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1 Introduction

The main object of integrability theory is the Lax equation
L, =L, Al (1.1)

Here A and L are operators depending on functions uy, ..., u,, and ([I.1]) is equivalent to a system
of nonlinear differential equations for u;. For the KP-hierarchy and its different reductions A
is a linear differential operator A = 3" r;0¢, whose coefficients r; are differential polynomials in
Uy, ..., Uy. The L-operator could be a differential operator or a more complicated object like a
ratio of two differential operators or a formal (non-commutative) Laurent series with respect
to O, 1.

The dispersionless analog of (ILT]) has the following form
Lt = {LvA}v (12)

where {L, A} = A,L, — A,L,. As usual, the commutator in (L)) is replaced by the Poisson
bracket and the non-commutative variable 9, by the commutative ”spectral” parameter p. The
transformation L(z,t,p) — p(x,t, L) reduces (L.2) to the following conservative form

Pt = A(p7u17"’7un)w7 (13>

where L plays the role of a parameter. The latter equation can be rewritten as

¢t :A(wmvulv"'vuTL)’ (14>

where p = ,.

Equations (L4) can be chosen as a basis, on which a theory of integrable 3-dimensional
dispersionless PDEs can be built. Most such equations can be written in the form

> ag) i + Y by, + Y () ug, =0, =11, (1.5)
j=1 j=1 j=1

where u = (uy, ..., u,). All known integrable systems (L)) admit the so-called pseudopotential
representation

Py, = A(¢t17 11)7 Py, = B(¢t17u)7 (1-6)

by means of a pair of equations ([L4)) whose the compatibility conditions ty,;, = i, are
equivalent to (LH)). The functions A, B are called pseudopotentials. Such a pseudopotential
representation is a dispersionless version of the zero curvature representation, which is a basic
notion in the integrability theory of solitonic equations (see [I]) .

One of the interesting and attractive features of the theory of integrable dispersionless equa-
tions is that the dependence of the pseudopotentials A(p,uq,...,u,) on p can be much more
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complicated then in the solitonic case. For instance, in |2} [3] some important examples of pseu-
dopotentials A were found related to the Whitham averaging procedure for integrable dispersion
PDEs and to the Frobenious manifolds. For these examples the p-dependence is determined
by an algebraic curve of arbitrary genus g. In the paper [4] a certain class of pseudopotentials
with movable singularities was described. Some of the pseudopotentials constructed in [4] are
written in terms of degenerate hypergeometric functions.

In the paper [5] a wide class of pseudopotentials A(p, uq, ..., u,) related to rational algebraic
curves was constructed. These pseudopotentials were written in the following parametric form:

A=Fi(§ug, ..., uy), p = Fy(& uq, ..., up),

where the ¢-dependence of the functions F; is defined by the ODE

Fie=¢i(& ur, ooy uy) - €€ —1)7%2(E —up) "% (€ — uy) 2 (1.7)

Here sy, ..., s,49 are arbitrary constants and ¢; are polynomials in £ of degree n. The dependence
of ¢; on uq,...,u, was described in terms of solutions of some overdetermined linear system of
PDEs with rational coefficients.

In this paper we generalize this result and construct new classes of pseudopotentials
A k(p,uy, ..., u,) whose p-dependence is given by (7)), where ¢;(£) are polynomials in & of
degree n —k, k=0,...,n — 1. We call the corresponding functions A, ; pseudopotentials of de-
fect k. The pseudopotentials of defect 0 are just pseudopotentials from [5] written in a different
form.

We describe the pseudopotentials of defect k in terms of linearly independent solutions of
the following system of linear PDEs with rational coefficients

82}1, Si oh Sj oh
- 0 I ii=1,n, i 1.8
Ou;Ou;  u; —u; Ou, * u; —u; Oy B " 7 (1.8)
and »
0’h S ; i “u;(u;—1) Oh
:—<1—|— Sj) i h + i u](u] ) . +
J=1 JFi
(1.9)
u S; Si + Sp Si + Sn Oh
( u~—]u-jL U; =+ u~—1+2)8u-
i 7 J 7 7 %
for one unknown function h(us,...,u,). If n = 1, then we have no equations (L8) and the
single equation (LI) coincides with the standard hypergeometric equation,
wlu— 1) h(w)" + [(a+ B+ 1) u—7]h(u) + aB h(u) =0,
where s1 = —a, s = a — 7, s3 =7 — [ — 1. Notice, that hypergeometric functions already

appeared in connection with dispersionless PDEs (see, for example [6, 14, [7]). For arbitrary
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n the system (L), (L9) can be solved in terms of generalized hypergeometric functions (see
[8,]).

Note that the pseudopotential A, j is written in terms of £+ 2 linearly independent solutions
of the system (L), (L9) and therefore the group G Ly 12 acts on the set of such pseudopotentials.
If £ = 0, then this is just the usual action of GL, on the space of independent variables x, t in
the equation (I.4]). In the case k > 0 the action of larger group G Ly is still to be explained.
For a particular class of 3-dimensional equations the existence of such a group of symmetries
was pointed out in [I0] (see also [11]). It is known [12, 0] that knowledge of the symmetry
group G L,, allows us to linearize systems of ODEs and PDEs.

The paper is organized as follows.

In Section 2 we describe some properties of system (L.8)), (L9) and its solutions needed for
our purposes. Most of these properties are well known to experts.

In Section 3 we rewrite formulas of the paper [5] in terms of generalized hypergeometric
functions. In our paper the pseudopotentials constructed in [5] are called pseudopotentials of
defect 0. A couple of such pseudopotentials defines a system of the form ([.5]) with [ = n. These
systems are rewritten in terms of generalized hypergeometric functions in Section 3. We also
prove that each of these systems admits n + 1 conservation laws of hydrodynamic type.

In Section 4, for any n and k > 0 we construct pseudopotentials of defect k. A couple of
such pseudopotentials defines a system of the form (LE) with [ = n+ k. These systems are also
constructed in Section 4. The particular cases n = 3, k =1 and n = 5, k = 3 yield integrable
equations of the form

> Pz, 2 2) 2e, =0, i, =1,2,3, (1.10)
,J
and
Q(ztl,tp Rly,tay Ft1,tsy Flatay Fta,ts) Zt37t3) = 0. (1'11)

A classification of all integrable equations (L.10) and (I.1I]) was presented in [11] and in [13],
correspondingly. Our integrable equations give generic solutions of these classification problems.

In Sections 5 we construct and study a certain class of integrable (1+41)-dimensional hydro-
dynamic type systems of the form

ri=ol(rt, LN i=1,2,..,N. (1.12)
These systems are defined by an universal overdetermined compatible system of PDEs of the
Gibbons-Tsarev type [14, [15] for some functions w(r!, ...,r™), &(rt, . r™N), o, En(rt, . 7).
This system has the following form
(& —1 268 — & — & . S,
0:&; = M&-w, Oijw = %—H@wﬁjw, ,j=1,...,N, 1#]. (1.13)

& —§& (& — &)
The only velocities v(r!, ...,7V) in (II2) depend on n, k. They are described by k + 2 linearly
independent solutions of the linear system (L8], (I9) (see Section 5, Theorem 3). One has
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to substitute functions u; = ui(rt, ..., 7)), ..., up, = u,(rt, ..., rN) for the arguments of these

solutions. The functions wu; are also universal. They are defined by the following system of
PDEs

)

Uy (Uj - 1)8111]

§i — uy ’
It is easy to verify that the system (LI3), (II4]) is consistent. Therefore our (1+1)-dimensional
systems (LI2) admit a local parametrization by 2N functions of one variable.

Byu; = i=1,.,N, j=1,..n (1.14)

For some very special values of parameters s; in (L), (L3) our systems (LI2)) are related
to the Whitham hierarchies [2], to the Frobenious manifolds [3 [16], and to the associativity
equation [3] [16].

In Section 6 we recall the definition of hydrodynamic reductions. According to [17], the
existence of sufficiently many hydrodynamic reductions can be chosen as a definition of the
integrability of the systems (LLH]). We also recall the definition of integrable pseudopotentials
(see [7]). We introduce the notion of compatible pseudopotentials and notice that each pair of
them gives a system (LE) that admits both a pseudopotential representation and sufficiently
many hydrodynamic reductions. We show that the (141)-dimensional hydrodynamic type
systems found in Section 5 are hydrodynamic reductions of our pseudopotentials A, ;. This
implies that these pseudopotentials and the corresponding 3-dimensional systems are integrable
in the sense of the definitions mentioned above (see Theorem 4).

2 Generalized hypergeometric functions

The following statements can be verified straightforwardly.

Proposition 1. The system of linear equations (L), (I.9) is compatible for any constants
$1,. ., 8nt2. The dimension of the linear space H of solutions of the system (L), (L9) is equal
ton+1. 1

We call elements of ‘H generalized hypergeometric functions.

Proposition 2. The system (L), (L) is equivalent to the following system

) 9. ) ) ,
QZ(Ula—ul”unﬁ—un)ul h—R(UIﬁ—m’7una—%)h7 1= 1,,n (215)
where
Qi(lﬁ, ey ]{Zn) = (1{31 + ...+ ]{Zn — 81 — ... — Sn+1)(ki + 1),
Pi(kla ceey kn) = (k‘l + ...+ kn —-1- S1 — ... — sn+2)(ki - S,’).
|

Recall that a system of the form (2.I5) is called a hypergeometric system [9]. It can be
solved in terms of the so-called Horn series [9].



Example 1. The system (2.15) and hence (L8]), (I.9) has a unique solution holomorphic
at the point 0 = (0,...,0) such that h(0) = 1. The derivatives of this solution at 0 is given by

ket oothn—1 . n k-1
o 1—74+spuo+r J
s aamal ) | (L)
szo (=7 +7) j=1 i=0
where
n+1
T = Z S;.
i=1
Let us denote the solution described in this example by F(sy,...,Su12, U1,...,Uu,). For
brevity, we also will use the notation F'(sq,..., S,12).
Proposition 3. The function F(sq,..., s,12) admits the following integral representation

1
F(s1,. ., 8pa, Uty ..., Upy) = C'/ 2T (] )2 (] — tay)*t - - - (1 — tuy, ) dt,
0

where
['(=r)

(14 sp2)0(—1 =7 — 8p10)

C:

It is well-known that for the standard hypergeometric equation there exist the Laplace
transformations shifting the parameters by 1. Analogies of such transformations for the system

(L), (LO) are given by

Proposition 4. The following identities hold:

oF ey Siye e Sp i(L+7r+s, :
(517 a,s S +2) _ 8( r S +2) F(Sl,...,Si— 1"”8”_’_2)’ i S n,
U; r

Spe1(l4+17+ s,
L1 (F(Sl, ceey Spat, Sn+2)> = +1( , +2) F(Sl, ey Spa1 — 1, Sn+2),

L2 (F(Sl, vy Sngl, Sn+2>) = (1 +7r—+ 8n+2> F(Sl, vy Sngl, Sna2 — 1),

where

j=1 J

0 a 0
Ll = Z(l — U])% + (1 +7r+ Sn+2)> L2 = _;u]a—u] + (1 +r+ s"+2)’

and
Mi<F(sl,...,s,~,...sn+2)> =147r)F(s1,...,8+1,...849), i <n,

Mn+1 (F(Sl, - ey Spat, 8n+2>) = (1 + 7") F(Sl, ceey Spal + 1, 8n+2>,
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My, 1o (F(51> <oy S, $n+2)> = —(1 + $n+2) F(Sl, ooy Sntls Spt2 T 1),

where

n 9 n
M; = Zuj(Uj — 1)— — ZSjUj — (2 +r+ 3n+2>ui + (1 +T>7 1 <n,

= Ou, ‘=
n 8 n
My = uju; — 1)% = sju (1),
j=1 7 =1

Furthermore, let Hy, . be the space of solutions of the system (Lg)), (.9). We have

<3Sn+42

0

au‘HSL---ySnﬁ% C Hslv---vsi_ly---75n+2’ LlHSlv---73n+2 - HS17---78n+1—178n+2>
1

L2H517---75n+2 C H517---7Sn+2_1’ MiH817---78n+2 C H817---78i+1,---78n+2'
[ |

Proposition 5. Let H = H,, ., and H = Her,.oon,0,8ms1,8m40- LheD H is spanned by H
and the function

Un+1
Z(Upy eeey Upyy Upy1) = / (t—up)® e (t— up)*t* i (t — 1)°"+2dt. (2.16)
0

Moreover, the space Hs, 5.0, 0.5mi1.5m2 (M zeros) is spanned by H and Z(us, ..., Un, Unt1),
Z(Upy ooy Upyy U2y ooy Z (U ey Uy Uy y) -

3 Pseudopotentials of defect 0

Most results of this Section was obtained in a different form in the paper [5].

For any generalized hypergeometric function g € 'H we put

Su(9:6) = Y wius = (€ —w)ein(€ —wn) gui + (14 Y s)(E—w)e(€ —up) g (3.17)

1<i<n 1<i<n+42

dg . . : : :
Here g,, = R It is clear that S,(g,&) is a polynomial of degree n in &.

Uj

Example 2. In the simplest case n = 1 we have

S1(9,€) = u(u —1)gy + (1 + 81+ 82+ 53)(§ —u)g



where u = u;.
We need the following property of the polynomial S,,(g,&):

Lemma 1. For any 1 < m < n the following identity is valid

U (U, — 1) (U, — U1 )00 (U, — Uy, AT )s—um _

g(g - 1)(§ — ul)ﬁ’l(g — u”)<£ j1u1 + .+ zm_‘;i NI 5 jnun I Sng_l n gnj_zl)
|

Define P,(g,&) by the formula

3
Pu(g,¢) = /0 Sn(g, €)(€ — un) ™€ = wp) T TIETI T (E — 1) e g (3.18)

if Res,y1 < —1 and as the analytic continuation of this expression otherwise.

Proposition 6. The expression

B (g ) 3.19
Sn(g> um) ( )
does not depend on g. More precisely,
5 PTL gug U,
U (U, — 1) (U, — Up) o100 (U, — Un)% — 0

(6 = )€ = ) (€ — ) (€ — 1)
Proof. The derivative of (3:19]) with respect to £ is equal to

S (g é‘) + (sm+1)Sn(g,§)
n ’ Um E—um —s1—1 —sn—l¢—spp1—1 —Sp42—1
—u (€& —u, —1 .
Lemma 1 implies that this derivative does not depend on g. Since the value of (319) at { =0
is equal to zero, expression (B3.19) itself does not depend of g. Identity ([B20) also follows from
Lemma 1. W

Let g1, go be linearly independent elements of H. A pseudopotential A, (p, u1, ..., u,) defined
in a parametric form by

is called pseudopotential of defect 0.

Relations (B.2I]) mean that to find A, (p,uy, ..., u,), we have to express £ from the second
equation and substitute the result into the first equation.



Let go, g1, ..., gn € H be a basis in H. Define pseudopotentials B, (p, u1, ..., u,) of defect 0,

where a = 1, ..., n, by

Ba:Pn(gOZ’é-)’ p:PTL(g()’é-)’ aZl”"?”'

Suppose that uq, ..., u, are functions of to = x, ti,...,%,.

Theorem 1. The compatibility conditions 1,:, = 944, for the system

Uy, = Ba(Ur, ug, ..., Uy), a=1,..,n. (3.22)
are equivalent to the following system of PDEs for uq, ..., u,:
wi(uy — Dy, — ui(w; — 1),
Z (gq,Ujgr,ui - gr,uqu,ui> A e — J +o- (gqgr,uj - grgq,uj>uj,ts+
1<i<n,i#j J v
u(u — 1)ui,t — UZ(UZ — 1)U'7t
> (G Gsa — Gsy Gran) = — L 40+ (9rGs u; — GsGru Wit T (3.23)
1<i<n,i#j Uj = Ui
wi(u; — Dy, — wi(u; — D)y,
Z (gs,uqu,ui - gq,Ujgs,ui> i U — W J +0- (gsgq,uj - gqgs,uj)uj,tr = 0,
1<i<n,ij J v
where j =1,...n, c =14+ 81+ ... + S,42. Here ¢,r, s run from 0 to n and ¢, = x.
Proof. If B, are given in a parametric form
Ba:fa(é-vulv"’7un)7 p:f(](gaula"'vun)a
then the compatibility conditions for ([B.22]) is equivalent to
S (e = Freluw s + Urelons = Frelra sty + o uns = Fuelsauis, ) = 0. (3.24)
i=1

Taking into account (B.18)), (3.20), we get
fq,thui - fm&fq,ui =

(Sn(gq, §)Pn(gr, 5)% _ Sn(gr, é)Pn(gq, 5)1“) (5 _ U1)_81_1 . (5 _ un)—sn—lg—snﬂ—l(g 1)—sn+2—1
Sn(gqa g)Sn(gra uz) - Sn(gr> g)Sn(gqa uz) . T _ Sn(gq> g)gr,ui - Sn(gr> g)gq,ui . T

(& —wi) - ui(wg — 1)(u; — ul)i(uZ — Up) £ — u;

Here
_251—1.“(5 _ un)_28"_1§_28"“_1(§ _ 1)—2sn+2—1
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does not depend on ¢. Using the above formula for f,¢f,u, — frefqu, and similar formulas for
frgfoui = Fsgfrus Jseloui = fogfou We can rewrite (3.24) as follows:
Sn(9g> ) Grau = Snl9r €)9g,us Sn(9r, €)gsus — Snlgs: §)gru,
Z Ujp, + Ui
£ —u 7 §—u e

+

1<i<n

Sn(9ss €)9aus — Sn(Gqs §)Gs,ui ) _
Uit | = 0.
§—uy 7
It follows from (B.I7) that the left hand side is a polynomial of degree n — 1 in £. To conclude
the proof, it remains to evaluate this polynomial at & = uq, ..., u,,. B

Remark 1. Given ¢, ty, t3, Theorem 1 yields a 3-dimensional system of the form (5] with
[ = n equations possessing pseudopotential representation.

Remark 2. A system of PDEs for uy, ..., u,, which is equivalent to compatibility conditions
for equations of the form (B8.24)), was called in [2] a Whitham hierarchy. In the paper [2] .M.
Krichever constructed some Whitham hierarchies related to algebraic curves of arbitrary genus
g. The hierarchy corresponding to ¢ = 0 is equivalent to one described by Theorem 1 if
S1 = ...= Sp12 = 0. In this case the vector space H is spanned by 1, uy, us, ..., u,.

Proposition 7. The system (3.23)) possesses n + 1 hydrodynamic type conservation laws.

Proof. Let H = H_961,...,—260,~28n11—1,~2s,+2—1 b€ the space of generalized hypergeometric
functions defined by (L), (L9) with §; = —2s; for i = 1,....n and §; = —2s; — 1 for i =
n+1, n+2 Let Z € H be an arbitrary element in H. Denote by X, the left hand side of
B23). Define functions A;, B;, C; by

n

"1
Z(A,-umq + BiuLtT + C’iui,ts) = Z S_ZuJX]
j=1"7

i=1

One can check that (A;)y; = (Aj)u;s (Bi)u; = (Bj)ui, (Ci)u; = (C)u,. Therefore 4; = A,
B, = B,,, C; = C,, for some functions A, B, C and we have

Atq + Btr- ‘l— Cts — 0

Since dimH = n + 1, we obtain n + 1 conservation laws of the hydrodynamic type.

4 Pseudopotentials of defect & > 0

In this section we construct a new class of pseudopotentials. We call them pseudopotentials
of defect k. To define pseudopotentials of defect k, we fix k£ linearly independent generalized
hypergeometric functions h, ..., hy € H. For any g € H define 5, (g, &) by the formula

Solg, &) = % S it — ) = )i (€ — ki) Di(g): (4.25)

1<i<n—k+1
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Here

h h Gu; h’l,ui e hk,ui
A = det 17unik+2 k’unik+2 ) AZ (g) = det gun7k+2 h'lvunfk+2 h‘k)7un,k+2
P, o un G, Piw, o P,

It is clear that S, x(g,&) is a polynomial in £ of degree n — k. Notice that S, x(h1,§) = ... =
Snx(he, &) = 0. It is easy to see that linear transformations h; — ci1hy + ... + cixhg, g —
g+ dihy + ... + dihy, with constant coefficients ¢;;, d; do not change S, x(g, ).

Example 3. In the simplest case n = 2, kK = 1 we have

h ui — Gu h h v — Ou h
S21(:6) = w11 = DI ) T+ v = D)€ — ) R
1 1

Lemma 2. If 1 <m < n — k+ 2, then the following identity is valid:

Smk(g, g)um + M

(= U so12) e (11 — un)% S it — 1)(E = 1) ( = 1) Dot

1<i<n—k+1
1 . . -
A Z (U, — Up—ppg2) oo (U, — ) S0 (U — 1) (€ —u1) . g (§ — Up—pg1) DN j+
n—k+2<i<n,1<j<n—k+1
(S + Dt (i, — 1) (U, — Up—pr2) oo (U, — 1) (€ — up) oo (€ — Up_gi1) N
§— Um
(U, — Up—per2) e (U, — ) Z siug(u; — 1) H (€& —uj)+
1<i<n—k+1,i#m 1<j<n—k—+1,ji,m
(thon = U)o (U, = 1) (€ = 1)t (€ = tppgr) (Y (i w5 — 1) + 2y, — 1)+

1<i<n—k+1
U (U = 1)(§ = )10 (€ = Uppgn) D (U — Uppeg2)ondon (U — )55+
n—k+2<i<n
(U, — Up—ger2) o (U, — U ) (€ — ug) oot (§ — Un—por1) (U — 1)Spa1 + UmSna2)-

If n — k+2 < m, then

S (9)(E)uy, + g2t

E—um

Sn,k(gu um)

% 3 (g — )bt — ) 5105 (115 — 1)(E = 113 ) oo (€ = 1t pos1) g

Il e e



S (U — 1) (U — Up—pr2) - (U, — U ) (€ — up)...(€ — un_kﬂ).

§— Unp
Here
h17u1 hkﬂM
Z/, — det Lty g2 hy, Up— 42
e
hl Un hkyun

and ZZJJ is obtained from A by replacing the 10w (hyu;, ..., k) BY (Pruys-os Pry,). B
Define functions P, x(g, &) by
Pay(9,€) = (4.26)

13
/0 Sne(9: ) (E—ur) ™ T (E—Unopg1) T T (Emtnmpan) L (E—uy,) TR (E-1) O G

if Res,+1 < —1, and as the analytic continuation of this expression otherwise.

Proposition 8. The expression

Znk\F S)um 4.97
Sn,k(ga um) ( )
does not depend on g. Moreover, we have
— Pn,k(gv g)um
D i, (U, = 1)ty = t01)m 7 gt (g, — U)o = (4.28)

Sn,k(ga Upn,)

1<i<k+1

(€= )T € = ) T E U pg) U T (€ g TR (€ — 1) TR

(& = tmy)-- (€ = Uy,

Proof. The derivative of expression (4.27) with respect to ¢ is equal to

(Sm+1)sn,k(g7§)
Sn,k(ga g)um + T f—um (5 i ul)—sl_l .
Sn,k(gv Um)

(5 — Un_k+1)—3n—k+1—1(£ — Un—k.:,.g)_s”*k“...(f _ un)_s”g_s"“_l(g - 1)—sn+2—1

for 1 <m <n—k+ 2 and is equal to

SmSn,k(gvg)
Sn,k(gu g)um + T f—um (5 . ul)—sl—l ..
Sn,k(gv Um)

(5 — Un_k+1)—3n—k+1—1(£ — Un—k.:,.g)_s”*k”...(f _ un)_s”g_s"“_l(g - 1)—sn+2—1

otherwise. Lemma 2 implies that this derivative does not depend on g. Moreover, the value of
the expression (A.27) at & = 0 is equal to zero. Therefore the expression (A.27) itself does not
depend on g. The proof of (£.28)) is similar. B
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Let g1, g2 € H. Assume that gy, g2, h1, ..., hy are linearly independent. Define pseudopoten-
tial A, x(p, u1, ..., u,) in parametric form by

Ank = Puk(91,€),  p=Pur(g2,9). (4.29)
To construct A, x(p, u1, ..., u,), we find £ from the second equation and substitute into the first
one. The pseudopotential A, x(p, u1, ..., u,) is called pseudopotential of defect k.

Theorem 2. Let g, 91, .-, gn—k, N1, ..., by € H be a basis in H and B,, a =1,...,n — k are
defined by

Ba :Pn,k(gon€)> p:Pn,k(.gO>€)> o = 1)"'777'_]{:'

Then the compatibility conditions for (B:22]) are equivalent to the following system of PDEs for
Uy ey Up:

Uj('dj — 1)u,~7ts — u,(uz — 1)Uj,ts

Z (Aj(gq)Ai(gr) — Aj(gr)Ai(QQ))

1<i<n—k,i#j J !

= Dy, — wi(uy — gy,

S (B9800 — Ay(g) (g ) U b @)
1<i<n—k,i#j J )
wi(u; — Dugg, — ui(wg — 1wy,
S (A(000a)  Aja)Adgy) ) Ut e Z 0l = e
1<i<n—k,i#j J )

where j = 1,...,n — k and

n—k+1 n—k+1

Z Ai(gr)uig, = Z Ai(gs) Wit (4.31)
i=1 i=1

n—k+1 n—k+1
U (U, — D), — wi(w; — 1)Uy, U (U, — D)z, — wi(u; — D)y,
Z Ai(gr) " — = Z Ai(QS) Y — >
221 m (A Z:1 m (3

(4.32)
where m =n — k+2,....,n. Here ¢,r, s run from 0 to n and ¢, = x.

Proof. We have to explicitly calculate the coefficients in (3.24). Using (4.26]), (£27), we
find that

Fucra = Frefuns = (Sna(90: O Pua(9rs s = Su(9r: ) Pa(90r ) - T =

Pn q» Uj
(Smk(gq’ 5)571716(9% UZ) - S"vk(gr’ g)Sn’k(gq’ uz)> . % -

Similar formulas are valid for f,¢fsvu, — fsefruis fsefqus — foefsu,- Here

FA N T N T B (e e e (I Tt (S

14



Pn,k(gq> g)ul i

does not depend on i. Using ([A28)), we can express ,
Sn,k (Qm uz)

Pn7k(gq> €)u7rl

Sn,k(gtb um) ’
these into ([3.24]), we obtain

=1,...,n — k in terms of

=n—k+1,...,n, which are linearly independent as functions of £. Substituting

n—k

< n,k gqa nk(grauz>_Sn,k(grag)sn,k(gqau»u‘t_'_
N (€ = wi) - wi(ug = 1) (g — )t (g — Upg)

Sn,k(grv é-)Sn,k (gsa uz) - Sn,k(gsu g)Sn,k(gra uz)

Ui ¢,

Sn,k(gm g)Sn k(gqa uz) - Sn k(gq: g)Sn,k(gm uz) u; tr) - 0 (433)
(& —uy) - ui(u; — 1) (ug — uq)erte (U — Up—g)
§ < Sn,k(gmg)sn,k(gra uz) - Sn,k(gra g)Sn,k(gtpuz) Uy 4
— N (Ui — U) - u(ug — 1) (u; — U)ot (Uy — U b
Sn,k(gr>€)5n,k(gs>ui) - Sn,k(gsa g)Sn,k(grauz) Ui g +
(wi — ) - wi(w; — 1) (s — wg) oo (U — Upg) "
Sn,k(gsa g)Sn,k(gmuz) - Sn,k(gqa g)Sn,k(gsauz) Ui g >+
(; — ) - s (w — 1) (s — )t (U — Uy e
Sn,k(gq7€)5n,k(gra um) - S (gmg) nk(gqa um)u +
U (U, — 1) (U, — 1) e (U — Up—) mts
Sn,k(gra g)Sn,k(gsaum) - Sn k(gsag) nk(gra um)u o+
U (U, — 1) (U, — U)o (U, — U i) ot
Sn,k(gsa g)Sn,k(gqa um) - Sn,k(gqa g)Sn,k(gsa um) um,tr _ 07 (434)

U (U, — 1) (U, — Up)eee (U — Uy )
where m =n —k+1,...,n. One can check straightforwardly that (4.34]) is equivalent to (4.3T])
form = n—k+ 1 and to ([£32) for m = n — k + 2,...,n. Notice that the left hand side
of equation ([A33]) is a polynomial in & of degree n — k — 1. Evaluating this polynomial at
§=u;, j=1,..,n—k we obtain (£30). B

Remark 3. Given ty, 5, t3, Theorem 2 yields a 3-dimensional system of the form (5] with
[ = n + k equations possessing pseudopotential representation. Indeed, the formulas (3T,
([4.32)) give 3k linearly independent equations if ¢, r, s = 1,2, 3. The formula (£30) gives n — k
equations. On the other hand, one can construct exactly k linear combinations of equations
(@310, [E32) with g,r, s = 1,2,3 such that derivatives of w;, i = n — k + 1,...,n cancel out.
Moreover, these linear combinations belong to the span of equations (£30). Therefore, there
exist (n — k) + 3k — k = n + k linearly independent equations.

Remark 4. In ([£30), (£31), (£32) we have to assume n > k + 2. Indeed, for n = k + 1
we cannot construct more then one pseudopotential and therefore there is no any system of
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the form ([LH]) associated with this case. However the corresponding pseudopotential generates
interesting integrable (14-1)-dimensional systems of hydrodynamic type (see Section 5). Prob-
ably these pseudopotentials for £ = 0,1, ... are also related to some infinite integrable chains of
the Benney type [18] [19].

The system (£30)-(Z32) possesses many conservation laws of the hydrodynamic type. In
particular, the following statement can be verified by a straightforward calculation.

Proposition 9. For any r # s = 0, 1,...,n there exist k conservation laws for the system

(4.30)-(4.32)) of the form:
A(gy, ha, ... hy) A(gs, ha, ... hy)
= , 4.35
< A(hlavhk) >t ( A(h177hk) ‘. ( )

where ¢ = 1, ..., k. Here

fi fr
A(fl? AR fk) = det h17u"7k’+2 fk7u7lfk+2
fl,un fhun

Proposition 9 allows us to define functions zq, ..., z; such that

A(gr, ha, .0y
A(hy, ..., hy) ! (4:36)

foralli=1,...,kand r=0,1,...,n.

Suppose n > 3k; then the system of the form (LT]) obtained from (£30), (£31)), (£32) with
q,r,s = 1,2, 3 consists of 3k equations (A.31]), (£.32)) (they are equivalent to (£3%])) and n — 2k
equations of the form (4.30). Indeed, only n — 2k equations (4.30) are linearly independent
on (43T)), (432). Expressing uq, ..., us; in terms of z;4,, 2ity, 2ity, © = 1,...,k from (£30) and
substituting into n — 2k equations of the form (£30), we obtain a 3-dimensional system of
n — 2k equations for n — 2k unknowns z1, ..., 2, Usgs1, .--u,. This is a quasi-linear system of
the second order with respect to z; and of the first order with respect to u;, whose coefficients
depend on z;4,, Zi,y, Zits, ¢ = 1, ..., k and usg11, ...u,. It is clear that the general solution of the
system can be locally parameterized by n — k functions in two variables.

In the case 2k < n < 3k the functions 2;4,, 2it,, Zits, ¢ = 1, ..., k are functionally dependent.
We have 3k — n equations of the form

Ri(zl,tl, Zl,tza Zl,t:’n ceuy Zk,tla Zk7t2, Zk,tg) = 0, 7= 1, ceey 3]{7 —n

and n — 2k second order quasi-linear equations. Totally we have (3k — n) + (n — 2k) = k
equations for k unknowns zq, ..., zx. It is clear that the general solution of this system can be
locally parameterized by n — k functions in two variables.
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Suppose n < 2k; then we have n + k < 3k, which means that 3k equations of the form
(437)), (A32) are linearly dependent. Probably in this case the general solution of the system
can also be locally parameterized by n — k functions in two variables.

One of the most interesting cases is n = 3k, when we have a system of k£ quasi-linear second

order equations for the functions z1, ...,

2. Consider the simplest case k = 1.

Example 4. In the case n = 3, k = 1 the formulas ([£30), (&31) can be rewritten as
follows. Let hi, go, g1, g2 be linearly independent elements of H. Denote by B;; the cofactors of
the matrix

hi 90 91 9o

hl,ul Jour Yrur  Gilug

hl,uz Jous Ylus YGluy

h’l,u3 gO,ug gl,ug gl,ug

Define vector fields V; by

Vi =B 0 + B 0 + B 0
2 5 2 5y, 2 5y
0 0 0

Vo =B B B
52 510 + D33 ot + D34 - ot
0 0 0

V3 =B B B
3= Dug = ot + Dy3 = ot + Dy =~ oty

Then (4.31]) is equivalent to

V1(U2) = Vz(ul), Vz(ug) = V3(U2)7 V})(UQ = Vl(u?;)- (4-37)

Relation (4.30) leads to one more equation
U3(U3 — 1)(U1 — UQ)‘/l(Ug) + ul(ul — 1)(U2 — Ug)‘/g(U3> + UQ(UQ — 1)(U3 — ul)Vg(ul) =0. (438)

The conservation laws (4.35]) have the form

(), - ()
h’l ts h’l tr .

Introducing z such that z;, = -, we reduce (4.38)) to a quasi-linear equation of the form

> Pz 200 2) 20, =0, 4,5 =0,1,2. (4.39)

In the paper [I1] an inexplicit description of all integrable equations (A39) was proposed. The
equation constructed above corresponds to the generic case in this classification. Indeed, it
depends on five essential parameters sy, ..., s5 which agrees with the results of [11].

For integer values of parameters s; equations (L), (IL9) can be solved in elementary func-
tions. This provides simple examples of equations (4.39) having pseudopotentials. In the most
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degenerate case s; = --- = s5 = 0 one can choose h; = 1, g9 = uy, g1 = us, go = us. The
corresponding equation (£39) is given by

Rty (th - 1)<Zto - Ztl)’ztotl + g (Zto - 1)<Zt1 - Zt2>zt1t2 + 2ty (Ztl - 1)<Zt2 - Zto)'ztzto =0.
More general examples of equations
Pl(ztm Zt1s th) Rtoty + P2(Zt0a 2ty th) Rtyts + P3(Zt0> Rty th) Rlatg = 0 (440)

correspond to s; = s3 = s3 = 0. In this case one can choose h = 1, go = f(u1), g1 = f(ua),
g2 = f(ug), where f'(x) = 2% (x — 1)**. In the new variables u; = f(u;) the system (4.37),
(438) is equivalent to a single equation of the form (440). One of the results of the paper
[T1] is a complete classification of equations (4.40) possessing a pseudopotential representation.
The above example seems to be the generic case in this classification. Wl

The system (430)-(Z32)) has conservation laws different from (4.35).

Conjecture. The system (£30) - (£32) possesses n + 1 conservation laws of the general
form
Atq + Btr- + Cts — O

additional to (4.35). This family of conservation laws can be parameterized by elements from
H = H_2s,,...—250,~2sn41—1,—2sn10—1 (cf. Proposition 7). This conjecture is supported by some
computer computations for small n and k.

Remark 5. Let us make in (£.26) a change of variables of the form

al +0b
€ +d’

where a, b, ¢, d, ¢1,...,¢, are arbitrary functions in uq, ..., u,. After that we get under the
integral in (£.20) an expression of the form

SEE = p1) € = Pucresn) ™ ITHE = pum) P (E = pu) (€ — pur)

X(g — pn+2)—sn+2—1(£ _ Pn+3)sl+'“+s”+2+1,

where S(&) is a polynomial in & of degree n — k and py, ..., pprg are functions of wq, ..., u,.
Therefore the numbers

& — UL — Q1 ey Uy — O, (4.41)

{_Sl - 1a ooy TSp—k4+1 T ]-7 —Sn—k+2) -y —Sns TSn+1 — 1a —Sn+2 — ]-7 S1 4 ..+ Spga + 1} (442)

play a symmetric role in the constructed pseudopotentials A, . Using transformations (£.4T]),
one can choose any three of the functions py, ..., p,a3 to be equal to 0, 1, co and the other
n functions to be equal to uy,...,u, (cf. [B], Section 3). It would be interesting to study the
degenerate cases when some of the functions p; coincide (cf. [7], Section 5).

The most symmetric case is given by

k+1 n—=~k4+2
. Speh42 = .. =8, = ———————.
n+3 w2 n+3

S1 = ... = Sp—k41 = Sp41 = Sp42 = —
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In this case all numbers (4.42)) are equal to —";—_’gz. Possibly for n = 3, k = 1 these values of

parameters correspond to pseudopotentials for integrable Lagrangians of the form £(ug, u,, u,)
[20, 10] whereas for n =5, k = 3 they are related to the integrable Hirota type equations [13].

Example 5. Let n =5, k=3 and s; = 59 = 53 = 56 = 57 = —%, S4 = S5 = % It turns out
that there exists a basis ¢, g2, g3, h1, hs, hs in H such that

A(gr, ha, ho) = A(gs, ha, hs),

A(g2, ha, hs) = A(ga, ha, b)), (4.43)
A(g37 h’37 hl) = A(Q% hlv h’2)

Indeed, the system (£43) is a consequence of equations
91h1wy — Mg, + 92how, — Pagou, + 93M3u — h3g3u, =0,

91l us — P1gius + 92hous — hagous + g3hsus — h3gsus = 0, (4.44)
gl,U4hl,U5 - hl,U4gl,U5 _'_ g2,U4h’2,U5 - hQ,U4g2,U5 _'_ g3,U4h’3,U5 - h’3,u4g3,U5 - 0

Consider the system consisting of equations (£.44]) and all its first and second derivatives with
respect to uy, ..., us. Note that differentiating (4.44]), we eliminate second derivatives of h; and
g; by (LL8)), (I9). One can check that this system is invariant with respect to the derivations by
Uy, ..., us. At a fixed generic point uf, ..., u? the system can be regaded as an algebraic variety
for the values of g;, h; and their first derivatives. It can be checked that this variety consists of
several components and the maximal dimension of the component equals 24. Since the vector
fields 6%2_ are tangent to this variety, any its point considered as the initial data defines the
solutions g;, h; of (L), (I) such that the corresponding point belongs to the variety for any
values of uy, ..., us. It is possible to check that there exists an algebraic component of dimension

21 of the variety such that the Wronskian of g;, h; at u?, ..., u? is non-zero.

Proposition 9 and equations (4.43]) allow us to define a function z such that

— A(g1, ha, hs) - A(ga, hs, hi) I A(gs, by, ha)
T ARy, ey hs)” TP Ak hayhy) T ARy, by, hy)
A(ga, ha,hs)  A(gy, hs, hy) A(gs, hs, hi)  A(ga, by, ha)

z 1,02 - 9 Z 2, - 9
T A(hy, oy hs)  A(hy, o, hs) T T A(Ry, hay hs)  A(ha, ha, hs)
A(gr, hi,he)  A(ga, hi, ho)

P .
BT A (R, hay hs)  A(ha, ha, hs)

It terms of this function we can rewrite the system (4.30), (4.31]), (432) as a single equation
of the form (ILTT]). Integrable systems of this form were studied in [I3]. The pseudopotentials
considered above correspond to the generic integrable system of this form.

Remark 6. It is easy to see that the group SFPs acts on the set of bases in H satisfying
(4.44)). This agrees with the result of [I3] that this group acts on the set of integrable equations
of the form (IT]).H
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5 Integrable (141)-dimensional systems of hydrodynamic
type

In this section we consider integrable (1+1)-dimensional hydrodynamic type systems (LI2)
constructed in terms of generalized hypergeometric functions. These systems appear as the
so-called hydrodynamic reductions of pseudopotentials A, j (see the next Section). By in-
tegrability we mean the existence of infinite number of hydrodynamic commuting flows and
conservation laws. It is known [2I] that this is equivalent to the following relations for the
velocities vi(r!, ..., rV):
k k
) I _y, ?J_“Uk, ik, (5.45)

vt — vk vJ

Here 0, = %, a = 1,..., N. The system ([12) is called semi-Hamiltonian if conditions (5.45)
hold.

The main geometrical object related to a semi-Hamiltonian system (LI2) is a diagonal
metric gy, k= 1,..., N, where

1 82"Uk
SO log g = ——— i4k 5.46
5 g Jkk i — oF i # ( )
In view of (5.45]), the overdetermined system (5.46]) is compatible and the function gg is
defined up to arbitrary factor n;(r*). The metric gy is called the metric associated to (I1.13).
It is known that two hydrodynamic type systems are compatible iff they possess a common
associated metric [21].

A diagonal metric g is called a metric of Egorov type if for any 1, j

Note that if a Egorov-type metric associated with a hydrodynamic-type system of the form
(LI2) exists, then it is unique. For any Egorov’s metric there exists a potential G such that g; =
0;G. Semi-Hamiltonian systems possessing associated metrics of Egorov type play important
role in the theory of WDVV associativity equations and in the theory of Frobenious manifolds
[3, 16, 22].

Let w(rt,..,r™), &t ..rN), . En(rt, ..., rY) be a solution of (LI3)). It can be easily

verified that this system is in involution and therefore its solution admits a local parameteri-

zation by 2N functions of one variable. Let uy(r,...,7™), ... u,(rt,...,7") be a set of solutions

of the system ([L14]). It is easy to verify that this system is in involution and therefore has an
one-parameter family of solutions for fixed &;, w.

Consider the following system

e, (5.48)



where g1, g2 are linearly independent solutions of (L8)), (I9]), the polynomials S, x, &k > 0 are
defined by (&28), and S, 0 = S, (see formula (B.17)).

Theorem 3. The system (5.48)) is semi-Hamiltonian. The associated metric is given by

Gii = Sn(g2, &) (& — un) 272 (& — ) TE T2 T (g — 1) g
for k =0, and by
Gii = Snk(92, )7 (& — un) T*1 T (§ = Upgyr) TR T
(& = Un_pyo) 25042 (& — ) T2E T (g — 1) BT gy
for k£ > 0.
Proof. Substituting the expression for the metric into (5.46]), where v" are specified by

(5.48), one obtains the identity by virtue of (LI3), (L14). W

Remark 7. The system (5.48]) does not possess the associated metric of the Egorov type in
general. However, for very special values of the parameters s; in (L)), (I9]) there exists go € H
such that the metric is of the Egorov type for all solutions of the system ([I3]), (LI4). For
instance, if the defect k£ equals zero, then this happens exactly in the following cases:

s; = 0 for all 4;

s; = —1 for some [ and s; = 0 for ¢ # [

sl:—% for some [ and s; = 0 for i # [;
sj:sl:—%forsomej;élandsi:Oforz'#j,z'#l.

Proposition 10. Suppose that a solution &;, w of (I.I3) and solutions wuy, ..., u, of (L.14)
are fixed. Then the hydrodynamic type systems

i Sn(91,&i) 4 i Snk(92: &)
Ttl - /r:c’ th -
Sn,k(g37 &) Sn,k(g37 &)
are compatible for all g1, go.

Proof. Indeed, the metric associated with (5.48) does not depend on gs. Therefore the
systems (5.49) has a common metric depending on g3 and on solutions of (LI3]), (IL.14]). M

(5.49)

=<
] .

Remark 8. One can also construct some compatible systems of the form (5.49) using
Proposition 5. Set g = Z(uq, ..., Up, Ups1) in (5.49). Here u,,; is an arbitrary solution of
(LI4) distinct from wq, ..., u,. It is clear that the flows (£.49) are compatible for such g, and
any g1 € H. Moreover, Proposition 5 implies that the flows (5.49) are compatible if we set
g1 = Z (U1, eey Up, Ups1), Go = Z(Uq, ..., Uy, Up1o) fOr two arbitrary solutions w11, o of (LI4]).

All members of the hierarchy constructed in Proposition 10 possess a dispersionless Lax

representation (L2) with common L(p,r',...,r"). Define a function L(¢,7!,...,r") by the
following system

§(€ — 1w Lg
§-&
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oL = i=1,..N. (5.50)




Note that the system (5.50) is in involution and therefore the function L is defined uniquely
up to inessential transformations L — A(L). To find the function L(p,r!,...,r") one has to
express £ in terms of p by ([B.21)) for £ = 0 or by ([£29) for k£ > 0.

Proposition 11. Let ug,. .., u, be arbitrary solution of (LT4]). Then system (5.48)) admits
the dispersionless Lax representation (L.2)), where A = A,  is defined by (B.21]) for £ = 0 and
by ([£29) for k > 0.

Proof. Substituting A = A,, ; defined by (3.21)) for £ = 0 and by ([@.29) for £ > 0 into (L.2)
and calculating L, by virtue of (5.48)) we arrive to the expression

_ 8@'Pn,k(g27 f) ’ Sn,k(gla &') - 8iPn,k(g1, f) : Sn,k(g27 &')
Pri(92:8)e - Sni(91,&) — Pai(91,8)e - Sni(92,&)

Taking into account the equation P, (gi, )¢ = Snx(gi, E)(E—up) ™ 7 o (E—Uppyp1) Srrrr7 (€=
Up—pr2) Snkt2 (€ — uy,)~5nEsnt17 (¢ — 1) 74271 and writing down P, x(g;, &), in terms of

Proi(91,)un irs s P91, &)u, by @E2D), (E28), one can readily check this equation. H

Let the function £(L,r,...,rY) be inverse to L(&,71,...,7V). Tt is easy to check that u =
E(L,rY,...,rN), where L plays a role of arbitrary parameter, satisfies (I.I4)).

O L

o

As usual, the Lax representation defines conserved densities, common for the whole hierar-
chy, by formula (I3]). Since our definition of A, ; is parametric, we can reformulate this fact
as

Proposition 12. Suppose (548) is defined by solutions uy, ..., u, of the system (LI4]).
Let U be any solution of (LT4). Then

9
ot

is a conservation law for (5.48]).

0

Pmk(gg(ul,ul, Ce ,un), U) = %Pn,k(gl(ul,ul, P ,Un), U)

Since the generic solution U depends on a parameter, we have constructed an one-parametric
family of common conservation laws for our hierarchy (548) of hydrodynamic type systems.

6 Hydrodynamic reductions and integrability

In this section we show that integrable (1+1)-dimensional systems constructed in Section 5
define hydrodynamic reductions for pseudopotentials and 3-dimensional systems from Sections
3 and 4.

Following [17, 15] [7], we give a definition of integrability for equations (I2)), (L4) and (LH)
in terms of hydrodynamic reductions.

Suppose there exists a pair of compatible semi-Hamiltonian hydrodynamic-type systems of
the form

ri, = vi(rt, ) ry, =oy(rt, )l (6.51)
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and functions u; = u; (1!, ..., 7") such that these functions satisfy ((LT]) for any solution of (6.51)).
Then (6.51)) is called a hydrodynamic reduction for (I3).

Definition 1 [17]. A system of the form (LT is called integrable if equation (L.2]) possesses
sufficiently many hydrodynamic reductions for each N € N. ”Sufficiently many” means that the
set of hydrodynamic reductions can be locally parameterized by 2N functions of one variable.
Note that due to gauge transformations ¢ — X;(r?) we have N essential functional parameters
for hydrodynamic reductions.

Suppose there exists a semi-Hamiltonian hydrodynamic-type system (L.12)) and functions
u; = wi(rt,..,rN), L = L(p,r',...,rV) such that these functions satisfy dispersionless Lax
equation (L2) for any solution r!(z,t), ..., (x,t) of the system (LI2)). Then (LI2) is called a
hydrodynamic reduction for (I.2).

Definition 2 [7]. A dispersionless Lax equation (L2) is called integrable if equation (L2))
possesses sufficiently many hydrodynamic reductions for each N € N.

We also call the corresponding pseudopotential A(p, uq, ..., u,) integrable.
1

)

Example 6. Let us show that A = In(p — u) is integrable. Let w(r!,...,v™), pi(rt, ..., 7Y)

i = 1,...,N be an arbitrary solution of the following system (the so-called Gibbons-Tsarev

system [14])

o;w 20,wo;w

= , 0w = ——2— ,j=1,..,N, 1#j. (6.52)
& — & (& —&)?

It is easy to verify that this system is in involution and therefore its general solution admits a

local parameterizations by 2N functions of one variable. Define a function L(p,7!,...,7") by

the following system

0;&i

Ow L,
p—5&’
This system is in involution and therefore defines the function L uniquely up to inessential
transformations L — A(L). Finally, let u(r!,...,7"V) be a solution of the system

oL =

i=1,..,N. (6.53)

= &_u’

It is easy to check that the system (6.54) is in involution. It follows from (6.52)), (6.53), (6.54)
that the system

Bu i=1,..,N. (6.54)

i L
ry = - e (6.55)

is a hydrodynamic reduction of equation (I.2) with A = In(p — u).

Remark 9. The standard form for the Gibbons-Tsarev system [15] related to hydrodynamic
reductions is given by

8i€j = F(fi,fj,ul,...,un) @un, Qﬁjun = H(fi,fj,ul,...,un) 8iun0jun, Z 7&]
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&ul = Gl(&', U,y ... ,un) 8Z-un, [ < n.
Here 4,57 = 1,...,N, w(r',...,r") are the functions, which define the reduction, and
&(rt, ... rY) are some auxiliary functions. To bring (652), (654) to this form, one has to
eliminate the additional unknown w. The result is given by

§i—u §i+& —2u
= o;u, 0;0;u = >——>>——— Qyud;u.
&—& "’ ’ (& —&;)? ’

In this case n = 1, u; = u. There is the following generalization of (G.50]) to the case of arbitrary
polynomial P(x) = azx® + apx? + a1z + ap and arbitrary n:

0yt (6.56)

Uy — gz o o Up — gz ' .
Pun) duy = ... = Pl Oitty,, 1=1,...,N,
£ )2 L. L.
8ijun _ K2(£27 gj)un + Kl(glu gj)un + KO(gm g]) aiunajuny (657)

P(un) (& — &;)?
P(&) (un — &)
87; i = 8
Y P& —¢)
Ky(&, &) = 2a3(& — &)?,
K1(&,&5) = —as(§7&; + &i€7) + aa (& + & — 46:65) — a1 (& + &5) — 2aq,

Ko(&i, &) = 20386767 + a9 (676 + &67) + a1 (& + &F) + ao(& + &)
au; + b a& + b

cui+d’ & - c§i+d’
to one of the canonical forms: P(x) = z(x — 1), P(z) = x, or P(z) = 1. If P(z) = 1, then

([6.57) with n = 1 coincides with (6.56). Formulas (ILI3), (II4) are equivalent to (6.57), where
P(z) =xz(zx —1).

Definition 3. Two integrable pseudopotentials A;, As are called compatible if the system

i Un, i?j:]->"'aN7 7’7&‘77

where

Using transformations of the form u; — one can put the polynomial P

Ltl = {L>A1}> Ltz = {LaA?}

possesses sufficiently many hydrodynamic reductions (6.51]) for each N € N.

If Ay, A, are compatible, then A = ¢;A; + Ay is integrable for any constants c¢q, co.
Indeed, the system
ri = (avi(r) + cavy(r)) 1y
is a hydrodynamic reduction of (L2).

Example 7. The functions A; = In(p —u;) and Ay = In(p — uy) are compatible. Moreover,
A=cIn(p—uy)+ ..+ c,In(p— u,) is integrable for any constants ¢y, ..., ¢,. Indeed, let w,
p; satisfy (6.52) and wuy, uy be two different solutions of (6.54). It is easy to check that the

corresponding flows are compatible by virtue of (6.52), (€.53), (6.54).
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Definition 4. By 3-dimensional system associated with compatible functions A;, A, we
mean the system of the form (LH) equivalent to compatibility conditions for the system

wtz - Al(¢t1au1a "'aun)a ,lvbtg - A2(¢t1>ula >un) (658)

It is clear that any system associated with a pair of compatible functions possesses suffi-

ciently many hydrodynamic reductions and therefore it is integrable in the sense of Definition
1.

Example 8. Let A; = In(p —u) and Ay = In(p — v). The associated 3-dimensional system
has the form
Ut3 = Utza 'Utl — Uut3 = Utl — U'Utz.
The following statement is a reformulation of Proposition 11.

Theorem 4. The system (5.48) is a hydrodynamic reduction of the pseudopotential A,
defined by B.2I) if £ = 0 and by (4.29) if £ > 0. Recall that we use the notation S, =
Sn,Oa An = An,0> Pn = I'no-

Proposition 13. Suppose ¢1, g2, g3, h1, ..., hy € H are linearly independent. Define pseu-
dopotentials A, Ay by

A = Pn,k(gla 5), Ay = Pn,k(g27 5)7 p= Pn,k(g37 5)-
Then A; and A, are compatible.

Proof. Note that the system ([.13), (5.50) does not depend on g1, go, g3 and therefore we
have a family of functions L, &;, u; which give hydrodynamic reduction of the form (5.48) for
both A; and Ay. Moreover, according to Proposition 10 the flows

i Snklgn&) o Snkl92,&)
h Skl &) T 2 S k(gs, &) "

are compatible. H

Remark 10. This result implies that 3-dimensional hydrodynamic type systems con-
structed in Sections 4, 5 possess sufficiently many hydrodynamic reductions.

Remark 11. Using proposition 5, one can construct compatible pseudopotentials depend-
ing on different number of u;. Indeed, let gq,93, h1,....,hy € H and go = Z(uq, ..., Up, Upy1)-
Then A, depends on uy, ..., Uy, U, and A; depends on uyq, ..., u, only.

7 Conclusion

All known integrable pseudopotentials A(p, uy, ..., u,) satisfy the property

A
P< L) ) =0,
AT
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where P(z,y) is a polynomial in z, y with coefficients depending on wy, ..., u,. In this sense
any pseudopotential A is associated with the algebraic curve & = {(z,y) € C? P(xz,y) = 0}.
Moreover, compatible pseudopotentials are associated to isomorphic curves. If a 3-dimensional
dispersionless system is constructed by two compatible pseudopotentials, then this curve is
isomorphic to the so-called spectral curve (see [I7]) of the system. In this paper we have
constructed a wide class of integrable pseudopotentials associated with rational curves. We
believe that all pseudopotentials associated with rational curves can be obtained as a limit
from our pseudopotentials. We are going to describe all such limits in a separate paper.

It is known [2] that pseudopotentials associated with curves of higher genus also exist. It is
likely that one can describe all pseudopotentials associated with the elliptic curve in a similar
manner to the way we have done the rational case in this paper. We are going to consider this
problem in the next paper.
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