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Abstract. In this paper complex powers of the Dedekind eta function are stud-

ied. The vanishing of the n-th Fourier coefficients are labeled by the roots of an

attached polynomial pn(x). We study these polynomials, and their values and roots

distribution. The considered polynomials of degree n ≤ 700 are verified as Hurwitz

polynomials. We study the value distribution of the polynomials restricted to the

imaginary axis.

1. Introduction

The main purpose of this paper is to study the distribution of the roots of a family

of recursively defined polynomials pn(x). The values on the imaginary axis it are

studied. The roots label powers of the Dedekind eta function η, whose n-th Fourier

coefficient is vanishing.

Let σ(n) :=
∑

d|n d and let p0(x) := 1, then

(1.1) pn(x) :=
x

n

n∑
k=1

σ(k) pn−k(x).

The root distribution is closely related to the works of Euler, Jacobi, Lehmer, Serre,

and Gordon and Ono on lacunary and super lacunary eta products and their relations

to theta series ([Se81, Se85, On98, On03, Ko11]).

In his celebrated paper [Se85], Serre proved that even powers η(τ)r of the Dedekind

eta function

(1.2) η(τ) := q
1
24

∞∏
n=1

(1− qn) , (q := e2π iτ , Im(τ) > 0)

are lacunary if and only if the powers are 2, 4, 6, 8, 10, 14 or 26. Based on results of

Ribet [Ri77], Serre actually proved that for f(τ) := η(12τ)2,

(1.3) fk(τ) = qk
∞∑
n=0

p̃r(n) q12n (r = 2k)

has complex multiplication if and only if k = 1, 2, 3, 4, 5, 7, 13 (see also [Se81]). The

proof depends on vanishing properties of forms with respect to Hecke operators Tp,

where p ≡ −1 (mod 12). Finally the property that for 0 ≤ m ≤ 10, p = 11 and
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k +m ≡ 0 (mod 11):

(1.4) p̃2k(m) 6= 0 for k 6= 2, 3, 4, 5, 7, 13

has to be explicitly checked. Therefore the integral roots of p̃r(m) as a polynomial

in r up to degree m = 10 are studied. These polynomials and their factorization are

obtained from the pioneering work of Newman [Ne55], see also [Se85], section 1.2.

p̃r(0) = 1; p̃r(1) = −r; p̃r(2) = r(r − 3)/2; p̃r(3) = −r(r − 1)(r − 8)/3!;

p̃r(4) = r(r − 1)(r − 3)(r − 14)/4!; p̃r(5) = −r(r − 3)(r − 6)(r2 − 21r + 8)/5!;

p̃r(6) = r(r − 1)(r − 10)(r3 − 34r2 + 181r − 144)/6!;

p̃r(7) = −r(r − 2)(r − 3)(r − 8)(r3 − 50r2 + 529r − 120)/7!;

p̃r(8) = r(r − 1)(r − 3)(r − 6)(r4 − 74r3 + 1571r2 − 9994r + 4200)/8!;

p̃r(9) = −r(r − 1)(r − 3)(r − 4)(r − 14)(r − 26)(r3 − 60r2 + 491r − 120)/9!;

p̃r(10) = r(r − 1)P (r)/10!.

The polynomial P (r) has integral coefficients and is irreducible over Q.

P (r) = r8 − 134r7 + 6496r6 − 147854r5 + 1709659r4

− 10035116r3 + 28014804r2 − 29758896r + 6531840.

The recursively defined polynomials pn(x) satisfy the fundamental equation

(1.5)
∞∑
n=0

pn(z) qn =
∞∏
n=1

(1− qn)−z

(see also Apostol [Ap76], chapter 14). Hence pm(r) = p̃r(m).

In this paper, the polynomials and the distribution of roots are studied systemat-

ically and on an experimental level apparently for the first time. It follows directly

from the definition (1.1) and the equivalent identity (1.5) that the pn(x) are integer-

valued polynomials with decomposition

(1.6) pn(x) =
x

n!
p∗n(x).

Here p∗n(x) ∈ Z[x], normalized and of degree n − 1, and all coefficients are positive.

For example:

p∗1(x) = 1, p∗2(x) = x+ 3, p∗3(x) = x2 + 9x+ 8.

Note, since p∗2(−3) = 0, we know that the second coefficient of η(τ)3 is root.

Actually it is the only second coefficient of any non-trivial power of η(τ). Due to

Euler, the root −1 appears infinitely many times

(1.7)
∞∏
n=1

(1− qn) =
∞∑

n=−∞

(−1)n qn(3n−1)/2.

The Lehmer conjecture [Le47] states that there exist no n ∈ N, such that −24 is zero,

or equivalent x+ 24 never divides p∗n(x).
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We start in section 2 to examine the roots of p10(x). The 10th polynomial is

interesting, since it is the first polynomial with non-real roots. In section 3 we

calculate the number of integral, irrational, and non-real roots up to n ≤ 50. We

record the integral roots from n = 1 to 50. It also seems worth to mention that for

n ≤ 700 (numerically checked) all polynomials p∗n are Hurwitz polynomials. In section

4 we prove a result, which connects properties of the roots of pn(x) and |pn(s + it)|
(s ∈ R), as a function in t. Then in section 5 the values pn(it) are studied for n

small and large. In section 6 the Hurwitz criterion is presented and applied at p∗n for

n = 1, 2, 3, 4, 5. Finally in the appendix we also record all polynomials p∗n and their

factorization over Q for n = 1 to n = 25, in order to extend the list of Newman and

Serre.

2. First Complex Roots

The polynomial p10(x) for n = 10 is special. Due to Newman and Serre it is known

that for n ≤ 4 the polynomials are completely reducible over Q. Newman and Serre

also determined the irreducible factors up to n = 10. Our analysis shows that for

n = 10 the first time non-real roots appear. There are 2 integral, 6 irrational, and 2

non-real roots. We recall the explicit form of 10!p10(x):

x10 + 135x9 + 6630x8 + 154350x7 + 1857513x6 + 11744775x5

+ 38049920x4 + 57773700x3 + 36290736x2 + 6531840x

This polynomial decomposes over Q into three irreducible factors of degree one, one,

and eight.

x (x+ 1) R(x).

The degree eight factor is given by

R(x) = x8 + 134x7 + 6496x6 + 147854x5 + 1709659x4

+ 10035116x3 + 28014804x2 + 29758896x+ 6531840.

Next, we record the values of the roots.
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Roots Z R \ Z C \ R
α1 0

α2 −1

α3 ≈ −0.292

α4 ≈ −1.710

α5 ≈ −13.055

α6 ≈ −17.674

α7 ≈ −32.165

α8 ≈ −58.180

α9 ≈ −5.462 + 0.708i

α10 ≈ −5.462− 0.708i

Note, all non-trivial roots have negative real part. This is maybe not just a coin-

cidence. Of course, this has to be checked only for roots in C \ R, since all our

polynomials have real and positive coefficients (actually we look at p∗n(x) to be pre-

cise). Polynomials with such a special property have been studied by Hurwitz [Hu95].

Hurwitz polynomials appear typically as characteristic polynomials of linear systems

of differential equations. They control the stability of the underlying system. The

problem of testing the stability was first raised in 1868 by Maxwell [Ma68]. See

[AL13] for definitions and a short overview.

Definition. Polynomials p(x) ∈ R[x] are called Hurwitz polynomials if all their roots

have negative real part.

Remark. A numerical study of the roots of pn(x) up to n = 700 verifies that our first

observation remains true. They are all Hurwitz polynomials.
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Location of the roots of p10 (x) in the complex plane.
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Graph of p10 (x) with the transformation of y 7→ sgn (y) log10 (1 + |y|) on the

y-values to see the sign changes and have an almost ‘logarithmic’ scale.
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2.1. Value distribution for |pn(α9)|. We already know from the formula of Euler

that α2 = −1 is a root of infinitely many polynomials pn(x). In the following we

study the chances of α9 to have the same property. Therefore, we have displayed the

absolute values of pn(α9) for n ≤ 25
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Absolute value of the iteration of the polynomials pn (α9) for n = 1, . . . , 25.

The graph shows some scattering. A more detailed analysis also shows that real and

imaginary parts have sign chances. Nevertheless plotting for n = 1, . . . , 1000 the

complex values strongly indicated that α9 is only a root for n = 10.
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Complex values of the iteration of the polynomials pn (α9) for n = 1, . . . , 1000.

The horizontal axis (x-axis) is the real axis and the vertical axis is a projection of

the y-z-plane where the y-coordinate is the iteration step n = 1, . . . , 1000 and the

z-coordinate is the imaginary part.

3. Distribution of Roots

The algebraic nature of the roots of pn(x) vary from integral, irrational to non-

real. For n ≤ 4 all are integral. It seems that this is only true in these cases, as our

calculations show. It would be interesting to prove it. Note, the complex roots come

in pairs, since our polynomials have real coefficients. The following list shows the

distribution of the roots. We record the amount of roots which are integral, irrational

and in C \ R up to n ≤ 50.
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n Z R \ Z C \ R n Z R \ Z C \ R
1 1 0 0 26 4 16 6

2 2 0 0 27 5 22 0

3 3 0 0 28 4 20 4

4 4 0 0 29 5 22 2

5 3 2 0 30 3 19 8

6 3 3 0 31 6 21 4

7 4 3 0 32 6 24 2

8 4 4 0 33 4 29 0

9 6 3 0 34 6 18 10

10 2 6 2 35 4 21 10

11 5 6 0 36 3 23 10

12 3 7 2 37 5 30 2

13 5 8 0 38 4 28 6

14 5 7 2 39 7 28 4

15 3 10 2 40 3 29 8

16 3 13 0 41 6 31 4

17 6 11 0 42 6 30 6

18 5 11 2 43 6 33 4

19 7 12 0 44 6 34 4

20 4 12 4 45 3 28 14

21 3 14 4 46 4 30 12

22 3 15 4 47 6 37 4

23 5 18 0 48 6 36 6

24 5 15 4 49 6 33 10

25 4 17 4 50 4 38 8

Remark. For 34 ≤ n ≤ 700, we have checked numerically that pn(x) has always roots

in C \ R.
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Having the vanishing property of Fourier coefficients attached to powers of the

Dedekind eta function in mind, it is natural to study the integral roots of pn(x) in

more detail. In the following we list the distribution of the possible integral roots

−1,−2,−3,−4,−6,−8,−10,−14,−26.

This is done for n ≤ 50. Note that these are all possible integral roots for this bound.

n\ − r 1 2 3 4 6 8 10 14 26 n\ − r 1 2 3 4 6 8 10 14 26

1 26 • • •
2 • 27 • • • •
3 • • 28 • • •
4 • • • 29 • • • •
5 • • 30 • •
6 • • 31 • • • • •
7 • • • 32 • • • • •
8 • • • 33 • • •
9 • • • • • 34 • • • • •

10 • 35 • • •
11 • • • • 36 • •
12 • • 37 • • • •
13 • • • • 38 • • •
14 • • • • 39 • • • • • •
15 • • 40 • •
16 • • 41 • • • • •
17 • • • • • 42 • • • • •
18 • • • • 43 • • • • •
19 • • • • • • 44 • • • • •
20 • • • 45 • •
21 • • 46 • • •
22 • • 47 • • • • •
23 • • • • 48 • • • • •
24 • • • • 49 • • • • •
25 • • • 50 • • •

4. Varying the Imaginary Part of pn(x+ it)

Theorem 4.1. Let n ∈ N. Let z0 = 0, z1, . . . , zn−1 denote the roots of pn(x).

pn(x) =
1

n!

n−1∏
k=0

(x− zk) .

Let s be any non-negative real number. Suppose that for all k = 0, . . . , n− 1:

(4.1) |s− Re(zk)| ≥ |Im(zk)|
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Then the function ϕs : R>0 −→ R≥0,

(4.2) t 7→ |pn(s+ it)|

is strictly increasing.

Remark. For real roots zk, the inequality (4.1) is always satisfied.

Corollary 4.2. Let s > 0 be fixed that satisfies the assumptions of the theorem. Then

(4.3) pn(s+ it) 6= 0 for all t ∈ R.

Proof. We know that pn (s) > 0 for s > 0. Since

pn (s− it) = pn (s+ it)

this also means that t 7→ |pn (s+ it)| is decreasing for t < 0. This means that for such

an s the function t 7→ pn (s+ it) has its minimal value at s = 0. Hence pn (s+ it)

cannot vanish for any t ∈ R. �

Proof of Theorem. We prove the theorem by studying the derivative of |pn(z)|2 with

respect to the imaginary variable. Let s = Re (z) and t = Im (z). We will show that

t 7→ |pn (s+ it)|2 is increasing for t > 0. We have

d

dt
|pn (z)|2 = |pn (z)|2

n−1∑
k=0

2 (t− βk)
(s− αk)2 + (t− βk)2

.

If βk 6= 0 the real polynomial also has the root αk − iβk different from αk + iβk. In

this case we obtain

2 (t− βk)
(s− αk)2 + (t− βk)2

+
2 (t+ βk)

(s− αk)2 + (t+ βk)
2

=
2 (t− βk)

(
(s− αk)2 + (t+ βk)

2)+ 2 (t+ βk)
(
(s− αk)2 + (t− βk)2

)(
(s− αk)2 + (t− βk)2

) (
(s− αk)2 + (t+ βk)

2)
=

2t
(
2 (s− αk)2 + (t+ βk)

2 + (t− βk)2
)
− 2βk

(
(t+ βk)

2 − (t− βk)2
)(

(s− αk)2 + (t− βk)2
) (

(s− αk)2 + (t+ βk)
2)

=
2t
(
2 (s− αk)2 + 2t2 + 2β2

k

)
− 8tβ2

k(
(s− αk)2 + (t− βk)2

) (
(s− αk)2 + (t+ βk)

2)
=

2t
(
2 (s− αk)2 + 2t2 − 2β2

k

)(
(s− αk)2 + (t− βk)2

) (
(s− βk)2 + (t+ βk)

2) .
The last computation also holds for βk = 0. This last expression is ≥ 0 if |s− αk| ≥
|βk|. Hence t 7→ |pn (s+ it)|2 is increasing if |s− αk| ≥ |βk| for all k. �

Corollary 4.3. t 7→ |pn (it)| is increasing if |αk| ≥ |βk| for all k.

We made the following observation for n ≤ 540, which is maybe just a coincidence.

Let

S := {120, 168, 180, 240, 252, 300, 336, 360, 420, 432, 480, 504, 540} ,
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then the condition of the corollary is satisfied if n is not in S. For example the root

of p120 which violates the condition is

−0.027 . . .± 0.030 . . . i.

Note, that the sequence induced by S does almost coincide with the numbers n such

that

σ2 (n) /n2 ≥ 3

2
.

Here σ2 (n) =
∑

d|n d
2. This sequence contains 60 and but does not contain 432.

5. Values of pn(it) for t = 1 and t = 1/10

Recall, we have already checked numerically, that for n ≤ 700 all polynomials

pn(x) are Hurwitz. All complex roots have negative real part. To understand the

general situation we illustrate what is happening if the real part is root and t = i

and i/10. In both cases similar patterns occur. There are sign changes of the real

and imaginary part of the values pn(it). Further the absolute values tend to go to

infinity. We display the results of pn(it) in full detail.

5.1. Value distribution of pn(i). In this subsection we study a special arithmetic

function F given by the values of pn(i). We consider

(5.1)
∞∏
n=1

(1− qn)−i =
∞∑
n=0

pn(i) qn

and define

(5.2) F :

{
N0 −→ C
n 7→ F (n) := pn(i).

We are interested in the vanishing properties of F and the value distributions. First

values are given by

F (0) = 1, F (1) = i, F (2) = −1

2
+

3

2
i,

F (3) = −3

2
+

7

6
i, F (4) = −29

12
+ i, F (5) = −7

2
− 7

12
i.

At a first glance we see sign changes in the real and imaginary part of the values.

More general for n ≤ 1000 and Re(F (n)) and Im(F (n)) see figure 1 and 2. See also

figure 3 and 4 for n ≤ 10.

The figures for the absolute value of F for n ≤ 1000 and n ≤ 10 suggest that

• limn7→∞ |F (n)| =∞,

• F (n) 6= 0 for all n ∈ N.
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Figure 1. Real and imaginary parts of the sequence of the pn (i) for
n = 1, . . . , 1000.
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Figure 2. Real and imaginary parts of the sequence of the pn (i) for
n = 1, . . . , 10.
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Figure 3. Absolute value of the sequence of the pn (i) for n = 1, . . . , 1000.
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Figure 4. Absolute value of the sequence of the pn (i) for n = 1, . . . , 10.
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Figure 5. Absolute value of the sequence of the pn (i/10) for n = 1, . . . , 100.

5.2. Value distribution of pn(i/10). Additionally to t = 1 we have also displayed

the value distribution for t = 1/10 in Figure 5. We note that it seems that the limit

of the absolute values goes to infinity. But the values are not strictly increasing.
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6. Hurwitz criterion

Let P (x) =
∑n

k=0 anx
n = anx

n + an−1x
n−1 + . . . + a0 be a real polynomial i. e.

all ak ∈ R. It is called Hurwitz polynomial if all its roots have negative real part.

Hurwitz [Hu95] showed that a polynomial has this property if and only if for the

following matrix

H =


an−1 an−3 an−5 an−7 · · ·
an an−2 an−4 an−6 · · ·
0 an−1 an−3 an−5 . . .

0 an an−2 an−4 . . .
...

...
...

...
. . .


all leading principal minors are positive.

We apply this now to the polynomials p∗n, n− 1 = 1, 2, 3, 4, 5.

We have p∗2 (x) = x+ 3 and p∗3 (x) = x2 + 9x+ 8. So for n = 3 we have

H3 =

(
9 0

1 8

)
with 9 > 0 and det (H3) = 72 > 0.

For n = 4 we have p∗4 (x) = z3 + 18z2 + 59z + 42 which yields

H4 =

 18 42 0

1 59 0

0 18 42


with 18 > 0, det

(
18 42

1 59

)
= 1020 > 0, and det (H4) = 1020 · 42 > 0.

For n = 5 we have p∗5 (x) = x4 + 30x3 + 215x2 + 450x+ 144 and

H5 =


30 450 0 0

1 215 144 0

0 30 450 0

0 1 215 144


with 30 > 0, det

(
30 450

1 215

)
= 6000 > 0,

det

 30 450 0

1 215 144

0 30 450

 = 2570400 > 0,

and det (H5) = 2570400 · 144 > 0.

(6) p6 (x) = x5 + 45x4 + 565x3 + 2475x2 + 3394x+ 1440,
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(i) H6 =


45 2475 1440 0 0

1 565 3394 0 0

0 45 2475 1440 0

0 1 565 3394 0

0 0 45 2475 1440

,

(ii) 45 > 0, det

(
45 2475

1 565

)
= 22950 > 0,

(iii) det

 45 2475 1440

1 565 3394

0 45 2475

 = 49993200 > 0, and

(iv) det


45 2475 1440 0

1 565 3394 0

0 45 2475 1440

0 1 565 3394

 = 15 12226 58400 > 0.

(v) The last implies det (H6) > 0.

Appendix A. The polynomials p∗n(x); n = 1, . . . , 25

We list the polynomials p∗n(x) for 1 ≤ n ≤ 20 with their factorization over Q.
p∗1 (x) = 1

p∗2 (x) = 3 + x

p∗3 (x) = x2 + 9x+ 8 = (x+ 8) (x+ 1)

p∗4 (x) = x3 + 18x2 + 59x+ 42 = (x+ 14) (3 + x) (x+ 1)

p∗5 (x) = x4 + 30x3 + 215x2 + 450x+ 144 = (3 + x) (x+ 6) (x2 + 21x+ 8)

p∗6 (x) = x5 + 45x4 + 565x3 + 2475x2 + 3394x+ 1440

= (x+ 10) (x+ 1) (x3 + 34x2 + 181x+ 144)

p∗7 (x) = x6 + 63x5 + 1225x4 + 9345x3 + 28294x2 + 30912x+ 5760

= (x+ 8) (3 + x) (x+ 2) (x3 + 50x2 + 529x+ 120)

p∗8 (x) = x7 + 84x6 + 2338x5 + 27720x4 + 147889x3 + 340116x2 + 293292x+ 75600

= (x+ 6) (3 + x) (x+ 1) (x4 + 74x3 + 1571x2 + 9994x+ 4200)

p∗9 (x) = x8 + 108x7 + 4074x6 + 69552x5 + 579369x4 + 2341332x3 + 4335596x2

+ 3032208x+ 524160

= (x+ 14) (x+ 26) (x+ 4) (3 + x) (x+ 1) (x3 + 60x2 + 491x+ 120)

p∗10 (x) = x9 + 135x8 + 6630x7 + 154350x6 + 1857513x5 + 11744775x4

+ 38049920x3 + 57773700x2 + 36290736x+ 6531840

= (x+ 1) (x8 + 134x7 + 6496x6 + 147854x5 + 1709659x4 + 10035116x3

+28014804x2 + 29758896x+ 6531840)

p∗11 (x) = x10 + 165x9 + 10230x8 + 311850x7 + 5133513x6 + 47002725x5

+ 237810320x4 + 636593100x3 + 831170736x2 + 433762560x+ 43545600

= (x+ 8) (3 + x) (x+ 2) (x+ 1) (x6 + 151x5 + 8057x4 + 190049x3

+ 1983222x2 + 7260120x+ 907200)
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p∗12 (x) = x11 + 198x10 + 15125x9 + 585090x8 + 12649263x7 + 158764914x6

+ 1163220575x5 + 4872036510x4 + 11101159036x3 + 12532005288x2

+ 5925016800x+ 1117670400

= (3 + x) (x+ 2) (x9 + 193x8 + 14154x7 + 513162x6 + 9998529x5

+ 105693297x4 + 574762916x3 + 1364062148x2 + 832270800x+ 186278400)

p∗13 (x) = x12 + 234x11 + 21593x10 + 1033890x9 + 28445703x8 + 469839942x7

+ 4722571139x6 + 28660164390x5 + 102004870396x4 + 201684764424x3

+ 201002619168x2 + 83648747520x+ 6706022400

= (x+ 10) (x+ 8) (3 + x) (x+ 1)x8 + 212x7 + 16774x6 + 631628x5

+ 11870389x4 + 104464688x3 + 344183076x2 + 304993872x+ 27941760)

p∗14 (x) = x13 + 273x12 + 29939x11 + 1738737x10 + 59372313x9 + 1250368119x8

+ 16556785817x7 + 137914387611x6 + 711131447026x5 + 2194635751308x4

+ 3821401891944x3 + 3401283910752x2 + 1335385128960x+ 149448499200

= (x+ 6) (x+ 4) (3 + x) (x+ 1) (x9 + 259x8 + 26246x7 + 1353814x6

+ 38627729x5 + 615548731x4 + 5178575464x3 + 19207997676x2

+ 14914586880x+ 2075673600)

p∗15 (x) = x14 + 315x13 + 40495x12 + 2805075x11 + 116473357x10 + 3049771725x9

+ 51550612685x8 + 566030289825x7 + 4006881036158x6

+ 17905744436580x5 + 48648442726520x4 + 75623303901600x3

+ 60929911689984x2 + 20323375994880x+ 2092278988800

= (x+ 14) (x+ 8) (x12 + 293x11 + 33937x10 + 2025645x9 + 68108223x8

+1324518579x7 + 14783082971x6 + 92456383615x5 + 317135303876x4

+ 573652786428x3 + 508927390992x2 + 177789219840x+ 18681062400)

p∗16 (x) = x15 + 360x14 + 53620x13 + 4368000x12 + 216834982x11 + 6915788880x10

+ 145516059260x9 + 2041046092800x8 + 19052174174033x7

+116869372980360x6 + 459649616109320x5 + 1113697174699200x4

+1560949651635984x3 + 1143429812726400x2 + 376785057196800x

+ 40537905408000

= (3 + x) (x+ 1) (x13 + 356x12 + 52193x11 + 4158160x10 + 200045763x9

+ 6103131348x8 + 120503396579x7 + 1540723112440x6 + 12527771534536x5

+ 62136117504896x4 + 173521831486128x3 + 233201496240000x2

+107578172217600x+ 13512635136000)

p∗17 (x) = x16 + 408x15 + 69700x14 + 6597360x13 + 385985782x12 + 14741746656x11

+ 378267538220x10 + 6609649984080x9 + 78849375466433x8

+ 637855242288264x7 + 3443059993897160x6 + 12069423054212160x5

+ 26348214301856784x4 + 33612562257132672x3 + 22572470529457920x2

+ 6493118120294400x+ 376610217984000

= (x+ 10) (x+ 6) (3 + x) (x+ 2) (x+ 1) (x11 + 386x10 + 61041x9 + 5189454x8

+ 261413979x7 + 8090623902x6 + 153758707859x5 + 1730192640946x4

+10522817826720x3 + 27863238700512x2 + 15839546284800x

+ 1046139494400)



18 BERNHARD HEIM, MARKUS NEUHAUSER, AND FLORIAN RUPP

p∗18 (x) = x17 + 459x16 + 89148x15 + 9703260x14 + 660951942x13 + 29796417378x12

+ 916590073516x11 + 19547135742420x10 + 290643272718513x9

+ 3005469776175867x8 + 21393928537769424x7 + 102896818979343480x6

+ 324833515162163344x5 + 644649799518037296x4 + 753265741573302912x3

+ 468013463441475840x2 + 132672192555571200x+ 13871809695744000

= (x+ 8) (3 + x) (x+ 2) (x+ 1) (x13 + 445x12 + 82859x11 + 8516885x10

+ 536784993x9 + 21771121155x8 + 579319498337x7 + 10101300017735x6

+ 112972971000106x5 + 772370434468900x4 + 2938007628611304x3

+ 5090534870258880x2 + 2198053442390400x+ 288996035328000)

p∗19 (x) = x18 + 513x17 + 112404x16 + 13941972x15 + 1094076582x14 + 57506558886x13

+ 2090372264188x12 + 53486430829884x11 + 971152877510673x10

+ 12520831224647889x9 + 113940510141447912x8 + 722588147763843816x7

+ 3128796899659725904x6 + 8973226283666266512x5

+ 16307166492297962496x4 + 17581309343532995328x3

+ 10124124979606179840x2 + 2513351450024755200x+ 128047474114560000

= (x+ 14) (x+ 8) (x+ 6) (x+ 4) (3 + x) (x+ 1) (x12 + 477x11 + 94745x10

+ 10295685x9 + 675769623x8 + 27859750011x7 + 724716810995x6

+ 11580058500615x5 + 105918767344876x4 + 473381655680412x3

+688599907461360x2 + 280768376476800x+ 15878903040000)

p∗20 (x) = x19 + 570x18 + 139935x17 + 19622250x16 + 1757721426x15 + 106580794500x14

+ 4521894989470x13 + 136830847448100x12 + 2982559682950341x11

+ 46974405357323730x10 + 533059026033824355x9 + 4321657983197020050x8

+ 24669235359489920536x7 + 97003598589686195760x6

+ 254624013222895790640x5 + 426456104805385005600x4

+ 426308057891200797696x3 + 229777212625132285440x2

+ 56577426980420505600x+ 5109094217170944000

= (x+ 26) (3 + x) (x+ 1) (x16 + 540x15 + 123628x14 + 15855552x13

+ 1268784550x12 + 66811070952x11 + 2380566181004x10 + 58166112231216x9

+ 977644471112177x8 + 11235613053099996x7 + 86845719277786688x6

+ 437819539434970032x5 + 1365779395575844272x4 + 2409559899201712512x3

+ 2048896844301415680x2 + 635497406843443200x+ 65501207912448000)
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