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Universal Uhrig dynamical decoupling for bosonic systems
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We construct efficient deterministic dynamical decoupling schemes protecting continuous variable
degrees of freedom. Our schemes target decoherence induced by quadratic system-bath interactions
with analytic time-dependence. We show how to suppress such interactions to N-th order using only
N pulses. Furthermore, we show to homogenize a 2m-mode bosonic system using only (N +1)2m+1

pulses, yielding – up to N-th order – an effective evolution described by non-interacting harmonic
oscillators with identical frequencies. The decoupled and homogenized system provides natural
decoherence-free subspaces for encoding quantum information. Our schemes only require pulses
which are tensor products of single-mode passive Gaussian unitaries and SWAP gates between pairs
of modes.

Decoherence due to unwanted system-environment in-
teractions is a major obstacle on the road towards robust
quantum information processing. Although quantum er-
ror correction and fault-tolerance provide general mech-
anisms to combat such sources of error they are highly
demanding in terms of resources. In near-term quantum
devices, simpler strategies targeting a reduction of effec-
tive error rates at the physical level are more realistic.
Dynamical decoupling (DD) is one of the success stories
in this direction: originally developed in the context of
NMR [1–3], it has been demonstrated in a wide range
of systems [4–10]. In this open-loop control technique,
unitary control pulses are instantaneously applied to the
system at specific times. The goal is to average out the
effect of the system-environment interaction, irrespective
of its specific form, approximately resulting in a product
evolution that acts trivially on the system.

A DD scheme is described by control pulses {Uj}Lj=1

applied to the system at times {tj}Lj=1 ⊂ [0, T ] resulting
in the evolution

U res(T ) = U(T, tL)

L
∏

j=1

(Uj ⊗ IE)U(tj , tj−1) . (1)

Here the time evolution U(t + ∆t, t) from time t to
t + ∆t is generated by the Hamiltonian describing
decoherence processes. The pulse sequence achieves
N -th order decoupling if there is an environment unitary
UE such that ‖U res(T ) − IS ⊗ UE‖ = O(TN+1). For
multi-qubit systems, the (nested) Uhrig dynamical
decoupling (nested UDD or NUDD) scheme [11–13] is
the current state of the art: it is remarkably efficient,
requiring only (N+1)2M Pauli pulses to suppress generic
interactions between M qubits and their environment
to order N . This scaling is significantly more efficient
than what could be achieved, e.g., by concatenating [14]
earlier (first order) schemes [15] based on pulses from a
unitary 1-design applied at equidistant times. NUDD
has been experimentally demonstrated [16] for three
nesting levels.

DD for bosonic systems. Motivated by the success of
DD for qudit systems, one may seek to construct similar
protocols for bosonic systems. A natural class of system-
environment interactions are Hamiltonians

Hor(t) =
1

2

2n
∑

j,k=1

Aj,k(t)RjRk (2)

which are quadratic in the mode operators R =
(QS

1 , . . . , Q
S
nS

, PS
1 , . . . , QS

nS
, QE

1 , . . . , Q
E
nE

, PE
1 , . . . , PE

nE
)

of the system and environment; here A(t) = A(t)T ∈
R2n×2n is symmetric and n = nS + nE is the total
number of modes [32]. Such a Hamiltonian generates a
one-parameter group of Gaussian unitaries U(t). Moti-
vated by earlier work giving an example of decoherence
suppression in a specific system-environment model [17],
Arenz, Burgarth and Hillier [18] have pioneered the
systematic study of dynamical decoupling for infinite-
dimensional systems. They showed that even in this
restricted context, decoupling by application of unitary
pulses at specific times cannot be achieved in the same
strong sense as for qudit systems: While the system’s
evolution can be (approximately) decoupled from the
environment such that U res(T ) ≈ U res

S (T ) ⊗ U res
E (T ), no

such scheme can render the system’s evolution U res
S (T )

trivial for an arbitrary initial Hamiltonian (2). One
may, however, find pulse sequences which simplify
the system’s evolution over time T to be of the form
U res
S (T ) ≈ eiωTH0 where H0 = 1

2

∑nS

j=1(Q
2
j + P 2

j ), a
process referred to as homogenization. In other words,
after applying a homogenization sequence, the effective
decoupled and homogenized evolution

U res(T ) ≈ eiωTH0 ⊗ U res
E (T ) (3)

is simply that of identical oscillators (rotating with the
same frequency) which do not interact with each other
or with the environment. We remark that an evolution
of the form (3) is still highly beneficial for fault-tolerant
quantum information processing as the eigenspaces of the
number operator H0 are now decoherence free [33]. This
provides a way of achieving reduced logical error rates
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by combining decoupling and homogenization schemes
with very simple error-correcting codes spanned by tensor
products of number states with fixed total number, such
as those constructed in [19].
Here we construct new deterministic schemes that

achieve decoupling and homogenization of quadratic
system-bath interactions to N -th order (for any integer
N) using only a polynomial number (in N) of pulses.
Our analysis proceeds in the language of the symplectic

group Sp(2n) = {S ∈ R2n×2n|SJnST = Jn} and its Lie
algebra sp(2n) = {X ∈ R2n×2n|XJn +XTJn = 0}. Ev-
ery Hamiltonian (2) can be associated with a symplectic
generator Xor(t) = A(t)Jn ∈ sp(2n); the former gener-
ates a one-parameter group of Gaussian unitaries U or(t)
which can again be associated with the one-parameter
group of symplectic matrices Sor(t) ∈ Sp(2n) generated
by Xor(t). Instead of (1) we analyze the resulting sym-
plectic evolution

Sres(T ) = S(T, tL)

L
∏

j=1

(Sj ⊕ I2nE
)Sor(tj , tj−1) (4)

where Sor(t + ∆t, t) is generated by Xor(t) from time t
to t + ∆t and the pulses Sj ∈ Sp(2nS) are associated
with Gaussian unitary pulses.

A bosonic decoupling scheme. We propose the follow-
ing pulse sequence: the Gaussian unitary US defined by
its action

USQiU
∗
S = −Qi , USPiU

∗
S = −Pi, for i = 1, . . . , nS (5)

on system mode operators is applied at times

tUDD
j = T∆j , ∆j = sin2

jπ

2(N + 1)
(6)

for j = 1, . . . , N . We note that the passive Gaussian
unitary US is a tensor product of single-mode phase flips.

Theorem 1 (Bosonic decoupling sequence). For any an-
alytic generator Xor : [0, T ] → sp(2(nS + nE)), there are
SS ∈ R2nS×2nS and SE ∈ R2nE×2nE such that the result-
ing evolution (4) after applying N pulses satisfies

‖Sres(T )− SS ⊕ SE‖ = O(TN+1) . (7)

Because of property (7), we call the pulse sequence an
N -th order decoupling scheme. Note that in [18] a single
application of the unitary US was shown to decouple the
system from the environment up to first order. To achieve
higher order decoupling, remarkably, applying the same
pulse US is sufficient and the number of required appli-
cations N is independent of the number of system and
environment modes. The times (6) are those associated
with the UDD sequence [20] for a single qubit.
In Theorem 1 (and throughout this paper), we state

our bounds without detailed estimates on the constants
in expressions such as O(TN+1). For concrete estimates

on the required DD control rate 1/T , a more refined
analysis is necessary. As an example, we provide a
corresponding rudimentary bound in Appendix C. It
involves the different energy scales Jz and J0 set by the
(uncontrolled) system-environment interaction and the
environment Hamiltonian, respectively, and takes the
form O( 1

(N+1)! ((Jz + J0)T )
N+1). This mirrors some of

the analysis conducted for single qubit UDD in [21], but
we note that the reference also provides more detailed
estimates.

Bosonic decoupling with arbitrary pulse times. The
original derivation of UDD [20, 22] directly focuses on
the effect of π-pulses (i.e., Pauli-σy) applied at a pri-
ori arbitrary times t1, . . . , tL to a system qubit that is
coupled to a bosonic bath. The author focuses on a par-
ticular figure of merit defined in terms of the overlap of
the time-evolved qubit state with the original state. He
finds that this “signal” is the inverse exponential of a
parameter

χ(T ) =

∫ ∞

0

Sβ(ω)

ω2

∣

∣yL(ωT )
∣

∣

2
dω (8)

which depends on the noise spectrum Sβ(ω) of the
system-bath coupling, as well as the pulse times t1, . . . , tL
via yL(z) = 1 − eiz + 2

∑L
m=1(−1)meiztm/T . Expres-

sion (8) is then used to find optimal pulse times by mini-
mizing the quantity χ(T ). Furthermore, the same expres-
sion permits to compare the efficiency of different pulse
sequences in a variety of regimes. In particular, it was
found that for hard high-frequency cutoffs in Sβ(ω), UDD
pulse times are optimal, whereas for soft high-frequency
cutoffs, the optimal sequences resemble periodic DD [23].
We argue in Appendix D that the expression (8)

also completely characterizes bosonic decoupling for a
single mode coupled to a bath of oscillators at inverse
temperature β: Assuming that the initial state is
a product state (with the thermal state of the en-
vironment), and the pulse unitary (5) is applied at
times t1, . . . , tL, we find that the system’s resulting
evolution is described by a Gaussian quantum channel
whose non-unitary component is fully specified by the
quantity (8). Furthermore, χ(T ) is a direct measure for
the degree of non-unitarity. This provides a complemen-
tary justification for the pulse sequence considered in
Theorem 1. Also, all statements about the optimality
of pulse sequences and the temperature-dependence of
the decoupling efficiency translate immediately from the
spin-boson setting to the one considered here.

A bosonic homogenization scheme. Assume that the
number of modes ns = 2m is a power of 2 and label
the modes by bitstrings ν = (v1, . . . , vm) ∈ {0, 1}m. Let
us introduce the Gaussian unitaries that make up the
control pulses [34]. Let Uy0 be defined by its action

Uy0QνU
∗
y0

= Pν and Uy0PνU
∗
y0

= −Qν (9)
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for all ν ∈ {0, 1}m, on mode operators. Let us also define
for i = 1, . . . ,m the Gaussian unitaries Uxi

and Uzi by

Uxi
Q(v1,...,vm)U

∗
xi

= Q(v1,...,vi−1,1−vi,vi+1,...,vm)

Uxi
P(v1,...,vm)U

∗
xi

= P(v1,...,vi−1,1−vi,vi+1,...,vm)

UziQ(v1,...,vm)U
∗
zi = (−1)viQ(v1,...,vm)

UziP(v1,...,vm)U
∗
zi = (−1)viP(v1,...,vm)

(10)

for all ν = (v1, . . . , vm) ∈ {0, 1}m. We set Uyi
= Uxi

Uzi .
The unitary Uy0 acts as a tensor product of the same
passive single-mode Gaussian unitary on all modes, Uzi

as the tensor product of single-mode phase flips on half
of the modes and Uxi

is a product of two-mode SWAP
gates between pairs of modes. Depending on the experi-
mental setup, the difficulty of realizing two-mode SWAP
gates may differ significantly from that associated with
single-mode passive gates. Unlike in the case of multi-
qubit DD schemes (which only require single-qubit Pauli
gates), this fact needs to be taken into account when
analyzing e.g., the effect of finite pulse widths.
Using these unitaries, we show how to construct a

multi-mode homogenization scheme from a multi-qubit
DD scheme. More precisely, assume that an (m + 1)-
qubit DD scheme with qubits labeled from 0 to m uses
pulses which are products of single-qubit Pauli matrices
(σw)k where w ∈ {x, y, z} and k = 0, . . . ,m. Then we
construct the bosonic pulses by replacing Pauli factors
(retaining their order in the product) according to the
substitution rules

(σx)0 7→ Uy0 ,
(σy)0 7→ Uy0 ,
(σz)0 7→ I,

(σx)i 7→ Uxi
,

(σy)i 7→ Uyi
,

(σz)i 7→ Uzi ,
(11)

where k = 1, . . . ,m and I means that no pulse is applied.
Our homogenization scheme is obtained by applying the
substitution rule (11) to the NUDD scheme [11–13] for
m+ 1 qubits. This results in the following:

Theorem 2 (Bosonic homogenization sequence). The
described pulse sequence consists of (N + 1)2m+1 pas-
sive Gaussian pulses. For any analytic generator Xor :
[0, T ] → sp

(

2(2m+nE)
)

of the form Xor
S (t)⊕Xor

E (t), there
are ω ∈ R and SE ∈ Sp(2nE) such that the resulting evo-
lution (4) satisfies

‖Sres(T )− eωTJ2m ⊕ SE‖ = O(TN+1) .

Theorem 2 assumes that system and environment are
already decoupled, i.e., the original Hamiltonian (2) is of
the form Hor(t) = HS(t)⊗IE +IS⊗HE(t); it guarantees
that the system’s evolution is homogenized since the
symplectic generator J2m ∈ sp(2 · 2m) is associated
with H0. Correspondingly, we call the pulse sequence
constructed here a universal bosonic homogenization
sequence of order N . Combining decoupling and homog-
enization schemes (by concatenation [35]) leads to an
effective evolution of the form (3). In the remainder of
this paper, we sketch the proofs of Theorems 1 and 2.

Bosonic decoupling using Uhrig times. To prove The-
orem 1, we use the direct-sum structure of the ma-
trix Xor(t) ∈ sp(2(nS + nE)), that is

Xor(t) =

(

XSS(t) XSE(t)
XES(t) XEE(t)

)

.

Here XBC(t) are analytic functions of real 2nB × 2nC

matrices for B,C ∈ {S,E} by assumption; XSE(t)
and XES(t) are responsible for system-environment in-
teractions. We define the piecewise constant function
σ : [0, 1] → {−1, 1} that satisfies σ(0) = 1 and switches
its sign whenever the pulse −IS ∈ Sp(2nS) (associated
with the unitary US) is applied, i.e., at each {tj/T }Nj=1.
For our analysis, we change into the toggling frame [36]
with evolution Stf(T ) generated by

X tf(t) =

(

XSS(t) σ(t/T )XSE(t)
σ(t/T )XES(t) XEE(t)

)

.

Direct computation of the Dyson series of Stf(T ) in Ap-
pendix B shows that a sufficient condition for N -th order
decoupling is the following:
The function σ(t) is (or equivalently the times tj are)

a solution to the integral equations

Fr1,...,rs
γ1,...,γs

(σ) = 0 if

{

s+
∑s

k=1 rk ≤ N and
⊕s

k=1 γk = 1
(12)

for all s ∈ N, r1, . . . , rs ∈ N0 and γ1, . . . , γs ∈ Z2,

where Fr1,...,rs
γ1,...,γs

(σ) =
∫ 1

0
dτs · · ·

∫ τ2
0

dτ1
∏s

k=1 σ(τk)
γkτrkk

and where ⊕ denotes addition modulo 2.
The same integral equations (12) appear in the

analysis of the UDD scheme for a single qubit [13, 24]; in
particular, it is known that the times (6) are a solution.
Thus we obtain a bosonic decoupling scheme (for an
arbitrary number of modes) by using the times of the
single-qubit UDD sequence.

Multiple qubits and multiple bosonic modes. The
proof of Theorem 2 relies on a connection between multi-
qubit systems and bosonic systems: we identify elements
of Sp(2 ·2m) and a basis of its Lie algebra sp(2 ·2m) which
satisfy commutation relations analogous to those obeyed
by the Pauli matrices. We associate mode operators with
basis vectors of R2·2m ∼= R2 ⊗ (R2)⊗m by

Q(v1,...,vm) ↔ |q〉 ⊗ |ev1〉 ⊗ · · · ⊗ |evm〉
P(v1,...,vm) ↔ |p〉 ⊗ |ev1〉 ⊗ · · · ⊗ |evm〉 . (13)

Here we use an orthonormal basis |q〉, |p〉 of R2 for the
first factor (which we will later identify with ‘qubit 0’),
as well as an orthonormal basis |e0〉, |e1〉 for each of the
remainingm factors (which will be identified with ‘qubits
1 to m’). On R2, let us define the matrices

I =

(

1 0
0 1

)

, x =

(

0 1
1 0

)

, y =

(

0 −1
1 0

)

, z =

(

1 0
0 −1

)

that we also write as S(0,0), S(1,0), S(1,1), S(0,1), respec-
tively.
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FIG. 1: Bosonic homogenization scheme (b) of suppression order N = 2 for two modes and the corresponding order-2 NUDD
scheme (a). The evolution describing decoherence (horizontal straight lines) is interleaved with instantaneous control pulses.

Lemma 3. For α = (a0, a1, . . . , am) ∈ (Z2
2)

m+1, define
the matrix Sα = Sa0 ⊗ Sa1 ⊗ · · · ⊗ Sam

on R2 ⊗ (R2)⊗m.

(a) There is a subset Γ ⊂ (Z2
2)

m+1 such that {Sα}α∈Γ is
a basis of the Lie algebra sp(2 · 2m).

(b) Let Γ̃ be the set of sequences α = (a0, a1, . . . , am) ∈
(Z2

2)
m+1 such that a0 ∈ {(0, 0), (1, 1)}. Then Sβ is

orthogonal symplectic for every β ∈ Γ̃.

(c) The symplectic form is given by J2m = −S(1,1,0,...,0).

(d) The adjoint action of Sβ ∈ Sp(2 · 2m) is

S−1
β SαSβ = (−1)〈α,β〉Sα (14)

for all α ∈ Γ, β ∈ Γ̃, where

〈α, β〉 =
m
∑

j=0

aTj

(

0 1
−1 0

)

bj

is the usual symplectic inner product on (Z2
2)

m+1.

The proof of this Lemma is given in Appendix E.
There we also show that the homogenization unitaries
Uxi

, Uyj
, Uzi from Eqs. (9) and (10) are associated

with the symplectic matrices xi, yj, zi ∈ {Sβ | β ∈ Γ̃}
for i ≥ 1, and j ≥ 0. Note that the relations (14)
are formally analogous to the commutation relations
σ−1
β σασβ = (−1)〈α,β〉σα of Pauli operators for m + 1

qubits [37].

Bosonic homogenization from qubit DD. The close re-
semblance of the commutation relations (14) with those
of Pauli matrices is key to our construction of homoge-
nization schemes. We remark that for qubit DD schemes
with Pauli pulses, it is precisely the phases (−1)〈α,β〉 that
lead to a cancellation of unwanted terms in the effective
evolution. However, in contrast to the qubit setting, the
set of available pulses in the bosonic setting is restricted:
only matrices in {Sβ| β ∈ Γ̃}, i.e., that act as y or I on
‘qubit 0’ (the first factor of (13)) are available as control
pulses. This motivates the substitution rules (11), where
we replace Pauli operators (σw)k by symplectic matri-
ces wk for k ∈ {1, . . . ,m} while on ‘qubit 0’ we only
allow y and I.

To analyze the effect of the resulting pulse sequence
on a decoupled evolution, suppose the original generator
Xor(t) = Xor

S (t)⊕Xor
E (t) ∈ sp

(

2 · (2m + nE)
)

satisfies

Xor
S (t) =

∑

α∈Γ

Bα(t)Sα , where Bα(t) =

∞
∑

r=0

bα,rt
r

for bα,r ∈ R and where we use the basis of sp(2 · 2m)
from Lemma 3. Suppose the control sequence is defined
by the times {tj}Lj=1 and a function β : {1, . . . , L} → Γ̃
specifying which control pulse Sβ(j) is applied at time tj .
Since the original evolution is decoupled, it is sufficient to
restrict to the system only (and omit the index S). It is
convenient to change into the toggling frame with evolu-
tion Stf(T ) after time T . By exploiting the parametriza-
tion of the symplectic Lie group and its Lie algebra in-
troduced in Lemma 3 and using the relations (14), we
conclude that the toggling frame generator takes the form

X tf(t) =
∑

α∈Γ

Fα(t/T )Bα(t)Sα (15)

where we defined the functions

Fα(t/T ) = (−1)
∑

j:tj≤t
〈α,β(j)〉

for t ∈ [0, T ] . (16)

Using the generator’s form (15), the toggling frame evo-

lution Stf(t) = T exp
[

∫ t

0
X tf(τ)dτ

]

can be expanded in

a Dyson series as

Stf(t) =
∞
∑

s=0

∑

~α∈Γs

∞
∑

~r=0

s
∏

k=1

Sαk
bαk,rkF~r

~α T s+
∑s

k=1 rk (17)

where ~α = (α1, . . . , αs), ~r = (r1, . . . , rs) and where

F~r
~α({Fα}) =

∫ 1

0

dτs · · ·
∫ τ2

0

dτ1

s
∏

k=1

Fαk
(τk)τ

rk
k . (18)

We can directly read off the N -th order term from (17).
Furthermore, it is easy to see that an approximate sys-
tem’s evolution of the form c1IS−c2J2m for some c1, c2 ∈
R is homogenized (cf. Appendix F for the calculation).
Hence, the following condition is sufficient to achieve ho-
mogenization up to order N : for s ∈ N, r1, . . . , rs ∈ N0,
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and α1, . . . , αs ∈ Γ, we have

F~r
~α({Fα}) = 0 if

{

s+
∑s

k=1 rk ≤ N and
∏s

k=1 Sαk
6∈ {±IS ,±J2m} .

(19)

A similar analysis applies to (m + 1)-qubit DD schemes
with multi-qubit Pauli pulses, see [13]: Identically de-
fined functions (16) appear in the toggling frame gen-
erator and give rise to the same coefficients (18) in the
Dyson series of the toggling frame evolution. As a con-
sequence, any qubit decoupling scheme based on Pauli
pulses provides the necessary cancellations when trans-
lated to the bosonic homogenization setting using the
substitution rule (11).
In more detail, let a universal N -th order (m+1)-qubit

DD scheme be defined by L ∈ N pulses Uj = σβ(j) for

β : {1, . . . , L} → (Z2
2)

m+1 that are applied to the system
at times tj . Then the functions F qubit

α defined by (16)
for α ∈ (Z2

2)
m+1 satisfy

F~r
~α({F qubit

α }) = 0 if

{

s+
∑s

k=1 rk ≤ N and
⊕s

k=1 αk 6= (0, . . . , 0) .
(20)

for all s ∈ N, r1, . . . , rs ∈ N0, and α1, . . . , αs ∈ (Z2
2)

m+1.
The associated bosonic homogenization scheme (ob-

tained using the substitution rule (11)) then has toggling
frame generator specified by functions F bos

α defined as

F bos
α (t/T ) = (−1)

∑
j:tj≤t〈α,β′(j)〉

for t ∈ [0, T ] .

for all α ∈ Γ. Here β′(j) ∈ (Z2
2)

m+1 differs from
β(j) ∈ (Z2

2)
m+1 only in the first entry (associated with

qubit 0), where (1, 0) (respectively (0, 1)) is replaced by
(1, 1) (respectively (0, 0)) as prescribed by (11). With (c),
it is straightforward to verify (see Appendix F for the
details) that property (20) of the functions F qubit

α implies
the desired property (19) for the functions F bos

α . In other
words, the decoupling property in the qubit setting trans-
lates to homogenization of bosonic modes.
Having established a general connection between

universal (m+1)-qubit DD schemes and bosonic homog-
enization of 2m modes, Theorem 2 follows immediately

by applying this to the NUDD sequence. The latter
achieves N -th order decoupling of (m + 1) qubits with
(N + 1)2(m+1) Pauli pulses and is defined recursively
by concatenation of Uhrig sequences (cf. Appendix A3
for a revision of the NUDD sequence). Examples of the
resulting bosonic homogenization schemes are shown in
Fig. 1 and Fig. 2.

Conclusions. Our work introduces novel, highly
efficient dynamical decoupling schemes for bosonic
systems. Instead of applying finite-dimensional (qubit)
decoupling procedures to distinguished subspaces, our
schemes are of a genuinely continuous-variable nature.
This leads to remarkably simple schemes involving only
passive Gaussian unitaries. On a conceptual level, our
work establishes a tight connection between qubit- and
continuous-variable schemes. In particular, it implies for
example that considerations related to pulse imperfec-
tions such as finite widths (see e.g., [24, 25]) translate
immediately to our bosonic schemes. More generally,
this analogy may be useful elsewhere to lift qubit in-
formation processing primitives to the bosonic context.
On a practical level, we believe that our protocols
could become a powerful tool for continuous-variable
quantum information processing as they pose minimal
experimental requirements.
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Appendix A: General decoupling condition

Here we revisit the analysis of decoupling schemes us-
ing the toggling frame and Dyson expansion. We for-
mulate this in terms of general matrix Lie groups. This
will be convenient since both multi-qubit decoupling as
well as bosonic homogenization schemes fall into this
setup. In Section A 3 we give a brief summary of the
UDD and NUDD schemes. The former will be related
to our bosonic decoupling scheme and the latter to the
homogenization scheme.

1. Setup

The setup is as follows. Let G ⊂ GL(CdS ) or G ⊂
GL(RdS ) be a matrix Lie group associated with a “sys-
tem” HS = C

dS or HS = R
dS , respectively. For m qubits

we will identify G = U(2m) whereas G = Sp(2nS) in the
bosonic setting with nS modes. We will assume that the
Lie algebra g of G has basis {Yα}α∈A.
We will consider an environment or bath HE with as-

sociated Lie algebra B(HE) consisting of all bounded op-
erators on HE . Let X

or : [0, T ] → g⊗ B(HE) be a time-
dependent generator describing system-bath interactions,
i.e., it is of the form

Xor(t) =
∑

α∈A

Yα ⊗Bα(t) (A1)

for some elements Bα(t) ∈ B(HE). We will further as-
sume that these functions are analytic with expansion

Bα(t) =

∞
∑

r=0

bα,rt
r for each α ∈ A .

Let xor : [0, T ] → GL(HS ⊗ HE) define the original (un-
controlled) evolution generated by Xor, i.e., it is defined
by d

dtx
or(t) = Xor(t)xor(t) for t ∈ (0, T ) and xor(0) =

IS ⊗ IE . We note that we use upper case letters to de-
note Lie algebra elements and lower case letters to denote
Lie group elements throughout this section. Consider the
adjoint action Ad : G → GL(g) defined as

Ad(x)(Y ) = xY x−1 for all x ∈ G and Y ∈ g .

We fix a family {xβ}β∈B ⊂ G of group elements which
act diagonally in the chosen basis of g in the sense that

Ad(xβ)(Yα) = (−1)〈α,β〉Yα (A3)

for all (α, β) ∈ A × B. We note that in the cases of
interest, 〈α, β〉 is the symplectic inner product modulo 2
as defined in the main article. Let us also assume that
each xβ has an infinitesimal generator Xβ ∈ g up to a
complex phase eiϕ where ϕ ∈ R in the sense that

xβ = eiϕeXβ for each β ∈ B .

In the case where G is a real Lie group, the phase eiϕ

should be replaced by ±1. We note that the adjoint ac-
tion Ad(xβ) does not depend on this phase.
Consider the stroboscopic application of pulses xβ(λ) ∈

G to the system at times tλ = T∆λ ∈ [0, T ], for each λ
belonging to a finite set Λ. That is, the function β :
Λ → B specifies which pulse is applied at time tλ. Let us
define the control evolution xctr : [0, T ] → GL(HS ⊗HE)
as the product of all pulses applied up some time where
the order of factors is defined by the ordering tλ ≤ tλ′ of
times, that is (again, up to a phase eiϕ or ±1)

xctr(t) =
∏

λ: tλ≤t

xβ(λ) ⊗ IHE
.

We will assume that applying all pulses up to time T
amounts to the identity operation (again up to a phase).
We are interested in the evolution xres : [0, T ] → GL(HS⊗
HE) that results if we apply the pulse xβ(λ) (instanta-
neously) at time tλ for each λ ∈ Λ and let the system
evolve freely under Xor(t) at all other times.

2. Toggling frame, Dyson expansion and sufficient

decoupling criteria

To analyze the evolution xres : [0, T ] → GL(HS ⊗HE),
it is convenient to change into the toggling frame with
evolution xtf : [0, T ] → GL(HS ⊗HE) defined as xtf(t) =
xctr(t)−1xres(t) for all t ∈ [0, T ]. Its generator is then
given by X tf(t) = xctr(t)−1Xor(t)xctr(t) and hence inde-
pendent of the phases in xβ and xctr(t). Eq. (A3) implies
that the toggling generator is of the simple form

X tf(t) =
∑

α∈A Fα(t/T )Yα ⊗Bα(t)

where the function Fα : [0, 1] → {−1, 1} for α ∈ A is
defined as

Fα(τ) = (−1)
∑

λ:∆λ≤τ
〈α,β(λ)〉

for τ ∈ [0, 1] .

Expanding the toggling frame evolution xtf(T ) generated
by (A4) in a Dyson series gives

xtf(T ) =

∞
∑

s=0

∑

~α∈As

s
∏

k=1

Yαk
⊗

∞
∑

~r=0

s
∏

k=1

bαk,rkF~r
~α T s+

∑s
k=1 rk

(A6)
for ~α = (α1, . . . , αs), ~r = (r1, . . . , rs) where we have de-
fined the scalars

F~r
~α =

∫ 1

0

dτs · · ·
∫ τ2

0

dτ1

s
∏

k=1

Fαk
(τk)τ

rk
k . (A7)

We note that after time T , the toggling frame evolu-
tion xtf(T ) is equal to the resulting evolution xres(T ) up
to a phase. The N -th order term in T is now given by
Eq. (A6). This gives the following statement (cf. [13, 26]),
where we write A 6∝ B if A is not a scalar multiple of B.
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Theorem 4 (Decoupling criterion). Consider N ∈ N

and the scalars Fr1,...,rs
α1,...,αs

defined by (A7). For all s ∈ N,
r1, . . . , rs ∈ N0, and α1, . . . , αs ∈ A assume that

F~r
~α({Fα}) = 0 if

{

s+
∑s

k=1 rk ≤ N and

Yαs
· · ·Yα1 6∝ IS .

Then there is an operator B̃ ∈ B(HE) such that

‖xres(T )− IS ⊗ B̃‖ = O(TN+1) .

The constant in O(TN+1) will depend on the norm of
the original environment operators Bα and the result-
ing environment operator B̃ will include the phase relat-
ing xtf(T ) and xres(T ). We will also require a weaker form
of decoupling, where the system-environment interaction
is reduced to a particular form (specified by a single ba-
sis element Yγ ∈ g) up to order N . This also follows
immediately from (A6).

Corollary 5 (Modified decoupling/homogenization cri-
terion). Let γ ∈ A be fixed. For all s ∈ N, r1, . . . , rs ∈
N0, and α1, . . . , αs ∈ A assume that

F~r
~α({Fα}) = 0 if

{

s+
∑s

k=1 rk ≤ N and

Yαs
· · ·Yα1 6∝ {IS , Yγ} .

Then there are operators B̃1, B̃2 ∈ B(HE) such that

‖xres(T )− IS ⊗ B̃1 − Yγ ⊗ B̃2‖ = O(TN+1) .

We emphasize that the scalars Fr1,...,rs
α1,...,αs

depend on the
family of functions {Fα}α∈A which itself is defined by
the tuple ({tλ}λ, β) in Eq. (A5). Hence the decoupling
properties of a given pulse sequence are captured by the
corresponding functions Fα.
In Section A3, we discuss two known examples of func-

tions Fα where the conditions of Theorem 4 are met, the
UDD and the NUDD scheme.

3. Qubit decoupling revisited: UDD and NUDD

schemes

Let us consider a system HS = (C2)⊗m+1 of m + 1
qubits – labeled from 0 to m – that interacts with an
environment HE via the original Hamiltonian

Hor(t) =
∑

α∈(Z2
2)

m+1

σα ⊗Bα(t) (A8)

where σα denote multi-qubit Pauli operators for any se-
quence α = (a0, a1, . . . , am) ∈ (Z2

2)
m+1 such that ai ∈ Z2

2

for i = 0, . . . ,m. The environment operators Bα(t) are
assumed to be time-dependent and analytic with series
expansion that satisfies Eq. (A2).
The Hamiltonian Hor(t) falls into the above frame-

work. In particular, the adjoint action of Lie group ele-
ments (A3) is

σ−1
β σασβ = (−1)〈α,β〉σα for α, β ∈ (Z2

2)
m+1.

To eliminate decoherence induced by (A8), we con-
sider the nested Uhrig DD (NUDD) sequence [11–13].
Historically this scheme was deduced from the Uhrig DD
scheme [20]. First, a single qubit was considered, where
the quadratic DD (QDD) sequence was introduced by
West et al. [27] to generalize the Uhrig sequence to arbi-
trary system-environment interactions; proofs of its va-
lidity were subsequently provided by Wang and Liu [12]
as well as Kuo and Lidar [26]. Mukhtar et al. [11] ex-
tended this scheme to protect unknown two-qubit states
from decoherence. The generalization to n qubits, i.e.,
the NUDD sequence, was shown to be universal in [12]
where the authors considered even (but potentially dif-
ferent) decoupling orders in every nesting level. An al-
ternate proof [13] showed universality of the NUDD se-
quence for arbitrary decoupling order (even or odd, but
the same in every level). We note that this discussion
of the (multi-)qubit DD is by no means exhaustive, but
covers those aspects which are directly pertinent to our
work. For further work e.g., on particular noise models
(such as [15, 23, 28–30]) or the discussion of finite-width
pulses, we refer to the literature.
Let us introduce the label λ ∈ {0, 1, . . . , N}2(m+1) as

λ = (ℓ0, . . . , ℓ2m+1) where ℓk ∈ {0, 1, . . . , N} .

In order to define the pulse times tλ = T∆λ, let

∆j = sin2
jπ

2(N + 1)
(A9)

for j = 1, 2, . . . , N be the Uhrig DD times. The intuition
behind ∆λ being an (2m + 2)-fold concatenation of the
Uhrig pulse times ∆j is the following: First, for times ∆j ,
we divide [0, 1] into N+1 intervals ∆j ; this will be called
outermost level. Then ∆(ℓ0,ℓ1) on the next level, is ob-
tained by subdividing each of these N +1 intervals again
into N +1 parts by ∆j . This concatenating procedure is
recursively repeated.
Formally, we set ∆0 = 0, ∆N+1 = 1 and starting with

dj = ∆j , recursively introduce the quantity

d(ℓ0,ℓ1,...,ℓk) = ∆ℓk + (∆ℓk+1 −∆ℓk)d(ℓ0,ℓ1,...,ℓk−1) (A10)

for ℓ0, ℓ1, . . . , ℓk ∈ {0, 1, . . . , N+1} and k = 1, . . . , 2m+1.
Recalling Eq. (A10) the pulse times are

tNUDD
λ = T∆λ

where for λ = (ℓ0, . . . , ℓ2m+1) we set

∆λ =



















1 if λ = (0, . . . , 0)

dλ if ℓ0 6= 0

dλ′(r) if ℓr 6= 0 for r ∈ {1, . . . , 2m+ 1}
and ℓ0 = · · · = ℓr−1 = 0

(A11)

where λ′(r) differs from λ only in the components ℓ′r−1 =
N + 1 and ℓ′r = ℓr − 1.
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If N is even, the NUDD control pulses are (up to fac-
tors ±1 or ±i) given by

UNUDD
λ =



























id if λ = (0, . . . , 0)

(σz)k if ℓ2k 6= 0 for k ∈ {0, . . . ,m}
and ℓi = 0 for i ≤ 2k − 1

(σx)k if ℓ2k+1 6= 0 for k ∈ {0, . . . ,m}
and ℓi = 0 for i ≤ 2k

(A12)

where (σx,y,z)k = I⊗k⊗σx,y,z⊗I⊗m−k and k = 0, . . . ,m.
We note that a complex phase of the unitary pulse op-
erators does not have any effect on the decoupling anal-
ysis, since we are only interested in terms of the form
(UNUDD

λ )−1σαU
NUDD
λ . In slight abuse of notation, we will

therefore omit these phases in the definition of the pulses.
If N is odd, then the pulses are defined slightly differ-
ently, by taking (A12) and replacing

id 7→ ∏m
j=0(σy)j

(σz)k 7→ (σz)k
∏k−1

j=1 (σy)j

(σx)k 7→ ∏k
j=0(σy)j

.

The toggling frame Hamiltonian is given by

H tf(t) =
∑

α

FNUDD
α (t/T )Sα ⊗Bα(t)

for the family of functions FNUDD
α defined below. Due

to σ2
x = σ2

y = σ2
z = I and the commutation relations

between Pauli matrices, we have σα1 · · ·σαs
∝ σ⊕s

k=1
αk

up to factors ±1 or ±i. Then the order N decoupling
property of the NUDD sequence follows from Theorem 4
and the statement of the following lemma.

Lemma 6 ([13]). For N ∈ N, λ ∈ {0, 1 . . . , N}2m+2 and
α ∈ (Z2

2)
m+1, let FNUDD

α : [0, 1] → {−1, 1} be defined as

FNUDD
α (τ) = (−1)α·λ for τ ∈ (∆λ,∆λ+ ]

where λ+ labels the pulse following the one with label λ,
∆λ is defined in (A11) and · denotes the scalar product.
Then for all s ∈ N, ~r = (r1, . . . , rs) ∈ Ns

0, and ~α =

(α1, . . . , αs) ∈
(

(Z2
2)

m+1
)s
,

F~r
~α({FNUDD

α }) = 0 if

{

s+
∑s

j=1 rj ≤ N and
⊕s

k=1 αk 6= (0, . . . , 0)

where ⊕ denotes entriwise addition modulo two.

Here we present another specific family of functions
that satisfies the conditions of Theorem 4. This is asso-
ciated with the UDD sequence introduced by Uhrig [20].
It can be regarded as special case of the NUDD se-
quence (one qubit and one concatenation level). Here
Hor(t) = I⊗B0(t)+σz ⊗B1(t) – involving only σz-Pauli
operators on the system. The pulses σx are applied at
times tUDD

j from Eq. (6). One can show that the toggling

frame Hamiltonian is H tf(t) = FUDD
0 (t/T )I ⊗ B0(t) +

FUDD
1 (t/T )σz ⊗ B1(t) for the functions FUDD

0 , FUDD
1 de-

fined below. The universality of the UDD scheme, proved
in [31] (see also [21]), then relies on the following lemma.

Lemma 7. For N ∈ N and α ∈ Z2, let F
UDD
α : [0, 1] →

{−1, 1} be defined by

FUDD
0 (τ) = 1 for all τ ∈ [0, 1] and

FUDD
1 (τ) = (−1)j for all τ ∈ (∆j ,∆j+1] ,

where ∆j is defined by Eq. (A9). Then for all s ∈ N,
~r = (r1, . . . , rs) ∈ Ns

0, and ~α = (α1, . . . , αs) ∈ Zs
2,

F~r
~α({FUDD

α }) = 0 if

{

s+
∑s

j=1 rj ≤ N and
⊕s

k=1 αk 6= 0

where ⊕ denotes addition modulo two.

We reuse this lemma in the context of bosonic decou-
pling.

Appendix B: Proof of decoupling

We consider decoupling of matrices of the form

Xor(t) =

(

XSS(t) XSE(t)
XES(t) XEE(t)

)

where the functions XBC(t) for B,C ∈ {S,E} are ana-
lytic with series expansions

XBC(t) =

∞
∑

r=0

XBC,rt
r for B,C ∈ {S,E} . (B1)

Given a bosonic pulse sequence with pulses −IS applied
at for now not further specified times tj , we analyze the
Dyson expansion of the toggling frame evolution

Stf(T ) =
∞
∑

s=0

∫ T

0

dts · · ·
∫ t2

0

dt1

s
∏

k=1

X tf(tk) . (B2)

To show N -th order decoupling, we prove that Stf(T ) is
of direct sum form SS ⊕SE (for matrices SS ∈ R2nS×2nS

and SE ∈ R2nE×2nE ) up to order N in T , i.e., that the
off-diagonal terms of (B2) –

(

Stf(T )
)

SE
and

(

Stf(T )
)

ES

– vanish up to O(TN+1).

Lemma 8. Consider a pulse sequence defined by a piece-
wise constant function σ : [0, 1] → {−1, 1} that satis-
fies σ(0) = 1 and changes its sign when the pulse −IS
is applied. Suppose for all s ∈ N, r1, . . . , rs ∈ N0 and
γ1, . . . , γs ∈ Z2 the function σ satisfies

Fr1,...,rs
γ1,...,γs

(σ) = 0 if

{

s+
∑s

k=1 rk ≤ N and
⊕s

k=1 γk = 1
(B3)

where ⊕ denotes addition modulo 2 and we have defined

Fr1,...,rs
γ1,...,γs

(σ) =

∫ 1

0

dτs · · ·
∫ τ2

0

dτ1

s
∏

k=1

σ(τk)
γkτrkk . (B4)
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Then the toggling frame evolution is of the form

‖Stf(T )− SS ⊕ SE‖ = O(TN+1) (B5)

for operators SS and SE acting on the system and envi-
ronment only.

Proof. Compute the expression
(

s
∏

k=1

X tf(tk)

)

SE

=
∑

(B,C)∈Vs(S,E)

s
∏

k=1

X tf
BkCk

(tk)

(B6)
inside the integrals in the Dyson expansion of (B2). Here
we sum over the set Vs(S,E) of sequences (B,C) =
(B1, . . . , Bs, C1, . . . , Cs) ∈ {S,E}2s such that

Bs = S

C1 = E and (B7)

Ck+1 = Bk for all k ∈ [s− 1] .

We define

γ(B,C) =

{

0 (B,C) ∈ {(S, S), (E,E)}
1 (B,C) ∈ {(S,E), (E, S)}

and note that Eqs. (B7) imply the identity

s
⊕

k=1

γ(Bk, Ck) = 1 for all (B,C) ∈ Vs(S,E). (B8)

With X tf(t) given by

X tf(t) =

(

XSS(t) σ(t/T )XSE(t)
σ(t/T )XES(t) XEE(t)

)

,

the expression (B6) becomes
(

s
∏

k=1

X tf(tk)

)

SE

=
∑

(B,C)∈Vs(S,E)

s
∏

k=1

σ
(

tk
T

)γk XBkCk
(tk)

where we write γk = γ(Bk, Ck). Inserting this and the
analytic expansions (B1) into the upper off-diagonal part
of the Dyson expansion (B2) gives

(

Stf(T )
)

SE
=

∞
∑

s=0

∑

(B,C)∈Vs(S,E)

∑

r1,...,rs

s
∏

k=1

XBkCk,rk ·

· Fr1,...,rs
γ1,...,γs

(σ) T s+
∑

s
j=1 rj (B9)

where F(σ) is defined by (B4). With property (B8) of
the sequences in Vs(S,E) and the assumptions Eq. (B3)
we conclude that

Fr1,...,rs
γ(B1,C1),...,γ(Bs,Cs)

= 0

whenever s+
∑s

k=1 rk ≤ N and (B,C) ∈ Vs(S,E). Thus
Eq. (B9) gives

(

Stf(T )
)

SE
= O(TN+1) .

Analogous reasoning yields
(

Stf(T )
)

ES
= O(TN+1),

hence the claim follows.

Now consider the concrete scheme from Theorem 1,
where the pulse −IS is applied at the Uhrig times tUDD

j =

∆jT from (A9). Let FUDD
0 , FUDD

1 : [0, 1] → {−1, 1} be
the functions introduced in Lemma 7. They satisfy

FUDD
γ (τ) = σ(τ)γ for all τ ∈ [0, 1], γ ∈ Z2 .(B10)

since FUDD
1 (τ) = σ(τ) and FUDD

0 (τ) = 1 is the constant
function. Recalling Lemma 8, it suffices to show that
the function σ satisfies the condition defined by (B3).
Inserting (B10), this condition takes the form that for all
s ∈ N, r1, . . . , rs ∈ N0 and γ1, . . . , γs ∈ Z2:

∫ 1

0

dτs · · ·
∫ τ2

0

dτ1

s
∏

k=1

FUDD
γk

(τk)τ
rk
k = 0

if s +
∑s

k=1 rk ≤ N and
⊕s

k=1 γk 6= 0. According to
Lemma 7 the functions FUDD

0 , FUDD
1 have this prop-

erty. Lemma 8 thus implies that the toggling frame
evolution Stf(T ) is decoupled up to order N and (by
Sres(T ) = ±Stf(T )) the resulting evolution Sres(T ) as
well. This proves Theorem 1.

Appendix C: A bound on sufficient decoupling rates

Application of our decoupling scheme requires a DD
control rate 1/T sufficiently large compared to the energy
scale set by the uncontrolled system-bath evolution. To
estimate this in more detail, we give a bound on the
constant appearing in the error (B5). We consider the
time-independent case and show the following:

Lemma 9. Let Xor =

(

XSS XSE

XSE XEE

)

∈ sp(2(nS + nE))

be a time-independent generator and define

J0 = ‖XEE‖ and Jz = ‖XSS‖+ ‖XSE‖ .

Then applying N pulses at UDD times as above results
in the evolution

Sres(T ) =

(

Sres(T )SS Sres(T )SE

Sres(T )ES Sres(T )EE

)

where

‖Sres(T )ES‖, ‖Sres(T )SE‖ ≤
∞
∑

s=N+1

(J0 + Jz)
s

s!
· T s .

In particular, there are SS ∈ R2nS×2nS and SE ∈
R2nE×2nE such that we have the bound

‖Sres(T )− SS ⊕ SE‖ ≤ e
√
2((J0 + Jz)T )

N+1

(N + 1)!
(C1)

if (J0 + Jz)T ≤ 1.
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This bound is similar in spirit to the analysis of Uhrig
decoupling in a model of a single spin with pure dephas-
ing [21], i.e., H = IS ⊗ B0 + σz ⊗ Bz. Here Bz is not
necessarily traceless and may involve system-only evo-
lution terms. It was shown in [21] that the error term
takes the form O(1/((N +1)!)(J0+Jz)

N+1TN+1), where
J0 = ‖B0‖ and Jz = ‖Bz‖.

Proof. For the time-independent case, we haveXBC,r = 0
for r > 0, hence Eq. (B9) reduces to

(

Stf(T )
)

SE
=

∞
∑

s=0

∑

(B,C)∈Vs(S,E)

s
∏

k=1

XBkCk

· F0,...,0
γ1,...,γs

(σ) T s (C2)

Observe that the first N terms of this series vanish due
to the property

F0,...,0
γ1,...,γs

(σ) = 0 if

{

s ≤ N and
⊕s

k=1 γk = 1
(C3)

of the UDD sequence. For the terms with s ≥ N + 1
we use that ‖XSE‖ = ‖XES‖ (which follows from the
definition of X = AJ and the fact that A is symmetric)
to bound

∑

(B,C)∈Vs(S,E)

‖
s
∏

k=1

XBkCk
‖ (C4)

≤
∑

k1,k2,k3

k1+k2+k3=s

‖XSE‖k1‖XSE‖k2‖XSE‖k3

k1!k2!k3!

= (‖XSS‖+ ‖XSE‖+ ‖XEE‖)s .

We also bound

|F0,...,0
γ1,...,γs

| ≤
∫ 1

0

dτs · · ·
∫ τ2

0

dτ1 ≤ 1

s!
.

Inserting this, Eqs. (C4) and (C3) into (C2) results in

‖
(

Stf(T )
)

SE
‖

≤
∞
∑

s=N+1

∑

(B,C)∈Vs(S,E)

‖
s
∏

k=1

XBkCk
‖ · |F0,...,0

γ1,...,γs
(σ)| T s

≤
∞
∑

s=N+1

1

s!
(‖XSS‖+ ‖XSE‖+ ‖XEE‖)s T s .

As Stf(T ) = Sres(T ), this proves the first statement. Un-
der the assumption (J0 + Jz)T ≤ 1 then we have

‖
(

Stf(T )
)

SE
‖ ≤ ((J0 + Jz)T )

N+1
∞
∑

k=0

1

(N + 1 + k)!

(C5)

We note that RN :=
∑∞

k=0
1

(N+1+k)! is the N -th remain-

der term in the Taylor series of the exponential function
around 0, i.e.,

exp(1) =

N
∑

k=0

1

k!
+RN

and can thus be expressed by the Lagrange form

RN =
exp(N+1)(ξ)

(N + 1)!
1N+1 for some ξ ∈ [0, 1] .

We conclude that

|RN | ≤ e

(N + 1)!

Inserting this into (C5) gives

‖
(

Stf(T )
)

SE
‖ ≤ e ((J0 + Jz)T )

N+1

(N + 1)!
.

Since the same bound holds for ‖
(

Stf(T )
)

ES
‖ and

‖Sres(T )−SS⊕SE‖2 = ‖
(

Stf(T )
)

SE
‖2+‖

(

Stf(T )
)

ES
‖2

for SS = Sres(T )SS and SE = Sres(T )EE, we obtain
Eq. (C1).

We note that the more refined bounds obtained in [21]
expressed in terms of the “odd part of the bounding se-
ries” (cf. [21, Eq. (12)]) appear to be less straightforward
to generalize to the bosonic setting. One way of improv-
ing the above estimate may use the fact that only terms
with k2 odd appear in the expression (C4); here we have
neglected this fact. We leave such improvements as an
open problem for future work.

Appendix D: Bosonic decoupling with arbitrary

pulse times

Here we consider the problem of decoupling a single
bosonic mode from a bosonic bath with multiple modes.
We will denote the system’s mode operators by {Q,P}
and those of the bath by {Qj, Pj}j. We assume that
initially, system and environment are in a product state
and that the environment is in the thermal state ρEβ =

e−βHE
0 /tr

(

e−βHE
0

)

at inverse temperature β. The model

we consider is described by the original time independent
Hamiltonian

Hor = Q
∑

j

λjQj +HE
0 where (D1)

HE
0 = 1

2

∑

j

ωj(Q
2
j + P 2

j )

We analyze the resulting evolution

U res(T ) =eiH
or(1−∆L)TUeiH

or(∆L−∆L−1)TU · · ·
eiH

or(∆2−∆1)TUeiH
or∆1T (D2)
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after applying the Gaussian unitary

U = ei
π
2 (Q2+P 2) (D3)

(acting on the mode operators as UQU∗ = −Q and
UPU∗ = −P ) at times ∆jT for j = 1, . . . , L and evolving
under Hor at all other times.
We investigate how the efficiency of decoupling de-

pends on the parameters λj and ωj and on the bath
temperature β. We obtain identical expressions as in the
analysis of π-pulse DD in the spin-boson model [22, 23],
see Theorem 11 below. Indeed, much of the following
derivation closely mirrors the reasoning of [22], although
the considered figure of merit is somewhat different: We
directly compute the Gaussian CPTP map describing the
system’s evolution.

Lemma 10. Define U(t) = e−iHortUeiH
ort. Then

U(t) = U exp(iK(t)) = exp(−iK(t))U .

where

K(t) =
1√
2
Q
∑

j

λj

ωj

(

f(ωjt)a
†
j + f(ωjt)aj

)

.

for f(z) = ie−iz − i, where

a†j =
1√
2
(Qj − iPj) aj =

1√
2
(Qj + iPj)

are the bosonic creation and annihilation operators of
mode j.

Proof. It will again be convenient to describe this
in terms of elements and generators of the symplec-
tic group. Let us assume that there are n bath
modes, and let us order the mode operators as R =
(Q,P,Q1, . . . , Qn, P1, . . . , Pn). Then

Hor =
1

2

∑

j,k

Aj,kRjRk

where A is given by

A =







0 0 λT 01×n

0 0 01×n 01×n

λ 0n×1 Ω 0n×n

0n×1 0n×1 0n×n Ω







where Ω = diag(ω1, . . . , ωn) and λ =
(

λ1 λ2 · · · λn

)T
.

The symplectic group element Sor(t) associated with
eitH

or

can be computed to be

Sor(t) = etAJ =







1 x(t) v(t)T w(t)T

0 1 01×n 01×n

0n×1 w(t) cos(Ωt) − sin(Ωt)
0n×1 v(t) sin(Ωt) cos(Ωt)






(D4)

where

v(t) := Ω−1(cos(Ωt)− I)λ

w(t) := −Ω−1 sin(Ωt)λ

x(t) := tλTΩ−1λ− λTΩ−2 sin(Ωt)λ .

Let us consider

U∗U(t) = U∗e−iHortUeiH
ort = eiH̃teiH

ort

where H̃ = −U∗HorU = 1
2

∑

j,k Ãj,kRjRk. We note that
this agrees with the Hamiltonian Hor up to the replace-
ments ωj → −ωj . Since only v(t) and x(t) change sign

under the substitution ωj → −ωj we conclude that etÃJ

is obtained from etAJ by substituting v(t) → −v(t) and
x(t) → −x(t). Then we can compute the symplectic

group element etÃJetAJ associated with U∗U(t). On the
other hand, consider an operator of the form

K =
1√
2
Q
∑

j

(κja
†
j + κ̄jaj) . (D5)

This can equivalently be expressed as

K = Q
∑

j

(Re(κj)Qj + Im(κj)Pj) =
1

2

∑

j,k

Bj,kRjRk .

where

B =







0 0 Re(κ)T Im(κ)T

0 0 01×n 01×n

Re(κ) 0 0n×n 0n×n

Im(κ) 0 0n×n 0n×n






(D6)

where κ =
(

κ1 κ2 · · · κn

)T
. Computing eBJ we see

that this is equal etÃJetAJ for the choice κ = −2w(t) +
2iv(t). That is, for

K(t) = 2Q

n
∑

j=1

(−wj(t)Qj + vj(t)Pj) ,

we find that U∗U(t) = eiH̃teiH
ort = eiK(t). Inserting the

relations Qj =
1√
2
(a†j +aj) and Pj =

i√
2
(a†j −aj) implies

the claim.

Let us use U(t) := e−iHortUeiH
ort to rewrite the result-

ing evolution in (D2) as

U res(T ) = eiH
orTU(∆LT ) · · ·U(∆2T )U(∆1T ) .

Inserting U(t) = U exp(iK(t)) from Lemma 10 and using
the commutation relation U exp(iK(t)) = exp(−iK(t))U
we obtain

U res(T ) =eiH
orT e−iK(∆LT )eiK(∆L−1T )e−iK(∆L−2T ) · · ·

· · · e(−1)L−1iK(∆2T )e(−1)LiK(∆1T )UL .
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For L even, this becomes

U res(T ) = eiH
orT

L
∏

m=1

e−i(−1)mK(∆mT )

since U2 = I. Observe also that

[iK(t1), iK(t2)] = iϕ(t1, t2)I

for some scalar ϕ(t1, t2) and thus

[K(t1), [K(t1),K(t2)]] = 0 for all t1, t2 ∈ R .

With the CBH formula eAeB = eA+Be[A,B]/2 if
[A, [A,B]] = [B, [A,B]] = 0 we conclude that

U res(T ) = eiH
orT eiK

res(T )eiϕ
res(T ) (D7)

where

K res(T ) = −
L
∑

j=1

(−1)jK(∆jT )

ϕres(T ) = −1

2

L−1
∑

j=1

j
∑

ℓ=1

(−1)j+ℓϕ(∆j+1T,∆ℓT ) .

The exact form of ϕres will not be needed here but we
compute K res(T ) to be

K res(T ) = − 1√
2
Q
∑

j

λj

ωj

(

fL(ωjT )a
†
j + fL(ωjT )aj

)

where

fL(z) =

L
∑

m=1

(−1)mf(z∆m) = 2i

L
∑

m=1

(−1)me−iz∆m

since
∑L

m=1(−1)m = 0 for L even.
The main result of this section is a full description of

the system’s resulting evolution when an arbitrary pulse
sequence consisting of multiple applications of the uni-
tary U (cf. (D3)) is used. It is given by a Gaussian chan-
nel, i.e., a completely positive trace-preserving map, and
is thus specified by its action on covariance matrices (see
Eq. (G2) below).

Theorem 11. Suppose the system and bath are initially
in the product state ρ ⊗ ρEβ , where the system’s state ρ

has covariance matrix M and ρEβ = e−βHE
0 /tr

(

e−βHE
0

)

is the thermal state of the environment at inverse tem-
perature β. Consider the state

ρres = trE
(

U res(T )(ρ⊗ ρEβ )U
res(T )∗

)

of the system at time T , i.e., after application of the pulse
from Eq. (D3) at times {T∆j}Lj=1 and uncontrolled evo-
lution under (D1) in between. Then ρres has covariance
matrix

M res =

(

1 xres

0 1

)

M

(

1 xres

0 1

)T

+

(

yres 0
0 0

)

(D8)

where

xres =
∑

j

λ2
j

ω2
j

[

Tωj − sin(ωjT ) + sin(ωjT )Re(yL(ωjT ))

− (cos(ωjT )− 1)Im(yL(ωjT ))
)]

(D9)

yres =
∑

j

λ2
j

ω2
j

coth

(

βωj

2

)

∣

∣yL(ωjT )
∣

∣

2
(D10)

and where

yL(z) = 2

L
∑

m=1

(−1)meiz∆m + 1− eiz . (D11)

We note that yres depends on β whereas xres does not

and that the matrix

(

1 xres

0 1

)

is symplectic. Hence, if

yres = 0, the evolution M 7→ M res of the system’s covari-
ance matrix is described by a Gaussian unitary and, in
particular, is decoupled. On the other hand, any value
yres > 0 indicates that the system’s evolution is non-
unitary, with yres quantifying the degree of decoherence
introduced.

Proof. The state ρEβ has covarianceMβ = Dβ⊕Dβ, where

Dβ = diag(coth(βω1/2), . . . , coth(βωn/2)) .

The output covariance matrix M res of the system is
obtained by taking the principal 2 × 2 submatrix of
Sres(T )M ⊕ (Dβ ⊕Dβ) S

res(T )T .
To compute Sres(T ), we consider the expression (D7)

for the associated Gaussian unitary U res(T ). We may
neglect the phase eiϕ

res(T ) as we are only interested in
the evolution of the covariance matrix. We note that
the Hamiltonian K res(T ) is again of the form (D5) for

κj = −λj

ωj
fL(ωjT ). Let us denote the symmetric ma-

trix (D6) associated with K res(T ) by Bres. Then the re-
sulting symplectic operation Sres(T ) is

Sres(T ) = eTAJeB
resJ =







1 xres aT bT

0 1 0 0
0 c cos(ΩT ) − sin(ΩT )
0 d sin(ΩT ) cos(ΩT )







where

xres = x(T )− v(T )TRe(κ)− w(T )T Im(κ) (D12)

a = Im(κ) + v(T )

b = −Re(κ) + w(T )

c = w(T )− cos(ΩT )Re(κ) + sin(ΩT )Im(κ)

d = v(T )− sin(ΩT )Re(κ)− cos(ΩT )Im(κ) .

Here we inserted the exponential expression (D4) for
eTAJ and an analogous expression for eB

resJ .
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We next consider the output covariance matrix
Sres(T )M ⊕ (Dβ ⊕Dβ) S

res(T )T of the system and envi-
ronment. Its principal 2× 2 submatrix is given by (D8),
with xres from (D12) and

yres =
∑

j

λ2
j

ω2
j

coth

(

βωj

2

)

[

(

Re(fL(ωjT ))− sin(ωjT )
)2

+
(

Im(fL(ωjT )) + 1− cos(ωjT )
)2
]

With the definition (D11) of yL(z) we compute

Re(fL(z))− sin(z) =

2

L
∑

m=1

(−1)m sin(z∆m)− sin(z) = Im(yL(z))

Im(fL(z))− (cos(z)− 1) =

2
L
∑

m=1

(−1)m cos(z∆m) + 1− cos(z) = Re(yL(z))

In summary, we obtain the expression (D8) with xres and
yres as in (D9) and (D10), respectively, as claimed.

The quantity yres introduced in Theorem 11 fully cap-
tures the error of our decoupling scheme. Introducing
the noise spectrum

Sβ(ω) =
∑

j

λ2
jδ(ω − ωj) coth

(

βω

2

)

we can reexpress this quantity as

yres =

∫ ∞

0

Sβ(ω)

ω2

∣

∣yL(ωT )
∣

∣

2
dω . (D13)

The chosen decoupling pulse sequence, i.e., the pulse
application times tj = T∆j, enter this expression only
through the definition of yL. We note that the scalar
in (D13) is identical to the expression χ(T ) which ap-
pears in the analysis of π-pulse DD of the spin-boson
model for a single qubit [23, 25]: It was shown that χ(T )
characterizes the efficiency of π-pulse DD and in par-
ticular its dependence on the bath temperature or the
high-frequency cutoff in the noise spectrum Sβ(ω). For
hard high-frequency cutoffs the Uhrig times are optimal.
In [25], Uhrig and Pasini numerically found that for a soft
high-frequency cutoff the optimal DD times are not those
of UDD but close to those of periodic DD. In summary,
these qubit DD results on the high-frequency cutoffs in
the noise spectrum translate immediately to the bosonic
setting considered in Theorem 11.

Appendix E: Parametrization of the symplectic

group and its Lie algebra: Proof of Lemma 3

Here we provide a proof for Lemma 3, i.e., we show
that the matrices Sα satisfy the properties (a)–(d), and

we show that the homogenization pulses from the substi-
tution rule (11) are passive Gaussian unitaries associated
to elements of {Sβ| β ∈ Γ}.

Proof. (a) Define δ(α) = |{j ∈ {0, . . . ,m} | aj = (1, 1)}|
and let Γ be the set of sequences α = (a0, . . . , am) ∈
(Z2

2)
m+1 such that δ(α) + δa0∈{(0,1),(1,0)} is odd.

First consider the equation XTJ2m + J2mX = 0 satis-
fied by any element X of sp(2 · 2m). For simplicity let us
omit the index 2m and write J instead of J2m . Using the
fact that xT = x, yT = −y and zT = z, as well as the
commutation/anticommutation relations

[J, y] = [J, I] = 0 (E1)

{J, x} = {J, z} = 0 ,

we find that

ST
α J + JSα = (−1)δ(α)SαJ + JSα

=
(

(−1)δ(α)+δa0∈{(0,1),(1,0)} + 1
)

JSα

for any sequence α = (a0, . . . , am) ∈ (Z2
2)

m+1. Hence by
definition of Γ, the matrix Sα is in sp(2·2m) for every α ∈
Γ. Second, we note that all Sα are linearly independent
by definition. To show that they form a basis of sp(2·2m)
we compute the number of elements in Γ and compare it
to the dimension nS(2nS + 1) = 2 · 22m + 2m of the Lie
algebra sp(2 · 2m). Any element α = (a0, a1, . . . , am) ∈ Γ
satisfies

δ
(

(a1, . . . , am)
)

{

is even if a0 ∈ {(0, 1), (1, 0), (1, 1)}
is odd if a0 = (0, 0)

.

(E2)
Let us therefore consider the number of vec-
tors (a1, . . . , am) ∈ Z2m

2 such that δ
(

(a1, . . . , am)
)

is
even or odd, which we denote by em or om, respectively.
These are recursively defined as em+1 = e1em + o1om
and om+1 = e1om + o1em where e1 = 3 and o1 = 1.
An induction on m shows that em = 22m−1 + 2m−1.
Using Eq. (E2) the number of elements in Γ is given by
|Γ| = 3em + om = em+1. Hence it is equal to the dimen-
sion 2 · 22m + 2m of the symplectic algebra sp(2 · 2m). In
summary, {Sα}α∈Γ is a basis of sp(2 · 2m).
(b) By orthogonality of the matrices I, x, y, z, for

all α ∈ (Z2
2)

m+1 the matrices Sα are also orthogonal.
Any element S of the symplectic group has to satisfy
the equation STJS = J . Using the orthogonality of Sα

and the commmutation/anticommutation relations from
Eq. (E1) we find that

ST
α JSα = (−1)δa0∈{(0,1),(1,0)}ST

αSαJ

= (−1)δa0∈{(0,1),(1,0)}J .

This is equal to J if and only if δa0∈{(0,1),(1,0)} = 0 or
equivalently a0 ∈ {(0, 0), (1, 1)}. Hence the matrix {Sα}
is symplectic orthogonal for α ∈ Γ̃.
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(c) With the definition of y, we write y0 as

y0 = y ⊗ I2m =

(

0 −1
1 0

)

⊗ I2m

and the matrix J2m defining the symplectic form as

J2m =

(

02m I2m
−I2m 02m

)

= −y ⊗ I2m

where 02m and I2m denote the 2m× 2m zero and identity
matrices, respectively. Since y0 = S(1,1,0,...,0) the claim
follows.
(d) The commutation relations

xT yx = −y yTxy = −x zTxz = −x
xT zx = −z yT zy = −z zTyz = −y

between the matrices x, y, and z imply the desired rela-
tion (14) for the adjoint action.

Let us now consider the unitaries obtained by the
substitution rule (11). They are products of the uni-
taries Uy0, Uxi

, Uyi
, and Uzi (where i = 1, . . . ,m) defined

in (9) and (10). The associated symplectic matrices are

y0 = y ⊗ I⊗m

xi = I ⊗ I⊗i−1 ⊗ x⊗ I⊗m−i

yi = I ⊗ I⊗i−1 ⊗ y ⊗ I⊗m−i (E3)

zi = I ⊗ I⊗i−1 ⊗ z ⊗ I⊗m−i.

respectively. The matrix xi acts as a product of 2m−1

SWAP operations between pairs of modes, y0 (respec-
tively zi) as a tensor product of 2m (respectively 2m−1)
identical single-mode orthogonal symplectic operations.
We remark that y0 and yi (for i = 1, . . . ,m) are differ-
ent in nature: Whereas the former is a tensor product
of single-mode operations, the latter being equal to xizi
acts as a product of two-mode SWAP gates and single-
mode gates. Products of these matrices can be written
as Sα where α = (a0, . . . , am) and a0 ∈ {(0, 0), (1, 1)},
i.e., they are elements of {Sβ | β ∈ Γ̃} and hence or-
thogonal symplectic. Because such matrices are associ-
ated with passive Gaussian unitaries, the homogenization
pulses chosen according to the substitution rule (11) are
passive Gaussian unitaries.

Appendix F: Proof of homogenization

In this section we provide a rigorous proof of the claim
that any universalN -th order DD scheme form+1 qubits
that uses Pauli pulses induces an N -th order bosonic ho-
mogenization scheme for 2m modes via the replacement
rules (11). More precisely, we first show that the de-
duced bosonic pulse sequence falls into the framework of
Section A. Second we show that the N -th order decou-
pling property (20) of the functions F qubit

α translates to

the homogenization property (19) of the induced func-
tions F bos

α . In last paragraph, we apply this result to the
qubit NUDD scheme to obtain the bosonic homogeniza-
tion sequence from Theorem (2).
Consider an (m + 1)-qubit DD scheme with Pauli

pulses Uj = σβ(j) applied at times tj for j = 1, . . . , L.
On the level of symplectic group elements, the substitu-
tion rule (11) can be formulated as

σβ 7→ Sβ′ for all β = (b0, b1, . . . , bm) ∈ (Z2
2)

m+1 (F1)

where the index β′ ∈ Γ̃ is related to β via

β′ = (b′0, b1, . . . , bm) and (F2)

b′0 =

{

(1, 1) if b0 ∈ {(1, 0), (1, 1)}
(0, 0) if b0 ∈ {(0, 0), (0, 1)} (F3)

Hence, applying (11) to the above (m + 1)-qubit DD
scheme results in a bosonic pulse sequence consisting in
pulses Sβ′(j) applied at times tj . We note that due to the
replacement (σz)0 7→ S(0,...,0) = I2m , the number of re-
quired homogenization pulses may be reduced compared
to the original L.
For completeness, let us briefly show that the deduced

bosonic homogenization scheme falls into the framework
from Section A: Since the system is assumed to be
decoupled from the environment, Xor(t) is of direct-
sum form Xor(t) = Xor

S (t) ⊕ Xor
E (t) where the system

part Xor
S (t) (the one to be homogenized) can be written

as (A1) for a one-dimensional environment and the oper-
ators Bα satisfy (A2) by assumption. The adjoint action

of symplectic group elements Sβ for β ∈ Γ̃ is specified by
Eq. (A3) as shown in the the previous section. Further-
more, these group elements are infinitesimally generated
up to signs as the matrices y0, xi, yi, zi from Eqs. E3 can
be expressed up to overall signs as exponentials of ele-
ments in sp(2 · 2m): explicitly, we have

exp
(π

2
y0

)

= −y0 , exp
(π

2
y0(xi + I⊗m+1)

)

= −xi ,

exp
(π

2
yi

)

= −yi , exp
(π

2
y0(zi + I⊗m+1)

)

= −zi ,

for i = 1, . . . ,m. The arguments of the exponential func-
tions are indeed elements of sp(2 · 2m) as can be seen
from the definitions of these matrices (E3) and prop-
erty (a) of sp(2 · 2m). Additionally the product of all
pulses applied up to time T amounts to the identity op-
erator, again up to signs as this property is inherited
from the corresponding (m + 1)-qubit DD scheme: if in

the multi-qubit setting
∏L

j=1 σβ(j) = eiϕI2m+1 then the

substitution rule (F1) yields
∏L

j=1 Sβ(j) = ±I2m+1 in the

bosonic setting which implies that Stf
S (T ) = ±Sres

S (T ).
Thereby, all assumptions of the decoupling framework in
Section A are satisfied. Hence, we can conclude that the
toggling frame generator takes the form as derived in the
main article in Eq. (15).
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The following lemma shows that if the original qubit
DD scheme achievesN -th order decoupling, then the sub-
stitution rule (11) transform it into anN -th order homog-
enization scheme.

Lemma 12. For a family of times {tj}Lj=1 and a func-

tion β : {0, . . . , L} → (Z2
2)

m+1 let {F qubit
α }α∈(Z2

2)
m+1 be

defined as

F qubit
α (t/T ) = (−1)

∑
j:tj≤t

〈α,β(j)〉
for t ∈ [0, T ] . (F4)

Assume there is a number N ∈ N such that for all s ∈ N,
r1, . . . , rs ∈ N0, and α1, . . . , αs ∈ (Z2

2)
m+1 these func-

tions satisfy the decoupling condition (20). Define

F bos
α (t/T ) = (−1)

∑
j:tj≤t〈α,β′(j)〉

for t ∈ [0, T ] . (F5)

for all α ∈ Γ where β′(j) is related to β(j) as speci-
fied in (F2) and (F3). Then the homogenization condi-
tion (19) holds for F bos

α .

Proof. Let α ∈ Γ ⊂ (Z2
2)

m+1. We use the notation a0 =
(c, d) ∈ Z2

2 for the zero component of α in this proof.
Observe that the functions (F4) and (F5) only differ in
the expressions 〈α, β′(j)〉 and 〈α, β(j)〉. Due to (F3) a
summand of the former satisfies (modulo 2)

a0

(

0 1
−1 0

)

b′0(j)
T = a′0

(

0 1
−1 0

)

b0(j)
T

where we defined a′0 = (0, d⊕ c). Then the whole expres-
sion can be written as

〈α, β′(j)〉 =
[

m
∑

k=0

ak

(

0 1
−1 0

)

b′k(j)
T

]

mod 2

= 〈α′, β(j)〉

where we defined α′ = (a′0, a1, . . . , am). In conclusion,
we find

F bos
α (t) = F qubit

α′ (t) for all t ∈ [0, T ] .

where α′ = (c, c, 0, . . . , 0) ⊕ α. We note that the matri-
ces Sα satisfy

∏s
k=1 Sαk

= ±S⊕
s
k=1 αk

which can be easily
seen from the commutation relations between x, y, and z.
Additionally, the identity matrix is equal to S(0,...,0) and
the matrix J2m defining the symplectic form is given
by −S(1,1,0,...,0) (cf. (c)). Therefore the condition

s
∏

k=1

Sαk
/∈ {±I2·2m ,±J2m} is equivalent to

s
⊕

k=1

αk /∈ {(1, 1, 0, . . . , 0), (0, . . . , 0)} .

Now let s ∈ N, r1, . . . , rs ∈ N0 and α1, . . . , αs ∈ Γ be
such that s+

∑s
k=1 rk ≤ N and

s
⊕

k=1

αk /∈ {(1, 1, 0, . . . , 0), (0, . . . , 0)} . (F6)

For k = 1, . . . , s we introduce the notation αk =
(a0(k), a1(k) . . . , am(k)) and a0(k) = (c(k), d(k)) ∈ Z2

2.
Due to the definition of α′ we have

s
⊕

k=1

αk =

s
⊕

k=1

α′
k ⊕

(

κ, κ, 0, . . . , 0
)

(F7)

where we defined κ =
⊕s

k=1 c(k). In both cases κ =
0 and κ = 1, combining (F6) and (F7) gives that
⊕s

k=1 α
′
k 6= (0, . . . , 0). Then property (20) of the qubit

DD functions F qubit
α′ implies that

F~r
~α′({F qubit

α′ }) = 0

But due to the equality between F qubit
α and F bos

α , then
also F~r

~α({F bos
α }) = 0. In conclusion the functions F bos

α

satisfy (19).

What still remains to be proven is that a symplectic
evolution of the form

Sres(T ) = (c1I2nS
+ c2JnS

)⊕ SE +O(TN+1) (F8)

for c1, c2 ∈ R and SE ∈ Sp(2nE) describes a decoupled
and homogenized evolution, i.e., that it can be written
as Sres(T ) = eωTJnS ⊕ SE + O(TN+1) for some ω ∈ R.
Indeed, the fact that Sres(T ) is symplectic and (F8) imply
that (c21+c22)JnS

= JnS
+O(TN+1) that is, c21+c22 = 1+ǫ

where ǫ = O(TN+1). Let ω ∈ R be such that cosωT =
c1/

√
1 + ǫ and sinωT = c2/

√
1 + ǫ. Then we have, using

eωTJ2m = cos(ωT )IS + sin(ωT )J2m ,

∥

∥(c1I2nS
+ c2JnS

)− eωTJnS

∥

∥

= ‖(1− 1√
1 + ǫ

)(c1I2nS
+ c2JnS

)‖

= O

(

|1− 1√
1 + ǫ

| · (|c1|+ |c2|)
)

≤ O

(

|1− 1√
1 + ǫ

| ·
√

c21 + c22

)

= O

(

|1− 1√
1 + ǫ

| ·
√
1 + ǫ

)

= O(ǫ)

by the Cauchy-Schwarz-inequality. The claim then fol-
lows from the triangle inequality.
Bosonic homogenization from the NUDD sequence.

To derive Theorem 2, it suffices to apply Lemma 12
to NUDD for m + 1 qubits. We use the convention
that qubit 0 is associated with the lowest concatena-
tion level. This choice guarantees that the substitu-
tion rule (11) achieves a maximal reduction of pulses,
resulting in a 2m-mode bosonic homogenization scheme
using (N + 1)2m+1 Gaussian unitaries. An example of
a bosonic homogenization scheme constructed from the
NUDD scheme in this way is shown in Fig. 2.
We remark that if a priori knowledge about the uncon-

trolled Hamiltonian is available, one can selectively sup-
press stronger interactions. This can be realized, e.g., by
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qubit 2
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FIG. 2: Bosonic homogenization scheme (B) of suppression order N = 1 for four modes and the corresponding first order
NUDD scheme (A). The evolution under the decoherence Hamiltonian (horizontal straight lines) is interleaved with control
pulses (circles and boxes); different four-mode gates (represented as red, blue and grey boxes) act as products of single-mode
gates and SWAP gates between pairs of modes as represented by the insets below the figure.

using different suppression orders at various nesting levels
in the recursive NUDD construction, see [12]. The same
reasoning can be extended to the bosonic setting. How-
ever, if decoupling is applied in conjunction with homog-
enization, prior information about the original uncon-
trolled Hamiltonian needs to be converted into prior in-
formation about the effective decoupled evolution. This
appears to require a non-trivial analysis.

Appendix G: Quadratic Hamiltonians with linear

terms

In this section, we discuss the effect of our schemes,
both decoupling and homogenization, on system-
environment interactions of the form

Hor(t) =
1

2

2(nS+nE)
∑

j,k=1

Aj,k(t)RjRk

+

2(nS+nE)
∑

j=1

bj(t)Rj (G1)

which are quadratic in the mode operators R =
(QS

1 , . . . , Q
S
nS

, PS
1 , . . . , PS

nS
, QE

1 , . . . , Q
E
nE

, PE
1 , . . . , PE

nE
)

of system and environment, but may include additional
linear terms as parametrized by a time-dependent vector
b(t) ∈ R2(nS+nE) compared to Eq. (2). We note that
the evolution generated by (G1), together with our
Gaussian control pulses, leads to a Gaussian unitary
operation U res(T ) which is characterized by its action on
covariance matrices and displacement vectors of a given
state ρ. The latter are defined as

Mj,k(ρ) = tr({Rj − dj , Rk − dk}ρ) (G2)

dj(ρ) = tr(Rjρ)

for j, k ∈ {1, . . . , 2(nS + nE)}. The resulting uni-
tary U res(T ) acts as

M (ρres(T )) = Sres(T )M(ρ)Sres(T )T

d(ρres(T )) = Sres(T )d(ρ) + ζres(T ) ,

where ρres(T ) = U res(T )ρU res(T )∗ is the time-evolved
state. In this expression, Sres(T ) ∈ Sp(2(nS + nE)) is
symplectic, whereas ζres(T ) ∈ R

2(nS+nE) defines a dis-
placement in phase space.

Here we argue that the constructed pulse sequence
decouples respectively homogenizes the evolution of co-
variance matrices, i.e., the matrix Sres(T ) has the same
structure as described in Theorem 1 respectively The-
orem 2. In particular, the presence of linear terms in
the Hamiltonian (G1) has no effect on the evolution of
second moments, and the corresponding evolution is de-
coupled from the environment respectively given by de-
coupled and homogenized oscillators up to the considered
suppression order. Indeed, this follows from the simple
observation that the time evolution of the covariance ma-
trix M(t) := M(ρ(t)) for a state ρ(t) evolving under a
time-dependent Hamiltonian as in (G1) is governed by
the differential equation

Ṁ(t) = 2(−JA(t)M(t) +M(t)A(t)J) .

Importantly, this equation has no dependence on the vec-
tor b(t) associated with the linear terms. Furthermore,
application of unitary Gaussian decoupling pulses does
not change the form (G1) of the time-dependent genera-
tor. This implies the claim.


