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Abstract

We give an effective solution of the conjugacy problem for two by
two matrices over the polynomial ring in one variable over a finite

field.
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1 Introduction

We consider here the conjugacy problem in the ring of two by two matrices
M(2,F[z]) over the polynomial ring F[z], where F is a finite field. We say
that two matrices A, B € My(IF[z]) are conjugate if there is a conjugating
matrix U in the group GL (2, F[z]) of invertible matrices over F[z], such that
U satisfies B = UAU™!. In the following we write deg(p) for the degree of
a polynomial p € F[z] and deg(A) for the maximal degree of the entries of
A € My(F[z]). We prove:

Theorem 1.1 Let F be a finite field with q elements and A, B € My(Flx]).
Let § be the mazimum of deg(A), deg(B). If A, B are conjugate, then there
is a conjugating matriz U with deg(U) < (1 + q)6q"™.

For certain pairs of matrices A, B € My(FF|x]) the estimate of the degrees
of the entries of U can be improved to be linear in ¢ not depending on ¢
(see Proposition [A.2)). Theorem [[.1] shows that there is an algorithm which
decides whether two matrices A, B € My(F[x]) are conjugate or not. Hence
we can state:

Corollary 1.2 Let F be a finite field, then the conjugacy problem in the
group GL (2,F[z]) is effectively solvable.

Corollary should be compared with the solution of the conjugacy
problem in an arithmetic group. The conjugacy problem for GL (n,Z) (n €
N) was solved in [3]. But even in the case n = 2 no explicit estimates
like those from Theorem [Tl are known. Also the algorithms described in
[4], which solve the conjugacy problem in any arithmetic group, do not give
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estimates for the degree of a conjugating matrix. The method of solution
employed in [3] for the case of GL (n,Z) (n € N) can be extended (without
giving any estimates) to the case of GL (n, Flz]) (n € N, I a finite field) when
the characteristic of the field F does not divide the size n of the matrices.
Also our method in [3] provides extra difficulties in case F has characteristic
2. Further features of the conjugacy problem in GL (2, F[x]) are described in
Section [71
Given a matrix A € GL (2, F[z]) we define

Z(A) = {U € GL(2,Flz]) | UAU™! = A} (1)

to be its centralizer. In case A # 1 is semisimple it is well known that Z(A)
is either finite or the direct product of an infinite cyclic group by a finite
group. By our methods we can give an estimate for the degrees of the entries
of a generator of the infinite part:

Theorem 1.3 Let F be a finite field with q elements and A € GL (2,F[z]) a
semisimple matriz, not equal to the identity matriz, such that Z(A) is infinite.

Then there is a matriz U € Z(A) which generates Z(A) up to a finite group
with deg(U) < deg(A)g?des),

Our method to prove Theorem [T uses a reduction to a quadratic equa-
tion in two variables. As a special case Pell’s equation

u*+ Dv® =1 (2)

with D € F[z] arises. Let us call D € F[z] to be positive if it is neither
constant nor a square, has even degree and highest coefficient a square. Let
us furthermore call a solution (u, v) of () trivial if u, v € F holds. We prove:

Theorem 1.4 Let T be a finite field with q elements and D € F|x] a positive
polynomial. Then (3) has a nontrivial solution (u,v) with deg(u), deg(v) <
qdesP)

Pell’s equation (2] has been studied extensively in the paper of Emil
Artin of 1924 [I]. He investigate Pell’s equation through continued fraction
expansions. But he assumed that the characteristic of F is not equal to 2.
Our result in Theorem [[4] follows straightforward from [1]. We then modify
Artin’s technique for the case of characteristic 2.

Following our reduction we have to analyze the solution of the general
quadratic equation

au® + buv + cv® =d



where a, ..., d are polynomials in F[z]. We use new degree function on cer-
tain quadratic extension rings of F[z] in the imaginary case and control the
behavior of continued fraction expansion in the real case.

Note that as we will see while the case of characteristic 2 in some sense
more difficult the estimations for algorithms in this case which we obtain
turned out be better than in the case of the other finite fields.

It worth mentioning also that the reduction step itself gives quite notice-
able impact to the whole estimate of the degree of conjugating matrix.

2 Reduction to a quadratic equation
Let F be a field. We consider here pairs of matrices
ay a9 bi1 bio
A= ,B = € My(F[x]),
( Q21 (22 ) ( ba1 a2 ) 2(Flr])
which we call rationally conjugate if they are conjugate by an element of

GL (2,F(z)), where F(x) is a field of rational functions over F. Being ratio-
nally conjugate implies the conditions:

Tr(A) = Tr(B), det(A) = det(B).

Suppose we want to find a matrix

U= ( Z Z ) € GLy(F[z)),

which conjugates A to B. We are lead then to four linear equations given by
the matrix entries of UA — BU in the variables u, p, v, ¢, plus the quadratic
equation det(U) € F* = F\{0}. Elementary considerations of this system of
equations proves:

Lemma 2.1 Suppose the matrices A, B € My(F[z]) satisfy as; = by = 0.
Let 6 be the maximum of the degrees of the entries of A, B. Then A, B are
conjugate by an element of GL (2,F|[x]) if and only if they are conjugate by
U € GL (2, F[z]) with deg(U) < 0.

The above lemma proves Theorem [[.T] in the special case of upper trian-
gular matrices A, B.



Let charF = 2. The conjugating condition UAU™! = B for U €
GL (2,F|z]) is equivalent to the system

uq + pv € F* (3)
UA = BU (4)

where U = < g ‘Z ), F* = F\{0} is the multiplicative group of the field F.

Since the set of conjugating matrices is stable under multiplication by a non-
zero constant and we have a unique square root in our field, the solvability
of the system (B M) is equivalent to the solvability of the same system with
B) replaced by

ug+pv=1 (5)

The quadratic equation (B) with additional linear conditions () can be
reduced to one quadratic equation in two different ways.

First, using the procedure of construction of the generating system of
syzygies module ([2]) for the linear system (). Another way is a direct
substitution of the solution in rational functions of the linear system (). In
both cases we obtain an equation of the type au? + buv + cv? = d, but in the
first case with variables of different meaning, in the second case with some
additional divisibility conditions. We will follow the second way. Let A =

iz ) g b bz € M,y(F[z]), substituting rational solutions
ao1 QG99 b21 b22

D= (a11 + bip)u + bmv’q _ baru + (ai1 + biy)v (6)

a1 a1

from (4) to () we obtain the equation

boru® + (b11 + bo2)uv + biov? = ag;. (7)
To ensure that p and ¢ are polynomials, for the solutions w, v of ([7) we
have to check that agl)(an + b11)u + bigv and ag |baru + (agg + bip)v.

We can consider separately quite an easy case when one of matrices is
diagonal. Matrices A, B where B is diagonal are conjugate if and only if
a12(bzp —bu1) € F* (in case when (aj; — b1, a12) # (0,0) and

g.c.d.(a11—b11,a12)g.c.d.(a11—b22,a12)
(@11 — baa,a1a) # (0,0)). In case (a3 — b1, a12) = (0,0) the condition looks
slightly different: (byy —azz)(bap —ar1) —arzaz € F*.

g.c.d.(b11—a22,a12)g.c.d.(a11 —ba2,a12)




After that we can restrict ourselves by the case (aj2,a21) # (0,0) and
(b12,b21) # (0,0). Since any matrix is conjugate with it’s transposed, we can
assume without loss of generality that as; and by; are non-zero.

3 Preliminary considerations for the solution
of the quadratic equation au’ + buv + cv? = d

We study here the equation au? + buv + cv? = d with a # 0. Multiplying
the equation by a and making the change of variables u; = au, v; = v we
obtain the equation u? +bau,v; +cav? = da with the monic polynomial in the
lefthand side. After we find a solution, we have to check whether a divides
uy and only in this case a|u; will give a solution of the initial equation.

We consider the following three cases determined by the nature of the
roots of the equation

t2 + bt +c=0. (8)

Case 1. Equation (8) is solvable in F(z). Note, that in fact it means

that (8) is solvable in Flx]. If g is a rational solution and g.c.d.(F,Q) = 1,

then from F? + bFQ + cQ? = 0 follows Q|F?, hence ) can be only constant

and the solution is in fact polynomial. In this case d = u? + buv + cv? =
(u+ Av)(u+ (b+ A)v) is a product of two polynomials. There exists a finite
set of factorizations of d into two multiples from F[z], hence we obtain a
finite number of linear systems on u, v.

Let us mention that if b = 0 then we have a rational solutions (we are in
case 1). Indeed, let b = 0: u® + cv? = d. We can just present the coefficients

as follows: c(z) = co(2?) + zcy(2?),d(z) = do(2?) + xdy (2?). If u = > wat,
i=0

let u = Z u?z’, then u?(x) = u(z?). Considering separately cases of even

and odd degrees on xr we get two linear equations on u and v:

w + CO,’J = do,

Clg = dl-
If ¢; = d; = 0 there are infinitely many rational solutions: u = dOv.
Otherwise, there is at most one rational solution. For any solutlon u and v
we can uniquely determine u and v: u; = v; and v; = /7;, — due to the

existence and uniqueness of square roots in our field F.
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The other two cases are more essential and will compose our main treat-
ment later on.

From this point we will suppose that the equation (&) has no rational
solutions, particularly b # 0.

Let us define a degree function on F[z] as an ordinary degree on non-zero
polynomials and deg (0) = —oc.

We deal with the completion of F[z] by the valuation |p| = 2", where
n = deg p (valuation of zero is 1). This completion is the algebra of formal

d

power series K = F((z)) ={ Y. ', € F,d € Z}.

1=—00

Here is an essential in what follows

d
Definition. Let p = > a,2" be a power series. We say that d is a degree

of p if ag # 0.
Case 2. If () is solvable in K\F[z], we say that it is a real case.
Case 3. In case when the solution can not be presented as a power series,

we say it is an tmaginary case.

Let us consider now the ring (and corresponding function field) R =
Flz,t]/ f.(t), where f.(t) = t* + bt + ¢, b, ¢ € F[z]. Obviously elements of R
can be uniquely presented as u 4+ Av, where u,v € Flz] and f,(A) = 0. We
can define the norm of an element w = u+Av as N(u+Av) = F(u,v) = u*+
buv+cv?. Let define the conjugate element for w as follows: w’ = u+(b+A)v.

It is easy to check that the introduced notions of norm and conjugate
element satisfy the natural properties.

Lemma 3.1 a). N(w) = ww'; b). (wwe) = wiwh. ¢). N(wws) =
N(w;)N(ws). d). N(w™) = N(w)™.

Lemma 3.2 An element € is a unit of R if and only if N(e) € F*.

Proof. If 7! does exist then by lemmaB.dlc). and d). N(ee™!) = N(e)N(e™ ')

N(e)N(e)~! = 1. Hence N(¢) is an invertible polynomial, i.e. N(¢) € F*. O
We treat real and imaginary cases in different ways, thus we need first to

be able to distinguish these cases. The following proposition serve for this.
Our equation as earlier is

u? + buv + cv® = d. 9)

Proposition 3.3



I. If degc > 2deghb and degc is odd then we are in the imaginary case.

I1. If deg ¢ > 2degb and deg c is even then there exists an invertible linear
change of variables which turns the equation into new one u®+ buv+cv? = d,
with deg ¢ < degc.

III. If degc = 2degb, we have two possibilities. In case if the equation
bet2 + b3t +co =0 (by,co € F — coefficients near highest terms of b and ¢ )
1s solvable in T, there exists a change of variables which turns the equation
into new one u? + buv + cv? = d, with deg ¢ < degc. Otherwise we are in the
1Maginary case.

IV. If deg c < 2degb we are in the real case.

Proof. 1. Suppose that w = Y a,t" € K is a root of the equation w? +

bw + ¢ =0, a, # 0. It is necessary for the cancellation that the degrees of
a pair of terms in this equation are equal and the degree of the third one is
not grater than that. A priori there exist three possibilities.

1). degw? = degbw. Then deg (w?+bw) < 2degb < deg c and cancellation
is in fact impossible.

2). degbw = degc. Hence degw = degc — degb and deg (bw + ¢) <
deg ¢ < degw? and cancellation is again impossible.

3). degw? = degc. This case is not possible because degc have to be
odd.

This means that there are no solutions of (@) in power series.

II.

We try to find desired change of variables in the form:

{ u = u+ bro,

v =w

In that case we have to find r such that deg (b*r? + b*r + ¢) < degc. Highest
terms in this sum are b*r? and ¢ (dege > 2degb, hence degr # 0). To provide
their cancellation we take degr = %(degc — 2degb). Coefficients near the

highest terms also have to coincide: b3rZ = co. We ensure this due to the
existence of a square root in the basic field F: ry = % The desired 7 is
then for example %t%deg c—degh
I1I.



In the case dege = 2degh we are again trying to find the change of variables
of the same type like in II, such that deg(b*r? + b*r + ¢) < dege. Now degr
have to be zero and cancellation of the highest terms is possible if and only
if the equation b3r? + bir + co = 0 solvable in F. If so, after corresponding
change of variables we get an equation with the free term ¢ of the smaller
degree. Otherwise, let us show that we are in the imaginary case, i.e. there
are no solutions of the equation A? + bA + ¢ = 0 in F((z)). If we suppose
that such a solution does exist then degA = degb and A2 + byAg + g = 0
(Ag € F is a coefficient near the highest term of A). But this means that
the equation b3t? + b3t + ¢ = 0 is also solvable: ¢ = %—00. Thus we are in the
imaginary case here if the equation is unsolvable in F.

IV.

Let A € K\F[z] be the root of ([8): A%+ bA +¢=0.

If deg A? = degec, then deg bA is greater.

We construct now the root in case degbA = dege, i.e. deg A = dege —
degb. Denote k = deg A, m = degh, A = atF + .... From the equation

A% = bA + ¢ we have a;t?* + ... = apbpt™F 4+ ...+ cpaxt™F + ... Since
2k < m+ k, for cancellation it is necessary that agyb,, = g, i-€. ap = cbﬁ

Denote by A = A — aqit*. Then A satisfies the equation A? = bA + ¢, where
¢ = ait®* + bayt® + c. Tt is easy to see that deg¢ < degec. Hence we have to
find the root of the equation satisfying the condition in III, and this root will
have the degree smaller than F. By such an inductive procedure we obtain
a desired root as a power series.

In case deg A? = deg bA we get a conjugate root b + A.
O

Consideration of the case II leads us necessarily to the case I, IIT or IV.
Cases I and IV are imaginary and real respectively. Consideration of the case
IIT leads us either to the case I or IV, or we remain in the imaginary case.

4 Imaginary case

Now we will give a solution in the imaginary case. According to proposition
we can assume that either 1). degec > 2degb and degc is odd or 2).
degc = 2degb and the equation b3t* + b3t + ¢y = 0 unsolvable in the field F.
Consider first the first case.
The main our tool here is a construction of the degree function on R,
which respects the multiplication.



Definition. Let define a function Deg : R — Q4 U {—o0}, as follows:
1
Deg(u + Av) = max(degu, degv + §deg c),

where deg is the usual degree function on polynomials.

Theorem 4.1 Let f(t) = t*+bt+c with deg c to be odd and R = F|x, ]/ f(t),
then for any o, 8 € R,

Deg(a3) = Dega + Degp.

Proof. Let a = v’ 4+ Av', B = u + Av. Consider four different possibilities
for the degrees of o and (3:

1) Dega = degu/, Degl = deg u (i.e. degu' > %deg ¢ + deg v' and
deg u > ideg ¢ + deg v);

2) Deg o = 3deg c+deg v/, Deg 8 = deg u (i.e., deg v/ < 3deg c+deg v/
and deg u > 3deg ¢+ deg v);

3) Deg a = deg v/, Deg 3 = %deg c+deg v (i.e., deg v’ > %deg c+deg v
and deg u < %deg ¢+ deg v);

4) Deg a = %deg ct+deg v', Deg 3 = fracl2deg c+deg v (i.e., deg v’ <
sdeg ¢+ deg v' and deg u < 3deg ¢ + deg v).

Note that by definition

1
deg aff = max{deg (v'u + cv'v), ideg ¢+ deg (v'v + v'u+ b'v)}.

In case 1 from the inequalities deg u' > 1deg c+deg v/, deg u > 1deg c+
deg v and deg ¢ > 2deg b we have deg u'u > deg cv'v, deg u'u > %deg c+
deg u'v, deg u'u > %deg ¢ + deg v'u, deg v'u > %deg ¢ + deg bv'v. Hence
deg aff = deg v'u = deg v’ + deg u = deg « + deg 5.

In case 2 we similarly have deg o = %deg c+deg u'v = deg u'+(%deg c+
deg v) = deg a + deg 3.

Case 3 is equivalent to case 2. One just has to replace u' by u, u by o/,
v’ by v and v by v'.

In case 4 we have deg a8 = deg cv'v = (%deg ¢+ deg v') + (%deg c+
deg v) = deg o + deg 5. O

The existence of this degree function allows us to solve the equation u? 4
buv + cv® = d, since it is equivalent to (u + Av)(u + (b + A)v) = d and
therefore the degrees of u and v (which are non-negative) are bounded by
the degree of d.
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Now we shell give a solutions in the second case. and show that there are
also a finite number of them.

Suppose that there exists a solution of (@) such that degu > %degd or
degv > %(degd —degc). In this case degree of d is not maximal, hence among
u?, buv, cv there are terms of the same degree. We show that if degrees of
two of them are coincide then the third has also the same degree. It is easy
calculations in three possible cases using degc = 2degb. Hence the highest
terms of u?, buv and cv are cancelled and u% + bougug + covg = 0 holds for
Ug, Vo, by, co € F — coefficients near the highest terms of polynomials u, v, b, c.
But it means that the equation b3t? + b3t + co = 0 is solvable: ¢ = wug/voby.
Therefore we have a bound for the degrees of u, v also in this case.

We will use later on the following denotation:

= min degU.
UEGL (2):UAU-'=B

)

In both variants of the imaginary case we get the following linear estima-
tion.

Proposition 4.2 An estimation for the degree of elements of the conjugat-
ing matriz in imaginary case is linear: rap < 26, where as earlier 6 is a
mazimum of deg(A) and deg(B).

Proof. To obtain the estimation we have to take into account that before
we turn out to be in real or imaginary case we have to make a change of
variables of the type
u' = u+ qu,
{ v =w

where degg < %degc.

Then in imaginary case of type I (proposition [3.3]) we estimate degrees of
v’ and v’ from the equality (v + Av')(u' + (b+ A)v') = d using introduced
above degree function Deg on R. We get degu’ < §/2, degv’ < §/2 and
degu < ¢, degv < 4.

In imaginary case of type III (proposition B.3]) as was shown above we
have bounds: degu < %degd or degv < %(degd—degc). Hence, also degu < §
and degv <.

Now taking into account (@) we have an estimation for the degree of
entries of conjugating matrix: r4 p < 26. O
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5 Real case

5.1 Units (equation u? + buv + cv? = 1)

We start in real case (degc < 2degb) with the solution of our equation with
d=1:
u? 4 buv + cv? = 1. (10)

If (u,v) is a solution of our equation we say also that w = v + Av € R
is a solution. Denote by U(R) the set of all solutions w € R of the equation
(I0), U(R) becomes a group with the multiplication by that of R.
Definition.  We say that p € R is reduced if degp > 0 and degp’ < 0,
where p' is the conjugate element (defined in section[3).

Theorem 5.1 The set U(R) of solutions of (I0) is an infinite cyclic group.
The generator of U(R) is an element with minimal positive degree. Moreover
R* = U(R) x F*, where R* is the group of units of R.

Proof. Show first that R* = U(R) x F*. The equation (I0) means that
N(w) = 1, hence lemma 3.1l ¢). and d). implies that U(R) is a subgroup of
R*. Let w € R*. According to lemma 3.2l N(w) € F*. Since F is finite field of
characteristic 2 there exists a unique a € F* such that N(w) = o?. Therefore
N(w/a) =1, 1ie w/a € U(R) and « is uniquely determined.

Now we prove that U(R) is an infinite cyclic group and its generator is
an element with minimal positive degree.

Lemma 5.2 [fe € R* and |¢| = 1, than € is a nonzero constant.

Proof. According to lemma |IN(€e)] = 1. Hence |¢/| = 1 follows from
|IN(€)] = |e€'| = |e|]l¢’| = 1. Comparing the corresponding power series we
can see that |¢| = 1 and |¢/| = 1 together imply that bv € F. Hence there are
three possibilities: b = 0; v = 0; or b,v € F*. The case b = 0 was considered
in section B, v = 0 means that € is a polynomial but it was a unit, so it is
actually a constant. From b € F* and v € F* it follows that ¢ = 0 (since
deg ¢ < 2degb) and we are in the case when the equation is factorizable over
F|x], which again was considered in section Bl O

Lemma 5.3 If €1 and ey are units and |e1| = |es|, than €1 and ey coincide
up to a constant: €, = aey, v € F*.
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Proof. Obviously £ is also a unit and |£] = % = 1, hence by lemma (2]
el O

Let €y be the unit with minimal valuation |e| > 1 (with minimal positive
degree).

Lemma 5.4 Any unit e € R* has the form e = aey, o € F*

Proof. Suppose that it is not true. There exists n € N such that |e]" <
e| < |eo|™™". The equality is impossible, because if |¢| = |¢|” than by lemma
el < leo quality is imp , Y
B3 e = ael. We then multiply previous inequalities by || " and get a
0 Y Y &

contradiction with minimality of |ey|: 1 < |e;"¢| < |€o]. O

By this the proof of the theorem is completed.
[l

We find the generator of U(R) in two steps. First, we construct some
nontrivial element of U(R).
Let us denote by [Ag; Ay, As, ...] where (A; € F[z]) the continued fraction

expansion Ag+ ﬁ. We shall say that this expansion is purely periodical
Ag+...

if the periodicity of the sequence Ag; Ay, As, ... starts from Aj.

Theorem 5.5 Let p € R be a reduced root of (8). Then the continued frac-
tion expansion p = [Ag; A1, Ag, ... (A; € Flzx]) is purely periodical with a
period T < ¢*™, where q = |F|,m = degb.

Proof. One can present the series p, = [A,; Apy1,...] which appears in the
process of construction of a continued fraction, as obtained by operations
1 1 p — u+ p (cutting a polynomial part of the series) and ¢y : p — 1/p
(taking an inverse).

It is easy to see that ¢; and ¢y act on the set U = {solutions of the
equations az? +bx +¢ =0 |deg ¢ < degh, dega < degb}.

Indeed, let z € U, y = p1(z) = = + u, where u € F[z], degy < 0. Since
ar® + bz + ¢ = 0, we have that ay® + by + ¢ = 0, where ¢ = au® + bu + ¢.
From the latter equation ¢ = ay? + by, and degy < 0. Hence for the degree
of ¢ we have degc < deg (ay + b) < degb, therefore y € U.

Let now x € U and y = @y(x) = 1/x. Since ax?® + br + ¢ = 0, we have
that cy® + by + a = 0, therefore y € U. Thus ¢, (z) and @(z) acts on U.

Hence the number of steps to obtain the same p is less then |U| = 2¢*™,
where m = degb, ¢ — number of elements of the field.
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Put now U, = {z € U,degx > 0}. Note that p,11 = w2p1(pn). Purely
periodicity follows from the fact that psp; is a permutation of U, . Indeed,
wo1(pn) acts on U, and it can be easily checked that it is an injection.

The estimation T' < ¢*™ follows from the equality |, | = ¢*™.

O
For n =T we have p = pr, and
p= Pnp + Pn—l
an+Qn—1’
where
Poyw=PA, +P,1,Ph=1PFP = A (11)
QnJrl - QnAn + anla QO = 07 Ql =1 (12)

This means that p satisfies the quadratic equation Q,p*+ (P, +Q,_1)p+
P, = 0. Since p satisfies also the equation p? 4+ bp + ¢ = 0 and the
latter equation does not have solutions in rational functions (this case was
considered separately in the section [3]), these two equations are proportional.
Denote the coefficient of proportionality by V. Then @, =V, P, 1 = ¢V,
P, + Q.1 = bV. Denote P, = U. From the known equation P,Q,_1 +
Q.P,-1 = 1 we obtain that e = U + AV = Pr + AQ7 is a solution of the

equation ([I0J).

Lemma 5.6 When we live in the real case (degc < 2degb), there exists an
invertible linear change of variables which turns the equation u?+buv+cv? =
d into u® + buv + cv? = d with deg¢ < degb.

Proof. We have u? + buv + cv? = d, degb < deg c < 2degb. Let us divide ¢
by b: ¢ = bq + r,degr < degb and consider the change of variables:

u' = u+qu,
v =w

New equation is: u? + buv + (¢* + r)v? = d. Denote ¢ = ¢* + r. Note that
degc < degc. Indeed, degr < degb < deg ¢ and deg ¢ = deg ¢ — deg b, hence
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deg ¢® = 2deg c—2deg b < deg ¢, this means that we can keep making changes
of variables of such a type until we get degb > degc. O

Note that the composition of changes of variables of the type v’ = Qu,v" =
v, with deg ) < « has the same form.

In proposition B3/ IIT we proved that the case deg ¢ < 2deg b is real by the
construction of the root A of the equation (§) as a power series. It follows
from this construction that in the case degc < degb one of the roots of our
equation is reduced. Hence we have obtained the following lemma.

Lemma 5.7 If degc < degb then the element A + b is reduced and € =
Pr + AQr is a nontrivial element of the group U(R), where T is the period
of the continued fraction expansion of A+ b.

Lemma 5.8 The estimation for the degree of this element € of the group
U(R) is the following: dege < dq?.

Proof. We have to estimate first degu’ = degPr and degv’ = deg@r. Here
u' and v are the same as at the proof of proposition 12l Recall that p =
[Ag; A1, Ag, ...] is a continued fraction expansion of the reduced root of (8]).
Note that degA, < degb. Indeed, it is a positive part of an element p, =
[An; Apya,..] € U (U is the set constructed above in the proof of [L.5]) and
degp, = degh — degc < degb. From the recurrent formulas (1) and (I2) for
P, and @, it follows that degu’ < deghT < 6¢* and degv’ < degb (T — 1) <
§(q* —1). Then we get estimations for degu, degv and dege = deg(u+ Av) <
8¢*. O

Now we have to construct the generator of U(R), from a nontrivial element

of U(R), we just have found using the continued fraction expansion.

Lemma 5.9 Let ¢g = xo + Ay be any generator of the group U(R). Then
yo = g.c.d.(Y), where Y ={y:x+ Ay € U(R)}.

Proof. Let w € U(R),w = z+ Ay,w" = x, + Ay,. It is enough to check the
following recursive formula: y,40 = yp + byyny1. O

Hence we can just consider all divisors y; of y where ¢ = x + Ay is an
element of U(R), we have constructed. Then find x;, such that z? + bx;y; +

15



cy? = 1, for those y; for which it is possible. From the constructed in this
way finite set of ¢; € U(R) we select those with minimal positive degree.
This is the desired ¢g.

We can summarize the results of this section in the following

Proposition 5.10 The group U(R) is an infinite cyclic group and there ez-
ists an algorithm for constructing of its generator.

5.2 General case d # 1

Now we consider a general equation ([@)): u? + buv + cv? = d, d # 1.
Let €y be the generator of the group U(R) with a positive degree. Denote
k = deg €.

Lemma 5.11 The set of all solutions of () has the form {wel : 1 € Z, w is
a solution of (9) with degw =0,..., k—1}.

Proof. If w is an arbitrary solution of [@): N(u,v) = u? + buv + cv? = d,
then any wel,l € Z is also a solution (lemma 3.1 ¢). Hence we can rewrite
the set of solutions of (@) in the following way: {we, : | € Z,w is a solution

of @) with degw =0,1,....k—1}. O
Theorem 5.12 Letw = u+Awv be a solution of (3) with degw =0,...,k—1.
Then degv < max{degd, k} — degb.

Proof. As we said at the beginning of the section 5.1 w = u+ Av is a
solution of (@) means that (u,v) is a solution of (@), i.e. N(w) = ww' = d.
On the other hand ww’ = w?+bwv. Hence the solution w satisfies the equation

w? + (bv)w + d = 0. (13)

Let us consider two cases:
Case 1. degbv < degd,
For this case degv < degd — degb.

Case 2. degbv > degd,
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Here a priori there exist three possibilities for the degrees of terms in the
equation.

a). degw? = degd. This is impossible because it implies degbv >
deg w? = degd and the highest term (bv)w can not be cancelled.

b). degw? = degbvw. It means that degw = degbv. Since we are
interested in the solutions w with degw < k—1, we have degbv < k—1, and
degv < k —1 —degb. This proves the theorem in this case.

c¢). degbvw = degd. Hence degw < 0. Which is incompatible with the
hypothesis.

We can conclude that for any solutions w of (@) we have degv < max(deg d—
degb, k —1 — degb).

(I

According to the theorem we can find all solutions of (@) by a finite

procedure.

The last step is to choose from the set of solutions welo = u; + Av; those
for which by is a divisor of u;, and ag; is a divisor of both (a11 + b11)u; + b1y
and bjou; + (a11 + ba)v;. It is possible to describe all such solutions due to
the following fact.

Lemma 5.13 Let wel, = u;+ Avy, P be a polynomial and r;, degr; < deg P,

be the sequence of residues of Pyu; + Pov; for some polynomials Py, Py with

respect to P. Then this sequence is periodical: 17, = 1 for some period Tj.
The estimation for the period is the following: Ty < qi”.

Proof. It is enough to show the periodicity of residues of z, and y,, where
€0 = v+Ay, € = v,+Ay,. Let res(Q, P) denote the residue of ) with respect
to P. It is clear that res(Q(zn, yn), P) = resQ(res(x,, P),res(y,, P)). We will
show that res(x,, P) and res(y,, P) are periodical with the period Ty. Then
periodicity of z,, and y,, will follow, because wej = ux,, + cvoyn + A(uoyn +
vy +bvoyy ), where w = ug+ Avg. Let 1, = res(yy, P), s, = res(x,, P). Just
from (z, + Ay,)(z + Ay) = 2,41 + Ay,i1, we have the following recurrent
formulas:
Tpt1 = Tn® + CYnY, Ynt1 = TnY + Ynl + bYny.

We shell consider the sequence of pairs of the residues: (r,, s,,). It is recurrent
of length one since

Spi1 = 1€8(Spx + Crpy), Tna1 = res(Spy + rx + bryy).
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This sequence belongs to the finite set M? of pairs of polynomials of degree
< degP, hence it is periodical with a period Ty < ¢4°¢”. O

As a corollary we see that the estimation for the period T} in our situation
is the following: Ty < ¢%°, where ¢ is a maximum of degrees of entries of initial
matrices.

Summarizing above statements of lemma [5.I1], theorem and lemma
we end up with a construction of the set &4 p which describes the set
of all conjugating matrices for the pair A, B.

éAB = {weht|degw = 0,....k—1, 1=0,...Ty—1,
bisw; + (arn + ba2)ur }.

ba1 ’UU a21’(&11 + b11)uy + biovy; and a9

For any element w € S 4,p one can obtain a conjugating matrix

v=(05)
voq

where w = u + Av and p, ¢ found from (@).

Moreover from & 4. We can also choose a finite subset which characterize
the conjugacy of matrices A and B.

Corollary. Put

Gap = {wé|degw=0,... k-1, 1=0,...Ty — 1,

bor|wi;  ag1|(ain + bin)uy + bigv;;  and  agy |biow; + (a11 + baz)ur}.
then Sap # 0 < A is conjugate with B.

Proposition 5.14 The estimation for the degree r4 g of the entries of con-
jugating matriz in real case is the following: rap < 25¢%.

Proof. We will estimate first degree of the solution & = we), where degw <
k—1,1<Ty—1.

Let wel, = uy + Avy, Ty = lem(Ty, Ty, T3), where Ty, Ty and Tj are periods
of the residues (as they defined in lemma [5.13) of sequences u;, (a11+b1q)u;+
biov; and biou; + (@11 + beg)v; relative to bya, az; and agy respectively. Using
proposition .13 we can estimate [.c.m(Ty, Ts) by ¢?4°8221 T, by ¢?3°8"12 hence
Ty < ¢*. Then degw = degwel, < 6¢% — 1. Using the equation (I3 we can
obtain: degu < 0¢% + § — 1 and degv < 6¢% + §. (Note that in real case it
is impossible that § = 0.) O
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Combining together all estimations obtained above separately in the fol-
lowing cases: when one of the matrices is diagonal, b = 0,A € F(z), real
case and imaginary case, we get the estimation for the degree of conjugating
matrix in case of char =2: ryp < 5(q% +2).

6 Note on the case of characteristic # 2

The case of positive characteristic # 2 was considered in Artin’s paper [I].
We will obtain here only an estimations which comes not always from the
procedure described in [I]. We also have to make precise here the reduction
of the conjugacy problem to a quadratic equation in this case.
Let charF # 2. The conjugating condition UAU ! = B for U € GL (2, F[z])
is equivalent to the system
uq — pv € F*

UA=DBU

where U = , F* = F\{0} is the multiplicative group of the field F.

u p
v

To check the solvability of the system for an arbitrary coefficient oo € F*
we need to check it only in two cases: o = 1 and « is an element of F* which
is not a square. (Other solutions can be obtained from them because o/ is
a square if a and [ are not.) We will obtain then a quadratic equation of
the type u? + buv + v* = d in the similar way as earlier, and since char # 2
we are able to reduce it to the Pell’s equation: u? — cv? = d.

So we can use here the conventional notions of real and imaginary case
and usual rule to distinguish them:

Proposition 6.1

1. If deg c is odd or deg c is even but the highest term of polynomial ¢ : ¢,
1s not a square, then we are in the imaginary case.

I1. If deg c is even and c, is a square then we are in the real case.
To obtain the estimations in these cases we will treat them separately.

In the imaginary case the highest terms of ¢ is not a square of a monomial
(with coefficient). If we suppose that there exists a solution with degu?® >
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degd or degcv?® > degd then the highest terms of u? and cv? have to be
cancelled, but it would mean that highest term of ¢ is a square of a monomial
(with a coefficient). Hence for any solution degu < %degd and degv <
%(degd — degc). And we have got the following estimation.

Theorem 6.2 In the imaginary case always there exist only a finite number
of solutions, and estimation for the degree of entries of conjugating matrix is
linear: rap < 28, where § is a mazimum of deg(A) and deg(B).

Now consider the real case. In Artin’s paper it was proved (in case of
char # 2) that there exists a reduced root p (the root with degp > 0 and
degp’ < 0 for the conventional definition of p’) of the equation ¢* + bt + ¢ = 0
and the continued fraction expansion of this reduced root is purely periodical.
Also he proved that if continued fraction expansion is purely periodical then
some unit can be constructed. He does not give an estimation of the period.
We get it here now by methods similar to those we have used above, with only
few essential changes. Namely, we present the process of continued fraction
construction via an actions on the finite set. The set U we have to take to
deal with the case char # 2 is different from one appeared in the proof of
the Theorem G111 Estimation for the size of this set gives an estimation of
the period.

Lemma 6.3 Let p € R be a reduced root of the equation at* + bt + ¢ = 0
with the condition: dega < §,degb < § and degc < 0§, where § is as earlier
a maximum of degrees of elements of initial matrices A and B. Then the
continued fraction expansion p = [Ag; A1, As,...] (A; € Flx]) is periodical
with a the period T < ¢,

Proof. One can present the series p, = [A,; Apy1,...] which appears in the
process of construction of a continued fraction expansion, as obtained by
the operations ¢; : p — p — p (cutting a polynomial part of the series) and
o 1 p — 1/p (taking an inverse).

We show that ¢ and (5 act on the set U, of reduced roots of the following
equations: U, = {reduced roots of the equations at?> + bt +c¢=0 | dega <
9, degb <6, degc < d}. But the root can be reduced only if degb—dega < 0
and degc — degb < 0 hence in fact U, = {reduced roots of the equations
at?+bt+c=0 | dega <4, degb <4, degc < d}. It is known ([I]) that if
in the process of continued fraction expansion we get reduced root p,, then
all p,yr for k € Z will be also reduced roots.
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Hence we have to show only that if we take p € U,, then ¢;(p) and
©a(p) € U, here U = {solutions of the equations at?> + bt + c=0 | dega <
9, degb <4, dege <4}

It is obvious for ,. Let p € U and y = 2(p) = 1/p. Since ap*+bp+c = 0,
we have cy? + by +a =0 and y € U.

To prove the same property for ¢; find first how the equation changes. If
©1(p) = p—p =y then for y we have: ay®+ (2ap + b)y + (ap® + bp +c) = 0.
A priori there are three possibilities: 1). degap? = degc > degbp; 2).
deg ap? = degbp > degc; 3). degbp = degc > degap?, but only the second
one could actually exist. In this case deg (2ap + b) = degb and deg (ap® +
bp+¢) < 4. The latter follows from ap® +bp+c=alp—y)*+blp—y)+c=
ap® + bp + ¢+ 2apy — by + ay? and degy < 0. Hence we have the equation
on y of the same type and y € U.

Notice that the highest terms of b (middle coefficient) are the same for
all elements of U,. Hence we can estimate the number of elements of U, as
follows: |U,| < ¢*. Tt is an estimation for the period of continued fraction
expansion. O

Now we shall obtain the final estimation of r4 p in the case of char # 2
based on the estimation of the period.

Theorem 6.4 In the real case the estimation for the degree of entries of the
conjugating matriz is the following: rap < (q+1)0q™, where § is a mazimum
of deg(A) and deg(B).

Proof. First we consider the root A of the equation t> = c¢. We can
construct it as a power series by usual recursive procedure. It is not a reduced
root, since here degA = deg/’. Note that it is different from the case of
char = 2 where one of two roots of the initial equation had to be reduced.
But in process of the construction of the continues fraction expansion of A =
[Ag; Ap, ...] in some step A,, = [A,; Apyq, -..] the reduced root have to appear
(). For this root p = A,, we will have p = %. Let p satisfy the
equation: Ap?+ Bp+C = 0. Then from the proportionality of two quadratic
equations (which can not have a rational solutions) for the reduced root, we
get a formulas for nontrivial unit X+AY: P,+Q,_1 = 2X, P,—Q,_1 = 2YD,
where n = T', T is a period of the continued fraction expansion of p. Hence
we can estimate degrees of X and Y as degX < degBT, degY < degBT.
Let us convince that degB < § and T < ¢**+!, for § being as earlier maximal
degree of entries of given matrices. It will follow from lemmal6.3l But we have
to note the following: if we start the process of continued fraction expansion
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with A, the root of t? = ¢, dege < 24, then already at the first step, we get
an equation A? —2pA; —c+p? = 0 with deg(c—p?) < 4, deg(2p) < §. At the
next steps degrees of the coefficients of the equations can not become bigger
any more.

Hence we can estimate degX and degY by dq
the change of variables, we get dg>*! + §.

Then the estimation for & = deg ey, g = X +AY will be: k < 6¢%+1 +29.

Let wel) = u; + Avy, Ty = Le.m(Ty, Ty, Ts), where T, Ty and T3 are periods
of the residues (as they defined in lemma [5.13) of sequences u;, (ai1+b11)u;+
biov; and biou; + (aq1 + bae vy relative to bya, asy, and agy respectively. By the
estimation from the proposition [5.13] we have T, < ¢*.

Consider an arbitrary root of u?> + cv? = d : @ = we), = u + Av of
degree < k — 1. Estimate first degw as a series. After checking divisibility
we get: degw = wel < k—1+k(Ty — 1) = kTy — 1 = ¢+ + 25¢*.
Now using this estimation we can get the estimation for w,v, it gives us
rap < 0q7 +25¢* + 6. Since ¢ < 3 we can estimate the latter as follows:
rap < (¢+1)d¢™. O

30+1 If we take into account

Let us note that using the same idea we can get an estimation for the
degree of the generator of an infinite part of centralizer of a given matrix A.
We omit here details, they are similar but easier then those were discussed
above. The resulting estimation presented in the Theorem [L3l

7 Conjugacy separability of GL (2, F|x])

In this section we would like to note that GL (2, F[z]) is conjugacy separable
group, but it does not immediately lead to any algorithm which decides con-
jugacy in GL (2,F|[x]), because it is not finitely generated (see for example
[7]) and the finite images together with the homomorphisms onto them can
not be constructed. We mean here Maltsev’s algorithm [8] for the decision
of the conjugacy problem for finitely presented conjugacy separable groups.
Note moreover that Maltsev’s algorithm does not allow to give any estima-
tions. To be precise let us show here the conjugacy separability of the group
GL (2, F[z]).

Proposition 7.1 GL(2,F[z]) is conjugacy separable group.

Proof. It is known due to Serre [7] and Nagao [6] that GL (2,F[z]) =
T(Flz]) xrw GL (2,F) is an amalgamated free product of subgroup of up-
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per triangular matrices T'(F[z]) and GL (2,F) through the upper triangular
matrices over F.

There exists the result of J.L.Dyer [5] saying that conjugacy separable
groups amalgamating along the finite subgroup is conjugacy separable.

We have only to verify that the subgroup T'(F[z]) of upper triangular
matrices in GL (2, F[z]) is conjugacy separable.

o

a ¢
Lemma 7.2 Two elements e; = ( 0 8 ), ey = ( 0 g ) from T'(F[zx])
are not conjugate if and only if

L (a,8) # (/,5) or
(o, B) = (o, B) with a = 3, and ¢, ¢ are non-proportional.

Let us show that for any pair e; ¢ eq, €1, e5 € T(F[z]) we can find normal
subgroup He, .,y < T(F[z]), such that & o e, where ¢€; is image of e; in the

finite quotient T'(IF[z])/H e, es)-
Note first that subgroups of the type

1 a n "
H”_{(O 1),(1—041’ +...,a€IF}

are normal in T'(F[x]).

1 a)\’ 1 4q a d
p— ﬁ pu—
Indeed, (O 1) <0 1 ),Wheree <O ﬁ)

To separate non-conjugate elements of the type I it is enough to take a
v oc
0 v

(v [ vy e\ (v ¢ 1 f\.
anth—(Ov).Notethat(Ov)—<07)<01 if and
only if Ge+c" = v f. Hence if we take Hp, n,) = Hy, with n > max{degc, deg ¢}

then non-conjugates hy and hy in the quotient T'(F[x])/H s, p,) remain non-
conjugate. [

subgroup Hy. Pick two non-conjugate elements of the type II: h; =
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