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Abstract: We consider a gradient interface model on the lattice with interaction potential
which is a non-convex perturbation of a convex potential. We show using a one-step mul-
tiple scale analysis the strict convexity of the surface tension at high temperature. This
is an extension of Funaki and Spohn’s result [8], where the strict convexity of potential
was crucial in their proof.

1. Introduction

We consider an effective model with gradient interaction. The model describes a phase
separation in R?*! eg. between the liquid and vapor phase. For simplicity we consider
a discrete basis Ay C 74, and continuous height variables

x €Ay — dp(x) eR.

This model ignores overhangs like in Ising models, but gives a good approximation
in the vicinity of the phase separation. The distribution of the interface is given in
terms of its Gibbs distribution with nearest neighbor interactions of gradient type, that
is, the interaction between two neighboring sites x, y depends only on the discrete
gradient,Vo (x, y) = ¢ (y) — ¢ (x). More precisely, the Hamiltonian is of the form

Hy () = > V(g(y) — ¢ (x), (1.1)

X, YA p41,|x—y|=1
where V € C%(R) is a function with quadratic growth at infinity:
V) = AlnP =B, neR (1.2)
for some A > 0, B € R.

* Supported by the DFG-Forschergruppe 718 ‘Analysis and stochastics in complex physical systems’.
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For a given boundary condition ¢ € RIAM  where Ay = A M+1\A y1, the (finite)
Gibbs distribution on R#+! at inverse temperature 8 > 0 is given by

1
W,y (dD) = P exp(—BHM (@) [ do) [] 8pcodp)).

B
M,y xeAy X€EIAm

Here Zf,l’ v is a normalizing constant given by

Zh ., = / exp(—BHM(@) [] do) [] Sy @px)).
RAM+1 XeAy xe€dAy

One is particularly interested in tilted boundary conditions

d
Yu(x) =< x,u >= in”i

i=1

for some given ‘tilt’ u € R¥. This corresponds to an interface in R%*! which stays normal
to the vector n,, = (u, —1) € R4+!,

An object of basic relevance in this context is the surface tension or free energy
defined by the limit

1
: B

=1 log Z . 1.
o(u) im 5 02 Z (1.3)

The existence of the above limit follows from a standard sub-additivity argument.
In fact the surface tension can also be defined in terms of the partition function on the
torus, see below and [8]. In case of strictly convex potential V with

a <V <o, (1.4)

where 0 < ¢; < ¢» < 00, Funaki and Spohn showed in [8] that o is convex.

The simplest strictly convex potential is the quadratic one with V () = |n|2, which
corresponds to a Gaussian model, also called the gradient free field or harmonic crystal.
Models with non-quadratic potentials V are sometimes called anharmonic crystals.

The convexity of the surface tension o plays a crucial role in the derivation of the
hydrodynamical limit of the Landau-Ginsburg model in [8]. Strict convexity of the
surface tension was proved for potentials satisfying (1.4) in [6] and [9].

Under the condition (1.4), a large deviation principle for the rescaled profile with
rate function given in terms of the integrated surface tension has been derived in [6].
Here also the strict convexity of o is very important. Both papers [8] and [6] use very
explicitly the condition (1.4) in their proof. In particular they rely on the Brascamp
Lieb inequality and on the random walk representation of Helffer and Sjostrand, which
requires a strictly convex potential V.

The objective of our work is to prove strict convexity of o also for some non-convex
potential. One cannot expect strict convexity for any non-convex V, see below. Our
result is perturbative at high temperature (small 8), and shows strict convexity of o (u)
at every u € R for potentials V of the form

V() = Vo(m) + go(m),
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where Vj satisfies (1.4) and go € C2(R) has a negative bounded second derivative such

that /B - ||96||L1(R) is small enough.

Our proof is based on the scale decomposition of the free field as the sum of two
independent free fields ¢; and ¢», where we choose the variance of ¢ small enough
to match the non-convexity of g. This particular type of scale decomposition was used
earlier by Haru Pinson in [11], who also suggested to us the use of this approach.

The partition function Z 1’?, , can then be expressed in terms of a double integral, with
respect to both ¢1 and ¢». We fix ¢, and perform first the integration with respect to ¢ .
This yields a new induced Hamiltonian, which is a function of the remaining variable
¢». The main point is that our choice of the variance of ¢ and smallness of § allow
us to show convexity in ¢, of the induced Hamiltonian. Of course this Hamiltonian is
no longer of the simple form (1.1), in particular we lose the locality of the interaction.
However an extension of the technique introduced in [6] shows strict convexity of o.
The idea behind the proof is that one can gain convexity via integration. This procedure
is called “one step decomposition”, since we perform only one integration. Of course
this procedure could be iterated which would allow to lower the temperature. However
for general non convex g we do not expect that this procedure works at low temperature
for every tilt u.

Atlow temperature an approach in the spirit of [3,4] looks more promising (S. Adams,
R. Kotecky, S. Miiller-personal communication).

Finally note that, due to the gradient interaction, the Hamiltonian has a continuous
symmetry. In particular this implies that no infinite Gibbs state exists for the lower lattice
dimensions, d = 1, 2 where the field “delocalizes” as M — oo, cf. [7]. On the other
hand, it is very natural in this setting to consider the gradient Gibbs distributions, that is

the image of v, y under the gradient operation ¢ € RZ V. It is easy to verify
that this distribution depends only on Vi, the gradient of the boundary condition, in fact
one can also introduce gradient Gibbs distributions in terms of conditional distributions
satisfying DLR conditions, cf. [8]. Using the quadratic bound (1.2), one can easily see
that the corresponding measures are tight. In particular for each tilt # € R? one can
construct a translation invariant gradient Gibbs state ji,, on Z¢ with mean u:

Ezlo(y) —o(x)]=<y—x,u>.

Under (1.4), Funaki and Spohn proved the existence and uniqueness of an extremal,
i.e. ergodic, gradient Gibbs state, for each tilt # € R. In the case of non-convex V,
uniqueness of the ergodic states can be violated, even at u = 0 tilt, c.f. [1]. However in
this situation, the surface tension is not strictly convex at u = 0.

2. Main Result and Outline of the Proof

We study the convexity properties of the free energy (as a function of the tilt «) for
non-convex gradient models on a lattice. Using the results of [8], we work on the torus,
instead of the box A y7, see Remark 2.4 below. Thus, let T4, = (Z/MZ)? = Z¢ mod (M)

be the lattice torus in Z9, let u € R? and let B > 0. For a function ¢ : Tj@ — R, we
consider the discrete derivative

Vig(x) = p(x +e) — d(x) 2.1
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and the Hamiltonian

d
H(u,¢) = Z Z (Vigp(x) + i)
’Jl‘

d
= Z Z[Vé(Vf¢<x>+ui>+gé(v,-¢(x)+ui)], 22)
T :

where Vé is convex and 96 is non-convex (see (2.7) below). We consider the partition
function

Z8 () = / PR (A, 2.3)
X
where
={p:T4, - R:¢(0) =0} (2.4)
and
my (dg) = H d¢ (x)d0(dep (0)), (2.5)
x€T4,\{0}
and the free energy
fhw) = _E log Z% (u). (2.6)

We will prove

Theorem 2.1. Suppose that Vé and 96 are C? functions on R and that there exist con-
stants Cq, C1, Co and

0<Ci<(V)' <C —Co<(gh)" <0. (2.7)
Set
_ Cog C
C—max( 0 =2 1,1). 2.8)
Ci C1

If (g5)" € L'(R) and fori € {1,2,...,d},

4 _ 1 1
—(12dC) 2 /BCI— 1) i) < 5 (2.9)
T C] 2
then
(D?fip)(u) = |’Jr |1d, VueRY, 2.10)

where |T‘1f4| = M? denotes the number of points in T‘fw. In other words, the free energy
per particle is uniformly convex, uniformly in M.
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Remark 2.1. The main point is that the convexity estimate (2.10) holds uniformly in the
size M of the torus. Indeed a direct calculation of D? f Al,, yields at u

D2 fl () = <D§H(u, .)>H —vary DyH(u, ), 2.11)
where
_ x F@e TP my (dg)
and
vary f = ((f = (£u)?), - (2.13)

Now one might expect that a condition like (2.9) implies that
((D2H @, ) = cCiTy| 1d
(see Lemma 4.1 below). The problem is that naively the variance term scales like |']I“1f,[ 12

since D, H is a sum of d |']I‘ﬁ,[| terms. To get a better estimate, one has to show that in a
suitable sense, the terms

cov i (Du(Vo +g0)(u + Vig(x)),  Du(Vo+g0)(u+ V() (2.14)

decay if [x — y| is large. If H is not convex such a decay of correlations is, pre-
sently, only proved for the class of potentials studied in [5]. As discussed above, the

Helffer-Sjostrand estimates do not apply directly. The main idea is to rewrite Zf,, (u) as

an iterated integral in such a way that each integration involves a convex hamiltonian to
which the Helffer-Sjostrand theory can be applied (see (2.40) below).

Remark 2.2. Instead of || gg [|L1(®) one can also use bounds on lower order derivatives.
More precisely, condition (2.9) can, for example be replaced by

50 - 1 1
——dC(BC1)**—|g <= 2.15
- (BC1) C ||go||L2(R) =3 ( )
(see Remark 4.1 below). In view of the estimate
/(96)2(S)ds = /go(S)gg(S)ds = Collgoll 1wy (2.16)
R R
we can see that (2.9) can be replaced by
273 3 1 1
cd“C*(BC1) c llgoll 1) =< y (2.17)

. _ 2500
with ¢ = 55
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Remark 2.3. Note that we can extend the results of Theorem 2.1 to the case where we
have a perturbation with compact support. More precisely, assume that V! = Y*' + h',

where V! satisfies (1.2), D1 < (Yi)” < Dy and —Dg < (hi)// < 0 on [a, b] and
0 < (h')" < D3 onR\[a, b], witha, b € Rand (h')" (a) = (k)" (b) = 0. Set

90(5) = h' () seta.pn) + [h"(b) + (W) Gy - b)} =)
¥ [hl’(a) + (W) @ - a)i| ls<a) (2.18)
and
Vi(s) = Y'(5) + R () Lisgtay — [h" )+ () B)(s — b)} =)
- [hi(a) + (W) @ - a):| o=al. (2.19)

Thus, we have Vi, g) € C2(R), with =Dy < (k') (s) = (gi)"(s) < O for
s € [a,b] and (g})" (s) = O fors € R\[a,b] and D1 < (Vi)' (s) = (¥/)" (s) +

(hi )” () 1s¢1a,p1y < D2 + D3. Note that this procedure can also be extended to the case

where (hi)// changes sign more than once.

Remark 2.4. Note that the surface tensions defined in (1.3) and (2.6) coincide (see, for
example, [8]). Because of this, we will work from now on with the definition of the
surface tension on a torus, as it is easier to use.

Outline of the proof for Theorem 2.1.

Step 1. Scaling argument Scaling argument. A simple scaling argument shows that it
suffices to prove the result for

B=1,C =1. (2.20)

Indeed, suppose that the result is true for 8 = 1 and C; = 1. Given g, V(f and gé) which
satisfy (2.7) and (2.9), we define

o-mi(ge). do-mi(e)
Then
~. C C ~,
1< (Vi)' < C—f _c_? <(gh)' <0

~ 1
190) "1l ) = \/5C1C—]||(96)”||L1(R)- (2.22)
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Hence 1;(;, g~(’) satisfy the assumptions of Theorem 2.1 with 8 = 1 and C; = 1. Thus
~ o~ 1
D? fu (. V5, 90) = 51Ty 1d. (2.23)
On the other hand, the change of variables

¢(x) = VBCi19(x), & =/BCiu (2.24)

yields

Vi (i + Vid () = Vi + Vig (), (2.25)
and thus
. . _ d _ - ~ -

Z0 @, Vi, gh) = (BC)~(Tul=D72 7} (@, Vi, go). (2.26)

Hence

1 ~ .

fEw, Vo, go) = const (B, C1) + Ef,b (wclu, Vo, go) : (2.27)

Thus (2.23) implies (2.9), as claimed.

Step 2. Separation of the Gaussian part. Next we separate the Gaussian part in the
Hamiltonian. From now on, we will always assume that 8 = 1 and C; = 1. Set

1
Vi(s) = Vo(s) — 5“‘2’ g=Vi+g. (2.28)

Then
0< V{/ <Cr—1, —Co<g'<Cr—1 (2.29)

and the Hamiltonian can be rewritten as

d
1
Hw, @)= D D5 wi+Vig())* + G, ). (2.30)
xeTd, i=1
where
d
G, ¢)= D > glui +Vig(x)), (231)
xET‘fw i=1

Since for all functions ¢ on the torus and for all i € {1, 2, ...d},

> Vipx) =0, (2.32)

d
xeT9,

we get

1 1
Hu,¢) = 5|T‘,{4||u|2+5||V¢||2+G(u,¢>, (2.33)
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where [|Vo* = 3, cp, DL Vig (0. Let

Zo = /e—%“v¢"2mM(d¢). (2.34)
X
Then the measure
1 2
w= e Y my (dg) (2.35)

is a Gaussian measure. Its covariance C is a positive definite symmetric operator on X
(equipped with a standard scalar product (¢, ) = ZX eTe, ¢ (x)¥(x)) such that

(€79, ¢) = IV4II>, V¢ € X. (2.36)
The partition function thus becomes (recall that we take 8 = 1)
Zn () = Zoe— 3Tl / e=Cd) 1 (dg). (2.37)
X

Step 3. Decomposition of ( and Helffer-Sjostrand calculus. By standard Gaussian cal-
culus, 4 = w1 * iy, where g and o are Gaussian with covariances

Ci=xC, Cy=(—-A)C, where A€ (0,]1). (2.38)
More explicitly, for i € {1, 2}.

L —o-ivel?
ni(dg) = —e™ % mu(dg), where Ay =4, rr=1—hr (239

1

Thus

Znt () = Zoe Tl / / GV 1 (d0)a(dy). (2.40)
X X

To write the free energy in a more compact form, we introduce the renormalization maps
R;.For f € C(R? x X) we define R; f by

e Rifwa) . /e_f(”"”b) dui (b). (2.41)

X
Taking the logarithm of (2.40), we get

1
Fuu) = const(M) + z|1r;{4||u|2 +(R2R1G) (0, u). (2.42)
The main point now is that the map
1
H1(9)=G(u,1/f+9)+ﬁ||V0||2 (2.43)

becomes uniformly convex for sufficiently small A. This will allow us to use the
Helffer-Sjostrand representation to get a good lower bound for D?(R;G), which invol-
ves, roughly speaking, the expectation of G; ((0) = g(’)’ (u;j + Vir(x) + V;0(x)) with
respect to e M (see (4.9)). This expectation can be controlled in terms of || gg 7Y
(see Lemma 4.1). Under the smallness condition (2.9) one then easily obtains the lower
bound for D2(R, R G) (see (4.12) and (4.14)).
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3. Consequence of the Helffer-Sjostrand Representation

Let U and X be finite-dimensional inner product spaces, let C be a positive definite
symmetric operator on X and let ;¢ be the Gaussian measure with covariance C on X,
ie

1 _
pe(db) = ——e €00 ap, 3.1)
C

where db is the dim X dimensional Hausdorff measure on X (i.e db = [] db; if the
b; are the coordinates with respect to an orthonormal basis). For a continuous function
f € C(U x X) we define Rc f by

o—Refwa) _ / o= Fwath) 4 (dp). (3.2)
X

In the situation we will consider, b — f(u,a + b) + %(C ~1b, b) will be convex and
hence bounded from below so that the right hand side of the above identity is strictly
positive.

For f € C2(U x X) we write sz(u, a) for the Hessian at (u, a), viewed as an
operator from U x X to itself. The restriction of the Hessian to X is denoted by D§ f =
Px D? f Px, where Py is the orthogonal projection Ux X — X. On the level of quadratic
forms we thus have

D% f(u, a)(ii, &), (i, @)) = (D? f(u,a)(0, a), (0, @) ). (3.3)
( )=( )

From the Helffer-Sjostrand representation of the variance (see, e.g., [10] (2.6.15)) and
the duality relation

1 1

5 (A_la,a) —  sup ((a,b) — 5 (b, b)), (3.4)
beD(AD)

which holds for any positive definite self-adjoint operator A on a Hilbert space Yy, one

immediately obtains the following estimate:

Lemma 3.1. Suppose that H € C%(X), supy |D2H| < oo and there exists a8 > 0 such
that

D?H(a) > 81d, Va € X. (3.5)

Set
Yo=1{K e L2 (X): <|DK|2>H < oo}, (3.6)
Y={KeY,: <||DZK||3,S>H < o0}, 3.7)

where the derivatives are understood in the weak sense and

2

32
2 2
DKy = E (—8¢(x)8¢(y)K) (3.8)

x,y€T4,\(0}
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denotes the Hilbert-Schmidt norm. Then for all G € Y we have

vary G = sup <2(DG, DK) — (DK, D>HDK) — ||DzK||§,S>H . (39
KeY
Therefore
varyG < sup <2(DG, DK) — (DK, DZHDK)> . (3.10)
KeY H

We will use (3.10) from Lemma 3.1 in the proof of the lemma below.

Lemma 3.2. Suppose that f € C2(U x X) and SUPyx x |D? f| < oo. Suppose moreover
that there exists a § > 0 such that

D2fu,a)+C~ ' >81d, Y(u,a)eUx X. @3.11)

Then Rf € C2(U x X) and forallu,u € U,a,a € X,
(RN @), ). )
> Ii{g((sz(u, a+Gi, é — DK (), (i, — DK(-)))}HJI
+<(C’1DK(-), DK(-)))H , (3.12)

u.a

where

H,..(b) = f(u,a+b)+%(C71b, b), (3.13)

_ [ gb)e wa(b)db

(g)Hu,a - fe_H”’“(h) db (314)
Proof. We have
S—Rfwa) _ /e—[f(u,aer)Jr;(c—'b,b)] db. (3.15)
X
It follows from (3.11) that
-1 1 2
f(u,a+b)+(C (a+b),(a+b)) > sola+bl? —c, (3.16)
and standard estimates yield
-1 L. 2
flu.a+b)+(C'0.b) = ;o —c(l + ) (3.17)

Hence, by the dominated convergence theorem, the right-hand side of (3.15) is a C?
function in (#, a) and the same applies to Rf since the right-hand side of (3.15) does
not vanish.
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To prove the estimate (3.12) for D>Rf, we may assume without loss of generality

that a = 0, u = 0 (otherwise we can consider the shifted function f(- — u, - — a)). Set
h(t) := Rf (tu, ta). (3.18)
Then
h"(0) = (DZ(Rf)(O, 0)(@, a), (u, c'z)) . (3.19)
Now
h(t) = —log / e funtarby, (qp), (3.20)
X

[y e MWD D (1, ta + b) (i, @) juc (db)

o= Jy e/t ta D uc (db) G2b
and
1 (0) = <(sz(o, )i, a), G, a))>H —varg Df(0, (i, 4, (3.22)
where
H(b) = £(0,b) + %(C’lb, b). (3.23)
By assumption,
D*H(b) > § 1d, (3.24)

i.e. H is uniformly convex. Hence by (3.10) from Lemma 3.1,

—varyg > Ii(IéfY<—2(Dg, DK) + (DK, D2HDK)>H. (3.25)
Apply this with
g(b) = Df (0, b)(u, a) (3.26)
and write
D’°H=D%f+C . (3.27)
Then
—2(Dg, DK) + (DK, D*HDK)
= —2D*f(0,") ((ii, @), (0, DK)) + D> £(0, ) (0, DK), (0, DK))
+(C7'DK, DK). (3.28)

Together with (3.25) and (3.22) this yields (3.12). O
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4. Proof of Theorem 2.1

By (2.42)
Fu(u) = const (M) + %IT?&IIMIZ + (R2R1G)(0, u),

where
d .
Gu, )= D D g ui+Vig).
xeTd, i=1

We first estimate D?R; G from below. By (2.29)

(¢)' = —Co=-C
(recall that we always assume C1 = 1). By (2.8), we have C > 1. If we take

1
)\,Z—_
2C

then
1 2
Hyy(0) :=Gu, ¢y +0)+ XIIVGII
is uniformly convex, i.e.
D*H, 4 (0)(,6) = C|VO|* = 8 CI6]I7,
with §); > 0. Here we used the discrete Poincaré inequality

IVnlI? = smlinll* for ne X,

A.1)

4.2)

4.3)

(4.4)

4.5)

(4.6)

4.7)

which follows from a simple compactness argument since Ti,, is a finite set. Hence, by

Lemma 3.2, we have

(DRi(G)w, v, ). @)

KeY

xeTd, i=1
d 2
1 K
+— E E i ,
) g (x) >
xeTd, i=1

d 2
. 0K
> inf <Z > (0 @V )+ - (1) (u,» + V() —vim(-))

(4.8)
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where Y is defined by (3.7). Now (¢)" = (V)" + 95 = 9o (see (2.28) and (2.29)) and
together with the estimate (a — b)2 < 2a% + 2b% and the assumption —Cp < 90 <0,
this yields

(D*RiG @, ¥, (@, ), (@, 1))

>2 " Z((g@”(m F Vi) + Vi - (0) (i + Vi (0)?)

xeTd i=1

o) 3

']1‘1111

Hyy

2
> , (4.9)

Hu,zﬁ

3¢( )

where % —2Co > 0. We will now use the following result, which will be proven at the
end of this section.

Lemmad4.l. Forh € L'\R)NC'(R), ¥ € X, x € T¢, and i € {1,2,...d} consider
F € C(X) given by

F©)=hu; +Viy(x)+ V;0(x)). (4.10)
Then
E ~n1/2
(Fhi | < —(1240) P|lhl|i . 4.11)
Together with (4.9), the smallness condition (2.9) and the relation
> Viy(x) =0,
XGT%I

this lemma yields

DR G (u, ¥) (i, x/’r)(u V)

>—- >, Z|uz+w<x>| 4 if? - ||W'f||2. 4.12)
xe’]I‘d i=1
Thus
1
Hy(Y) := (RIG)(u, ¥) + 3 A)|| vy l? (4.13)

is uniformly convex and another application of Lemma 3.2 gives

(Dz(RleG)(u, 0)(i, 0), (i, 0))

1

> inf ( D?(R\G)(u, ) (it, —DK)(it, —DK) + ||vm<||2>

K I—A H
> i +int (s - 2) (ivoKIR)

—= u in —_— ==
- 2 M K 1—X H)

Loa

> [T llaf?, (4.14)
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where in the last inequality we used that fact that I]TA — % > 0. In view of (4.1), this
finishes the proof of Theorem 2.1. O

Proof of Lemma 4.1. Note that u and ¢ are fixed. Since the function i(s) = h(u; +
V¥ (x) +5) has the same L' norm as , it suffices to prove the estimate for the function
F € C(X) given by

F@) =h(V;0(x)). (4.15)
Moreover, we write H instead of H,, . Let

hk) = /e—”“h(s) ds (4.16)
R

denote the Fourier transform of 4. Then

Wil ey < 1R11L1 ) 4.17)
and
1 iks 7
h(s) = — [ "™ h(s)ds. (4.18)
2
R
Set
A(k) = (F)y, where Fi(0) = /*Vif®, (4.19)
Then
1
(F)u = Z_/A(k)h(k) dk (4.20)
T
R

and, in view of (4.17), it suffices to show that

/ |A(k)| dk < 4(12dC)'/?. 4.21)
R

First note that | Fi| = 1. Hence
|[A(k)| <1, VkeR. (4.22)

To get decay of A(k) for large k we use integration by parts. First note that for
Gi € C'(X), with sup,cy e °19(|G;|(a) + |DG;|(a)) < oo for all § > 0, we have

<8G1 G2> =<—G1 8G2> +< o G1G2> . (4.23)
9p(x) "y 0p(x) [y \3p(x) H

Assume first that x € ']I‘ﬁ,[\{O}. Then

sz

F®) = ~13 30705

) (4.24)
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and thus

2
_kQA(k):< 9 F '1> :< dF, 0H >
002(x) |, \00(x) 060(x) /4

_ g 0H RLAY
- <k892(x)>H+ "(ae(x)) .

Since | Fy| = 1, this yields

92H

1
[A(K)| < k_2< aon

)|,

Application of (4.23) with G, =1, G| = ag% gives

PH \ [ 9H Y’
<392(x)>H_ (ae(x)) .

Thus

Now recall that

d
_ s 4, ‘ L vomp
HO) = D D¢ Wi+ Viv () + Vif () + 2| Vif (o).

xET‘[{l i=l1

Since A~! = 2C, it follows that

3*H il 1 .
<2d sup‘(g) +-) <6dC.
302(x) R )
Hence
12dC
A = =5

Using (4.31) for k| > (12dC)'/? and (4.22) for |k| < (12dC)'/?, we get (4.21).

Finally, if x = 0 we note that

2

Fe® == 3562

Fi(0),

and we proceed as before. O
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(4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

431

4.32)
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4 2 0 2 4 s

Fig. 4. 1. Example (a)

Remark 4.1. The proof shows that for = = ¢” we can also use norms involving only
lower derivatives of g. In particular, we have

1 n
o)) = 5 / 7 WONARK)] dk
R

1/2
< Lllé’(k)lle R /kzlA(k)lzdk
— 27 (R)
R
1 - 1/2
—||9 z2w) (2 (5 +(12dC) )) , (4.33)

where we used (4.22) for |k| < 1 and (4.31) for |k| > 1.

Remark 4.2. Note that our proofs can be very easily adapted to any decomposition of
U = 1 * w2, where py and py are Gaussian with covariances Cy and C», such that
Hyy(©) :=Gu, ¥y +0)+ %(C_IG, ) is uniformly convex.

Remark 4.3. The procedure for the one-step decomposition can be iterated and the proofs
can be adapted to the multi-scale decomposition; iterating the method would lower the
temperature and weaken the conditions on the perturbation function g. However, our
iteration procedure would not allow us to get results involving the low temperature case.

Example. (a) V(s) = s> +a — log(s2 +a), where 0 < a < 1. Then, using the
notation from Remark 2.3, take Y (s) = sZ and h(s) log(s2 + a). We have

Y'(s) = 2,50 D = Dy = 2; also h”(s) =254 2+ 57, with —2 < h'(s) 20
for s € [—+/a,+/al and 0 < h”(s) < 5 0therw1se Then Cy = %, C =2,

2 2
Co =2+ 5 and |lgg ()l 1y = 7 and B < ¢

(b) LetO <48 < 1and

x2 4 .3 3 :

= 5 — f 0<x<é
V(S) xzz 54X ( x) 1 . =X =

5 otherwise.
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V(p)

0.048 —

0.006

0.004

0.002 -~

-03-02-0.1 0 0.1 02 03 s

Fig. 4. 2. Example (b)

V(s) +

Fig. 4. 3. Example (c)

2
Note that if 6 << 1 the surface tension is convex for very large values of S.
(c) Letpe(0,1) andO < ky < ky. Let

2 2
V(s) = —log (pek'2 +(1 - p)ek22) .

Then
52 S2
Y pkle_kIT +(1— p)kge_kZT
Vo () = 2 2
pe 1T+ (1= peez
and
7 p(l - P)(kl - k2)2S2
g() (S) = - $2 2"
pze_(kl_kZ)T +2p(1—p)+(1 — p)ZE(kl—kz)‘T
We have

k1 —k
ky < V{(s) < pki+ (1 — p)ky and — M < gi(s) <0,
- P
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where the lower bound inequality for g;(s) follows from the fact that g;(s) attains

its minimum for s > / ﬁ Then

2 1-p)\? wk
6@l @ < T2/t —kx and ,35( 1’) 2

p 16p ) 12dC(k; — k)’

Note that example c) is the one used in [1] to prove that uniqueness of ergodic
states can be violated for non-convex V for large enough .
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