, ) and H& (M, H) are the same. The theorem
follows. 0

Let us finish this section with an example.

Example 4.5. Let G = S! and M = S* where G acts trivially on M, but with
extended action given by the map

§:R—T(TSY), 6(1)=db

where df € Q'(S"). The extended equivariant cohomology Hg(TM, §) becomes the
cohomology of the complex

Q°(SY) @ R[[Q]] with differential dg s = d — dOQA

which is the twisted equivariant cohomology Hg, (M, d6S2).

One can check easily that the closed forms are the odd forms. Now let us see
which odd forms are exact. Consider the odd form f;d0Q? and the even form g;.
The equation dg 5(g;97) = fidfSY is equivalent to the equations dgy = fodf and
dg; — gi—1d0 = f;df for i > 0. If [ g1 fod# = 0 these equations are solved inductively
starting from 0 and making sure that one chooses the g; such that their integral
satisfies [, (gi + fiy1)df = 0.

Then the twisted equivariant cohomology is

HL(M,d0Q) =R and H:(M,do) = 0.

With this particular example one can show what happens in the case that the
twisted cohomology is defined without completing the symmetric algebra. The
calculations will be done in the Appendix, section [71

5. TwWISTED CHERN-WEIL HOMOMORPHISM

In this section we will extend the Chern-Weil homomorphism for the twisted
case. Then let us start by recalling the basics of Chern-Weil theory. From now on
the Lie group G will be compact and therefore all equivariant cohomologies will
have the subscript G.

Let P be a principal G bundle together with its connection and curvature

0e (@ (P)eg’ Qe(@(P)eg)c,
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satisfying the identities
1
ix0=X, 1xQ=0,(Xeg) Q=di+ 5[9,9] and dQ2 = [Q,0].
The connection and curvature determine maps
g- = QY(P), g - Q*(P)

that induce a homomorphism of graded algebras

W(g) — Q°(P)
which is the unique homomorphism carrying the universal connection and curvature
to the connection and curvature of P. This homomorphism is called the Weil
homomorphism.

If M is a manifold with a G-action, then the Weil homomorphism for the G-
principal bundle M x P — M x¢g P (where G-acts diagonally) combined with the
lifting of forms from M to P x M determine a homomorphism

w: (M) W(g) — Q" (M x P)
wich induces a map of basics subalgebras

w: QM) — Q" (M X P)pgs = Q (M xg P)
which is a homomorphism of differential graded algebras. This map is known as
the Chern-Weil homomorphism determined by the connection in M x P.
The induced homomorphism in cohomologies

w: H (Q5(M)) - H* (M xg P)
is independent of the connection in P. Following |[GS99, Th. 2.5.1, Pr. 2.5.5], we
can choose finite dimensional manifolds EGy with free G actions, and equivariant
inclusions FGy — EGg41 in such a way that EG = lim_, EG becomes a model
for the universal G principal bundle with FG contractible. Then we have that
O*(EG) = lim Q*(EG}) and that this complex is acyclic. Moreover, the Chern-
Weil map for each k

wy, - QE(M) — Q*(M xa EGy)
induces a map

(5.1) W: Q5(M) — QO (M xg EG) =limQ* (M x¢ EGy)

which becomes a quasi-isomorphism of complexes and therefore an isomorphism of
cohomologies
H*(Q&(M)) =2 H*(M x¢ EG).
Let us show that this result can be generalized to the twisted case.

Theorem 5.1. Let H be a closed equivariant 3-form in Q,(M) and consider Hy, :=
wr(H) and H = lim. Hy,. Then the twisted Chern-Weil homomorphisms

o1 (QG(M), du) — (Q°(M xg EGy), du,)
induce a homomorphism
0 (M), dr) — (Q°(M x EG), dyy) :=lm(Q (M x EGr).dy,)
which induces an isomorphism in twisted cohomologies

¢ H* Q% (M), H) = H*(M xg BG, H) := H*(Q*(M x¢ BEG), dp).
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Proof. Even though the complexes (AZ& (M) and Q*(M x¢ EG) are Zs graded, we
could use the Z-grading of their untwisted versions to define the filtration F? (AZ& (M)
and FPQ*(M x¢g EG) of all forms of degree greater or equal than p. The map ¢
becomes a homomorphism of filtered complexes and therefore it gives rise to a map
of spectral sequences with p-th term ¢, : ;" — E;’*.

The first terms of these spectral sequences are

B = (Q5(M),d) and B, = (@ (M xq EG),d)

and ¢ is simply the Chern-Weil map w of (&l). By the equivariant de Rham
theorem the second terms become isomorphic

¢t ES* = H*(Q5(M)) S Ey" = H (M x¢ EG),

then by Theorem 3.9 of [McCO01] if the filtrations are exhaustive and complete we
would have that ¢ induce an isomorphism of twisted cohomologies

¢ : H*(Q%(M),H) = H*(M x¢ EG, H).

Let us finish the proof by showing that both filtrations are complete. The filtra-
tions are exhaustive because the filtrations were defined by the degree.

The twisted cohomology H* (ﬁé (M), H) is complete because the twisted complex
is complete; this follows from the following equalities

QM)W (g) = lim QM) @ (g)/ F"S(g") = lim Q(M)@W (g)/(F*AM)@W (g)).

For the twisted cohomology H®*(M x ¢ EG, H) we will also show its completeness
by showing it at the level of the twisted complex. For this we just need to show
that the induced map

(N 1inle°(Mk) — limlirilST(Mk)/FpQ'(Mk)
— —pP —
is an isomorphism, where we have denoted My = M Xqg EG} to simplify the
notation. As the filtration is exhaustive, then the map 1 is injective. Now let us
show that is surjective.

Any element

[e RS Hmlirilﬂ.(Mk)/FpQ.(Mk)
—p —

consists of a sequence a = {ap}, where o, € lim. ,Q*(My)/FPQ*(My) and
Qpt1 +— ap. Each «, consists also of a sequence o, = {api}r where oy €
Q°(My)/FPQ°*(My) and ap g1 — ap . Therefore we have that the o’s satisfy

Qp41,k+1 — Opt1k

b

Op k+1 —— Op k-

Note that if d(k) is the dimension of My = M xg EG}), then for p > d(k) we
have that
Q° (M) /FPQ® (M) = Q° (M),
and therefore for all p > d(k), apx = Qagr)+1,x-
So, define By := ag(x)+1,, and consider the element

B = {Bk}r € im Q° (My).
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We claim that ¢(5) = «. For this let us see that for p fixed 5 +— «,, and this easy
to check because for d(k) < p then oy = ag@)+1,6 = Bk, and for d(k) > p then
Bk = Qd@k)+1,k > Up k-
Then as the map 1 is an isomorphism the complex Q*(M x g EG) is complete
and therefore the twisted cohomology H®*(M x¢ EG, H) is complete.
(I

We have the following useful corollaries:

Corollary 5.2. If the equivariant cohomology class of twisting form H is zero, then
=0 i=0

where HE (M) is the equivariant cohomology of M.
Proof. Because H is cohomologous to zero we have that
H(Q,(M), H) = H*(Q,(M),0)
and by the Chern-Weill homomorphism we have that
H*(Q(M),0) = lim H*(M x g EG},0)

as the cohomology commutes with the inverse limit.

The spaces M X EG) are finite dimensional manifolds, then their twisted co-
homologies twisted by zero are isomorphic to their cohomologies but Zs graded,
ie.

H°(M x¢q EGy,0) = @H%(M xa EGy)
1=0

HY(M xg EGy,0) = EBH%“(M xa EGY).
i=0
Taking the inverse limit we have then
H°(M xg EG,0) = [[ H*(M x¢ EG)
i=0
H'(M xg EG,0) = [[ H*™ (M x¢ EG);
i=0
the result now follows from the Chern-Weil homomorphism for the untwisted case.
O

Corollary 5.3. If G acts freely on M, then the twisted equivariant cohomology is
isomorphic to the twisted cohomology of M/G.

Proof. This follows from the fact that twisted cohomology is a cohomology theory
(see |AS06]) and the fact that M x¢ EG and M/G are homotopically equivalent.
Therefore the twisted cohomology of M x& EG is isomorphic to the twisted co-
homology of M/G. Note that in this case the twisted equivariant cohomology is
finitely generated. This is because M /G is a manifold and its twisted cohomology
is finitely generated. O

Corollary 5.4. The twisted equivariant cohomology satisfies all the axioms of a
cohomology theory.
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Proof. Because of the Chern-Weil isomorphism, the twisted equivariant cohomology
is isomorphicm to the twisted cohomology of the space M x& EG. Because the
twisted cohomology satisfies all the axioms of cohomology, the result follows. [

Remark 5.5. Corollary £.4] together with Theorem (4] imply that extended equiv-
araint cohomology for compact Lie groups satisfy the properties of a cohomology
theory as are the Mayer-Vietoris long exact sequence, excision and the Thom iso-
morphism. This was also proved in [HUD] using equivariant methods.

Example 5.6. Let us calculate again the twisted equivariant cohomology of Ex-
ample using the twisted Chern-Weil homomorphism of Theorem Il Taking
S2k+1  CF1 as the set ES}, then we have that M x¢ EGy = S' x CP*. The
cohomology of S x CP* is

H*(S' x CP*) = A[df] ® R[] /(QFF1)

and the three form induced by the Chern-Weil map is d6f2.
As both manifolds S' and CP* are formal, the twisted cohomology could be
calculated from the cohomology of S' x CP* and the operator —dfQA, i.e.

H$: (S' x CP*;d0Q) = H® (H*(S* x CP*; —doQn)) .
Then we have that
H (S x CP*;d0Q) = R(d) @ R(QF).
Now, if we take the inverse limit of these cohomologies we get

lim H 3, (S x CP*; do) = lim R{df) & R(OF) = R(dh),

which implies that
H (S' x CP™;d0Q) = R(db)
thus agreeing with the calculations done in Example

6. HAMILTONIAN ACTIONS ON GENERALIZED COMPLEX MANIFOLDS

In this last section we will show how to induce a generalized complex structure
on M xg P whenever we have a Hamiltonian G action on the generalized complex
manifold M and P — @ is a G-principal bundle over a generalized complex manifold
Q.

Let us start by recalling the definitions and theorems of generalized complex
geometry that will be used in what follows (see [Cad, IGuad, [BCGO07, [Hua, ISX08,
LT06]).

Definition 6.1. A generalized complex manifold is a manifold M together with
one of the following equivalent structures:

e An endomorphism J : TM — TM such that J?> = —1, orthonormal with
respect to the inner product (,) and such that the y/—I-eigenbundle L <
TM ® C is involutive with respect to the H-twisted Courant bracket i.e.
[L,L)lg C L.

e A maximal isotropic subbundle L < TM ®C which is involutive with respect
to the H-twisted Courant bracket and such that L N L = {0}.



CHERN-WEIL HOMOMORPHISM IN TWISTED EQUIVARIANT COHOMOLOGY 17

e A line bundle U in A*T*M ® C generated locally by a form of the form
p= eBHV=1wQ) such that Q is a decomposable complex form, B and w are
real 2-forms and QAQAwW™™* £ 0 at the points where deg(Q2) = k; together
with a section ¥ = X 4+ ¢ € I'(TM ® C) such that

dgp=1txp=1txp+ENp.

The equivalence of these three definitions can be found in Gualtieri’s thesis |[Gual].
Let us only note that the elements of TM ® C that annihilate the form p of the
third definition define the subbundle L. The line bundle U is called the canonical
line bundle of the generalized complex structure.

Definition 6.2. We say that a Lie group G acts on the generalized complex mani-
fold (M, J) if the group G acts by extended symmetries on TM and if the generalized
complex structure J is preserved by the action.

The action is Hamiltonian if there is an equivariant moment map p : M — g*
such that J(du,) = X, + &, for all a € g and pe(m) := p(m)(a).

The condition on the moment map could be rephrased as

tx,p=1tx,p+ & Np=—V—1ldus N\p

whenever p is a local section of the canonical line bundle.
Let us now state the main theorem of this section.

Theorem 6.3. Let G be a compact Lie group, P — @Q a G-principal bundle such
that the base @Q is compact and is endowed with a generalized complex structure,
and a Hamiltonian action of G on the generalized complex manifold M . Then the
manifold M Xq P admits a generalized complex structure.

Proof. Let us start by choosing the splitting of Lemma 3] for the manifold M thus
defining a G-invariant twisting form H; € Q3(M) and a moment map o : M — g*
with J(do,) = X, + &, Let Hy € Q3(Q) be the twisting form of Q.

Following Weinstein’s construction in [Wei78&] (cp. [MS98, Thm. 6.10]), if we
consider the cotangent vertical bundle of P

TP := P xc T*G,

then every connection 1-form A of P induces an equivariant map ¢? : T**P — T*P
such that the two form wa = (¢*)*wWean € Q?(T*VP) is G invariant and restricts to
the canonical symplectic form of the fibers of the bundle p : T*P — @ (the fibers
are isomorphic to 7*G). Moreover, as the map pp : T*P — g*, pp(p,v*) = —Lyv*
is Hamiltonian in the usual sense, with Lj : T7P — g* the dual of the linear map
L,:9—T,P, L,§ =p-& then the composition
M:MPO(bA:T*’UP*)g*

is a moment map for the G action on the fibers of T*"P.

If p is the local form defining the generalized complex structure in @, it was

shown in the proof of Theorem 2.2 of [Cay| that as @ is compact there exists an
€ > 0 such that the local form

5= eVTIewa p p*y

defines a generalized complex structure on T*" P with twisting form p* Hs.
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The action of G on T*P is also Hamiltonian with respect to the generalized
complex structure defined by p and with moment map u€ : T*P — g*, uf(-) =
eu(+); let us see this. Let g — T(T**P), a+— Y,, be the infinitesimal action; for
the action to be Hamiltonian we need the following equation to be satisfied

Ly, p = —V=1ldpg NP,
which follows from the following set of equalities

W = (eI ApTp)
= —Vle(ty,wa) Ae VIwa A p*p
= —V-le(dua) AP
= —V-ldu{ Ap.

Notice that the equation ty,wa = dpu, is the restriction to T*" P of the equation

Ld)f Y,Wcan = d(,UP)a

which follows from the fact that up is a moment map.

We now have that the action of G is Hamiltonian in both generalized complex
manifolds 7" P and M. Then we can consider the product M x T P together the
generalized complex structure induced by M and T*YP and whose twisting form is
H, + p*H,. The diagonal action of G on M x T*"P is also Hamiltonian (see [Hua,
Prop. 3.9]) and its moment map is 7 = c@®u. Because 0 is a regular value of up, and
therefore of i, then 0 is a regular value of w. The group G acts freely on TP and
therefore it acts freely on z~1(0). By the reduction theorem for Hamiltonian actions
on generalized complex manifolds (see [BCGO07, [LT06, [Hua, [SX0&]) we have that
the manifold 777'(0)/G possesses a generalized complex structure. The manifold
77 1(0) can be easily identified with M x P and therefore the quotient M xg P
becomes a generalized complex manifold.

The twisting form for the generalized complex structure on M x g P (following
[Hua, Cor. 4.7]) is the basic 3-form

1
Hy +p*Hy + d(0°¢,) — 5d(abewcgb) € V(M X P)pas

where 0%,6° ... are the connection 1-forms for the principal G-bundle M x P —
M xg P. O

Remark 6.4. Let us finish by noting that in the case that the manifolds BG are
symplectic (for example when G = U(n) and the BGy’s are the complex grassmani-
ans) then the manifolds M x ¢ EG) would acquire a generalized complex structure
with twisting form

Hy+d(0°6) — 5d(0°0°0).

This three form is the same one we used in Theorem [5.1] to construct the twisted
Chern-Weil homomorphism.
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7. APPENDIX

Let us consider the extended action of the circle S' on the manifold S* as in
example [0 and let us calculate the cohomology of the uncompleted complex
Q°(SY) ® R[Q] with differential dgs =d— dOQQA .

The complex is therefore given by even forms Y . f;Q' where f; € C>(S),
and by odd forms > 7" g;d0 with g;df € Q'(S'). Tt follows that the closed
forms are all the odd forms.

Now let us find the cohomology of the complex; for this we need to understand
which odd forms are cohomologous. If we consider the equality

(7.1) dgs(f;0) = %d@&)j — fidenit!

we can see that the following odd forms are all cohomologous:

Zgidmi ~  godd + g1dOQ + -+ - + gp_2dOQ T + <% + gnl) doQn1
1=0

~  godl + g0+ - - + g,,_3dOQ3 + Pgn L %9, 4o 2
= 9o g1 In—3 962 20 In—2
9" gn an_lgn—l dg1 0
(aen g T g a0 ) df

So we can focus only on the odd forms that have only nonzero component in the
coefficient of Q0. Let us see which odd forms in Q!(S!) = C*°(S!) @g R[df] are
exact. We have that

dgs | > fu? | = gdb
j=0

for f; and g in C*°(S"). This equation implies the following set of equalities:

dfp = gdb
dfi = fodf
dfm = fm-1d0
0 = fndd
and if we check these equations starting from bottom to top, we see that 0 = f,, =
fm—1 = -+ = fo and therefore none of the forms of the type gdf are exact. Then

we can conclude that the cohomology of the uncompleted complex is equal to
HO(Q*(S") @ R[Q; dg,6) =0 H'Y(Q*(S") @ R[Q; dg6) = Q'(Sh).

Let us see what is the H*(BS!) = R[] module structure. We just need to check
what happens with the forms whose only non zero coefficient is the one of Q°. Then
Q- (gdf) = gdb, and from equation (I we have that Q- gdf ~ %d@. Then, the
R[] module structure on H!(Q°(S') ® R[Q];dq,s) = C>(S!) @ R(d0) is given by
the operator % 1 C%°(SY) — C°(8Y),

HY(Q*(SY) @ R[Qsdg,s) — H'(Q(S") @ R[Q;dg.6)

B

c(SY 2L o(sY).
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It is easy to see now that the torsion submodule of C*°(S') as a R[Q2]-module
is infinitely generated (the functions sin(kf) belong to the torsion submodule).
Therefore the cohomology H®(2°*(S!) ® R[Q]; dg,s) is infinitely generated as a R[Q]-
module and this prevents this cohomology to have a topological meaning.

Also note that the completed algebra Q°(S*)®R[[Q2]] is isomorphic to the algebra
Q*(8") ® R[] ®gie RIQ].

Then one may think that one can calculate the twisted equivariant cohomology by
tensoring with ®g[o)R[[Q?] the cohomology of the uncompleted differential complex.
This turns out to be false in general as one can check from the previous example: the
twisted equivariant cohomology is Hg, (S, dfQ2) = R meanwhile the cohomology of
the uncompleted differential complex tensored with ®proR[[] is

H*(Q*(S") ® R[Q); dg 6)@riRI[Q] = Q' (") Orio R[]
which is an infinitely generated R[[Q2]]-module.
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