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Abstract. We study Bernoulli type convolution measures on attractor sets
arising from iterated function systems on R. In particular we examine orthog-
onality for Hankel frequencies in the Hilbert space of square integrable func-
tions on the attractor coming from a radial multiresolution analysis on R3.
A class of fractals emerges from a finite system of contractive affine mappings
on the zeros of Bessel functions.We have then fractal measures on one hand
and the geometry of radial wavelets on the other hand. More generally, mul-
tiresolutions serve as an operator theoretic framework for the study of such
selfsimilar structures as wavelets, fractals, and recursive basis algorithms. The
purpose of the present paper is to show that this can be done for a certain
Bessel–Hankel transform.
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1. Introduction

Multiresolutions were first envisioned in constructions of wavelet bases in L2 (R),
but as it turns out, they have uses in more general settings of operator theory. To
see this, one may use certain representations of the Cuntz relations from operator
algebra theory. In this paper this idea is applied to certain iterated function systems
(IFSs). The analysis begins with an operator identity (the scaling law) stated for
a system consisting of a single unitary operator which scales a particular IFS in a
sense which is made precise in equations (1)–(2) below.

The starting point for the multiresolution analysis from wavelet theory is a
system U , {Tj}j∈Z, of unitary operators with the property that the underlying
complex Hilbert space H with norm ‖.‖, contains a vector φ ∈ H, ‖φ‖ = 1,



2 S. Albeverio and A. M. Paolucci Comp.an.op.th.

satisfying

Uφ =
∑

j∈Z

ajTjφ (1)

for some sequence {aj} of complex scalars. In addition, the operator system {U, Tj}
must satisfy a non-trivial commutation relation. In the case of wavelets, it is

UTjU
−1 = TN , j ∈ Z , (2)

where N ∈ N0 is the scaling number, or equivalently the number of subbands in
the corresponding multiresolution. These relations play a role in signal processing
and wavelet analysis. When this structure is present, there is a way to recover the
spectral structure of the problem at hand from representations of an associated
C∗-algebra. In the case of orthogonal wavelets, we may take this C∗-algebra to be
the Cuntz algebra. In that case, the operators Tj may be represented on L2 (R)
as translations,

(Tjξ) (x) = ξ (x − j) , ξ ∈ L2 (R) , x ∈ R ,

and U may be taken as the scaling (Uξ) (x) = N−1/2ξ (x/N), N ∈ N. This system
clearly satisfies (2). (For a variety of other examples, the reader is referred to [18].
The setup there applies to dynamical systems of N -to-1 Borel measurable self-
maps: for example, those of complex dynamics and Julia sets.) In the wavelet
case, a multiresolution is built from a φ ∈ L2 (R) satisfying (1). The numbers
{aj}j∈Z from (1) must then satisfy the orthogonality relations

∑

k∈Z

ak = 1 ,
∑

k∈Z

ākak+2m = δ0,m , m ∈ Z . (3)

In this case, the analysis is based on the Fourier transform: define m0 as a map
from S1 to C by

m0

(
eit
)

=
∑

k∈Z

akeikt , t ∈ R . (4)

Then (in the wavelet case, following [11]) a φ satisfying (1) in H = L2 (R) is given
by the L2 (R) product formula

φ̂ (t) =
∞∏

j=1

m0

(
t/N j

)
, (5)

up to a constant multiple (φ̂ denoting the Fourier trasform of φ). The Cuntz algebra
ON enters the picture as follows: formula (5) is not practical for computations,
and the analysis of orthogonality relations is done better by reference to the Cuntz
relations, see (11)–(12) below. Setting, for ξj ∈ C, j ∈ Z

W ({ξj}) :=
∑

j∈Z

ξjφ (x − j) , (6)
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and using (3), we get an isometry W of �2 into a subspace of L2 (R), the resolution
subspace. Setting

(S0f) (z) :=
√

Nm0 (z) f
(
zN

)
, f ∈ L2 (T) , Borel measurable , (7)

T being the 1-torus and using the isomorphism L2 (T) ∼= �2 given by the Fourier
series, we establish the following crucial intertwining identity:

WS0 = UW , (8)

so that U is a unitary extension of the isometry S0. It was shown in [3] and
[4] that functions m1, . . . ,mN−1 ∈ L∞ (T) may then be chosen such that the
corresponding matrix

(
mj

(
ei(t+k2π/N)

))N−1

j,k=0
(9)

is in UN (C) for (Lebesgue) a.a. t ∈ R. Then it follows that the operators

Sjf (z) :=
√

Nmj (z) f
(
zN

)
, f ∈ L2 (T) , (10)

will yield a representation of the Cuntz relations; see (11)–(12) below. Conversely,
if (10) is given to satisfy the Cuntz relations, then the matrix in (9) takes values in
UN (C). The scaling could be between different resolutions in a sequence of closed
subspaces of the underlying Hilbert space or it could refer to a system of frequency
bands. Two structures are then present: a scaling from one band to the next and
operations within each band. These two operations can be realized in a certain
tensor factorization of the Hilbert space.

The present paper aims at a generalized construction in which the two op-
erations are realized in a radial setting. The system will be based on the Bessel
functions, i.e., we use the Bessel functions with a given (real) order α in (4) in
place of the usual Fourier basis

{
eikt

}
k∈Z

. The Fourier transform will then be
replaced by Hankel transforms. Our use of the Cuntz algebra is motivated by [3]
and [5]. The Cuntz algebras [10] have been used independently in operator algebra
theory and in the study of multiresolution wavelets, and our present paper aims
to make this connection explicit, and, at the same time, to extend the analysis
to the case of a radial scaling. A key link between wavelets and fractals on the
analysis side and random walks on the probability side is to be found in the use of
the filters from signal processing. The study of the filter functions is part of signal
processing. They are one of the most useful tools for the construction of wavelets
and also of wavelets applications. In our context, an infinite matrix product in-
volving the matrix W = m�m, constructed from filter functions, create a positive
path measure of a random walk starting at x in some given period interval.The
approach to the analysis of signals given by the corresponding wavelets may be
understood via a random walk model, namely a random walk on a combinatorial
tree with a suitable N -fold branching. Using such models we construct a class of
infinite products which are connnected to random walks and arise in a special case
from radial wavelets.
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2. Cuntz algebras and iterated function systems

We recall that one denotes by ON the C∗-algebra generated by N , N ∈ N, isome-
tries S0, . . . , SN satisfying

S∗
i Sj = δij1 (11)

and
N∑

i=0

SiS
∗
i = 1 . (12)

where i, j = 1, . . . , N. The representations we will consider are realized on Hilbert
spaces H = L2 (X, ν) , where X is a measure space which will be specified later
and ν is a probability measure on X.

We define the representations in terms of certain maps

σi : Ω −→ Ω such that Ω =
N−1⋃

i=0

σi (Ω)

and
(
σi(Ω) ∩ σj(Ω)

)
= 0 for all i �= j . (13)

We identify a class of representations of the Cuntz algebra based on a fractal
measure space.

Let us recall that the Hankel transform of order α of a function f , denoted
by f̂ , is defined by

f̂ (t) =
∫ ∞

0

Jα (xt) f (x) x dx (14)

where

Jα (x) =
(x

2

)α ∞∑

k=0

(−1)k

k!Γ (α + k + 1)

(x

2

)2k

is the Bessel function of order α, α ∈ R and Γ is the classical gamma function,
i.e.,

Γ (z) =
∫ ∞

0

e−ttz−1 dt , Re (z) > 0 .

If we multiply both sides of (14) by Jα (yt) t and integrate from t = 0 to +∞ we
obtain, for Borel measurable functions f such that all integrals exist:

∫ ∞

0

Jα (yt) f̂ (t) t dt = f (y) =
∫ ∞

0

Jα (yt) t

(∫ ∞

0

Jα (xt) f (x)x dx

)
dt . (15)

This is the Hankel inversion theorem, see, e.g., [31]. The resulting double integral
is called the Hankel Fourier–Bessel integral

f (y) =
∫ ∞

0

Jα (yt)
(∫ ∞

0

Jα (xt) f (x) x dx

)
t dt . (16)
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It can be written in terms of the following transform pair

g (t) =
∫ ∞

0

Jα (yt) f (y) y dy , (17)

f (y) =
∫ ∞

0

Jα (yt) g (t) t dt .

A Plancherel type result can easily be derived for this transform: if F (ρ) and
G(ρ) are the Hankel transforms of f(x) and g(x) respectively, then we have
∫ ∞

0

ρF (ρ)G(ρ) dρ =
∫ ∞

0

ρF (ρ)
∫ ∞

0

xg(x)Jν(ρx) dx dρ

=
∫ ∞

0

xg(x)
(∫ ∞

0

ρF (ρ)Jν (ρx) dρ

)
dx =

∫ ∞

0

xf(x)g(x) dx .

As mentioned in the Introduction, it is our aim here to use a generalized
construction of multiresolutions based on a radial scaling to construct classes of
measures via representations of the Cuntz algebras. To make that explicit let us
recall a few definitions we need about radial multiresolution.

Suppose that F ∈ L2
(
Rd

)
is radial, i.e., F (Ax) = F (x) for all A ∈ SO (d).

Then there is a unique f ∈ L2
(
R+, ωd/2−1

)
such that F (x) = f (|x|), where

the |.| denotes the Euclidean norm on Rd and for α ≥ −1/2, the measure ωα on
R+ = [0,∞) is given as before by

dωα (r) =
(
2αΓ(α + 1)

)−1
r2α+1dr . (18)

Its normalization implies that ‖F‖2 = ‖f‖2,ωd/2−1
, where ‖.‖2 is taken with respect

to the normalized Lebegue measure (2π)−d/2
dx on Rd.

On L2
(
R+, ωd/2−1

)
the Hankel transform of index α is given by

f̂ (t) =
∫ ∞

0

Jα (xt) f (x) dωα (r) , (19)

where

Jα (x) =
(x

2

)α ∞∑

k=0

(−1)k

k!Γ (α + k + 1)

(x

2

)2k

is the Bessel function of order α, α ∈ R. Let H be the Hilbert space L2
(
R+, ω(α)

)
,

where the measure ω(α) on R+ is given by (18) with α ≥ −1/2. The pair Hα =(
R+, ω(α)

)
is called the Bessel–Kingman hypergroup of index α, see, [32]. Let Q be

a countable subset of (0,∞) and let g ∈ L2 (Hα). We assume that the support of ĝ
is contained in [0, l] for some l ≥ 0, where ĝα is the Hankel transform of index α,
i.e.,

ĝα(λ) :=
∫ ∞

0

jα(λr)f(r)dω(α) .

We will consider the Hankel transform using the following normalized Bessel func-
tion

jα (x) = Γ (α + 1) (z/2)−α
Jα (x) . (20)
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There is a Plancherel theorem for the Hankel transform, which states that

f → f̂α

establishes a self-inverse, isometric isomorphism of L2
(
R+, ωd/2−1

)
,(see, e.g., [29]).

If F ∈ L2
(
Rd

)
is radial with F (x) = f (|x|) , then its Plancherel transform

F (F ) (ξ) = (2π)d/2
∫

Rd

F (x) exp
(
−i〈x, ξ〉

)
dx

is again radial with F (F ) (ξ) = ˆfd/2−1 (|ξ|). We also observe that the spherical
means

MrF (x) :=
∫

Sd−1
F (x + rξ) dσ (ξ)

with r ∈ R+, of F are again radial. We have ‖MrF‖2 ≤ ‖F‖2, thus Mr induces a
norm-decreasing linear mapping

Tr : L2
(
R+, ωd/2−1

)
→ L2

(
R+, ωd/2−1

)

and Trf (|x|) := MrF (x) where F and f are related as above. Put α = d/2 − 1,
then by using polar coordinates we get:

Trf (s) := cα

∫ π

0

f
√

(r2 + s2 − 2rs cos φ) sin2α φdφ , (21)

with cα = Γ (α + 1)/Γ (α + 1/2) Γ (1/2). This defines a norm-decreasing general-
ized translation on L2

(
R+, ωd/2−1

)
, not only for α = d/2− 1 but also for general

α ≥ −1/2.
Let us observe that for the generalized translation the following property

holds: ∫ ∞

0

(Tsf) gdωα =
∫ ∞

0

f (Tsg) dωα ,

for s ∈ R+, whenever both integrals exist. Thus the Hankel transform f → f̂α can
be interpreted as a Plancherel transform for the hypergroup Hα on L2 (Hα) :=
L2 (R+, ωα) . Hence from the above property we get the following:

ˆ(Trfα) (λ) = jα (λr) f̂α (λ) . (22)

Now we want to turn to the case where N = 3 which corresponds to α = 1
2 . The

radial multiresolution in R3 is a construction of a wavelet-type orthonormal basis
for the space of radial L2 functions in R3. The elements of the basis are obtained
from a single radial wavelet by usual dilations and generalized translations. The
generalized translation reveals the group convolution of radial functions in R3.
By Lemma 4.10 in [30], given φ ∈ L2 (H) as an orthonormal scaling function of a
radial multiresolution, the associated filter function G satisfies

|G (λ)|2 + |G (λ + 1)|2 = 1 a.e. (ωα) ,
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with (ωα) defined in (18). Hence G is essentially bounded and contained in L2([0, 1]),
which allows us to develop it into a cosine series

G (λ) =
√

2
∞∑

n=0

gn cos (nπλ) ,

which converges in L2 (0, 1).
Then the infinite product

∞∏

j=1

G
(
3−jλ

)
(23)

is the Fourier transform of an infinite convolution measure μ such that:

μ̂ =

⎛

⎝
∏

j

(∑
gn cos

(
nπ3−jλ

))
⎞

⎠ .

The convergence of the infinite product in (23) follows from Theorem 8.11 in [15].
Now, let us consider the Cuntz algebra relations, (11)–(12). The study of

these relations involves a detailed analysis of some unitary operator in a Hilbert
space H which plays the role of scaling. Let Si ∈ Rep (ON ,H) be a system of
operators in the Hilbert space H.

We consider a permutative representation of ON in the sense of [5]. By
Lemma 9.3.5 [5] every permutative representation of ON on a Hilbert space H
has the following form:

Si |x〉 := |σi (x)〉 , x ∈ X

for some set X and an N - fold branch mapping σ : X → X, [19], where |x〉 , |σi (x)〉
are vectors in H (Dirac notation).

Thus
S∗

i |σi (x)〉 := δi,j |x〉
with i, j = 1, . . . , N .

The maps σi are one-to-one and satisfy for x ∈ X.

σi (X)
⋂

σj (X) = ∅
if i �= j and

N⋃

i=1

σi (X) = X

for i = 1, . . . , N and x ∈ X.
The isometries generating ON provide subdivisions of the Hilbert space H in

view of
S∗

i Sj = δij1
and

N∑

i=0

SiS
∗
i = 1 .
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In particular for every k ∈ N the subspaces :

H(a1, a2, . . . , ak) := Va1Va2 . . . Vak
H

are mutually orthogonal and one has
∑

i1,i2,...,ik

H(a1, a2, . . . , ak) = H .

If f ∈ H and ‖f‖ = 1 then

μf (.) :=
〈
f,E(.)f

〉
= ‖E(.)f‖2

is a probability measure on the unit interval [0, 1]. We want to specialize E(.) to
our case and compute the associated measure. Let us observe that the index labels
(a1, a2, . . . , ak) are used to assign N -adic partitions (e.g., the intervals

[
a1
N + · · ·+

ak

Nk , a1
N + · · · + ak

Nk + 1
Nk

]
), then we have the mapping

(a1, . . . , ak) → H(a1, a2, . . . , ak) ,

where (a1, a2, . . . , ak) ∈ {(0, 1, . . . , N)} and the length of the interval is 1
Nk . These

partitions are a special case of endomorphisms

σ : X → X ,

where X is a compact Hausdorff space and σ is continuous and onto. For every
x ∈ X we have that card(σ−1(x)) = {x ∈ X/σ(y) = x} = N . There exists branches
of the inverse, i.e., maps

σ0, . . . , σN−1 : X → X

such that
σ ◦ σi = 1X .

For each 0 ≤ i < N the above intervals written in terms of the maps σi are:

Ik(a) =
[
a1

N
+

a2

N2
+ · · · + ak

Nk
,
a1

N
+

a2

N2
+ · · · + ak

Nk
+

1
Nk

]

= σa1 ◦ σa2 . . . ◦ σak
(X) .

The system σa = σa1 ◦ σa2 . . . ◦ σak
forms a set of branches for σk = σ ◦ σ . . . ◦ σ

and is called an N -adic system of partitions of X. Thus, for every k ∈ Z+, {Jk (a)}
is a partition indexed by a ∈ Γk

N , Γk
N := ΓN × ΓN × · · · × ΓN . On the other hand,

given a Hilbert space H, a partition of projections in H is a system P (i)i∈I of
projections, i.e., P (i) = P (i)∗ = P (i)2, such that

P (i)P (j) = 0

if i �= j and ∑

i∈I

P (i) = 1H .

Let N ∈ N, N ≥ 2. Suppose that for every k ∈ N, there is a partition of pro-
jections Pk(a)a∈Γk

N
such that every Pk+1(a) is contained in some Pk+1(b), i.e.,

Pk(b)Pk+1(a) = Pk+1(a), then Pk(a)a∈Γk
N

is a system of partitions of 1H . By
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Lemma 3.5 [24] given an N -adic system of projections of X and {Pk(a)}k∈Z+,a∈Γk
N

an N -adic system of projections, there is a unique normalized orthogonal projec-
tion-valued measure E(.) defined on the Borel subsets of X with values in the or-
thogonal projections of H such that E(Jka) = Pk(a) for every k ∈ Z+, a ∈ Γk

N . Let
Si be the generators of the Cuntz algebra ON represented on a Hilbert space H. As-
sume a = (a1, a2, . . . , ak) ∈ Γk

N and set Sa := S(a1) . . . S(ak), then Pk(a) = S(a)S
∗
(a).

Thus:

μf

(
Ik(a)

)
=
∣∣E
(
Ik(a)

)∣∣2 =
∥∥∥S(a)S

�
(a)f

∥∥∥
2

= 〈f, S(a)S
�
(a)f〉

=
∥∥∥S�

(a)f
∥∥∥

2

=
∑

n∈Z

|〈en, S∗
(a)f〉|2

=
∑

n∈Z+

|〈S(a)en, f〉|2 .

The following result characterizes the above projection-valued measure induced
from a given representation of the Cuntz algebra ON .

For the rest of the section we assume N = 3.

Theorem 1. Let (Sk) be of the form:

Skf (z) :=
√

3mk (z) f
(
σ(z)

)
, f ∈ L2 (T) , with ‖f‖ = 1 (24)

where mk (z) = jα

(
zrk exp

(
i2π k

3

))
, rk are the zeros of the normalized Bessel

function given by (20) jα in [0, 1], k ∈ Z+, a = (a1, . . . , ak) ∈ Γk
3 , with Γk

3 defined
by Γ3 × Γ3 × · · · × Γ3. Then the operators (Sk) give a representation of the Cuntz
algebra O3 on a Hilbert space H. The measure μf induced from the operators (Sk)
is given by the formula:

μf

(
Ik(a)

)
=
∑

n∈Z

∣∣∣∣∣∣

∏

i=0,...k−1

(Tri
f)̂(n3i)

∣∣∣∣∣∣

where Tr is defined by (21), and ̂ is the Hankel transform given by (22).

Proof. The operators Sk have the following form:

Sk

∣∣zi
〉

= j(α)

(
z exp(i2πk/3)

) ∣∣z3i
〉

then the adjoint operator S∗
h is such that

S∗
hSk

∣∣zi
〉

=
〈

j(α)

(
zrh

(
exp(i2πh/3)

))
, j(α)

(
zrk

(
exp(i2πk/3)

)〉∣∣σh

(
z3i

)∣∣
〉

= δh,k

∣∣zi
〉

.

By using the properties of the Bessel functions with respect to their zeros we easily
get that the Cuntz relations are satisfied, (11)–(12). For this is useful to note that
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if rn is a zero of the Bessel function jα then also exp (i2πk/3) rn is a zero of the
same function. By using the properties of the Bessel functions and the operators
Sk defined above we get for k = 1:

μf

(
I1(a)

)
=
∑

n∈Z

∣∣∣
〈
jα

(
zr1 exp

(
2iπ

a1

3

))
en

(
z3
)
, f
〉∣∣∣

2

= B (a1)
∑

n∈Z

∣∣〈jα (zr1) en

(
z3
)
, f
〉∣∣2

= B (a1)
∑

n∈Z

∣∣∣∣
̂fen(n3)

∣∣∣∣
2

= B(a1)
∑

n∈Z

∣∣(Tr1(fen)
)
̂(3)

∣∣2

where the ̂ means the Hankel transform. This can be extended inductively for
every interval Ik (a) such that:

μf

(
Ik(a)

)
=
∑

n∈Z

∣∣∣∣
〈
jα

(
zr1 exp

(
2iπ

a1

3

))
en

(
z3
)
, f
〉

. . .

〈
jα

(
zrk exp

(
2iπ

ak

3k

))
en

(
z3k

)
, f
〉 ∣∣∣∣

2

= exp
(
2iπα

a1

3

)
. . . exp

(
2iπα

a3

3k

)∑

n∈Z

∣∣∣
〈
jα(zr1)en

(
z3
)
, f
〉
. . .

〈
jα(zrk)en

(
z3k

)
, f
〉 ∣∣∣

2

.

Set B ((a1, . . . , ak)) = exp (iπαa1/3) . . . exp
(
iπαak/3k

)
then we get the fol-

lowing:

μf

(
Ik(a)

)
=
∑

n∈Z

∣∣∣∣
〈
jα

(
zr1 exp

(
2iπ

a1

3

))
en

(
z3
)
, f
〉

. . .
〈
jα

(
zrk exp

(
2iπ

ak

3k

))
en

(
z3k

)
, f
〉 ∣∣∣∣

2

=
∑

n∈Z

∣∣∣
〈
jα(zr1)en

(
z3
)
, f
〉
. . .

〈
jα(zrk)en

(
z3k

)
, f
〉 ∣∣∣

2

= B((a1, . . . , ak))
∑

n∈Z

∣∣∣∣∣∣

∏

i=1,...,k

〈
jα (zri) en

(
z3i

)
, f
〉
∣∣∣∣∣∣

2

.

= B((a1, . . . , ak))
∑

n∈Z

∣∣∣∣∣∣

∏

i=1,...,k

(
Tri

(fen)
)
̂(3i)

∣∣∣∣∣∣

2

.

Thus we obtain the desired conclusion. �
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Let us now specialize to the case f = ep, for some p ∈ Z. Thus we get

μp (.) = μep
(.) = ‖E (.) ep‖2

.

Set mj (k) = mj

(
z exp

(
i2π k

3

))
= jα

(
rjz exp

(
i2π k

3

))
where rj are zeros of the

Bessel functions jα in the interval [0, 1]. Then the matrix mj(k)= mj

(
z exp

(
i2π k

3

))

with j, k = 0, . . . , 2 satisfies the unitarity condition. Hence we have the following
result:

Proposition 2. Let mj (k) = jα

(
rjz exp

(
i2π k

3

))
be the unitary matrix and let Sj

be the representation of O3 as in Theorem 1. Then the measure μp is given by the
following formula:

μp

(
Ik(a)

)
= 3k

∑

j∈Z

∣∣m̂j

(
p − j3k

)∣∣2 , for all p ∈ Z , k ∈ Z+ and a ∈ Γk
3

where in this case thêstands for the Fourier transform.

Proposition 3. Let Sj be the representation of O3 as in Theorem 1. Let I be the
unit interval and let E (.) be the corresponding projection-valued measure on B (I).
Then the induced scalar measure μ1 (.) = ‖E (.)‖2 is the middle-3rd Cantor mea-
sure.

Proof. The class of induced measures we are considering were studied in [20]. Ev-
ery representation of the Cuntz algebra on a Hilbert space H induces a family of
measures {μf , f ∈ H}. They are projection-valued measures defined on the Borel
sets in X3 = ΓZ+

3 , where ΓZ+
3 =

∏
Z+

Γ3. In our case we consider them as aris-
ing from the particular class of representations of O3 defined in Theorem 1. We
observe that in the case that the measure is induced from the permutative rep-
resentations of the Cuntz algebra the problem of diagonalizing the commutative
family of operators {

Si1 . . . Sik
S�

il
. . . S�

i1

}
(25)

is very simple. The operators monomials from (25) may be realized as multiplica-
tion operators on l2 (Z). Thus an operator in the family (25) can be represented
as multiplication by the indicator function of the set σi1 ◦ σi2 . . . ◦ σik

(Z) ⊂ Z
where the maps σi are defined by σi (x) = x+i

3 . In our case there is a radial
translation on the zeros of the Bessel functions. The operators can be realized
as multiplication operators by Bessel functions whose argument is on the set
exp iπ (σi1 ◦ σi2 . . . ◦ σik

(R)) ⊂ C. The fact that μ1 is a product measure on X3

follows from Prop. 4.1 in [20] since there exists a joint eigenvector h for the oper-
ators S�

i , i.e., h = jα(rnz)1, where i = 0, . . . , 2, because

S�
k |h〉 = jα

(
zrk exp

(
−i2π

(
k

3

)))
1 = exp

(
−i2πα

(
k

3

))
jα(zrk)1 .

Set λi = exp
(
− iπα

(
i
3

))
and let ωh (.) = 〈h|.h〉 be the state corresponding to the

vector h. This is equivalent to say that the measure is induced from a corresponding
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state ωh associated to the vector h such that

ωh

(
Si1 . . . Sik

S�
il

. . . S�
i1

)
= λ̄i1 . . . λ̄ik

λil
. . . λi1

for all k, l ∈ Z and all i1, . . . , ik ∈ Γ3 and j1, . . . , jl ∈ Γ3. Set pk = pa1 . . . pak
to

be B ((a1, . . . , ak)). Let μ1 the above Borel measure induced from the state ωh.
The support of such a measure can be seen from the following argument to be the
middle-3rd Cantor set [20]. In fact

μ1 (A) =
3−1∑

i=0

pkμ1

(
σ−1

k (A)
)
.

Thus the measure μ satisfies Hutchinson’s invariance property so it is a probability
measure. Let us observe that the support X of the measure μ1 is the unique solution
to

X =
3⋃

i=0

(
σi(X)

)
.

Then X is the middle-3-rd Cantor set on C. �

Remark. The Hausdorff dimension of the measure μ1 is

s =
log

(
exp(iπα)

)

log 3
.

The measure so constructed is related to the filters of a radial multiresolution
in R3.

3. Construction of a fractal measure via radial wavelets

Let (X,B) be a measure space and σ be a fixed N -to-1 measurable mapping from
X to X. Let σ : X → X be onto and B-measurable, i.e., for every b ∈ B, σ−1 (B) :=
{x ∈ X σ (x) ∈ B} ∈ B. Let ν be a probability measure defined on B. We assume
that the singletons {x} for x ∈ X, are in B, but ν need not be atomic. We also
assume that for every x ∈ X , the cardinality of σ−1 ({x)} is N , where N ≥ 2 is
fixed and finite. Let W : X → [0,∞) be given and assume that (i) W is measurable,
i.e., W−1 (J) ∈ B for every J interval in [0,∞), (ii)

∑
y∈X,σ(y)=x W (y) ≤ 1 for ν

a.e. x ∈ X. The sets σ−1 ({x)} may be labeled by ZN = {0, 1, ..N − 1}. Since the
singletons are in B, we may pick up measurable branches of the (set-theoretic)
inverse σ−1, i.e., measurable maps τi : X → X, i = 0, 1, . . . , N − 1 such that
σ ◦ τi = idX . Using W we may define a probability of transition or walk from a
point x ∈ X to one of the points τi (x), i = 0, . . . N − 1, in σ−1 (x) by

P
(
x, τi(x)

)
:= W

(
τi(x)

)
.

Set {ω (λ)} = {(i1, . . . , in 0, . . . , 0)}. Then by iterating we get:

P
(
x,
{
ω(λ)

})
:= W

(
τi1(x)

)
. . . W

(
τin

. . . τi1(x)
)
.
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Below we shall choose W in a particular way so that the random walk will be
related to a radial multiresolution. We shall in fact construct a family of prob-
ability measure Px, x ∈ R, on R induced from the representation of ON given
by the operators Si described in Section 2. We prove that it is indeed an infinite
convolution measure of Bernoulli type.

For r, s ∈ R we consider first the probability measure δr �α δs(f) defined on R
by the following:

δr �α δs(f) := cα

∫ π

0

f
(√

r2 + s2 − 2rs cos φ
)

sin2α φdφ ,

where f ∈ Cc (R+) and Cc (R+) denotes the space of continuous, compactly sup-
ported functions on R+. If we take f to be the normalized Bessel function of
order α then we have

δr �α δs (jα) = cα

∫ π

0

(jα

(√
r2 + s2 − 2rs cos φ

)
sin2α φdφ = jα (r) jα(s) .

The functions r → (jα(λr)) λ ∈ R+ are exactly those which are bounded and
multiplicative with respect to �α. They constitute the dual space of the hyper-
group Hα.

Define the following:
〈
δ(r) �α δ(s), jα

〉
= δ(r) �α δ(s) (jα) .

Then by iteration we get:
〈
δ(r1) �α . . . �α δ(rk), jα

〉
= δ(r1) �α . . . �α δ(rk) (jα) . (26)

Let us use the notation: Tn1,...,nk
to denote Tn1 . . . Tnk

. Then by iteration we get:

̂Tτn1 ,...,τnk
fα (x) = jα

(
τn1(x)

)
. . . jα

(
τnk

. . . τn1(x)
)

̂fα (x) . (27)

Thus by (26), (27) we get:

̂

〈
Tτn1 ,...,τnk

, fα (x)
〉

= δτn1 (x) �α δτn2τn1 (x) �α . . . �α δτnk
...τn1 (x) (jα) f̂α (x) .

Theorem 4. Let σ : R+ → R+ and let τ0, . . . τN−1 be a choice of branches of σ
given by τni

(x) = exp
(
i2π x+ni

N

)
and τnk

. . . τn1 (x) = exp
(
i2π x+s

Nk

)
, s = n1 +

n2N + · · · + nkNk−1. Then there exists a measure Px on random walk with the
transition probabilities induced from such iterated system on Hα =

(
L2 (R+) , ωα

)

such that

Px

(
x,
{
ω(x)

})
:= W

(
τi1(x)

)
. . . W

(
τin

. . . τi1(x)
)

= jα

(
τi1(x)

)

. . . jα

(
τik

. . . τi1(x)
)
,

with W
(
τij

(x)
)

= jα

(
τij

(x)
)
. Then it is an infinite Bernoulli convolution mea-

sure.
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Proof. We can rewrite the measure Px associated to the random walk defined by
the iterated function system σ, τi as:

Px

(
x,
{
ω(x)

})
= δτn1 (x) �α δτn2τn1 (x) �α . . . �α δτnk

...τn1 (x) (jα) .

The above infinite convolution measure, see [9], has distribution function given by

F (x) = lim
k→∞

δτn1 (x) �α δτn2τn1 (x) �α . . . �α δτnk
...τn1 (x)

where the maps τi are first defined on [0, 1] and extended periodically to R+. The
infinite product converges because of the convergence of the series

∑∞
i=1

(
1

Ni

)2. The
characteristic function is given by the following infinite product

∏∞
i=1 cos

(
N−iαx

)

(see [17]) and it is related to that of a probability measure satisfying Hutchinson’s
invariance property according to the following lemma. �

Lemma 5. Let νλ be a measure satisfying the following:

νλ =
(
νλ ◦ τ−1

0 + νλ ◦ τ−1
1

)

where τ0 (t) = exp (i2π (λt + 1)) and τ1 (t) = exp (i2π (λt − 1)), λ ∈ (0, 1). Then
the Hankel transform ν̂λ of νλ satisfies:

̂

(
νλ (t)

)
=

∞∏

n=0

cos (2παλnt) .

Hence the measure arising from the above iterated function system is a Bernoulli
convolution measure.

Proof. Taking the Hankel transform of νλ as defined in Lemma 4 we get:

̂νλ (t) =
∫

jα (xt) dνλ (x)

=
∫

jα

(
exp

(
− i2π(λx − 1)t

))
+ jα

(
exp

(
− i2π(λx + 1)t

))
dνλ (x)

=
(
cos(2παt)

)
̂

(
νλ(λt)

)
.

Then by countable iteration we get:

̂νλ (t) = cos (2παλnt) ̂

(
νλ (λnt)

)
.

for all n ∈ N.
Hence in the sense of pointwise limits:

̂νλ (t) =
∞∏

n=0

cos (2παλnt) lim
n→∞

̂

(
νλ (λnt)

)
.

Thus by the convergence of limn→∞ ̂(νλ (λnt)) to ̂(νλ (0)) = 1, since λ ∈ (0, 1), we
obtain that the Hankel transform of the measure νλ satisfies:

̂(νλ (t)) =
∞∏

n=0

cos (2παλnt) .
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The measure νλ arising from the above iterated function system determined by
the maps τi is a Bernoulli convolution measure, see [24]. Then it follows that the
measure on the random walk with transition probabilities given by

Px

(
x,
{
ω(x)

})

is a Bernoulli convolution measure associated to the iterated function system given
by τ0 and τ1. It remains only to remark that it satisfies Hutchinson’s invariance
property so it is a probability measure. �

Lemma 6. Give a fixed λ ∈ (0, 1) and assume there is an invariant measure μλ

with respect to the iterated function system as in Theorem 4.
Then the Hankel transform of μλ satisfies:

̂μλ (t) =
∞∏

k=0

exp
(

i2π
n1 + n2λ

−1 + · · · + nkλk−1

λk
tα

)
.

Proof. We have

̂μλ (t) =
∫

R

jα (xt) dμλ (x)

= exp
(
(i2πn1λt)α

)
̂

(
μλ(λt)

)
.

Then by iterating:

̂μλ (t) =
∞∏

n=0

exp
(

i2π
n1 + n2λ

−1 + · · · + nnλn−1

λn
tα

)
lim

n→∞
̂

(
μλ (λnt)

)
.

This gives the desired result, since limn→∞ ̂(μλ (λnt)) = 1 since λ ∈ (0, 1) . �

4. Conclusions

From the sections concerning wavelets constructed in this paper based on products
of Bessel functions we conclude that there are a number of interesting question to
address such as connections with infinite products measure of Bernoulli type and
random walks. Previously studied representations of the Cuntz algebras dependent
on a parameter as [25] can be used towards an extension of our considerations to
the construction of corresponding random walks on quantum groups.
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