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RECURRENCE RELATIONS FOR POLYNOMIALS
OBTAINED BY ARITHMETIC FUNCTIONS

BERNHARD HEIM, FLORIAN LUCA, AND MARKUS NEUHAUSER

ABSTRACT. Families of polynomials associated to arithmetic functions
g(n) are studied. The case g(n) = o(n), the divisor sum, dictates the
non-vanishing of the Fourier coefficients of powers of the Dedekind eta
function. The polynomials PJ(X) are defined by n-term recurrence
relations. For the case that g(x) is a polynomial of degree d, we prove
that at most a d 4+ 2 term recurrence relation is needed. For the special
case g(x) = = we obtain explicit formulas and results.

1. INTRODUCTION

2miT

Let g=¢e and 7 be in the upper complex half-plane. We consider

exp [ XYoL | = 3 P

n>1 n>0

where g : N — N is an arithmetic function normalized such that g (1) = 1.
This implies a recursive definition of the polynomials PJ(X):

X n
(1) PI(X) = — D g(k)P!_(X)  forall n>1,
k=1

where PJ(X) := 1.
Let for the moment g (n) = o (n) = >_,,, t be the sum of all divisors of n.
Then we obtain the powers of the Euler product

H(l—q")_X:exp XZO’(TL)% .

n>1 n>1

This is essentially an identity involving powers of the Dedekind eta function
n(r) = ¢/ 11,>; (1 — ¢") (see [On03] for more details). Hence, the roots
of P7(X) dictate the vanishing properties of the n-th Fourier coefficients
of powers of the Dedekind eta function (see [HNR17, HLN18, HNR18§] for
more details and the connection to the Lehmer conjecture [Led7]).
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Explicit formulas for PJ (X) in the case g(n) = 1 for all n € N are given

exp | XY % =(l-g) =) <_j> (—g)™

n>1 n>0
Hence,
; 1 1 K
(2) PH(X):aX(X+1).--(X+n—1):mZsn,kX
k=1

for n > 1 and P§(X) = 1. Here, the coefficients S, ; are the Stirling
numbers of the first kind.

The aim of this paper is to study the polynomials Pj (X) for some inter-
esting functions g(n) particularly for g (n) = n. In this case the coefficients
of X* of the polynomials n!PJ (X) are the so-called Lah numbers Z—,'(Z:})
([Ai07]) and the polynomials are related to the generalized Laguerre poly-
nomials [Do16]

n _ k
3) =Y ()5S @

k=0

In the above case, we show that the sequence of the polynomials P (X)
satisfies a three term recurrence relation. More generally, we show that if
g(z) is a polynomial of degree d, then (Pj3(X)),>0 satisfies a recurrence re-
lation of order at most d+ 2. From the properties of orthogonal polynomials
[Do16], we can also derive that in the case g (x) = x the roots are all simple

and real. Putting PJ(X) = X 1PJ(X), we show that PJ(X) is irreducible
in this case.
2. RECURRENCE RELATION FOR THE CASE WHEN ¢(x) IS A POLYNOMIAL

In this section, we prove the following.

Theorem 1. Let g (x) be a polynomial of degree d. For 0 < m,j < d define

= 3 (1) ("o ).

I
d—j

- o) )

Then the polynomials P (X) satisfy the following d + 2 term recurrence
relations with P§ (X) =1 and

1 min{n,d}

S e () o) o

J=0

Pg+1 (X) =
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For the proof, we want to express our polynomial g(z) in terms of the
basis

{Lz,z(x + 1), z(x+1)(x+2)/2,...,2(z+ 1)(z+2)--- (x+d)/d!,...}.

Hence, we first show how to determine the coefficients in terms of this basis.
These are exactly the b, as stated in the theorem.

Lemma 1. Let Q (z) = anzo by, 2@ @Em=l) o ghe coefficients by,

m!

for 0 <m < d can be recovered as by, = 37" o (—1)" (ZL)Q (—p).

We give a proof of this lemma at the end of this section.

Proof of Theorem 1. We have,

g(n) :b0+ib n+1)---(n+m-—1)
n m:lm ( ‘

n m —1)!

Then

d
XZg(n)% = X Z?+me(n+1)('7;(_n$!m_l) q"

n>1 n>1 m=1

_ Xbozqnmzbm;( ey

n>1 m=1

for |¢| < 1. The first inner sum is —log(1l — ¢). The generic inner sum for
m > 1is

3 (n+1)('r'n'<_";)r!m_ 1)q” = (mi 1)! (;;:1 <1iq>> !

n>1
1

T

Our exponential generating function is therefore

Flg.X) = exp (XYoL

n>1

d
= exp (boXlog(l -+ X Z b ((1—1q)m - 1)) :
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Thus,
0
—F(q, X
aq (@X)
= F( X)2 —bpX 1o (l—q)—i—Xib (1—1)
d
. b(] mbm
- XF(% )<1_ +mZ:(1_q)m+1>
Thus,

d
(1- q)d“;qF(q,X) = XF(q,X) <b0<1 —)"+ > mbp(1l— q)d’”> :

m=1
or
d+1
1\ .
Sy (T ) [ oz
7=0 J n>1
d
= X | PIUX)q" (bo(l — )"+ ) mbm(1 - q)d—m> .
n>0 m=1
Now
d d '
bo(1 — q)¢ + Z Mmbp (1 —q)4™ = chqj,
m=1 7=0
where
4\ = d—m
cj = (—l)jbo< > + mbm(—1)3< ) )
il A= j
Thus,

J

d+1
S (-1 (dﬂ)qﬂ‘) < [ S npscoe

§=0 n>1
d .
= XD PUX)" | | D ed
n>0 §=0

Expanding and identifying the coefficients of ¢" on left and right-hand sides
above we get

min{d,n}+1 min{d,n}

3 <1>j(dj1)<n+1j>P5+1_j<X>=X S P (X).
=0

j=0
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Hence, we obtain

, B 1 min{n,d} ; d+1 ' ,
Pn+1(X)—n+1 jgo ¢ X +(-1) j+1 (n—j) Pnfj(X)‘

Ezample 1. We give an explicit two term recurrence relation for (P (X)),,>
when g (n) = 1. -
For g (n) = 1 we have in the preceding notation d = 0, by = 1, and ¢y = 1.
This leads to P§ (X) =1 and
1

Pgﬂ(X):m(XJrn)Pg(X)

for all n > 0, which yields exactly the polynomials (2) from the Introduction.

Ezample 2. We give an explicit three term recurrence relation for (PJ(X))n>0
when g(n) = n.

For g (n) = n we have in the preceding notation d = 1, by = 0, by = 1,
co =1, and ¢; = 0. This leads to P§(X) =1, P}(X) = XPJ (X), and

PLLA(X) = — = (20 + X)PI(X) = (0 — )P, (X)
for all n > 1.

Proof of Lemma 1. We obtain for t = —N and 0 < N < d:

d m m ~N(=N+1)--- (=N +m —1)
_1)H _
T;;( 1) (u)Q( ) —
N m m N
= 1\ B \m
PIPIEL (M)aemen ()
ShY + N!
= _1\ymtp ! B
;;)mzzp,( D M'(m—u)!(N—m)|Q( 1)
S N
- Mz_;)m_o(_l) u!m!(N—m_M)Q(_M)
N N—p N
= _1\m N 1% N B _ N -
PN (" )eew ;5N,N<M>Q( p
— Q(-N).



6 BERNHARD HEIM, FLORIAN LUCA, AND MARKUS NEUHAUSER

3. IRREDUCIBILITY OF PJ(X) WHEN g(n) = n

In this case P,(X) := P (X) has the following closed form (compare with
[HN18)):

o [ L T Oy P

The coefficients of the polynomial n!P, (X) are the so-called Lah numbers
m(771) (compare with e. g. [Ai07]).

Theorem 2. P,(X) is irreducible for all n > 1.

Theorem 3. For g (n) = n all the roots of the polynomials P, (X) = P (X)
are simple and non-positive real numbers. Additionally the negative roots are
interlacing from n ton + 1.

By interlacing we mean that if 5,1 < ... < s, -1 < s, = 0 are the
roots of P, (X) then spi11 < sp1 < Spt12 < $p2 < .. < Spgin—1 <
Snn—1 < Spt+1in < 0.

For the proofs of the preceding two theorems the important thing to notice
is the following lemma.

Lemma 2. Forn >1

X
Py (X) = L) (-X)

where Lgll_)l (X) = Z;é (&L:Bf}g) (_lf)k is the n — 1st generalized Laguerre

polynomial with « = 1 (compare with (3) form the Introduction).

Proof. From the explicit formula (4) we obtain

-1\ Xk = (1) X+
Pu(X) = XZ( k )(k—i—l)!:szzok!(n—l—k)!(k—i—l)!

k=0

B X’”‘Z1 n Xk X’"‘i( n >X’“

T on n—1—K! K n “1—k) K
nkzo(k:—i-l).(n 1—Fk)! k! nie\n-—1-k/ k!
X

= Esz—)N—X)-

O

Theorem 2 now follows from the irreducibility of Lfllzl (X)) shown by Schur
in [Sc31].

Theorem 3 follows from the respective properties of the family of orthog-
onal polynomials L( : 1 (X) (see e. g. [Dol6]).

Remark 1. Other proofs of Theorem 3 are also possible: We could show di-
rectly that the polynomials P, (X)) form a system of orthogonal polynomials
with respect to the measure on (—oo, 0] with Lebesgue density x — (—x) e”.
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Or we could use the recurrence relation from Example 2 from Section 2 and
apply [WYO05, Theorem 1].

4. PARTIAL RESULTS WHEN g (n) = n?

In this case P, (X) := Pj(X) has the following closed form (compare
[HN18)):

n—1
1 n+k k ~
P,(X)=X | X'=XP,(X).
) (X) kz_o(k:—l—l)!<2k+1> (X)
Note that
_ n—1 Xk
6 P, (X)= App——, A, 7.
(6) (X) ];) ’k(k+1)! Kk €
. _ (n+k
In our case A} = (2,:;1).

Remark 2. There is a theorem of Schur [Sc29, Satz IV] and a generaliza-
tion of Allen and Filaseta [AF03, Theorem 2| concerning the irreducibility
of polynomials of the form (6). But both require |A,| = 1 whereas in
our case (5) we have A, = n. Schur used [Sc29, Satz IV] to prove the

irreducibility of the generalized Laguerre polynomials LW (X) in [Sc31].

n—1

Proposition 1. If n — 1 is prime then P, (X) with App = (;;kl), k=
0,....,n—1, as in (5) is irreducible.

Proof. If we multiply with n! the polynomial n\pP, (X)) has the integer co-

efficients (k:-?—ill)'A”k Hence, n — 1 | (kiill)'Ank for k = 0,...,n — 3 and

n—1| mﬁi!l)!Anm_Q = (2n —2)n. If n — 1 is prime then (n — 1)? does not
divide n!ln = %!An,O- So, the criterion of Eisenstein yields in this case that
P, (X) is irreducible. O

Remark 3. Note that n—1 prime is the only case where Eisenstein’s criterion
applies to the polynomials (5) since we need a prime p that divides in par-
ticular (n’_‘ill)!Anm_g =2(n —1)n. In case p | n, obviously p? | nln = n!A,.
In case p | n — 1 but p # n — 1, then also p? | n% (n — 1) %p! =nlA, .

We used a computer to check that the above polynomials are irreducible
for all n < 100.

Proposition 2. The polynomials P, (X) satisfy a four term recurrence re-
lation with

Ph(X)=1 P (X)=XP(X), Pb(X)= %((X+3)P1 (X)+XP (X)),
and
Pn+1 (X) =

n+1(3(X+n)Pn(X)—|—(X—3n—|—3)Pn_1(X)+(n—2)Pn_2(X)),
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forn > 2.

Proof. In the notation of Theorem 1 for g (n) = n? we have d = 2, by = 0,
b1 =—-1,by=2,¢c9=3,cy =1, and co = 0. Using Theorem 1 this leads to
the stated four term recurrence relation. O

5. A NECESSARY CONDITION FOR A THREE TERM RECURRENCE
RELATION FORMULA IN THE CASE OF ARBITRARY ¢ (n)

We are going to prove a necessary condition that the PJ (X) are a family
of orthogonal polynomials and hence fulfill a three term recurrence relation
of the form
(7) XP(X) = anPyy (X) + BuP (X) + Py (X)
for some «,, B, and v,. From the proof of the criterion the quite remarkable

fact can be observed that it does not depend on n in the sense that if the
criterion is not fulfilled also (7) cannot be fulfilled for any n > 2.

Proposition 3. Let g (n) be an arbitrary arithmetic function with g (1) = 1.
A necessary condition that the P3 (X) are a family of orthogonal polynomials

is 9(2)° —29(2) g (3) +9(4) =0.

Corollary 1. For g(n) = nf, £ # 0,1, the polynomials PJ(X) do not
satisfy a three term recurrence relation of the form (7) and hence they are
not a system of orthogonal polynomials.

Remark 4. This allows us to complement the result of Proposition 2 for
g(n) =n?since 2 =1/¢+#0,1.

Of course we also could just have checked directly that g (2)3—2¢ (2) g (3)+
g(4)=64—-724+16=8#0.

Proof of Corollary 1. For g (x) = z¢, > 0, we obtain ¢ (x) = (¢ — 1) fz*~2
for the second derivative which is positive for £ > 1 or ¢ < 0 and negative
for 0 < ¢ < 1. This implies g (x) is strictly concave up for £ > 1 or ¢ < 0 and
strictly concave down for 0 < ¢ < 1. Hence 3¢ < (24 + 45) /2 in case £ > 1
or £ < 0and 3° > (2E + 4€) /2 in case 0 < ¢ < 1. However we only need that
we do not have equality in these cases. Hence g (2)* —2¢(2)g(3) + g (4) =
280 —20H130 4+ 40 =20 (46— 2.3+ 2°) £ 0 for £ #0,1. O

In the proof of Proposition 3 we need explicitly the four highest coefficients
of Pj (X). This will be done separately in the following.
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Lemma 3. Let g (n) be an arbitrary arithmetic function with g (1) = 1. Let
P(X)=>1_oAnx X", Then

An,n = - n>07

1 n
Appn = ﬁg(Q) <2>, n>1,

Apn_s = % <3g (2)? <Z> 12 (3) <Z>> . n>2,
Anneg = % (159 (2)3 (2) +20g(2) g (3) <Z> +6g (4) <Z>) . n>3.

where a binomial coefficient (Z) 1s assumed to be 0 in case n < k.

We give a proof at the end of this section and first turn to the proof of
Proposition 3.

Proof of Proposition 3. We have
n+1
(n+ 1P, (X) = n!XP(X) =D ((n+ 1) Api1p — nlAp 1) X
k=1
With the previous lemma for £ = n 4 1 in particular, we get that

(n + 1)!An+1,n+1 — n'Amn =0.

For kK =n,n —1,n — 2 we obtain

® 0 D =it =9 ("3 1) <0 (3) =

(n + 1)!An+1,n—1 - n!An,n—Q

s () )
- () ()

n+1)'An+1n 2_n'Ann 3

= 1@ (") s @a (") o (M)
1592 () - 20029 (1) - 000 ()
— 159 (2)° (Z) +209(2)g(3) (Z) +6g(4) (g)

From (8) we observe that the coefficient of X" of
(n+ DIPT, (X) = n!XPY(X) = nlg (2) nP] (X)

equals 0. Since the degree of P (X) is n the coefficient of X"*! remains 0.
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For the coefficients of X! and X™ 2 we obtain

(n+ 1Ay 1101 —nlAy 2 —nlg (2) nAy -1

_ 300 <§> L2 (3) <Z> g(z)%@) =2(g(3) - 9(2) (Z)

(n+ ) A1 n—2—nlA, 3 —nlg(2) nA,n—2

= 159 @° (7) +200 0 () + 000 ()
s ()2

- (o) -(0) s () ()
o)

= 129" () +a@a® =13 () #0000 ().

Going back we observe that the coefficient of X1 of

(n+ 1P (X)—nlXPJ(X)—nlg(2)nP](X)

n

~ =02 (s6) -9 @) (5) P2 ()

equals 0.
For the coefficient of X" 2 we obtain now

(n+ Ay 1n—2—nlAy 3 —nlg(2) nA, 2

12 (g 3) - <>2)()
__ug()() 9(2)g(3) (3n >()+69<><§>
7)) (")

g 3( (4) ()( )
( 3>( () 2())( ) oo ()

N3 N3
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This means the polynomial

(n+ 1)!1’35Jrl (X) —n!XP!(X)—nlg(2)nP! (X)

n

~ =02 () -9 @) (5) P2 ()

can only be 0 if g (2)> —2¢(2) g (3) +g(4) = 0. O
Ezample 3. For g (n) = o (n), we obtain 27 — 244+ 7 =10 # 0.

Proof of Lemma 3. From the recursive definition (1) we obtain

n X n
ApmX™ = PI(X)=— P (X
> 4 100 =5 9 () P ()

n—k
g (k) Z Anfk,me—H

m=0

I
SRS
Eond
= I+

m—+41
Z g (k) An—k,m—le-

n—
m=1 k=1

S|

In particular A,,, = %An—l,n—l = % (This follows by induction. In the

cases of the other coefficients below also induction is applied.) Further,

g
1

= —((n—DAp1p2+9(2)(n-1)) = 9(2) (Z)

n! n!

1
An,n—l = 5 (An—l,n—Z +g (2) An—?,n—2) =

S|

(An-tn3+9(2) An2n3+9(3) An_sn_3)
<A”17"3 * (5 (—2)22)! <n 2 2) * (ng Qa)!)

<(n — 1) Ay 103+ 39 (2)? (“ 5 1) +2¢(3) (" ) 1))
(s0? () +200) ().

An7n—2 =

3__‘,_. 3__‘;—! Sl 3|+
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1
An,n—3 = E (An—l,n—4 +g (2) An—Z,n—4 +g (3) An—3,n—4 +g9 (4) An—4,n—4)

= (A g (wer (") v (7))
+9(3) (ngizg)g)! <n;3> (n (4‘)1)'>
_ 1<(n—1)'Anln4+15g 2)° n5 ) )9(3)<n;1>

+)

1290 (" )

o
- 2 (e (5) a0 () < wio (1)

6. OPEN QUESTION

We proved that the polynomials Pj(X) attached to g(n) = n are irre-
ducible and have real roots. Moreover, the roots interlace. Actually we
were able to identify these polynomials with certain Laguerre polynomials
which satisfy a three term recurrence relation. As indicated in the introduc-
tion, our main interest are the roots of P7 (X), since these roots dictate the
vanishing properties of powers the Dedekind eta function [HNR17, HLN18],
including the Lehmer conjecture [Le47]. Since n < o(n) < n? properties
of P7(X) are expected to be deduced from the polynomials attached to
g(n) = n and g(n) = n? (as for example the size of the coefficients of

P2 (X)). We have for g(n) = n:

n—1
- Xk n+k
P.x)=Y" 4, . where A, 1 = 7.
(9) (X) R VO ek <2k i 1) <
k=0

We have shown in this paper that these polynomials satisfy a four term
recursion and that they are not orthogonal. Numerical calculations for n <
100 indicate that the polynomials are also irreducible. For n < 100 we have
checked that they have real roots and that the roots interlace. We end with
this observation and ask the question of whether these facts hold for general
n.
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