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1 Introduction

Kerr black holes are very special spinning objects. Any stationary axisymmetric extended
body has an infinite tower of mass-multipole moments Z, and current-multipole moments
Je, which generally depend intricately on its internal structure and composition. For a Kerr
black hole, every multipole is determined by only the mass m and spin s, through the simple
relation due to Hansen [1],
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This distinctive behaviour is a reflection of the no-hair theorem, stating that black holes in
general relativity (GR) are uniquely characterised by their mass and spin (and charge).

Recent work has suggested that an on-shell expression of the no-hair theorem is that black
holes correspond to minimal coupling in classical limits of quantum scattering amplitudes for
massive spin n particles and gravitons. Amplitudes for long-range gravitational scattering of
spin 1/2 and spin 1 particles were found in [2, 3] to give the universal spin-orbit (pole-dipole
level) couplings in the post-Newtonian corrections to the gravitational potential. Further
similar work in [4], up to spin 2, suggested that the black-hole multipoles (1.1) up to order
¢ = 2n are faithfully reproduced from tree-level amplitudes for minimally coupled spin n
particles.

Such amplitudes for arbitrary spin n were computed in [5], using the representation of
minimal coupling for arbitrary spins in terms of the massive spinor helicity variables presented
in [6]. Those amplitudes were shown in [7, 8] to lead in the limit n — oo to the two-black-
hole aligned-spin scattering angle found in [9] at first post-Minkowskian (1PM) order and
to all orders in the spin-multipole expansion, while in [10] they were shown to yield the
contributions to the interaction potential (for arbitrary spin orientations) at the leading post-
Newtonian (PN) orders at each order in spin. The importance of minimal coupling has been
especially emphasised in [10], where, by matching at tree-level to the classical effective action
of [11], it was shown that the theory which reproduces the infinite-spin limit of minimally
coupled graviton amplitudes is an effective field theory (EFT) of spinning black holes, with
any deviation from minimal coupling adding further internal structure to the effective theory.

In this paper we remove the restriction to the aligned-spin configuration in the final
results of [7, 8], and the restriction to the nonrelativistic limit in the final results of [10].
We use on-shell amplitudes to directly compute relativistic classical observables for generic
spinning-particle scattering, reproducing such results for black holes obtained by classical
methods in [9], thereby providing more complete evidence for the correspondence between
minimal coupling to gravity and classical black holes.

The dynamics of spinning black holes is of great interest for gravitational-wave astronomy
[12], and spin leads to essential corrections which are required for precision analysis of signals
from binary black hole mergers [13]. Incorporating spin into a major theoretical platform
for these experiments, the effective one-body formalism [14, 15], is well established in the
PN approximation [16-22], and was recently extended to the PM approximation by means
of a gauge-invariant spin holonomy [23]. This has been used to compute the dipole (or spin-
orbit) contribution to the conservative potential for two spinning bodies through 2PM order
[24]. In addition to the all-multipole binary-black-hole results for generic spins at 1PM order
found in [9], aligned-spin black-hole scattering has been considered also at 2PM order for
low multipoles in [25]. Meanwhile, calculating higher-order PN spin corrections has been a
particular strength of the EFT treatment of PN dynamics [11, 26-31]; for reviews see [32, 33].
All-multipole-order expressions are also known at the leading PN orders [34, 35].

Alternatively, there exist many techniques for using scattering amplitudes to compute
classical and quantum corrections to gravitational potentials [36-49], and there has been



significant recent progress in obtaining such corrections in the PM approximation [50-55].
Using amplitudes allows one to draw upon a powerful armoury of modern on-shell methods.
Of particular applicability for gravity is the double copy [56, 57], which asserts that replacing
the colour factors in Yang-Mills amplitudes with kinematic factors satisfying the same Lie
algebraic structure yields a gravity amplitude. While only proven at tree-level for pure gauge
theory [58], this conjecture can be applied to both massless and massive states [59, 60] and
has a wealth of non-trivial supporting evidence [61-63]. It raises the provocative question
of whether exact solutions in general relativity satisfy similar simple relationships to their
classical Yang-Mills counterparts, coined the classical double copy [64-78]. Such a relationship
has indeed been found in the gravitational radiation emitted by spinning sources at 1PM order
[79, 80]. Irrespectively, amplitudes techniques have already been applied in general relativity
to determine the sought-after 3PM correction to the conservative gravitational potential for
the first time [54] (see also [81]), by matching to an effective theory of non-relativistic scalars
[53].

Calculating the gravitational potential is versatile but gauge-dependent. Amplitudes
and observables, however, are on-shell and gauge-invariant, leading Kosower and two of the
authors to introduce a direct mapping between the two [82]. General formulae valid for
massive scalar scattering in any quantum field theory, with interactions mediated by massless
bosons, were written down for the impulse Ap* and total radiated momentum R, for any
two-body scattering event. By analysing appropriate wavepackets and extracting powers
of K, results for these quantities in classical electrodynamics at tree and 1-loop levels were
accurately reproduced. The relevance of the same classical limit for radiative scattering of
massive scalars in Einstein gravity was also shown in [83].

In this paper we relax the restriction to scalars and consider conservative scattering of
massive particles with spin. In addition to the (linear) impulse Ap*, there is another relevant
on-shell observable, the change As* in the spin (psuedo-)vector s*, which we will call the
angular impulse. We introduce this quantity in sect. 2, where we also review classical results
from [9] for binary black hole scattering at 1PM order. In sect. 3 we consider the quantum
analogue of the spin vector, the Pauli-Lubanski operator; manipulations of this operator
allow us to write expressions for the angular impulse akin to those for the linear impulse in
[82]. Obtaining the classical limit requires some care, which we discuss before constructing
example gravity amplitudes in sect. 4 from the double copy. In sect. 5 we then show that
substituting these examples into our general formalism exactly reproduces the leading terms
of all-multipole order expressions for the impulse and angular impulse of spinning black holes
[9]. Finally, we discuss how our results further connect spinning black holes and scattering
amplitudes in sect. 6.

2 Spin and scattering observables in classical gravity

Before setting up our formalism for computing the angular impulse, let us briefly review
aspects of this observable in relativistic classical physics.



2.1 Linear and angular momenta in asyptotic Minkowski space

To describe the incoming and outgoing states for a weak scattering process in asymptotically
flat spacetime, we can use special relativistic physics, working as in Minkowski spacetime.
There, any isolated body has a constant linear momentum vector p* and an antisymmetric ten-
sor field J* (z) giving its total angular momentum about the point z, with the z-dependence
determined by JH (z') = JH (x) + 2plt(z’ — x)¥], or equivalently VyJ* = 2plis¥ly.

Relativistically, center-of-mass (cm) position and intrinsic and orbital angular momenta
are frame-dependent concepts, but a natural inertial frame is provided by the direction of the
momentum p*, giving the proper rest frame. We define the body’s proper cm worldline to
be the set of points z such that J*”(z)p, = 0, i.e. the proper-rest-frame mass-dipole vector
about z vanishes, and we can then write

JH (z) = 2plt (@ — 2) 4 M, (2.1)

where z can be any point on the proper cm worldline, and where S*” = J#”(z) is the intrinsic
spin tensor, satisfying
S*p, = 0. (2.2)

Equation (2.2) is often called the “covariant” or Tulczyjew-Dixon spin supplementary con-
dition (SSC) [84, 85] in its (direct) generalization to curved spacetime in the context of the
Mathisson-Papapetrou-Dixon equations [86-90] for the motion of spinning extended test bod-
ies. Given the condition (2.2), the complete information of the spin tensor S*” is encoded in
the momentum p* and the spin pseudo-vector [91],
_ vSPo = 1 v Jre 2.3
Sy = %Euupap = %euupap (.Z'), ( : )
where €p123 = +1 and the metric signature is mostly minus, with p?> = m?. Note that s-p = 0;
s* is a spatial vector in the proper rest frame. Given (2.2), the inversion of the first equality
of (2.3) is

1
S = EEM,,)\TP)\ST. (2.4)

The total angular momentum tensor J*”(z) can be reconstructed from p#, s*, and a point z
on the proper cm worldline, via (2.4) and (2.1).

2.2 Scattering of spinning black holes in linearized gravity

Following the no-hair property emphasised in sect. 1, the full tower of gravitational multipole
moments of a spinning black hole, and thus also its (linearized) gravitational field, are uniquely
determined by its monopole p* and dipole J#”. This is reflected in the scattering of two
spinning black holes, in that the net changes in the holes’ linear and angular momenta depend
only on their incoming linear and angular momenta. It has been argued in [9] that the
following results concerning two-spinning-black-hole scattering, in the 1PM approximation to
GR, follow from the linearized Einstein equation and a minimal effective action description



of spinning black hole motion, the form of which is uniquely fixed at 1PM order by general
covariance and appropriate matching to the Kerr solution.

Consider two black holes with incoming momenta p{ = myu} and ph = maub, defining
the 4-velocities u* = p/m with u? = 1, and incoming spin vectors s} = mja} and s = maah,
defining the rescaled spins a* = s*/m (with units of length, whose magnitudes measure the
radii of the ring singularities). Say the holes’ zeroth-order incoming proper cm worldlines are
orthogonally separated at closest approach by a vectorial impact parameter b*, pointing from
2 to 1, with b+ uy = b-uy = 0. Then, according to the analysis of [9], the net changes in the

momentum and spin vectors of black hole 1 are given by

Apl = Re{Z!} + O(G2),

2.5
Asl = —ula{Re{Z,} — e’“’aﬁulaam Im{Z,} + O(G?), (2:5)
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with v = uy - ug being the relative Lorentz factor, and with
Y,,0
ULo,U23U1 U
", = eupaﬁevmﬂ; 2,2 E 11 ’
(2.7)

1
/72 1 <’LL’f(’LL1,, - 7“21/) + Ug(ub - ’7“11/))

being the projector into the plane orthogonal to both incoming velocities. The analogous
results for black hole 2 are given by interchanging the identities 1 < 2.

If we take black hole 2 to have zero spin, af — 0, and if we expand to quadratic order
in the spin of black hole 1, corresponding to the quadrupole level in 1’s multipole expansion,
then we obtain the results shown in (5.1) and (5.2) below. In the remainder of this paper,
developing necessary tools along the way, we show how those results can be obtained from
classical limits of scattering amplitudes for one-graviton exchange between a massive scalar
particle and a massive spi -n particle, with minimal coupling to gravity, with n = 1/2 to yield
the dipole level, and with n = 1 to yield the quadrupole level.

3 Spin and scattering observables in quantum field theory

The linear and angular impulses, Ap* and As*, are observable, on-shell quantities. In [82]
a general formalism for calculating the classical impulse Ap* in quantum field theory was
introduced; as the angular impulse is also on-shell similar methods should be applicable. A
first task is to understand what quantum mechanical quantity corresponds to the classical spin
pseudovector of equation (2.3). This spin vector is a quantity associated with a single classical
body, and we therefore begin by discussing single particle states (to set up our notation) before
discussing the spin vector of a quantum state. We then move on to the change in spin during
a scattering event, and finally we will explain the correspondence region in which a quantum



calculation must agree with a classical one. As our aim is to address black hole scattering
processes, we restrict throughout to the case in which our incoming and outgoing particles
are massive.

3.1 Single particle states

We will be interested in both bosonic and fermionic particles, normalising creation and anni-
hilation operators so that

[ai(p), al(¢))= = da(p — q)di;, (3.1)

where 4 (p) is the appropriate delta function for the on-shell phase-space measure:

5(p) = 2B,(27)%6 (p). (3.2)

Single particle states of a given momentum and spin are defined, as usual, by |p, i) = aj (p)|0).
Notice that the index ¢ transforms under the little group, which for a massive particle in four
dimensions is SU(2).

Our interest will primarily be in spatially localised particles, which are associated with
a wavefunction ¢(p) in momentum space. In general there is also a little group index on the
wavefunction; for our purposes it is sufficient to consider wavefunctions of the form ¢(p)¢;.
Thus, we will concern ourselves with states of the form

EDY / 19 (p) S(p)&lp.i) (3.3)

where the invariant phase space measure is

dd(k) = d* k6D (k2 —m?) = 210 (k)5 (k? — m?) (3.4)

We normalise the wavefunction by choosing [ d®(p)|¢(p)|? = >, |&/* = 1.

3.2 The Pauli-Lubanski spin pseudovector

Now we turn to the question of what operator in quantum field theory is related to the clas-
sical spin pseudovector of equation (2.3). We propose that the correct quantum-mechanical
interpretation is that the spin is nothing but the expectation value of the Pauli-Lubanski

operator
1
W, = §equUP”Jp", (3.5)
where P* and J#? are the translation and Lorentz generators, respectively. In particular, our

claim is that the expectation value

(s) = —(WH) = %euupa (P"JF) (3.6)

1
m
of the Pauli-Lubanski operator on a single particle state (3.3) is the quantum-mechanical gen-
eralisation of the classical spin pseudo-vector. Indeed a simple comparison of equations (2.3)



and (3.5) indicates a connection between the two quantities. We will provide abundant evi-
dence for this link in the remainder of this article.

The Pauli-Lubanski operator is a basic quantity in the classification of free particle states,
although it receives less attention in introductory accounts of quantum field theory than it
should. With the help of the Lorentz algebra

(I, 9] = ih( PP — 77 B¥)

3.7
(I JP7] = ih(n/PIHT — P TV — PO JHP 4 P TR | (3.7)

it is easy to establish the important fact that the Pauli-Lubanski operator commutes with
the momentum:

[PH, W] = 0. (3.8)
Furthermore, as W is a vector operator, it satisfies
[JHY ,WP] = ih(n"P WY — n"PWH) . (3.9)
It then follows that the commutation relations of W with itself are
[WH WY] = —ihe!P"W ,P,. (3.10)

On single particle states this last commutation relation takes a particularly instructive form.
Working in the rest frame of our massive particle state, evidently W° = 0. The remaining
generators satisfy!

[W W] = iheF Wk (3.11)
so that the Pauli-Lubanski operators are nothing but the generators of the little group. Not
only is this the basis for their importance, but also we will find that these commutation
relations are directly useful in our computation of the change in a particle’s spin during
scattering.

Because WH* commutes with the momentum, we have

(pf, §IWHp, i) o< o (p — ). (3.12)
We define the matrix elements of W on the states of a given momentum to be
(v, §IWH|p, i) = msl(p) ba(p — '), (3.13)
so that the expectation value of the spin vector is
") = [ d2) [0 €65 (3.14)

The matrix sé‘j(p), sometimes called the spin polarisation vector, will be important below.
These matrices inherit the commutation relations of the Pauli-Lubanski vector, so that in

particular
N h Vpo
[s(p), 8" (D)) = —i— 7 5,(p)ps - (3.15)

2

"'We normalise £1?® = +1, as usual.



Specialising now to a particle in a given representation, we may derive well-known [2, 3,
5, 44, 45, 48] explicit expressions for the spin polarisation Sfj(p) starting from the Noether
current associated with angular momentum. We provide details in Appendix B for the simple
spin 1/2 and 1 cases. For a Dirac spin 1/2 particle, the spin polarisation is

shy (D) = %ﬁa(p)v“v%(p)- (3.16)

Meanwhile, for massive vector bosons we have

Zh Vpo *
s?j(p) = EEH p pygip(p)ejo(p). (3.17)

We have normalised these quantities consistent with the algebraic properties of the Pauli-
Lubanski operator.

3.3 The change in spin during scattering

Now that we have a quantum-mechanical understanding of the spin vector, we move on to
discuss the dynamics of the spin vector in a scattering process. Following the set-up in [82]
we consider the scattering of two stable, massive particles which are quanta of different fields,
and are separated by an impact parameter b*. We will explicitly consider scattering processes
mediated by vector bosons and gravitons. The relevant incoming two-particle state is

[T) = Y [ d(p1)d®(p2) d1(p1)d2(p2)Ear e ™" p1 po; ar az) (3.18)

where the displacement operator insertion accounts for the particles’ spatial separation.
The initial spin vector of particle 1 is

(sh) = milomwmw, (3.19)

where W/’ is the Pauli-Lubanski operator of the field corresponding to particle 1. Since the S
matrix is the time evolution operator from the far past to the far future, the final spin vector
of particle 1 is

1
(1) = —— (UISTWS|y). (3.20)
1
We define the angular impulse on particle 1 as the difference between these quantities:
1 1
(As) = —(U|STW S| W) — — (W|W|W). (3.21)
mq mi

Writing S = 1 + ¢TI and making use of the optical theorem yields
' 1
(Asl) = —(W|[WE, 7)) + — (@[T [W, 7| %). (3.22)
mi mq

It is clear that the second of these terms will lead to twice as many powers of the coupling
constant for a given interaction. Therefore only the first term is able to contribute at leading



order. In this paper we exclusively consider tree level scattering A 5o the first term is the
sole focus of our attention.

Our goal now is to express the leading-order angular impulse in terms of amplitudes. To
that end we substitute the incoming state in equation (3.18) into the first term of eq. (3.22),
and the leading-order angular impulse is given by

(As0 —W§jz/’pwwmwmwwmmm%@M%wmg

ay,a1 ab,a2

X &1y oty €10, 620,¢" PO/ (Dl phs al @y [WHT — T WH| prpa;ar az) . (3.23)

Scattering amplitudes can now be explicitly introduced by inserting a complete set of states

I= Z d<I>(7‘1)d<I>(r2) |7‘1 T2; b1 b2><’r’1 25 b1 b2| (3.24)
b1,b2

between the spin and interaction operators. In their first appearance this yields

Z d®(r1)d®(r2) (P ph; ay as| W r1 72; b1 b2) (r1 723 b1 ba|T'|p1 pas a1 az) =
b1,b2

my Z /dq)(ﬁ)slfa/lbl (p/1) 5@(29/1 — 1) Abla’zalag (p1,p2 — 7‘1,17/2)5(4) (11 +p/2 —p1—Dp2),
(3.25)
where, along with the definition of the scattering amplitude, we have used the definition of

the spin polarisation vector (3.16). The result for the other ordering of 7" and W* is very
similar. We will suppress the summation over repeated spin indices from now on.

Substituting into the full expression for (As/ ’(0)> and integrating over the delta functions,
we find that the angular impulse is

@W%ﬂ/@%WWW%wWMﬂ%W%)
X ¢1(p1)d2(p2)S1q E24, €10, 620y PP (P 4 ply — p1 — po)
. o (3.26)
X Sla’lbl (pl)Abla’zalaz(pDPQ — p17p2)

— At ahpras (P1, D2 = P, D5)SY 4, (p1)>.

We now eliminate the delta function by introducing the momentum mismatch ¢; = p; — p;



and performing an integral. The leading-order angular impulse becomes

(Ast) = i/dcﬁ(m)d@(pz) d*qd(2p1 - g+ ¢*)o(2p2 - ¢ — ¢°)

x¢1(p1+ q)d3(p2 — @)¢1(p1) @2 (pg)glz,lle*léélal£2a2€—ib.q/h

" (3.27)
X\ 87 arpy (P1+ O Apaparay (P12 = P14 6502 = q)

— A agbrar (1,92 = 1+ @ P2 — Q)sYy o (p1)>.

3.4 Passing to the classical limit

The previous expression is an exact, quantum formula for the change in the spin vector during
conservative two-body scattering. As a well-defined observable, we can extract the classical
limit of the angular impulse by following the formalism introduced in [82], which contains
a careful and covariant discussion of the correspondence regime in which the classical and
quantum theories must agree.

We limit ourselves to a simplified, intuitive version of this classical limit. The basic idea is
simple: the wavefunctions must localise the particles, without leading to a large uncertainty
in the momenta of the particles. They therefore have a finite but small width Az = ¢,
in position space, and Ap = h/l, in momentum space. This narrow width restricts the
range of the integral over ¢ in equation (3.27) so that g < h/f,,. We therefore introduce the

wavenumber ¢ = g/h. We further assume that the wavefunctions are very sharply peaked in
“w
i
neglect the small shift ¢ = Ag in the wavefunctions present in equation (3.27), and also the

momentum space around the value (p!') = m;ul’, where u!' is a classical proper velocity. We

term ¢ compared to the dominant 2p - ¢ in the delta functions, arriving at

(Ast Oy = / A (p1)dD(pa) d'q 5(2p1 - 0)8(2p2 - @) 61 (p1) 2 |a(p2) Pe= /"
X €14, €24 <3§Lar1b1 (P14 @) Apatarar (P1,P2 = P1 + ¢, P2 — ) (3.28)

— A aybras (P1,P2 = P1+ P2 — Q)8 0, (p1)> 10,624, -

It is convenient to introduce a notation for the expectation values over the wavefunctions

(1m0 )= 5 5 [ avinanien) 100 (o2

/ /
a7,a1 a5,a2

X &0 a2 (P02, - ) bzay, (329)

— 10 —



so that our angular impulse takes the form
(Ash ) = Z<</ d*qd(2p1 - q)5(2p2 - q)e” /" <8“(p1 +qh)A(p1,p2 = p1 + ¢,p2 — )

— A(p1,p2 — p1+¢q,p2 — q)s‘f(pl)> >>

(3.30)
Notice that in equation (3.30), both the spin vector and the amplitude are matrices with
spinor indices, some of which are contracted together. Reference [82] presents a more careful
and covariant treatment of this process.

An important % shift remaining is that of the spin polarisation vector S’f by (p1 + hq).
This object is a Lorentz boost of s’f a\by (p1). In the classical limit ¢ is small, so the Lorentz
boost A¥,p} = pY + hq" is infinitesimal. In the vector representation an infinitesimal Lorentz
transformation is A* , = §, +wH,, so for our boosted momenta w*,py = hg". The appropriate
generator is

h IR
wh = —— (pq" — @"p7) - (3.31)
mi
This result is valid for particles of any spin as it is purely kinematic, and therefore can be
universally applied in our general formula for the angular impulse. In particular, since w,,, is

explicitly O(h) the spin polarisation vector transforms as

h
S ap(P1+03) = 50 (1) = —52"T - san(p1)- (3.32)

The angular impulse becomes

(As’f’(o)> — As’f’(o)
"

= <<Z / d'qo(2p1 - )0 (2pa - ge” ™ < - h?’i—l%q- s1(p1)A(q) + P2 [ (p1), A(q)] > >> (3.33)

The appearance of a commutator is a manifestation of the spin indices in eq. (3.27), which
are left implicit under the double angle brackets. The formula appears to be of a non-uniform
order in A, but fortunately this is not really the case: any terms in the amplitude with diagonal
indices will trivially vanish under the commutator; alternatively, any term with a commutator
will introduce a factor of A through the algebra of the Pauli-Lubanski vectors. Therefore all
terms have the same weight, /A2, independently of factors appearing in the amplitude. An
analogous formula? for the leading order, classical, linear impulse is [82]

Aplf’(o) = <<m3 /3453(2171 - 0)02p2 - e PTG A (p1, p2 — p1 + I, p2 — f@>> . (3.34)

We will make use of both the linear and angular impulse formulae below.

*Note we have modified the definition of the double angle brackets from [82] by including spins. For scalar
amplitudes these terms drop out as the amplitude spin structure must be diagonal.

— 11 —



There is a caveat regarding the uncertainty principle in the context of our spinning
particles. In this article we restrict to low spins: spin 1/2 and spin 1. Consequently the
expectation of the spin vector (s*) is of order &; indeed (s?) = n(n + 1)h?. This requires
us to face the quantum-mechanical distinction between (s*s”) and (s*)(s”). Because of the
uncertainty principle, the uncertainty 0’% associated with the operator s', for example, is
of order A, and therefore the difference between (s?) and (s1)? is of order h2. Thus the
difference (s#'s”) — (s#)(s¥) is of order (s*s”). We are therefore not entitled to replace (s*s)
by (s*)(s"), and will make the distinction between these quantities below. One can overcome
this limitation by studying very large spin representations, in which case a scaling limit is
available to suppress (s#s”) — (s*)(s").

The procedure for passing from amplitudes to a concrete expectation value is as follows.
Once one has computed the amplitude, and evaluated any commutators, explicit powers of
h must cancel. We then evaluate the integrals over the on-shell phase space of the incoming
particles simply by evaluating the momenta p; as p; = m;u;. An expectation value over the
spin wave functions £ remains; these are always of the form (s#! ... s#n) for various values of
n.

4 Classical limits of amplitudes with spin

We have constructed a general formula for calculating the leading classical contribution to
the angular impulse from scattering amplitudes. In the limit these amplitudes are Laurent
expanded in A, with only one term in the expansion providing a non-zero contribution. How
this expansion works in the case for scalar amplitudes was established in [82, 83], but now
we need to consider examples of amplitudes for particles with spin. The identification of the
spin polarisation vector defined in eq. (3.13) will be crucial to this limit.

We will again look at the two lowest spin cases, considering tree level scattering of a spin
/2 or spin 1 particle off a scalar in Yang-Mills theory and gravity. Yang-Mills amplitudes will
be denoted by A,,_o, and those for Einstein gravity as M,,, _o.

4.1 Gauge theory amplitudes

Our gauge theory consists of Yang-Mills theory minimally coupled to matter in the funda-
mental representation of the gauge group. The common Lagrangian will be

Lo :——trF“ FW+Z[D o) (D a;) — 3|<1>i|2], (4.1)

with coupling constant § = g/+v/h and ®; two massive scalars [83]. For the amplitudes relevant
for our on-shell observables only the ¢ channel contributes, so with colour factors T¢ = /27%3
the full tree-level amplitude is

.~2 _

T @ ta) @ -oT . (4.2)

tApg—o = 272

3We choose this normalisation as it simplifies the colour replacements in the double copy.
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The only classically significant contribution from this amplitude comes from the leading order
term in the A Laurent expansion. Factors of & enter the amplitude in the coupling constant
and from the restriction ¢ = hq, yielding

221 2+ O 7 -
= %%()Tl Ty (4.3)

Ao-o
Upon substitution into the impulse in eq. (3.34) or angular impulse in eq. (3.33) the apparently
singular denominator in the A — 0 limit is cancelled. It is only these quantities, not the
amplitudes, that are classically well defined and observable.

Spinor-scalar

We can include massive Dirac spinors ¢ in the Yang-Mills amplitudes by using a Lagrangian
L = Lo+ LDirac, where the Dirac Lagrangian

ﬁDirac = Qz (1@ - m) 1/} (44)

includes a minimal coupling to the gauge field. The tree level amplitude for spinor-scalar
scattering is then

;-9
AL, o= ;iqgﬁ“(pl + @)yl (p1)(2p2 — @) Th - To - (4.5)
We are interested in the pieces that survive to the classical limit. To extract them we must
set the momentum transfer as ¢ = g and expand the amplitude in powers of A.

The subtlety here is the on-shell Dirac spinor product. In the limit, when ¢ is small,
we can follow the logic of eq. (3.32) and interpret a®(p; + hq) ~ u®(p1) + Au®(p1) as being
infinitesimally Lorentz boosted. One expects amplitudes for spin 1/2 particles to only be able
to probe up to linear order in spin (i.e. the dipole of a spinning body) [4, 5, 7], so in deriving
the infinitesimal form of the Lorentz transformation we expand to just one power in the spin.
The infinitesimal parameters w,, are exactly those determined in eq. (3.31), so in all the
leading terms of the spinor product are

h
@ (p1 + ha)yu’ (1) = 2p1,,6" + 50 (p1)Pr T [, Vol (1) + O(R?) . (4.6)

Evaluating the product of gamma matrices via the identity

['Vua 'Vu]'Vp = 2MupYpu — 2Mpup Vv — 2i€uupcr'7075 ) (4.7)

1.2,3

where €y123 = +1 and 7° = i7%y'y2+3, the spinor product is just

_ _ ho_ .
a’(p1 + hq)yuub(pl) = 2p1H5“b + Wu“(pl)p’fq (YoNup — VoMo u’(p1)
1
ih -
= 50 (PP T o™ " (p1) + O(R?) . (4.8)
1
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Comparing with our result from eq. (3.16), the third term clearly hides an expression for the
spin 1/2 polarisation vector. Making this replacement and substituting the spinor product into
the amplitude yields, for on shell kinematics, only two terms at an order lower than O(h?):

292 1 -
hBA‘fl/)z—o =7 <(p1 O Wplpqug\epcr}és?ab + O(ﬁ2)> Ty - Ty, (4.9)
1
where we adopt the notation 3151, = slfl‘b(pl).

Vector-scalar

Now consider scattering a massive vector rather than spinor. The minimally coupled gauge
interaction can be obtained by applying the Higgs mechanism to the Yang-Mills Lagrangian,
which when added to the Lagrangian Lg yields the tree-level amplitude

.
ij ig°
1AV o = =i (01 + Q) (01) (M (201 + @)x — ma(P1 — @)

2q2
—u(2¢ +p1)y) 202 — @) T1 - To. (4.10)
To obtain the classically significant pieces of this amplitude we must once more expand
the product of on-shell tensors, in this case the polarisation vectors. In the classical limit
we can again consider the outgoing polarisation vector as being infinitesimally boosted, so
e (p1 + hq) ~ 7" (p1) + At (p1).

However, from spin 1 particles we expect to be able to probe O(s?), or quadrupole, terms
[4, 5, 7]. Therefore it is salient to expand the Lorentz boost to two orders in the Lorentz

parameters wy,,, so under infinitesimal transformations we take

7 1

Ef(P) = AMV Ezl'j(p) =~ <6u1/ - §Wp0(2pa)ul/ - g ((wp02p0)2)ﬂ I/> Ezl'j(p)7 (4'11)
where (XP7)H, =i (nP*6?, —n°P,). Since the kinematics are again identical to those used

to derive eq. (3.31), we get

_ h_ . _
e (p1+hg)ef(m) = ef'e’ — —5(q- ) )plel — 5—(7-])q"e} + O(n%), (4.12)
my 2m7
where now ¢; will always be a function of py, so in the classical limit €} - p; = &; - p1 = 0.
Using this expression in the full amplitude, the numerator becomes

nij = 2(p1 - p2)(&; - €5) — 20(p2 - €7)(q - £5) + 2h(p2 - 5)(q - €7)
2

+ mi%hz(pl p2)(q-€))(q€5) + %(f(ej e;)+ O(R). (4.13)

How the spin vector enters this expression is not immediately obvious, and relies on Levi-
Civita tensor identities. At O(h), €7 esn5, = —3!81P,67 3671, leads to
_ _ h
h(ps - €§)(@- ) = h(p2 - )@ €7) = —5 PN T Prespore’ V€] 4 gP14

my

_ i P00, N\ [
= _m_lplq DP2€pors 5145 5 (4'14)
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where again we are able to identify the spin 1 polarisation vector calculated in eq. (3.17) and
introduce it into the amplitude. There is also a spin vector squared contribution entering at
O(h?); observing this is reliant on applying the identity e** Po€npys = —410 [, 67 55%5"]5 and
the expression in eq. (3.17) to calculate

ik - Ky _ _ _
> (a-st) @ st) = —r¥a- )@ ) - a0y + O(%). (4.15)
k
Mo v
This particular relationship is dependent on the sum over helicities ), e}/ e} = —nt” —i-p:n—? for
massive vector bosons, an additional consequence of which is that €} -e; = —d;;. Incorporating

these rewritings of the numerator in terms of spin vectors, the full amplitude is

. 292 .. 7 o .. 1 . - )
WA, = Z ((pl “p2)0t — m—lplpq P2 e porss) ) + 2—m%(p1 - p2) (G- ) (g - sM)
R ) 3\ - -
a2 (2(p1 - p2) + mi) + O(R%) | Ty - T».  (4.16)
1

The internal sum over spin indices in the O(s?) term will now always be left implicit. In
classical observables we can also drop the remaining O(h?) term, as this just corresponds to
a quantum correction from contact interactions [82].

4.2 Gravity amplitudes

Rather than recompute corresponding gravity amplitudes in perturbative GR*, we can easily
just apply the double copy. The generalisation of the traditional BCJ gauge theory replace-
ment rules [56, 57] to massive matter states was developed by Johansson and Ochirov [59].
In our context the colour-kinematics replacement is always trivial: all the amplitudes only
have a t channel diagram, and subsequently have identical colour factors. This makes the
Jacobi identities trivial, so by just replacing colour factors with the desired numerator we are
guaranteed to land on a gravity amplitude, provided we replace g — 5, where kK = v/ 327GP.
In particular, if we replace the colour factor in the previous spin n—spin 0 Yang-Mills
amplitudes with the scalar numerator from eq. (4.3) we will obtain a spin n—spin 0 gravity
amplitude, as the composition of little group irreps is simply (2n + 1)®1 = 2n + 1. Using the
scalar numerator ensures that the spin index structure passes to the gravity theory unchanged.
Thus we can immediately obtain that the classically significant part of the spin 1/2—spin 0
gravity amplitude is®
3 ab __ K\2 4 2 cab i 0o \ aab 2
MY = — (5) q_2 |:(p1 ’p2) 0% — m_l(pl ’p2)p1q D2€poraST T O(h ) > (4'17)

4We have checked that direct calculations with graviton vertex rules given in [3] reproduce our results.
®Note that, analogously to eq. (4.1), the coupling constant in the Einstein-Hilbert Lagrangian is kK = n/\/ﬁ
5The overall sign is consistent with the replacements in [56, 57] for our amplitudes’ conventions.
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while that for spin 1-spin 0 scattering is

WM = — (5) 7 [(pl “p2)?0Y — m—l(pl - p2)pa péepms‘f I
1
+F(p1'p2) @ sF)G-s\7)+ O] . (4.18)
m

Notice that the O(s) parts of these amplitudes are exactly equal, up to the different spin
indices. This is a manifestation of gravitational universality: the gravitational coupling to
the spin dipole should be independent of the spin of the field, precisely as we observe.

We have deliberately not labelled these as Einstein gravity amplitudes, because the grav-
itational modes in our amplitudes contain both gravitons h,, and scalar dilatons ¢. To see
this, examine the factorisation channels in the ¢ channel cut of the vector amplitude:

.. K\ 2 o 7
lim (ZRMI) = —4 (—) ppfigii — L pheiesdy 7 os
Jim (a ) 5) (PPIeY = —=ph e p g, Y

(q-s )(q 51 )p1p1>

2
2my

K2 i (@ sN@sY) oa) aa ;
x Pl 05Dy — 4(§> <p?p‘f5” B—%lpﬁ‘p? DY L psph, (4.19)

where 1 1
d d
7’,5,1),,9 = Nu@i)p — g5 and D,S,ZW = o5 il (4.20)

are the d-dimensional de-Donder gauge graviton and dilaton projectors respectively. The pure
Einstein gravity amplitude for classical spin 1-spin 0 scattering can now just be read off as
the part of the amplitude contracted with the graviton projector. We find that

24 1 iy i Sii
h3M1 0= (5) [((Pl p2) - —m%m%> 6 — —(p 'p2)p€qu%6pcr)\531”
q 2 mq

g (007 = gt ) @ s a- o)+ 00)] . (a2)

The spinor-scalar Einstein gravity amplitude receives the same correction to the initial, scalar
component of the amplitude.

Note that dilaton modes are coupling to the scalar monopole and O(s?) quadrapole terms
in the gravity amplitudes, but not to the O(s) dipole component. We also do not find axion
modes, as observed in previous applications of the classical double copy to spinning particles
[79, 80], because axions are unable to couple to the massive external scalar.

5 Black hole scattering observables from amplitudes

We are now armed with a set of classical tree-level amplitudes and formulae for calculating
the linear impulse Ap/ and angular impulse As/ from them. We also already have a clear
target where the analogous classical results are known: the results for 1PM scattering of
spinning black holes found in [9].
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Given our amplitudes only reach the quadrupole level, we can only probe lower order
terms in the expansion of eq. (2.5). Expanding in the rescaled spin af, and setting af — 0,
the linear impulse is

2Gmim b* 2
Apy = 7,’% {(272 — 1)ﬁ + b—z (2b”b" — bzﬂ‘“’> el,pagu‘fuga’f
27% -1

b6

<4b“b”b” - 3b2b(“1_[”p)>a1,,a1p n 0(a3)} FOG?), (5.1)

where I1#, is the projector into the plane orthogonal to u4 and uf from (2.7). Meanwhile the
angular impulse to the same order is

2Gm1m2 o b
Asl = —ulay, Apy — ﬁ {276‘“’” ulpemgyufu;’bﬁal,,
, 7 (5.2)
2y -1

b4

In this section we demonstrate that both of these results can be recovered by using the

LI T Ry, (2bybp - b21_[,,p>a1>\af + O(a3)} +O(G).

classical pieces of our Einstein-gravity amplitudes.

5.1 Linear impulse

To calculate the linear impulse we substitute Mj_q into the general expression in eq. (3.34).
Following the prescription in sect. 3.4, the only effect of the momentum integrals in the
expectation value is to set p; — myu; in the classical limit. This then reduces the double
angle bracket to the single expectation value over the spin states:

. EN2Z [ s 2 s
Ap’f’(o) = —imimas <§> /d4q O(u1 - q)o(usg - q)e bq‘é—z

1 s 0 2921, B
X <§(272 —1) —iyufq US€Epous m_11 + 4m% (q-51)(G-s1)

2y2 -1
= —4imimonG <(272 - HI* — 2i’yu§’u§epw5 <a‘f>[’” + i <alya1p>l“”p> ,
(5.3)
where we have rescaled a* = s*/m and defined three integrals of the general form
e . o—ibd
e = /d qo(ur - q)o(uz - q) 2 gt gt (5.4)
The lowest rank integral of this type was evaluated in [82], with the result
i bt
= 5.5
272 — 1 b? (5:5)

To evaluate the higher rank examples, note that the results must lie in the plane orthogonal
to the four velocities. This plane is spanned by the impact parameter b*, and the projector
I1#, defined in eq. (2.7). Thus, for example,

IM = apbhb” + BoIIH (5.6)
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Given that we are working away from the threshold value b = 0, the left hand side is traceless
and 3 = —ap b?/2. Then contracting both sides with b,, one finds

e—ibq 1 b

230 _ Bad(ur-a)d(us - a "' (b q) = ——75
aob? b _2/d qo(u1 - q)o(uz - q) 2 1 (b Q)—me2’

where we have used the result of eq. (5.5). Thus the coefficient as is uniquely specified, and
we find

(5.7)

1
= ———/[bb— —bZH‘“’> . 5.8
mbi\/v2 -1 < 2 (5:8)
Following an identical procedure for I**? we can then readily determine that
4i 3
) ——— VT . _b2b(ﬂnup>> , 5.9
whb/~v2 — 1 < 4 (5:9)

Substituting the integral results into the expression for the leading order classical impulse,
and expanding the projectors from eq. (2.7), then leads to

i
A = 2 (042 )4 T B (o)

1//}/2—1 b b4

292 —1 [V pp 21 (17vP)
— b6 (4b b"bP — 3b°b\MI1 )<a1,,a1p> . (5.10)

Comparing with eq. (5.1) we observe an exact match, up to the appearance of spin state
expectation values, between our result and the O(a?) expansion of the result for spinning

black holes from [9].
5.2 Angular impulse

Our expression, equation (3.33), for the classical leading-order angular impulse naturally has
two parts: one term has a commutator while the other term does not. For clarity we will
handle these two parts separately, beginning with the term without a commutator—which
we will call the direct term.

The direct term

Substituting our O(s?) Einstein-gravity amplitude, equation (4.21), into the direct part of
the general angular impulse formula, we find

A0 = (i [dta8em - i 0 (1 L siptio) )
<< /d 36(2p1 - @)0(2p2 - q) _qlbqplq-&(p)(((pl-pz)z—%m%ﬁ) (5.11)
- mil(pl - p2)PY T PYeapys 8?(1))) + (’)(33)>> :
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As with the linear impulse, we can reduce the double angle brackets to single, spin state,
angle brackets by replacing p; — m;u;, so that

] 2
ASQL’(O) ‘diroct = 47TG’I7L2 U'LIL <’L (2’72 — 1) <811/>L/ + m—l’y U?ugeaﬁ’y6<sll/8(1$> IVB) ) (512)

where the integrals are again defined by eq. (5.4). We can now just substitute our previous
evaluations of these integrals, equations (5.5) and (5.8), to learn that

2Gm b, , , 2 Vo va
Aalllv(o)‘direct — _\/727__21u’f <(2,Y2 — 1)b—2<a1> + b—z (2676 — b°T1V°) eag,ﬂ;u?u%al,,a%) .

(5.13)

The commutator term

Now we turn to the commutator piece of eq. (3.33). The scalar part of our Einstein-gravity
amplitude, equation (4.21), has diagonal spin indices, so its commutator vanishes. We en-
counter two non-vanishing commutators:

E )] = —ihe“ép"slp% ,

5.14)
_ _ iy _ P1 (
[s1,q-$1G-s1] = —2ihq - 51 e“aﬁ'yqaslg —m: + O(ﬁz) ,

omitting a term which is higher order. Using these expressions in the commutator term, the

result is
Ao =i << / d*q5(2p1 - 7)3(2ps - q)«e—ibﬁh%s“(p)ml_o])
) 34_52 '_52 ‘_e—z’b@ ' asf yopo . Dlp -
=ik qo(2p1 - q)0(2p2 - q) 7z (p1 - P2)PTT P €apyoe S5 (5.15)
1
7: 1 —~ Vpo =
+ m_:f <(p1 ’ p2)2 - gm%ﬂ%) q-spe? QV310p1p> >>

As is familiar by now, we evaluate the integrals over the momentum-space wave functions by
setting p; = myu,;, but expectation values over the spin-space wave functions remain. The
result can be organised in terms of the integrals I® and I*? defined in equation (5.4):

92
_1(2'72 - 1)6/u/paul p<31 031a>[au

(5.16)
Finally, we perform the integrals using equations (5.5) and (5.8), rescale the spin vector to

As’f’(o) lcom = 2mi Gm <4’ye‘“’p"<sl v U pemgﬁ,ufugfo‘ —

a) and combine the result with the direct contribution in eq. (5.13), to find that the angular
impulse at O(a?) is

(0 2Gm1m2 bV v 2"}/ va 267 b™
As’f( ) = NV {(272 - 1)U‘1Lb—2<a1> - b—zuf (77 T Capnsuy u3(ar,af)

272 = 1) oo 2b, b oo b
+ (/7[)72)6“ P u1p<a10a1)\> <H)‘,, 2 > + 2yetvP <aly>u1peoa57u?ugb—2}. (5.17)
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This final result agrees in detail with the classical result of equation (5.2), modulo the re-
maining spin expectation values.

6 Discussion

Starting from a quantum field theory for massive spinning particles with arbitrary long-range
interactions (mediated e.g. by gauge bosons or gravitons), we have followed a careful analysis
of the classical limit (A — 0) for long-range scattering of spatially localized wavepackets.
We have thereby arrived at fully relativistic expressions for the linear and angular impulses,
the net changes in the linear and intrinsic angular momenta of the massive particles, due
to an elastic two-body scattering process. These, our central results, expressed in terms of
on-shell scattering amplitudes, are given explicitly at leading order in the coupling by (3.34)
and (3.33). Our general formalism places no restrictions on the order in coupling, and the
expression (3.22) for the angular impulse, like its analog for the linear impulse found in [82],
should hold at all orders.

We have applied these general results to the examples of a massive spin 1/2 or spin 1
particle (particle 1) exchanging gravitons with a massive spin 0 particle (particle 2), imposing
minimal coupling. The results for the linear and angular impulses for particle 1, Ap} and
As!', due to its scattering with the scalar particle 2, are given by (5.10) and (5.17). These
expressions are valid to linear order in the gravitational constant G, or to 1PM order, having
arisen from the tree-level on-shell amplitude for the two-body scattering process. By momen-
tum conservation (in absence of radiative effects at this order), Aply = —Apf, and the scalar
particle has no intrinsic angular momentum, sy = Ash = 0. The spin 1/2 case provides the
terms through linear order in the rescaled spin af = s|'/m1, and the spin 1 case yields the
same terms through linear order plus terms quadratic in af'.

Our final results (5.10) and (5.17) from the quantum analysis are seen to be in precise
agreement with the results (5.1) and (5.2) from [9] for the classical scattering of a spinning
black hole with a nonspinning black hole, through quadratic order in the spin—except for the
appearance of spin-state expectation values (a4’) and (a}'a¥) in the quantum results replacing
a) and af'a¥ in the classical result. For any quantum states of a finite-spin particle, these
expectation values cannot satisfy the appropriate properties of their classical counterparts,
e.g., (a*a”) # (a")(a”). Furthermore, we know that the intrinsic angular momentum of a
quantum spin n particle scales like (s*) = m(a*) ~ nh, and we would thus actually expect
any spin effects to vanish in a classical limit where we take i — 0 at fixed spin quantum
number n. A fully consistent classical limit yielding nonzero contributions from intrinsic spin
would need to take n — oo as h — 0, to keep (s*) ~ nh finite.

However, the expansions in spin operators of the minimally coupled amplitudes and
impulses, expressed in the forms we have derived here, are found to be universal, in the sense
that going to higher spin quantum numbers n continues to reproduce the same expressions at
lower orders in the spin operators. We have seen this explicitly here for the linear-in-spin level,
up to spin 1, and the results of [7, 8, 10] strongly suggest that an application of our formalism
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to minimally coupled amplitudes for arbitrary spin n will confirm this pattern. Furthermore,
as n — 0o, the spin states can indeed approach the limit where (a*a”) = (a*)(a”) and so
forth. We leave an analysis of higher spins for future work.

Our formalism provides a direct link between gauge-invariant quantities, on-shell ampli-
tudes and classical asymptotic scattering observables, with generic incoming and outgoing
states for relativistic spinning particles. It is tailored to be combined with powerful modern
techniques for computing relevant amplitudes, such as unitarity methods as the double copy.
Already with our examples at the spin 1/2 and spin 1 levels, we have seen that it produces
new evidence (for generic spin orientations, and without taking the nonrelativistic limit) for
the beautiful correspondence between classical spinning black holes and massive spinning
quantum particles which are minimally coupled to gravity, first noted in [4]. We look forward
to future investigations of the extent to which this correspondence holds at higher orders, and
to the possibility of its use in producing new results relevant to the dynamics of astrophysical
binary black holes.
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A Conventions

We adopt a mostly minus metric signature, with €393 = +1. We absorb factors of 27 in
integrand measures by letting d"x = d"z/(2m)", and in delta functions by d(z) = 27d(x).
Following [82], our conventions for Fourier transforms are then

f@ = [daf@ei. @)= [das@er. (A1)
We also adopt the convention that the Lorentz invariant phase space measure
dd (k) = d*k 6 (k2 — m?), (A.2)

and that &p(k‘) = 2F; 5(k), where k is the spatial 3-vector defining the spatial components
of the 4-vector k*.

For a given tensor X, total symmmetrisation and antisymmetrisation respectively of
tensor indices are represented by

X(ﬂlu.Xﬂn) :l'(X“lX“Q...X“"+X“2X“1...X“”+-~)

n! (A.3)
Xl Xl — < (XX XHR X )

n!
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Our definition of the amplitude differs by a phase factor relative to the standard definition
used for the double copy. Here, in either gauge theory or gravity

iA(pr,p2 = p1+¢,p2 — q) = Y (Feynman diagrams) , (A.4)

whereas in the convention used in [56, 57] the entire left hand side is defined as the amplitude.
This means that one must incorporate extra factors of ¢ in our BCJ numerators, which leads
to an overall minus sign upon squaring in the double copy.

B Explicit evaluation of the QFT spin vector

We have argued that the spin vector naturally emerges in quantum field theory as the ex-
pectation value of the Pauli-Lubanski operator. On physical particle states the inherent
representation dependence is isolated by the spin polarisation vector sfj, which was defined
in eq. (3.13). Here we develop the tools required to explicitly evaluate this equation, and
explicitly derive the results for spin 1/2 and spin 1 particles.

The definition of the Pauli-Lubanski operator in eq. (3.5) depends on the translation and
Lorentz generators. In the quantum theory, the Noether charges associated with their respec-
tive symmetries can be used to construct explicit field operators. For example, translation
symmetry of the Lagrangian Ly leads to the existence of a conserved current, the canoni-
cal energy momentum tensor ©#”. We can then represent the translation generator by the
Noether charge

Pt = / d*z % = / Pz (LM, — ™ Ly) . (B.1)

Here II, = 0Ly /8\115 is the canonical momentum, with Uy = 9y¥y. The eigenvalues of the
(normal ordered) field operator promotion of P# then define the momentum of a particle.

In the same manner, angular momentum emerges from the conserved charge associated
with Lorentz symmetry. The conserved Noether current is now [93, 94]

MO = ghToV — gV ok (B.2)

where TH” is the Belinfante tensor, the manifestly symmetric generalisation of the canonical
©#¥ which sources the gravitational field”. The associated charges [d3zM%%" take the form

= /d3x (z1OY — 2¥@% + I, SM ) = LM + SH. (B.3)

Figenvalues of the operator promotion of this charge then define the angular momenta of a
particle. The two terms correspond to orbital and intrinsic angular momenta, but as in GR
we cannot uniquely make this splitting; only the total angular momentum is a well defined,
conserved charge.

"In the sense that the Belifante tensor can be obtained by variations of the action with respect to the

metric. It is given by T = @"" + %8a (%SW\PS - %SW\PS — %Saﬂ‘l’s)
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To uniquely obtain information about the pure spin part of J*¥ we need to isolate the
second term. This job is performed automatically by the Pauli-Lubanski operator: orbital
contributions always drop out in its expectation values. These observables must then define
the physical quantity which holds complete information about the intrinsic spin: the spin
vector, s*.

To see that this holds for any causal field of spin s, we can use the Fourier expansions of
the field operators [94],

-y / 4 () (aak)Ua ()™ 4 B () Va ()™
“ (B.4)
-y / A9 (k) (ba(k)YalK)e ™ + af (k) Xa ()

Here « is the little group index, al(k‘) and b:&(kz) are particle and antiparticle creation oper-

ators acting on the associated Fock space, and the momentum space tensors are in the same
Lorentz representation as the field. Note that the canonical momentum operator’s tensors
are, by definition, dependent on those in Wy.

We can now expand the angular momentum operator J*”. We know from eq. (B.1) that
L* contains spatial derivatives - these will act on the Fourier modes in eq. (B.4), so are
replaced by 4-momenta. Thus the inner product

Wl ) = 00 -3 / (K) S0 (k) af () a5 (k)

2,k Xa(R)Up (k) ab (k) ag (k) + - ) : al(p)[0) . (B.5)

where the ellipsis denotes terms containing operators b(p). By virtue of the (anti) commu-
tation relations all such terms do not contribute, since the antiparticle Fock space operators
always annihilate the vacuum. The terms in eq. (B.1) with explicit appearances of the La-
grangian have also disappeared; because the Lagrangian can always be written in terms of
the field equations, it vanishes on physical states.

Let us restrict our attention to the orbital term on the second line, which corresponds to
the inner product of L,,. How does this contribute to inner products of the Pauli-Lubanski
operator, such as eq. (3.6)7 Since on momentum eigenstates P,[p, s) = p,|p, s), we will have

P B Lyl ) = 83 [T 07, XU (8) Ol () (s ()] 5)1)
a,f8

= Do Xa () U(P)d(p — 1) = 0. (B.6)

Expectation values of W# therefore receive contributions only from the intrinsic spin part
of JP?. In particular, the only terms emerging from the vacuum expectation value in eq. (B.5)
equal g (p" — k)daada(k — p)dsp; evaluating the phase space integral, this is just de(p — p’).
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Since the only 4-vector encapsulating the information about a particle’s spin is the spin vector
s, we must have that

(0, §[WH|p, i) = msl(p) da(p — p'), (B.7)
which is exactly our definition in eq. (3.13).

We now have all the tools needed to calculate this inner product for a given represen-
tation. Let us first consider massive spin 1/2 particles in the Dirac representation. From
the Lagrangian in eq. (4.4), the canonical momentum is 7(x) = i (x)y°, and the tensors in
the field operator (I\’l/z are the Dirac spinors u,(k) and v, (k), where a = +1/2. Those in the
canonical momentum operator are then i, (k) and iv,(k).

Given we are interested in the spin vector, we restrict attention to the spin part of the
inner product of eq. (B.5). Substituting in the Dirac represenation expressions,

1/2 ith _

<p,7a|S;(u/ )|p7 b> = __ua(p),y

SE, [, ¥o 0l (p) b0 (p — 1) - (B.8)

To obtain a simple form for the spin polarisation vector we can combine a variant of the
identity in eq. (4.7) with the product @, (p)y*up(p) = 2p*dqp to obtain
ih

(', alSL/ |p,b) = — (200poab — 20009005 — i€0pms1a(P)1* 1P 1() ) Ba(p — p') . (B.9)
p

Utilising this expression in eq. (3.6), the Levi-Civita tensor eliminates the terms proportional
to the 4-momentum, leaving only the pseudovector part. The remaining tensor and gamma
product evaluates to —2Epii,(p)y*y up(p), so in all we find

Spp(P) = %ﬂa(p)'y”'y%(p), (B.10)
as expected. Now let us turn to the massive vector representation. Massive spin 1 vector fields
have 3 degrees of freedom, so here the tensors in the field operator are complex polarisation
vectors €;(k), where ¢;(k) -k = 0 and ¢ = 0,£1. The fields can thus be described as Proca
fields, for whom the canonical momenta 7#(z) = —dyB*(z). Thus the constant tensors in IT#
are —ikoaﬁ (k). Classical Proca fields are real, so the inner product of the intrinsic parts of

the angular momentum operator is
. NN, « v
Wit 0. = 50l Y [dB0) (5,0 (S e ()l ) a0
.3

—ein(K) (Spo ) v (k) ai(k) al (k) + -+ ) slp. ). (B11)

The terms in the ellipsis vanish through the commutation relations, leaving
(1S5 |p, 4) = he*},(p)(Spe) "l (p) b (p — P') - (B.12)

Using this result in eq. (3.6) then immediately leads to the spin polarisation vector quoted in
eq. (3.17),

I

ih .
Sij(p) = Eewmpugip(l’)fja(l’)' (B.13)
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C Spin and scattering observables in electrodynamics

As an additional application of our formalism we can compute the leading order impulse and
angular impulse for spinning particles in classical electrodynamics, whose dynamics are again
described by the spin pseudovector in eq. (2.3). The equation of motion for a particle with
Landé g-factor gz, is the BMT equation [92]

ds* egr du”

=5 (F"s, 4+ ut's, F"Pu,) — ul's, o

(C.1)

For classical particles gy, takes the universal value g, = 2 [10]. The final term is of course
given by the Lorentz force, which in this context is modified because the spin introduces a
new coupling to the radiation field in the worldline action®,

Sine = % / dr F (2(7))us”(7) (C.2)

where the dual field strength F w = —%EWPUF P?, Varying with respect to the worldline leads
to a modified Lorentz force,

apt _ v A (S _ S, aupue
- —e<F U,,—i—dT (F m) mu,,(‘)F , (C.3)

Iteratively solving the Lorentz and BMT equations with straight line trajectories
7’1(7’) =b+uyr, 7‘2(7’) = U9T, (04)

where u; are now the constant lowest order expansions of the 4-velocities, is enough to then
extract the leading order impulse and angular impulse. Iteratively solving the Lorenz gauge
Maxwell equation, the radiation field due to particle 2 is given by

A _gHhy¥ — uﬂ ~V
F¥(x) = z'e/d4q5(q‘ up)e~iae L2 z 24 (C.5)
Substituting into eq. (C.3), the modified leading order Lorentz force is then
dplufv(o) . N 75 q— . u2 e - 3 3
i, _ L\ S1y 1 _ s¢
—(q-u1) e"P? (Gusy — u — — —g" Pug — ub)uf—= |, (C.6
+ 2(q 1)6 (Qp 20 2pQJ) my 2q €vapo (q 2 — (¢ 2) 1m1> ( )
allowing us to obtain the impulse by integrating over the entire domain of 7:
o . L . e—ith [ )
Ap/f( ) — 2 /d4q (7 - u1)d(q - ug) = <’yq” + zq“qo‘eapm;ufugm—ll . (C.7)

8 As we aim to compare with results from amplitudes for particles with magnetic dipole factors gz, we must
use the classical interaction term related to the magnetic field.
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The remaining integrals are those defined in eq. (5.4), reducing the expression to

o2 2bHb s
Ap/%(o) S <,Ybﬂ _ <T,MOC _ _> 5apo5ufu(2jm_1> . (CS)

Y o2 1 b 1
This result is a prerequisite for calculating the angular impulse, which similarly integrating
the BMT equation over all 7 yields
o—idb

A wy(0) _ _'i dA475 = 8 = v po o, B, ’LL/fSIfA (0) C
s = 1m1 qo(q-u1)é(q-us) e € S1vUL p€oapyd Uy Uy ey py’ - (C.9)

Once again we reach a form that we can integrate, finding

Aslf’(o) = ¢”

B 2mm1b2y/7% — 1

,u v vpo a, B
('V'Lblslub + etvP Slyulpeaaﬁwuluzb’y

26" b s
_ufslu <T,V05 _ —b2 ) Gapa—éui)ugm—l> . (ClO)
Given our work in gravity, calculating analogous results from amplitudes is trivial. The
classical contribution to spin 1/2-spin 0 scattering in QED can be easily obtained by colour
stripping the Yang-Mills amplitude in eq. (4.9), and is

4e? i
1 Ap = 7z ((Pl  p)6* — ﬁlpffpgepauéséab + O(h2)> : (C.11)

The tensor structures in this amplitude also appear in the gravity amplitudes used in sect. 5,
so the calculations are exactly the same; only prefactors change and we lose higher order spin
terms. We find that the linear impulse on particle 1 is

: o (+)
w,(0) — € mwo_ uyo 2b p, o
Apl ‘QED - b2 <fyb <77 b2 €vposUy Uy my s (012)

Ve

and the angular impulse

e2

) pr—
|QED 2mm b? \/72——1

,(0 7
AST ( (’7 ’LL'Lfbl,<811j> + etvP <31 ,,>’LL1 peaocﬁ'yu?ugbﬂy

va 20”0 o SIVST
_u;ll <77 - ) eaparu€u2< m11>> - (C.13)

b2

Comparing with the result obtained from the Lorentz force and BMT equation, we observe
an exact match up to the spin expectation values discussed in sect. 6.
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