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On the homology of the space of knots

R. BUDNEY

F. R. COHEN*

Consider the space of ‘long knots’ inRn Kn,1 . This is the space of knots as
studied by V. Vassiliev. Based on previous work [5, 12], it follows that the rational
homology ofK3,1 is free Gerstenhaber-Poisson algebra. A partial description of
a basis is given here. In addition, the mod-p homology of this space is a ‘free,
restricted Gerstenhaber-Poisson algebra’. Recursive application of this theorem
allows us to deduce that there isp-torsion of all orders in the integral homology
of K3,1 .

This leads to some natural questions about the homotopy typeof the space of
long knots inRn for n > 3, as well as consequences for the space of smooth
embeddings ofS1 in S3 and embeddings ofS1 in R3 .

knots, embeddings, spaces, cubes, homology

1 Introduction

The purpose of this paper is to give homological properties of the classical spaces of
smooth ‘long’ embeddingsK3,1 = Emb(R, R3) and smooth embeddings Emb(S1, S3).
Some results here also apply to the embedding spaces Emb(Sj , Sn), and ‘long’ embed-
ding spacesKn,j = Emb(Rj , Rn), with the main results focused on the 3-dimensional
casej = 1, n = 3.

The approach here to these homological problems follows recent work of Hatcher
[23, 24] and Budney [5, 7]. The homotopy type of the components of Emb(S1, S3)
and K3,1 are understood completely in terms of configuration spaces in the plane,
Stiefel manifolds, isometry groups of certain hyperbolic link complements and various
natural iterated bundle operations. Many of the homological properties of bothK3,1,
and Emb(S1, S3) follow from combining this information together with earlier work of
Cohen [12] on configuration spaces.

The spaceKn,1 admits the structure of anH -space induced by concatenation of ‘long’
embeddings. In addition, thisH -space structure forK3,1 was shown to extend to a free
C2-space in the sense of May, with “generating set" given by thespace of prime long
knots [5].

One consequence is that the homotopy type of the space of longknots is determined
completely by the homotopy type of the prime long knots. Information concerning
spaces of prime long knots is combined with bundle theoreticconstructions to give
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a large contribution to the homology groups for spaces of long knots, as well as
Emb(S1, S3).

The structure of a graded analogue of a Poisson algebra, a Poisson-Gerstenhaber
algebra, arises in the work here. An introduction to Poissonalgebras is given in [11],
pages 177-182 while some applications are given in [12] pages 215-216 and [49]. A
Poisson-Gerstenhaber algebraA is a graded commutative algebra overQ given byAn

in gradationn together with a graded skew symmetric bilinear map

{−,−} : As ⊗ At → As+t+1

which satisfies the following where|a| denotes the degree of an elementa in A:

(1) the Jacobi identity

{a, {b, c}} = (−1)|a|+|b|+|c|+1{{a, b}, c} + (−1)|b||c|+|c|+1{{a, c}, b}

where the signs will be typically omitted with the above written as

{{a, {b, c}} = (±1){{a, b}, c} + (±1){{a, c}, b}.

(2) the Leibniz formula

{a · b, c} = a · {b, c} + (−1)|b||a|b{a, c}.

A standard example of such a Gerstenhaber-Poisson algebra is given by the rational
homology algebra ofΩ2(X) for X a bouquet of spheres of dimension at least 3 by [12]
in which the precise axioms are recorded.

The mod-p homology ofK3,1 has more detailed structure, and is, loosely speaking,
a ‘free restricted Gerstenhaber-Poisson algebra’ with additional structure satisfied by
freeC2-spaces [12], freely generated on the mod-p homology of the subspace of prime
long knots.

The main results of the current article are Theorem1.3on the structure of the homology
of K3,1, Proposition1.4concerning implications for the space of smooth embeddings
of S1 in S3, Proposition1.5, a homological characterization of the unknot, as well as
Theorem9.1on the minimali such thatHi(K3,1; Z) containsp-torsion.

Definition 1.1 Kn,j := {f : Rj → Rn : f is an embedding andf (x1, x2, · · · , xj) =

(x1, x2, · · · , xj , 0, · · · , 0) for |x| ≥ 1}. Kn,1 is traditionally called the space of long
knots in Rn, andKn,j the space of longj -knots in Rn. Given an elementf ∈ Kn,j

the connected-component ofKn,j containing f is denotedKn,j(f ). Two knots are
considered equivalent if they are in the same connected component ofKn,j (That is the
knots are isotopic).

Let XK = {f ∈ K3,1 : f is prime}, where the word ‘prime’ is used in the traditional
sense of Schubert [43], that is XK is the union of the connected components ofK3,1

which contain knots that are not connected sums of two or morenon-trivial knots, nor
are they allowed to contain the unknot.
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Theorem 1.2 [6] The spaceK3,1 is homotopy equivalent to

C(R2, XK ∐ {∗})

that is the labelled configuration space of points in the plane with labels inXK ∐ {∗}.
Furthermore, the following hold:

(1) Each path-component ofK3,1 is a K(π, 1).

(2) The path-components ofC2(n)×Σn (XK)n for all n, and thus the path-components
of K3,1 are given by

C2(n) ×Σf

n
∏

i=1

K3,1(fi)

for certain choices off1, · · · , fn ∈ XK , and Young subgroupsΣf .

The above theorem can be thought of as a generalization of Schubert’s Theorem which
states thatπ0K3,1 is a free commutative monoid on countably-infinite many generators
[43]. Schubert’s theorem is about the monoid structure onπ0K3,1 induced by the cubes
action, while the above theorem is space-level onK3,1.

In general,Kn,1 is a homotopy-associativeH -space with multiplication induced by
concatenation. This multiplication gives a product operation

Hs(Kn,1) ⊗ Ht(Kn,1) → Hs+t(Kn,1)

SinceK3,1 admits the action of the operad of little 2-cubes, there is aninduced map

θ : S1 ×K3,1 ×K3,1 → K3,1

together with an operation in homology with any coefficients

Hs(K3,1) ⊗ Ht(K3,1) → H1+s+t(K3,1)

which is denoted, up to sign, by

{α, β} ≡ λ1(α, β) = θ∗(ι ⊗ α ⊗ β)

for α in Hs(K3,1), β in Ht(K3,1) and ι ∈ H1(S1) the fundamental class. These
operations satisfy the structure of a graded Poisson algebra for which the bracket
operationλ1(α, β) is called the Browder operation in [12].

The next result uses the product operation above as well as the bracket operation
{α, β} = λ1(α, β), and follows by interweaving the results of1.2, and [12]. We will
use the notationFp = Z/pZ to denote the field withp elements, whenp is a prime. To
state these results, additional information given by threefunctors from graded vector
spacesV over a fieldF are described next with complete details given in Section5:

(1) If the characteristic of the field is 0 then the value of thefunctor on objectsV
is the symmetric algebra generated by an algebraically ‘desuspended’ free Lie
algebra generated by the suspension ofV , and denoted

S[σ−1L[σ(V)]] .

This last algebra is a free Gerstenhaber-Poisson algebra.
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(2) For the fieldF2 the value of the functor on objectsV is the symmetric algebra
generated by an algebraically ‘desuspended’ free, mod-2 restricted Lie algebra
generated by the suspension ofV , and denoted

S[σ−1L(2)[σ(V)]] .

This last algebra is a graded version of a free restricted Liealgebra.

(3) For the fieldFp (p an odd prime), then the value of the functor on objectsV
is the symmetric algebra generated by an algebraically “desuspended" mod-p
free restricted Lie algebra generated by the suspension ofV plus an additional
summand as described in Section5, and denoted

S[σ−1L(p)[σ(V)] ⊕ σ−2Wp[σ(V)]] .

Theorem 1.3 The homology ofK3,1 satisfies the following properties.

(1) The rational homology ofK3,1 is a free Gerstenhaber-Poisson algebra generated
by V = H∗(XK; Q).

(2) The homology ofK3,1 with Fp coefficients is a free restricted Gerstenhaber-
Poisson algebra generated byV = H∗(XK; Fp) as described in [12].

(3) There are isomorphisms of Hopf algebras

(a) S[σ−1L[σ(V)]] → H∗(K3,1; Q) for V = H∗(XK; Q),

(b) S[σ−1L(2)[σ(V)]] → H∗(K3,1; F2) for V = H∗(XK; F2), and

(c) S[σ−1L(p)[σ(V)]⊕σ−2Wp[σ(V)]] → H∗(K3,1; Fp) for V = H∗(XK; Fp) in
casep is an odd prime.

These isomorphisms specialize to an identification of the homology of each path-
component ofK3,1 with the one ambiguity that the homology of the components
of knots arising from hyperbolic satellite operations is not given in a closed form
here. More information is described in Section3.

(4) The integer homology ofK3,1 has p-torsion of arbitrarily large order (with
examples listed in Section5, and6).

A primary development in this paper is our recursive application of the above theorem.
Let Kc ⊂ K3,1 denote the subspace ofK3,1 consisting of all cable knots. There is
a homotopy-equivalenceZ × S1 × K3,1 → Kc. Let Ks ⊂ K3,1 denote the subspace
of K3,1 which are connect-sums of any number of cable knots. Then there is a
homotopy-equivalenceC2(Kc ⊔ {∗}) → Ks. The composite of the two maps is a
homotopy-equivalenceC2((Z × S1 × K3,1) ⊔ {∗}) → Ks. SinceKs is a collection of
path-components ofK3,1, this map can be iterated, giving a the homology ofK3,1,
as a Gerstenhaber-Poisson algebra, a fractal-like structure. These statements will be
justified in Sections2 and3, and explored more fully in Sections7 and10.

These results lead to some natural questions about the structure of the homology of the
higher-dimensional embedding spacesKn,1 (n ≥ 4) studied recently by Sinha [45],



On the homology of the space of knots 5

Volic [51], Lambrechts [32] as well as others [1, 10, 17, 30, 41]. Constructions related
to these questions are also addressed here.

By Theorem1.3, there is arbitrarily largep-torsion in the homology ofK3,1. Examples
of Theorem1.3for knots whose path-components have higher 2-torsion in their integer
homology is given next. This higher torsion can be regarded as a coarse “measure" of
the “complexity" of a knot’s JSJ-decomposition.

(1) Let K3,1(f ) denote the path-component of a torus knotf . ThusK3,1(f ) has the
homotopy type of a circle [24, 7].

(2) Given any spaceX, and a strictly positive integerq, define

E(q, X) = Conf(R2, q) ×Σq Xq.

Assume thatK3,1(f ) has the homotopy type ofS1. E(4,K3,1(f )) has the property
that

(a) H2(E(4,K3,1(f ))) = Z/2Z,

(b) H3(E(4,K3,1(f ))) = 0,

(c) H3(S1 × E(4,K3,1(f ))) is isomorphic toZ/2Z.

(d) Furthermore,E(2s, S1 × E(4,K3,1(f ))) has the homotopy type of a path-
componentK3,1(g) for a long knotg as given in [5], and has torsion of
order 2s+1 in its integer homology by Section6, and7. In this case,g is
a connected-sum of 2s copies of the same summand, and that summand is
a p/q-cable of a connected sum of four copies of the same torus knot. In
the language of [6],

g =
((

T(p,q)
∆4⊲⊳H4) ⊲⊳S (p,q))

∆2s⊲⊳H2s

The elements of this notation is described in detail in [6] and is summarized
in Section2.

(e) A second example isE(2s,K3,1(h))) whereh = T(p,q)⊲⊳W and W is the
Whitehead link. In this case,

K3,1(h) ≃ S1 ×
(

S1 ×Σ2 S1)

whereS1 ×Σ2 S1 is the Klein bottle [7]. H1(K3,1(h))) = Z/2Z ⊕ Z2.

A more complete description of the homology ofK3,1 is given in Sections5, and6.
The homology of each path-component is given in terms of Theorem 1.3 as well as
filtrations of the values of the functors listed in that theorem.

Consider the subspaceT K3,1 of K3,1 consisting of the union of the components of
K3,1 corresponding to knots which can be obtained from torus knots via iterations
of the operations given by cabling and connected-sum. Theseare the knots whose
complements are ‘graph manifolds’ ie: a union of Seifert-fibered manifolds. The
structure of the homology ofT K3,1 is described in Section10. This is our primary
source ofpn-torsion inH∗(K3,1; Z).

A further consequence of Theorem1.2 is the next result which follows directly, and is
proven in Section4. Let Emb∗(S1, Sn) denote the space of smooth pointed embeddings.
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Proposition 1.4 The groupSO(n − 1) acts naturally onKn,1 (rotations that fix the
‘long axis’), and there are morphisms of bundles for which each vertical map is a
homotopy equivalence:

SO(n) ×SO(n−1) Kn,1
i−−−−→ SO(n + 1)×SO(n−1) Kn,1

p−−−−→ SO(n + 1)/SO(n)




y
θn





y
θn





y
1

Emb∗(S1, Sn)
j−−−−→ Emb(S1, Sn) −−−−→ Sn

Thus, there is a bundle

SO(n + 1)×SO(n−1) Kn,1 → SO(n + 1)/SO(n− 1)

with fibre Kn,1. Furthermore, there is a homeomorphism

Emb(S1, S3) → S3 × Emb∗(S
1, S3)

for which Emb∗(S1, S3) denotes the space of smooth pointed embeddings, and the
bundle

K3,1 → Emb∗(S
1, S3) → S2

is the induced bundle with fibreK3,1 from the bundle

SO(2) → SO(3) → S2.

Section4 gives precise relationships (such as the above proposition) between the
homotopy-type of the embedding spacesKn,j , Emb(Sj , Sn) and Emb(Sj , Rn).

Notice that the homological properties of each path component thus give knot invariants.
This is illustrated by the following proposition.

Proposition 1.5 (1) A knot f : S1 → S3 is the unknot if and only if its component
in Emb(S1, S3) contains no2-torsion in its 1st homology group.

(2) A long knot f : R1 → R3 in K3,1 is the ‘long unknot’ if and only if its component
has trivial first homology group.

(3) An embedding ofS1 in R3 is the unknot if and only if its component in
Emb(S1, R3) has torsion first homology group. It is also true if and only if
its 2nd homology group is trivial.

Theorem 1.6 Let K3,1(f ) denote a path-component ofK3,1 . Then

H1(K3,1(f ); Z)

is a finite direct-sum of copies ofZ andZ/2Z.

In addition, a characterization of the components ofK3,1 such thatH1(K3,1(f ); Z)
contains 2-torsion is given in Section8. A precise identification of those knotsf such
that H1(K3,1(f ); Z) contains aZ/2Z summand is also given. In Section9 the least
degree in which oddp torsion inH∗(K3,1; Z) occurs is as follow.
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Theorem 1.7 Let f denote a long knot andp an odd prime. IfHi(K3,1(f ); Z) contains
Z/pZ, then i ≥ 2p− 2.

Much recent progress has been made on the structure of spacesof embeddings via
finite-dimensional model spaces and approximations. Some of this was first given by
Vassiliev [50] and has been the subject of further study via the GoodwillieCalculus of
Embeddings by Sinha [45], Volic [51] Lambrechts [32], or cohomological techniques
such as Bott-Taubes integrals [4, 10].

The Gerstenhaber-Poisson algebra above was first considered on theE2-level of the
Vassiliev spectral sequence by Tourtchine [49]. Related progress is given in work of
Altshuler-Freidel [1], Bar-Natan [2], Cattaneo, Cotta-Ramusino-Longoni [10], Kohno
[30], Kontsevich [31], Lescop [33], Polyak-Viro [40], Sakai [41], Watanabe [52] as
well as others.

This paper takes the direction of using Gramain and Hatcher’s techniques for under-
standing the homotopy type ofK3,1, one component at a time [18, 24]. The central
construction of Hatcher [24] is to consider the components of the knot space as the
classifying space of the mapping class group of the knot complement. One then stud-
ies how such a mapping class group acts on the JSJ-tree of the knot complement as
in [5, 7], using Hatcher’s results on the homotopy type of diffeomorphism groups
of Haken manifolds [21] to assemble an answer. Thus most of the results here are
complementary to the results of the authors mentioned in theprevious two paragraphs.

The authors would like to thank the University of Tokyo, the Max Planck Institute
for Mathematics in Bonn, Institut des HautesÉtudes Scientifiques, the Institute for
Advanced Study, the Pacific Institute of Mathematics and theAmerican Institute of
Mathematics for partial support during the preparation of this paper.
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2 Notation, labelling components

Whitney [56] showed that the embedding spaceKn,j is connected forn > 2j + 1. By
work of Wu [53], Kn,j is also connected provided bothn > 2j andj > 1. ThatKn,1 is
also connected forn = 1 is elementary. The fact thatK2,1 is connected is equivalent
to the smooth Alexander/Schoenflies theorem in dimension 2.In co-dimension 3
and higher. Haefliger [20] vastly generalized Whitney’s result, proving thatKn,j is
connected provided 2n > 3j + 3, andπ0Kn,j is non-trivial for 2n = 3j + 3. This work
has recently been extended by the first author to a computation of the first non-trivial
homotopy group ofKn,j provided 2n− 3j − 3 ≥ 0 [8].

When 2n ≤ 3j + 3 the spaceKn,j could potentially have many connected components.
π0Kn,j was shown to be a group by Haefliger [20] provided n − j > 2, whereas it
is only a monoid forn − j ≤ 2. A fundamental example is the spaceK3,1 which
has countably infinite many components, and no inverses in the monoidπ0K3,1 [44].
Given f ∈ Kn,j , let Kn,j(f ) denote the path-component ofKn,j containingf .

We will use the notation EC(1, Dn−1) as defined in [5] for the space of framed long
knots inRn. Given a compact manifoldM , define

EC(k, M) = {f ∈ Emb(Rk × M, Rk × M), supp(f ) ⊂ I
k × M}.

Here the support off , supp(f ) is defined bysupp(f ) = {x ∈ Rk × M : f (x) 6= x}
and I = [−1, 1]. EC(1, Dn−1) is not homotopy equivalent toKn,1 in general, but as
described in [5] there is a fibration

ΩSO(n− 1) → EC(1, Dn−1) → Kn,1

which splits at the fibre (via a 2-cubes map) forn ∈ {1, 2, 3}, allowing us to think of
K3,1 as a sub 2-cubes object of EC(1, D2).

This section collects information on the indexing of the components ofK3,1 which is
given in terms of the ‘companionship tree’ classification ofknots, an application of the
Jaco-Shalen-Johannson (JSJ) decomposition of knot complements. The indexing that
we will use is described in detail in [6]. Aspects of this indexing have been partially
described before in the works of Budney [5], Eisenbud and Neumann [14], Schubert
[44], and the unpublished work of Bonahon and Siebenmann [3], as well as the survey
work of Kawauchi [28]. Indeed, the results in [6] should be thought of as a uniqueness
statement for Schubert’s satellite operations that he describes in [44]. In the book by
Eisenbud-Neumann [14] this method of indexing is called the splice decompositionof
links, but is specialized to the case of links in homology spheres whose complements
are graph manifolds. A terse statement of the results in [6] given next suffice for the
applications here. More complete as well as more specific information is given in [6].

Definition 2.1 An n-component link inS3 is a compact, connected, oriented,1-
dimensional submanifold ofS3 consisting ofn path components labelled with distinct
numbers from the set{0, 1, 2, · · · , n− 1}. Thus the notationL = (L0, L1, · · · , Ln−1)
is used frequently forn-component links. A knotK (in S3) is a 1-component link.
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An n-component linkL is the unlink if there existsn disjointly embedded2-discs
D = (D0, D1, · · · , Dn−1) in S3 whose boundary isL, ∂D = (∂D0, ∂D1, · · · , ∂Dn−1) =

(L0, L1, · · · , Ln−1) = L.

For n ≥ 0 an (n + 1)-component linkL = (L0, L1, · · · , Ln) is said to be a KGL (knot
generating link) if the sublink(L1, L2, · · · , Ln) is the unlink.

Given an(n + 1)-component KGLL and n knots J = (J1, J2, · · · , Jn) in S3 there is
an operation called splicing defined in [6] which produces a knotJ⊲⊳L in S3. Here
is a rough statement of the splicing construction. FixD = (D1, · · · , Dn) n disjointly
embedded discs inS3 such that∂D = (L1, L2, · · · , Ln). Let νD : [−∞,∞]×D2 → S3

be a closed tubular neighbourhood ofD. Let CL′ be the complement of an open tubular
neighbourhood of(L1, · · · , Ln) in S3, and defineR : CL′ → S3 to be unique continuous
function which is the identity outsideimg(νD), and on the image ofνD define it to be
the conjugateνD ◦ (J̃1 ⊔ · · · J̃n) ◦ ν−1

D , whereJ̃i ∈ EC(1, D2) is the framed long knot
in the homotopy-fibre of the mapEC(1, D2) → ΩSO(2) corresponding toJi under the
mapEC(1, D2) → K3,1 → Emb(S1, S3). J⊲⊳L is defined to be the image ofL0 under
the embeddingR. See [6] for details.

Example 2.2 Let W denote the Whitehead link andF8 the figure-8 knot.

W

F8

K = F8⊲⊳W

Figure 1: Whitehead double and companionship tree

The role of splicing is that it is an operation that takes knots andKGL’s as input and
produces a knot of greater ‘complexity’ in the sense that thecompanionship trees of the
input data is spliced together to produce the companionshiptree ofJ⊲⊳L. We proceed
to make these ideas more precise.

Definition 2.3 The Hopf linkH1 is the2-component link inS3 given by

{(z1, 0) ∈ C2 : z1 ∈ C, |z1| = 1} ∪ {(0, z2) : z2 ∈ C, |z2| = 1} ⊂ S3

whereS3 is regarded the unit sphere inC2.

If one takes a connected-sum ofp copies of the Hopf link along a common component,
one obtains the(p + 1)-component link, which we will call the(p + 1)-component
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keychain linkHp (see Figure2).

{(z1, 0) ∈ C2 : |z1| = 1} ∪
p
⋃

k=1

{ 1√
2

(e
2πik

p , z2) : |z2| = 1} ⊂ S3

H1

· · · Hp

Figure 2: Hopf link and keychain link

For any(p, q) ∈ Z × N, the (p, q)-Seifert linkS (p,q) is defined to be

{(z1, 0) ∈ C2 : |z1| = 1} ∪ {(z1, z2) ∈ C2 : |z1| = |z2| =
1√
2
, zq

1 = zp
2} ⊂ S3

The (p, q)-Seifert link hasGCD(p, q) + 1 components (see Figure3).

p
q

S (p,q)

Figure 3: Seifert link

For any(p, q) ∈ Z × N, GCD(p, q) = 1, the (p, q)-torus knotT(p,q) is

{(z1, z2) ∈ C2 : |z1| = |z2| =
1√
2
, zq

1 = zp
2} ⊂ S3

Theorem 2.4 [6] Given a knotK in S3 there is a finite, labelled, rooted tree-valued
invariant ofK denotedGK having the following properties:

(1) Each vertex of the tree is labelled by a link and any link from the following list
is admissible:

(a) Torus knotsT(p,q) for p/q ∈ Q, GCD(p, q) = 1, q ≥ 2.

(b) Seifert linksS (p,q) for GCD(p, q) = 1, q ≥ 1.

(c) Keychain linksHp for p ≥ 2.

(d) Hyperbolic KGLs.

(e) The unknot.

(2) Given any vertex inGK , the number of children of the vertex is one less than
the number of components of the link that decorates the vertex.

(3) If any vertex is decorated by a keychain linkHp, none of its children are allowed
to be decorated by keychain links.
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(4) A vertex of the treeGK can be decorated by the unknot if and only if the tree
GK consists of only one vertex.

(5) If one changes all the labels on the treeGK by substituting for each vertex label
L its complementCL one obtainsGK , the JSJ-tree ofK [6]. This is the tree
whose vertex set is the set of path components of the knot complementCK split
along its JSJ-tori, and the edges are the JSJ-tori ofCK .

(6) If GK consists of more than one vertex, thenK = J⊲⊳L where the root ofGK is
labelled byL andGJi are the subtrees rooted at the children ofL in GK .

(7) The number of vertices ofGK is one more than the number of tori in the JSJ-
decomposition of the complement ofK in S3. Thus for example,GK is a
one-vertex tree if and only ifK is either hyperbolic, a torus knot, or the unknot.

The above properties 1 through 4 are complete, in the sense that any tree satisfying
properties 1 through 4 is realizable asGK for some knotK . GK is known as the
companionship tree ofK .

Given a vertexv of GK , there is a maximal subtree ofGK rooted atv, and this subtree
is the companionship tree of a unique knot inS3, Kv. Kv is called a companion knot
to K .

Item (6) implies that if one writes down the ‘postorder’ (reverse Polish) listing ofGK ,
one is simply writingK as an iterated splice knot where all the KGL’s used in splicing
come from the list (1). ThusGK could simply be considered a precise way to specify
K as a splice of atoroidal KGLs.

Unlike links with Seifert-fibred complements, hyperbolic KGLs have no known canon-
ical enumeration.

Some elementary examples of hyperbolic KGLs are:

• the figure-8 knot

• the Whitehead link

• the Borromean rings

Hyperbolic KGLs of arbitrarily many components are known toexist by the work of
Kanenobu [27]. For details on the hyperbolic structures, see for examplethe textbook
of Thurston [48].

A trefoil knot K = T(−3,2)

GK = K T(−3,2)⊲⊳S (17,2)

Figure 4: Trefoil and (17,2)-cable
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F8 ((T(3,2), F8)⊲⊳H2)⊲⊳S (−17,2)

Figure 5: Cable of connect sum of trefoil and figure-8 knot

Figures4 and5 give examples of knotsK and the associated treeGK , and the corre-
sponding splice notation, whereF8 denotes the figure-8 knot. LetB = (B0, B1, B2)
denote the Borromean rings, and letBi,j be the 3-component link inS3 obtained from
B by doing i Dehn twists about the spanning disc ofB1 and j Dehn twists about the
spanning disc forB2.

(F8, T(3,2))⊲⊳B GK GK(F8, T(3,2))⊲⊳B0,3

Figure 6: Various Borromean splices

The spaces EC(1, Dn−1) admit an action of the operad of little 2-cubes [5]. Using the
connectedness ofKn,1 for n ≥ 4 together with the cubes action one can prove that
EC(1, Dn−1) has the homotopy type of a 2-fold loop space forn ≥ 4. At present it is
not known what the 2-fold de-looping of EC(1, Dn−1) is. Recently, P. Salvatore [42]
has constructed an action of the operad of 2-cubes onKn,1 for all n ≥ 4.

The previously described fibre bundle

Emb(S1, S3) → SO(4)/SO(2)

whose fibre inclusioni : K3,1 → Emb(S1, S3) is induced by the one-point compacti-
fication is explored more deeply in Section4. For the purpose of this section and the
study of the components ofK3,1 and Emb(S1, S3) respectively, we note that the inclu-
sion K3,1 → Emb(S1, S3) induces bijection on path-components. Thus, our indexing
of π0Emb(S1, S3) above by companionship treesGK is also an indexing ofπ0K3,1.

3 The homotopy type ofK3,1

A detailed description of the homotopy type ofK3,1 is given in this section. This
description is given in terms of the splicing operations as described in Section2. A
good general reference for these results is the work [7].

(1) If f is the unknot thenK3,1(f ) is contractible by work of Hatcher [24].
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(2) If f is a p/q-cabling of g then by work of Hatcher [24], there is a homotopy
equivalence

S1 ×K3,1(g) → K3,1(f ).

We consider a torus knot to be a cable of the unknot, so we are claiming all
non-trivial torus knotsf satisfyK3,1(f ) ≃ S1.

(3) If f = (f1, f2, · · · , fn)⊲⊳Hn where{fi : i ∈ {1, 2, · · · , n}} are the prime sum-
mands off andn ≥ 2, then there is a homotopy equivalence

C2(n) ×Σf

n
∏

i=1

K3,1(fi) → K3,1(f )

where Σf ⊂ Σn is the Young subgroup corresponding to the partition∼ of
{1, 2, · · · , n} given by i ∼ j ⇔ K3,1(fi) = K3,1(fj). This result originally
appears in [5].

(4) If a knot f = (f1, f2, · · · , fn)⊲⊳L whereL is a hyperbolic KGL then there is a
homotopy-equivalence:

S1 ×
(

SO(2)×Af

n
∏

i=1

K3,1(fi)

)

→ K3,1(f ).

we defineAf as a subgroup ofBL . BL is the subgroup of the group of hyperbolic
isometries of the complement ofL in S3 which:

• extend to diffeomorphisms ofS3 .

• the extensions preserveL0 and its orientation (ie: they act on the cusp
corresponding toL0 by translations).

• put together, the above two properties imply there is an embedding BL →
Diff( S3; L, L0).

It is a non-trivial fact [7] that the composite is an embedding of groupsBL →
Diff( S3; L, L0) → Diff +(L0) where Diff+(L0) is the group of orientation-
preserving diffeomorphisms ofL0. RegardBL as a finite subgroup ofSO(2).
There is a representation ofBL given by the composite:BL → Diff( S3, L, L0) →
Diff(⊔n

i=1Li) → π0Diff(⊔n
i=1Li) ≡ Σ+

n where we identifyπ0Diff(⊔n
i=1Li) with

Σ+
n , the signed symmetric group on{1, 2, · · · , n}. Σn acts onKn

3,1 by permuta-
tion of factors.Σ2 acts onK3,1 by knot inversion – fix an axis perpendicular to
the long axis, and rotate a knot byπ about this axis, this is knot inversion. Stated
another way, the group of rotations which preserve the long axis, O(2) ⊂ SO(3),
acts onK3,1 by conjugation. Fix an element̟ ∈ O(2) \ SO(2), then̟ acts as
an involution onK3,1, thus defining an action ofΣ2 onK3,1. These two actions
extend to an action ofΣ+

n on Kn
3,1. Af is the subgroup ofBL that preserves the

path-component
∏n

i=1 K3,1(fi) of Kn
3,1.

As mentioned in part (4) above,K3,1 is naturally anO(2)-space. Parts (1), (2) and (3)
above all areO(2)-equivariant homotopy equivalences, as shown in [7]. Case (4) is
only anSO(2)-equivariant homotopy-equivalence, although the homotopy-class of̟
acting onK3,1 is computed.
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4 Relations among various spaces

The goal of this section is to compare the homotopy types of the spaces:

• Kn,1

• Emb(S1, Sn)

• Emb(S1, Rn)

The space of pointed, smooth embeddings Emb∗(S1, Sn) will be a useful auxiliary space.
Relationships between the embedding spacesKn,j , Emb(Sj , Sn) and Emb(Sj , Rn) will
also be listed.

Proposition 4.1 For all n ≥ 1 there are morphisms of fibrations for which each
vertical map is a homotopy equivalence:

SO(n) ×SO(n−1) Kn,1
i−−−−→ SO(n + 1)×SO(n−1) Kn,1

p−−−−→ SO(n + 1)/SO(n)




y
Θn





y
Θn





y
1

Emb∗(S1, Sn)
j−−−−→ Emb(S1, Sn) −−−−→ Sn

Kn,1
i−−−−→ SO(n) ×SO(n−1) Kn,1

p−−−−→ SO(n)/SO(n− 1)




y
1





y
Θn





y
1

Kn,1
j−−−−→ Emb∗(S1, Sn) −−−−→ Sn−1.

Proof Consider the mapsΘn : SO(n + 1)×Kn,1 → Emb(S1, Sn) obtained from the
naturalSO(n + 1)-action on Emb(S1, Sn) together with the natural inclusionKn,1 →
Emb(S1, Sn). Notice that the mapΘn is SO(n − 1)-equivariant and thus there is an
induced map

Θn : SO(n + 1)×SO(n−1) Kn,1 → Emb(S1, Sn).

Consider the natural fibrations

Emb∗(S
1, Sn) → Emb(S1, Sn) → Sn,

and
Kn,1 → Emb∗(S

1, Sn) → Sn−1.

The first map is a fibration by the isotopy extension theorem. Indeed, Palais proved
that in general ‘restriction maps’ are locally trivial fibrebundles [39]. The map
Emb∗(S1, Sn) → Sn−1 is the composition of the restriction map Emb∗(S1, Sn) →
Emb∗(U, Sn) with the homotopy equivalence Emb∗(U, Sn) → Sn−1 given by the
derivative at∗ where U is some closed interval neighbourhood of∗ in S1. Thus
there is a map of fibrations:
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SO(n) ×SO(n−1) Kn,1
i−−−−→ SO(n + 1)×SO(n−1) Kn,1

p−−−−→ SO(n + 1)/SO(n)




y
Θn





y
Θn





y
1

Emb∗(S1, Sn)
j−−−−→ Emb(S1, Sn) −−−−→ Sn

as well as

Kn,1
i−−−−→ SO(n) ×SO(n−1) Kn,1

p−−−−→ SO(n)/SO(n− 1)




y
1





y
Θn





y
1

Kn,1
j−−−−→ Emb∗(S1, Sn) −−−−→ Sn−1.

The mapΘn : SO(n) ×SO(n−1) Kn,1 → Emb∗(S1, Sn) is thus a homotopy equivalence.
Hence the map

Θn : SO(n + 1)×SO(n−1) Kn,1 → Emb(S1, Sn)

is also a homotopy equivalence.

Restrict attention to the special case given byn = 3.

Corollary 4.2 There is a homeomorphism

S3 × Emb∗(S1, S3) → Emb(S1, S3).

Furthermore, the bundle

K3,1 → Emb∗(S
1, S3) → S2

is the induced bundle with fibreK3,1 from the bundle

SO(2) → SO(3) → S2

whereSO(2) acts onK3,1 by rotation about the long axis, as previously described. Thus,
up to a homotopy-equivalenceEmb∗(S1, S3) is the union of two copies ofD2 × K3,1

along their common boundary, where the gluing mapS1 ×K3,1 → S1 ×K3,1 is given
by (z, f ) 7−→ (z, z2.f ) ∈ S1 × K3,1, where we identifyS1 ≡ SO(2) and its action by
rotation about the long axis.

Observe that Proposition4.1generalizes to a proposition about the embedding spaces
Emb(Sk, Sn). We skip the proof as it is essentially the same as Proposition 4.1.

Proposition 4.3 Provided n − j ≥ 1, there is a homotopy-equivalenceSO(n +

1)×SO(n−j) Kn,j → Emb(Sj , Sn).
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Given f ∈ Kn,j , let ḟ ∈ Emb(Sj , Sn) be the one-point compactification off . Con-
sider Sn to be the one-point compactification ofRn. The inclusion Rn → Sn

induces an inclusion Emb(Sj , Rn) → Emb(Sj , Sn). This inclusion induces a bijec-
tion π0Emb(Sj , Rn) → π0Emb(Sj , Sn) provided n − j ≥ 2. Given f ∈ Kn,j let
f̄ ∈ Emb(Sj , Rn) be such thaṫf is isotopic (inSn) to f̄ . These conventions give us
a one-to-one correspondence betweenπ0Kn,j , π0Emb(Sj , Sn) and π0Emb(Sj , Rn) for
n− j ≥ 2.

If f ∈ Kn,j is a long knot, letXf denote the component of̄f in Emb(Sj , Dn) and letCf

denote the complement of an open tubular neighbourhood ofḟ in Sn. Given f ∈ Kn,j

defineCf ⋊ Kn,j(f ) = {(p, g) : g ∈ Kn,j , p ∈ Cg, whereg isotopic tof}, and define
C ⋊ Kn,j to be the union of the spacesCf ⋊ Kn,j(f ) for all f ∈ Kn,j

Proposition 4.4 Providedn− j > 0, Emb(Sj , Rn) is homotopy-equivalent to the space
SO(n) ×SO(n−j)

(

C ⋊ Kn,j
)

. In particular the componentsXf of Emb(Sj , Rn) have the
homotopy-type ofSO(n) ×SO(n−j)

(

Cf ⋊ Kn,j(f )
)

. SO(n − j) ⊂ SO(n) acts onSO(n)
as the subgroup fixing aj -dimensional subspace, andSO(n − j) acts onCf ⋊ Kn,j

diagonally.

Proof See Proposition 2.2 of [8].

5 On the homology ofC2(X ∐ {∗})

The purpose of this section is to recall the homology of

C2(X ∐ {∗})

for X not necessarily path-connected. These results will then becombined with
Theorem1.2to obtain Theorem1.3. The spaceX is assumed to be compactly generated
and weak Hausdorff as a topological space [12]; the base-point{∗} is non-degenerate
by construction.

Formal constructions are given next for whichF is a field and all modules are assumed
to be vector spaces overF. Let V denote a graded vector space which splits as a direct
sum

V = V+ ⊕ V−

for which V+ consists of the elements concentrated in even degrees andV− consists of
the elements concentrated in odd degrees. Letσ(V) denote the “algebraic suspension"
of V . That isσ(V) is the moduleV with all degrees raised by one. In addition, define
σn(V) = σ(σn−1(V)). The “algebraic desuspension" ofV denotedσ−1(V) is defined
by requiringσ(σ−1(V)) = V.

Next consider the free Lie algebra

L[σ(V)]
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and, if F = Fp, the free restricted Lie algebra overFp denotedL(p)[σ(V)]. In this last
case, consider the natural inclusion

j : L[σ(V)] → L(p)[σ(V)]

with co-kernel denotedWp[σ(V)] (for which L[σ(V)] is the free Lie algebra defined
over the fieldFp). The definition of a restricted Lie algebra is given in Jacobson’s
book “Lie Algebras" [26] with graded restricted Lie algebras treated in [38]. Graded
restricted Lie algebras may be regarded as the module of primitive elements in the
tensor algebraT[σ(V)] defined over the fieldFp. Notice thatσ−1(σV) = V , but that
σ−1L[σ(V)] is not isomorphic toL[V] in general.

Let E[V−] denote the exterior algebra generated byV− and let F[V+] denote the
polynomial algebra generated byV+ . Consider the symmetric algebraS[V] defined
as follows:

(1) For the fieldQ, S[V] = E[V−] ⊗ F[V+].

(2) For the fieldF2, S[V] = F[V], the polynomial algebra generated byV .

(3) For the fieldFp with p an odd prime,S[V] = E[V−] ⊗ F[V+].

We describe the homology ofC2(X ∐ {∗}) with coefficients in the field (1)Q, (2) F2

and (3)Fp for p and odd prime.

Consider case (1). LetV = H∗(X, Q), and form the symmetric algebraS[σ−1L[σ(H∗(X; Q)]] .
By [12], there is an isomorphism of Hopf algebras

S[σ−1L[σ(H∗(X; Q))]] → H∗(C2(X ∐ {∗}); Q)

with co-product determined by that ofH∗(X; Q).

The analogous theorem forF2 is given as follows. LetV = H∗(X; F2), and form the
symmetric algebra

S[σ−1L(2)[σ(H∗(X; F2))]] .

By [12], there is an isomorphism of Hopf algebras

S[σ−1L(2)[σ(H∗(X; F2))]] → H∗(C2(X ∐ {∗}); F2)

with co-product determined by that ofH∗(X; F2). Remark: The role of the restriction
in a restricted Lie algebra overF2 is to create the Araki-Kudo-Dyer-Lashof operation,
the operation which sends an elementσ(v) to Q1(σ(v)).

The result for odd primesp with Fp is given as follows. LetV = H∗(X; Fp), and form
the symmetric algebra

S[σ−1L(p)[σ(V)] ⊕ σ−2Wp[σ(V)]] .

By [12], there is an isomorphism of Hopf algebras

S[σ−1L(p)[σ(V)] ⊕ σ−2Wp[σ(V)]] → H∗(C2(X ∐ {∗}); Fp)

with coproduct determined by that ofH∗(X; Fp).
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6 On the homology ofK3,1

Recall the homotopy equivalence of Theorem1.2,

C(R2, XK ∐ {∗}) → K3,1

Thus there are isomorphisms of Hopf algebras

(1) S[σ−1L[σ(V)]] → H∗(K3,1; Q) for V = H∗(XK; Q),

(2) S[σ−1L2[σ(V)]] → H∗(K3,1; F2) for V = H∗(XK; F2) and

(3) S[σ−1L(p)[σ(V)] ⊕ σ−2Wp[σ(V−)]] for V = H∗(XK; Fp) for odd primesp.

Further information concerning the the homology ofXK is given in Section10.

Thus the above isomorphisms give the homology ofK3,1 with field coefficients. The
first and second parts of Theorem1.3 follow. The proof of Theorem1.3 will be
concluded in Section7 in which higher torsion is constructed.

Notice that the spaceC2(X∐{∗}) is naturally a disjoint union ofX with another space.
Thus, there is a natural direct sum decomposition of graded vectors spaces

H̄∗(X; F) ⊕ Γ(X; F) → H∗(C2(X ∐ {∗}); F))

for a choice of graded vector space

Γ(X; F)

which is functor ofH∗(X; F).

The constructionΓ(X; F) is used in Section10to describe the homology of the subspace
of K3,1 generated by torus knots, as well as the operations of connected sums, cablings
and the action of the little two-cubes.

7 Higher p-torsion in the integer homology ofK3,1

One way in which higher orderp-torsion in the homology ofK3,1 arises is summa-
rized next. The way in which little cubesC2(n) are related to configuration spaces
Conf(R2, n) is as follows. There are mapsC2(n) → Conf(R2, n) which are both
homotopy equivalences and equivariant with respect to the action of the symmetric
group Σn [37]. Thus it suffices to exhibit higher torsion in the integer homology of
Conf(R2, n) ×Σn Xn for certain choices of spacesX = K3,1(f ). Since the construction
Conf(R2, n) ×Σn Xn occurs numerous times below, it is convenient to define

En(X) = Conf(R2, n) ×Σn Xn

as given in the Introduction.
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Given a prime long knotf , consider the path-componentK3,1(g) where

g = #nf ≡ f∆n⊲⊳Hn

Here #nf denotes the connected-sum ofn copies of the same knotf , with the splice
notation from Section2 given. There are homotopy equivalences

K3,1(g) → Conf(R2, n) ×Σn K3,1(f )n
= EL(K3,1(f )).

First considerp-torsion of order exactlyp obtained from the equivariant cohomology
of Conf(R2, p) as constructed in [12].

Proposition 7.1 Let Y denote any connected CW-complex.

(1) If H2t−1(Y; Fp) is non-zero, thenFp is a direct summand of

H2pt−2(Conf(R2, p) ×Σp Yp; Z).

(2) If Z/psZ is a direct summand ofH2t−1(Y; Z), then

H2tpr−1(Epr (Y); Z) = H2tpr−1(Conf(R2, pr ) ×Σpr Ypr
; Z)

has aZ/ps+qZ-summand.

(3) There is a homotopy equivalence

En(K3,1(f )) → K3,1(#nf ).

(4) Thus if K3,1(f ) has any non-trivial mod-p homology in degree2t − 1, thenFp

is a direct summand of
H2pt−2(Ep(K3,1(f )); Z).

Hence
H2pt−2(K3,1(#pf ); Z) = Fp ⊕ A

for some abelian groupA.

(5) Furthermore, ifZ/psZ is a direct summand ofH2t−1(K3,1(f ); Z), then

H2tpr−1(Epr (K3,1(f )); Z) = H2tpr−1(K3,1(#pr f ); Z) = Z/ps+rZ ⊕ A

for some abelian groupA.

Assume that
Hj(K3,1(f ); Z) = Z/psZ ⊕ A

for some abelian groupA. Label thisZ/psZ-summand (ambiguously) by< f , j, Z/psZ >

.

Example 7.2 By [24] or [7] if f is a non-trivial torus knot, thenK3,1(f ) has the
homotopy type of a circle. A direct application of Proposition 7.1gives that

H2p−2(Conf(R2, p)×Σp

(

K3,1(f )
)p

; Z) = H2p−2(K3,1(#pf ); Z) =< #pf , 2p−2, Fp > ⊕A

for some abelian groupA.
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Next, consider the prime knoth given by a cabling off .

Example 7.3 The examples here arise by an iterated cabling constructionas follows.
Let α/β ∈ Q satisfyβ ≥ 1 with GCD(α, β) = 1. h = f⊲⊳S (α,β) is theα/β -cabling
of f .

There is a homotopy equivalence

K3,1(f ) × S1 → K3,1(h) = K3,1(f⊲⊳S (α,β))

as described in Section3.

Next, consider anm-fold iterated cablinghm of f defined by

• h1 = f⊲⊳S (α,β) ,

• hi+1 = hi⊲⊳S (α,β) for i ≥ 1, defined recursively.

Then there are homotopy equivalences

K3,1(hm) → K3,1(f ) × (S1)m.

Assume that

H2t−1(K3,1(f )); Fp) =< f , 2t − 1, Fp > ⊕A

for some abelian groupA. Then the integer homology ofK3,1(hm) = K3,1(f ) × (S1)m

has a summand denoted (ambiguously) by

< f , 2t − 1, Fp > ⊗H∗((S
1)m; Z).

Thus if m≥ 1, there are elements of orderp in both odd as well as even degrees in the
integer homology ofK3,1(hm)). If m is “large", then there are many elements of order
exactlyp which are of both odd and even degree. This fussiness concerning parity of
degrees has consequences for higher torsion in homology.

The above remarks give examples of long knots with torsion oforder exactlyp concen-
trated in odd degrees for the integer homology of their path-components. One choice
of f is a torus knot. The next proposition shows thatp-torsion of order exactlyp in the
homology ofK3,1(g) gives rise higherps-torsion in the homology of other components
related components as follows.

Recall that Example7.3provides instances of prime knotsf such that

H2t−1(K3,1(f ); Z) =< f , 2t − 1, Fp > ⊕A

for some abelian groupA. Consider the long knotg given by theps-fold connected
sum

g = f∆ps⊲⊳Hps ≡ #psf

as used in the next Proposition.
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Proposition 7.4 Let f denote a prime long knot such that

H2t−1(K3,1(f ); Z) =< f , 2t − 1, Fp > ⊕A

for some abelian groupA. Let

g = f # · · · #f = #psf .

Then
H2tps−1(K3,1(g); Z) =< #psf , 2tps − 1, Z/ps+1Z > ⊕A

for some abelian groupA.

Proof Assume that the integer homology ofK3,1(f ) has a non-trivialFp summand in
degree 2t−1 as guaranteed by example7.3. Thus, in the mod-p reduction of the integer
homology ofK3,1(f ), there are classesx of degree 2t − 1, the mod-p reduction of a
class of orderp, as well as a classy in degree 2t which corresponds to the contribution
forced byx in the “Tor" term in the classical universal coefficient Theorem.

SinceH2t−1(K3,1(f ); Z) has aFp-summand, there are elements in the mod-p homology
of K3,1(f ) with

(1) x in H2t−1(K3,1(f ); Fp),

(2) y in H2t−1(K3,1(f ); Fp) and

(3) the first Bockstein ofy is x,
β1(y) = x.

A classical computation of the Bockstein spectral sequencegives that the (s + 1)-st
Bockstein is defined with

βs+1(yps
) = x · y−1+ps

+ I

in cases≥ 1 for which I denotes the indeterminacy of this operation. The Proposition
follows as these classes survive in the Bockstein spectral sequence forC(R2, XK ∐
{∗}).

Two concrete examples are listed next.

Example 7.5 (1) Let f denote a non-trivial torus knot with

H1K3,1(f ) = Z.

Then the long knot
#pf = f # · · · #f

satisfies the property that

K3,1(#pf ) = Ep(K3,1(f ))

with
H2p−2(K3,1(#pf ); Z) =< #pf , 2p− 2, Z/p1Z > ⊕A

for some abelian groupA.
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(2) Denote a cable of #pf by (#pf )⊲⊳Sα,β . There are homotopy equivalences

K3,1((#pf )⊲⊳Sα,β) → K3,1(#pf ) × S1

with the property that

H2p−1(K3,1((#pf )⊲⊳Sα,β); Z) =< (#pf )⊲⊳Sα,β, 2p− 1, Fp > ⊕A

for some abelian groupA.

(3) Theps-fold connected sum of (#pf )⊲⊳Sα,β ,

#ps

(

(#pf )⊲⊳Sα,β
)

has the property that

H2ps+1−1

(

K3,1

(

#ps

(

(#pf )⊲⊳Sα,β
))

; Z
)

=< #ps

(

(#pf )⊲⊳Sα,β
)

, 2ps+1−1, Z/ps+1Z > ⊕A

for some abelian groupA.

The third part of Theorem1.3follows, thus concluding the proof.

8 On H1K3,1

H∗K3,1 has torsion of all orders, it is natural to ask for the lowest dimensioni(p,n) so
that Hi(p,n)K3,1 contains torsion of orderpn. This question is answered in this section
for the special case (p, n) = (2, 1). This section contains a proof of Theorem1.6.

The idea of the proof is to describeH1K3,1 inductively, component-by-component.
The most complicated case from the point of view of torsion isthe hyperbolic satellite
case, since there is currently insufficient control of the representationsBL → Σ+

n .
In addition, better control over the class of the inversion-map H1K3,1 → H1K3,1 is
required.

First, the base-case: knots whose JSJ-trees have one vertex.

• If f is a torus knotH1K3,1(f ) ≃ Z and f is invertible and theΣ2 action
(inversion action onH1K3,1(f )) is given by multiplication by (−1). This is a
direct corollary of [7].

• If f is a hyperbolic knotH1K3,1(f ) ≃ Z2. In the case thatf is invertible, the
(inversion) action ofΣ2 on Z2 is multiplication by (−1). This also follows
immediately from [7].

The next proposition givesH1(K3,1(f ); Z) inductively, via the JSJ-tree off . Given a
groupG acting on an abelian groupA, let AG denote the module of co-invariants, the
quotient group ofA modulo the subgroup generated by{a − g · a : g ∈ G, a ∈ A}.
The following lemma follows from the Leray-Serre spectral sequence for any fibration
with a section.
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Lemma 8.1 Given a fibrationF → E → B with a section, with both the base and the
fibre path-connected, thenH1E ≃ H1B⊕ (H1F)π1B .

In principle, one can deduce the following result from the presentation of the groups
π1(Conf(R2, n)/Y; Z) given by Manfredini [36], alternatively using some elementary
facts about the abelianization of the braid group or from thedescription in [12]. The
proof is omitted.

Lemma 8.2 Let Y be a Young subgroup ofΣn. We think of Σn as the group of
bijections of the set{1, 2, · · · , n}. Let k be the number of distinct orbits ofY, and let
f be the number of fixed-points ofY acting on{1, 2, · · · , n}. Let l = k − f . Then
H1(Conf(R2, n)/Y; Z) is a free-abelian group of rankl +

(k
2

)

.

Proposition 8.3 Given any componentK3,1(f ) of K3,1, H1(K3,1(f ); Z) is finitely-
generated and a direct-sum of groups of the form:Z andZ/2Z. Moreover, if f is an
invertible knot, the involution ofH1(K3,1(f ); Z) preserves a splitting ofH1(K3,1(f ); Z)
into a direct sumH1(K3,1(f ); Z) = V1 ⊕ V2 where the involution acts onV1 as the
identity and acts onV2 by multiplication by(−1).

Proof The proof is by induction on the height of the JSJ-tree off . The height one
case was dealt with at the start of this section. The inductive step is as follows.

• Consider the cases thatf is a cable ofg, then H1K3,1(f ) = Z ⊕ H1K3,1(g)
[7]. In the case thatf is invertible, the homotopy-equivalence isF2-equivariant
with F2-action onS1 ×Kg being complex conjugation onS1 and the inversion
involution on Kg. Thus theF2-action onH1S1 × K3,1(g) = Z ⊕ H1K3,1(g)
is simply the direct sum ofF2-modulesZ (with the non-trivial involution) and
H1K3,1(g) with its own inversion involution, completing this part ofthe inductive
step.

• Consider the case thatf is a connected sum of prime knotsf1, f2, · · · , fn with
n ≥ 2. Then by Lemma8.1,

H1(K3,1(f ); Z) = H1(Conf(R2, n)/Y; Z) ⊕
(

n
⊕

i=1

H1(K3,1(fi); Z)

)

/Y

where Y is the Young subgroup ofΣn given by the equivalence relation

i ∼ j ⇔ K3,1(fi ) = K3,1(fj). H1(Conf(R2, n)/Y; Z) ≃ Zl+(k
2) where l is

the number of orbits ofY with more than 1 element, andk is the number
of orbits of Y by Lemma8.2. If f is invertible, the involution action on
K3,1(f ) ≃ Conf(R2, n) ×Y

∏n
i=1 K3,1(fi ) was described in [7] as a map that

preserved the above product structure, acting by mirror reflection along a line
in R2 on Conf(R2, n) and by permutation of the factors ofK3,1(fi ) combined
with the inversion involution onK3,1(fi) for eachi ∈ {1, 2, · · · , n}. Since the
abelianisation ofπ1(Conf(R2, n)/Y) was computed entirely in terms of link-
ing numbers, mirror reflection along a line induces multiplication by (−1) on
H1(Conf(R2, n)/Y; Z). This completes this step of the inductive argument.
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• Consider the case of a hyperbolic satellite operation. In this case,H1Kf =

Z2 ⊕
(

⊕H1K3,1(fi)
)

/Af [7]. Thus H1Kf consists ofZ2 direct sum various
groups, one for each orbit ofAf acting on{1, 2, · · · , n}. Denote the orbits by
{1, 2, · · · , n} = Y1 ∪ Y2 ∪ · · · ∪ Yk . The summand corresponding to orbitYi is
eitherH1K3,1(fj) for j ∈ Yi or (H1K3,1(fj))/Σ2 depending on whether or notAf

has an element that reverses the orientation ofLj or not. (H1K3,1(fj))/Σ2 is also
a direct sum of groups of the formZ and Z/2Z by the inductive hypothesis.
Now consider the case thatf is invertible. By [7] the Σ2-action onKf ≃
M × (SO(2) ×Af

∏n
i=1 K3,1(fi)) respects the bundle structure, thus onZ2 ⊕

(

⊕H1K3,1(fi)
)

/Af it acts by multiplication by (−1) on theZ2-factor. On the
remaining factors it either acts trivially on thei -th summand if the inversion
symmetry ofL does not reverse the orientation ofLi or it acts by inversion on
that summand.

Thus the result follows.

Corollary 8.4 H1(K3,1(f ); Z) contains2-torsion if and only if there is a hyperbolic
link L so that one of the vertices ofGf is decorated byL, and if we let g be the
knot whose JSJ-tree is the subtree rooted atL, thenAg must contain an isometry that
reverses the orientation of someLi .

9 The first occurrence of odd torsion

Theorem 9.1 Let f denote a long knot andp an odd prime. IfHi(K3,1(f ); Z) contains
Fp, then i ≥ 2p− 2.

Notice that the Theorem does not assert that there is torsionin H∗K3,1(f ), but rather
the least dimension in whichp-torsion can possibly occur. There are long knotsf
such thatH∗K3,1(f ) is torsion free. Furthermore, there are long knotsg such that
H2p−2(K3,1(g); Z) contains copies ofFp by Example7.2. This theorem follows a
classical pattern which is exhibited for bothK(Bn, 1) as well asΩnSn+1.

Proof It suffices to prove thatHi(K3,1; Z) contains nop-torsion for i < 2p− 2.

Since the homology groupsH∗K3,1(f ) are torsion free for the unknot, torus knots and
hyperbolic knots, it suffices to check that thatp-torsion cannot occur in dimensions
less than 2p− 2 in the following three cases.

(1) The knotf is a cable ofg in which caseK3,1(f ) ≃ S1 ×K3,1(g).

(2) The knotf is hyperbolically spliced.

(3) The knotf is a connected-sum of knotsgi such that the homology ofK3,1(gi )
is p-torsion free in dimensions less than 2p− 2.
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Case 1 follows directly from the classical Künneth theorem. Cases 2 and 3 follow
inductively by the next three lemmas.

Consider thek-fold product Xk with the natural (left) action ofΣk on Xk . The
free Cn-space generated byX ∐ + is denotedCn(X ∐ +). Recall that this space is
homotopy-equivalent to the disjoint union of Conf(Rn, k) ×Σk Xk for all k ≥ 0.

Lemma 9.2 Assume thatX is a topological space of the homotopy type of a CW-
complex (alternatively, one can substitute compactly generated, weak Hausdorff for
having the homotopy-type of a CW-complex in this lemma) without p-torsion in
homology of dimensions less than2p− 2 for p an odd prime. Then the homology of
Cn(X ∐ +) andΩnΣn(X ∐ +) also do not havep-torsion in homology of dimensions
less than2p− 2. Thus the homology ofConf(Rn, k) ×Σk Xk does not havep-torsion
in homology of dimensions less than2p− 2.

The proof follows directly from the computations in [12] or can be done classically by
chain level arguments (in the spirit of Nakaoka and Steenrod).

Lemma 9.3 Let A = Z/prZ act on thepr -fold product of a path-connected CW-
complex Xpr

by a cyclic permutation of orderpr and onS1 freely via a rotation of
orderpr . If Hi(X; Z) is p-torsion free and finitely generated for alli < q, then

Hj(S
1 ×A Xpr

; Z)

is p-torsion free for allj < q.

Proof Consider the space
S1 ×A Xpr

.

Classically, there are chain equivalences

B∗ ⊗Z[A] C∗(X)⊗pr D⊗1pr

−−−−→ B∗ ⊗Z[A] C∗(Xpr
) −−−−→ C∗(S1 ×A Xpr

)

where

(1) A = Z/prZ,

(2) B∗ denotes the chain complex of rightZ[A]-modules ( chain equivalent to the
total singular chain complex of a circle )

· · · −−−−→ {0} −−−−→ Z[A]
D−−−−→ Z[A]

for which D(1) = 1− τ whereτ is a generator forA,

(3) C∗(X) denotes the total singular chain complex ofX for which Ci(X) denotes
the singular chains in degreei and

(4) C∗(X)⊗pr
andC∗(Xpr

) is given the natural structure of leftZ[A]-modules.
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SinceX is assumed to be of finite type,

Hi(X) = Fi ⊕ Ti

whereFi is a finite direct sum of copies ofZ and Ti is a finite direct sum of finite
cyclic groups. If i < q, it may be assumed thatTi is of order prime top and thus
this summand will not contributep-torsion to the homology of the chain complex
B∗ ⊗Z[A] C∗(X)⊗pr

( Details are omitted ).

Furthermore, there is a map

ρi : Fi → Ci(X)

which

(1) induces a map of chains complexes ( with trivial differential for the source ) and

(2) induces a homology isomorphism in degreesi < q with coefficients inZ(p) (
the integers localized atp meaning those rational numbers with denominators
prime top ).

Thus it suffices to check that the homology of the chain complex

B∗ ⊗Z[A] (⊕i<qFi)
⊗pr

is p-torsion free homology in dimensions less thanq for p an odd prime. SinceFi

is free abelian, notice that (⊕i<qFi)⊗pr
is a sum of permutation representations ( over

the integral group ring ofA ) each of which are cyclicZ[A]-modules which have the
following generators.

(1) v⊗pr
wherev is an element inFi of even degree.

(2) v⊗pr
wherev is an element inFi of odd degree.

(3) v1 ⊗ v2 ⊗ · · · ⊗ vpr where thevi run over a basis for the⊕i<qFi with at least
two distinct basis elements appearing.

Thus it suffices to work out the torsion in the chain complex

B∗ ⊗Z[A] M

whereM denotes the free abelian group which is a cyclicZ[A]-module with one of
the elements in (1-3) as generators. These are considered next.

(1) Let M denote the cyclicZ[A]-module generated byv⊗pr
wherev is an element

in Fi of either odd or even degree. Sincep is odd, the associated permutation
representation is trivial and thus the chain complex

B∗ ⊗Z[A] M

is isomorphic to (B∗ ⊗Z[A] Z) ⊗Z M . The homology of this chain complex is
isomorphic toH∗(S1) ⊗Z M as a graded abelian group and is thus torsion free.
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(2) Let M denote the cyclicZ[A]-module generated byv1 ⊗ v2 ⊗ · · · ⊗ vpr where
the vi run over a basis for the⊕i<qFi with at least two distinct basis elements
appearing among thevi . The action ofA = Z/prZ has isotropy subgroup given
by Z/psZ for some 0≤ s < r . Thus the moduleM is isomorphic to to

Z[A] ⊗Z[Z/psZ] Z

as a leftZ[A]-module and there is an induced isomorphism of chain complexes

B∗ ⊗Z[A] (Z[A] ⊗Z[Z/psZ] Z) → B∗ ⊗Z[A] M.

Since the chain complexB∗ ⊗Z[A] (Z[A] ⊗Z[Z/psZ] Z) is isomorphic to

B∗ ⊗Z[Z/psZ] Z,

the chain complex has torsion free homology.

Lemma 9.4 Let g = (f1, · · · , fn)⊲⊳L wheren ≥ 1, andL a hyperbolic KGL. If for all
j ∈ {1, 2, · · · , n}, HiK3,1(fj) contains no elements of orderp for all i < 2p− 2, then
HiK3,1(g) contains no elements of orderp for i < 2p− 2.

Proof In this case, there is a homotopy equivalence

K3,1(g) ≃ S1 ×
(

SO(2)×Ag

n
∏

i=1

K3,1(fi)

)

whereAg is a cyclic group acting via permutations on the factors in
∏n

i=1 K3,1(fi ).

To determine whether there isp-torsion in the homology ofK3,1(g), it suffices to
determine thep-torsion in caseAg is replaced by thep-Sylow subgroup ofAg given
by H = Z/pnZ as the induced map

S1 ×
(

SO(2)×H

n
∏

i=1

K3,1(fi )

)

→ S1 ×
(

SO(2)×Ag

n
∏

i=1

K3,1(fi)

)

induces a split epimorphism on thep−torsionsubgroup by a classical transfer argument
ala’ Cartan-Eilenberg.

Consider the covering map
(

SO(2)×H

n
∏

i=1

K3,1(fi)

)

→
(

SO(2)×Af

n
∏

i=1

K3,1(fi)

)

for which the group of covering translations is abelian withgroup of covering trans-
formationsAf /H .

Homologically, this map is onto thep-torsion elements ofH∗

(

SO(2)×Af

∏n
i=1 K3,1(fi)

)

since the composite of the transfer map with the covering map:

H∗

(

SO(2)×Af

n
∏

i=1

K3,1(fi)

)

→ H∗

(

SO(2)×Af

n
∏

i=1

K3,1(fi)

)

is multiplication by|Af

H | which is coprime top.

The Lemma follows at once from Lemma9.3.
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10 On the subspace generated by cabling and summation

The purpose of this section is to describe the subspaceT K3,1 of K3,1, consisting of
the path components ofK3,1 containing the unknot and all knots generated from the
unknot by iterating the cabling and connected-sum operations. An alternate description
of the spaceT K3,1 is that it consists of precisely those long knots whose complements
have JSJ-decompositions containing only Seifert-fibred manifolds.

First define the space
T = ∐1<p<q,(p,q)=1K3,1(f (p, q))

wheref (p, q) denotes a (p, q)-torus knot. ThusK3,1(f (p, q)) has the homotopy type of
S1. Consider the James construction

J(T ∐ {∗}) = ∐0≤nT n

with T 0 = {∗}, the base-point. Write

JK = ∐1≤nT n

with
J(T ∐ {∗}) = JK ∐ {∗}.

SpacesYn are specified inductively in terms ofJK as follows.

* Y0 = C2(JK ∐ {∗}) and

* Yn+1 = {([C2(Yn)] − Yn) × JK)} ∐ Yn.

Notice thatYn is naturally a subspace ofYn+1 and that all of these may be regarded as
subspaces ofK3,1 in the following way: There are induced maps

K3,1 × J(T ∐ {∗}) → K3,1

induced by cabling.

Define
T K3,1 = ∪n≥0Yn.

Notice thatT K3,1 is the subspace ofK3,1 which contains the path-components of
p/q-torus knots and which is closed under the operations of cabling and sums. That
is, there are induced mapsK3,1 × J(T ∐ {∗}) → K3,1 induced by cabling. There is an
induced inclusionT K3,1 → K3,1.

The remainder of this section gives features of the homologyof T K3,1. First notice
that homology commutes with inductive co-limits and so there are isomorphisms

lim−→H∗(Yn) → H∗(lim−→Yn) → H∗(T K3,1).

Recall the constructionΓ(X) as given in section5.

To describe the homology ofYn, restrict to field coefficients.F, Recall the natural
splitting of graded vectors spaces

H̄∗(X; F) ⊕ Γ(X; F) → H∗(C2(X); F))
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for a choice of graded vector space

Γ(X; F)

which is functor ofH∗(X; F) as listed in section5. ThusH∗(Yn+1) is given in terms of
the constructionΓ(X; F) in caseX = Yn.

Proposition 10.1 The natural mapH∗(Yn) → H∗(Yn+1) is a split monomorphism.

Notice that the homology ofT K3,1 exhibits a fractal-like behaviour reflecting the
geometry in Budney’s theorem [5] and iterations of the constructionsΓ(X) as given in
section5. Namely, this homological behaviour arises by first considering Y1 = C2(JK)
together with the homologyH∗

(

C2(X ∐ {∗}); F
)

as given in section5as follows where

V = H∗(X; F).

(1) S[σ−1L[σ(V]] if the characteristic ofF is 0,

(2) S[σ−1L(2)[σ(V)]] if F = F2 and

(3) S[σ−1L(p)[σ(V)] ⊕ σ−2Wp[σ(V)]] if F = Fp for odd primesp.

On a simpler note, letℵK3,1 denote the subspace ofK3,1 consisting of: all unknots,
torus knots, and all connect-sums of torus knots. Thus,ℵK3,1 is a 2-cubes subspace
of K3,1 and

ℵK3,1 ≃ C2

(

{∗} ⊔
⊔

Z

S1

)

.

By May [37],

B(ℵK3,1) ≃ Ω
2
Σ

2

(

{∗} ⊔
⊔

Z

S1

)

which has the homotopy-type of

Ω
2

(

∨

Z

(

S2 ∨ S3)
)

where the union and wedge index setZ corresponds to the isotopy classes of torus
knots. Thus, by the Hilton-Milnor theorem the homotopy groups of B(ℵK3,1) contain
the homotopy groups of all spheres (of dimension≥ 2) in profusion.

11 Closed Knots and Homology

The purpose of this section is to use results of the earlier sections to give information
about the space Emb(S1, S3). Recall the homeomorphism

S3 × Emb∗(S
1, S3) → Emb(S1, S3)

for which Emb∗(S1, S3) denotes the pointed embeddings. Thus there are isomorphisms

H∗(Emb(S1, S3)) → H∗(S
3) ⊗ H∗(Emb∗(S

1, S3))
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by Proposition4.2.

Information giving the structure of the bundleK3,1 → Emb∗(S1, S3) → S2 was worked
out earlier. That structure is used to provide information concerningH∗(Emb∗(S1, S3))
by a Mayer-Vietoris argument.

Let D1 andD2 be two discs inS2 whose union isS2 and whose intersection isS1. Let A1

andA2 be the preimages ofD1 andD2 under the projection map Emb∗(S1, S3) → S2,
then bothA1 and A2 are homeomorphic toK3,1 × D2. Consider the Mayer-Vietoris
sequence for Emb∗(S1, S3) = A1 ∪ A2 whereA1 ∩ A2 is homeomorphic toS1 ×K3,1.

Identify A1 ≡ D2 × K3,1 and A2 ≡ D2 × K3,1 then the gluing map from∂A1 =

S1 ×K3,1 → ∂A2 = S1 ×K3,1 is the mapS1 ×K3,1 ∋ (t, x) 7−→ (t, t2.x) ∈ S1 ×K3,1.
Thus the Meyer-Vietoris sequence has the form:

· · · → H∗(S
1 ×K3,1) → H∗(D

2 ×K3,1)⊕H∗(D
2 ×K3,1) → H∗(Emb∗(S1, S3)) → · · ·

where H∗(S1 × K3,1) is identified with H∗K3,1 ⊕ H∗−1K3,1 and H∗(D2 × K3,1) is
identified with H∗(K3,1). The mapHnK3,1 ⊕ Hn−1K3,1 → Hn(K3,1) ⊕ Hn(K3,1) is

given by the 2× 2 matrix

(

I 0
I 2κn

)

where µ : SO(2) × K3,1 → K3,1 is the

SO(2)-action onK3,1 andκn : Hn−1K3,1 → HnK3,1 satisfiesκn(x) = µ∗(SO(2)× x)

Corollary 11.1 There is a short exact sequence

0 → coker(2κn) → HnEmb∗(S
1, S3) → ker(2κn−1) → 0.

Corollary 11.2 A knot f : S1 → S3 is the unknot if and only if its component
in Emb(S1, S3) contains no torsion in its homology. Moreover, the component of a
non-trivial knot inEmb(S1, S3) always has2-torsion in its integral homology.

Proof If f is the unknot, the component off has the homotopy type ofV4,2 = S3×S2

which has no torsion in its homology.

If f is non-trivial, then first consider its long knot component,K3,1(f ). This has aZ
embedded in its its fundamental group, embedded as the 2π rotation around the long
axis [18]. We call the embeddingZ → π1K3,1(f ) the Gramain map. In [7] it’s shown
that there is a mapK3,1(f ) → S1 which when composed with the Gramain map is not
null-homotopic. It follows thatH1K3,1(f ) contains a copy of the integers, generated by
the Gramain element. Thus since the image of 2κ1 is generated by twice the Gramain
element,coker(2κ1) must contain 2-torsion.

The short exact sequence in Corollary11.1 is not ideal because it leaves us with
extension problems. We show how the extension problems can be solved using the
techniques of Section3.

Observe that, iff ∈ K3,1 is a prime knot, then there is anSO(2)-equivariant homotopy-
equivalenceK3,1(f ) ≃ SO(2) × X(fi) where theSO(2)-action onSO(2) × X(f ) is a
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product action, given by left-multiplication onSO(2) and the trivial action onX(f )
(hereX(f ) is justK3,1(f )/SO(2)). So prime knot components ofEmb(S1, S3) have the
homotopy type ofS3 × SO(3) × X(f ). As mentioned earlier, the unknot component
has the homotopy-type ofS3 × S2.

We now investigate the case of a connected-sum ofn ≥ 2 prime knots,f = f1# · · · #fn .
By the above argument, we can assumeK3,1(fi) ≃ SO(2)×X(fi) for X(fi) = K3,1(fi)/SO(2).
Thus, the component corresponding tof in Emb∗(S1, S3) has the homotopy-type of
C2(n) ×Σf

((

SO(3)×SO(2) SO(2)n
)

×
∏n

i=1 X(fi)
)

We determine the homotopy-type ofSO(3) ×SO(2) SO(2)n as aΣn-space. Consider
SO(2)n to be Rn/Zn. Let D ⊂ Rn be the diagonalD = {(t, t, · · · , t) : t ∈ R}. Let
P ⊂ Rn be the perp ofD, ie: P = {(x1, x2, · · · , xn) :

∑n
i=1 xi = 0}. ThusP/(P∩ Zn)

is an (n−1)-dimensional torus, which we will denoteP(n). We also define a subgroup
Z(n) ⊂ P(n). The integer latticeZn projects (orthogonally) onto a subgroup ofP, we
further take the image of this subgroup under the quotient map P → P(n) and denote
this imageZ(n). There is a naturally defined homomorphismZ(n) → SO(2) given by
considering the embeddingP(n) → SO(2)n ≡ Rn/Zn. For every elementz ∈ Z(n)
there is a unique elementt ∈ SO(2) so thatt.z = 0 ∈ SO(2)n .

Proposition 11.3 Providedn ≥ 1,

SO(3)×SO(2) SO(2)n ≃ SO(3)×Z(n) P(n)

where the action ofZ(n) on SO(3) is given by the homomorphismZ(n) → SO(2).
Moreover, this is anΣn-equivariant homeomorphism where the action ofΣn on
SO(3) ×Z(n) P(n) is a product action, trivial onSO(3) and the natural action on
P(n) ⊂ SO(2)n . Since the homomorphismZ(n) → SO(2) is null-homotopic (as a con-
tinuous function), the above bundle is homeomorphic to a product SO(3)×Z(n) P(n) ≃
SO(3)× (P(n)/Z(n)).

Corollary 11.4 If f is a connected-sum ofn prime knotsn ≥ 2, then

SO(3)×SO(2) K3,1(f ) ≃ SO(3)× C2(n) ×Σf

(

P(n)/Z(n) ×
n
∏

i=1

X(fi)

)

whereK3,1(fi) = SO(2) × X(fi), so the fibrationSO(3) ×SO(2) K3,1(f ) → S2 is just
projection ontoSO(3) then ontoS2.

We now perform the analogous computations for Emb(S1, R3). Proposition4.4 gives
us the analogous bundleC ⋊ K3,1 → Emb(S1, R3) → S2 . DecomposingS2 as the
union of two discs, one gets a Meyer-Vietoris sequence

· · · → H∗(S
1×(C⋊K3,1)) → H∗(C⋊K3,1)⊕H∗(C⋊K3,1) → H∗(Emb(S1, R3)) → · · ·

which splits into short exact sequences as in Corollary11.1:
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0 → coker(2κ′
n) → HnEmb(S1, R3) → ker(2κ′

n−1) → 0

whereκ′
n : Hn−1(C ⋊ K3,1) → Hn(C ⋊ K3,1) is given byµ∗(SO(2)× ·) for the SO(2)

action µ on C ⋊ K3,1. The bundleCf → Cf ⋊ K3,1(f ) → K3,1 is split, and the
monodromy acts trivially onH∗Cf sinceCf is a homologyS1 with H1(Cf ) generated
by a meridional curve. Thus,H∗(C ⋊ K3,1) ≃ H∗S1 ⊗ H∗K3,1 and Hn(C ⋊ K3,1) =

(H0S1 ⊗ HnK3,1) ⊕ (H1S1 ⊗ Hn−1K3,1).

κ′
n has a description in terms ofκn and κn−1. Let αi ∈ HiS1 represent the standard

generators ofHiS1 for i = 0, 1. Then κ′
n(α0 ⊗ x) = α1 ⊗ x + α0 ⊗ κn(x) and

κ′
n(α1 ⊗ x) = −α1 ⊗ κn−1(x). Thus,κ′

n can be thought of as a mapκ′
n : Hn−2K3,1 ⊕

Hn−1K3,1 → Hn−1K3,1 ⊕ HnK3,1 given by κ′
n(x, y) = (−κn−1(x) + y, κn(y)). Since

κn ◦ κn−1 = 0, ker(2κ′
n) is given by the solutions to the equation−2κn−1(x) + 2y = 0

for (x, y) ∈ Hn−2K3,1 ⊕ Hn−1K3,1. Thus,

ker(2κ′
n) ≃ Hn−2K3,1 ⊕ τ2Hn−1K3,1

where if A is an abelian group andp an integer,τpA is the subgroup ofA killed by
multiplication byp. Similarly,

coker(2κ′
n) ≃ Hn−1K3,1/2Hn−1K3,1 ⊕ HnK3,1

Proposition 11.5 There is a short exact sequence

0 → Hn−1K3,1/2Hn−1K3,1⊕HnK3,1 → HnEmb(S1, R3) → Hn−3K3,1⊕τ2Hn−2K3,1 → 0

Thus, the component of the unknot inEmb(S1, R3) is the unique component such that
its first homology group is torsion. It is also the unique component so that its 2nd
homology group is trivial.

Proof The short exact sequence follows from the above observations.

That H1 of a non-trivial component is non-torsion follows from Proposition 6.1 of
[7] and the above short exact sequence. ThatH1 of the unknot component is torsion
follows from Proposition4.4and the results in Section3. Thus, the component of the
unknot in Emb(S1, R3) has the homotopy-type ofSO(3), andH1SO(3) ≃ Z2.

The statement aboutH2 follows from Proposition 6.1 of [7] and the above short exact
sequence.

Proposition1.5 gives a criteria for testing whether a long knot f is the ‘longunknot’
which can be modified to to compare two arbitrary long knots. That procedure involves
forming a ‘difference’ to be defined precisely. Namely, it isnot the case that an arbitrary
long knot admits an inverse. It is necessary to pass to a setting for which the inverses
exists in order to ‘take differences’. That ‘world’ is the group completion ofK3,1,

Ω(BK3,1).
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This last space admits inverses up to homotopy. Given two long knotsf andg, consider
their classes inΩ(BK3,1) denoted [f ], and [g] respectively. Next, consider the product

[f ] · [g]−1 ∈ Ω(BK3,1).

The path-component of [f ] · [g]−1 ∈ Ω(BK3,1) has vanishing first homology group if
and only if f andg are in the same path-component ofK3,1.

12 Problems

The purpose of this section is to list problems which arise naturally from the work
above.

(1): Interpret the rational cohomology ofK3,1 in terms of iterated integrals in the sense
of Kohno-Kontsevich-Chen.

(2): Compare the Vassiliev invariants of braids as studied by T. Kohno [29] and the
Lie algebra obtained from the descending central series forthe fundamental groups
of the spacesC2(n) × K3,1(f1) × · · · × K3,1(fn) as well as the induced invariants for
C2(n) ×Σf

(

K3,1(f1) × · · · × K3,1(fn)
)

.

(3): A natural connection between the space of long knots andthe mod-2 Steenrod
algebra arises from the “group completion” ofK3,1 given ΩB(K3,1) [37]. Notice that
the collapse mapXK → {∗} induces a mapp : C(R2, XK ∐ {∗}) → C(R2, S0) and
there is an induced mapp : C(R2, XK ∐ {∗}) → Z × BO induced by the regular
representation bundle. Thus there are maps

ΩB(K3,1) → Ω
2
0S2 → BO

with composite denotedφ : ΩB(K3,1) → Z×BO. The Thom spectrum ofφ is a wedge
of Eilenberg-Mac Lane spectraHF2 and thus the mod-2 co-homology of the Thom
spectrumMΩB(K3,1) is free over the mod-2 Steenrod algebra. Interpret the Steenrod
operations in terms of knots.

(4): The Goodwillie Calculus mapping space modelsAMj(In) for Kn,1 constructed
by Sinha [45] have a natural homotopy-associative pairing. This pairing makes
π0AM3(I3) into a group, isomorphic to the integers. As an invariant ofknots,π0K3,1 →
π0AM3(I3) ≃ Z is the essentially unique type-2 finite-type invariant of knots [9]. This
raises the question, do the mapsKn,1 → AMj(In) factor through the group completion,
Kn,1 → ΩBKn,1 → AMj(In)?

(5): Combine the structures here with that of Khovanov homology.
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