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Abstract. We investigate possible signatures of quantum gravity which could be tested
with current and future gravitational-wave (GW) observations. In particular, we analyze
how quantum gravity can influence the GW luminosity distance, the time dependence of
the effective Planck mass and the instrumental strain noise of interferometers. Using both
model-dependent and model-independent formulæ, we show that these quantities can encode
a non-perturbative effect typical of all quantum-gravity theories, namely the way the dimen-
sion of spacetime changes with the probed scale. Effects associated with such dimensional
flow might be tested with GW observations and constrained significantly in theories with
a microscopically discrete spacetime geometry, more strongly than from propagation-speed
constraints. Making use of public LIGO data as well as of a simulated higher-redshift LISA
source, we impose the first, respectively, actual and mock constraints on quantum-gravity
parameters affecting the GW luminosity distance and discuss specific theoretical examples.
If also the Newtonian potential is modified but light geodesics are not, then solar-system
bounds may be stronger than GW ones. Yet, for some theories GW astronomy can give
unique information not available from solar-system tests.
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1 Introduction

Since the dawn of the era of gravitational wave (GW) astronomy opened up by the results
obtained by the LIGO-Virgo interferometers [1–5], the interest on how to test new physics
with the observations of massive gravitational systems have been mounting at an accelerating
pace. In particular, several studies exploring how GWs can and will constrain dark-energy
models and quantum-gravity theories appear frequently in the literature. In parallel, activity
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on model-independent parametrizations and the quest for GW physical observables have
reached almost febrile levels, with the aim to optimize the information one will gather when
enough GW sources will be available in our catalogs. There is still much to understand
but some parameters seem especially promising. The luminosity distance dL and the time
variation of the effective Planck mass are two of them.

Standard general relativity (GR) perfectly explains our current observations [5–7] but
one cannot exclude the possibility that GW astronomy could be the window theories beyond
GR have been waiting for. For instance, the landscape of quantum gravities (e.g., [8–11]) is
populated by a number of top-down candidates, each with its own characteristic assumptions
and predictions (or lack of them). It is generally accepted that some of them could indeed
unify quantum mechanics and gravity in a consistent way, while offering a rich phenomenology
prone to experimental verification. Having seen that the cosmic microwave background can
discriminate among models of the early universe [12], late-time constraints such as those
coming from GWs are the next natural direction where to look into.

Quantum gravity (QG) and modified gravity can affect both the generation (see, e.g.,
[13–16]) as well as the propagation of gravitational waves. In what follows, we discuss only
the latter. More precisely, we will analyze the luminosity distance and various definitions of
effective Planck masses in the context of quantum gravity. In this paper, we will concen-
trate on the dynamics of the spin-2 (transverse traceless) field hij and discuss experimental
constraints on the effective Lagrangian for this mode. The trace of hµν is a scalar mode
but its dynamics is affected by the same kinetic term of the graviton and, therefore, we will
also discuss how the Newton potential may be modified in these theories. Apart from this
exception, which entails subtleties we will discuss later, we will ignore any modification on
matter (spin-0 and spin-1/2 particles) and on gauge fields (spin-1) that could arise in quan-
tum gravity. As restrictive as this assumption may sound, it is prompted by the fact that
it is generally difficult to give a unique prescription on QG constraints on all sectors. QG
modifications of the Standard Model of particle physics are strongly model dependent while,
given the specific but general features of the gravitational interaction, in the gravitational
sector there are universal phenomena such as dimensional flow that allow us to make rea-
sonably general statements and place portable observational constraints. Therefore, we will
only consider QG models, or special regimes of QG theories, where only the gravitational
sector is modified, at least at large scales.

Given this premise, we can summarize our results on GWs as follows.

1. Keeping the discussion as general as possible, we will show that quantum gravity af-
fects the propagation and observation of GWs via global non-perturbative effects on
the geometry of spacetime. Formulæ expressing the luminosity distance and the time
variation of the Planck mass (controlled by a parameter dubbed αM or ν) in terms
of spacetime dimensions will be given. The treatment will be model-independent and
will encompass several quantum gravities, albeit not all.1 Theories to which we will
apply our fomulæ are Stelle gravity [17, 18] (non-unitary, but still a classic example of
renormalizability), the low-energy limit of string theory [19–21], asymptotic safety [22–
28], causal dynamical triangulations [29–36], non-commutative κ-Minkowski spacetime
[37–40], Hořava–Lifshitz gravity [41–43], Padmanabhan’s non-local field theory near
the horizon of black holes [44–46], and the continuum limit of quantum gravities with

1String field theory and non-local quantum gravity are not included, for a technical reason that will become
clear later.
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discrete pre-geometries: group field theory (GFT) [8, 9, 47–50], spin foams [51–53] and
loop quantum gravity (LQG) [54, 55].

2. Interestingly, our formalism is flexible enough to be applied to other theories not mo-
tivated by quantum gravity whenever the dispersion relation of tensor modes or the
effective Planck mass are modified. This class includes beyond-GR scenarios such as
scalar-tensor theories (see, e.g., [56, 57] for reviews). A novel geometric interpretation
of these parameters can enrich our understanding and classification of these cases. In
the case of beyond-GR scenarios such scalar-tensor systems, the varying-Planck-mass
parameter αM = ν can be reinterpreted geometrically as the difference between the
topological and the effective Hausdorff dimension of spacetime.

3. As far as observations of standard sirens are concerned, we will make use of public data
on the neutron-star merging event GW170817 from the LIGO-Virgo collaboration, and
of a simulated super-massive black-hole merging process emitting GWs in the LISA
frequency band, to place the first model-independent observational (real and simulated)
constraints on dimensional flow in quantum gravity. To simplify the final result in three
points:

• The spectral dimension of spacetime in the infrared (IR; scales where QG correc-
tions are very small or negligible) is equal to the topological dimension D = 4, for
all theories, by construction. In this regime, GR is recovered.

• As expected on general ground, the spectral dimension in the ultraviolet (UV;
scales where QG corrections are important) is virtually unconstrained. The deep
microscopic regime of the QGs considered here does not affect the propagation of
GWs.

• Since dimensional flow is a global characteristic of spacetime, a “tail” of QG effects
survives at mesoscopic scales (intermediate between the UV and the IR). In this
regime, observations imply that the spectral dimension cannot deviate from D = 4
by more than about 2%, if the Hausdorff dimension of position and momentum
space are close enough to four:

dmeso
S − 4

4
< 0.02 . (1.1)

In particular:

• Some models are unobservable in any regime (IR, mesoscopic or UV) and luminosi-
ty-distance corrections at the Planck scale are negligible in astrophysical processes.
Examples are all quantum gravities or beyond-GR models where the only non-
perturbative effect is a change of the Hausdorff dimension of spacetime with the
probed scale. Still, the strain noise of GW interferometers can constrain the UV
Hausdorff dimension of spacetime effectively.

• Several other quantum gravities also have a varying spectral dimension, but still
the effect on the luminosity distance is negligible in all regimes: causal dynam-
ical triangulations, κ-Minkowski spacetime, Stelle gravity, the low-energy limit
of string theory, asymptotic safety, Hořava–Lifshitz gravity and Padmanabhan’s
non-local model.
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• Depending on the quantum state giving rise to the background geometry, the
group of models GFT/spin foams/LQG may survive in the detectability window of
LIGO-Virgo, LISA and third-generation interferometers and they may give rise to
non-negligible deviations from the standard luminosity distance in the mesoscopic
regime. This happens because the spectral dimension reaches the IR limit from
above, which can produce a conspicuous near-IR tail of QG effects.

• Even in the latter candidates, some semi-classical states are such that correc-
tions are not Planck suppressed, but they are ruled out non-trivially by combining
luminosity-distance with propagation-speed constraints. An example is the generic
semi-classical state of the effective-dynamics approach of loop quantum cosmol-
ogy, viable during inflation but completely reduced to a purely GR description
(negligible quantum corrections) at late times.

The plan of the paper is as follows. In section 2.1, we review the definition of luminosity
distance, while in section 2.2 we derive the dependence of the gravitational-wave amplitude
h on dL in GR in D dimensions, both reviewing a known calculation [58] and proposing
a shortcut based on a dimensional argument. The dimensional argument leading to the
D-dimensional extension of standard luminosity-distance relations will be very instructive
about the way we will approach the problem in quantum gravity. In section 3, parameters
and observables relating cosmological theories beyond GR, standard candles and standard
sirens are reviewed and new parameters are introduced. Section 4 reviews the concepts of
Hausdorff and spectral dimension in quantum gravity, and contains few examples. We will
also calculate a scaling parameter (dubbed Γ) that will appear in the GW amplitude. Section
5 is devoted to the study of the GW amplitude h and its relation with the luminosity distance
in quantum gravity. The imprint of theories where the Hausdorff dimension of spacetime is
scale-dependent is considered in section 5.1, while theories where also the spectral dimension
varies are discussed in section 5.2 in a unified, model-independent way. An application of
these results to scalar-tensor theories is commented upon in section 5.3, where the form
of the action is given a geometric interpretation. Using data from the binary neutron-star
event GW170817 and simulations of a super-massive black-hole merging, in section 6 we
place constraints on quantum-gravity modifications of the luminosity distance, encoded in
two geometric parameters (a characteristic length scale `∗ and a parameter γ combining
various definitions of spacetime dimension). In section 6.2, we compare these constraints
with those on modified dispersion relations from the propagation speed of GWs, while in
section 6.3 we find a solar-system bound which is compared with the one from GWs. Section
7 applies some of these results to specific theories, in particular, loop quantum cosmology,
where quantum corrections are reinterpreted as a measurement of the difference between
Hausdorff and spectral dimension in a near-infrared regime. Future developments in other
models such as non-commutative inflation and varying-speed-of-light scenarios are briefly
discussed in section 7.2. The possibility to constrain quantum-gravity corrections with the
instrumental noise of GW interferometers is presented in section 8, where we give a prospect
for LIGO, Virgo, KAGRA, LISA and DECIGO. Conclusions, where we also comment on
future bounds from pulsars, are in section 9. These results were in part anticipated in a
short article [59].
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2 Luminosity distance and GW amplitude in general relativity

In this section, we review the definition of luminosity distance dL and the derivation of
the dependence of the gravitational-wave amplitude on dL in GR, in a spacetime with D
topological dimensions (the physical case is D = 4) and signature (−,+, · · ·,+). We carry
on this review because it will point out, in a relatively familiar setting, the general scheme
in which we will derive the expressions in the case of quantum gravity.

As a background, we take the flat homogeneous Friedmann–Lemâıtre–Robertson–Walker
(FLRW) cosmological background with line element

ds2 = −dt2 + a2(t) dxidx
i = a2(τ) (−dτ2 + dxidx

i) , (2.1)

where t is proper time and τ :=
∫
dt/a is conformal time. We set the light speed c = 1.

2.1 Luminosity distance in GR

For a source emitting both gravitational waves and photons (electromagnetic source, EM),
we can define two luminosity distances dgwL and demL determined by observations.

By definition, the luminosity distance demL of an object emitting electromagnetic radia-
tion is such that the flux F of light reaching an observer is the power L per unit area emitted
by the source, detected at a point on a sphere of radius demL :

F =:
L

4π(demL )2
. (2.2)

In standard GR, the proper distance of a source emitting a single photon is a(t0) r =: a0r
measured by an observer at Earth at the present time t0. Taking into account the redshift
of power L = (energy)/(time) ∝ (a/a0)/(a0/a) = a2/a2

0 of photons reaching the observer at
different times, one gets [60]

demL =
a2

0

a
r . (2.3)

In the absence of spatial curvature, r can be written as r = τ0− τ(z), in terms of the redshift
1 + z = a0/a. Setting a0 = 1,

demL (z) = (1 + z)

∫ t0

t(z)

dt

a
= (1 + z)

∫ 1

a(z)

da

Hgra2
= (1 + z)

∫ z

0

dz

Hgr
, (2.4)

where a(z) = (1 + z)−1. The Hubble parameter Hgr(z) is determined by the first Friedmann
equation and contains a parametrization of the dark-energy equation of state in terms of the
barotropic index, for instance, w = w0 = const or w = w0 + (1− a)wa.

Expanding H(z) for small z and keeping only the lowest order, (2.4) becomes

demL '
z(1 + z)

H0

z�1' z

H0
, (2.5)

where H0 is the Hubble parameter today.
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2.2 Gravitational-wave amplitude in GR

The action and equations of motion in GR are

S =
1

2κ2

∫
dDxR+ Smatter , Rµν −

1

2
gµνR = κ2Tµν , (2.6)

where κ2 = 8πG is Newton’s constant and Tµν is the matter energy-momentum tensor. First
we recall the expression of the GW amplitude in the local wave zone, and then consider its
modification when the wave propagates on a homogeneous FLRW cosmological background.

2.2.1 Local wave zone

Let hµν be a metric perturbation around the Minkowski background ηµν = diag(−,+, · · · ,+)
and call h one of the graviton polarization modes. The scalar h is the amplitude of a
gravitational wave emitted by a source such as a black-hole or a neutron-star binary system.
We can express h in terms of the luminosity distance dgwL , in D topological dimensions.
Expanding the Einstein equations to linear order in gµν = ηµν + hµν , one finds �ηhµν =
−2κ2Sµν , where �η = ηµν∂µ∂ν and Sµν = Tµν − ηµνT

ρ
ρ /(D − 2). The general retarded

solution is given by the sum of the homogeneous solution (which will be ignored from now
on) and the convolution of the source Sµν with the retarded Green function associated with
the kinetic operator �η [58]:

hµν(x) = −2κ2

∫
dDx′ Sµν(x′)Gret(x− x′) , (2.7)

�ηG
ret(x− x′) = δD(x− x′) , Gret

∣∣
t<t′

= 0 , (2.8)

where δD(x − x′) is the D-dimensional Dirac distribution. The retarded Green function in
any dimension is [61, eq. (22.37)]

Gret(t, r) ∝
∫
dω e−iωt

(ω
r

)D−3
2
H

(1)
D−3

2

(ωr) , (2.9)

where r = |x− x′| and H(1) is the Hankel function of the first kind.
Since we are interested in the large-distance propagation of gravitational waves, we can

approximate the above formulæ in the local wave zone, a region of space much larger than
the size s of the source and than the wave-length λ ∼ 1/ω of the waves. In this region,

r � λ ∼ s (2.10)

and one can take the leading term of the ωr � 1 expansion of (2.9). Since H
(1)
(D−3)/2(ωr) ∼

(ωr)−1/2eiωr up to a constant prefactor, one gets to leading order [58]

Gret(t, r) ' cG
δ(

D−4
2 )(t− r)
r
D−2

2

⇒ hµν(t, r) ' κ
chµν(t− r)
r
D−2

2

, (2.11)

where cG is a constant that depends on the topological spacetime dimension D (for D = 4,

cG = 1/(4π)), δ(
D−4

2 ) is the derivative of order (D − 4)/2 of the one-dimensional delta and
chµν is a dimensionless tensorial function of retarded time.

Up to here, we have briefly reviewed the calculation of [58], omitting the details. Now we
wish to rederive (2.11) by a purely dimensional argument, which will be sufficient to extract
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the r-dependence of the wave. In turn, the r-dependence will be what we need to obtain the
luminosity-distance dependence of the GW amplitude on a cosmological background. This
“dimensionology” will be extremely useful in the case of quantum gravity because it will
spare us a full calculation of the GW amplitude.

Consider a free scalar field on Minkowski spacetime, with action

Sϕ =

∫
dDx

(
1

2
ϕ�ηϕ+ ϕJ

)
, (2.12)

where J is a source. In terms of energy-momentum units, the volume density has engineering
(energy) dimensionality [dDx] = −D, while the kinetic term has dimensionality [�] = 2. Since
the action is dimensionless, the scalar has dimensionality

[ϕ] =
D − 2

2
. (2.13)

Its retarded Green function obeys the distributional equation (2.8), which tells us that
[Gret] = D−2 in position space. This is consistent with (2.13), since G(x−x′) = 〈ϕ(x)ϕ(x′)〉
is the two-point function of ϕ. The inhomogeneous retarded solution of the equation of
motion

�ηϕ = (−∂2
t +∇2)ϕ = −J (2.14)

can be found as above by a convolution, ϕ(x) = −
∫
dDx′ J(x′)Gret(x− x′), but the dimen-

sionality (2.13) of the scalar field already tells us that, to leading order in an 1/r expansion,
the solution will scale as ϕ ∼ r(2−D)/2 asymptotically far from the source. To see this, ignore
the source J in (2.14) and consider the radial profile ϕ(t, r) = r−(D−2)/2F(t, r), where F is a
dimensionless function. In spherically-symmetric coordinates,

0 ' (−∂2
t +∇2)ϕ = −∂2

t ϕ+
1

rD−2
∂r(r

D−2∂rϕ)

=
1

r
D−2

2

[
−∂2

t + ∂2
r −

(D − 4)(D − 2)

4r2

]
F . (2.15)

In D = 4 dimensions, the general solution is any function of retarded and advanced time,
F = F1(t−r)+F2(t+r) (compare with (2.11)). ForD 6= 4, we can take this as an approximate
solution as long as the wave frequency is sufficiently large, ωr �

√
(D − 4)(D − 2)/4. This

condition always holds in the wave zone. Therefore, taking only the retarded function one
has

ϕ ' F(t− r)
r
D−2

2

. (2.16)

Going back to the GR action (2.6), the Newton’s constant has dimension [κ2] = 2−D,
negative for D > 2, while the gravitational field is dimensionless, [hµν ] = 0. From now on,
we consider the amplitude h and drop tensorial indices. The rescaled field h̄ := h/κ has the
dimensionality of an ordinary scalar field, [h̄] = (D − 2)/2, and the above argument for ϕ
applies almost verbatim to h̄. Thus, in the local wave zone

h ' κFh(t− r)
r
D−2

2

D=4∝ 1

r
, (2.17)

where Fh is a function of retarded time.
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2.2.2 Cosmological propagation

The amplitude (2.17) is what one would detect in the local wave zone, a neighborhood of
the astrophysical source much larger than the wavelength of the signal, but small enough
to be insensitive to the cosmic expansion. If the observer is at a cosmological distance, the
expansion must be taken into account.

This step is relatively easy once the local radial dependence of the wave form has been
found. In fact, the luminosity distance (2.3) is proportional to r and r in (2.17) is nothing
but the comoving distance from the source. This suggests that, up to various rescalings with
the scale factor a and up to a function dependent on emission and observation time,

h ∼ 1

(demL )
D−2

2

D=4
=

1

demL
. (2.18)

This is indeed correct, as one can carefully check in four dimensions [62, section 4.1.4]. Again,
a dimensional argument (a generalization to D dimensions of an observation made in [62]
for D = 4) can help to understand the final result (2.18). Consider our scalar field ϕ with
source J , this time propagating on a flat FLRW background with line element (2.1). On this
background, the equation of motion is

�ϕ = − 1

a2
[∂2
τ + (D − 2)H∂τ −∇2]ϕ = −J , H :=

∂τa

a
. (2.19)

The engineering dimensionality (2.13) indicates that a natural rescaling of the field is

w := a[ϕ]ϕ = a
D−2

2 ϕ ⇒
(
∂2
τ −

∂2
τa

a
−∇2

)
w = a

D+2
2 J =: J , (2.20)

where ∇2 is the Laplacian in comoving coordinates x and J (τ,x) is an effective source
term. In a matter-dominated universe, a ∼ τ2, so that ∂2

τa/a ' 2/τ2, which is negligible
with respect to the other terms inside the Hubble horizon. Dropping this time-dependent
effective mass, we are left with the conformally flat equation (−∂2

τ +∇2)w = −J . Therefore,
starting from here one can use the results of the previous subsection in Minkowski spacetime,
with time t replaced by conformal time τ and ϕ (or h̄) replaced by w. In particular, w '
r−(D−2)/2Fw(τ − r) and ϕ ∼ (ar)−

D−2
2 . Applying this r → ar rule to (2.17) and evaluating

it today, h ∼ (a0r)
−D−2

2 = [(1 + z)/demL ]
D−2

2 . The redshift factor is absorbed into the source
function we have not calculated, and one obtains (2.18) as announced.

3 Beyond GR: parametrizing luminosity distance and Planck mass

Information from gravitational waves can be used in such a way as to construct observables
related to how spacetime affects GW propagation. In general, theories beyond GR can change
both the dispersion relation of GWs and the background metric solutions, or other aspects
of the dynamics in various ways. Independently of their details, we can encode these effects
into the ratio between the GW and the electromagnetic luminosity distance at any redshift,

Ξ(z) :=
dgwL (z)

demL (z)
. (3.1)

In certain modified gravities [63, 64], the parameter (3.1) is related to the effective New-
ton constant measured in structure-formation observations. Consider the ordinary momentum-
space Poisson equation −k2Φk = a2ρm∆m

k /(2M
2
Pl), where Φ is the Newton potential (scalar
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perturbation of the 00-component of the metric, generated by matter during structure for-
mation), ρm is the background matter density and ∆m

k is the comoving density perturbation
in momentum space. In models where gravity is modified, one can write down a generic
effective Poisson equation for Φ, with effective momentum and time-dependent Planck mass
(Newton constant) Meff [65, 66]:

− k2Φk =
a2ρm∆m

k

2M2
eff(t, k)

. (3.2)

This is the definition of M2
eff in D = 4 dimensions. We will not use this parameter much

in the following, since the profile M2
eff(t, k) in (3.2) is model dependent and we rather focus

on general effects. In typical classical modified-gravity models where spacetime geometry
possesses no fundamental scale, Meff is purely homogeneous [64].

In GR, gravitational and electromagnetic waves have the same dispersion relation: they
both propagate with the speed of light, and the luminosity distance defined by (2.2) is equiv-
alent to dgwL at all scales. Therefore, Ξ(z) = 1. When the dynamics or the very structure of
spacetime are modified, this equivalence no longer holds, and one must parametrize the right-
hand side of (3.1) as a function of z. In the next section, we will see how these modifications
arise and what parametrizations can be employed. Here we will use the parametrization of
[64]:

Ξ = Ξ0 + (1− Ξ0)an = Ξ0 +
1− Ξ0

(1 + z)n
z�1
= 1− (1− Ξ0)nz +O(z2) , (3.3)

where Ξ0 > 0 and n are constant. In GR, Ξ0 = 1.
From the κ-dependence of the metric perturbation in (2.11), it is not difficult to convince

oneself that dgwL is proportional to a power of the effective Planck mass appearing in front of
the graviton kinetic term when expanding the action to O(h2) around a FLRW background,

δS =
1

2

∫
dDx
√−gMD−2

gw hij�flrwh
ij . (3.4)

In GR, M2−D
gw = κ2 = 8πG = M2−D

Pl is the reduced Planck mass, but in other theories
(starting with purely classical scalar-tensor and f(R) models) it happens that Mgw 6= MPl

and that Mgw(t) is a function of the cosmological background and acquires a non-trivial
time dependence. By the same token, we can recast the parameter Ξ expressing the ratio of
luminosities as a function of the effective mass Meff . Thus, in some classical models

Ξ(z) =

[
Meff(z)

Mgw(z)

]D−2
2

. (3.5)

This expression is valid only under the assumption that all the corrections to the dynamics
can be encoded at sufficiently large scales in an effective Newton constant. In general, this
happens when the comoving number density of gravitons is conserved [64]. However, there
are cases where (3.5) may not hold, as in higher-dimensional braneworld models or in models
where the graviton is unstable [64]. We will see later that also in quantum gravity the left-
and right-hand sides of (3.5) may be different quantities, the reason being that volumes
(including also comoving volumes) do not scale as expected in certain regimes. Therefore,
if one is interested in placing constraints on effective Planck masses, it is useful to consider
also other parameters aside from ratios of luminosity distances.
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A parameter first introduced in dark-energy models based on modified gravity is the time
variation of the effective Planck mass Mgw [67, 68], which we extend here to D dimensions,

αM :=
d lnMD−2

gw

d ln a
= −d lnMD−2

gw

d ln(1 + z)
, (3.6)

and we will further modify to include quantum-gravity effects.2 Its origin is the action (3.4).
Contracting out the polarization matrix and absorbing the mass factor into the dimensionful

field h̄ = M
(D−2)/2
gw h, (3.4) is recast as δS = (1/2)

∫
dDx
√−g h̄�flrwh̄ + . . . , yielding the

equation of motion

0 = h̄′′ + (D − 2)Hh̄′ +O(h̄) = M
D−2

2
gw

{
h′′ + [(D − 2)H+ αM ]h′ +O(h)

}
, (3.7)

where primes are derivatives with respect to conformal time.
Yet another effective mass of interest appears in the first Friedmann equation,

H2 =
ρ(t)

3MD−2
flrw(t)

+ . . . , (3.8)

where ρ is the energy density of the content of the universe and “. . . ” are other corrections
to the GR dynamics. In general, (3.8) is not sufficient to describe the cosmological effects of
modified gravity, since, on one hand, also the background continuity equation may receive
corrections and, on the other hand, inhomogeneities are also affected, with consequences for
cosmological perturbations and structure formation.

In GR, Mflrw = Meff = Mgw = MPl. However, in models with screening effects, such
as the chameleon mechanism [70, 71], the effective Planck mass measured in local (z � 1)
observations may differ from the effective Planck mass seen by gravitational waves propagat-
ing at cosmological distances. Therefore, as last parameters we define the relative difference
between Mflrw (or Meff) and Mgw:

∆Mflrw :=

(
Mflrw

Mgw

)D−2

− 1 , ∆Meff :=

(
Meff

Mgw

)D−2

− 1 . (3.9)

4 Dimensional flow in quantum gravity

To the best of our knowledge, all theories of quantum gravity display dimensional flow,3 a
phenomenon according to which the dimension of spacetime changes with the probed scale
[72–76]. There are several inequivalent definitions of dimension, the most used ones being:

• the topological dimension D (the number of spacetime coordinates, which is fixed and
constant at the outset);

• the Hausdorff dimension dH of spacetime (governed by the position-space measure);

• the Hausdorff dimension dkH of momentum space;

• the spectral dimension dS (governed by the type of kinetic term in the action; it depends
on the dispersion relation and on the measure in momentum spacetime).

2This parameter is called ν in [69] and −2δ in [64].
3Also known as “dimensional reduction,” a term often used in the literature that may create confusion

with the compactification schemes of supergravity and string theory.

– 10 –



In this section, we review these quantities in general and recall or calculate their value for
specific theories. Then we will extract a scaling parameter that will enter the GW amplitude.
Conventionally, all dimensions are defined in Euclideanized spacetime.

To describe dimensional flow, let us simplify the problem to a free scalar field on flat
spacetime with action

S =
1

2

∫
dDx v(x)ϕKϕ , (4.1)

where v is the spacetime measure weight and K is a kinetic term. The action S is imagined
to stem from a theory of quantum gravity in the continuum limit (if continuous spacetime
is not a fundamental structure of the theory, as in all approaches with discreteness and
non-commutativity) and in a local inertial frame. The latter point is important: “quantum
gravity” does not necessarily mean “curvature corrections” and one can have non-trivial
effects even in low-curvature regimes. We encode these effects into a non-trivial weight v 6= 1
and a generalized kinetic term K 6= �. If the theory is Lorentz-invariant in the continuum
limit, then K = K(�), but for our discussion it can be more general (for instance, a fractional
operator [75]).

The theories of QG we will consider in this paper will be GFT/spin foams/LQG, causal
dynamical triangulations, κ-Minkowski spacetime, Stelle gravity, the low-energy limit of
string theory, asymptotic safety, Hořava–Lifshitz gravity, and a non-local black-hole model
by Padmanabhan. This list, encompassing theories where the Hausdorff and spectral dimen-
sion have been computed, does not exhaust the literature. For instance, we do not discuss
causal sets, nor other theories for which dimensional flow has not been studied. Also, little
is known about the cosmology of some of these theories, as in the case of causal dynamical
triangulations, κ-Minkowski spacetime4 and Padmanabhan’s model. In all cases, however,
our findings from GWs in sections 5 and 6 will be the first of their kind.

For simplicity, we will employ definitions of dimensions ((4.2), (4.3) and (4.8)) valid
on continuous spacetimes, but they can be generalized to arbitrary sets of points. Several
theories of quantum gravity admit a notion of continuous spacetime, but for GFT/spin
foams/LQG discreteness effects dominate below a certain scale (close to the Planck scale)
where the underlying simplicial-complex structure becomes manifest. In this case, eqs. (4.2),
(4.3) and (4.8) must be replaced with other definitions we will not discuss here [77], valid at
arbitrarily small scales.

Regarding nomenclature, we will use UV and IR labels to characterize regimes where
corrections to general relativity are, respectively, important or negligible. Thus, indepen-
dently of whether they are Planckian, atomic, solar-system size or cosmological:

• scales where general relativity is fully recovered will belong to the infrared (IR) or
general-relativistic (GR) regime of dimensional flow;

• intermediate scales where the corrections to GR are small but non-negligible will be
called mesoscopic (meso). Mesoscopic scales particularly close to the IR regime will be
occasionally called near-IR;

• scales at which quantum-gravity corrections are important will belong to an ultraviolet
(UV) or quantum-gravity (QG) regime.

4However, we will see a non-commutative cosmological model in section 7.2.1.
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As far as the running of spacetime dimensions is concerned, the IR and the UV regimes corre-
spond, respectively, to large and short scales, while mesoscopic scales can be near-Planckian
or very large. However, the phenomenology of dimensional flow is more complex than di-
mensional flow itself, and there exist cosmological QG models where this correspondence
between the IR and large scales on one hand, and the UV and short scales on the other
hand, is not reflected on physical observables. Therefore, a model where GR is recovered at
cosmological scales and QG corrections dominate at short scales will be characterized by an
IR or mesoscopic large-scale regime and a UV short-scale regime; here, QG should be tested
at atomic or particle-physics scales. Conversely, a model where QG corrections dominate at
cosmic scales and die away locally will be characterized by a UV large-scale regime and an IR
or mesoscopic short-scale regime, in which case astrophysical and cosmological observations
may be more interesting.

To prevent confusion in what follows, let us reiterate the point: whenever we talk about
UV and IR scales, we will refer to a QG and to a GR regime, respectively, while the relative
size of the scales at which these regimes take place will be denoted by adjectives such as
“large,” “cosmological,” “small,” “local,” and so on. By definition, mesoscopic scales are
intermediate both in terms of QG effect and in terms of relative size.

4.1 Hausdorff dimension of spacetime

The Hausdorff dimension dH is the scaling of the volume V of a D-ball (or a D-cube) with
respect to the radius (edge size) `. Assuming a continuum ambient spacetime, the definition
is

dH(`) :=
d lnV(`)

d ln `
. (4.2)

For a space or spacetime without dimensional flow, V =
∫

cube d
Dx v(x) ∝ `dH and dH is

constant. In ordinary spacetime, or in the IR limit of spacetimes with dimensional flow,
dH = D. For a fractal, dH can be non-integer. Although many quantum theories of gravity
do not admit spacetimes with a varying Hausdorff dimension, all of them admit spacetimes
with varying spectral dimension.

String field theory, asymptotic safety, causal dynamical triangulation, non-local quan-
tum gravity, most formulations based on non-commutative spacetimes, Hořava–Lifshitz grav-
ity and a few others, all have constant Hausdorff dimension, which coincides with the topo-
logical dimension dH = D. In these theories, the main effect is a modification of the effective
dispersion relation and, hence, a running spectral dimension (to be discussed below). How-
ever, there are theories where not only dS, but also dH varies, as for instance in the case of
cyclic-invariant non-commutative theories on κ-Minkowski spacetime [78], the group of theo-
ries based on discrete pre-geometries (GFT/spin foams/LQG) and multi-fractional theories.
In cyclic-invariant models and in GFT/spin foams/LQG, the Hausdorff and spectral dimen-
sion of spatial slices vary [77, 79–81], which means that a perfectly homogeneous cosmology
is insensitive to this specific feature. However, multi-fractional theories admit a varying dH

also along the time direction. Since GFT/spin foams/LQG will draw special attention later,
in Fig. 1 we show a representative profile for the spacetime Hausdorff dimension as function
of the scale. Note that this profile is valid also at ultra-short scales where discreteness effects
are important and (4.2) does not hold.
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Figure 1. Representative profile for the spacetime Hausdorff dimension of quantum states of
geometry in GFT/spin foams/LQG (solid thick curve), as a function of the length scale ratio `/`Pl.
Here `∗ = `Pl is the Planck scale. This profile is obtained from an ad hoc analytic expression of
the type dH(`) = 1 + [3(`/`∗)2 + c]/[(`/`∗)2 + c], following the discussion in [82]. It qualitatively
reproduces the actual profile calculated numerically in [77]. The dashed line is the IR asymptote, i.e.,
the Hausdorff dimension of theories with constant dH = D = 4.

4.2 Hausdorff dimension of momentum space

Given a continuous momentum space with measure weight w(k), its Hausdorff dimension
is the scaling of the volume Ṽ(k) =

∫
cube d

Dk′w(k′) of a D-cube (or D-ball) of linear size
(respectively, radius) k:

dkH(`) :=
d ln Ṽ(k)

d ln k

∣∣∣
k=1/`

. (4.3)

κ-Minkowski spacetime is the only example we will consider in this paper where there is
dimensional flow in dkH. We can calculate dkH from the Euclidean momentum-space measure

d4p/
√
p2 + κ2, where p = p(k) is a redefinition of momenta. Integrating it, one obtains the

momentum 4-volume V(p) ∝ (p2− 2κ2)
√
p2 + κ2 + 2κ4, where κ2 = 8π/`2Pl and the constant

term 2κ4 has been added to recover the ordinary volume V(p) ∼ p4 +O(p6) in the large-scale
limit p→ 0. Thus,

dkH(`) =
d lnV(p)

d ln p

∣∣∣
p=1/`

=
3

1− (κ`)2 + 2(κ`)4[
√

1 + (κ`)−2 − 1]
. (4.4)

Then, dkH ' 3 at small scales κ`� 1, while dkH ' 4 at large scales κ`� 1.
All the other QGs discussed here have constant momentum-space Hausdorff dimension,

equal to the topological dimension dkH = D. In particular, in GFT/spin foams/LQG the
momentum space is compact but it has the ordinary measure below the compactness cut-off
(again, where discreteness dominates) [77, 81], so that dkH = 4 in the continuum regime we
are considering.

4.3 Dispersion relations and spectral dimension

In general, in a spacetime with dimensional flow the scaling [ϕ] depends on the scale ` one
is observing, and [ϕ]UV 6= [ϕ]IR. Consider for illustrative purposes (and ignoring unitarity
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issues) the Lorentz-invariant form factor K(�) = `2−2β
∗ � + (−�)β, corresponding to the

dispersion relation
K(−k2) = −`2−2β

∗ k2 + k2β, [K] = 2β , (4.5)

where β > 1 and momentum-space coordinates have the usual dimensional units [kµ] = 1.
Such form factor or similar ones arise in higher-order non-unitary theories (β = 2, 3, . . . )
[17, 83, 84], the propagation of low-energy particles in non-critical string theory (β = 3/2 at
mesoscopic scales and β = 2 in the deep UV) [85], asymptotic safety (β = 2) [86], Hořava–
Lifshitz gravity (β = 3 only in the spatial directions) [42], multi-fractional spacetimes with
fractional and q-derivatives (β > 0 real; Lorentz invariance is broken here) [82, 87], causal
sets (β = 2) [88], and as an effective dispersion relation in loop quantum gravity [89–92].
Other cases such as non-local quantum gravity do not correspond to a polynomial dispersion
relation such as (4.5) and must be treated separately [93]. Last, `∗ is a length scale around
which quantum-gravity effects become relevant. If there is only one fundamental scale `∗,
then it is very small (of order of, or not too far from, the Planck scale `Pl) and the UV regime
corresponds to very short wave-lengths. If, however, (4.5) is an effective dispersion relation,
`∗ is a mesoscopic scale that could be relatively far from the actual UV and closer to the
IR regime. In order to keep the following discussion as flexible as possible, and in line with
the nomenclature declared at the beginning of this section, it will be understood that the
subscript or superscripts “UV,” “meso” and “IR” indicate scalings and dimensions at scales
where QG corrections are, respectively, large, small and completely negligible, independently
of the actual size of these scales. Thus, a UV scale does not necessarily correspond to the
microscopic end of the dimensional running. To cover both the UV and mesoscopic regime
at the same time, we will use a non-committal subscript or superscript * as in `∗.

Let us recall the definition of the spectral dimension dS (see [94] for more details and

references). Consider the dispersion relation K̃(−k2) = `2β−2
∗ K(−k2) with dimensionality

(energy)2 and the heat kernel

P (x− x′; `) =
1

(2π)D

∫
dDk w(k) eik·(x−x

′)e−`
2K̃(−k2) , (4.6)

where w(k) is a measure weight that accounts for quantum-gravity effects.5 For instance,
momentum spaces with non-trivial measures are typically associated with non-commutative
spacetimes (e.g., [95, 96] and references therein). In Schwinger representation, the Green
function of the scalar field theory (4.1) is

G(x− x′) = `2β−2
∗

∫ +∞

0
d`2 P (x− x′; `) = − 1

(2π)D

∫
dDk w(k) eik·(x−x

′) 1

K(−k2)
. (4.7)

From the heat kernel, one finds the so-called return probability

P(`) = P (0; `) =
1

(2π)D

∫
dDk w(k) e−`

2K̃(−k2) ,

from which one defines the spectral dimension

dS := −d lnP(`)

d ln `
. (4.8)

5In general, the eigenfunctions of the operator K may carry a scale dependence which combines with the
actual measure in momentum space. The weight w(k) is the outcome of this combination.
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For a spacetime without dimensional flow, P ∝ `−dS with dS a constant. In ordinary space-
time, or in the IR limit of spacetimes with dimensional flow, dIR

S = D. In the case of the
dispersion relation (4.5), the spectral dimension in the UV/meso regime is easy to compute.

If the momentum measure in this regime goes as dk kd
k,∗
H −1, and defining the dimensionless

variable y := (`/`∗)
2(`∗k)2β, we find that P = (`β−1

∗ `)−d
k,∗
H /β

∫ +∞
0 dy F (y), where F is a

function of y, so that

d∗S =
dk,∗H

β
. (4.9)

With a dispersion relation of the type (4.5), with anomalous dimensionality (energy)2β, the
scalar field ϕ has the energy dimensionality (remember that [S] = 0)

[ϕ] = [ϕ]∗ =
Dα− 2β

2
=
d∗H
2
− dk,∗H

d∗S
. (4.10)

Consistently, the dimensionality of the Green function from (4.7) is [G] = dk,∗H − 2β.

If we had chosen the dispersion relation K = −k2 +`2β−2
∗ k2β, with the `∗ factor attached

to the UV term, then [K] = 2, the heat kernel (4.6) would be the same but with K̃(−k2) =

`2∗K(−k2), the Schwinger representation (4.7) would have changed by the replacement `2β∗ →
`2∗, the Green function would have had dimensionality [G] = D − 2, and the scalar field
would have had ordinary dimensionality [ϕ] = [ϕ]IR = (D − 2)/2. After a suitable change
of coordinates k → k̃ in momentum space [97] or a redefinition of (4.8), one can directly get

dS = dk̃H. This is just a matter of convention, which does not affect the final result (4.9).
Since the UV scaling is the one entering power-counting arguments on renormalization, we
stick with the UV scalings discussed above. The dimensionality of ϕ in the IR stems from

redefining the mode as ϕIR = `
[ϕ]−[ϕ]IR
∗ ϕ, so that [ϕ]IR = [ϕIR].

In Fig. 2, we show the spectral dimension of Stelle theory [94], asymptotic safety [86]
and Hořava–Lifshitz gravity [42], where dS flows monotonically from dUV

S = 2 up to 4.
The spectral dimension of GFT/spin foams/LQG, also shown in the figure, was calculated
numerically in [77] for simplicial-complex quantum states of geometry, without using any
continuum effective limit.

4.4 A scaling parameter

Overall, we can write all expressions in a scale-independent way. For instance, we call dkH =
[dDk w(k)] the effective Hausdorff dimension of momentum spacetime regardless of the scale;
in the most general case, dkH 6= dH. Also, instead of (4.9) we have

dS = 2
dkH
[K]

. (4.11)

The generalization of (4.10) to all scales takes the simple form [ϕ] = Γ, where

Γ :=
dH − d̃W

2
, dS 6= 0 , (4.12)

and we defined the effective walk dimension

d̃W := 2
dkH
dS

, (4.13)
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Figure 2. Typical spectral dimension of spacetimes in GFT/spin foams/LQG (solid thick black
curve) and theories with monotonic flow from below with dUV

S = 2 (solid thin red curve), where ` is a
length scale. These profiles are obtained from ad hoc analytic expressions following the discussion in
[82], reproducing the actual profiles for these theories (calculated numerically in the case of GFT/spin
foams/LQG [77]). For GFT/spin foams/LQG, discreteness effects start to become important at
`/`Pl . 1. In this figure, the mesoscopic scale `∗ is around the local maximum at ∼ 40 `Pl. The
dashed line is the IR asymptote.

which is nothing but the dimensionality [K] of the kinetic operator. On a geometry where
dkH = dH, this indicator coincides with the walk dimension [98], the scaling of the variance
of a random walker in spacetime, 〈X2〉 ∝ σ2/dW , where σ is a fictitious diffusion time. We
will reserve the symbol ΓUV for the scaling (4.12) in the UV and Γmeso for the scaling (4.12)
where QG corrections are small but non-negligible. We repeat that, depending on the model,
UV scales do not necessarily correspond to the shortest (Planck-size) ones, nor mesoscopic
scales are necessarily large (super-atomic).

In the IR, dS = dH = D and one recovers (2.13). For the special value dUV
S = 2 (string

theory, Stelle gravity, asymptotic safety and Hořava–Lifshitz gravity), the field is dimension-
less when dkH = dH, a fact which has consequences for the renormalization of the theory. In
fact, (4.12) shows that a spectral dimension dUV

S = 2 drives the field to a regime where the
field is dimensionless and, consequently, the interaction coupling constant in the action has
positive dimensionality, which, in turn, guarantees power-counting renormalizability. Thus,
with a simple scaling argument, we have clarified one of the leitmotifs in quantum gravity
surrounding the “magic” number dUV

S = 2 [72, 73]. The spectral dimension and the param-
eter (4.12) for these theories are shown in Fig. 2 and 3, respectively; here dkH = dH = D
at all scales, so that Γ = (dS − 2)D/(2dS). In theories where dS = dH = dkH at all scales,
Γ = (dH − 2)/2 = (dS − 2)/2. Theories with dUV

S = 0 (for instance, non-local quantum
gravity) are a special case we deal with elsewhere [93]. The values of the UV spacetime
dimensions and of the parameter ΓUV in several quantum gravities are reported in Tab. 1.
The calculation of some of these dimensions is derived from, but not in, the cited references
and requires the following explanation.

The spectral and Hausdorff dimensions of GFT/spin foams/LQG were calculated nu-
merically in [77] for simplicial-complex quantum states of geometry, at all scales. However,

– 16 –



0.1 1 10 100

-0.5

0.0

0.5

1.0

ℓ/ℓPl

Γ

Figure 3. The scaling parameter (4.12) in GFT/spin foams/LQG (solid thick black curve) and
theories with monotonic flow from below with dUV

S = 2 (solid thin red curve), where ` is a length
scale. These curves are obtained from the ad hoc analytic profiles shown in Figs. 1 and 2. The region
where discreteness effects become important in GFT/spin foams/LQG (black thick curve plunging
down to Γ < −3) is not shown in the plot. In this figure, the mesoscopic scale `∗ is around the local
maximum at ∼ 40 `Pl; this scale marks the border of the shaded region where 0 < Γmeso − 1 � 1.
The dashed line is the IR asymptote.

dUV
H dk,UV

H dUV
S ΓUV Γmeso & 1

GFT/spin foams/LQG [77, 81, 91] 2 4 [1, 4) [−3, 0) 3

Causal dynamical triangulations (phase C) [35] 4 4 3/2 −2/3
κ-Minkowski bicovariant ∇2 [39, 40] (c.i.m.) 1 3 3 −1/2
κ-Minkowski bicross-product ∇2 [40] (c.i.m.) 1 3 6 0
Stelle gravity [94] 4 4 2 0
String theory (low-energy limit) [85, 100] D D 2 0
Asymptotic safety [86] 4 4 2 0
Hořava–Lifshitz gravity [42] 4 4 2 0
κ-Minkowski relative-locality ∇2 [40] (c.i.m.) 1 3 +∞ 1/2
κ-Minkowski bicovariant ∇2 [39, 40] (o.m.) 4 3 3 1
κ-Minkowski bicross-product ∇2 [40] (o.m.) 4 3 6 3/2 3

κ-Minkowski relative-locality ∇2 [40] (o.m.) 4 3 +∞ 2 3

Padmanabhan’s non-local model [46] 4 4 +∞ 2 3

Table 1. Spacetime dimensions in various theories of quantum gravity with D = 4 and for string
theory in any target-spacetime dimension. References where the dimensions were calculated are
indicated. In the case of non-commutative κ-Minkowski spacetime, different Laplacians ∇2 can be
chosen, while “o.m.” and “c.i.m.” stand for, respectively, ordinary and cyclic-invariant spacetime
measure. UV values for GFT/spin foams/LQG correspond to the smallest scales where spacetime can
be approximated by a continuum. Theories with a near-IR parameter Γmeso & 1 (see the text) are
ticked.

the parameter Γ will be later employed only at scales where the continuum limit holds. Thus,
the UV dimensions listed in the table for GFT/spin foams/LQG correspond to the smallest
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scales at which discreteness effects are negligible. Concentrating on the smallest scales of the
continuum, the results of [77] lead to the range −3 6 ΓUV < 0, which essentially agrees with
and encompasses the findings of several phenomenological continuum approximations of LQG.
Perturbations of the so-called weave states, effective dispersion relations of the form (4.5)
were found with 3/2 6 β 6 3, depending on the truncation scale [89, 90], while the recovery
of logarithmic corrections (calculated in the full theory [99]) in the entropy-area law of black
holes leads to an effective dispersion relation with β = 3 [91]. In all these cases, the Hausdorff
dimension of spacetime does not run and we can infer the value of Γ = dH/2 − β = 2 − β,
comprised between −1 (UV limit) and 1/2 (mesoscopic scales). Moreover, in [81] the UV
value dUV

S = 1 was reported for a continuum approximation, corresponding in our notation
to ΓUV = 4/2− 4/1 = −3. Therefore, the UV values ΓUV = −1 and ΓUV = −3 obtained in
these continuum approaches lie within the interval −3 6 ΓUV < 0 we obtain from [77].

In the case of string theory, dH = dkH = D in the low-energy limit. Here D is the topolog-
ical dimension of any string spacetime where the modified dispersion relation (4.5) holds up
to some microscopic scale. This geometry could be the full target spacetime (e.g., D = 10) or
the bulk spacetime in small-scale compactifications with compactification radius O(`Pl) (we
do not consider compactifications with large extra dimensions or braneworld models which
may give rise to a different effect; see also (5.26) and the discussion thereabout). The calcula-
tion of the spectral dimension may take different roads that, somewhat surprisingly, give the
same result. The dimensional anomaly in a non-critical string setting induces a modification
of dispersion relations of low-energy particles such that β = 3/2 at mesoscopic scales and
β = 2 in the UV [85], so that ΓUV = D/2 − D/2 = 0. On the other hand, the D = 10
target spacetime generated by the critical string is endowed with a spectral dimension that
cannot be smaller than the intrinsic dimension of the probe one uses to scan the spacetime
geometry. This probe is the worldsheet, so that dUV

S = 2 at scales below the string tension
[100] and, again, ΓUV = 0.

In κ-Minkowski spacetime, metric observables and the notion of Hausdorff dimension are
not straightforward to define and they admit inequivalent realizations. Here we either assume
an ordinary spacetime measure (o.m.) d4x or we use the cyclic-invariant spacetime measures
(c.i.m.) d4x |x|−3 [78] or d4x |x1x2x3|−1 [79], whose Hausdorff dimension was analyzed in [79].
The momentum-space Hausdorff dimension was calculated in eq. (4.4). The expression of
the spectral dimension in the case of the relative-locality Laplacian can be written in integral
form but we will omit it, since the case of the bicross-product Laplacian is very similar
and can be treated analytically. The spectral dimension for that theory is [40] dS(`) =
(8κ2`2 + 6)/(2κ2`2 + 1), so that, using (4.4),

Γ(`) = 2− dkH(`)

dS(`)
= 2− 3

2

2(κ`)2 + 1

[4(κ`)2 + 3]{1− (κ`)2 + 2(κ`)4[
√

1 + (κ`)−2 − 1]}
, (4.14)

and Γ ' ΓUV = 3/2 at short scales (κ`� 1). At large (near-IR) scales κ`� 1,

Γmeso ' 1 +
5

12(κ`)2
= 1 +

5

96π

`2Pl

`2
. (4.15)

In Padmanabhan’s scenario, the density of microstates giving rise to the Bekenstein–
Hawking entropy-area law is such that the dispersion relation of fields living in the vicinity
of a black hole receives a non-polynomial modification and fields near the event horizon are
effectively non-local [44, 45]. In turn, this dispersion relation generates a peculiar profile
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of the spectral dimension such that dS diverges at the Planck scale. In D = 4 topological
dimensions, the Hausdorff dimension in position and momentum space coincides with the
topological dimension, dH = dkH = 4. The spectral dimension was calculated in [46] and runs
from infinity at an absolute lower length scale ` =

√
4π`Pl to 4, so that

Γ(`) = 2− 4

dS(`)
, dS(`) = 1 +

3`2

4π`2Pl

{
ψ

(
3`2

8π`2Pl

)
− ψ

[
3

2

(
`2

4π`2Pl

− 1

)]}
, (4.16)

where ψ(x) = ∂xΓ(x)/Γ(x) is the digamma function and ` >
√

4π`Pl. At small scales `� `Pl,
Γ ' ΓUV = 2, while in the near IR (`� `Pl) d

meso
S ' 4 + 10π`2Pl/`

2 and

Γmeso ' 1 +
5π

2

`2Pl

`2
, (4.17)

the same form as (4.15).

5 Luminosity distance and GW amplitude in quantum gravity

In quantum gravity, (2.4) can be modified in two ways. The first is a change in the way we
measure time and spatial intervals, due to the deformation of the fabric of spacetime and of
the clocks and rods living in it. This leads to a modification of geodesics, of the line element,
or of other basic quantities of general relativity. Depending on the theory, diffeomorphism
invariance and Lorentz invariance may be broken at certain scales and recovered in the IR.
The second type of modification is of the dynamics, so that the Hubble parameter H(z)
differs from the one in GR. Overall,

demL = (1 + z)

∫ z

0

dz v(z)

H(z)
, (5.1)

where v(z) = v[t(z)] is a non-trivial measure weight that encodes quantum-gravity effects on
the cosmic clock. Obviously, one could include v in an effective H̃ := H/v, but this is not
convenient for the discussion below.

First, let us concentrate on the choice of v. There are several quantum-gravity or
beyond-Einstein-gravity scenarios with a non-trivial v(z).

5.1 Varying Hausdorff dimension only

A general theorem [75, 101] states that, for any theory on a continuous spacetime (or admit-
ting a continuous spacetime in a certain asymptotic limit) where the Hausdorff dimension is
scale dependent, its profile dH(t, `) is given uniquely by a parametrization which, surprisingly,
also coincides with the dimension profile of deterministic and random multi-fractals. (This
and the following statements hold also for the spectral dimension dS [75, 101].) Each theory
will fix the parameters to specific values, thus giving rise to a characteristic dimensional pro-
file which, in some cases, can be distinguished from the profiles in other theories. The general
parametric profile is an infinite series in terms of the observation scale but, without any loss
of generality, only the first two terms are important for phenomenology. In particular, the
time-dependent part of the measure is

v(t) = 1 +

∣∣∣∣ tt∗
∣∣∣∣α−1

Fω(t) , (5.2)
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where t∗ is the characteristic time scale at which Lorentz invariance is broken and the multi-
fractal nature of spacetime geometry becomes apparent (typically, t∗ & tPl) and α > 0 is a
parameter related to the Hausdorff dimension below t∗ by

α =
d∗H
D

(5.3)

if all directions have the same anomalous scaling; otherwise, α is the Hausdorff dimension
of time only. In the IR, dS ' D, while in the UV, dH ' αD. Depending on whether α is
smaller or greater than 1, the dimension in the UV can be smaller or greater than D = 4.
Typically, 0 < α < 1. The harmonic function Fω, where ω is a parameter not to be confused
with the GW frequency, is related to a discrete scaling symmetry in the deep UV and to a
fuzzy stochastic structure at ultra-small scales; it can be set to 1 for the time being.

It is worth noting that the profile (5.2) is model-independent inasmuch as the only
assumption made is that the Hausdorff dimension of time changes with the scale. The
fundamentals and the dynamics of the theory, whatever they are, determine the values of
the parameters α, t∗, ω, and so on. Of course, there are cases where t∗ =∞ and there is no
time-like dimensional flow.

To parametrize v(t) in terms of the redshift, we assume a profile for the scale factor.
We will consider two cases, a power law and de Sitter-type time evolution:

case 1: a =

(
t

t0

)p
, case 2: a = exp[H0(t− t0)] . (5.4)

Then, for Fω = 1

case 1: v(z) = 1 +

(
t∗
t0

)1−α
(1 + z)

1−α
p , (5.5)

case 2: v(z) = 1 + (H0t∗)
1−α|H0t0 − ln(1 + z)|α−1 . (5.6)

Note that the prefactor (t∗/t0)1−α can be extremely small if α . 1/2. Plugging these expres-
sions into (5.1), one gets a modification of the luminosity distance due to a running Hausdorff
dimension in the time direction, and that can be used in observations of high-z objects, such
as in LISA. This modification, which could be studied analytically depending on the profile
H(z), is valid for any theory where dtime

H 6= 1 independently of the dynamics, except when
the factor v cancels exactly with the modification in H (we will not consider this possibility
[102]). To get some insight, we can take a regime where H ' H0 ' 1/t0 is approximately
constant. The H ' H0 approximation is incompatible with the assumption of a power-law
scale factor, unless one considers low-redshift sources. In this case,

case 1: demL
z�1
=

z

Heff
+

1 + c1(H0t∗)
1−α

H0
z2 +O(z3) , (5.7)

where c1 = (2p+ 1− α)/(2p) and

Heff :=
H0

1 + (H0t∗)1−α . (5.8)

On the other hand, for the de Sitter case we find for all z

case 2: demL '
1 + z

H0

(
z + (H0t∗)

1−α{Γ[α, 1− ln(1 + z)]− Γ(α, 1)}e
)
, (5.9)
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where Γ(α, x) is the upper incomplete gamma function and e = exp 1 is Nepero number.
To see whether we can use the parametrization (3.3), we expand (5.9) at small z. Up
to a numerical constant, the result is the same as the asymptotic expression for case 1,
eq. (5.7) with c1 replaced by an α-dependent coefficient c2 which is always positive and O(1)
if 0 < α < 1.

The luminosity distance as determined by a nearby GW source can be approximated by
(2.5), withH0 replaced byHeff . Identifying (5.7) with the luminosity distance dgwL determined
by a source of gravitational waves, and noting that in GR for constant H ' H0 the luminosity
distance is (2.5), one immediately gets

Ξ(z � 1) ' 1 + (H0t∗)
1−α + (c1,2 − 1)(H0t∗)

1−α z . (5.10)

This function does not match the parametrization (3.3) due to the extra constant factor
(H0t∗)

1−α. However, the latter is very small if 0 < α < 1. The present age of the universe
is about H−1

0 ' t0 ≈ 14 × 109 yr ≈ 1017 s, while the scale t∗ is much smaller. The Planck
scale tPl ≈ 10−43 s is a reasonable lower bound, while as an upper bound we can take a
time scale below electroweak processes, as suggested by phenomenology [75], but above the
grand-unification scale: 10−43 s < t∗ < 10−30 s. Within this range,

(H0t∗)
1−α ∼ (10−60 − 10−47)1−α. (5.11)

Neglecting this term, we can roughly identify (c1,2 − 1)(H0t∗)
1−α with (Ξ0 − 1)n, but the

former is much smaller that the latter. In fact, a LISA estimate for the term (Ξ0 − 1)n is
O(10−2) [64], with an error O(10−3) (see also [103] for a more recent estimate). On the other
hand, the term (c1,2 − 1)(H0t∗)

1−α is roughly given by (5.11), further suppressed by a small
number c1,2 − 1. Even taking c1,2 − 1 = O(1), to reach the O(10−3) level of the error on
(Ξ0− 1)n, α > 0.94− 0.95, a value too close to unity to be realistic in these scenarios. Thus,
the effect will be too small to constrain the UV dimension of time (or of spacetime, if (5.3)
holds and all directions have the same anomalous scaling).

Things change completely if we consider scenarios where α > 1. Theoretically, they
would correspond to spacetimes where the Hausdorff dimension increases in the UV. We
do not have concrete quantum-gravity theories with dUV

H > D and we should regard this
case as phenomenological (i.e., not top-down). For these values of α, the coefficient c1 may
become negative, but still |c1| = O(1) = c2, and the factor (5.11) can be very large if α & 2,
Heff ' H0(H0t∗)

α−1 � H0, which gives a dominant constant correction in (5.10) well within
the LISA range. Apart from not being based upon any known quantum-gravity model, this
result has the disadvantage of relying on a fixed (but general enough) profile of the scale
factor a(t). This means that the actual number c1 or c2 will depend on such a choice. Still,
for a reasonable choice of p an observational constraint on α could be found. Given that we
have no support from known QG proposals, and that later on we will replace (5.10) with the
more general and robust expression (5.29), we will not insist on this possibility here.

Usually, the modification (5.1) of standard cosmology does not entail any screening
mechanism and local measurements of the effective Newton constant do not differ from cos-
mological observations. All propagating degrees of freedom, photons and gravitational waves
alike, are affected in the same way by a change in spacetime measure, so that Ξ = 1. However,
this does not imply that Mflrw = Meff = Mgw because the luminosity distance demL = dgwL
is not proportional to the local effective Planck mass Meff , the reason being that effective
Planck masses typically scale as a certain power of v, while in (5.1) v is integrated. Examples
are the multi-fractional theories [75]:
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• In the case with so-called weighted derivatives, MD−2
gw = MD−2

Pl v, Gflrw = G/v [102]

(i.e., MD−2
flrw = MD−2

gw = MD−2
Pl v) and Meff = MPl, so that

∆Mflrw = 0 , ∆Meff(z) =
1

v(z)
− 1 . (5.12)

• In the case with so-called q-derivatives, MD−2
gw = MD−2

Pl v/v2 = MD−2
Pl /v, Mflrw = MPl

and Meff ∼MPlv. In the first expression, the factor v comes from the action measure,
just like for the theory with weighted derivatives, while the factor 1/v2 comes from
the kinetic term. The second expression stems from the fact that the first Friedmann
equation is H2/v2 = ρ/(3M2

Pl) [75], but there is another factor 1/v2 hidden inside
ρ. To get the third expression, one notices that the Newton potential scales as Φ ∼
−G/qD−2(r) = 1/(Meffr)

D−2, where q(r) '
∫ r
dr v(r) ∼ r v(r). Thus,

∆Mflrw(z) = v(z)− 1 , ∆Meff(z) = v2(z)− 1 , (5.13)

valid for any z. Here, Ξ = 1.

Since v → 1 at late times (small redshift), locally all mass parameters ∆M vanish, while at
large redshift they deviate from zero and, depending on the theory, can take different signs.

5.2 Varying Hausdorff and spectral dimension

How do photons and GWs propagate in spacetimes with dimensional flow? To answer this
question, we first consider the relation between the electromagnetic luminosity distance and
proper distance. Recall that we defined demL in (2.2) from the measurement of the flux and
the power of an optical source. However, when written in terms of r (2.2) is a Newtonian
law that would break down at scales where dimension is not four, since areas, distances and
potentials acquire an anomalous scaling. Recall that, in a multi-scale and/or fuzzy spacetime
such as those arising in quantum gravities [104–106], the measurement of a generic distance r
in the absence of curvature in a non-relativistic regime (Newtonian approximation) deviates
from the one in ordinary space by a power-law correction, so that6 [101, 104–106]

r → r̃ = r

[
1 + ε

(
r

l∗

)α−1
]
, (5.14)

exactly of the polynomial type typical of multi-scale systems. The parameter ε accounts for
two types of corrections. If ε = 1, the effect is deterministic and interpreted as a system-
atic correction to distance measurements, due to performing them in a spacetime with an
anomalous geometry. According to the flow-equation theorem [75, 101], when measuring r
with physical rods one can identify α with the UV Hausdorff dimension of spacetime divided
by D [106]. Generic quantum-gravity arguments select the values

α =
1

3
,

1

2
, (5.15)

as especially appealing [104–106]. Alternatively, the correction in (5.14) may also be regarded
as a stochastic noise generated by the continuous movement of quanta of spacetime due to

6The expression written in [106] has an extra denominator α in front of the correction, and is therefore
ill-defined when α = 0. To allow also for this value, we redefined the coefficient, which is not strictly fixed by
any law.
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Heisenberg’s indeterminacy principle. Then, in average 〈ε〉 = 0 and 〈ε2〉 = 1, and the
correction is an intrinsic measurement uncertainty, in which case spacetime is said to be
fuzzy.

The fundamental scale l∗ is the ideal divide between the IR and the UV. Spacetime
geometry can have more characteristic scales, but l∗ is the largest one around which QG
effects dominate. While theoretical arguments imply that l∗ is of order of the Planck scale `Pl,
a more phenomenological attitude is to let observations speak for themselves and constrain
l∗. Upper bounds range from the electroweak to the grand unification scale (see [75] and
references therein). In this paper, the length l∗ will be assumed to be microscopic, l∗ = O(`Pl).
This has an important consequence for the optical luminosity distance. At scales where the
cosmological expansion is negligible, the quantity demL in (2.2) is replaced by r̃, keeping in
mind that the distance one measures is r, not r̃. At cosmological scales, redshift factors
appear as in standard GR and one replaces r in (2.3) with r̃, so that the final expression for
the electromagnetic luminosity distance is

demL =
a2

0

a
r̃ =

a2
0

a
r

[
1 + ε

(
r

l∗

)α−1
]
. (5.16)

However, at large scales well above Planck, already above the electroweak interaction length,
the QG effect in (5.16) is totally negligible and (2.3) is adequate for measurements above the
laboratory scale, such as those considered in this paper. The case of a stochastic spacetime
is even simpler, since for long distances 〈ε〉 = 0 and (2.3) holds to all purposes.

Another, equivalent way to obtain (5.16) is through the tools of fractal geometry used
in one specific model with an explicit running of the Hausdorff dimension, the so-called
theory with q-derivatives [75, 101]. There, the flat FLRW line element is of the form
ds2 ' −v2(t) dt2 + a2(t) v2(r) dr2 = −v2(t) dt2 + a2(t) dr̃2, where r̃(r) =

∫ r
dr′ v(r′) and the

approximation holds when changing from Cartesian to radial coordinates when the space-
time measure v(t,x) is factorized in the D coordinates. Then, for light rays ds2 = 0 and
the multi-scale comoving distance (5.14) is given by r̃(t) =

∫ t
t0
dt′ v(t′)/a(t′). Reinstating the

redshift factors in the definition of the optical luminosity distance, we obtain equivalence
between (5.1) and (5.16). In general QG, this line element and the calculation derived from
it are an effective approximation describing Hausdorff dimensional flow, which agrees with
the more traditional heuristic reasoning leading to (5.14) [104–106].

We now turn to gravitational waves. The action (4.1) for a scalar is replaced by an ef-
fective7 second-order action for the tensor perturbation which is (3.4), with a time-dependent
mass Mgw(t), in the case of most phenomenological modified-gravity models, while in quan-
tum gravity it can be of the form

δS =
1

2

∫
dDx v(x)

√−gM2Γ
gw hijK(�flrw)hij , (5.17)

where the mass Mgw is constant8 and it is elevated to the power 2Γ = dH − 2β to make the
action dimensionless. The equivalent of the scalar mode is the combination h̄ := MΓ

gwh. It
is possible to write a modification of the Mukhanov–Sasaki equation (2.20) for the graviton
polarization mode, with w given by a rescaling of h̄ just like in (2.20), but with [h̄] = (D−2)/2

7Not in the sense of the one-loop quantum effective action.
8An effective non-constant mass M̃D−2β

gw := vM2Γ
gw can be simply defined by absorbing the measure weight.
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replaced by (4.12), so that

h ∝ 1

(Mgwr)Γ
(5.18)

in the local wave zone. Note that this is also proportional to the Newtonian potential, which
is the asymptotic solution of the Green equation K(∇2)h00(r) = δ(r) on a static background.
An example of calculation confirming (5.18) in a specific but fairly general model can be found
in the Appendix.

Since the r → ar rule holds on the FLRW background independently of the dynamics,
we do not need to know the details of the modified perturbation equation and the luminosity-
distance dependence can be read off directly from the scaling law

w
UV/meso' (aMgw)γh , w

IR' (aMgw)
D−2

2 h , (5.19)

where
γ = Γ∗ = ΓUV/meso (5.20)

is the scaling parameter (4.12) in either a UV or a mesoscopic regime. The gravitational-wave
amplitude scales as (superscript em omitted)

h ∝ 1

dΓ
L

=⇒ h
UV/meso∼ 1

dγL
, h

IR∼ 1

d
D−2

2
L

. (5.21)

Notice that this formula is derived under the assumption that Γ ≈ const, which is valid only
in any plateaux in dimensional flow, where dimensions run very slowly. This assumption
breaks down away from these plateaux and we cannot trust (5.17) pointwise.

In order to combine the UV and the IR regimes of (5.21) into a single, compact formula,
one can consider two routes.

First route: As a first possibility, we promote Γ to a scale-dependent parameter and write
the transcendental relation

h
?∝ 1

d
Γ(dL)
L

. (5.22)

For a given theory, one should pick the expression for Γ(`) such as (4.14), (4.16) or the
profiles in Fig. 3, and replace ` with dL. However, this procedure is heuristic and not well
justified. As we just pointed out, the relation (5.21) stems from a fairly general scaling
argument applied to the Mukhanov–Sasaki variable, valid in a continuous spacetime and
in a range of scales where the spacetime dimensions are approximately constant. In other
words, Γ in (5.21) is a constant that takes different values at different scales. In contrast, it
is difficult to guess what type of Mukhanov–Sasaki equation the strain (5.22) would have to
satisfy. To put it in a schematic way, the dimensionless action S = (meas) × (kin) is given
by the product of the measure times the kinetic term. The measure is always a generalized
polynomial (meas) ∼ A1r

a1 + A2r
a2 + . . . , where we work in the local wave zone. Also

the kinetic term is a generalized polynomial in the local wave zone approximation (2.10),
(kin) ∼ B1r

b1 + B2r
b2 , where the first term is the leading one in the ωr � 1 expansion.

Keeping only the first two terms, we can arrange the length scale or scales inside A1,2 and
B1,2 such that the four quantities A1B1r

a1+b1 , A1B2r
a1+b2 , A2B1r

a2+b1 and A2B2r
a2+b2 , as

well as their combination S, are dimensionless. However, in the case of (5.22) we would
have to replace the kinetic term with something of the form (kin′) = C(r) rc(r), where the
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functions C(r) and c(r) are constructed such that C → B1 and c → b1 in a certain (UV or
IR) regime and C → B2 and c→ b2 in another (IR or UV) regime. But then, one can never
compensate the scaling of (meas), which is a rigid binomial, at all scales. To summarize,
the scaling of h is determined by the varying elements of the action, i.e., the measure and
the kinetic term. However, in the local wave zone approximation these elements have a well-
defined scaling (or “critical exponent”) only in plateaux, not in transition regimes (see, for
instance, (4.2), (4.5) and (5.2)). In particular, it would not make sense to replace Γ in (5.17)
with a scale-dependent version Γ(`) because this effective exponent would not compensate
the rigid monomial, binomial or polynomial multi-scaling of the measure and the kinetic term
pointwise.

There is another complication on top of that. The exact expression of the Green function
of h is strongly model-dependent and, more often than not, the spatial momentum integral,
which must be performed before going to the local wave zone ωr � 1, cannot be calculated
exactly, as we have seen in the Appendix where a simple modified dispersion relation already
required to limit the Green function to a plateau of dimensional flow (K ∼ k2β). Everything
immediately extends to curved spacetime and to expressions of the luminosity distance.
Therefore, the great majority of QG systems are such that (5.22) cannot be found exactly
and, anyway, is not correct in the local wave zone approximation.

Second route: A second option for obtaining a luminosity-distance formula valid both in
the UV and in the IR is based on the observation that the asymptotic behaviour of Green
functions with multiple anomalous scalings is quite general. Multi-scale systems as diverse
as those in the fields of multi-fractal geometry, chaos theory, transport theory, financial
mathematics, biological ecosystems, cognitive psychology and artificial intelligence display
correlation functions with anomalous scalings described by the same mathematics. These
systems are characterized by two or more critical exponents δ1, δ2, and so on (corresponding
to dimensions, in QG and fractal geometry) combined together as a generalized polynomial
`δ1 + A`δ2 + . . . , where A and each subsequent coefficient contains a scale. As far as we
know, this is the standard result and there is no need nor evidence for replacing a finite set of
critical exponents δ1, δ2, . . . , with a one-parameter exponent δ(`) and the polynomial with
a single power law `δ(`).

Indeed, in the case of the luminosity distance, the length formula (5.14) is precisely of
the polynomial form expected in multi-scale systems and it can provide a guidance to rewrite
dΓ
L in (5.21) as the sum of an IR and a UV contribution. Reinstating the superscript in dL,

h ∝ 1

dgwL
, dgwL = demL

[
1 + ε

(
demL
`∗

)γ−1
]
, γ 6= 0 , (5.23)

h ∝ 1

`∗
ln

(
1 +

`∗
demL

)
, γ = 0 , (5.24)

where the parameters ε = O(1), γ and `∗ > l∗ will be discussed shortly. First, we comment
on the range of validity of (5.23) when γ takes values far away (say, 50% or more) from 1.
Assume, then, that |γ − 1| > 0.5. Equation (5.23) captures the scaling of the GW amplitude
on two different regimes, one where dgwL ' demL (IR/GR regime, negligible correction) and
one where dgwL ' ε`∗(d

em
L /`∗)

γ (UV/QG regime, dominant correction). Depending on the
magnitude of γ, one regime corresponds to the scale of the observer, while the other to
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cosmological scales arbitrarily far away from us. If γ < 1, then the GR regime is realized for
optical sources with demL � `∗, while if γ > 1 it is realized when demL � `∗. Whether the GR
regime corresponds to cosmological or local (i.e., solar system, laboratory or atomic) scales
depends on how dimensional flow affects the cosmological observable (5.23). Ultimately, this
question reduces to determining whether γ = ΓUV or γ = Γmeso. The magnitude of the QG
correction in (5.23) can change considerably depending on the regime and on the geometry.

• γ = ΓUV. A binomial such as (5.23) is valid at all scales only if `∗ is the only intrinsic
scale in spacetime geometry, in which case `∗ is expected to be very small, certainly
smaller than the electroweak scale and possibly close, or equal, to the Planck length
`Pl. Therefore, for `∗ = l∗ = O(`Pl), γ = ΓUV is the critical exponent in the UV and
cosmologically distant sources (demL � `∗) fall into the IR regime of dimensional flow
(GR limit) if γ < 1 and into the UV regime (QG limit) if γ > 1. Thus, interesting
deviations from GR are expected only when γ > 1. Note that we cannot conclude,
from this reasoning, that at sub-cosmological scales (solar system, laboratory, and so
on) one reaches the UV regime if γ < 1 and the IR regime if γ > 1, because (5.23)
is a cosmological formula and dL = 0 corresponds to zero redshift or local scales, not
sub-Planckian scales. In particular, a theory with γ < 1 does not necessarily predict
strong QG effects at solar-system or laboratory scales. The case γ = 0 is special because
it corresponds to a logarithmic correlation function. Equation (5.24) reproduces this
behavior in the UV, h ∼ − ln(demL /`∗) when `∗/d

em
L � 1, while in the IR h ∼ 1/demL

when `∗/d
em
L � 1.

• γ = Γmeso. Anomalous lengths such as (5.14) can be derived on general grounds
by invoking a universal IR feature of dimensional flow in quantum gravity (namely,
that the spacetime dimension flows to D in the IR smoothly and slowly, through a
plateau) [101]. This means that (5.14) or its many-scale generalizations arise as a
sort of perturbative expansion of the length around the IR, where perturbation terms
are corrections with anomalous scalings. This IR expansion has as many terms as
the number of fundamental scales `∗ > `1 > `2 > . . . of the geometry. Since this
number is finite, then the IR expansion is also finite, hence it is exact and captures
the whole dimensional flow. In the case of (5.23), we have used a scaling argument
which compares the behaviour of a field at two different scales. If there is only one
scale `∗ in the hierarchy, then one of these two scales is in the deep UV and γ = ΓUV,
but if `∗ is only the largest scale in an extended hierarchy, then the smallest scale can
be a mesoscopic reference instead of an ultra-short one. Even in the absence of more
than one fundamental scale, one can model the luminosity distance in the mesoscopic
regime of dimensional flow by an expansion around the average distance `∗ of the
sources observed in an experiment, assuming that they fall into the near-IR regime of
dimensional flow (shaded region in Fig. 3). Then (5.23) would be an effective formula
in an expansion near the IR, where the correction to the luminosity distance is the
leading term. In this case, γ = Γmeso, we expect that `∗ � `Pl and the discussion in
the previous item must be revised. In fact, for a cosmologically large `∗ the regime
demL � `∗ may still correspond to very distant objects, falling into the IR/GR regime if
γ > 1 and into the meso/QG regime if γ < 1.

So far, we have assumed that γ is away from 1. However, there is one model in Tab. 1
where γ = ΓUV = 1 exactly (κ-Minkowski spacetime with ordinary measure and bicovariant
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Laplacian) and another where γ = Γmeso & 1 in the near-IR regime (GFT/spin foams/LQG;
see Fig. 3). The GR limit is not recovered in (5.23) in these cases, unless ε is made γ-
dependent and vanishing when γ = 1. This choice is possible, since the scaling argument
leading to (5.23) does not determine uniquely the prefactor in front of the correction. If ε
is a fixed number (deterministic spacetimes), the correction is systematic. Its sign is model
dependent, while if γ 6= 1 its absolute value is 1 because there already is a free parameter `∗
governing the size of the quantum correction. In other words, since also `∗ is a free parameter,
one can set the coefficient to be ε = O(1) without loss of generality. In this case, `∗ = l∗.
However, while in (5.14) the choice α = 0 is excluded by construction, in (5.23) it may be
possible that γ ≈ 1, in which case the choice ε = ±1 does not lead to the correct GR limit.
This phenomenological reason implies that ε must have a γ dependence. A simple choice such
that ε(γ = 1) = 0 could be ε = ±(γ − 1)n for some positive n, but we can further restrict it
by requiring that ε(γ 6= 1) = O(1) for the values of γ = ΓUV listed in Tab. 1, hence n = O(1).
Moreover, we also want to recover the pure power law (5.21) on any plateau of dimensional
flow with γ = Γ = O(1), which selects n = 1 uniquely. Therefore, for deterministic models
we can set ε = ±(γ − 1).

In fuzzy spacetimes with intrinsic measurement uncertainties, ε is a random variable
averaging to zero and with variance ±1. Then, the power-law correction in (5.23) is an “error”
of quantum-gravity origin, determining an upper threshold on a measurement precision.
Therefore, for fuzzy models we allow for a sign ambiguity which, combined with the previous
choice of ε, gives an Ansatz encompassing both the deterministic and the fuzzy scenarios:

ε = ±|γ − 1| . (5.25)

This choice gives viable phenomenology for any value of γ, both when |γ − 1| = O(1) and
when |γ−1| � 1. Moreover, (5.25) allows us to refine our very broad definition of mesoscopic
scales. Since γ = 1 corresponds to the ideal IR limit, in the mesoscopic interpretation of
(5.23) we can define `∗ as the scale at which we get a transition from Γ = 1 to values slightly
away from 1 (near-IR limit). Exotic effects may show up around `∗, which acts as a sort of
observational screen for any other scale below it [75, 101]. In this multi-scale case, `∗ is just
an effective mesoscopic scale modeling dimensional flow towards its IR end and, depending
on the model, it can stay close to the Planck length or be far away from it. On the other
hand, the speed of dimensional flow at the observation scales is determined by the value of
Γmeso. Since the flow is always sufficiently slow at these cosmological scales in the mesoscopic
interpretation of (5.23), we conclude that Γmeso should be very close to 1. If, on top of that,
Γmeso & 1, one could get a moderately large QG correction in (5.23) for dL � `∗.

9

To summarize, we have four cases:

1. γ = ΓUV < 1. Here demL � `∗ = O(`Pl) and the correction in (5.23) is neg-
ligible at all cosmological scales. The theories in Tab. 1 falling into this case are
GFT/spin foams/LQG, causal dynamical triangulations, κ-Minkowski spacetime with
cyclic-invariant measure and bicovariant, bicross-product, or relative-locality Laplacian,
Stelle gravity, the low-energy limit of string theory, asymptotic safety, and Hořava–
Lifshitz gravity. This category is among the most interesting from the point of view of

9This effect could be achieved also with a very mild dimensional flow such that ΓUV & 1, implying
dUV

S & dIR
S = D, so that the spectral dimension is only slightly larger than the topological dimension at

short scales. From Tab. 1, we do not have concrete examples at hand, since the quantum gravities the authors
are aware of with just one fundamental scale, and such that dUV

S > dIR
S , have a gap dUV

S − dIR
S > 1.
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high-energy physics. Let dUV
H = d̃UV

W . For dkH = dH, one has γ = ΓUV = 0 when dUV
H = 0

(a UV value corresponding to a degenerate spacetime) or dUV
S = 2 (the “magic number”

sometimes advertized [72–74], or even over-emphasized, as a sign of renormalizability
in quantum gravity). Then, the GW amplitude is scale-invariant in the UV. The lu-
minosity distance receives an O(`∗) correction (or becomes fuzzy at scales < `∗, if we
interpret the correction term as a stochastic noise with amplitude `∗). Since the GW
signal to which present and near-future interferometers are sensitive was generated by
macroscopic objects and propagated on cosmic distances, this UV regime is most likely
unobservable in these experiments. An alternative would be to find phenomenological
models with a spectral dimension dS ' 2 in the IR rather than in the UV but, to the
best of our knowledge, there is no such model available in quantum gravity.

2. γ = Γmeso ... 1. The correction in (5.23) is negligible for cosmological sources
with demL � `∗ � `Pl and may become moderately important for closer sources at
`Pl � demL . `∗. The theories in Tab. 1 falling into this case are causal dynamical
triangulations, κ-Minkowski spacetime with cyclic-invariant measure and bicovariant,
bicross-product or relative-locality Laplacian, Stelle gravity, the low-energy limit of
string theory, asymptotic safety, and Hořava–Lifshitz gravity. Since none of these the-
ories display more than one characteristic scale, `∗ � `Pl is purely phenomenological
and corresponds to the cosmological scale below which dimensional-flow effects become
manifest. Note that this is not the exact analogue of case 1 because it does not include
GFT/spin foams/LQG, for which ΓUV < 1 . Γmeso. See Fig. 3, where mesoscopic
scales correspond to the local maximum above 1 before the fall off towards the IR.

3. γ = ΓUV > 1. Here demL � `∗ = O(`Pl) and the correction in (5.23) can be important
at all cosmological scales because, contrary to case 1, here γ−1 > 0. The theories in Tab.
1 falling into this case are κ-Minkowski spacetime with ordinary measure and bicross-
product or relative-locality Laplacian, and Padmanabhan’s non-local model near a black
hole.

4. γ = Γmeso &&& 1. The correction in (5.23) is negligible for cosmological sources with
`Pl � demL � `∗ and may become moderately important for farther sources at demL �
`∗ > `Pl. The theories in Tab. 1 falling into this case are GFT/spin foams/LQG
for `∗ > `Pl, κ-Minkowski spacetime with ordinary measure and bicross-product or
relative-locality Laplacian for `∗ � `Pl (the theory does not predict an intermediate
scale, hence `∗ is cosmological), and Padmanabhan’s non-local model for `∗ � `Pl.
This is not equivalent to case 3 because ΓUV < 1 . Γmeso in GFT/spin foams/LQG,
where ΓUV < 1 increases up to a peak at Γmeso > 1 just before reaching the asymptote
ΓIR = 1. In Fig. 3, the scale `∗ at which ΓUV < 1 is about forty times larger than the
Planck scale but its actual position is state-dependent. In fact, GFT/spin foams/LQG
are the only theories in Tab. 1 where `∗ is an effective scale encoded in a quantum
state of geometry. This scale is larger than `Pl but does not have to be as large as in
case 2. To check this in GFT/spin foams/LQG, one should construct quantum states of
geometry such that Γmeso & 1 along the lines of the numerical analysis of [77], and verify
that the parameter space of these states is physically sensible. We will postpone this to
the future and conclude, for the time being, that `∗ > `Pl for GFT/spin foams/LQG,
while `∗ � `Pl for κ-Minkowski spacetime and Padmanabhan’s non-local model. These
examples are ticked in Tab. 1.
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Equation (5.23) is a profile which we inferred from the relation (5.21) derived with a
model-independent scaling argument, but we did not derive (5.23) directly from the Mukhanov–
Sasaki equation of the gravitational perturbation because, in general, it is not possible to do
it exactly. However, it is not sensitive to the effective background mass in the Mukhanov–
Sasaki equation, which is negligible with respect to the kinetic term within the Hubble
horizon. The background a(t) may or may not differ substantially from that of GR, but here
we do not use this information. The main effect encoded in (5.23) stems from the scaling of
the wave-amplitude solution. We expect this equation to hold for any theory with a modified
dispersion relation (varying dS) and/or a running dH, in the local wave zone approximation.

Note that the deterministic version of (5.23) (i.e., when ε is a fixed number) is very
similar to the one in cosmological braneworld models with extra dimensions and a cross-over
scale Rc at which the four-dimensional dynamics receives corrections from the bulk [107]:

h ∝ 1

dgwL
, dgwL = demL

[
1 +

(
demL
Rc

)nc
]D−4

2nc

, (5.26)

where nc > 0 governs the transition steepness. From (5.26), one can put constraints on Rc

and on the topological dimension of the bulk upon detection of standard sirens [69, 108, 109].
Note that a major difference with respect to (5.23) is that (5.26) is completely ad hoc, in the
sense that it is inspired by (2.18) but it does not follow the polynomial behaviour universally
found in mathematical as well as natural multi-scale systems. On the other hand, (5.23)
follows this generalized polynomial behaviour, present also in QG formulæ such as (5.14).

Although there is much freedom about what models underlie (5.23), we can concentrate
on the data-driven task of placing model-independent constraints on the parameters γ and
`∗. The estimated error on the luminosity distance in the combination of LIGO, Virgo and
KAGRA is about ∆dL/dL ∼ 0.2 [110, 111]. In the case of the Einstein Telescope, the
accuracy on the dL measurement is ∆dL/dL ∼ 0.001 − 0.01 for z � 1 and ∆dL/dL ∼ 0.1
for z > 2 [112]. LISA will have similar figures [103, 113]. For DECIGO, these estimates are
about one order of magnitude smaller [112]. This means that the effect would be within the
detectability window if

|γ − 1|
(
demL
`∗

)γ−1

& 10−3 − 10−1 . (5.27)

If γ > 1, this condition could be met even when dL � `∗ = `Pl. Below we will confirm the
bound (5.27) when γ is close to 1.

Before concluding the section, let us discuss the parameter (3.1). From (5.23),

Ξ(z) = 1 + ε

[
demL (z)

`∗

]γ−1

. (5.28)

In order to know demL (z), one should pick specific theories of quantum gravity and check from
the model-dependent dynamics (5.1) how photons propagate on a cosmological background.
In general, some theories may modify the electromagnetic sector, while others do not (in
which case demL is standard). In this paper, we do not pretend to be exhaustive, since we are
mainly interested in some model-independent features and in setting some general lines for
future investigation on the topic of gravitational waves in quantum gravity. For this reason,
and for simplicity, we will not attempt a complete treatment of the problem and will only
consider cases where demL is unaffected by QG. At small redshift,

Ξ(z � 1) ' 1 + ε

(
z

H0`∗

)γ−1

. (5.29)
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The fact that the spectral dimension runs in (5.29) but not in (5.10) explains the discrepancies
in their form. On one hand, when dS = D and dH = dkH, γ = d∗H(D− 2)/(2D) = α(D− 2)/2,
so that in D = 4, and since `∗ = t∗ in Planck units, (5.29) becomes Ξ ' 1 + ε(H0t∗)

1−αzα−1,
which still disagrees with (5.10) by a constant correction and the leading-order redshift
dependence. However, a running spectral dimension is associated with a modified dynamics
(hence a modified profile H(z)), contrary to expression (5.10) where dS = 4 and the Hubble
parameter was left untouched. Given these differences, the more general expression (5.29)
supersedes the one found in section 5.1. We must stress, however, that we cannot assume
that H is constant for certain LISA standard sirens, such as super-massive black hole merging
at high redshifts (up to z ∼ 5− 10). In these cases, the simple formula (5.29) does not apply
and one might have to investigate the problem numerically from (5.28).

The parametrization (3.3) does not hold except when γ = 2 (2/dH = 1/2 − 1/dS), one
of the special cases giving rise to a large signal. To allow for non-integer powers of z instead
of 1 + z, we suggest the alternative small-redshift parametrization

Ξ(z � 1) = 1 + (Ξ0 − 1)

(
1− a
a

)m
= 1 + (Ξ0 − 1)zm , (5.30)

where m > 0 and Ξ0 is a real parameter. In contrast, the parametrization (3.3) is always of
the form Ξ(z � 1) = 1 +O(z) at low redshift. A possible extension of (5.30) to all redshifts
is

Ξ(z) = Ξ0 + (1− Ξ0) e−z
m
, (5.31)

which has the same number of free parameters and the same large-z asymptotic limit as
(3.3).10

The parameter Ξ depends on the photon dynamics and we do not have a model-
independent expression for it. For the same reason, we cannot tell a priori whether m = γ−1
in (5.30) and (5.31) or if the large-redshift limit of (5.31) efficiently encodes quantum-gravity
models. These questions may deserve further study in the future.

5.3 Dimension in scalar-tensor and modified-gravity models

The scaling law (5.21) came out from pure dimensional arguments, but we can see how it
can be generated directly from the action (5.17) in the special case where all QG effects are
confined to the background and the dispersion relation is not modified. Since this assumption
is restrictive in general, it is meant to be valid only in a near-IR regime. Defining w = ãh with
ã := aΓ as in (5.19), for a constant Γ one has w′′−(ã′′/ã)w = ã[h′′+2(ã/ã)h′] = ã(h′′+2ΓHh′),
which indicates that the propagation equation resulting from (5.17) and giving rise to the
scaling (5.21) is

h′′ + 2ΓHh′ +O(h) = 0 , (5.32)

where in the last term we included also the spatial kinetic part. This implies that the relation
between our parameter γ, Nishizawa’s time variation ν of the effective Planck mass [69]
(equivalent to the parameter αM (3.6)) and the parameter δ of [64] is dH− d̃W = D−2+ν =
D − 2 + αM = (D − 2)(1− δ) in D topological dimensions, implying

ν = αM = −(D − 2)δ = 2Γ− (D − 2) = (dH −D) + (2− d̃W) . (5.33)

10One may even consider a three-parameter generalization of (5.31) Ξ(z) = Ξ0 + (Ξ1 − Ξ0) e−z
m

to get a
non-unit small-z asymptote. In general, however, a two-parameter formula will be more suitable to use with
data, and one of these three parameters will have to be fixed by the theory.
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Thus, we can reinterpret the time variation of the effective Planck mass from an effective
point of view as a relation between the Hausdorff and spectral or walk dimension of spacetime.
In other words, the parameters ν and δ tells us how much the Hausdorff and walk dimension
deviate from their ordinary classical values dH = D and d̃W = dW = 2. Closer to the
deep UV, in some theories the effective Mukhanov–Sasaki equation may be higher-order in
time derivatives or even non-local, in which cases (5.32) may break down. Therefore, we
expect (5.33) to be accurate only at mesoscopic scales where these derivative corrections are
suppressed.

The result (5.33) gives an alternative perspective into the geometry of spacetime in
non-QG models of dark energy such as scalar-tensor theories (see, e.g., [56, 57] for recent
reviews). We now prove that (5.33) holds also in these cases.

The non-minimal coupling between gravity and other degrees of freedom modifies the
propagation and dispersion relation of gravitational waves, as one can appreciate from (3.4).
The effect is encoded in a time-varying effective Planck mass Mgw(t), which stems from a
class of actions with a non-minimal coupling of the form MD−2

gw (φ,X)R, where R is the Ricci
scalar, φ is a scalar field and X = ∇µφ∇µφ. For Jordan–Brans–Dicke theory [114, 115],
MD−2

gw = φ; for scalar-tensor models, MD−2
gw = F (φ) is a non-linear function of the scalar; for

general scalar-tensor models, MD−2
gw = 2G(φ,X) is a covariant function of the scalar and its

derivatives; and so on [67, 68].
Regardless of its field dependence, Mgw gives rise to an effective, dynamical change

of the Hausdorff dimension of spacetime. In fact, we can regard the factor MD−2
gw (t) as a

modification of the spacetime effective measure in (3.4) as seen by the tensor perturbation
hij , in the measurement units of the Jordan frame [115] where gravity is non-minimally
coupled with the scalar field. In contrast, higher-order or non-local derivative operators
acting on hij would modify its dispersion relation and, consequently, the spectral dimension
as probed by gravitons.11 While in modified-gravity models the dimensional flow of dH is
driven by the dynamics and is essentially an IR effect, in quantum gravity it originates in a
deep modification of the spacetime texture in the UV.

This being the case, the position-space Hausdorff dimension can be calculated as a
function of the FLRW background dynamics. The effective D-volume as seen by the tensor
perturbation is V ∝

∫
dDx
√−gMD−2

gw . Note that the engineering dimensionality of V is
[V] = −2, but this is not the Hausdorff dimension because the latter comes from the scaling
of the coordinate dependence (non-constant part) of V. Then,

dH = D +
d lnMD−2

gw

d ln `
. (5.34)

The first term comes from the ordinary volume density dDx
√−g, while the second is a

correction that can be evaluated once the dynamics is solved. The generic scale ` can be
replaced by a more suitable time scale, for instance the scale factor or the redshift. The
scale factor is the most appropriate choice, since it is in direct relationship with the metric
coordinates. Therefore, ` ∝ a and (5.34) becomes

αM = ν = dH −D . (5.35)

11The spectral dimension is a particle-dependent concept and different particle probes may experience
different spectral dimensions, even in standard quantum field theory in flat space [94].

– 31 –



On the other hand, dkH = D = dS at all scales (the Fourier transform is the usual one with
standard momentum measure) and the right-hand side of (5.33) is (dH−D)+(2−2) = dH−D,
in agreement with (5.35). This result is possible because, in this class of models, the position-
space and momentum-space Hausdorff dimensions are different, dH 6= dkH.

The conclusion is that one can reconstruct the redshift dependence of the Hausdorff
dimension of scalar-tensor theories and modified-gravity models after αM . In all these models,
the parameter αM = ν receives a geometric interpretation as the difference between the
effective Hausdorff dimension of spacetime (determined by the classical background dynamics,
not by quantum effects) and the topological dimension.

6 Observational constraints on quantum gravity

In this section, we discuss the constraints that can be imposed on the QG theories that
have been discussed above. In particular, we will first place bounds on possible deviations
from GR in the measurements of the luminosity distance with GWs. We will consider two
multi-messenger sources, the first binary neutron star (BNS) detected by the LIGO-Virgo
collaboration, namely GW170817, and a simulated supermassive black hole (SMBH) binary
detectable with LISA at high redshift. We will then discuss complementary constraints from
testing the speed of propagation of GWs and consider possible bounds derived from solar-
system observations.

6.1 Constraints from gravitational-wave astronomy

Multi-messenger GW events can be used to test deviations from GR in the propagation of
GWs [64, 107–109]. In fact, if the amplitude h does not scale as 1/dL as GWs propagate
through the universe, the value of the luminosity distance retrieved by a parameter estimation
of the signal detected by an interferometer will differ from the value measured through EM
observations of the same source (or its hosting galaxy). By comparing the two different
measures of dL, it is thus possible to constrain any deviation from GR, which predicts that
they must have the same value exactly. We can thus set constraints on the QG models
discussed above, by considering data collected by such multi-messenger GW events, for which,
in particular, one should be able to determine the luminosity distance from EM observations,
beside measuring it with GWs.

We will consider two such events. First, we will use public data on GW170817 col-
lected by the LIGO-Virgo collaboration, together with EM observations of its hosting galaxy
NGC 4993, from which an EM measurement of the luminosity distance has been obtained.
The GW measurement of GW170817 yields a luminosity distance of 40+8

−14 Mpc [4], while
the EM value recovered by surface brightness fluctuation methods applied to NGC 4993 is
40.7± 2.4 Mpc [116]. The comparison between these two distance measurements has already
produced constraints on some beyond-GR gravitational theories [108, 109]. The second event
that we will consider is a simulated SMBH binary merger detected by LISA. We choose the
place of this event at z = 2, where the majority of EM counterparts to LISA SMBHs are
expected to be observed [113, 117]. Using standard ΛCDM cosmology with parameters ad-
justed to the Planck measurement [12], this redshift corresponds to a distance of 15.96 Gpc.
For this SMBH merging event, we will furthermore assume a relative 1σ Gaussian error on
the luminosity distance measured from GWs of 0.0614, reflecting the expected systematic
uncertainties due to weak lensing (LISA instrumental errors are usually dominated by weak
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lensing) [113]. We will also assume a 15% absolute 1σ error on the redshift measurement,
which is expected to be obtained with photometric techniques at high redshift [113].

Using the two multi-messenger GW events above, we will place constraints on the pa-
rameters γ and `∗ in the expression (5.23). As upper or lower bounds on the parameters, we
choose values corresponding to 90% of the total allowed area of their posterior.

The Bayesian analysis we use is identical to the one of [109] performed for the luminosity-
distance relation (5.26). In our case, we investigate the luminosity distance relation (5.23)
(and (5.24) for γ = 0). For each case ε > 0 or ε < 0, we will fix one of the two parameters
(γ, `∗), and put a constraint on the other by treating it as a derived parameter. For instance,
when fixing `∗ and inferring a constraint on γ, we write the posterior distribution of γ given
the observed EM and GW data (xem, xgw) as

p(γ|xem, xgw, `∗) =

∫
ddemL ddgwL p(demL |xem) p(dgwL |xgw) δ [γ − γ(demL , dgwL , `∗)] . (6.1)

The posterior for `∗ for a fixed γ is obtained by exchanging the roles of γ and `∗. Here the
p(dL|x) factors are the EM and GW observed posteriors for the luminosity distance given
the data (in the case of the GW observation, marginalized over all other parameters of the
source). The second term in the Dirac delta is the expression for γ as a function of demL , dgwL
and `∗ obtained by inverting (5.23). This assumes that the map is univalued, an issue we will
come back to below. In practice, we compute the integral above by using discrete posterior
samples for the joint posterior p(demL |xem) p(dgwL |xgw), with domain such that dgwL > demL .
Note that treating the inferred parameter as a derived parameter means that we do not
impose a prior on the inferred parameter itself, however priors on demL and dgwL are included
implicitly in their posterior distributions. We use the same approach for (5.24) where `∗ is
the only parameter to constrain.

First, we explore both the UV-limit and the near-IR regime of the theories listed in
Tab. 1. As we said, these theories were chosen mainly because their dimensional flow is
well known. The cosmological phenomenology of some of them has not been explored in
the literature, while for others (e.g., LQG; see section 7.1) there exist various inflationary
models. Even in those cases where some phenomenology exists, the luminosity distance of
gravitational waves has never been considered before, which means that the constraints we
get are independent of any other. Fixing γ, we get an upper or a lower limit on the scale
`∗, depending on the sign of γ − 1. When (5.23) is regarded as valid throughout the whole
dimensional flow, we can pick the values in Tab. 1, all falling in the interval −4 6 γ − 1 6 1.
In this case, the scale `∗ may be identified with a fundamental (and possibly Planckian) scale
of geometry. As one can see in Fig. 4 and Tab. 2, the BNS gives tighter (respectively, weaker)
constraints than the SMBH binary when γ − 1 < 0 (respectively, γ − 1 > 0).

Consider the top plots of Fig. 4. As expected (case 1. γ = ΓUV < 1 in section 5.2),
when γ−1 < 0 all the upper bounds found for the UV values of Tab. 1 are cosmologically large
and we conclude that this type of observations are unable to constrain the UV geometry of the
following quantum gravities efficiently via the luminosity distance: GFT/spin foams/LQG,
causal dynamical triangulations, κ-Minkowski spacetime with cyclic-invariant measure and
bicovariant, bicross-product, or relative-locality Laplacian, Stelle gravity, the low-energy limit
of string theory, asymptotic safety, and Hořava–Lifshitz gravity. κ-Minkowski spacetime
with ordinary measure and bicovariant Laplacian is also unconstrained but for a different
reason, since the luminosity distance is not modified there. On the other hand, in case
2. γ = Γmeso < 1 we get a phenomenological upper bound for the scale `∗ below which
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Figure 4. Upper bounds (top plots, for γ < 1) and lower bounds (bottom plots, for γ > 1) on `∗
at the 90% confidence level, for the BNS and SMBH observations, as in Tab. 2. Blue and red show
the two cases ε > 0 and ε < 0 in (5.23), while the yellow arrow shows the result for the logarithmic
distance relation (5.24).

BNS SMBH

γ ε > 0 ε < 0 ε > 0 ε < 0

−3 18 22 7× 103 7× 103

−2/3 10 15 5× 103 4× 103

−1/2 9 14 5× 103 3× 103

0 (ln) 15 9× 103

1/2 5 16 5× 103 1× 103

1.1 8× 10−2 6× 10−4 1× 10−1 3× 103

3/2 3× 102 1× 102 3× 104 3× 105

2 2× 102 1× 102 4× 104 1× 105

Table 2. Upper (γ < 1) and lower (γ > 1) bounds on `∗ (in Mpc) at the 90% level when γ is fixed,
for ε > 0 and ε < 0, using the luminosity distance relation (5.23). We also inserted (with the label
ln) the result obtained with the logarithmic expression (5.24) replacing the case γ = 0.

dimensional flow is compatible with GW observations. The theories interested by this bound
are all the above except GFT/spin foams/LQG.

When γ − 1 > 0 (bottom plots of Fig. 4) we get a cosmologically large lower bound
on `∗. If (5.23) were valid at all scales, then we would be forced to rule out experimentally
the UV limit of the three models of case 3. γ = ΓUV > 1 (κ-Minkowski spacetime with
ordinary measure and bicross-product or relative-locality Laplacian, and Padmanabhan’s
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Figure 5. Upper bounds on γ at the 90% level, for `∗ fixed between 1 Mpc and the Planck scale
5× 10−58 Mpc and for both cases ε > 0 and ε < 0.

non-local effective model) as relevant at the cosmological scales probed by GWs. Of course,
this does not exclude the possibility of residual corrections in the near-IR limit of these
theories compatible with observations.

This would be case 4. γ = Γmeso > 1, which also includes GFT/spin foams/LQG
(Fig. 3). Here we can get information about how fast the spacetime dimensions flow from the
ideal IR (exactly four dimensions, infinitely large scales) to the scale of observation, which
is by definition mesoscopic. Letting `∗ free and fixing γ, we should redo the above analysis
with values of γ − 1 slightly above 0. Here we only include the value γ − 1 = 0.1 (Tab. 2),
since the code fails to converge if |γ − 1| is too small. In this case, the lower limit on `∗
decreases and it reaches high-energy physics values for γ − 1 � 0.1. Also, in general, when
γ − 1 is away from 0 the sign of ε in (5.25) is not particularly important, while for γ − 1 ≈ 0
it may become crucial to determine the bound on `∗.

To probe more in detail the γ ≈ 1 regime, we fix `∗ and infer γ. The most interesting
values of `∗ cover the energy scales probed in the LHC (E∗ ≈ 10 TeV, `∗ = 10−20 m = 5 ×
10−43 Mpc) down to grand unification scales (E∗ ≈ 1016 GeV, `∗ = 10−33 m = 5×10−55 Mpc)
and the Planck scale (E∗ ≈ 1019 GeV):

`Pl = 10−35 m = 5× 10−58 Mpc .

The results for `∗ ranging from 1 Mpc down to the Planck scale are shown in Fig. 5 and
Tab. 3. The relation between dgwL and demL can be bivalued for γ, while the formalism we use
treats the inferred parameter `∗ as a derived parameter, which requires to write a well-defined
function γ(dgwL , demL ). To alleviate this problem, we added the constraint γ > 1 and limited
ourselves to the range `∗ < demL , enough to hold for all samples. As one can see, the upper
bound on γ − 1 saturates to about a 2%:

Γmeso − 1 < 0.02 . (6.2)

This is compatible with the estimate (5.27), since the left-hand side reduces to ∼ |γ−1|. For
dH ' dkH ≈ 4, the bound (6.2) translates into the bound (1.1) for the spectral dimension.

We can now discuss the models of quantum gravity which predict Γmeso − 1 & 0 at
mesoscopic scales. Replacing ` with dL in the asymptotic expressions (4.15) and (4.17)
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ε > 0 ε < 0

`∗/Mpc E∗ BNS SMBH BNS SMBH

1 1.119 1.112 1.166 1.063
1× 10−6 1.062 1.067 1.078 1.043

1× 10−12 1.045 1.050 1.055 1.034
1× 10−18 1.036 1.041 1.043 1.028
4× 10−29 1 eV 1.028 1.031 1.032 1.022
4× 10−32 1 keV 1.026 1.029 1.030 1.021
4× 10−35 1 MeV 1.024 1.028 1.029 1.020
4× 10−38 1 GeV 1.023 1.026 1.027 1.019
4× 10−41 1 TeV 1.022 1.025 1.026 1.018
5× 10−58 EPl 1.017 1.020 1.020 1.015

Table 3. Upper bounds on γ at the 90% level when `∗ is fixed, for both the BNS and the SMBH
observation and for the two cases ε > 0 and ε < 0.

for Γmeso in κ-Minkowski and Padmanabhan’s model and plugging in the range of values
dL ∼ 10− 102 Mpc for LIGO sources, we get

Γmeso − 1 ∼ 10−121 − 10−116 ,

way below the bound (6.2). For the LISA source at dL ≈ 16 Gpc,

Γmeso − 1 ∼ 10−125 − 10−124 .

Therefore, the IR regime of these models leaves no imprint in GW propagation.
The case of GFT/spin foams/LQG is less obvious and more promising because the

spacetime dimension is strongly state-dependent and, despite the fact that area and volume
minimal sizes are of order of the Planck scale, the effective length scale encoded in quantum
geometry states defining macroscopic near-classical geometries may be much larger than the
Planck length `Pl. It remains to be seen whether realistic quantum states could produce a
dimensional flow such that Γmeso − 1 = O(10−2).

All the above results assume that the luminosity distance of electromagnetic sources is
not affected by quantum gravity. This is an ad hoc assumption that should be checked by
actually computing the propagation of light in these theories. Future research may have to
focus on this important detail before drawing any definite conclusion on the observability of
QG models.

6.2 Bounds from propagation speed

As we have seen in section 4.3, dimensional flow is also influenced by modifications of the
dispersion relation (4.5), which can be written as

K(−k2) = −`2−2dkH/dS
∗ k2 + k2dkH/dS

= −`−n∗ k2 [1− (`∗k)n] , n = dH − 2− 2Γ , (6.3)

where we used (4.11). The LIGO-Virgo black-hole merging events have been used to place
constraints on this modified dispersion relation, using the observation that the group velocity
of the gravitational wave must be very close to the speed of light [13, 118, 119]. However,
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the limits obtained in this way are weaker than the ones we have found here because the GW
frequency is much lower than the Planck frequency. Hence, one gets very weak bounds on `∗
that leave the theory virtually unconstrained. In alternative, setting `∗ to be no bigger than
the LHC scale, one has n < 0.76 [119]. In GFT/spin foams/LQG, the Hausdorff dimension
hits the IR limit at shorter scales than the spectral dimension, so that we can set dmeso

H ≈ 4,
in which case

Γmeso > 0.62 . (6.4)

This constraint is complementary to (6.2) but, in practice, it does not give new information.

6.3 Solar-system tests

Gravitational-wave observations and measurements of the luminosity distance can offer new
probes of dimensional changes in the gravity sector, independently of other measurements
and possibly complementary to those. This is not too dissimilar in spirit from what happens
in theories with large extra dimensions, where only gravity can leak (while the Standard
Model fields are confined on a brane), as in the DGP model recently constrained by LIGO
[109]. Also those models predict distinctive cosmological effects (for instance, in the non-
linear growth of structure) that can constrain the number of dimensions, but GW physics
offers independent and perhaps much cleaner observables to constrain the number of extra
dimensions.

To compare our findings on the theories which drew more attention in our analysis (i.e.,
those with Γmeso & 1, ticked in Tab. 1) with observations at other scales, first we recapitulate
what we know so far. The phenomenology of κ-Minkowski and Padmanabhan’s black-hole
model have not been explored in much detail. Non-commutative inflation (section 7.2.1 and
[10]) shares the same general framework of non-commutative spacetimes as κ-Minkowski but
it is not quite the same model. Here we gave a small contribution to this topic at the scales
of non-primordial GWs, ruling out any role in GW propagation of the UV regime of these
models while concluding that the IR regime leaves no trace. For GFT/spin foams/LQG there
are many more results available, the greatest majority in the early universe (section 7.1 and
[10]). However, the constraints we got from GWs are independent of any other, let them be
from inflation or, less frequently, from dark energy.

The reader might find it hard to accept the chance that a theory of quantum gravity
modifying the gravitational physics at short scales could leave a imprint at cosmological scales
while being compatible with other observations at, say, solar-system or laboratory scales. Let
us state right off the bat that this possibility is no big news: there exists ample literature
on inflationary models such as loop quantum cosmology (section 7.1), non-commutative cos-
mology (section 7.2.1) and string cosmology (e.g., [10] and references therein) where QG
effects are stronger at the largest scales, while leaving other sectors of physics unmodified or
affecting them in a viable way. The point is that, in order to leave a mark simultaneously
at very small and very large scales, it is not necessary to invoke a miraculous recovery of
GR at local scales where precision tests place the tightest constraints. Simply, the physical
observables examined at each scale are different and constraints on one do not necessarily
overlap with another.

Having said that, we also admit that the case of inflation is somewhat more intuitive than
that of GWs. The largest observable scales in the cosmic microwave background correspond
to very short inflationary scales that reentered the causal horizon, while the smallest ones
were sub-horizon and classical when perturbations were generated. In the case of GWs, we
do not have this magnification of trans-Planckian scales to cosmic size.
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Let us consider laboratory or solar-system scales where redshift factors are negligible.
We now argue that gravitational solar-system tests can place stronger constraints than GWs
observations if the Newton potential is modified but the electromagnetic sector is not.

In perturbative QG, one can calculate quantum corrections to the Newton potential in
a robust way. At one loop, the leading correction is quadratic:

Φ ∼ −1

r

(
1 + ξ

l2Pl

r2

)
, (6.5)

up to a classical relativistic correction. The sign and value of the coefficient ξ depend on
the framework and on the absence or presence of matter fields, getting slightly different
results in effective field theory (ξ = 41/(10π) without matter fields) [120, 121],12 from en-
tropic holographic arguments [126] and from the effective average action in asymptotic safety
(ξ = 43/(30π) without matter fields) [127]. The same effective potential (6.5) is obtained
in the context of the AdS/CFT correspondence [128]. All these approaches agree on the
O(r−2) behaviour of the correction, which can be understood with a dimensional analysis.
Noting that loop diagrams involve an extra power of κ2 ∝ `2Pl, in the presence of only one
fundamental scale `Pl the only dimensionless combination we can form is ∝ `2Pl/r

2. This
leading order modification in the low-curvature, low-energy IR limit of quantum gravity is
strongly suppressed by the Planck scale and is therefore unobservable at solar-system scales.

In other QG approaches, corrections to the Newton potential take a different form. In
quantum Regge gravity, at large distances the potential fitting the numerical simulations of
lattice configurations of geometry is Yukawa-like [129]:

Φ ∼ −e
−mr

r
, (6.6)

where m is an effective mass for the graviton. When the mass is very small, the Yukawa
behavior is not distinguishable from a pure power law

Φ ∼ − 1

rσ
, (6.7)

where σ > 1 is scale dependent. In asymptotic safety with resummed graviton propagator,
the effective Newton potential is [130]

Φ ∼ −1

r

(
1− e−cr

)
, (6.8)

where c is a constant. This expression is a one-loop result, but it is valid at all distances
r > 1/c, including near the Planck scale. The same formula is obtained exactly in three
dimensions from the Fourier transform of a propagator ∼ −1/(k2 + ak4), stemming from the
renormalization-group-improved Laplacian found in the functional renormalization approach
of the theory.

If we take (5.18) at face value as the effective Newton potential in theories with di-
mensional flow (an assumption we will reassess later), then we obtain a behaviour such as
(6.7) instead of the effective-field-theory one (6.5). This discrepancy can be understood as
follows. When considering dimensional-flow non-perturbative effects, extra scales may enter

12Other values and signs for ξ were quoted in early papers (e.g., [122–125]) but the result of [120] is regarded
as definitive.
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the picture and modify the low-curvature result (6.5), since quantum corrections may now
be combinations of different geometry scales, not all of them small [131]. Such is the case of
GFT/spin foam/LQG quantum states of geometry giving rise to the profile in Figs. 2 and 3.
In this case, mesoscopic corrections where Γ > 1 are less suppressed than the perturbative
O(r−3) correction in (6.5) in the near-IR.

To be more precise and write a scale-dependent expression for Φ, we refocus the dis-
cussion to luminosity distances. Even in theories where the matter sector is untouched,
dimensional flow may creep in when measuring distances, time intervals, particle lifetimes,
and so on. Clocks and rulers are deformed in a spacetime with an anomalous Hausdorff
dimension. The typical modification of these measurements, conducted in a flat regime, is
of the type (5.14) [104–106]. In particular, the optical luminosity distance demL is given by
(5.16), where redshift factors are equal to 1 at sub-cosmological scales. Applying (5.14) to
modifications of particle processes, one can constrain l∗ [75, 132–136]. For instance, the UV
scale l∗ cannot be larger than 10−10 − 10−20 m (100 eV to 1 TeV), depending on the model,
while for the values (5.15) these bounds are stronger, reaching the grand-unification or the
Planck scale. Regarding α, related to the Hausdorff dimension in the UV, typical upper
bounds are slightly weaker than the one we will present in section 8, valid only for theories
where dH runs: κ-Minkowski with cyclic-invariant measure and GFT/spin foams/LQG. In
particular, the rough bound (8.4) is above the value in κ-Minkowski and quite close to the one
in GFT/spin foams/LQG, which means that it does not constrain these models significantly,
nor does it overlap with the constraints on the more involved scaling parameter (4.12). Thus,
experimental constraints of (5.16) at sub-cosmological scales restrict the allowed values of l∗
and α (Hausdorff dimension), while experimental constraints on (5.23) at cosmological scales
restrict the values of `∗ and γ (a combination of Hausdorff and spectral dimensions).

Concerning dgwL , plugging (5.16) into (5.23), at sub-cosmological scales (a = a0 = 1) we
have

dgwL = l∗

[
r

l∗
+ ε

(
r

l∗

)α
+ ε

`∗
l∗

(
r

`∗

)γ
+O(rαγ)

]
. (6.9)

In stochastic spacetimes, both corrections are zero in average at super-Planckian integrated
distances, since 〈ε〉 = 0 = 〈ε〉. In deterministic spacetimes, let us set ε = 1 and ε = ±|γ − 1|.
The first term always dominates over the second at super-electroweak scales, since r/l∗ � 1
and 0 < α < 1. Therefore, from now on we can ignore the α term. Assuming that Φ ∝ h00

obeys the same equation as hij ∼ 1/dgwL (see (5.18) and the related discussion), from (6.9)
we can read the effective Newtonian potential in four topological dimensions and split it into
the GR term and a correction:

Φ ∝ 1

r + ε`∗(r/`∗)γ
' 1

r

[
1− ε

(
r

`∗

)γ−1
]

=: ΦGR

(
1∓ ∆Φ

Φ

)
, (6.10)

∆Φ

Φ
= |γ − 1|

(
r

`∗

)γ−1

. (6.11)

When γ < 1, the correction ∆Φ/Φ is completely negligible at distances r � `∗, regardless of
whether γ = ΓUV or γ = Γmeso. The case γ > 1 is more delicate. In the UV regime of (5.23),
where γ = ΓUV and `∗ = l∗, ∆Φ/Φ� 1 and it is therefore ruled out for being incompatible
with observations. In the near-IR regime of (5.23), |γ − 1| = |Γmeso − 1| � 1 but the ratio
`∗/l∗ could be large in principle, if the scale `∗ at which Γmeso & 1 is much greater than
the Planck length. In this case, the coefficient |γ − 1|`∗/l∗ can be O(1) and the third term
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in (6.9) slightly dominates over the first, unless Γmeso is severely fine tuned to be close to
1, as in the cases (4.15) and (4.17) of κ-Minkowski and Padmanabhan’s model. As we saw,
these scenarios are unobservable in GW experiments. The only possibility standing after this
screening is GFT/spin foams/LQG, where Γmeso & 1 can be close but not too close to 1 and,
crucially, `∗ is larger but not much larger than l∗. GR tests within the solar system using the
Cassini bound give a rough estimate of ∆Φ/Φ < (∆Φ/Φ)obs ≈ 10−5 [137, 138]. This bound
assumes that light geodesics do not differ from GR at solar-system scales. Inverting (6.11)
with respect to γ, we find γ−1 = W [(∆Φ/Φ)obs ln(r/`∗)]/ ln(r/`∗), where W is the principal
value of the Lambert function. The effect is maximized with `∗ = `Pl. Plugging this value
and the distance of Cassini r ∼ 1 AU ≈ 15× 1010 m at the time of measurement, we obtain

Γmeso − 1 <

(
∆Φ

Φ

)
obs

≈ 10−5 . (6.12)

This bound is stronger than (6.2) and, therefore, we conclude that solar-system tests of the
Newtonian potential can be more effective than GWs to constrain quantum gravity. However,
this does not mean that GW bounds are always weaker than those from GW astronomy. In
some cases, gravitational waves bring unique information that cannot be replaced by other
sources, as we will see in the next section. More importantly, our formalism captures some
aspects of the effective dynamics but not all, and it is not obvious that one can always
identify h00 with the Newton potential. In QG, the derivation of the Newton potential can
be highly non-trivial, to the point where we do not know its form in some theories. This is
indeed the case for LQG/spin foams/GFT, where the classical Newton potential (actually,
the graviton propagator) has been recovered [139] and there are arguments pointing towards
the possibility that in the UV it is regularized [140], but the fact is that an expression
for an effective Φ(r) has not been found yet. Another example where extrapolation of the
Newton law from the effective luminosity-distance law is unclear is the renormalization-
improved dynamics in the functional renormalization approach to asymptotic safety. In this
approximation, coupling constants acquire a dependence on the renormalization-group scale,
which in turn is identified with some specific length or momentum scale. The origin of
the potential (6.5) can be understood intuitively (up to a negative sign) when considering
that the Newton coupling G(k) depends on the IR cut-off (renormalization-group scale) k
as G(k) = G0(1 + G0k

2/g∗)
−1, where G0 is the classical value and g∗ is its dimensionless

value at the UV fixed point. Identifying the scale k with the inverse length r, one gets
Φ ∼ −G(r)/r with G(r) ' G0[1 − G0/(g∗r

2)] at large scales. However, an identification
of the renormalization-group scale with the square root of the Kretschmann invariant for
the Schwarzschild metric yields k ∝ r−3/2 and a different (cubic) correction to the potential
[141], while an identification with an energy-momentum scale leads to the logarithmic law
(5.24). Thus, in this theory predictions are sensitive to the scale identification. An additional
complication is that we used the renormalization-group-improved Laplace–Beltrami operator
leading to the quartic (β = 2) dispersion relation (4.5) [86]. While this may be the full
kinetic term for scalars, for gravitons there could be additional contributions discussed only
recently that would make the Newton potential finite at r ∼ 0 [142], in line with the result
(6.8) in the resummed-propagator approach [130]. Other recent development might bypass
the ambiguity of the renormalization-improved dynamics approximation [143].

Therefore, we cannot compare (6.10) with any full, unambiguous calculation. Finally, we
are also unaware of, but we cannot exclude a priori, the existence of a screening mechanism
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in QG preserving the classical form of the Newton potential while allowing for cosmological
modifications of the luminosity distance. To summarize, (6.10) is valid provided

1. we can identify h00 ∝ Φ with the Newton potential and

2. there is no screening mechanism at solar-system scales,

but given that we are not in the position to guarantee the validity of these assumptions, nor
to check (6.10) against calculations in the full GFT/spin foams/LQG theory, the results of
this section should be taken with a grain of salt. On top of that, we stress that in all cases
where Γ < 1 and only one fundamental scale of geometry is present (`Pl), the correction
is negligible, compatibly with the effective field theory approach and with the analogous
negative results we found for the GW luminosity distance.

7 Specific models of quantum cosmology

In this section, we briefly review some scenarios of quantum gravity where the luminosity
distance is modified. Loop quantum cosmology (LQC) and non-commutative inflation deserve
a special mention, since both may be able to produce an observable signal in the LISA range
of frequencies. On one hand, they can generate an inflationary blue-tilted tensor spectrum
which is boosted at short scales, and that could be detectable as a primordial stochastic
background. On the other hand, in these two models the luminosity distance of gravitational
waves is modified with respect to the general-relativistic one and we can investigate whether
the parametrization (3.3) is sufficient to encode the effect. Unfortunately, but interestingly,
the LQC model considered below is unobservable in the case of individual sources due to the
LIGO constraint on the propagation speed. From now on, D = 4.

7.1 Loop quantum cosmology

Quantum-gravity theories have mainly implications in the UV regime, hence often recovering
an early era of accelerated expansion while avoiding the introduction of an inflaton field
with a fined-tuned potential (e.g., [144, 145] in the context of group field cosmology). Here
we addressed the question of whether such theories can leave an imprint in late-time GW
astronomy through dimensional-flow effects. Among the examples we considered, we saw that
the UV continuous regime of LQG, explored both with numerical simulations of simplicial-
complex quantum states and effective dispersion relations, is outside our reach, while a
near-IR regime may be more promising. However, there is a third way to explore this theory,
namely, via one of its semi-classical cosmological incarnations.

LQC is a mini-superspace cosmological model of LQG that admits several versions, one
of which is the so-called anomaly-cancellation (or effective-constraints or effective-dynamics)
scenario (see [146] for a conceptual review). In this model, there are two types of quantum
corrections to the cosmological dynamics of linear inhomogeneous perturbations: inverse-
volume and holonomy corrections. When considering only the first, the Mukhanov–Sasaki
equation for the tensor modes wk := ainvhk is [147–149]

w′′k +

[
(1 + 2α0δinv)k2 − a′′inv

ainv

]
wk = 0 , ainv := a

(
1− α0

2
δinv

)
, (7.1)

where δinv = (a/a∗)
−σ ∼ |τ |σ ∼ k−σ, a∗ is related to a state-dependent length scale, α0 > 0

and 0 < σ 6 3. If σ < 1, the tensor spectrum may be blue tilted in a certain regime [150–152],
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thus giving rise to GW phenomenology. In fact, a blue-tilted spectrum compatible with CMB
observations may be greatly enhanced at LISA frequency scales. Here we are interested in
the luminosity distance and related parameters. A priori, it is not obvious that the quantum
correction is negligible, since δinv is the ratio of a background energy (length) scale over a
quantum-state-dependent energy (length) scale that can be much smaller (larger) than the
Planck scale.

The friction term for h = a−1
invw is 2∂τainv/ainv = H(2 + α0σδinv), implying that

dH − d̃W − 2 = ν = αM = −2δ = α0σδinv > 0 . (7.2)

This relation, previously unnoticed, links the dimension of spacetime calculated for realistic
quantum states with the cosmology of these models. However, the left-most hand side should
be evaluated carefully. In the deep UV, but also at mesoscopic scales, the Hausdorff dimension
in LQG is dmeso

H & dUV
H = 2, while dW = 2 at all scales [77]. At the scales of the underlying

simplicial complex where discreteness effects dominate, the spectral dimension is zero, but
at mesoscopic scales where discreteness blends in a continuum, dS takes a state-dependent
value dmeso

S comprised between 1 and 4 [77]. We regard dmeso
S as the not-too-deep UV value

of the spectral dimension in (5.33), since LQC models of effective dynamics are not valid in
the discreteness regime. Therefore, evaluating the left-most hand side of (7.2) in this regime
we would roughly get dmeso

H − d̃meso
W − 2 ' −4/dmeso

S , which contradicts the right-hand side of
(7.2) because dmeso

S is non-negative. This is not completely surprising, since the cosmological
model (7.1) is semi-classical and is not expected to hold in the short mesoscopic scales of
the states considered in [77]. Therefore, we can look at an intermediate regime not too far
from the IR, where numerical simulations show that the Hausdorff dimension tends to 4 from
below, while the spectral dimension tends to 4 from above after crossing a local maximum
[77]. We can parametrize these near-IR profiles as dnear−IR

H = 4 − εH and dnear−IR
S = 4 + εS,

where εH and εS are positive. Moreover, typically the Hausdorff dimension runs to 4 faster
than the spectral dimension [77] and we can safely assume that εS > εH > 0. Then, the
left-most hand side of (7.2) reads

dnear−IR
H − d̃near−IR

W − 2 =
εS − εH

2
> 0 , (7.3)

consistently with (7.2). Therefore, we interpret the right-most hand side (7.2) as the difference
in the running of the spectral and Hausdorff dimensions near the IR. In this regime, γ =
1 + (εS − εH)/4 ' 1, h ∼ 1/dgwL and

Ξ =
a

ainv
' 1 +

α0

2
δinv(z) = 1 +

α0

2

(
a∗
a0

)σ
(1 + z)σ , (7.4)

where we keep the value a0 of the scale factor today generic. This expression is valid for not
too large redshifts, including z = O(1), and is compatible with the parametrization (3.3).

The anomaly-cancellation LQC model with holonomy corrections predicts [147, 153, 154]

w′′k +

(
s2

holk
2 − a′′hol

ahol

)
wk = 0 , (7.5)

where
s2

hol = 1− 2
ρ

ρ∗
, ahol :=

a

|shol|
, (7.6)
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and the energy density ρ∗ is about 0.42 the Planck energy density. Therefore,

Ξ = |shol| =
a

ahol
=

√
1− 2

ρ(z)

ρ∗
' 1− ρ(z)

ρ∗
> 0 . (7.7)

Also this expression is compatible with the parametrization (3.3), after expanding in 1 + z
(the energy density is a function of a, hence of 1 + z). The tensor spectrum is blue tilted
also in this model. The model with a quadratic inflaton potential is in tension with Planck
data unless one fine tunes the initial conditions in the inflaton field [155].

In all these cases, one should consider also constraints from the propagation speed sGW of
gravitational waves (the coefficient in front of the k2 term in the Mukhanov–Sasaki equation).
The joint analysis by LIGO-Virgo and Fermi of the gravitational-wave event GW170817 and
its optical counterpart (gamma-ray burst) GRB170817A yielded the stringent upper bound
sGW − 1 < 7 × 10−16 in c = 1 units [5]. From (7.1), the propagation speed in the effective-
dynamics LQC model with inverse-volume corrections is sGW ' 1 + α0δinv, so that

α0δinv < 10−15 . (7.8)

Taken alone, this constraint states that the LQC inverse-volume quantum correction is neg-
ligible in the velocity of observed GWs emitted from these astrophysical sources, although
its magnitude can be much larger at the epoch of production of the cosmic microwave back-
ground [150–152]. However, thanks to equation (7.4) we reach an even stronger conclusion
and rule out the model also as a source of modification to the luminosity distance.

Similarly, in the LQC model with holonomy corrections sGW = |shol| ' 1−ρ/ρ∗ < 10−15,
which comes as no surprise since ρ/ρ∗ � 1 at late times. Thus, from (7.7) Ξ ≈ 1.

To summarize, in the effective-dynamics approach of LQC quantum corrections are not
obviously small (at least, the inverse-volume ones) because they depend on the details of the
underlying quantum state of geometry. We excluded that model as an interesting candidate
only when combining luminosity-distance observations with constraints on the propagation
speed sGW of the tensor perturbation. It may be that other LQC scenarios, such as the
hybrid-quantization approach [156, 157], could evade speed constraints (because sGW = 1
there) and, at the same time, admit a quantum state with sizable IR corrections.

7.2 Other models

We will now briefly mention some other cosmological scenarios inspired by quantum gravity,
that may have an impact in GW astronomy. These models will, however, require more study
in order to extract the observables.

7.2.1 Non-commutative cosmology

In the Brandenberger–Ho class of models, inflation is realized by a scalar field evolving in
a four-dimensional spacetime with a non-commutative structure [158]. This structure is
determined by a spacetime uncertainty relation that could emerge, among other possibilities,
from string theory. In a cosmological setting, calling η =

∫
a dt =

∫
da/H (not to be confused

with conformal time), the uncertainty relation is ∆η∆x > `2∗, where `∗ is a fundamental scale.
This uncertainty relation can be written as a commutator between time and space coordinates

[η, x] = i`2∗ . (7.9)
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Two of these models, belonging to the so-called class 1 proposal in the strongly non-
commutative IR regime (`∗H � 1, modes generated outside the horizon) [158, 159], have
a blue-tilted tensor spectrum [159] and are compatible with Planck data when a natural-
inflation potential is assumed [160]. Unfortunately, these models cannot give rise to a de-
tectable primordial stochastic signal at LISA frequencies because the IR regime affects only
very large scales, while shorter scales enter a UV regime (`∗H � 1, modes generated inside
the horizon) with a red-tilted tensor spectrum. Also models in the UV regime are viable
in the early universe [160] and, although they do not generate a stochastic GW background
interesting for LISA, we may wonder whether they can affect the propagation of gravitational
waves emitted at a later stage by astrophysical systems.

In these scenarios, the Mukhanov–Sasaki equation for tensor perturbations is [158, 159]

∂2
τ̃wk +

(
k2 − ∂2

τ̃aeff

aeff

)
wk = 0 . (7.10)

Here dτ̃ = a−2
eff dη and the effective scale factor aeff is made of the scale factor a(η) and the

“smeared” functions a± := a(η ± k`2∗). For instance, in the above-mentioned class 1 models,
aeff =

√
a+a− [158] or aeff =

√
a(a+a−)1/4 [159]. Therefore,

Ξ(z, k) =
a(z)

aeff(z, k)
(7.11)

is a function of z and of k and Nishizawa’s parametrization [69] may be more suitable than
(3.3) in this case.

One may also consider the gravitational sector of the bosonic part of the non-commutative
spectral action, an approach that provides a purely geometric interpretation of the Standard
Model of strong and electroweak interactions [161]. By studying the propagation of gravi-
tational waves [162], one may constrain [163–165] the free parameter of the model, which is
physically related to the coupling constants at unification.

7.2.2 Varying-speed-of-light models

In varying-speed-of-light models [166, 167], the speed of light is spacetime-dependent and
local Lorentz invariance is preserved when using the time coordinate x0 =

∫
dt c(t). Although

early models are ruled out, recent ones related to bimetric gravity and doubly special relativity
can explain the observed cosmic structure [168–171]. In this case, the luminosity distance is
(5.1) with

v(z) = c(z) (7.12)

and the dynamics of c(z) is encoded in the one of a scalar field χ := ln(c/c0). One can trade a
varying c with a theory with a constant c0 where gravity is non-minimally coupled to χ. Here
we do not extract the luminosity distance dL(z) predicted by varying-speed-of-light models
but the interested reader should keep in mind this possibility.

8 Strain noise and quantum gravity

Quantum-gravity effects can be constrained by modern GW interferometers despite being the
fundamental scale `∗ very small, even of order of the Planck scale [172–175]. The constraint
from (5.23) can be complemented by a bound on dUV

H coming from the strain noise of LISA.
The correction in (5.14) can also be regarded as a threshold on the minimal uncertainty in
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S (Hz−1/2) f (Hz) α

LIGO/Virgo/KAGRA 10−23 102 < 0.47
LISA 10−20 10−2 < 0.54
DECIGO 10−23 10−1 < 0.47

Table 4. Upper bound on α from the strain noise.

physical measurements (spacetime fuzziness) of distances. We will review the argument of
[172, 174], recently revived in [106] in the context of multi-fractional theories, and apply it
to LISA and other interferometers.13

In the stochastic interpretation of (5.14), quantum gravity may manifest itself as an
intrinsic noise with variance

σ2
QG = `2∗

(
L

`∗

)2α

. (8.1)

If L is the typical length of a GW interferometer (for example, L may be the linear size of its
arms), we can compare this QG noise with the instrumental or strain noise σ2

exp =
∫
df S2(f)

of a GW interferometer, where f is the frequency of the signal (in Hz) and S is the spectral
noise. For a signal dominated by the characteristic frequency c/L, a rough estimate is
σ2

exp ' f S2(f)|f=c/L. The strain noise is dimensionless and (8.1) has the dimensionality of
(length)2, so that a signal of spacetime fuzziness would be detectable if(

`∗
L

)2(1−α)

=
σ2

QG

L2
∼ σ2

exp ' f S2(f)
∣∣
f= c

L
. (8.2)

This is the main argument of [172, 174], where a number of purely phenomenological can-
didates (i.e., different values of α) were proposed for the left-hand side. The main advance
in [106] was to construct an explicit model motivated by quantum gravity generating the
signal (8.1), where α was recognized as a parameter related to the dimension of spacetime.
Then (8.2) was solved for S and the solution inverted in α to find an upper bound on dH for
LIGO. We redo this step to correct a typo in the final formula of [106], which also affects the
numerical result for LIGO. The left-hand side of (8.2) is reproduced by the right-hand side
with

S(f) =

(
c

`∗

)α−1

f
1
2
−α =⇒ α =

ln
(

cS
`∗
√
f

)
ln
(

c
`∗f

) . (8.3)

In the worse-case scenario, `∗ is of Planckian size, so small that one might believe it impossible
to probe with an instrument of a macroscopic size L of order of the kilometer (or millions
of kilometers, in the case of LISA). However, L does not appear in (8.3) and, if α is small
enough, the detector may even catch the stochastic background from spacetime fuzziness.
Setting `∗ = `Pl ≈ 1.6 × 10−35 m in (8.3), we get an upper bound on α for all the main
interferometers in operation, under construction, or proposed for the near future (Tab. 4).

The constraint on α translates into a bound on the small-scale Hausdorff dimension of
spacetime,

dUV
H < 1.9 , (8.4)

13Depending on how they are implemented, other generic QG-inspired arguments based on fuzziness (Planck-
scale quantum uncertainty) may lead to more pessimistic estimates of observable effects [176].
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very close to the value for GFT/spin foams/LQG. This is what we get from present LIGO
observations and, unfortunately, LISA is not expected to do better. In fact, the greater the
strain sensitivity, the stronger the upper bound for a given frequency. It is interesting to see
how gravitational-wave astronomy can unravel the details of the deep spacetime structure
even indirectly through instrumental noise information.

9 Conclusions

In this paper, we considered quantum-gravity scenarios modifying the effective gravitational
dynamics while leaving the electromagnetic sector untouched. In complete theories that
include all sectors such as string theory, as well in QG with non-local UV modifications of
kinetic terms of all fields, this assumption breaks down but it carries no appreciable impact,
since the QG effect is small and unobservable in GW observations (see [93] for the case of
non-local gravity). Also group field theory may be regarded as a theory of everything, but
its study is still at an embryonic stage and it is not known what the matter sector looks
like. In other QG theories where gravity is quantized independently of a written-by-hand
Standard Model, only the gravitational sector is modified and QG effects do not propagate
onto photons or matter, if the coupling is minimal. While in yet other theories, we simply
do not know whether and how the Standard Model is modified. Finally, in models such as
those of section 7.2.2 we do know that the electromagnetic sector is modified, but we have
not worked out the luminosity distance yet.

Be as it may, letting photons propagate as usual we extracted physical observables
and parameters of interest that can allow us to test theories of quantum gravity against
present (LIGO, Virgo), upcoming (KAGRA) and future (LISA, DECIGO) gravitational-
wave observations. Some of our results are based on concrete models, while others are of
general applicability in any case admitting a cosmological continuum limit; some quantities
were calculated only in the small-redshift limit (the range of LIGO, Virgo and KAGRA)
while others are portable to any redshift and may be of relevance for LISA and DECIGO.
Our analysis of deep-UV effects include QGs with a non-vanishing spectral dimension in the
UV, while it does not apply to theories where dS = 0: the discreteness limit of group field
theory, spin foams and loop quantum gravity (which we collectively dubbed as “GFT/spin
foams/LQG”) [77], the low-energy limit of string field theory and non-local quantum gravity
[100, 177]. These cases may deserve further attention. On the other hand, the analysis of
near-IR effects applies to any theory in principle.

Most QG models do not give rise to observable modifications of GR, but the reason is
not the same in all cases. We have seen that, in some cases, the quantum correction indeed
takes the näıve form of a cosmological scale divided by the Planck scale. But in others
the correction is not obviously small because it depends on the details of the underlying
quantum state of geometry, which we described here in terms of geometric indicators such
as the spectral and Hausdorff dimension. Even if more in-depth studies of specific models of
non-perturbative theories confirmed these results, we do not expect many survivors that could
give an IR signal. For instance, one could use the methods of [77] to construct GFT/spin
foam/LQG quantum states giving rise to a large Γmeso and check whether these states are
realistic or not. Allowing for the possibility that some QG models give modifications at
large cosmological distances without contradicting any other cosmological observation may
sound paradoxical, but one should consider the fact that known constraints on GFT/spin
foam/LQG only come from inflationary scales and are of a rather different nature than those
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found here [10]. Not only is the scaling dependence of the luminosity distance (5.23) (length
+ power of length) typical of dimensional-flow effects, but, moreover, the power γ in the
correction is a combination of spacetime dimensions unique to propagating GWs. Also, spin
foams and LQG do not modify the Standard Model and precision tests on the constants of
Nature are preserved. A priori, one might find a QG imprint at cosmological scales without
violating particle and atomic physics, as the example of string theory reminds us. Although
solar-system tests can constrain the same parameter space as GWs and be more stringent, as
we saw in section 6.3, GW multi-messenger astronomy can yield information not available in
solar-system observations, as the examples in sections 7.1 and 8 illustrate. These results rely
on the set of assumptions listed throughout the paper: unmodified electromagnetic sector,
identification h00 ∝ Φ in the same regime where the dynamics (5.17) holds, and absence of
local screening mechanisms. Breaking even one of them could lead to significant departures
that would deserve, in our opinion, to be studied in the future.

Additional constraints on the spin-2 sector, which we have not mentioned so far, can
arise from GW production models and, in particular, from observations of the Hulse–Taylor
pulsar [178]. If the spacetime dimension deviates from four roughly below scales lpulsar =
106 km ≈ 10−13 Mpc, then the GW emission from this source is expected to be distinguishable
from GR. However, it is difficult to analyze the binary dynamics and GW emission in higher-
dimensional spacetimes [58] and it is consequently more complicated to set bounds from
binary pulsar systems. These investigations may be worth further attention.

Our main message is that dimensional flow, a non-perturbative effect common in all
quantum-gravity theories such that the dimension of spacetime changes with the probed
scale, could make top-down scenarios beyond GR manifest in GW astronomical observations
as well as in the solar system. The chance is slim but it should be contrasted with the worse
odds when considering only perturbative effects. For instance, in the effective field-theory ap-
proach to quantum gravity [122, 123, 179] high-energy modes are integrated out, the Newton
potential receives corrections of the form (6.5) [120, 121] and the emission of gravitational
waves is affected [180, 181], but these corrections are heavily suppressed. Similarly, pertur-
bative modifications in dispersion relations are suppressed at least as K = k2(1 + `Plk) and
they are virtually unconstrained in GW observations [118, 119], as we also appreciated in our
analysis. Nevertheless, GW and solar-system tests are capable of enforcing strong bounds
not only on quantum gravities [13, 75, 182], but also on dark-energy phenomenological sce-
narios [57, 183]. Here we have seen that corrections from dimensional-flow are in general less
suppressed than perturbative effects, as in the Newton potential (6.11) or in the dispersion
relations K = k2[1 − (`∗k)1−α] with 0 < α < 1 discussed in [75]. Our results show that
getting a detectable signal from quantum gravity is no easy feat. However, at the present
stage of GW astronomy it is important to understand how the theory can make contact
with ground-based and space-borne interferometric experiments, and we pursued this goal
consistently. Focus on the large-redshift luminosity distance as a promising observable for
standard sirens will complement that on quantities based on local (solar system, supernovæ,
cosmic structures) observations to refine our understanding of which theories beyond GR will
have the lion’s share in the cosmology of the near future.
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A Anomalous scaling of the Green function

In this Appendix, we find the GW amplitude associated with (5.17) for a particular model
and in the local wave zone. This model assumes v(x) = 1 in (5.17) and w(k) = 1 in
momentum space, i.e., trivial measure weights in position and momentum spaces. Therefore,
dH = dkH = D here. Also, as a kinetic term we take the one giving rise to the modified
dispersion relation (4.5). Under these assumptions,

Γ∗ =
D

2
− β . (A.1)

Adapting the discussion in section 2.2.1, the most general solution for hij in the presence
of a source and in the local wave zone (cosmic expansion neglected) is the generalization of

(2.8) to the case of the kinetic operator K = `2−2β
∗ �+ (−�)β. The solution is (4.7),

G(x− x′) =
1

(2π)D

∫
dDk eik·(x−x

′) 1

`2−2β
∗ k2 − k2β

=

∫
dω

2π
e−iω(t−t′)

∫
dD−1k

(2π)D−1

eik·(x−x
′)

`2−2β
∗ (k2 − ω2)− (k2 − ω2)β

. (A.2)

Here we are interested in the scaling of the Green function, so we do not need to re-
strict our attention to the retarded one. The integral over spatial momenta is

∫
dD−1k =∫

ΩD−1

∫ +∞
0 dk kD−2, where ΩD−1 is the angular integral and k = |k|. Choosing a frame

where k · (x− x′) = kr cos θ and r = |x− x′|, one has∫
dΩD−1

(2π)D−1
eik·(x−x

′) =
1

2D−2π
D
2 Γ
(
D
2 − 1

) ∫ π

0
dθ(sin θ)D−3eikr cos θ

=
1

(2π)
D−1

2

1

(kr)
D−3

2

JD−3
2

(kr) , (A.3)

where Jν is the Bessel function J of the first kind of order ν and we used [184, formula
3.915.5].

To solve (A.2) analytically, we take a monomial dispersion relation, corresponding to a
regime with Γ ≈ const. Setting t′ = 0 and using (A.3) and the analytic continuation of [184,
formula 6.565.4],

G(t, r) ' − 1

(2π)
D+1

2

1

r
D−3

2

∫ +∞

−∞
dω e−iωt

∫ +∞

0
dk

k
D−1

2 JD−3
2

(kr)

(k2 − ω2)β

= − 1

(2π)
D+1

2

1

r
D−1

2
−β

∫ +∞

−∞
dω e−iωt

(iω)
D−1

2
−β

2β−1Γ(β)
KD−1

2
−β(iωr) . (A.4)
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In the local wave zone approximation (2.10) ωr � 1, Kν(iωr) ∼ (ωr)−1/2 up to a phase, so
that

G(t, r) ∼ 1

r
D
2
−β

∫ +∞

−∞
dω e−iωtω

D
2
−1−β

=
f(t)

r
D
2
−β
∝ 1

rΓ∗
, (A.5)

where we used (A.1). The result agrees with (5.18) after convoluting with the source as in
(2.7).
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