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ON AUTOMORPHIC POINTS IN POLARIZED DEFORMATION RINGS

PATRICK B. ALLEN

ABSTRACT. For a fixed mod p automorphic Galois representation, p-adic automorphic Galois repre-
sentations lifting it determine points in universal deformation space. In the case of modular forms and
under some technical conditions, Bockle showed that every component of deformation space contains
a smooth modular point, which then implies their Zariski density when coupled with the infinite fern
of Gouvéa—Mazur. We generalize Bockle’s result to the context of polarized Galois representations
for CM fields, and to two dimensional Galois representations for totally real fields. More specifically,
under assumptions necessary to apply a small R = T theorem and an assumption on the local mod
p representation, we prove that every irreducible component of the universal polarized deformation
space contains an automorphic point. When combined with work of Chenevier, this implies new
results on the Zariski density of automorphic points in polarized deformation space in dimension

three.
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INTRODUCTION

Inspired by the p-adic deformation theory of modular forms, Mazur developed a deformation theory
for Galois representations that has played a central role in modern algebraic number theory. If the
fixed mod p Galois representation arises from a modular eigenform, the p-adic deformation theory of
its Hecke eigensystem can naturally be viewed as part of the p-adic deformation theory of the Galois
representation. A natural (but vague) question is: are these two deformation theories the same?

One way to make this precise is to ask whether or not the universal deformation ring for the mod p
Galois representation is isomorphic to an appropriate “big” p-adic Hecke algebra. Such a result is know
as a “big R = T” theorem, and implies that the theories of Galois representations and automorphic
forms are intimately connected even when one leaves the geometric world. This is further illustrated
by Emerton’s strategy for proving the Fontaine—-Mazur conjecture, which is to start with a big R =T
theorem, and then identify the geometric locus inside deformation space with the classical modular
points [Emel1].

The theory of pseudo-representations often allows one to deduce the existence of a surjection from
a universal deformation ring R"™" to a big p-adic Hecke algebra T. In these situations, a big R = T
theorem follows from knowing that the classical automorphic points in Spec R are Zariski dense (at
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least up to reduced quotients). The first such result was proved by Gouvéa and Mazur [GM] in the
context of GLg over @, under the assumption that the universal deformation ring is formally smooth,
i.e. a power series over O, of the expected dimension. They constructed a sort-of fractal in the rigid
analytic generic fibre of Spec R that they called the infinite fern. The infinite fern shows that the
Zariski closure of the modular points has large dimension, and adding the assumption that R"™Y is a
power series over O of the correct dimension implies the Zariski density.

Bockle improved on this [Boc01] using a novel idea. He used explicit computations of local defor-
mation rings [Ram93, B6c00] together with small R equals T theorems (of the type proved by Taylor
and Wiles) to show that every irreducible component of universal deformation space contains a smooth
modular point, under certain conditions on the residual representation. The smoothness of the point
allows one to deduce that the component has the correct dimension, then the infinite fern implies the
modular points are Zariski dense in that component.

In higher dimensions or for more general number fields, the situation is more subtle (see [CMO09,
§1.1]), and the naive generalization of the Zariski density statement in the rigid analytic generic fibre
is false in general (see [Loell] and [Call2, §5]). However, if one restricts to polarized representations
of the Galois group of CM or totally real fields, then the situation is much more hopeful, and a
precise conjecture was made by Chenevier [Chell, Conjecture 1.15]. Chenevier [Chell] expanded and
refined the construction of Gouvéa and Mazur to three dimensional Galois representations for CM
fields F' in which p is totally split and to two dimensional Galois representations for totally real fields
F of even degree over Q in which p is totally split. Chenevier thus proves his conjecture, which is a
higher dimensional analogue of the Gouvéa—Mazur conjecture, in these situations under the additional
assumption that the universal deformation ring is formally smooth of the correct dimension.

In this paper we give a new and more geometric interpretation of Bockle’s strategy, which affords
strong generalization. In principal, our methods apply any time the “numerical coincidence” discussed
in [CHTO08, §1] holds. We focus on the case of polarized representations of Galois groups of CM fields
(in arbitrary dimension), and two dimensional representations of totally real fields. In order to state
some of our main results, we set up some notation.

Let F be a CM field with maximal totally real subfield F'*. Let S be a finite set of finite places of
FT containing all those that ramify in I, let Fig be the maximal extension of F' unramified outside of
the places above those in S, and set Gr g = Gal(Fs/F). Let E be a finite extension of Q, with ring
of integers O and residue field F. Assume we are given a continuous absolutely irreducible

p: GF,S — GLn(F)

such that p¢ = p¥ ® €!~", where ¢ € G+ is some choice of complex conjugation, p¢ is the conjugate
representation given by p°(v) = p(cyc) for all v € G, p” is the F-linear dual of p, and € is the mod
p cyclotomic character. Letting R"V denote the universal deformation ring for p on the category of
complete Noetherian local O-algebras with residue field IF, there is a quotient RP°' of R"Y that is
universal for deformations p such that p¢ = p¥ ®e! =" (see §2.2). The Galois representations associated
to regular algebraic conjugate self dual cuspidal automorphic representations of GL,,(Ar) that lift p
naturally yield @p—points of Spec RP°!.

Theorem A. Fiz . : @p = C. Assume p1{2n and that every place above p in F+ splits in F. Assume
there is a reqular algebraic conjugate self dual cuspidal automorphic representation m of GL,,(Ar) such
that ﬁ@Fp is isomorphic to the mod p Galois representation attached to m and t. Assume further:
(a) Fither
- pr.la, 1s potentially diagonalizable for each v|p in F', or
- 7 is t-ordinary.
(b) p(Gr(c,)) is adequate and G, ¢ F.
(¢) For each v|p in F, there is no nonzero F|G,]-equivariant map p|la, — pla, (1).

Then for any irreducible component C of Spec RP°!, there is a regular algebraic conjugate self dual
cuspidal automorphic representation whose associated Galois representation determines a Q,-point of

C.
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We refer the reader to Theorems 5.3.1 and 5.3.2 below for slightly more general and refined state-
ments, to §3 for the definition of a potentially diagonalizable representation, to §4 for a discussion of
regular algebraic polarizable cuspidal automorphic representations and their associated Galois repre-
sentations, and to Definition 5.2.2 for the definition of an adequate subgroup of GL,, (F).

The characteristic zero points on universal polarized deformation rings arising from regular alge-
braic polarized cuspidal automorphic representation are known to be formally smooth in a great deal
of generality, see [All15, Theorem C] and [BHS15, Corollaire 4.13]. Combining this with our main
theorems and Chenevier’s infinite fern, we obtain new cases of Chenevier’s conjecture (Theorem 5.4.1
below):

Theorem B. Fiz.: @p = C. Assume thatn = 3, and that p > 2. Assume there is a reqular algebraic
conjugate self dual cuspidal automorphic representation m of GL3(AF) such that p is isomorphic to the
mod p Galois representation attached to m and v. Assume further:

(a) p is totally split in F.

(b) For each v|p in F, m, is unramified and pr ,|c, is potentially diagonalizable. If p = 3, then we

further assume that w is t-ordinary.

(c) P(Gr,)) is adequate and C, ¢ F.

(d) For each v|p in F, there is no nonzero F|G,]-equivariant map |, — pla, (1).
Then, letting X denote the rigid analytic generic fibre of Spf RP°', the set of points in X induced by

Galois representations associated to regular algebraic conjugate self dual cuspidal automorphic repre-
sentation of level prime to p is Zariski dense.

We refer the reader to §1.2 for an overview of the rigid analytic generic fibre. Along the way to
proving Theorem B we deduce nice ring theoretic properties for RP°! (Corollary 5.3.3 below). However,
using potentially automorphy theorems, we can prove these nice ring theoretic properties in many cases
without assuming residual automorphy. For example:

Theorem C. Assume that p > 2(n + 1) and that every v|p in Ft splits in F. Assume further:

(a) Pler,, is absolutely irreducible.
(b) For each v|p, if we write the semisimplification of p
ducible, then p; % p;(1) for any i, .

a, as (Pla, )™ = ®p; with each p; irre-

Then RP°' is an O-flat, reduced, complete intersection ring of dimension 1 + %[FJr : Q).

We refer the reader to Theorem 5.3.4 for a more general statement (see Remark 5.3.5). This can
be seen as answering a polarized version of a question of Mazur [Maza, §1.10] in many cases.

We also prove similar theorems in the context of GLy over a totally real field, Theorems 6.3.1
and 6.3.6 and Corollaries 6.3.4 and 6.3.5 below, and our results even yield new cases over Q (see
Remark 6.3.9).

Most of the assumptions in the above theorems, and in any of the main theorems below, are
used to invoke results in the literature. In particular, improvements in (small) R = T theorems
or improvements in the infinite fern would immediately yield improvements in Theorems A and B,
respectively. The only additional assumption imposed in this paper is the assumption that there are
no nonzero F[G,]-equivariant maps p|c, — pla, (1). This is used to guarantee that the universal lifting
rings of the local representations p|¢, are regular for each v|p. We explain how this is used below.

Strategy. As in Bockle’s work, we use a small R = T theorem to show that every irreducible compo-
nent of the universal deformation ring contains an automorphic point. Under appropriate assumptions,
including one that implies the universal local lifting ring at p is regular, Béckle shows that a suitable
locus (i.e. finite flat or ordinary) inside the universal local deformation space is cut out by the “right
number” of equations. In order to do this, he uses explicit computations of local deformation rings,
due to Ramakrishna [Ram93] in the finite flat case, and due to himself [B6c00] in the ordinary case.
In arbitrary dimensions, the local Fontaine-Laffaille deformation rings are known to be power series
in the correct number of variables, so one could proceed as in [Béc01]. However, explicitly computing
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ordinary deformation rings in arbitrary dimensions seems intractable (even dimension two is hard).
More importantly, in higher dimensions there are many types of mod p Galois representations that
have neither Fontaine—Laffaille nor ordinary lifts, so one would like a strategy that works for more
general local conditions.

The main idea of this paper is that using the finiteness of the universal global polarized deformation
ring RP°! over the universal local lifting ring R'°¢ at places dividing p (a principle the author first learned
from Frank Calegari’s blog Persiflage [Call3], see also [AC14]) we can turn our problem into one of
intersections in Spec R'°¢. This has the effect of allowing us to weaken a global unobstructedness
assumption to a local unobstructedness assumption. More specifically, armed with a small R = T
theorem, we can deduce the existence of an automorphic point on any irreducible component C of
Spec RP°! if we prove that the intersection of C and the generic fibre of our small deformation ring R
inside Spec RP°! is nonempty. Using the finiteness of RP°' over R'°°, we first turn this into a problem
of an intersection in Spec R'°°. Since R!°° is regular, we can use intersection theory in regular local
rings and the lower bound for dim C arising from Galois cohomology to prove that the intersection of
the image of C in Spec R°¢ with the appropriate fixed weight p-adic Hodge theoretic locus X'°¢ has
dimension > 1. One then uses the finiteness of RP°' over R!°¢ again to show there is a dimension 1
point on the intersection of C and our small deformation ring R. But the small R = T theorem implies
R is finite over Zj, hence this point must be in the generic fibre.

Let us make a few remarks. Firstly, it is crucial for our method that we know our small deformation
ring is finite over Z,. Hence, it is not just the automorphy of p-adic Galois representations that we
need, but the underlying R = T (or R**? = T) theorems.

Secondly, the author thinks it is interesting to compare the above with one heuristic justification
for the Fontaine-Mazur conjecture. Namely, since the conjectural dimension of Spec RP°'[1/p] plus the
dimension of our fixed weight p-adic Hodge theoretic locus X'°¢ in Spec R'°°[1/p] equals the dimension
of Spec R'°“[1/p] (in favourable situations), one might imagine they intersect at finitely many points,
and maybe even transversely. The assumption of residual automorphy guarantees that this intersection
is nonempty, and a small R = T theorem implies that this intersection is a finite set of points. The
main theorems in this article and their method of proof (under the appropriate assumptions) imply
that if Spec RP°![1/p] intersects X'°°, then every irreducible component of Spec RP°![1/p] intersects
XIOC.

Finally, since the argument above uses only the dimension of X'°¢ and that a small R = T theorem
is known for the p-adic Hodge theoretic conditions defined by X'°¢, this allows us flexibility in the
choice of X'°¢, provided it is nonzero and has the correct dimension. For example, we can use this
to conclude existence of automorphic points on each irreducible component of Spec RP°' whose local
representations at places dividing p have certain pre-prescribed local properties.

It is natural to wonder what happens when R'°¢ is not regular. We discuss an example in §6.4 that
illustrates the subtleties in this case. More specifically, we use an example of Serre to show that the
conclusion of our main lemma, Lemma 1.1.2, may not hold when R'°° is not regular. In particular, one
no longer has the flexibility in the choice of X'°¢ as discussed above, and proving the main theorems
of this paper in this case seems to require a better understanding of the irreducible components of the
universal deformation rings in question.

Outline. In §1 we first recall a fact from intersection theory in regular local rings and prove our main
lemma. We then recall the rigid analytic generic fibre of a affine formal scheme, and gather some
facts regarding the relationship between the irreducible components of the generic fibre with those in
underlying affine scheme. In §2 we recall some basics in deformation theory, in particular presentations
and polarized deformation rings. We gather results from the literature on local deformation rings in
83. In §4 we recall the notion of regular algebraic polarized cuspidal automorphic representations
and their associated Galois representations. In §5 we prove our main theorems for polarized Galois
representations of CM fields. We do this after first recalling the small R = T theorems that we use in
the proofs of our main theorems. Finally, §6 treats the case of GLg over totally real fields.
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NOTATION AND CONVENTIONS

We fix a prime p and an algebraic closure @p of Qp. We let O@p and F,, denote the ring of integers
and residue field, respectively, of Q, and let mg be the maximal ideal of O@ . Throughout E will

denote a finite extension of Q, inside @p. We let O and F denote the ring of integers and residue field,
respectively, of E.

We denote the maximal ideal of a commutative local ring A by m4. We let CNLp be the category
of complete local commutative Noetherian O-algebras A such that the structure map O — A induces
an isomorphism F =3 A/m4, and whose morphisms are local O-algebra morphisms. We will refer to
an object, resp. a morphism, in CNLy as a CNLp-algebra, resp. a CNLp-morphism.

Let R be a commutative ring equipped with a canonical map RY — R, resp. R™V — R, with R" a
universal lifting ring, resp. R"™" a universal deformation ring (see §2). Then for any homomorphism
x: R — A, with A a commutative ring, we denote by p, the pushforward of the universal lift, resp.
universal deformation, via RY — R = A, resp. via R™Y — R % A.

Throughout F' will denote a number field. A CM field is always assumed to be imaginary. If F' is
CM, its maximal totally real subfield of will be denoted by F'T, and ¢ r/r+ will denote the nontrivial
{£1}-valued character of Gal(F/F*). We fix an algebraic closure F of F and set Gp = Gal(F/F).
We will assume that all finite extensions L/F are taken in F. If L/F is a finite Galois extension and
S is a finite set of finite places of F', we let Lg denote the maximal extension of L that is unramified
outside of any of the places in L above those in S and the Archimedean places. Throughout ¢, will
denote a primitive pth root of unity in F.

For a finite place v of F', we denote by F), its completion at v, and Op, its ring of integers. We fix
an algebraic closure F, of F, and let G, = Gal(F,/F,), and denote by I, the inertia subgroup of G,.
We will assume that all finite extensions of F, are taken inside of F,. We let Artg, : F.X < G2 be
the Artin reciprocity map normalized so that uniformizers are sent to geometric Frobenius elements.
We denote the adeles of F' by Ap, and let Artp : F*\AL — G}’,b be Artp =[], Artp,.

Let Z7 be the set of tuples of integers (A1,...,A,) such that Ay > --- > X,,. For any v|p in F, we
write Hom(Fv,@p) for the set of continuous field embeddings F,, < @p. If o € Hom(F,, @p), we again
write o for the induced embedding F' — @p. Conversely, given a field embedding o : F — @p, we
again write o for the continuous embedding F, — @p induced by o. If we are given an isomorphism
L @p = Q of fields, and ¢ : K — @p is an embedding of fields, we write o for too. If r : G —
Aut@p(V) is a representation of a group G on a @p—vector space V, then we will denote by ¢r the
representation of G on the Q-vector space V ®;,, 2.

If x : F*\A} — C* is a continuous character whose restriction to the connected component of
(F®R)* is given by = — HaeHom(F’C) x)o for some integers \,, and ¢ : @p = C is an isomorphism,

we let x, : Gp — @; be the continuous character given by

w@rtp@) =t (@ I w) T e

o€Hom(F,C) UGHom(F,@P)

We denote by € the p-adic cyclotomic character. We use covariant p-adic Hodge theory, and nor-
malize our Hodge—Tate weights so that the Hodge—Tate weight of € is —1. Let v be a place above p in

F, and let p : G, — GL(V) = GL,(Q,) a potentially semistable representation on an n-dimensional
vector space over Q,. For o € Hom(F,,Q,), we will write HT,(p) for the multiset of n Hodge-Tate
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weights with respect to o. Specifically, an integer i appears in HT,, (p) with multiplicity equal to the L-
dimension of the ith graded piece of the n-dimensional filtered @p-vector space Dar(p) @ F,®q,T,) @p?
where Dar(p) = (Bar ®q, V)& Bgr is Fontaine’s ring of de Rham periods, and we view @p as
a F, ®q, @p—algebra via 0 ® 1. We say that p has regular weight if HT,(p) consists of n distinct
integers for each o € Hom(F,,Q,). If this is the case, then there is A € (Z’}r)Hom(F“’@P) such that
HT,(p) = {Aoj + 1 — j}j=1,...n for each o € Hom(F,,Q,), and we call A the weight of p.

For a finite place v of F', an n-dimensional inertial type is a representation 7 : I, — GL,(Q,) of I,

with open kernel that extends to a representation of the Weil group of F,. We say 7 is defined over E if
it is the extension of scalars to Q, of a representation valued in GL, (E). If p : G, — GL(V) = GL,(Q,)

is a a potentially semistable representation of G, on an n-dimensional vector space over Q,, we say
that p has inertial type 7 if the restriction to I, of the Weil-Deligne representation associated to p is
isomorphic to 7. If v|p, this is equivalent to demanding that for every « € I,,, the trace of v acting on

Dpalp) =l (Bu g, V)O
K/F, finite

equals tr 7(7y), where By denotes Fontaine’s ring of semistable periods.

1. IRREDUCIBLE COMPONENTS

In this section, we first prove our main lemma, Lemma 1.1.2, that will allow us to deduce the
existence of automorphic point in every irreducible component of a (polarized) universal deformation
ring from a small R = T theorem.

We then recall Berthelot’s rigid analytic generic fibre and record a lemma that allows us to deduce
Zariski density statements in the generic fibre when there are multiple components.

1.1. Intersections and the main lemma. The following lemma is an easy consequence of the
intersection theory in regular local rings.

Lemma 1.1.1. Let B be a regular local commutative ring and let R be a finite commutative B-algebra.
For p € Spec R, q € Spec B we have

dim R/(p,qR) > dim R/p + dim B/q — dim B.

Proof. Let pp be the pullback of p to B. If v € Spec B is minimal containing pp + ¢, then [Ser00,
Chapter V, Theorem 3| implies
htgt < hthB + hth.

Since B is catenary, this implies

dim B/t > dim B/pp + dim B/q — dim B.
Since R is finite over B, this in turn implies

dim B/v > dim R/p + dim B/q — dim B.
Again using that R is finite over B, we can find tg € Spec R containing p and lying over v € Spec B,
hence also containing tR O qR. Then

dim R/(p,qR) > dim R/tgr = dim B/t > dim R/p + dim B/q — dim B. O

We easily derive from this the following lemma, which is the linchpin in the proofs of our main theo-
rems. We will use notation suggestive of our intended application to automorphic points in deformation
rings. Recall that E is a finite extension of @, with ring of integers O.

Lemma 1.1.2. Let R be a local commutative O-algebra and let X'°¢ C Spec R°° be a closed sub-
scheme. Let R be a commutative R'°°-algebra and let X = X'°° X gpec gloeOPec K. Let C be an irreducible
component of Spec R. Assume that

(a) R is a regular local ring;
(b) X is finite over O;
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(¢) dimC + dim X'°¢ — dim R'*° > 1.
Then the intersection of C with X ®» E in Spec R is nonempty.

Proof. Choose q € X'°¢ such that dim X'°¢ = dim R'°°/q. Then R/qR is finite over O, which implies
that R/mpuc R is finite over R'°°/mpuoc, hence R is finite over R'°°. Then Lemma 1.1.1 implies that

dim(C N Spec R/qR) > dim C + dim R'*°/q — dim R"° > 1,

so there is ¢’ € C N Spec R/qR with dim R/q’ = 1. Since R/qR is finite over O, p ¢ q’, and ¢’ is in the
intersection of C and Spec(R/qR)[1/p]. O

1.2. Generic fibres. We recall the rigid analytic generic fibre of Berthelot [Ber96, §0.2], for which
we use [dJ95, §7] as a reference.

Let X = Spf R be an Noetherian adic affine formal O-scheme such that R/I is a finite type F-algebra,
where I C R is the largest ideal defining the topology on R. There is a rigid analytic space X8, called
the rigid analytic generic fibre of Spf R, that represents the functor that sends an FE-affinoid algebra
A to the set of continuous O-algebra morphisms R — A (see [dJ95, §7.1]). Moreover, X > X'i&
is functorial, and there is a canonical O-algebra morphism R — I'(X"8, Oxus). If R is a CNLe-
algebra (which is the case of interest for us), then (Spf R)™ has the following concrete description: if
Olly1s---+ygl)/(f1,---, fr) is a presentation for O-flat quotient of R, then (Spf R)"¢ is isomorphic to
the locus in the open rigid analytic unit n-ball over E cut out by the equations f; = --- = fr = 0.

The following is [dJ95, Lemma 7.1.9].

Proposition 1.2.1. Let X = Spf R be an affine formal O-scheme as above.

1. There is a bijection between the points of X™8 and the set of mazimal ideals of R[1/p]. This
bijection is functorial in R.

2. Let x € X"® correspond to the mazimal ideal m C R[1/p| under the bijection of part 1.
There is a canonical morphism of local rings R[1/plm — Oxuis . This map is compatible with
R — T'(X"8, Oxsie), and induces an isomorphism on completions.

Lemma 1.2.2. Let R be an O-flat CNLp-algebra, and let X = Spf R. Let Z be a set of maximal ideals
in R[1/p], and let Z''& C X™& be the set of points corresponding to Z under part 1 of Proposition 1.2.1.
If Z"8 is Zariski dense in X*®, then Z is Zariski dense in Spec R.

Proof. Take f € R that vanishes at all m € Z. Since R is O-flat, it suffices to prove f is nilpotent
in R[1/p]. Since R[1/p] is Jacobson (see [Gro66, Corollaire 10.5.8]), it further suffices to prove that
f belongs to every maximal ideal of R[1/p]. The Zariski density of Z*® implies that the image of f
under R — T'(X"™8, Oxuie) vanishes at all points in X*& which implies f belongs to every maximal
ideal of R[1/p] by Proposition 1.2.1. O

The converse is not true in general. For example, let G,, = Spf O[[t]] is the formal multiplicative
group over O, and let Z be the set the maximal ideals in O[[t]][1/p] corresponding to p-power roots of
unity in Q,. Then Z is Zariski dense in Spec O[[¢]], but G'i# is the open rigid analytic unit ball over E
with coordinate ¢, and every point in Z™¢ is a zero of the analytic function log(1 +t). Loeffler [Loell]
has shown that this observation has interesting consequences for universal deformation rings for one
dimensional Galois representations.

To apply the principal theorems in this paper to Chenevier’s conjecture, we will need to under-
stand the relationship between irreducible components of universal deformation rings and irreducible
components of their rigid analytic generic fibre. The following lemma follows from a result of Conrad
[Con99, Theorem 2.3.1].

Lemma 1.2.3. Let R be an O-flat, reduced CNLn-algebra, and let X = Spf R. The map that sends
a minimal prime ideal q of R to (Spf R/q)"® induces a bijection between the irreducible components of
Spec R and the irreducible components of X"&.
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Proof. Let {q;}; be the minimal prime ideals of R. Since (-)"& takes closed immersions to closed
immersions (see [dJ95, Proposition 7.2.4]), (Spf R/q;)"® is a closed analytic subvariety of X'&. We
wish to show that {(Spf R/q;)"8}; is the set of irreducible components of X"8.

Let R be the normalization of R, and let ¢ : Spfé — Spf R denote the canonical map. Since R is
excellent, the map that sends a maximal ideal m in R to the minimal prime ideal in R containing mN R
induces a bijection between connected components of Spf R and {q;}; (see [Gro65, Scholie 7.8.3(vii)]).
Let )Z'l denote the connected component of Spf R corresponding to the minimal prime q; of R, hence
¢(X;) = Spf R/q;. By [Con99, Theorem 2.3.1], the irreducible components of X™& are {¢"8(X;)};,
and the functoriality of (-)"8 implies ¢"8(X;) = (Spf R/q;)". O

In §85 and 6, we will use the above via the following lemma.

Lemma 1.2.4. Let R be an O-flat, reduced, equidimensional CNLp-algebra, and let X = Spf R. Let
Z be a set of marimal ideals in R[1/p], and let Z*& C X"& be the set of points corresponding to Z
under Proposition 1.2.1. Assume:
(a) Every irreducible component of the Zariski closure of Z''® has dimension equal to dim R[1/p].
(b) For every irreducible component C of Spec R, there is m € Z NC such that R[1/p|w is regular.

Then Z*™8 is Zariski dense in X8

Proof. Since R[1/p] is equidimensional, X" is equidimensional of dimension dim R[1/p] by Proposi-
tion 1.2.1. By assumption (b) and Lemma 1.2.3, for every irreducible component X'® of X" there
is a point x € Z"& N X ' that lies on no other irreducible component of X*'¢. The lemma now follows
from assumption (a) and [Con99, Corollary 2.2.7]. O

2. GENERAL DEFORMATION THEORY

We recall some generalities in the deformation theory of group representations, and fix some notation
that will be used in the rest of this article.

2.1. Universal and fixed determinant deformation rings. Let A be a profinite group satisfying
the p-finiteness condition: for any open subgroup H of A, there are only finitely many continuous
homomorphisms H — F,. This implies that for any F-vector space M with continuous F-linear action
of A, the cohomology groups H*(A, M) are all finite dimensional, as is the group of continuous 1-cocyles
ZY A, M).
Fix a continuous homomorphism
p: A — GL,(F).
Let A be a CNLp-algebra. A lift of p to a CNLp-algebra A is a continuous homomorphism
p:A— GL,(A4)

such that p = p mod my. A deformation of pto A a 1+M,,(m4)-conjugacy class of lifts. We will often
abuse notation and denote a deformation by a lift in its conjugacy class. We let DY, resp. D, denote
the set valued functor on CNLp that sends a CNLp-algebra A to the set of lifts, resp. deformations,
of p to A. If we wish to emphasize p, we will write DﬁD and D5, respectively. The functor DY is
representable, and so is D if Endgia)(p) = F (see [Boc, Proposition 1.3]).

The representing object for DY, denoted R7, is called the universal lifting ring for 5. We denote
by pD the universal lift to RH. If Endpa; (p) = IF, the object representing D, denoted R™V_ is called
the universal deformation ring for p. We denote by p"V the universal deformation to R"™V. If we
wish to emphasize p, we will write R%’ and R%“i", respectively.

The following well known lemma (see [Mazb, §12] and [BLGGT14, Lemma 1.2.1]) allows us to
enlarge our coefficient field F, and we will sometimes invoke it without comment.

Lemma 2.1.1. Let E'/E be a finite extension with ring of integers O’ and residue field F'. Let

p=paF.
1. The universal CNLe:-lifting Ting R%,l is canonically isomorphic to R%' ®Ro O'.
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2. If Endgia)(p) = F, the universal CNLor-deformation ring Ry is canonically isomorphic to
Rﬁ/ ®e O'.
This lemma has the following consequence that we will use bellow. Let

p:A— GL,(Og )

be a continuous representation such that p@F, = p mod mg . The compactness of A implies there is
P

a finite extension E'/F inside L, with ring of integers (', such that p takes image in GL,(O’). Then
Lemma 2.1.1 implies there is a unique local O-algebra morphism z : RﬁD — (’)@ such that p = p,.
P

Let ad denote the adjoint action of GL,, on its Lie algebra gl,,. Let ad(p) and ad®(p), denote gl,, (F)
and its trace zero subspace s, (F), respectively, each equipped with the adjoint action ad op of A.

Proposition 2.1.2. 1. There is a presentation

RO 2= Of[zy,..., x|/ (fr,- -, fr)

with g = dimp Z*(A,ad(p)) and k < dimp H2(A,ad(p)). In particular, every irreducible com-
ponent of Spec RE has dimension at least

1 +dim Z' (A, ad(p)) — dimg H*(A, ad(p)),
and RS is formally smooth over O if H*(A,ad(p)) = 0.
2. Assume Endgia)(p) = F. There is a presentation
R™Y 2= Oz, ..., xg)l/(f1,- -, fr)

with g = dimgp HY(A,ad(p)) and k < dimp H%(A,ad(p)). In particular, every irreducible
component of Spec R™Y has dimension at least

1+ dim H'(A,ad(p)) — dimp H*(A, ad(p)),
and R"™ is formally smooth over O if H*(A,ad(p)) = 0.
Proof. The second part is [B6c99, Theorem 2.4]. The first part is proved in the same way, since the

tangent space of DU is isomorphic to Z'(A,ad(p) via the map Z'(A,ad(p)) — DP(F[g]) given by
k + (1 + ek)p, where Flg] = F[g]/(g?) is the ring of dual numbers over F. O

Now let u: A — O* be a continuous character such that detp = 4 mod me. Define subfunctors
DY+ € DY and D* C D, that send a CNLp-algebra to the set of lifts and deformations, respectively,
p to A such that det p = u. These subfunctors are easily seen to be represented by the quotient of
RP, resp. of R (assuming Endgia)(p) = ), by the ideal generated by {det PP (8) — u(8) | 6 € A}, resp.
generated by {det p"™V(5) — u(8) | 6 € A}. The representing object for D#, denoted RZ#, is called
the universal determinant p lifting ring for p. If Endga)(p) = F, the object representing D*, denoted
RF, is called the universal determinant u deformation ring for p.

Proposition 2.1.3. Assume p{n.

1. There is a presentation

R = Oflzr, ... xg)]/(fro- -+, fi)

with g = dimyp ZY(A,ad’(p)) and k < dimp H2(A,ad"(p)). In particular, every irreducible
component of Spec RP* has dimension at least

14 dim Z*(A,ad’(p)) — dimp H2(A, ad’(p)),
and RPH is formally smooth over O if H*(A,ad’(p)) = 0.
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2. Assume Endgia)(p) = F. There is a presentation

R Oy, xg))/(fr.- - fi)

with g = dimg HY(A,ad’(p)) and k < dimg H2(A,ad’(p)). In particular, every irreducible
component of Spec R* has dimension at least

1+ dim HY(A,ad’(p)) — dimp H2(A, ad’(p)),
and R* is formally smooth over O if HQ(A,adO(ﬁ)) =0.

Proof. This is similar to Proposition 2.1.2 above. For example, see [Kis07, Lemma 4.1.1] (since we
have assumed p { n, ad(p) = ad’(p) ® F is A-equivariant, so the groups denoted H*(G,ad" V)’ in
[Kis07, §4.1] are just H*(A,ad’(p)) in our case). O

2.2. Polarized deformation rings. We now assume that A is an open index two subgroup of a
profinite group I', and that there is ¢ € I' \* A of order 2. So I' is the semidirect product of A and
{1,¢}. For any commutative ring A and homomorphism p : A — GL,(A), we let p° denote the
conjugate homomorphism, i.e. p(8) = p(cdc) for all § € A, and let p¥ denote the A-linear dual of p,
ie. p¥(6) ="p(6)~! for all § € A.

Let po : I' = O* be a continuous character, and let @ : I' — F* be its reduction mod mp. We
assume that

pPEp @

We then define a subfunctor DP°! C D by letting DP°!(A), for a CNLg-algebra A, to be the subset of
deformations p of p to A such that p¢ = p¥ ® p.

Proposition 2.2.1. Assume p is absolutely irreducible. Then DP°! is representable by a quotient RP°!
Of Runiv'

Proof. Let RP°! be the quotient of R"™Y by the ideal generated by
{tr "™V (cde) — tr i p"™V(6) " tu(s) | § € A}
The result now follows from [Car, Théoréme 1]. O

If 5 is absolutely irreducible, we call the object RP°! representing DP°! the universal p-polarized
deformation ring of p. If we wish to emphasize the role of p, we will write R#P! for RPO!

We recall the Clozel-Harris—Taylor group scheme G,,, which is the group scheme over Z defined as
the semidirect product

(GLy, x GL1) % {1,7} = G » {1, 7},

where j(g,a)7 = (a’g~!,a), and the homomorphism v : G,, — GL; given by v(g,a) = a and v(j) = —1.
If A is any commutative ring and r : I' — G,,(A) is a homomorphism such that r(A) C G2(A), we
will write r|a for the composite of the restriction of r to A with the projection GO(A) — GL,(A). In
particular, we view A™ as an A[A]-module via r|a. The following is (part of) [CHT08, Lemma 2.1.1]

1

Lemma 2.2.2. Let A be a topological ring. There is a natural bijection between the following two sets.
1. Continuous homomorphisms v : I' — G, (A) inducing an isomorphism I'/A = G,(A)/G2(A).
2. Triples (p,n,{-,)), where p : A — GL,(A4) and n: T’ — A* are continuous homomorphisms
and (-,-) is a perfect A-linear pairing on A™ satisfying
(p(8)a, p(cdc)b) =n(0)(a,b) and (a,b) = —n(c)(b,a)
for all a,b e A™ and § € A.
Under this bijection, p =7r|an, n =vor, and {a,b) = taP~'b for r(c) = (P,—n(c))s.
In particular, our fixed p extends to a continuous homomorphism
7: T — G, (F),

such that vo7 = Ti, which we fix. For a CNLp-algebra A, a lift of 7 to A is a continuous homomorphism
r — Gn(A) such that r mod my =7. A deformation of 7 to A is a 1 + M, (m4)-conjugacy class of
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lifts. By Lemma 2.2.2; if r is a deformation of 7 to a CNLp-algebra A, then 7| is a deformation of p
to A. We say a lift or a deformation r of 7 has multiplier u if vor = u. We let D$°1 be the set valued
functor on CNLp that sends a CNLp-algebra A to the set of deformations of 7 to A with multiplier p.

Proposition 2.2.3. Assume p > 2 and p is absolutely irreducible. The map DgOI — D%Ol given by
T+ T|A s an isomorphism of functors.

Proof. This is exactly as in [Chell, Lemma 1.5]. As the proof is short, we reproduce it for completeness.
Let A be a CNLp-algebra. The map DP'(4) — DSOI(A) is surjective by Lemma 2.2.2. Assume that
r1, 7o are two lifts of 7 to A such that r;|ao are 1 + M, (m4)-conjugate. Then replacing ro with a lift
in its deformation class, we can assume ri|a = r2|a. Letting P; be given by r;(c) = (P;, —p(c))g as in
Lemma 2.2.2, P1P2_1 commutes with r1|a = r2|a. Since p is absolutely irreducible, P1P2_1 =pBe A%,
since r, and 7o both lift 7, 3 € 1 +my4; and since p > 2, there is o € 1 + my4 such that a? = 5. Then
r1 = arsa” !, so r; and 7o define the same deformation. O

In particular, when p > 2 and p is absolutely irreducible, we view RP°! as the universal (u-polarized)
deformation ring for 7.
Since gl,, = Lie GL,, C Lie G,,, the adjoint action of GL,, on gl,, extends to G, by
ad(g,a)(z) = grg™' and ad(y)(z) = —'=.
If A is a commutative ring, and
r: I — G,(A)
is a homomorphism, we write ad(r) for gl,,(A) with the adjoint action ad or of T".

Proposition 2.2.4. Assume p > 2 and p is absolutely irreducible. There is a presentation

RPOI = 0[[1‘1,...,xgﬂ/(fla"'afk)

with g = dimg HY(T',ad (7)) and k < dimg H*(T,ad(7)). In particular, every irreducible component of
Spec RP°! has dimension at least

1 4 dimg H'(T, ad(7)) — dimp H*(T, ad(7)),
and RP°! is formally smooth over O if H*(T',ad(F)) = 0.

Proof. This is a special case of [CHT08, Lemma 2.2.11 and Corollary 2.2.12]. (In our case, the sets
denoted S and T in [CHTO08, Lemma 2.2.11 and Corollary 2.2.12] are both empty. So in the notation
of [CHT08], R'%’ = O and HY, (T, ad(7)) = H'(T, ad(7))). O

Remark 2.2.5. We could also define polarized deformation functor in the case that p = p¥ ® i, which
amounts to GSp,, or GO,,-valued deformation theory with fixed multiplier character p. In particular,
when n = 2, p > 2, and p lifts det p, the universal u-polarized deformation functor equals the universal
determinant p deformation functor. It is useful to keep this in mind when comparing the results of
gsection 5 and §section 6.

3. LOCAL DEFORMATION THEORY

In this section we recall some results from the literature on local deformation rings that we will
need later.

3.1. Setup. Let v be a finite place of F. Fix a continuous representation
Dy @ Gy — GL,(IF),

and a continuous character u : G, — O* with z mod mp = det ,. Denote by RY the universal lifting
ring for p,,, and pE the universal lift. Let RY* be the universal determinant y lifting ring, and pY the
universal RY#-valued lift.

We refer the reader to [CHTO08, Definition 2.2.2] for the notion of a local deformation problem. We
will primarily use the following characterization ([CHT08, Lemma 2.2.3]):
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— Any local deformation problem is representable by a quotient of RUD.

— A quotient R of RU‘:I represents a local deformation problem if and only if it satisfies the
following: for any CNLp-algebra A, lift p of p, to A, and g € 14+ M,,(m4), the CNLp-algebra
morphism RE — A induced by p factors through R if and only if the CNLp-algebra map
RL — A induced by gpg~? factors through R.

Lemma 3.1.1. Let R be an O-flat reduced quotient of RY.

1. R represents a local deformation problem if and only if for every finite totally ramified extension
E'/E with ring of integers O', lift p of p to O', and g € 1 + M, (me/), the CNLp-algebra
morphism RUD — O induced by p factors through R if and only if the CNLo-algebra map
R — O induced by gpg~" factors through R.

2. R represents a local deformation problem if and only if R/q represents a local deformation
problem for each minimal prime q of R.

Proof. Let g € 1+My(mgo). Then the lift gp5 ¢! induces a CNLp-algebra morphism ¢, : RS — RS
It is easy to see that a quotient f : RE — R’ represents a local deformation problem if and only if
fopg=fforevery gel+ Mn(mRE)~

Using this reformulation, part 1 follows from the fact that the maximal ideals in RS'[1/p] are Zariski
dense ([Gro66, Proposition 10.5.3]), since R is O-flat and reduced and the residue field for any maximal
ideal of RU[1/p] is a finite totally ramified extension of F, ([KW09b, Proposition 2.2]). It similarly
follows that R represents a local deformation problem if R/q does for each minimal prime q of R, and
the converse follows from the argument of [BLGGT14, Lemma 1.2.2]. O

3.2. Residual characteristic # p. We first assume that v  p. We recall a quotient of RE studied

by Taylor [Tay08, Proposition 3.1] (where it is denoted RLOC/jq,(l"“’l)) and [Thol2, Proposition 3.12],
that will appear when recalling results from the literature in §5.2.

Proposition 3.2.1. Assume p, is trivial. There is a quotient R} of RE representing the following
local deformation problem: for a lift p of p to a CNLp-algebra A, the induced CNL@-algebra morphism
RY — A factors through R if and only if for every v € I, the characteristic polynomial of p(v) is
(X — 1)". The CNLp-algebra R} is equidimensional of dimension n? + 1 and every generic point of
Spec R has characteristic 0.

The construction of R} can be seen easily. Indeed, if 5, is trivial then plJ|;, must factor through tame
inertia. Letting X" —a,,_1 X" ! +---+ (—=1)"ap denote the characteristic polynomial for a generator
of tame inertia, we let R} be the quotient of RUD by the ideal generated by {a; — (7;) }i=0,...n—1-

The following seems to be well known, but for lack of a concrete reference we include a proof.

Lemma 3.2.2. Let A be a reduced CNLp-algebra and let p : G, — GL,,(A) be a lift of p,. There is
a finite extension K/F, such that the CNLp-algebra morphism RU — A induced by plg, factors

Polcy
through R%

wlag

Proof. Assume first that A in an integral domain. There is a finite extension L/F, such that the
image of the wild ramification under p|¢, is trivial. Letting ¢ denote a generator of the tame inertia
of G, ® a lift of Frobenius to G, and g the order of the residue field of L, the relation ®~1t® = ¢4
implies that the eigenvalues of p(t), in an algebraic closure of the fraction field of A, are stable under
the taking gqth powers, hence are roots of unity. Passing to another finite extension K/L to trivialize
these eigenvalues, the image of inertia under p|g, is unipotent.

Now assume A is only reduced. By the above discussion, for each minimal prime ideal q of A, there
is a a finite extension K,/F, such that p(If, ) is unipotent. Since A is reduced, there is an injection

GL,(4) = [ GL.(A/a).
q



ON AUTOMORPHIC POINTS IN POLARIZED DEFORMATION RINGS 13

the product the product being taken over all minimal prime ideals of A. We can then take K to be
the composite of the K. be any finite extension of F,, containing each K, and such that p,|q, is
trivial. g

3.3. Residual characteristic p. For the remainder of this section we assume that v|p.

Lemma 3.3.1. 1. If H°(G,,ad(5,)(1)) = 0, then RS is isomorphic to a power series over O in
n?(1+ [F, : Qp]) variables.
2. If pt n and H(G,,ad"(p,)(1)) = 0, then RD# is isomorphic to a power series over O in
(n? —1)(1 + [F, : Qp)) variables.

Proof. The trace pairing on ad(p,) is perfect, and induces a perfect pairing on ad’(p) if p  n
By Tate local duality, dimg H?(G,,ad(p,)) = dimp H*(G,,ad(5,)(1)), and dimg H?(G,,ad’(p))
dimg H°(G,,,ad’(p)(1)) if p f n. The result then follows from part 1 of Propositions 2.1.2 and 2.1.
and the local Euler-Poincaré characteristic formula.

O |

The following fundamental result is due to Kisin [Kis08, Corollary 2.7.7 and Theorem 3.3.8]

Theorem 3.3.2. Fiz \ € (Zi)Hom(F“*@P) and an inertial type T defined over E. There is a (possibly
zero) O-flat reduced quotient Ry ™" of RJ such that an E-algebra morphism x : RS[1/p] — Q, factors
through R)™*[1/p|, if and only if p, is potentially crystalline of weight \ inertial type 7. If nonzero,
then Spec RY™[1/p] is equidimensional of dimension n? + W[Fv : Qpl, and is formally smooth
over E.

If 7 = 1, then we omit it from the notation, and just write R} for R)'1:*. This theorem yields
the following corollary, using the argument [EG14, §4.3].

Corollary 3.3.3. Assume p { n. Fiz A € (Zi)Hom(F“’@p) and an inertial type T defined over E.
There is a (possibly zero) O-flat reduced quotient Ry ™<"iS:H of RE’“ such that an E-algebra morphism
x : REH[1/p] — @p factors through RY™"H[1/p] if and only if p, is potentially crystalline of weight
X and inertial type 7. If nonzero, then Spec R}V [1/p| is equidimensional of dimension n? — 1 +
"(" U(F, : Q,] and is formally smooth over E.

In [EG14, Lemma 4.3.1] it is assumed p > n, but this is only used to guarantee that a character,
denoted 6 there, has an nth root. For this it suffices that for any positive integer k, the binomial
coefficient (/") is a p-adic integer, which holds whenever p { n.

Note that knowing whether or not the above rings are nonzero amounts to showing there is a
potentially semistable or potentially crystalline lift with the required weight and inertial type (and
determinant). In general, this seems to be a difficult problem.

We recall the notion of a potentially diagonalizable representation from [BLGGT14]. We say a lift

p: Gy, — GLn(C’)@p)
of p, ®F,, is potentially diagonalizable of weight \ € (ZQL_)HOI“(F“ @) if there is a finite extension K/F,
and continuous characters x1,...,xn : Gx — (9@ , such that the following hold:
P

— plax and x1 @ - - D xn, are both crystalline of weight Ag, where Mg € (Zi)Hom(K@p) is given
by Ao = Ao if 0’ 1 K <—>@ extends o : F, <—>@p;
— the Of —pomts of Spec RZ R C‘rG determined by p|g, and x1®- - - D xx lie on the same irreducible

component

We say p is potentially diagonalizable of regular weight if there is A € (Zﬁ)Hom(Fv’@P) such that p
is potentially diagonalizable of weight A\. One can also define potentially diagonalizable lifts in the
nonregular weight case, but we will not have use for them here. We also note that in [BLGGT14],
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potentially diagonalizable is defined using irreducible components of Spec R%TZ ®@p, but it is equiv-
v K

alent to use irreducible components of Spec R%‘C‘Z; , postcomposing x1 D -+ D x, by an element of
. v K
Gal(Q,/FE) if necessary.
For given A\ € (Zi)Hom(F »@) and inertial type 7 defined over E, we’ll call an (’)@ -point = of
D

Spec R} or of Spec R)""F, potentially diagonalizable if p, is. We will call an irreducible compo-
nent of Spec R, or of Spec R)}™**, potentially diagonalizable if it contains a potentially diagonal-
izable point.

Finally, we note that by [BLGGT14, Lemma 1.4.1], the notion of being potentially diagonalizable
depends only on p ® @p. Hence, it makes sense to talk about a @p—valued representations as being
potentially diagonalizable without specifying an invariant lattice. This in particular applies to the
restrictions to G, of the automorphic Galois representations of §4.

It is not currently known whether or not every potentially crystalline representation is potentially
diagonalizable, nor whether or not any residual representation has a potentially diagonalizable lift of
regular weight. The latter question has been investigated by Gee-Herzig-Liu-Savitt [GHLS15]. In
particular, in dimension two it is always possible, and we will use the following lemma in §6.

Lemma 3.3.4. Assume that n = 2, and that v is de Rham. Then p, admits a reqular weight potentially
diagonalizable lift with determinant p.

Proof. First assume p,, is peu ramifiée, in the sense of [GHLS15, Definition 2.1.3]. Fix A € (22 )Hom(F Q)
such that Ay1 + 1+ A2 = HT, (1) for each o € Hom(F,,Q,). By [GHLS15, Corollary 2.1.11], p, has
a potentially diagonalizable lift p : G,, — GLQ(O@ ) of weight A. Enlarging F if necessary, we can

assume det p takes values in O, and pu(det p)~! : G, — 1+myg is finitely ramified by choice of A. Since
p > 2, there is a continuous finitely ramified character n : G, — 1 + mp such that n? = p(det p) 1.
Then p ® n is a potentially diagonalizable lift of p of weight A and determinant p.

It only remains to treat the case (see [GHLS15, Examples 2.1.4])

—~ (X c
”‘( Xm)

with X2~ ! = €, and tres ramifiée cocycle ¢. The result the follows from the argument of [BLGG712,
Lemma 6.1.6]. We sketch the details. Twisting, we may assume that HT,(x) > 1 for each o : F,, — Q,,.
Then any lift of the form
o (X *
r= ( xlu)

with x a finitely ramified character lifting  is potentially crystalline, hence potentially diagonalizable
by [BLGGT14, Lemma 1.4.3].

Choose some finitely ramified lift x of ¥ and set ¢ := x?u~te~!. Let L be the line in H'(G,,F(¢))
spanned by the cohomology class generated by ¢, and let H be the hyperplane in H!(G,,,F) annihilated
by L under local Tate duality. Fix a uniformizer o in O. Then there is n > 1 such that !
mod @w"t! = 1 + @w"a with @ : G, — F a nontrivial homomorphism. An argument using local Tate
duality, as in see Case 2 in the proof of [BLGG12, Lemma 6.1.6], shows it that is suffices to prove
a € H. We assume otherwise. Since p is trés ramifiée, H does not contain the unramfied line, and
we can find @ € F* such that o + ugz € H, where ug : G, — F is the unramified homomorphism that
sends Frob, to @. Choosing some b € O* such that @ = 2b mod w, and replacing x by x times the
unramified character that sends Frob, to (1 + @"b)~! yields @ € H, finishing the proof. O

1

Let p : Ci” — GL,(Q,) be a continuous representation. We say p is ordinary of weight X\ €
(27 )Hom(Fo.Qp) if there is a G,-stable decreasing filtration

Q, =ViD>VaD D Vuyr = {0}
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with one dimensional graded pieces and an open subgroup U of O;ﬂ such that for each 1 < 5 < n,

letting ; : Gy, — @; denote the character giving the G,-action on V;/V;41, we have

yjoArtp,(2)= [ o@)

U:FU‘—>©p

for all z € U. We say p is ordinary of regular weight if there is A € (Zi)Hom(Fv’@P) such that it is
ordinary of weight A. The following is a result of Geraghty [Ger10, Lemma 3.3.3].

Theorem 3.3.5. Let \ € (Zi)Hom(F“’@P) and let T be an inertial type defined over E. There is a (pos-
sibly zero) O-flat reduced quotient R) ™™ of RY such that an E-algebra morphism z : RS[1/p] — Q,
factors through R ™°™4[1/p] if and only if p, is ordinary of weight . If nonzero, then Spec Rj"™°*4[1/p]
is equidimensional of dimension n? -+ @[Fv 1 Qp) and admits an open dense subscheme that is for-
mally smooth over E.

Note that in order for R)}™°™ to be nonzero, 7 must be a direct sum of finite order characters of
I,.

4. AUTOMORPHIC GALOIS REPRESENTATIONS

We recall the notion of regular algebraic polarized cuspidal automorphic representations and their
associated Galois representations. Throughout this section, F' is assumed to be either a CM or totally
real number field, with maximal totally real subfield F*. Let ¢ € Gg+ be a choice of complex
conjugation.

4.1. Polarized auotmorphic Galois representations. Following [BLGGT14, §2.1], we say that a
pair (,x) is a polarized automorphic representation of GL,(Ag) if

— 7 is an automorphic representation of GL,,(Ar);
- x: (FT)*\AjZ, — C* is a continuous character with yx,(—1) independent of v|oo;
- =7V @ (xoNmp/p+ odet);

When F is totally real, the requirement that x,(—1) be independent of v|oo has been shown to
be redundant by Patrikis [Pat15, Theorem 2.1]. Note that when F is CM, if (m,x) is a polarized
automorphic representation of GL,(AF), then so is (7, xdp/p+). We do not specify a sign convention
in this generality, unlike in [BLGGT14, §2.1], but will in the regular algebraic case below. Our
convention will sometimes differ from that of loc. cit., but it ensures that the character y,e' ™" of G+
in Theorem 4.1.1 below is totally odd, which is more convenient for us (see Lemmas 2.2.2 and 5.1.1).

We say that an automorphic representation 7 of GL,,(Ar) is polarizable if there is a character x
such that (,x) is a polarized automorphic representation. If F'is CM and (7, 6% / p+) is polarized,
then we say that 7 is conjugate self-dual. An automorphic representation 7 of GL,, (Ar) is called
reqular algebraic if T, has the same infinitesimal character as an irreducible algebraic representation of
Resp/qg GLy. If A = (A;) € (Z7)1om(FC) then we let £, denote the irreducible algebraic representation
of [, GL,, which is the tensor product over ¢ € Hom(F, C) of the irreducible algebraic representations
with highest weight \,. We say a regular algebraic automorphic representation 7 of GL,(Ar) has
weight A\ € (Zi)Hom(F ‘©) if 7., has the same infinitesimal character as €Y. We will say a polarized
automorphic representation (m, x) of GL, (AF) is cuspidal if 7 is. We will say a polarized automorphic
representation (7, ) of GL,(AF) is regular algebraic if 7 is. In this case x is necessarily an algebraic
character, and if F' is CM, we fix the sign of x,(—1) for v|oo as follows. Letting ¢ € Z be the unique
integer such that X|‘|5§F+ is finite order, we require x,(—1) = (—1)""9 for each v|oco in F'*.

Let 7 be a regular algebraic polarizable cuspidal automorphic representation of GL,,(Ar) of weight
A, and let ¢ : @p =5 C be an isomorphism. Let v|p in F and let w, be a choice of uniformizer for F,.
For any integer a > 1, let Iw(v®®) denote the subgroup of GL,,(Op,) of matrices that reduce to an
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1 Iw(v®®)

upper triangular matrix modulo w?. For each 1 < j < n, the space (¢~ has an action of

the Hecke operator

)

n—j

0g) = [ty (T4 Y],

and they commute with one another. We define modified Hecke operators

J
v = (I [Lete) e )ug)
o:Fy H@p i=1
for each 1 < j < m. We say that 7 is t-ordinary if for each v|p, there is an integer ¢ > 1 and a
nonzero vector in (¢~ m,)™¥(*") that is an eigenvector for each U )(j;v, . Ui”; with eigenvalues that
are p-adic units. This definition does not depend on the choice of w,. We say a polarized regular
algebraic cuspidal automorphic representation (m, x) of GL,(AF) is t-ordinary if 7 is.

The following theorem is due to the work of many people. We refer the reader to [BLGGT14,
Theorem 2.1.1] and the references contained there for parts 1 to 3 (noting that the assumption of an
Iwahori fixed vector in part (4) of [BLGGT14, Theorem 2.1.1] can be removed by the main result of
[Carl4]), and to [Tholba, Theorem 2.4] for part 4.

Theorem 4.1.1. Let (m,x) be a regular algebraic, polarized, cuspidal automorphic representation of
GL,.(Ar), of weight \ € (Zi)Hom(F’C). Fix an isomorphism ¢ : @p = C, and for each vlp in F, let

A = (Avo) € (Zi)Hom(F’”’@P) be given by Ay o = Ao. There is a continuous semisimple representation

pry s Gp — GL,(Q,)
satisfying the following properties.
1. There is a perfect symmetric pairing (-,-) on @Z such that for any a,b € @Z and v € Gp,

(pru(V)a, pr.(cC)b) = (X' ™) () (a, b).

2. For all vlp, pr.|c, s potentially semistable of weight .
3. For any finite place v,

1—

n
2 )

4. If (w, x) is t-ordinary, then for each v|p, pr, is ordinary of weight \,.

LWD(pw,L|Gu)F_SS = recp, (my ® |

In part 3, recp, is the Local Langlands reciprocity map that takes irreducible admissible represen-
tations of GL,(F,) to Frobenius semi-simple Weil-Deligne representations, normalized as in [HT01]
and [Hen00], and WD(pr,,|c,) is the Q,-Weil-Deligne representation associated to px..|c, -

Since Grs is compact, pr,(Gpg) stabilizes a lattice. So conjugating p. , if necessary, we may
assume it takes valued in GLn(O@p), and denote by

ﬁﬂ,’L : GF,S — GLn(Fp)

the semisimplification of its reduction modulo mg , which is independent of the choice of lattice.
P

4.2. Hilbert modular forms. If n = 2 and F is totally real, then any automorphic representation
7 of GLy(AF) is polarizable. More specifically, if x denotes the central character of 7, then (m,x) is
polarized.

If 7 is regular algebraic and cuspidal, then 7 is a twist of the automorphic representation generated
by a Hilbert modular cusp form (see [Clo, §1.2.3]).

5. POLARIZED DEFORMATION RINGS AND AUTOMORPHIC POINTS

In this section, we prove our main theorems on polarized deformation rings for Galois representations
of CM fields. Before proceeding, we fix the assumptions and notation that will be used throughout
this section.
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5.1. Setup. We assume p > 2, and fix an isomorphism ¢ : @p = C. We assume that our fixed number
field F' is CM, and denote by F'* its maximal totally real subfield. Fix a finite set of places S of F'*
containing all places above p, and let Fs be the maximal extension of F' unramified outside of the places
in " above S. Note that Fg/F* is Galois, and we set Gp+ g = Gal(Fg/F*1) and Gp g = Gal(Fs/F).
We fix a choice of complex conjugation ¢ € Gp+. We fix a continuous absolutely irreducible

p: GF,S — GLn(F)

and a continuous totally odd character p : Gp+ g — O and assume there is a perfect symmetric
pairing (-, -) on F™ such that
(p(v)a, p(eye)b) = p(y){a,b)
for all v € G s and a,b € F", where fi : Gp+ g — F* is the reduction of © modulo me. Let RPe! be
the universal p-polarized deformation ring for p as in §2.2. Since the pairing (-, -) is symmetric, we can
and do fix a lift
T GF+,S — gn(]F)

of p with v o7 = T7 as in Lemma 2.2.2. We also view RP° as the universal u-polarized deformation
ring of 7.

Lemma 5.1.1. There is a presentation
R = Of[ay, ... 2]/ (fiy- s fr)

with g — k > ”(nTH)[F"’ : Q). In particular, every irreducible component of Spec RP°! has dimension
at least 1 + @[F"r : Q).

Proof. The result then follows from Proposition 2.2.4 and the global Euler—Poincaré characteristic
formula, using that H°(Gp+ g,ad(T)) = 0 since p is absolutely irreducible, and that dimg ad(F)*=! =
% for each v|oo since y is totally odd (see [CHT08, Lemma 2.1.3]). O

Definition 5.1.2. Let R be a quotient of RP°!, let = € Spec R(@p), and let p, be the pushforward

of the universal p-polarized deformation via RP°' — R 5 @p. We call x an automorphic point if
there is a regular algebraic polarized cuspidal automorphic representation (7, x) of GL, (Afr) such that
Pz = pr, and p = X,

Given a finite extension L/F of CM fields, we say x is an L-potentially automorphic point if there
is a regular algebraic polarized cuspidal automorphic representation (m,x) of GL,(Ar) such that
pw‘GL = Pry and MlGLJr = Xbel_n-

In either case, we say x is t-ordinary if 7 is, and that = has level prime to p, resp. potentially prime
to p, if for all v|p the local representation 7, is unramified, resp. becomes unramified after a finite
base change.

If X" is the rigid analytic generic fibre of Spf R, and z"® € X'® is the point corresponding to
ker(z) C R[1/p], then we say x"¢ is an automorhpic point if  is, and if this is the case we further say
28 has level prime to p if = does.

5.2. Small R = T theorems from the literature. In this subsection we recall the small R = T
theorems that are used in the proofs of our main theorems. Before stating them, we recall some
terminology of [CHTO08] for the deformation theory of 7.

Let S be a finite set of finite places of F such that every w € S is split over some v € S, and S
contains at most one place above any v € S. For each w € 5, let R, be a quotient of RE = REDIGW
that represents a local deformation problem. By Lemma 3.1.1, the rings R,, in Theorems 5.2.4 to 5.2.6
below represent local deformation problems.

We refer to the tuple

S=(F/F*,S,8,0,7,u, {Ruw}pes)
as a global G,-deformation datum. This differs from the definition in [CHTO08, §2.3] in that our
ramification set S may contain places that do not split in F/F*, and S is not required to contain a
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place above every v € S. As the results in [Chell] make no assumption on the splitting behaviour in
F of the places in S \ {v|p}, we also wish to make no such assumption.
A type S deformation of 7 is a deformation r : Gp+ g — G, (A) with A a CNLp-algebra such that

for any (equivalently for one) lift r in its deformation class

— vor=pu,and

— for each w € S, the CNLo-morphism RY — A induced by the lift r|q, of Flg, = pla, , factors

through R,,.

We let Dg be the set valued functor on CNLy that takes a CNLp-algebra A to the set of deformations
of type S. It is easy to see that Dg is represented by a quotient Rs of RP°!. Indeed, let R? = @w c 535

and R}é’c = ®,,c 5w, where the completed tensor products are taken over O. A choice of lift 7 in the

equivalence class of the universal p-polarized deformation of 7 determines a CNLp algebra morphism

Rg — RP by r = {r|a, },ec5 This R%—algebra structure on RP°' may depend on the choice of lift

r, but it is canonical up to CNLp-automorphisms of R%. We can then define
Rs := R§° ® o R
S

We call Rs the universal type S deformation ring, and note that it has an R'?%-algebra structure that

is canonical up to CNLp-automorphisms of R$¢. The following lemma follows immediately from the

construction of Rg.
Lemma 5.2.1. Let S’ C S, and let S' be the global G,,-deformation datum
S = (F/F*,S,8,0,7, . {Ru} ye5)-
Let T = S~ S'. There is a canonical isomorphism
Rs = Rs' @, _, ro) (BwerRu).
In particular, if Ry, = RE for all w € S~ 5’, then there is a canonical isomorphism Rs = Rs:.

Before proceeding, we introduce the conditions on the residual representation that appear as as-
sumptions in the small R = T theorems we quote. We first recall the definition of an adequate subgroup
of GL,(F) in [GHT14, §1].

Definition 5.2.2. A subgroup I' of GL, (F) is adequate if the following hold:

1. HY(T',F) =0 and HY(T, gl,,(F)/3) = 0, where ; is the centre of gl, (F);
2. Endﬁ(Fn) is spanned by the semisimple elements in I'.

This is slightly more general than [Thol2, Definition 2.3], as it allows p|n. However, if p { n then
the two definitions are equivalent. We note that part 2 implies that ' acts irreducibly on F". The
following partial converse is a theorem of Guralnick—Herzig—Taylor—Thorne [Thol2, Theorem A.9].

Theorem 5.2.3. Let I' be a subgroup of GL,(F) that acts absolutely irreducibly on F". Let T° be
the subgroup of I' generated by elements of p-power order. Let d > 1 be the maximal dimension of an
irreducible T°-submodule of B . If p > 2(d+ 1), then T is adequate and p{n.

We now state the small R = T theorems that we use. The first of which is due to Barnet-Lamb—
Gee—Geraghty—Taylor [BLGGT14], with improvements by Barnet-Lamb—Gee-Geraghty [BLGG13a,
Appendix A] and Dieulefait—Gee [Diel5, Appendix BJ.

Theorem 5.2.4. Assume that pt2n and that every v|p in F™ splits in F. For each v|p in F¥, fix a
choice of place v of F' above v, and set §p = {0}olp in p+. Assume further:
(a) p is de Rham.
(b) poF, = Pr, and i = x, €'~ mod mg where (mw,x) is a reqular algebraic polarized cuspidal
automorphic representation of GL,,(Ar) such that pr |, is potentially diagonalizable for each
0 ESy.
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(¢c) P(GFr(c,)) is adequate and G, ¢ F.
For each v € §p, fix Ay € (ZQL_)HO“‘(FE’@@) and an inertial type 7; defined over E, and we let Ry be a

quotient of R;‘ﬁ’ﬂ_”cr corresponding to a union of potentially diagonalizable irreducible components of

Spec RY™™" . Let S be the global G,,-deformation datum
S=(F/F*,S,8,,0,7, u,{Rs};c5 )

Then the following hold:

1. The universal type S deformation ring Rs is finite over O.
2. Every x € Spec Rs(Q,) is automorphic of level potentially prime to p.

Proof. Part 2 follows from [Diel5, Theorem 9]. To show part 1, we will apply [Thol2, Theorem 10.1].
However, we have not fixed irreducible components at the finite places ¥ € S. We now explain
how we can reduce to this case using base change and [BLGG13a, Theorem 6.8]. Note that both
[Diel5, Appendix B] and [BLGG13a, Theorem 6.8] use the stronger definition of adequate that implies

p1n.
To prove that Rg is finite over O, it suffices to prove that Rfsed is finite over 0. For this, it suffices

to prove that Rg/q is finite over O for any minimal prime q of Rgs, since R¥? injects into Hq Rs/q.
Fix a minimal prime q of Rs, and let rq : Gp+ ¢ = Gn(Rs/q) be the induced deformation.

We now choose a finite solvable extension L/F of CM fields, with maximal totally real subfield L+,
satisfying the following:

~ L is disjoint from the subfield of F' fixed by T|g,,,-

— Letting S;+ denote the set of places in Lt above those in S, each w € Sp+ splits in L. For
each w € Sp+ we fix a choice of place @ in L above w such that if w|p, then @ lies above some
veS, Welet S, = {w|weS+}.

~ For each @ € Sy, with @ { p, the CNLep-algebra map RY — Rs/q induced by rqla, factors
through the quotient R} of Proposition 3.2.1 (here we use Lemma 3.2.2).

~ For each @ € Sy, Tola, = 1, where v € §p is the place in §p below w.

We define a global G,,-deformation datum
Sp = (L/L*, S+, 5L, O,?|GL+ ) N‘GLJr ) {R@}@€§L)
where

— for @ { p, Ry is a quotient of R: by a minimal prime through which the CNLg-algebra
morphism RL — Rs/q induced by r4|q, factors;

22T through which the CNLp-algebra morphism

w

— for w | p, Ry is a quotient of R
R} — Ry — Rs/q
induced by r4|¢, factors. Here A o = Xg o if 0 1 Ly — @p extends o : Fy — @p.
The deformation rq\gﬁ is of type S, so there is an induced CNLp-algebra map Rs, — Rs/q, and
it is finite by [BLGGT14, Lemma 1.2.3]. So we are reduced to showing Rg, is finite over O.
For @ { p, Ry has characteristic zero by Proposition 3.2.1, so contains a @p—point. For each v € S,

Ry contains a potentially diagonalizable point by choice of Ry and Rj, where 9 is the place of F' below
w. We now apply [BLGG13a, Theorem 6.8], and we have a lift

T GL+;SL+ — Qn((’)@p)

that defines a type Sp-deformation of 7|, ,. Then [Diel5, Appendix B] implies there is a regular
algebraic polarized cuspidal automorphic representation (', x') of GL,, (A1) such that r|¢, ®Q, = pr,
el =ple, -

Take @ € Sp. If w|p, then Spec Ry[1/p] is the unique irreducible component of Spec Rilf"cr[l/p]
containing the point determined by 7|, , as Ray™"[1/p] is formally smooth. If @ { p, then Spec Ry[1/p]
is the unique irreducible component of Spec RZ[1/p] containing r|g, by [BLGGT14, Lemma 1.3.2],

and y
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using local-global compatibility, i.e. part 3 of Theorem 4.1.1, and the fact that «’ being cuspidal
implies that m,, is generic for all finite w. We can now apply [Thol2, Theorem 10.1], using [Tho15b,
Proposition 7.1] in place of [Thol2, Proposition 4.4] (see [Thol5b, §7]). This completes the proof. O

For our purposes below, it would suffice to fix irreducible components at places dividing p in The-
orem 5.2.4 above, but we do not want to fix irreducible components at places not dividing p (see
Remark 5.3.6 below).

We have a similar theorem in the ordinary case, due to Geraghty [Ger10] and Thorne [Thol2].

Theorem 5.2.5. Assume p > 2 and that every v|p in F* splits in F. For each v|p in F*, fiz a choice
of place v of F above v, and set §p = {0}o|p in p+. Assume further:
(a) w is de Rham.
(b) p@F, = p,, and i = x.€
polarized cuspidal automorphic representation of GL,(AF).
(c) p(Gr(c,)) is adequate and G, ¢ F.

For each v € §p, fix Ay € (Z’_}_)HOIH(F@@P) and an inertial type 5 defined over E, and let Ry be a
quotient of Rg{“””ord corresponding to a union of irreducible components of Spec Rg“’T’j’Ord. Let S be

the global G, -deformation datum
S = (F/F*,S, 8,0, u{Rs}scs)-

=" mod mg where (m,x) is an t-ordinary regular algebraic

Then the following hold:

1. The universal type S deformation ring Rs is finite over O.
2. Every x € Spec Rs(Q,) is t-ordinary automorphic.
Proof. Tt suffices to consider the case Ry = R2" ™ for each # € S,. As with Theorem 5.2.4, we are
free to replace F' with a finite solvable extension disjoint from the subfield of F' fixed by 7|a Fp)” After
such an extension, we may assume that

— every v € S splits in F;

— for every ¥ € S above p, 75 = 1.

By Lemma 5.2.1, we may also enlarge S to ensure that it contains exactly one place w above any
v € S, setting R, = R for each w € S with w { p. We are now in the setting of [Thol2] and our
stated theorem is simply the combination of [Thol2, Theorem 9.1 and Theorem 10.1], again using
[Thol5b, Proposition 7.1] in place of [Thol2, Proposition 4.4]. O

Finally, using the potential automorphy results of Barnet-Lamb-Gee—-Geraghty—Taylor [BLGGT14],
we also have a potential version of the above two theorems.

Theorem 5.2.6. Assume p > 2 and that every v|p in FT splits in F. For each v|p in F*, fix a choice
of place © of F' above v, and set Sy = {0} y|p in pt+. Assume further:

(a) w is de Rham.

(b) Plap,, s absolutely irreducible and ¢ ¢ F'. Moreover, letting d denote the mazimal dimension
of an irreducible subrepresentation of the restriction of p to the closed subgroup of Gg generated
by all Sylow pro-p subgroups, we assume p > 2(d + 1).

For each v € gp, fix A\ € (ZQL_)HO‘“(FE’@P) and an inertial type Ty defined over E, and we choose Rj
such that one of the following hold:

(i) For each ¥ € §p, Ry is a quotient of R?f’”’cr corresponding to a union of potentially diago-
nalizable irreducible components of Spec R?f””’cr.

(ii) For each © € S,, Ry is a quotient of Rg"j’m’ord corresponding to a union of irreducible compo-

Ag,To,ord

o .

nents of Spec R
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Let S be the global G, -deformation datum
S = (F/F*,S,8,,0,7,p{Rs};c5)-
Then the following hold:
1. The universal type S deformation ring Rs is finite over O.

2. Given any finite extension F®°d) /F there is a finite extension of CM fields L/F, disjoint
from F@void) " such that every x € Spec Rg (Q,) is L-potentially automorphic.

Proof. We can and do assume that F@v°id) contains the fixed field of TlGp o We first take a CM
extension M/F, disjoint from F(avoid) “sych that for any finite place w of M lying over a place in S,
Pla,, is trivial. In particular, for any finite place w of M lying above a place in S, p|g, admits a
characteristic zero lift p,,, which we may assume satisfy p¢, = p,, @ ti|c,, . Then, using assumption (b),
we can apply [BLGGT14, Proposition 3.3.1] to deduce the existence of a finite extension L/M of CM
fields, with maximal totally real subfield L™, and a regular algebraic polarized cuspidal automorphic
representation (m, x) of GL,(Ar) such that

— L is disjoint from F(aveid).

- p|GL ®Fp = pﬂ',b and EIGL+ = XLel_n;

— 7 is unramified at p and outside of S;

— 7 is t-ordinary.
Let Sr+ be the set of places of L™ above S, S1. be the set of places in L above §, and §L’p be the
set places in Sy, dividing p. For each @ € Sy, let Ay € (zn)Hem(La. Q) be given by Ago = Ao if
o' Ly — @p extends o : Fj — @p, and let 7 = 75|1,. We then consider the global G,,-deformation
datum

SL = (L/L+7 S+, gLv O7F|GL+ ) H'GL+ ’ {Rw}u‘;eghp)v
where

Ay Tap ,CT

— if we are in case (i), then for each @ € Sy, ,,, Ry is the quotient of R},

union of all potentially diagonalizable irreducible components;

corresponding the

— if we are in case (ii), then for each @ € Sy, R = Ry™ 7.
There is then a canonical CNLp-algebra map
RSL — Rs,
which is finite by [BLGGT14, Lemma 1.2.3]. The theorem now follows from Theorem 5.2.4 if we are
in case (i), and from Theorem 5.2.5 if we are in case (ii). O

5.3. The main theorems in the CM case. We first prove our main theorem in the potentially
diagonalizable case.

Theorem 5.3.1. Assume that pt2n and that every v|p in F splits in F. For each v|p in F7T, fix a
choice of place v of F' above v, and set gp =A{0}o|p in p+- Assume further:
(a) w is de Rham.
(b) poF, = Pr, and i = x, €7 mod mg where (m,x) is a reqular algebraic polarized cuspidal
automorphic representation of GL,,(Ar) such that pr |, is potentially diagonalizable for each
v €S,
(¢) Plap,, s adequate and Gy & F'.
(d) H°(G3,ad(p)(1)) =0 for every v € S,,.
Then any irreducible component of Spec RP°!' contains an automorphic point x of level potentially prime
to p.
Moreover, assume that for every v € §p, we are given Ay € (Z’j_)Hom(F’?’@P), an inertial type Ty
defined over E, and a nonzero potentially diagonalizable irreducible component C; of Spec Rg"”””cr.
Then we may assume the @p—point of Spec RE determined by p.|c, lies in Cy for each ¥ € §p.
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Proof. We first note that our assumption (b) implies that for each v € gp, there is a choice of Ay €
(Zi)Hom(F »Qp)  inertial type 75 defined over F, and nonzero potentially diagonalizable irreducible

component C; of Spec Ré"j’m’cr (enlarging FE if necessary using Lemma 2.1.1). We fix such a choice for
each ¥ € Sp.

Fix an irreducible component C of Spec RP°!. Set R!°¢ = (/8356 3, RE, and let

X'°¢ = Spec(®R;) C Spec R'°°,

A5, T4 ,CT

where Ry is the quotient of R corresponding to Cz. Choosing a lift 7 : Gp+ g — G, (RP°!) in
the class of the universal u-polarized deformation gives a local CNLg-algebra morphism R'°¢ — RP!,
and we let X = X!loc X pec Rloc SPeC RP°! under this map. Then X = Spec Rs, where S is the global
G,,-deformation datum
S = (F/F+, S? Sp7 OaF7 H, {Rﬁ}ﬁegp)'

Part 1 of Theorem 5.2.4 implies that X is finite over 0. We also have

~ R'° is isomorphic to a power series over O in n2|S,| +n2[F* : Q]-variables by assumption (d)

and Lemma 3.3.1;
— dim X"°¢ =1+ Zﬁegp n? + %[Fﬁ 1 Q] =14 n2|S,| + %[F"‘ : Q] by Theorem 3.3.2;
— dimC > 1+ @[F‘*‘ : Q] by Lemma 5.1.1.

We can now apply Lemma 1.1.2 to conclude that
CN (X ®p E) =CnNSpecRs[1/p] # 0.
Applying part 2 of Theorem 5.2.4 finishes the proof. O

Using the polarization, the condition H°(G3,ad(p)(1)) = 0 for all & € §p appearing in Theorem 5.3.1
and Theorem 5.3.2 and Corollary 5.3.3 below is equivalent to H°(G.,,ad(p)(1)) = 0 for all w|p in F,
which is the condition in Theorem 5.4.1 below. This is also equivalent to there being no nonzero
F[G]-equivariant map pla, — Pla,, (1), which is how this condition was stated in the introduction.

Our main theorem in the ordinary case is the following.

Theorem 5.3.2. Assume p > 2 and that every v|p in F™ splits in F. For each v|p in F, fix a choice
of place ¥ of F' above v, and set gp = {0}o|p in Pt Assume further:
(a) w is de Rham.
) p@F, =p,, and i = x,€'~
polarized cuspidal automorphic representation of GL,(Afr).
(¢c) P(Gr(c,)) is adequate and G, ¢ F.
(d) H(G,,ad(p)(1)) = 0 for every v € S,.
Then any irreducible component C of Spec RP°! contains an t-ordinary automorphic point x.
Moreover, assume that for every v € §p, we are given Ay € (Zi)Hom(Fﬁ’@P), an inertial type Ty

" mod mg , where (m,x) is an t-ordinary regular algebraic
P

defined over E, and a nonzero irreducible component Cz of Spec Rg‘ﬁ’m’ord. Then we may assume the
@p—pomt of Spec RE determined by p,

G, lies in Cy for each v € Sp.

Proof. We first note that Theorem 4.1.1 and our assumption (b) implies that for each v € gp, there is
a choice of A\ € (27 )Hom(F5:U) and inertial type 75 defined over F, such that Rgi’m’ord # 0 (enlarging
E if necessary using Lemma 2.1.1).

The proof is then almost identical to the proof of Theorem 5.3.1, taking X'°¢ = Spec(@Rf,), with R
the quotient of R%"_”T’_”OM by the minimal prime corresponding to Cz, and using Theorem 5.2.5 instead
of Theorem 5.2.4 and Theorem 3.3.5 instead of Theorem 3.3.2. g

Corollary 5.3.3. Let the assumptions be as in either Theorem 5.3.1 or Theorem 5.3.2. Then RP°' is

an O-flat, reduced, complete intersection ring of dimension 1 + %[F+ :QJ.
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Proof. Theorem 5.3.1 and Theorem 5.3.2 imply that for any minimal prime ideal q of RP°! there
is an automorphic point z € Spec(RP°'/q)(Q,). In particular, this shows RP°!/q is O-flat, and it
has dimension 1 + %[F + . Q] by [Alll5, Theorem C]. So RP°! is equidimensional of dimension
1+ @[F +:Q)]. This together with Lemma 5.1.1 implies that RP°! is a complete intersection. This
in turn implies that RP°' has no embedded prime ideals, and since p does not belong to any minimal
prime ideal, it is not a zero divisor and RP°! is O-flat. Applying [All15, Theorem C] again, we see that
RP°! is generically regular. Since RP°' is generically regular and contains no embedded prime ideals,
it is reduced. 0

Strengthening the assumption on the residual representation slightly, we can apply potential auto-
morphy theorems to deduce the conclusion of Corollary 5.3.3 without assuming residual automorphy.

Theorem 5.3.4. Assume that p > 2 and that every v|p in FT splits in F. Assume further:

(a) w is de Rham.

(b) Plcp,, is absolutely irreducible and G ¢ F'. Moreover, letting d denote the mazimal dimension
of an irreducible subrepresentation of the restriction of p to the closed subgroup of Gg generated
by all Sylow pro-p subgroups, we assume p > 2(d + 1).

(¢) H°(Gg,ad(p)(1)) = 0 for every v € §p,

(d) One of the following hold:
(i) for each v € §p, Pla, admits a reqular weight potentially diagonalizable lift;
(i) for each v € §p, Pla, admits a regular weight ordinary lift.

Then the following hold.

1. For any given finite extension F®°'9) of F there is a finite extension L/F of CM fields,
disjoint from F®° sych that any irreducible component Spec RP°' contains an L-potentially
automorphic point.

n(n+1)

2. RP°! is an O-flat, reduced, complete intersection ring of dimension 1 + T[F+ : Q).

Proof. By assumption (d), for each & € S, there is a choice of A € (Z7)H(F5:2) and an inertial type
75 defined over E (extending E if necessary), such that
- Rg”j’m’cr has a potentially diagonalizable point if we are in case (i), in which case we fix a

55To,Cr |

potentially diagonalizable irreducible component C; of Spec Rg‘ ;

Mo 75 ord . . L. . . .
— RZ7T%" £ 0 if we are in case (ii), in which case we fix an irreducible component Cy of

Spec R;‘f”””ord.
The proof of part 1 is then exactly as in Theorem 5.3.1, using Theorem 5.2.6 instead of Theorem 5.2.4,
and the proof of part 2 is exactly as in Theorem 5.3.4, using part 1 instead of Theorems 5.3.1 and 5.3.2
(note [All15, Theorem C] only requires potential automorphy). O

Remark 5.3.5. Tt is expected that case (i) of assumption (d) in Theorem 5.3.4 always holds [EG14,
Conjecture A.3], and it is known in many cases by work of Gee—Herzig-Liu—Savitt [GHLS15]. For
example, assume that there is a Gz-stable filtration 0 = Uy C Uy C --- C Uy = F™ whose graded pieces
U;/U;_; are irreducible, such that there is no nonzero F[Gz]-morphism U;_1(—1) — U;/U;_; for any
1 <4 < k. Then [GHLS15, Corollary 2.1.11] implies that p; admits a potentially diagonalizable lift of
regular weight (see [GHLS15, Examples 2.1.4]).

Remark 5.3.6. We note that it is possible to prove versions of the main theorems here without the
potentially diagonalizable or ordinary hypothesis at the expense of a stronger assumption on the
residual image. In particular, that each v € S splits in F and that H%(G.,,ad(p)(1)) = 0 for all places
w above a place in S, as opposed to just the ones above p. This is because the only general R = T
theorem at our disposal, without a potentially diagonalizable or ordinary assumption, is the minimal
R =T theorem [Thol2, Theorem 7.1]. To apply Lemma 1.1.2 in this situation, it would be necessary
to include all places in S when defining R'°¢ and X'°¢. This would then force us to require that the
unrestricted local deformation rings are regular at all places in S.
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5.4. Density of automorphic points. We now combine our main theorems with [Alll5] and the
work of Chenevier [Chell] to prove new cases of Chenevier’s conjecture [Chell, Conjecture 1.15].

Recall F is a CM field with maximal totally real subfield F*, and we have a fixed isomorphism
@p = C. We now assume that our finite set of finite places S of FT contains all finite places that
ramify in F' (as well as all those above p). We restrict ourselves to dimension 3, i.e.

p:Gps — GL3(IF)

is continuous and absolutely irreducible. We also restrict ourselves to the conjugate self dual case, i.e.
we assume
p°=p'®@n with 7=e¢ *0p/p+ mod me.

Theorem 5.4.1. Let the assumptions and notation be as above §5.4. Let RP°' be the universal
6_2(5F/F+ -polarized deformation ring for p, and let X be its rigid analytic generic fibre. Assume further:

(a) p> 2 and is totally split in F.

(b) paF, = Pr.s where T is a regular algebraic conjugate self dual cuspidal automorphic repre-
sentation of GL3(Ar) such that for each wlp in F, m, is unramified and pr .|a, is potentially
diagonalizable. If p = 3, then we further assume that m is t-ordinary.

(c) P(Gr,)) is adequate and C, ¢ F.

(d) H°(G,,ad(p)(1)) = 0 for every w|p in F.

Then the set of automorphic points of level prime to p in X is Zariski dense.

Proof. By [Chell, Theorem A], the Zariski closure in X of the set of automorphic points of level prime
to p has dimension at least 6[F* : Q]. (Chenevier actually works with the universal § F/F+-polarized
deformation ring, but this is simply because of a difference in normalization: in [Chell], the p,, are
normalized so that p7 , = pxw whereas our normalization yields pf , = Py ® €~2.) By Corollary 5.3.3,
RP°! is O-flat, reduced, and equidimensional of dimension 1+ 6[F* : Q]. Theorems 5.3.1 and 5.3.2
imply that every irreducible component of Spec RP°! contains an automorphic point of level prime to p,
and [All15, Theorem C] implies that (RP°')) is formally smooth over E for any such point 2. Applying
Lemma 1.2.4 finishes the proof. O

Theorem 5.4.1 and Lemma 1.2.2 immediately imply:

Corollary 5.4.2. Let the assumptions and notation be as in Theorem 5.4.1. Then the set of auto-
morphic points of level prime to p in Spec RP°! is Zariski dense.

6. THE HILBERT MODULAR CASE

We now investigate the Hilbert modular case, i.e. the case of two dimensional representations of
the absolute Galois group of a totally real field. We first fix some assumptions and notation that will
be used throughout this section.

6.1. Setup. Throughout this section we assume p > 2 and fix an isomorphism ¢ : @p = C. We
assume that our number field F' is totally real, and we fix a finite set of finite places S of F' containing
all places above p. Let Fs be the maximal extension of F' unramified outside of the places in S and
the infinite places, and we set Gp s = Gal(Fs/F). We fix a continuous absolutely irreducible

p: GF,S — GLQ(F)

such that det p is totally odd. We also fix a continuous character character p : Gg g — O* such that
detp = Ji, where Ji denotes the reduction of 1 modulo mp. We let R™" be the universal deformation
ring for p, and let R* be the universal determinant y deformation ring for p.

Definition 6.1.1. Let R be a quotient of RV, let # € Spec R(Q,), and let p, be the pushforward

of the universal deformation via R™Y — R % Q.
We say z is an automorphic point if there is a regular algebraic cuspidal automorphic representation
7 of GLa(Ap) such that p, = pr,. We say z has level prime to p if 7, is unramified for each v|p in F.
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Given a finite extension L/F of totally real fields, we say x is an L-potentially automorphic point if
there is a regular algebraic cuspidal automorphic representation m of GLa(Ar) such that pg|lq, = pr.,

We say x is an essentially automorphic point if there is a regular algebraic cuspidal automorphic
representation m of GLa(Ar) and a continuous character ¢ : Gp g — @;, such p, = pr, @Y. If m, is
unramified for each v|p, then we say x has level essentially prime to p.

If X" is the rigid analytic generic fibre of Spf R, and z™& € X*& is the point corresponding to
ker(x) C R[1/p], then we say z"8 is an automorhpic point, resp. an essentially automorphic point, if =
is, and if this is the case we further say x'¢ has level essentially prime to p if x does.

It is necessary to introduce the notion of essentially automorphic points to avoid assuming Leopoldt’s
conjecture. We will find use for the following standard lemma, cf. [B6c98, Proposition 2.1].

Lemma 6.1.2. Let ' be the mazimal pro-p abelian quotient of Gp g, and let ¥ : Grs — O[[I']]* be
the tautological character. Let detp : Gpg — O be the Teichmiller lift of det s, and let ﬁ% :Grs —
1+mp be the unique character such that (iz)2 = pu(det p)~' (here we use that p > 2).

The CNLo-algebra morphism R™Y — RF® O[[T]] induced by p* @ iz U is an isomorphism.

This has the following immediate corollary that will allow us to deduce the existence of automorphic

points in the irreducible components of the nonfixed determinant deformation ring from the existence
of automorphic points in the irreducible components of fixed determinant deformation rings.

Lemma 6.1.3. Let C be an irreducible component of Spec R™V. After possibly enlarging O, there is
a finite p-power order character § : Gps — O* such that some irreducible component of Spec R* C
Spec R™V is contained in C, where RO* is the universal determinant Oy deformation ring for p.

Proposition 6.1.4. There is a presentation

RF=Oflwy, . xgll/(fry - i)
with g — k > 2[F : Q. In particular, each irreducible component of Spec R* has dimension at least
1+2[F: Q).

Proof. This follows from Proposition 2.1.3 and the global Euler—Poincaré characteristic formula, since
det p is totally odd. g

Corollary 6.1.5. There is a presentation

R = Oy, ..., 2,0/ (f1, -, fr)

with g — k > 1+ dp + 2[F : Q], where dp is the Leopoldt defect for F and p. In particular, every
irreducible component of Spec R"™Y has dimension at least 2 + dp + 2[F : Q).

Proof. Let I' be the maximal pro-p abelian quotient of Gpg. Then I' = Z}J“‘dF X Iior with T'ior a
product of finite cyclic groups of p-power order. From this it follows that O[[T']] has a presentation

O[] = O[lys, - -, urll/ (9155 9s)
with 7 — s = 1 + dp. The corollary then follows from Proposition 6.1.4 and Lemma 6.1.2. O

We will need a smoothness result analogous to [All15, Theorem C] in the Hilbert modular case.

Theorem 6.1.6. Let L/F be a finite extension of totally real fields, and let x € Spec R*(Q,) C
Spec R"™Y(Q,,) be an L-potentially automorphic point. Let (R*)} and (R™Y)} denote the respective
localizations and completions at x.

If p(Gr(c,)) is adequate, then (R*)} and (R"™Y)2 are formally smooth over E of dimensions 2[F : Q]
and 1+ dp + 2[F : Q], respectively.

Proof. Let T be the maximal pro-p abelian quotient of I', and fix a splitting I' & I'fyee X ['tor With
Tiree = Zzl)"’dF and Ty, finite. Using Lemma 2.1.1, we can assume that F contains the values of any

Q,-character of I'yo, as well as the values of det p,. Using Lemma 6.1.2 and choosing appropriate topo-
logical generators for I'gree, we have RY™Y 22 Ry, ..., 114, )] [Ttor], and we can assume vy, ..., Y14d,
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lie in the kernel of x. This implies (R"™V)2 2 (R¥) [y1,- - ., Y1+dp]], and the result for R follows
from that for R*.

The result for R follows from [All15, Theorem B] using an argument as in [Kis04, §8]. We give
a sketch. Let k = RM[1/p]/ker(z), and let p : G g — GLa(k) be the pushforward of the universal
Rt-valued deformation via R*[1/p] — k. We let ad’(p) denote the trace zero subspace of the Lie
algebra of GLy(k), equipped with the adjoint G g-action ad op. By [All15, Theorem B], the geometric
Bloch—Kato Selmer group

H}(Grs,ad’(p)) := ker (H'(Gp,5,ad’(p)) = [ [ H'(Gv, Bar ®q, ad’(p)))
vlp
is trivial. Using this, the argument of [Kis04, Theorem 8.2] shows that H'(Gr s,ad’(p)) injects into
[T Fi®(Bar ©q, ad’(p)) %,
vlp
olp 21w + Qp] = 2[F : QJ, since the Hodge-Tate weights for p|¢, are
distinct for each v|p and each embedding o : F, — @p. On the other hand, using the argument of

[Kis03, Proposition 9.5], H' (G5, ad’(p)) is isomorphic to the tangent space of (R*)2 and dim(R*)) >
2[F : Q] by Proposition 6.1.4. O

and this space has k-dimension )

6.2. Small R = T theorems from the literature. Let S C S, and for each v € §, let R, be a
quotient of RE' = R%"G that represents a local deformation problem. By Lemma 3.1.1, the rings R,
in Theorems 6.2.1 and 6.2.2 below represent local deformation problems.
We refer to the tuple N
S§= (F, 5,8,0,p, 1, {Rv}veg)
as a global GLa-deformation datum. A type S deformation of p is a deformation p : Gps — GL2(A)
with A a CNLp-algebra such that for any (equivalently for one) lift p in its deformation class

— detp = p, and
— for each v € S, the CNLp-morphism RS — A induced by the lift p|g, of p|a,, factors through
R,.

The set valued functor Dg on CNLy that takes a CNLp-algebra A to the set of deformations of type
S is representable. Indeed a choice of lift p* in the universal R¥-valued deformation determines a
CNL@-algebra morphism ®ve §RE' — R*, which is canonical up to automorphisms of @U c gRE. Then
Dg is represented by
Bs =R @, ro) (Buesho):

We call Rs the universal type S deformation ring.

We will deduce the following small R = T theorem from Theorem 5.2.4, using an input due to
Barnet-Lamb—Gee—Geraghty [BLGG13b]. As in §5, both parts 1 and 2 are crucial for our main
theorems in this section.

Theorem 6.2.1. Recall we have assumed p > 2 and detp is totally odd. Assume further:

(a) p is de Rham

(b) pRF, =p, ,, where w is reqular algebraic cuspidal automorphic representation of GLa(AF).

(¢c) p(GF(c,)) is adequate.
For each v|p, let A, € (Zi)Hom(Fvv@p) and T, be an inertial type defined over E, and let R, be a
quotient R} "1 corresponding to a union of potentially diagonalizable irreducible components. Let
S be the global GLy-deformation datum

S= (Fa S, Spa Oaﬁ Hy {RU}UESP)'

and let Rs be the universal type S deformation ring. Then

1. Rs is finite over O.
2. Every Q,-point of Spec Rs is an automorphic point of level potentially prime to p.
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Proof. By [BLGG13b, Theorem 2.1.2] (and it’s proof), there is a finite solvable totally real extension
L/F, disjoint from the fixed field of p|g . ) and a regular algebraic cuspidal automorphic represen-
tation ' of GLz(AL) such that p|e, ® F, = p,, , and such that pr ,|q, is potentially diagonalizable
for any w|p in L. Let x denote the central character of #’, and let Sy, denote the set of places in L
above those in S.

Now choose a quadratic CM extension M/L, disjoint from ﬁ|GL( . such that each w|p in L splits
in M. Using the standard symplectic pairing for GLy and Lemma 2.2.2; p|¢g,, extends to a continuous
homomorphism

T GL,SL — QQ(IF)
with v o7 = Ti|¢, . Using [BLGGT14, Lemma 2.2.2], there is a regular algebraic cuspidal automorphic
representation IT of GLg(Ajs) such that (II, x) is polarized and such that prs ,|c,, = pm,.. In particular,
Tlay ©@Fp =9, Ale, = x.e”' mod mg , and pi.la,, is potentially diagonalizable for each w|p in
M. Note also that p(Gas(c,)) is adequate and ¢, ¢ M, by choice of M.

For each w|p in L, fix a choice of w above w in M, and set §p = {@}y|p in - For each w € gp, if
v is the place below it in F, we let 75 = 7|7, and Az € (Zf;)Hom(M@’QP) be given by A\g o = Ay o if
o' : My — Q, extends o : F,, = Q,. For each w € §p, we then let Rz be the quotient of Ril}"ﬁ’r”"“cr
corresponding to the union of all potentially diagonalizable irreducible components. We then have a
global Gs-deformation datum

Sy = (M/L, SL, S’pa vaa.uv {R@}ﬂjegp)’

and we let Rs,, be the universal type Sy deformation ring. For any type S deformation p of p to a
CNLgp-algebra A, again using the standard symplectic pairing for GLs and Lemma 2.2.2, we obtain a
type Sy deformation

T GL,SL — gg(A)
We deduce the existence of a CNLp-algebra map Rs, — Rs. A standard argument using Nakayama’s
Lemma and [KW09a, Lemma 3.6] shows that this map is finite. Part 1 now follows from part 1 of
Theorem 5.2.4, and 2 follows from part 2 of Theorem 5.2.4 and [BLGGT14, Lemma 2.2.2]. O

We again combine this with potential automorphy theorems.

Theorem 6.2.2. Let the notation and assumptions be as in the beginning of this section, and assume
further:

(a) w is de Rham.
(b) p(Gr(c,)) is adequate.
For each v|p, let A, € (Z’}F)Hom(ﬂ“@z’) and T, be an inertial type defined over E, and let R, be a
quotient R} "1 corresponding to a union of potentially diagonalizable irreducible components. Let
S be the global GLy-deformation datum
S= (Fa Sa Spa 0757 s {Rv}vGSp)'
and let Rs be the universal type S deformation ring. Then

1. Rgs is finite over O.
2. Given any finite extension F(aVOid)/F,ithere is a finite extension of totally real fields L/F,
disjoint from F@) such that every Q,-point of Spec Rs is L-potentially automorphic.

Proof. We can and do assume that F(v°id) contains the fixed field of Pla o BY [Tay02, Corol-
lary 1.7], we can find a finite totally real extension L/F and a regular algebraic cuspidal automor-
phic representation m of GLg(AL) such that plg, ® F, = Pr,- Further, by using the refinement
[HSBT10, Proposition 2.1] of Moret-Bailly’s theorem in place of [Tay02, Theorem GJ, we may assume
L is disjoint from F(®°id) (see also [BLGGT14, Theorem 3.1.2]). Let S, resp. Sr.,, denotes the set of
places of L above S, resp. above p. For each w € Sp, , if v is the place below it in F', we let 7, = 7|1,

and \, € (Zi)Hom(va@p) be given by Ay o = Ay o if 0/ 1 Ly — @p extends o : F, — @p. For each
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w € Srp, we then let R,, be the quotient of R)w™wtl corresponding the union of all potentially
diagonalizable irreducible components. We have the global GLy-deformation datum

SL = (L7 SL; SL,pv Oaﬁ|GL7NJ|GLv {Rw}wGSLyp)v

and the universal type Sp-deformation ring Rs,. There is a natural map Rs, — Rgs, which is finite
([KW09a, Lemma 3.6]). The theorem now follows from applying Theorem 6.2.1 to Rs, . O

6.3. The main theorems in the Hilbert modular case. We can now prove our main theorems in
the Hilbert modular case.

Theorem 6.3.1. Recall we have assumed p > 2 and that det p is totally odd. Assume further:

(a) w is de Rham.

(b) pF, = Pr.., where T is a regular algebraic cuspidal automorphic representation of GLa(AF).

(¢c) p(GF(c,)) is adequate.

(d) H(G,,ad"(p)(1)) = 0 for every v|p.
Then any irreducible component C of Spec R* contains an automorphic point x of level potentially
prime to p.

Moreover, assume that for every v|p in F, we are given X\, € (Zi)Hom(E”Qp), an inertial type T,

defined over E, and a nonzero potentially diagonalizable irreducible component C, of Spec R} v>Tv:<#
Then we can assume that the @p—point of Spec RE determined by pyla, lies in Cy for each v|p.

Proof. We first note that by Lemma 3.3.4, for each v|p there is a choice of X\, € (Zﬁ)Hom(F"’QP),
inertial type 7, defined over E, and nonzero potentially diagonalizable irreducible component C, of
Spec R}>7"# which we fix. The proof now is similar to Theorem 5.3.1; we give the details.

Fix an irreducible component C of Spec R*. Set R = ®vesp RE’“, and let

Xloc — Spec(@vengv) C Spec R,

where R, is the quotient of Rj»7v*"# corresponding to C,. Choosing a lift p* : Grg — GLa(R*) in
the class of the universal determinant ;. deformation gives a local CNLg-algebra morphism R'°¢ — RH,
and we let X = X'o° Xgpec rloc Spec R¥. Then X = Spec Rs, where S is the global GLa-deformation
datum

S= (Fa Sa Spa Ovpv M,y {RU}UESP)'
Part 1 of Theorem 6.2.1 implies that X is finite over 0. We also have

— R'°¢ is isomorphic to a power series over O in 3|S,|+ 3[F : Q]-variables by assumption (d) and
Lemma 3.3.1;

— dim X'°¢ =1+ Zvesp 3+ [Fy : Qp) =14 3|S,| + [F : Q] by Corollary 3.3.3;

— dimC > 1+ 2[F : Q] by Proposition 6.1.4.

We can now apply Lemma 1.1.2 to conclude that
CN (X ®p E) =CnNSpecRs[1/p] # 0.
Applying part 2 Theorem 6.2.1 finishes the proof. 0

Remark 6.3.2. An analogue of Theorem 6.3.1 can be proved with “potentially diagonalizable” replaced
with “semistable with distinct Hodge—Tate weights”, at the cost of assuming p is totally split in F' by
using the R = T theorem of Kisin [Kis09] and the subsequent improvements on the Breuil-Mézard
conjecture due to Pagkiinas [Pasl5] and Hu-Tan [HT14]. We leave the precise statements to the reader.

We also have the potential version of the above theorem.

Theorem 6.3.3. Recall we have assumed p > 2 and that det p is totally odd. Assume further:
(a) w is de Rham.
(b) p(Gr(c,)) is adequate.
(¢c) H°(G,,ad’(p)(1)) = 0 for every v|p.
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Then given any finite extension F(aVOid)/F, there is a finite extension L/ F of totally real fields, disjoint
F@void) “guch that every irreducible component C of Spec R* contains an L-potentially automorphic
point x. B

Moreover, assume that for every v|p in F, we are given \, € (Zi)Hom(Fvap), an inertial type T,
defined over E, and a nonzero potentially diagonalizable irreducible component C, of Spec R Tv 51,
Then we can assume that the Q,-point of Spec RY determined by p.|a, lies in C, for each v|p.

Proof. The proof is identical to the proof of Theorem 6.3.1, except using Theorem 6.2.2 in place of
Theorem 6.2.1. 0

Lemma 6.1.3 and Theorem 6.3.1 immediately imply.

Corollary 6.3.4. 1. Let the assumptions be as in Theorem 6.5.1. Then any irreducible compo-
nent of Spec R™V contains an automorphic point.
2. Let the assumptions be as in Theorem 6.3.3. Then for any given finite extension F@°d) there
is a finite extension L/ F of totally real fields, disjoint form Favoid) “gych that every irreducible
component of Spec R™Y contains an L-potentially automorphic point.

As in §5, we also deduce ring theoretic properties for R and RM.

Corollary 6.3.5. Recall we have assumed p > 2 and that detp is totally odd. Assume further:

(a) p(Gr,)) is adequate.

(b) H(Gy,ad’(p)(1)) = O for every v|p.
Then R™™ and R* are O-flat, reduced, complete intersection rings of dimensions 2 + dp + 2[F : Q]
and 1+ 2[F : Q], respectively.

Proof. The proof for R™V is similar to that of Corollary 5.3.3. We give the details.
Part 2 of Corollary 6.3.4 implies that there is a finite extension L/F of totally real fields, disjoint
form the fixed field of ﬁ|GF<<p), such that for any minimal prime ideal q of R"™V there is an L-

potentially automorphic point z € Spec(R"™"/q)(Q,). In particular, this shows R"™/q is O-flat,
and it has dimension 2 + dr + 2[F : Q] by Theorem 6.1.6. So R™YV is equidimensional of dimension
2+ dr + 2[F : Q]. This together with Corollary 6.1.5 implies that R"" is a complete intersection.
This in turn implies that R"™" has no embedded prime ideals, and since p does not belong to any
minimal prime ideal, it is not a zero divisor and R"" is O-flat. Applying Theorem 6.1.6 again, we see
that R"™V is generically regular. Since R"™V is generically regular and contains no embedded prime
ideals, it is reduced.

When p is de Rham, the proof for R* is the same, using Theorem 6.3.3 instead of part 2 of
Corollary 6.3.4, and Proposition 6.1.4 instead of Corollary 6.1.5. When p : Gp g — O is an arbitrary
character lifting det p, we choose a character ' : Gp g — O lifting det p such that p' is de Rham. Since
p > 2, there is a character (u/p1)2 : Grs — 1+ mp such that (' p1)2)2 = y/p~L. Twisting the
universal determinant p-deformation of 7 by (/)2 induces a CNLgp-algebra isomorphism R¥ =5
RF. This completes the proof. O

Finally, combining the above with Theorem 6.1.6 and the work of Gouvea—Mazur and Chenevier,
we obtain:

Theorem 6.3.6. Assume p > 2 and that det p is totally odd. Let X be the rigid analytic generic fibre
of Spf R"™Y . Assume further:
(a) p is totally split in F, and if F # Q, then [F : Q] is even.
(b) poF, = Pr s Where 7 is a reqular algebraic cuspidal automorphic representation of GLa(AF)
such that for all v|p, m, is unramified and pr ,|c, is potentially diagonalizable.
(c) p(Gr(c,)) is adequate.
(d) H(G,,ad"(p)(1)) =0 for every v|p.
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Then the set of essentially automorphic points of level essentially prime to p in X is Zariski dense. If
Leopoldt’s conjecture holds for F' and p, then the set of automorphic points of level essentially prime
to p in X is Zariski dense.

Proof. Note that if Leopoldt’s conjecture holds for F' and p, then the set of essentially automorphic
points of level essentially prime to p and the set of automorphic points of level essentially prime to p
coincide, so the second claim follows from the first.

Work of Gouvea and Mazur when F' = Q (see [Eme01, Corollary 2.28]) and Chenevier [Chell,
Theorem 5.9] when [F : Q] is even, implies that the Zariski closure in X of the set of essentially
automorphic points of level essentially prime to p has dimension at least 1 + dp + 2[F : Q]. By
Corollary 6.3.5, R"™Y is O-flat, reduced, and equidimensional of dimension 2+ dr + 2[F : Q]. Then by
Theorem 6.1.6 and Lemma 1.2.4, it suffices to prove that every irreducible component of Spec R"™
contains an automorphic point of level essentially prime to p.

Fix an irreducible component C of Spec R"™", and let 1 = det p, ,. By Lemma 6.1.3, there is a finite
p-power order character 6 : Gp s — O* (extending E if necessary) and an irreducible component Cy,, of
Spec R?* such that Coy C C. Since p > 2, there is a finite p-power order character n : Grg — O such
that ? = 0. Twisting by 1 gives an isomorphism R* = R%", so there is an irreducible component C,,
of Spec R* such that twisting by 7 yields an isomorphism C,, = Co,- By our assumption on 7, for each
v|p there is a choice of \, € (Zi)Hom(F’”QP) such that R}v" # 0 and has a potentially diagonalizable
irreducible component C,. Applying Theorem 6.3.1, we deduce there is an automorphic point x on C,,
whose image in Spec RY lies on C, for each v|p. In particular, p,|g, is crystalline for each v|p. By
local global compatibility, we deduce that = has level prime to p. Then p, ® i is an automorphic point
on Cq,, C C of level essentially prime to p, which completes the proof. O

Theorem 6.3.6 and Lemma 1.2.2 immediately imply:

Corollary 6.3.7. Let the assumptions and notation be as in Theorem 6.3.6. Then the set of auto-
morphic points of level essentially prime to p in Spec R™V is Zariski dense. If Leopoldt’s conjecture
holds for F and p, then the set of automorphic points of level essentially prime to p in Spec R™V is
Zariski dense.

Remark 6.3.8. Even if Leopoldt’s conjecture holds for F' and p, it is necessary to use automorphic
points of level essentially prime to p, i.e. it is not in general true that the automorphic points of pime
to p level are Zariski dense in Spec R, Indeed, let ' be the maximal pro-p abelian quotient of G g,
and let T, denote its torsion subgroup. Then O[[T']] is the universal deformation ring for lifts of det p,
and taking determinants yields a CNLp-algebra map O[[I']] — R™YV that takes crystalline points of
Spec R"™V to crystalline points of Spec O[[T']]. Applying Lemma 6.1.2 with z equal to the Teichmiiller
lift of det 5, we see that det p"™" is the universal deformation of det p, from which it follows that the
map Spec R"™V — Spec O[[I']] is surjective. Hence, if the crystalline points are dense in Spec R"™V,
they will be dense in Spec O[[T']], which isn’t true in general. For example, say there are two places v
and w above p in F such that F,, and F,, both contain a primitive pth root of unity. The natural map

wp(OF,) X pp(OF, ) — Tior

coming from class field theory is injective (F' is totally real and p > 2), so we can find a character
0 : Tior = O (extending O if necessary) that is trivial on p,(Op,) but not on p,(Op,). This
character 6 determines an irreducible component of Spec O[[I']], and any point on this component
yields a character whose restriction to I't,, equals 6. But since F' is totally real, any crystalline
character of G g is of the form ¢e™ for some m € Z and a finite order character ¢ that is unramified
at all places above p. In particular a crystalline character of G g is trivial on u,(Op,) if and only if
it is trivial on p,(OF,).

w

Remark 6.3.9. We now compare Theorem 6.3.6 with the previous results [B6c01] and [Emell, Theo-
rem 1.2.3] for F' = Q. We will temporarily use homological normalizations (i.e. uniformizers correspond
to arithmetic Frobenii and Hodge-Tate weights are normalized so that e has Hodge—Tate weight 1) for
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the Galois representations associated to modular forms, as this is more common in the literature we
quote.

First, we claim that assumption (b) always holds for absolutely irreducible odd p when F = Q.
Indeed, there is m € Z such that p ® €™ has Serre weight k € [2,p + 1]. By the strong form of Serre’s
conjecture, there is cuspform f of level prime to p and (classical) weight k such that p, = p®e™. If
k <p, then ps,|c, is potentially diagonalizable by [GL14, Theorem 3.0.3]. If k = p+1, then p; |, is
an extension of the trivial character by the cyclotomic character, and [KW09b, Lemma 3.5] implies that
pyr,. is ordinary crystalline, hence potentially diagonalizable by [BLGGT14, Lemma 1.4.3]. Applying the
twist (|-|a o det)™ to the regular algebraic cuspidal automorphic representation of GLa(Ag) generated
by f yields a regular algebraic cuspidal automorphic representation 7 satisfying assumption (b) of
Theorem 6.3.6.

Secondly, the assumption that H°(G,,ad’(p)(1)) = 0 is easily checked to be equivalent to the
following (extending scalars if necessary):

- Ple, #X® <1 :) for any character ¥ : G, — F*, and

— if [F,((p) : F,] = 2, then 7 is not isomorphic to the induction of a character 6 : G, (c,) — F*.
In particular, Theorem 6.3.6 removes the assumption from [Béc01] and [Emell, Theorem 1.2.3] re-
quiring the semisimplification of p|g, to be nonscalar.

However there is one situation covered by [B6c01] and [Emell, Theorem 1.2.3] that we do not treat
here, namely if p = 3 and the projective image of plg,,, is conjugate to PSLy(F3). By [BLGG13a,
Proposition 6.5], if p > 2 and ﬁ|GF( ., acts absolutely irreducibly but does not have adequate image,
then either

~ p = 3 and the projective image of p|G,.,, is conjugate to PSLy(F3), or

— p =>5 and the projective image of ﬁ|GF(§5) is conjugate to PSLo(F5).
The latter case does not occur when detp is totally odd and p = 5 is unramified in F. It would
be possible to treat the former case using the main ideas in this article and GLg-automorphy lifting
theorems, but this would also require proving Theorem 6.1.6 using GLo-patching, instead of quoting
[All15, Theorem B], so we do not pursue it here.

6.4. An example. We finish by using an example due to Serre (see [Rib, §2]) to illustrate the sub-
tleties, in particular the failure of Lemma 1.1.2, that can occur when R!°° is not regular. We again
use homological normalizations (i.e. uniformizers correspond to arithmetic Frobenii and Hodge—Tate
weights are normalized so that ¢ has Hodge-Tate weight 1) for the Galois representations associated
to modular forms, to be consistent with the literature we quote.

There is a newform f of weight 2 and level I';(13), with g-expansion (see [LMFDB])

(1) f@) =g+ (=G = 1)@* + (26 — 2)¢° + Coq" + (=266 + 1)g° + -+,
where (g = e’6". The coefficient field of fis Q(v/—3), and the nebentypus of f is the character
(Z/13Z)* — Q(v/—3)* given by 2 — (s. Further, f and its conjugate are a basis for So(I'1(13)).

We take E = Q3(+/—3), and let

pr: G313y — GLa(E)
denote the (v/—3)-adic representation attached to f, and let

P G313y — GLa(F3)
be the residual representation. The residual representation p is absolutely irreducible, however its
restriction to Gg(¢,) has abelian image. In particular, H%(G3, ad®(p)(1)) # 0.

Let p : Ggys13y — O be the continuous character such that e~ is the quadratic character

of Gal(Q(v13)/Q). Then detp; = 7, the reduction of u modulo me. Let R* be the universal
determinant y deformation ring for p. Every irreducible component of Spec R* has dimension at least 3

by Proposition 6.1.4. Let R°¢ = RE’“ . By Proposition 2.1.3 and the local Euler—Poincaré characteristic
formula, dim R'°¢ > 7. We fix a lift in the class of the universal determinant y deformation of 5, hence
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a CNLp-algebra morphism R'°¢ — R*. Note that pfla, is crystalline with Hodge-Tate weights
{0,1}, and det ps|r, = plr,. So twisting pf|e, by an unramified character, if necessary, we see that

RO £ 0. We let X'°¢ = Spec R ¢ Spec R°¢, so dim X'°¢ = 5 by Corollary 3.3.3. In
particular, for any irreducible component C of Spec R*, we have

dim C + dim X'°° — dim R'° > 1.

But, letting X = X'°° Xgpec Rloc Spec B*, we claim there is an irreducible component C of Spec R* such
that

CN(X ®o E)=0.
(However, the justification below does show that a different choice of X'°¢ yields a nontrivial intersec-
tion with C.)

To see this, first note that by a version of Carayol’s Lemma [Dia, Lemma 2.1], there is a modular lift
pg of py with g € So(I'1(9-13)) and det p, = p. By local global compatibility, we have pg|r,, = p|r,;®1.
Let C be an irreducible component of Spec R* containing the point induced by p,. Under the map
RT, — R*, the image of C in Spec R is contained in some characteristic 0 irreducible component of
Spec R, Inertial types are locally constant on Spec RT[1/p] (see [Geell, §2]), so we deduce that for
any Q,-point = on C, the semisimplification of p,|s,, is isomorphic to ulr,, @ 1. Since plr,, # 1, we
further conclude that pg|r,, = pln, @ 1.

Now assume that C N (X ®p E) # 0, and choose a Q,-point z in this intersection. Then p,
is unramfied outside of {3,13,00}, is crystalline at 3 with Hodge-Tate weights {0,1}, and py|r, =
p|rs ® 1. The g-expansion (1) shows f is 3-ordinary, so

— ~ [ X1 *
pf|G3_( X2>’

with xo unramified and 1|7, = €|r,. Using [KW09b, Lemma 3.5], we see that p, is also ordinary, and
since p is 3-distinguished, we can apply [SWO01, Theorem in §1] to conclude that p, is modular. But by
local global compatibility, it must arrise from an eigenform in S2(I'1 (13)) with a quadratic nebentypus.
This is a contradiction as S2(I'1(13)) is spanned by f and its conjugate, and the nebentypus of f has
order 6.
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