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ABSTRACT: The Bianchi identities for bosonic fluxes in supergravity can receive higher
derivative quantum and string corrections, the most well known being that of Heterotic theory
dH = ia/(tr F? — tr R?). Less studied are the modifications at order R* that may arise,
for example, in the Bianchi identity for the seven-form flux of M theory compactifications.
We argue that such corrections appear to be incompatible with the exceptional generalised
geometry description of the lower order supergravity, and seem to imply a gauge algebra for
the bosonic potentials that cannot be written in terms of an (exceptional) Courant bracket.
However, we show that this algebra retains the form of an L., gauge field theory, which
terminates at a level ten multibracket.
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1 Generalised geometry and Bianchi identities

Generalised geometry was originally introduced in [1, 2] as a way of combining complex
and symplectic geometry, by considering structures on the generalised tangent bundle F

" = FE =T, (1.1)

which is naturally equipped with a Dorfman or Courant bracket [3, 4]. £ ~ T & T™ is in
fact an example of an exact Courant algebroid [5] and it possesses a three-form H that is
closed [6],

dH =0, (1.2)

which can be thought of as the curvature of a “gerbe” B [7], i.e. H = dB locally, which spec-
ifies a spliting of the sequence (1.1). Physicists quickly realised that this formalism provides
a way of geometrising the NSNS sector of type Il supergravity [8—11], B being identified



with the Kalb-Ramond field and H being its flux. The Dorfman bracket along a generalised
vector Ly, X € E then generates the combined (infinitesimal) bosonic symmetries of the
theory: diffeomorphisms £, by taking the Lie derivative along a vector € T, and gauge B-
shifts by d ), exact two-forms parametrised by one-forms A\ € 7. Introducing also a metric,
it is possible to unify all the NSNS fields into a single object, and rewrite all the supergravity
equations as a generalised geometry equivalent of Einstein gravity [12] (see also [13] for an
overview of the closely related subject of Double Field Theory that often implies many of
these results).

1.1 Heterotic generalised geometry

In Heterotic theory, however, the field strength H is no longer closed. Supersymmetry and
the Green-Schwarz anomaly cancelation mechanism [14] require that H satisfy a more com-
plicated Bianchi identity. This can be handled in the generalised geometry formalism by
enlarging the generalised tangent space. The resulting “Heterotic generalised geometry” [ 15—
20] is given in terms of a bundle which is a transitive, but not exact, Courant algebroid £,
that can be built as a result of two extensions

g—>A—>T,

(1.3)
™ - F — A.

The first sequence defines a Lie algebroid .4 known as the Atiyah algebroid for the quadratic
Lie algebra g, which replaces the role of the tangent bundle 7" in the original generalised
geometry. The bundle £ ~ T' & g & T™ then encodes the information for local gauge fields:
a two-form' B and a Yang-Mills one-form A taking values in g. These fields are not inde-
pendent, they satisfy the global condition in terms of their respective field-strengths

dH = tr F?. (1.4)

By considering a Lie group G (with algebra g) composed of two factors, a “gravitational”
Lorentz group, and the usual SO(32) or Eg x Eg (and choosing the correct normalisation of
the metric in g), one obtains the Heterotic Bianchi identity:

dH = id/(tr F* — tr R?), (1.5)

where R, the field strength of the Lorentz factor, is now identified with the gravitational cur-
vature. Once more, the Courant bracket in £ precisely reproduces the physical infinitesimal
bosonic symmetries: diffeomorphims £,, B-shifts by d\, and now also non-Abelian gauge

The heterotic B field we are considering here is not gauge invariant under YM transformations and is not
a gerbe connection, it is a rather more complicated object [21].



transformations by some parameter A € g. It is then possible to show that formulating the
generalised equivalent of Einstein gravity in £ precisely reproduces the known Heterotic su-
pergravity to order o’ [15]. The ‘trick’ of treating the gravitational term in (1.5) as if it were
a Yang-Mills factor goes back to [22], though, as shown there, supersymmetry requires that
the tr R? be given by the curvature of a specific torsionful connection V — %H . In [19] it was
shown that this is entirely consistent with the generalised geometry set-up.

1.2 M theory and E77;y x R" generalised geometry

In M theory, the equation of motion for the four-form flux F in eleven-dimensional super-
gravity [23] is corrected by higher order terms, starting with eight derivatives [24, 25]

dxF = —1F+k(tr R — L(tr R?)?), (1.6)

where « is some constant which will be set to 1 as it will not influence the rest of our discus-
sion, and with further terms which are functions of the flux expected to appear at the same
order in derivatives but whose complete form is not yet known.

In order to find four-dimensional Minkowski backgrounds of M theory, one considers
field ansdtze that are compatible with the external global Lorentz symmetry. This means
decomposing the eleven-dimensional manifold as a warped product M;; = R3! X warped M
where M is some seven-dimensional internal space, demanding that the fields depend only
on internal coordinates, and keeping the components of the F flux which are external scalars,
i.e. the purely internal four-form F' and seven-form F'. Their components are set in terms of
the eleven-dimensional F simply by restricting

F=Fly, F=6F)|u, (1.7)

where *F is the eleven-dimensional Hodge dual. All other components of F are set to zero.
The fact that F is closed in eleven dimensions together with the equation of motion (1.6)
then imply the Bianchi identities for the internal fluxes

dF =0, (1.8)
dF = —1F? + tr R* — i(tr R?)?, (1.9)

where the second equation should be taken as purely formal, since it vanishes identically
in the seven-dimensional M. These induce internal local potentials, a three-form C' and a
six-form C, which together with a Riemannian metric for M and a warp factor make up the
bosonic degrees of freedom of the theory.

Ignoring the higher-curvature terms, it was shown in [26] that this supergravity set-up
(together with the fermionic sector) has a very natural interpretation as the analogue of Ein-
stein gravity when formulated in E7(7) x R* generalised geometry, also known as exceptional



generalised geometry [27-29]. One introduces a generalised tangent bundle
E~TONT &NT T @ AT, (1.10)

which encodes the bosonic symmetries of the theory, namely diffeomorphism generated by
vector-fields x and shifts by two-forms w and five-forms o of the gauge fields C' and C
respectively. By construction, the generalised tangent bundle defines a global closed four-
form £ that can locally be expressed in terms of the potential

F =dC, (1.11)

and a seven-form such that
F=dC - 1CF. (1.12)

The supergravity Bianchi identities inherited from eleven-dimensions are thus automatically
satisfied. The gauge algebra is then given by the natural differential structure over F, the
(exceptional) Dorfman bracket of two generalised vectors X, Xo € FE, which takes the

form?

Lx, Xo =L, 70 + Lywo — ig,dwi + L4, 0" — iy,doy — wodwy L13)

+ L, 70 — jog Adwy — jws Adoy, (I

(this is also known as generalised Lie derivative, and its antisymmetrisation is known as the
exceptional Courant bracket). The bundle £ has a natural E7(7) X R™* structure and the bracket
is compatible with this structure. The bosonic degrees of freedom turn out to simply be the
components of a generalised metric for the generalised tangent space, reducing the structure
group to its maximal compact subgroup SU(8)/Z,, and the corresponding generalised Ricci
scalar precisely reproduces the supergravity bosonic action. That eleven-dimensional super-
gravity admited this larger symmetry had already been proven in [30]. This efficient rewriting
has made it possible to tackle several physical problems in full generality (without needing
to restrict to some subsector of the fluxes, for example), such as classifying supersymmetric
backgrounds [31-39] or describing their moduli spaces and hologrophic duals [40, 41]. It
would thus seem promising to apply the same techniques with the higher derivative correc-
tions included [42].

1.3 M theory corrections

So now let us consider adding back the higher curvature terms originating in eleven dimen-
sions (1.6). These are incompatible with the £7(7) xR™ generalised tangent bundle previously

2The j-notation corresponds to a projection to the T* @ A7T* space, see [28, 29] for its precise definition,
though it will not be needed for what follows here.



introduced, since by construction it forces F' = dC' — %CF. On the contrary, the corrected
Bianchi identity (1.9) implies the local form for the flux I

F=dC — 1CF + wi(A) — tws(A) tr R?, (1.14)

where A is the spin-connection for the Riemann curvature R and w,,(A) denotes the Chern-
Simons n-form for A such that dws,,_1(A) = tr R", see appendix A for their explicit form.
Following the same trick as for the Heterotic case, we may treat at first the curvature
R simply as the field strength for a generic Yang-Mills gauge field A taking values in some
algebra g, though naturally it will eventually be necessary to identify g with spin(7) and
express A in terms of gravitational degrees of freedom.? The Heterotic generalised geometric
prescription would then lead us to consider structures over a generalised tangent space of the
form
TogdNT o NT T @ AT, (1.15)

in other words, replacing the tangent bundle component of (1.10) with the Atiyah algebroid.
In what follows, however, we will restrict ourselves to simpler versions of this problem,
which will still suffice to show that the situation is more complex the one of Heterotic gener-
alised geometry. In particular, we will find gauge algebras that are best described in terms of
higher order L., -algebras.
In section 2 we will first look at a Bianchi identity

dFy = tr R%, (1.16)

where F} is a five-form which, even though it has no immediate physical motivation, is
easier to handle and already displays the important features we wish to demonstrate. The
corresponding generalised tangent space will be of the form

T®dgd AT (1.17)
We will then move on in section 3 to the case
dF; = tr RY, (1.18)

where now F% is genuinely a seven-form, and so this corresponds to a special case of (1.14).
The generalised tangent space is then

T@gd AT (1.19)

3Though an intriguing possibility is to consider a larger gauge group that could accommodate the flux de-
grees of freedom, such as taking g = su(8) and relating A to the SU (8) connections implied by supersymmetry.
This could naturally give rise to a Bianchi identity which includes higher derivative flux terms.



In both cases we will find that the Bianchi identities imply a gauge algebra which cannot
be expressed in terms of simply a Courant bracket. Instead it is of the type of the L, field
theory formalism of [43]. The analysis of the complete Bianchi identity implied by the
corrected eleven-dimensional supergravity will be left for future work.

As an aside, we expect that similar conclusions would hold for (2n — 1)-form fluxes
F(gn_l) satisfying

dFg,_1) = tr R, (1.20)

based on generalised tangent spaces
E~TodgdAeCdT", (1.21)

though we will not attempt to prove this here. Note as well that in all these cases the Bianchi
identities, when viewed in cohomology classes, correspond to obstructions to this construc-
tion, namely the requirement that n-th Chern character of the gauge vector bundle is trivial.

We also remark that the fact that the gauge algebras we are examining fit into the L
setting is not surprising. It has already been shown that the “higher Courant algebroids” of the
type T' & APT™ have an associated L., algebra [44], and the extra terms we are considering
arise from adding an invariant polynomial to the Bianchi, which in the context of chiral
anomalies lead to the well-known “descent equations” derived from the extended Cartan
homotopy [45], with many of the terms in the brackets we present here being directly related
to the extra homotopy operator.

1.4 L algebras and field theory

L, algebras or strong homotopy Lie algebras, introduced in [46, 47] to the physics context,
have found numerous applications in both mathematics and physics, see [48] for a recent
review of the field. In particular, they can be found in the theories of Courant algebroids
and generalised geometry. Courant algebroids were shown to have an L3-algebra in [49].
In the case of Heterotic Courant algebroids, it has recently been proven that this algebra is
directly connected to the physical problem of finding the moduli of finite deformations of
the Strominger-Hull system [50]. Higher Courant algebroids over a space 1" & APT™ were
proven to have L, algebras for arbitrary p in [44] using a derived bracket construction, and
in [51] alarge class of “Leibniz algebroids”, of which exceptional generalised geometries are
examples, were likewise shown to admit L, algebras. There has been much current work
showing how such structures also appear in the related fields of Double/Exceptional Field
Theory, for example in [52—-64].

Recently, in [43] many of these ideas were systematised in a manner to be more immedi-
ately applicable to physics, by introducing the notion of “L., gauge field theories”. It is this



approach that we will be following, and we start by quickly reviewing some of the concepts
that will be relevant here.

There are a few alternative ways of defining an L, algebra. Following the conventions
of [43] we will be working with the “/-picture” in terms of graded-antisymmetric multilinear
brackets. Given a Z-graded vector space

V=@V, (1.22)

where the subscript denotes the degree, one defines an L., algebra by endowing it with a
series of multilinear products ¢, : A"V +— V. These brackets are of degree n — 2, i.e. for
inputs v; € V, the total degree of /,,(vy, ..., v,) is

deg ly(vr, ..., v,) =n—2+ Y degu;. (1.23)

=1

They are also graded antisymmetric,

Cn(Vo(1)s - -+ Vo)) = (=1)le(0) by (1, .. ., 00), (1.24)

for some permutation o and where € is the Koszul sign for the given permutation and grading
of V. Crucially, for each n the brackets must also satisfy a Jacobi identity “up to higher
homotopies”, namely the generalised Jacobi identities

> (0N (=) Pe(0) (G (o), -5 Vo)) Votiatys - - Vo) =0, (1.25)

i+j=n-+1 o

or in abbreviated form
> (1)U =0, (1.26)
t+j=n+1
Proceding with the proposal of [43] for a gauge field theory, one considers spaces of
type*
V=&sVieVWo V.. (1.27)

An important point here is that, since one allows a space with negative grading, there is a
priori no guarantee that the L., algebra will ever terminate even for a finite number of V.
This is in contrast to L,-algebras, defined such that the graded vector space is concentrated
in degrees 0 to n — 1 and therefore all brackets of degree higher than n 4 1 vanish trivially as
a consequence of (1.23). However, we will see that the cases we consider in the next sections
do indeed truncate and there is a finite number of brackets to consider.

“In [43] an extra subspace V_ is also allowed, corresponding to the equations of motion, but we will not
make use of it here.



In order to find the physical meaning of (1.27), one identifies elements X € V[ with
gauge parameters and ¥ € V_; are taken to be the gauge fields. Elements of &;-(V; are to
be thought of as making up a tower of trivial gauge parameters. An L., gauge field theory
may then be defined with the symmetries given by

1 n(n—1)

Cpar (X, T, (1.28)

satisfying a gauge algebra

1 n(n—1)
[5X17 5X2]\II = 5[X1,X2]\I]7 [X17X2] = Enﬁ(_l) 2 £n+2(X17 X27 \I]Tl) (129)

Note in particular that in this formalism the gauge algebra of the parameters is permitted
to depend explicitly on the fields. In what follows we will show how the higher curvature
problem we are considering fits precisely into this picture.

2 dF: =trR3

We begin by considering a theory with a globally defined five-form flux Fanda Yang-Mills
g-valued potential A with corresponding field strength R such that

daR =0, (2.1)
dFy = tr R°. (2.2)

We can thus define a four-form potential C' for the flux by
5 = dCy + ws(A). (2.3)

Much like the B field in Heterotic theory, we find that since Fy is gauge invariant, Cy must
transform to compensate for a variation of the Chern-Simons five-form ws(A). That is, if
A € g parametrises an infinitesimal gauge transformation, we must have that locally

d0aCy = —dpws(A) = —dwi(A, A) = —d trdA (AdA + 1 4%), (2.4)

from the properties of the Chern-Simons forms, see appendix A. It is also clear that F’ re-
mains invariant under shifts of Cy by a closed four-form, locally parametrised by the exterior
derivative of some three-form o. Together with a diffeomorphism symmetry parametrised by
some vector x, we have that the potentials obey the infinitesimal gauge transformations

Sy A= LoA—dA - [A,A]

~ ~ (2.5)
6xCy = L,Cy — do — trdA (AdA + $4%),



where ¢y denotes the combined infinitesimal diffs, gauge and shifts in terms of parameters
X =z + A + 0. This therefore suggests a generalised tangent space

E=T®gd NT" (2.6)

So far, this precisely matches the procedure for constructing the Heterotic generalised
geometry, see for example [19]. However, let us look at how the algebra of transformations
0x closes when acting on the fields. Taking two parameters X;, X, € F, we find that

[5)(1, 5X2]A — 'C[xl,mg]A - d ([Al, AQ] —|— ’ixldAQ - ZIQdAl)
— [A, [A1, Ag] + 4y, dAy — iy, dA4 ],
[5}(1,(5)(2]6'4 = ﬁ[xl,mg]é4 - d(imldO'g - ’ix2d01 + %dim@ - %dixQUl) (27)
— tI‘d ([Al, AQ] + ’ixldAQ — ZIQdAl) (A(dA)2 + %Ag)
+ dtr (AldAQdA - AQdAldA) y
so we have that indeed the algebra closes on a parameter X3 given by
[0, 6x,)(A + C1) = 5x, (A + C),
X3 = |11, 2] + [A1, Ag] + i, dAy — iy, dAy
+ imldO'Q — imde'l -+ %diml(fg — %dimz(fl

—tr (AldAgdA — AQdAldA) e F,

(2.8)

but note that this depends not just on X; and X but also explicitly on the fields. Therefore,
unlike the previous examples in generalised geometry, the gauge algebra does not define for
us a bracket over just the space E. It does, nonetheless, fit into the L field theory setting.
2.1 An L gauge algebra for R*

Let us then introduce the graded vector space:
V=VzeheViele V., (2.9)

where’

Vs=C®(M), Vo=T* Vi=NT"
(2.10)
Vo=E=Taogp\NT*, V., =T"®g®d AT,

>A more ‘generalised’ treatment in the sense of [29] would presumably involve introducing a space of
“generalised frames” for E (that is a subspace of End(FE) that preserves the defining generalised structures —
O(d, d) in NSNS generalised geometry, E7(7) in exceptional generalised geometry, etc.), and identifying its
‘geometric subspace’ with V_; which is used to construct the physical brackets.



and we label elements in the subspaces as
feVs, ¢eVy, neVi, X=z+A+oecV,, V=A+CecV, (211)

We will then endow V' with a series of multilinear brackets to define an L, algebra that
will realise the gauge algebra (2.8). Comparing with (1.29), we can read off some of the
multibrackets. Several more are necessary to complete the algebra, which can be obtained
from the requirement that they satisfy the generalised Jacobi identities (1.25). Terms in
the brackets involving only elements in V-, or the vector + three-form part of [, will be
necessarily the ones in [44], but we must introduce new products for terms involving the Lie
algebra g.

Note that due to the grading and symmetry properties of the /,, brackets (1.24), products
involving multiple factors of X; will always have to be antisymmetrised, and products in-
volving products of ¥, will always have to be symmetrised. We denote this explicitly using
the typical index notation of symmetrisers and antisymmetrisers.

We find that the (non-vanishing) L., products are then:

at level one

at level two

0(X,n) = 5Lan, 6(X,0) = 5L.0, (X, f)=3L.f, (2.13a)

lo(X1, Xo) = [21, 2] + [A-l, Ay + Ex.lAg — Lo, Ay 0.13b)
+ L4090 — Loyo1 — 3dig, 09 + 3dig,01,

lo(X, W) = LT — [A, A], (2.13¢)

at level three

C3(¢, X1, Xo) = = (iay, Loy + ifay,20]) D, (2.14a)
Cs(n, Xo, Xo) = =5y, Lay + iy 200, (2.14b)
l3(X1, X2, X3) = =5 (lay Loy + lfap 0] T bz ind) 03, (2.14c)
l3(X1, Xo, W) = —2tr ApdAgdA, (2.14d)
03(X, Wy, Wy) = 2tr dAAd Ay, (2.14e)

~10=-



at level four

f4(X1,X2,X3,X4) =—12 trA[lAgAgdA4}, (2153.)
€4(X1, XQ, Xg, ‘1’) = 3ix[1 tr AgdAg}dA + 6tr A[lAgdAg}A, (215b)
f4(X, \Ifl, ‘1’2, \113) =3tr dAA(lAQAg), (215C)

at level five

€5(X1, XQ, Xg, X4, X5) = 307;:(:[1 tr A2A3A4dA5} —12tr A[1A2A3A4A5}

+ Yigyny (Tos Loy + ilagian) + foyin,d) 05, (2160

s (X1, Xo, X3, Xu, W) = =2y 4y, tr AzdAgdA — 124, tr Ao AzdAy A, (2.16b)
and finally at level six

o (X1, Xo, X3, Xy, X5, W) = 10y, iy, tr A3A4dA5 A (2.17)

All other brackets vanish.

We thus have that picking particular elements A + C, =V €V, corresponds to
specifying the data for the supergravity gauge fields as they satisfy the correct gauge algebra,
that is

Ox W =01 (X) + (X, ) — 305(X, ¥, 0) — 20,(X, 0,0, ¥), (2.18)
with
[0x,,0x, |V = 6x, ¥, X3 ="02(X1,X2)+ l3(Xy, X2, V), (2.19)
precisely matches (2.5) and (2.8).

We leave to appendix B the steps required to show that these multilinear products indeed

satisfy the very non-trivial generalised Jacobi identities that characterise L., algebras.

3 dF =tr R4

The analysis for a seven-form flux follows in much the same way as the five-form case we
just considered, it is simply more computationally intensive. We again introduce a g-valued
one-form potential A with field strength R, and a globally defined seven-form F such that

dF, = tr R, (3.1)
and so locally we define a six-form potential C' by

Fr = dCs + wq(A). (3.2)

—11 =



As previously remarked, this is a toy example for the supergrav1ty theory of section 1.2 when
one truncates equation (1.14). Now, gauge invariance of F’; once again implies that Cs must
vary as

d0xCs = —pawr(A) = —dwi (A, A) 33)
= —dtrdA(A(dA)? + 2(A%dA + dAA® + A°) + L(A®dAA + AdAA?)),

for some gauge parameter A € g. We also have the usual diffeomorphism £, and shift
symmetries do generated by, respectively, a vector field x € T and a five-form o € AST™.
We are thus led to consider a generalised tangent space

E=To®go ANT",
(3.4)
X=x+A+o€E.

This is a close cousin of the SL(8, R) x R “half-exceptional” generalised geometry ob-
tained by truncating the Fr(7) X R* case, as was described in [65]. We can then group the
infinitesimal symmetries as

dx = infinitesimal diffs, gauge and shifts

SxA=L,A—dA—[A,A] s

5X66 = ﬁxéﬁ —do
— trdA (A(dA)? + 2(APdA + dAA® + A%) + L (A’dAA + AdAA?))
As in the R? case, we find that the gauge algebra closes on terms that explicitly depend
on the gauge fields. Taking two parameters X, Xo € E, we have
[5)(1, (SXQ]A — 'C[xl,mz]A — d ([Al, AQ] —|— ’ixldAQ — ZIQdAl)
— [A, [A1, Ag] + 4y, dAy — iy, dA4 ],

01, 0x,)C6 = Lizy 25)Co — A, dos — ipydoy + 3diy, 00 — 1diy,00)
—trd ([Ay, Ag] + 1z, dAgy — iy, dAy) (A(dA)2 (3.6)
+ %(A?’dA +dAA® + A%) + (AszA + AdAAz))
+ dtr (Ay (dAsdAdA + 2dA,d(A%) + 1d(A%dA,A))
— Ay (dAldAdA + %dAld(A?’) %d(AszlA)) ),
and therefore, the algebra of the gauge parameters is
(X1, Xo] = [x1, 22] + [A1, Ao] + 1, dAg — iy, dAy
+ iy, doy — 1,,doy + %dimlag — %dimzal
— tr (Ay (dA2dAdA + 2dAod(A%) + 1d(A%)dAA — LA%dALdA)
— Ay (dAldAdA + %dAld(A?’) + %d(A2)dA1A — %A2dA1dA) ) e k.

(3.7)

12—



Let us then see how this fits with the L., formalism.

3.1 An L. gauge algebra for R*

We start by building a seven term graded vector space
V=VieVieVselaaVie Vo Vo, (3.8)

where
Vs=C>(M), Vi=T" Via=ANT* Vo=ANT" V3=A\T"
Vo=E=Tog®ANT*, V=T ®gdAT" 39
whose elements we will generically label as
teViohoazoViol, X=z+A+oely, U=A+CecV, (3.10)

We now construct the L., products as before. We read off some of the brackets by
comparing (3.5) and (3.7) with (1.28) and (1.29) respectively, and use the generalised Jacobi
conditions to complete the algebra. The terms in the products which are independent of V_;
or the g part of V; must reproduce the results of [44]. The full list of multilinear brackets is
then as follows:

at level one

(L&) =dE, GH(X)=—-dA —do, (V) =0, (3.11)
at level two
((X, &) = $L,¢, (3.12a)
0(X1, Xo) = [x1, o] + [A,l’ As] + EailAg — L, A\ (3.12b)
+ Ly,00 — Ly,01 — %dzmlag + %dzmal,
lo(X, W) = L,V —[A,A], (3.12¢)
at level three
l3(8, X1, X2) = = (iay Lay + ifar2)6, (3.13a)
l3(X1, Xo, X3) = —%(ixuﬁm + Uz o) T ix[liEQd)Ug], (3.13b)
at level four
0y( X1, Xo, Uy, Uy) = 4tr ApdAgdAndAy), (3.14a)
Cy(X, Wy, Uy, W3) = 6tr dAAdAydAs), (3.14b)

13—



at level five
U5(€, X1, X2, X3, X4) = 3500y 0wy (ias Loy + Tagaq))E
U5(X1, Xo, X, X4, X5) = iyl (los Loy + Uagas) T laslie;, d)05),
5(X1, Xo, X3, Xg, U) = —Zhtr (201 A0 A5d Ay — ApAadAzAy)dA,

65(X1, Xg, Xg, \Ifl, \112) = —6ix[1 tr AQdAg]dA(ldAQ)
— % tr (QA[lAgdAg]dA(lAg) + 3A[1A2dA3]A(1dA2) — A[ldAgAg}d(A(lAg))
— ApdAsd A Ay Agy + ApdAs A AgdAy),

65(X1, XQ, \Ifl, \IIQ, \1]3) - % tr (?)A[ldAQ]d(A(lAQAg)) + A[ld(A(lAQdAg}Ag))),

€5(X, \Ill, \112, \113, \114) = —% tr dA(QA(lAgAgdA4) + A(lAQdA3A4)
+ A(ldA2A3A4) + 2dA(1A2A3A4)),

at level six
gG(Xl, XQ, X3, X4, X5, X6> = —144 tr A[1A2A3A4A5dA6],

gG(Xl, Xg, X3, X4, X5, \I/) = 127;m[1 tr (2A2A3A4dA5} — AQAgdA4A5])dA
+ 24 tr (2A[1A2A3A4dA5} + A[lAQdA3A4A5])A,

C(X1, X, X3, Xy, Uy, Wo) = dig iy, tr AgdAgd A dAy
+ Ry, tr (200A3dAgd A Ag) + 3A2A3d Ay Ad Ay
— ApdA3Agd(Aq Ag)) — AadAsd A Ay Ay + ApdAz AgAydAy)
— By (Apd(A2As)AgAa Az + ApAsdAs A Ay Ay + ApdAsAgAsAgAy),

l( X1, Xo, X3, W1, Uy, U3) = _%ix[l tr (3A2dA3}d(A(1A2A3))
+ AQd(A(lAQdAg}Ag))) - % tr (3A[1A2dA3]A(1A2A3)
— ApAs A AsdAg As)),

EG(X, \Ifl, \112, \113, \114, \115) = —48 tr dAA(1A2A3A4A5),

— 14—

(3.15a)
(3.15b)

(3.15¢)

(3.15d)

(3.15¢)

(3.151)

(3.16a)

(3.16b)

(3.16¢)

(3.16d)

(3.16¢)



at level seven

€7(X17 X27 X37 X47 X57 XG? X7) = _%iﬁuiﬂfzil‘isil‘zi (il’sﬁl’fﬁ + Z.[xf)yxﬁ} + ixside)07]
+ 504’Lw[1 tr A2A3A4A5A6dA7] — 144 tr A[1A2A3A4A5A6A7},

67(X1, XQ, X3, X4, X5, Xﬁ, \I/) = —12ix[1im2 tr (2A3A4A5dA6} — A3A4dA5A6])dA

- 727;m[1 tr (2A2A3A4A5dA6} + A2A3dA4A5A6])A,

U7 (X1, Xo, X3, Xy, X5, Wy, Wo) = —4iy iy, t1 (2A3A4dA5d A Ay
1305 AadAg AndAs — AydAsAgd(Aq Agy) — AsdAsdAqAg Ay,

+ AgdA4A(1A5}dA2)) + 24’ix[1 tr (A2d(A3A4)A5]A(1A2) + A2A3dA4A(1A5}A2)

+ Asz3A(1A4A5]A2)),

€7(X1, Xg, Xg, X4, \Ifl, \I/Q, \113) = %ix[liﬂcz tr (3A3dA4]d(A(1A2A3))
+ A3d(A(1A2dA4]A3))) + %ix[l tr (3A2A3dA4]A(1A2A3)
— AoAsAq Asd Ay Ay)),

at level eight

s (X1, Xo, X3, Xy, X5, X6, X7, V) = 84iy iy, tr (2A3A4A5Ad A
+ AsAydAsAgA) A,

s (X1, Xo, X3, Xy, X5, X6, Vi, Wa) = =20y Gy, tr AsdAgd A d Ay
- 247;:(:[17;:02 tr (Agd(A4A5)A6]A(1A2) + A3A4dA5A(1A6}A2)
+ A3dA4A(1A5A6]A2)),

ls(X1, Xa, X3, Xa, X5, Uy, Uy, U3) = —120y 4, tr (3A3A4d A5 A Ay Ag)
— A3A4A(1A2dA5] Ag)),

at level nine

Clo( X1, Xo, X3, Xy, X5, Xg, X7, Wy, Uy) = %ix[limzimgim tr (3AsAgdAqd A As),

+ 205 A6d A7 Aqd Ay — AsdAA7d(AqAg) — AsdAgd A Aqg Ay
+ AsdAgAg AqdAy),

EQ(Xla X27 X37 X47 X57 X67 \Ijla \1127 \113)
= _gix[lixgimgiml tr (3A5dA6]d(A(1A2A3)) + A5d(A(1A2dA6]A3))),
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(3.17a)

(3.17b)

(3.17¢)

(3.17d)

(3.18a)

(3.18b)

(3.18c¢)

(3.19a)

(3.19b)



and finally at level ten
£IO<X17 X27 X37 X47 X57 X67 X77 q117 \1127 \113)
= ﬂix[l Z-:cg'ixg'im tr (3A5A6dA7}A(1A2A3) - A5A6A(1A2dA7}A3)).

5

(3.20)

All other brackets vanish. The proof that they satisfy the generalised Jacobi identities is
given in appendix C.

Picking a specific point ¥ in the space V_; will correspond to specifying the supergravity
data, since the gauge algebra obeyed by W

Ix W = £(X) + £o(X, U) — L05(X, W, 0) — 10,(X, U, ¥, ¥)
ol (X, W, 0, WL W) (X0, W0, ),

120

(3.21)

and
(X1, Xo] = 0o(Xq, Xo) + U5( X7, Xp, ¥) — %Q(Xl,Xz, v, )

X (3.22)
- EEE)(Xla X27 \Ija \Ija \I])a

is such that its components ¥ = A + C’6 match (3.5) and (3.7) by construction.

Despite no longer being able to describe these higher order gauge algebras in terms of
just a Leibniz bracket on the generalised tangent space, we thus have that the extra structure
of £ is still enough to ensure that we can find an L., algebra, and that this algebra has
a finite number of brackets. And while there should not be much difficulty in adding the
extra geometrical data that make up the physical degrees of freedom such as the Riemannian
metric, it will require further study to see whether this weaker differential structure will be
enough to give a natural geometric description of the dynamics of higher-derivative-corrected
supergravity.
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A General definitions

We mostly follow the conventions of [19], though we generally omit the wedge symbol for
the product of differential forms. We also use the (anti)symmetrisation of indices notation
with weight one, so for example

A[lAgAg] = %(AlAQAg — A1A3A2 + A2A3A1 — A2A1A3 + A3A1A2 — A3A2A1). (Al)
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Given a Lie algebra-valued one-form A we define its curvature by
R(A) =dA + A%, (A.2)

which satisfies
daR=dR+[A,R] =0, (A.3)

and is invariant under the infinitesimal gauge transformations of the potential
INA = —daA = —dA — [A A (A4)

As is well known from the study of anomalies [45, 66—68], taking the trace of powers of
the curvature one can define invariant polynomials

dtrR"=dtr R" =0, (A.5)

from the n-th Chern character tr R of the gauge vector bundle. Poincaré’s lemma then
implies that one can locally define the Chern-Simons forms wy2,,—1)

dw(gn_l) (A) = tr Rn, (A6)
and applying the lemma once again, now for 9, gives
dw(12n—2) (A7 A) = 5AW(2n—l) <A>7 (A7)

where the superscript denotes the powers of the gauge parameter, since in principle one can
continue “descending” along this chain.

We can list some of the Chern-Simons forms that will be important for us explicitly (up
to exact terms, as is clear from their defining relations)

wr(A) = tr (A(dA)® + 2A%(dA)* + 2AdAAPAA + 2A°dA + 2AT) (A.8)

wi(A, A) = trdA(A(dA)* + 2(A°dA + dAA® + A7) (A9)
+ 1(A’dAA + AdAA?)),

ws(A) = tr (A(dA)* + 2A%dA + 24°) (A.10)

wi(A, A) = trdA (AdA + 14%) (A.11)

wy(A) = tr (AdA + 24%), (A.12)

wi(A, A) = trdAA. (A.13)

The last two are not used in this work, but are the ones that are featured in Heterotic gen-
eralised geometry. These agree with the usual ones in the literature [67] up to exact terms
corresponding to our convention choice of having the differential acting on the parameter A.
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A.1 Helpful identities

Since substantial use of them was made in proving some of the generalised Jacobi identities
in the next appendices, here we list some helpful identities that follow from the Lie-Cartan
algebra on differential forms

;de - dﬁ;m ﬁxliﬂm - 7;502‘6551 = i[mhwﬂ’

= 1 (A.14)
dZSC _l_ Zl‘d — £x7 ﬁx[l‘ﬁSEQ] = 5£[Z‘1,1‘2}'

The following tend to be useful in expressions involving two vector fields (these opera-
tors maintain the degree of the form they are acting on)

d(iw[1£x2] + i[rl,rz]) + (im[lﬁmQ] + i[xl,x2})d = %L[m,mz]a (A.15)
A(iay Loy + lfaran] + la1 s d) = L1, o) — 3z Layd, (A.16)

three vector fields (these lower the degree by one)

Liay as)iny — oy Lizsws] = iap,aslag) = 0, (A.17)
and four vector fields (these lower by two and three)
Uapy el g o) = O, (A.18)
dig), sy (i[%uﬂ + imgﬁu]) = —lg ba, (i[%u]] + imﬁu])d
+ 5(Lap Laslzglvy T Loy lias g ey)),
Gap oy (i%ﬁm Uy y) T laylay d) = 5(1'%5%2 + z'[x[lm])imgiu] + dig laylagley . (A20)

(A.19)

B Computation of generalised Jacobi identities from section 2

We verify the generalised Jacobi relations by exhaustively going term by term through the
list of identities (1.25) for each level n and for each possible set of inputs for the brackets in
section 2. Fortunately, because of both the grading of the vector space V' and the subdivisions
inside V() and V_1, many of these vanish trivially. For example, all brackets /,, of level n > 2
whose image is in V_; actually only map to the four-form subspace, i.e. they are C’—type
objects. On the other hand, the brackets of level n > 2 that take an object in V_; as input are
all independent of C'. So chaining together those sets of brackets is trivial.
The first generalised Jacobi identity is easy to verify from (2.12)

(61)2 :O |:|

and shows that the graded vector space V' of an L., algebra forms a chain complex with the
operator /1.
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B.1 /{i¢y — {301 = 0 relations
The next set of relations establishes ¢; as a derivation on ¢, given by the brackets (2.13).
First check on inputs in V; ® Vj
b (la(X,n)) = %dﬁxn,
0o(X, 64(n)) = Lodn — 5dindn = 5dL,7
= ((6(X,n) = G(0(X),n) + (X, 4(n) O

and similarly replacing n with f € V3 or ¢ € V5.
Andon V5 ® V

04 (0a(X1, X2)) = —d[Ay, Ag] — dig,dAg + dig,dA; — dig, doy + dig,doy
= —d[Ay, Ag] — LoydAs + LoydA; — Lo,dos + Lo,dor

0o(X1, 01(X2)) = Lo, (—dAs — do) — [~dAs, A

= ((0o(X1, X)) = Lo(01(X1),n) + 6(X1, 01(Xy)) O

For inputs in (X, ¥) € Vj ® V_y, the check is trivial.

B.2 (05 + 0301 + {305 = O relations
Next is the check of what would be the ‘traditional’ Jacobi identity, where the L., algebra
starts to clearly diverge from the normal graded Lie algebras. They involve brackets (2.14)
plus the previous ones.
First for objects in V; ® Vi, ® V}
01 (l3(X1, Xo,m)) = —%d(z’x[lﬁm + Uy w210,
l3(61(X1), X2,m) =0,
C3(01(n), X1, Xa) = =2 (lay Loy + lwr,001) A0 = § (diay Loy — Loy Loy + difey 00) = Lizr o))
= (e Lag + tar,22) 1 — 1 L01a)s
Uo(02( X1, X5),1) = 2L1s, 2o,
Uo(X1,02(X2,m)) = 1 Loy (Layn),
= (1(03( X1, X2, W) 4 £3(01(X1), X2,m) + €3(X1, 01(X2), ) + L3(X1, Xo, £1(n))
+ G (0( X1, Xa),m) — lo(X1, 62(Xa,m)) + lo(X2, l2(Xy,m) =0 O

and similarly for f € V3 and ¢ € Vj instead of 7.

~ 19—



Next for Vo ® Vo ® Vj

(1 (03( X1, X2, X3)) = =5 (lwy Loy + iaywo) + Ty leyd) 03] = —3d (1, digy + iy, iy d) o),
l3(6(X1), Xa, X3) =0,
lo(la(Xp, X2), Xy) = %d(imudigﬁ2 + lay, 12, d) 03,
= 01 (03( X1, Xo, X3)) + L3(0(X0), Xo, X3) + €3( X0, £1(Xa), X3) + £3( X1, Xo, £1(X3))
+ 0o (la( X1, Xa), X3) + la(la(Xa, X3), X1) + l2(0a( X3, X7), Xe) =0 O

Finally for V) @ Vo ® V_4

01 (l3(X1, Xo, W) = trdA1dAod A — trdAodAd A,
l3(01(X7), X2, U) = trdAodAdA,
Uy (la( Xy, X2), W) = Lz, xz]\lf [A, A1, Ag] + LAy — Eszl},

(o( X1, ba(Xs, W) = Lo, (L4, ¥ — [A, As]) — [Lan A — [A Ag], Ay,

= 01 (l3( X1, Xo, U)) 4+ l5(01(X1), Xo, W) + l3( X1, 61(X2), U) + £3( X7, X, 01 (F))
+ Uy(lo( X1, X2), V) — lo( X7, lo( X2, W) + lo( Xy, lo(X1,¥)) =0 O

B3 (1ly — Uyl — Uyls + (305 = 0 relations
The next identities introduce brackets (2.15) together with the previous.

We check with inputs in V; ® (V)3

C3(02(X3,1m), X1, X2) = — 15 (loy Loy + Tfar.20]) Las s
l3(n, L2(X1, X3), X3) = =2 (310100 Las — 323 Lo ,oe] T Uarwalas)T = =75 (orwaLas — Gas Lizy 2o
Co(C3(n, X1, X2), X3) = 5Ly (loy Loy + ifar 20 = 75 Loy (—Laplny + o)1,
= l3(lo( X1, Xa), X3,1) + l3(02( X3, X1), Xo,n) + £3(f2( Xz, X3), X1,7)
+ l3(02(X1,m), X2, X3) + L3(02(X3,1m), X1, Xa) + L3(la( X2, m), X3, X1)
+ Lo (l3(n, X1, Xa), X3) + lo(l3(n, X2, X3), X1) + lo(l3(n, X3, X1), Xo) — £o(l3(X1, X2, X3),7)
=0 O

and similarly with ¢ € V5 instead of 7.
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Next for (V)4

(€4(X1, X2, Xg, X4)) —12d( tr A[lAgAgdA4]) = 24 tr A[lAQdAgdA4],
(fl (X ) Xl, X2, 3) 6 tr A[lAgdAg dA4,

C3(02(X3, Xu), X1, X2) = = (lay Loy + ifer00] T byl d) (2L, 04) — diny0)
%(%Zl‘ E[l‘3 z4] T %Z[m x4}£1‘[2 - Z[xa,M]zx[zd)Ulb

Ca(3(X1, X2, X3), X4) = 1L0, (bay Loy + iaya0) + Tapyiaad) 03,
= 0 (04(X 1, Xo, X, Xy)) — 404(0(X (1), Xo, X3, Xy)
+ 603(£o( Xy, Xo), X3, Xay) — 40o(03(X 1, Xo, X3), Xy)
= (= tay Liwsas) — 2Lay lwnas] + Hiiaywolosd — 2Lyl iad) oy
+ (%Zwllﬁ[ggwg] + Ex[lzm’mg] — 20z, 29z d + Em[limz’mgd) oy
+ (iap Lisasa) — Lagifoaesl — 2fapy,a)izad) 0
+ (= 3ty Linas) + 2Ly lwsas) + Layiayin,d)og =0 O
For (V5)? ® V_, we have

U3(5( X1, Xo), Xa, W) = —2tr Ly, (AodAg)dA + 2 tr ApdAgAgdA,
53(X1,X2,e2(x3], V) = ~2tr ApdAs (Lo dA — d[A, Ag)),

(o( X1, £s( X, Xa, W) = —2L, tr ApdAgdA + diy,, tr AsdAgdA,
O (64( X0, Xo, X3, 0)) = 3diy,, tr AgdAgdA + 6d tr ApAsdAg A

= 61(64(X1>X2>X37 \Ij)) - 3€4(€1(X[1)a X2a X3}7 \Ij) - 362(X[1a€3(X2a X3}a \II))
+ 3€3(X[1, X2,€2(X3}, \I/)) + 3f3(f2(X[1,X2),X[3, \If) =0 O
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And for (Vp)? @ (V_1)?
tr(d[Ay, Ag) + L, dAy — L,,dA1)(A1d Ay + AxdAy),
tr dAl (£x2A1 [Al, AQ])dAQ + tr dAlAg(,sz dAl — d[Al, AQ]),
r Lo (dAs A d Ay + dAy ApdA,),

l3(Lo( X1, Xa), Wp, Wy
l3( X1, 0o(Xo, Uyq), W
lo( X1, l3( X2, Wy, Wy)
(
(

)
2) =
)
o (l5( X1, X, 1), Us)
(X, 6(X0), Uy, W) = —L trdAy (dAsA  As + ArdAs Ay + Ay AydAy
+ dAs A Ay + ApdAo Ay + Ay ArdAy),
= 0 (04X, Xo, Wy, Wa)) — 204(6(X), Xop, Uy, W) — 204(Xy, X, 64(W1), Uy)

— 205(l3( X1, Xo, Wr), Way) — 209( X, l5(Xa), W1, Wa)) — 4ls( X1, la( Xy, W(1), ¥g))
+ €3<€2<X17X2>7 \1117 \I]2> + 63(X17 X27 62(\1117 \112)) =0 U

B4 €1€5 + fg,fl + €2€4 + €4€2 + fgfg = (O relations

To simplify notation in what follows, products containing multiple elements X; = x; + A; +
o; € Vj are always implicitly antisymmetrised, so one should read ¢3(/3(n, X1, X2), X3, X4) =
l3(l3(n, X1, X2), X3, Xy), and products containing multiple elements ¥; = A; + C, eV,
are always implicitly symmetrised so for example /3( X, {o(Xo, V1), Wy) = l3( X1, l2(Xo), V1), Uy)).
We will also omit terms that vanish trivially.

These identities start involving brackets (2.16) together with the previous. We begin with

elements in V; @ (Vp)?
65 (61 (7]>7 le X27 X37 X4) = é% ixlixg (im3£m4] + i[xg,m})dnv
€3 (€3(X3> X4> 77)> X1> XQ) = %(Z’xuﬁxz] + i[m,m})(ix[gﬁm] + i[$37x4])77a
= l5(01(n), X1, Xo, X3, X4) + 603(43(n, X1, X2), X3, X4)

- %% bapy s (Z%Em + Uas, T 4] )dn +5 (Zx[lﬁxz + i[ﬂﬁu 2] )(il“sﬁm] + Z-[56‘-‘3756‘4]])77
%%( Loy Loylagie, + 5£x1lsczl[m3 m4])77 + 3 ﬁd(cmllexzzm 4ix1ix2i[w3,w4})77
%(cmﬁxzzxgzm + Emlsczl[x:s,u])n =0 O
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Next for (V})®

0 (05( X1, X2, X3, X4, X5)) = =60 tr AyAsAgAyd A5 + £diy, iy (fay Loy + ijaga) T layie,d)os
+ 30di,, tr AgAzA,dAs,
Cs(01(X1), Xo, X3, X4, X5) = 124y, tr AgAzdAydAs = 6i,,d tr AgAsdAydAs
U3(03(X1, X2, X3), Xu, X5) = 52 (iay Loy + T2y 20)) (i Ly + Uwsyea] + laglesd) 05,
Oo(04( X1, Xo, X3, Xy), X5) = 6L, (tr AoAzAydAs),
C4(0( X1, X3), X3, Xy, X5) = 6tr AyAgAzAydAs — 6L, tr AgAzA,dAs,
= 01 (5(X1, Xo, X3, Xu, X5)) + 5l5(01(X1), Xo, X3, X4, X5)
+ 1003(03(X1, Xo, X3), X4, X5) + 5la(a(X1, Xo, X3, X4), X5)
+ 1004(02(X1, X2), X3, X4, X5)

% . ﬁm + 7’[:(:1 :cz]) (Z:B3£r4 + Z[x3 xy] T Z$3lm4d>05 + %dimlim2 (imgﬁm + i[x3,x4} + imsimd) o5
= %(z Vs, xS}E — gy Gy Loy Loy — Tpy gy llzg,zad + ixlz’mz’msﬁud) o5
— 2 (g tmnwa) Los — tariaa Lag Loy — oy oy iws o d + ioyiay iz Loyd)os =0 O

For (Vo) @ V_4

01(05( X1, Xo, X3, X4, U)) = —12di,, tr AgAsdAyA — 2dig, iy, tr AsdAydA
= —12L,, tr AgAsdAyA + 12i,,d(tr AgAsdAgA) — 2diy, i, tr AsdAud A,
U3( X1, Xo, 03( X3, X4, 0)) = £ (10, Lay + T[ay,00) T Gy Gapd) (tr AzdAgd A),
lo( X1, 04( X2, X3, X4, ¥)) = 3L, (i, tr A3dAyd A + 2tr ApAzdA4A),
04(X1, Xo, X3,05(X4, ¥)) = iy, tr AgdA3(Ly,dA — d[A, Ay]) + 6 tr AjApdAs (L, A — [A, Ay)),
Ca(lo( X1, X2), X3, Xy V) = iy, 1) tr AgdA4dA
— 2y, tr(AgAs + Lo, A3)dALdA + 26y, tr Ap(dAsAy + AsdAy + L,,dA4)dA
+ 2tr(A Ay + Lo Ag) AgdAgA — 2t Ay (ApAs + Lo, A5)dA4A
+ 2tr Ay Ao (dAsAy + AgdAy + L£,,dAg) A,
= 01 (05( X1, Xo, X3, Xy, U)) — 405( X, £4( X, X3, Xy, W) — 404( X1, Xo, X3, 05(Xy, 1))
+ 604(02( X1, Xo), X3, X4, ) + 603(X1, Xo, l3( X5, Xy, U))
= —Giy, Loy tr A3dAsd A + 2(ig, Loy + ey 29) + G0y izpd) tr AzdAgdA
— 2diy, iy, tr AgdAydA =0 O
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And finally for (V5)? ® (V_)?

Co( X1, £a( X, Uy, Us, U3)) = 3L, trdAsd; AsAs,

Ca(la( X1, Xo), U1, Wy, Wa) = 3tr(2d(A1 As) + 2L,,dAs) Ay As Ay,

C4(Xy, (X, Ty), Uy, W) = tr dAy (Lay Ay — [Ar, Ag]) AgAs + Ay(Lay Az — [Ag, Ag]) As
+ Ay Ag(LayAs — [As, As])),

= (0 X1, Xo), Ty, Wa, Wa) — 604(X 1, o(Xa, U1), W, Uy) — 205( X1, £a(Xa, Uy, Uy, U3))
=0 O

B.5S 6166 — 6661 — 6265 + 6562 + 6364 — 6463 = 0 relations

These identities involve brackets (2.17) together with all the previous. The first we check has
inputs in (V)8

lo(l5( X1, Xo, X3, Xy, X5), Xg) = —6L,, tr AgAsAgAsAg — 15L, 04, tr AgAyAsdAg
+ 5 (5L b lasifwaws) — 3L{ws o) lwslwalins ) O6,
C5(02( X1, Xo), X3, X4, X5, X6) = £ (3002, 29 tr AsAsA5dAg + 60i, Lo, t1 AzAgA5dAg
+ 60i,, tr AgAzAgAsdAg — 24L,, tr A2 AsAyAsAg)
+ 212y g (g Lag + Figyingd) + Gz (ijag 2 Log + s aa)izsd)
— g Ty (g Llwaes) F g a5 d) + by Ly (fag Loy + Gag ) + lagiegd) (2L — diy,)) o6
= 1(30i[g, 4] tr AgAgAsdAg + 60iy, Lo, tr AsAgAsdAg — 12L,, tr AgAsAgAsAg)
+ o (15L0 gy by ifa,05) — DLo{wyws)lwslastos — DLaylaglosiwaes) T 2 Liny o) iasizalas ) 06,
C3(04(X1, Xo, X3, X4), X5, X) = 2(igy Loy + iy ) T Az Ay Asd A,
le(01(X1), Xo, X3, X4, X5, Xg) = —10iy, iy, tr AgA,dAsdAg,
= 60 (05(X1, Xg, X3, Xy, X5), Xg) — 1505(02(X1, X5), X3, X4, X5, X¢)
— 1503(04( X1, Xo, X3, X4), X5, X¢) + 606(01(X1), Xo, X3, X4, X5, X¢)
= —30(Layiny — iny Lay) tr AsAgAsdAg) — 60i, i, tr AsAydAsdAg =0 O
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And we also need (V;)° ®@ V_;

01 (ls( X1, Xo, X3, X4, X5, V) = 10diy, iy, tr AzAgdAs A,
Uo(05( X1, Xo, X3, X, V), X5) = 1L, (120, tr AgAyd A5 A + 204,05, tr AydA5dA),
U5(0o(X1, X2), X3, X4, X5, 0) = 2( — 124, 4]t AsAydA5 A — iy, 4y)ia, tr AgdAsd A
1204 tr AgA5d (2L, Ag + 2A1A9) A + 20,0y, tr Asd(2L,, Ao + 2A1A5)dA
— 120y, tr A5(2L,, Ay + 2A1 Ag)dA3A — 2y iy, t1(2L,, Ay + 2A1A5)dA3d A
+ 1204, tr(2L,, Ao + 281 A0) Agd Ay A + 20404, ) tr AzdA4dA)
= =30y ] 0T AgAad A5 A — i 4oty t7 AgdA5dA + iy iy, tr AgdAyAsd A
— gyl 17 Loy (AgdA5)AA + 6y tr Lo, (AsAydA5) A + 6y, tr AgAzd(AgA5) A,
Us(0o( X1, V), Xo, X3, Xy, X5) = —12i,, tr AsAydA5(L,, A — [A, A4])
— 20yl tr AydA5(L,,dA — d[A, Ay])
= —12iy, tr AsAydA5 Ly, A — 1204, tr AgAsAydAs A — 120, tr AgAsdAyA5 A
— gyipg tr AgdA5 Lo, dA — 2igip, tr AdAyA5d A — 20y iy, d tr AzAydAs A,
U3(0a( X1, Xo, X3, 0), Xy, X5) = —2(i0, Loy + Gz 0)) (fg t7 AgdA5d A + 2tr AgAydA5A),
= 0 (l( X1, Xo, X3, Xy, X5, ) + 5o (05( X1, Xo, X3, Xy, ¥), X5)
+ 1003(04( X7, X2, X3, V), X4, X5) + 50502 (X1, V), Xo, X3, X4, X5)
+1005(0o( X1, X3), X3, X4, X5, V)
= —10diy, iy, tr AsAgdAs A + 5(6Ly, 00, tr AsAydAs A + Lo 00000, tr AydAsdA)
— 5((2ig, Loy + Layiny iz, tv AgdAsdA + (4iy, Loy + 2L4,15,) tr AgAydAs A)
— 5(6Ly, 00y — 6lyy Loy + 205, 05,d) tr A3AydA5 A
— 10(Lay bunliag + g Laglng + by iy Loy ) tr AydAsd A
= 10(diny iy — Gy ipyd — Loyiny + iz Loy) tr AgAydAs A
—10( Loyl + 200y Larying + Gy lig Loy ) tr AgdA5d A
= —10(izy 29) s + by bfaas]) T AadA5dA =0 O
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B.6 €4€4 + €5€3 + €3€5 + €2€6 + £6€2 = (O relations

These do not involve any new brackets, and the only non-trivial check that must be made is
for inputs in (V)% @ V_,

65 63(X17 X27 \11)7 X37 X47 X57 Xﬁ

( S Yiggi0y (s Lag + o ,mg) + lasingd) tr A1dAod A,
U5(05( X1, Xo, X3, X4, W), X5, Xg) = 3 (las Lag + uswe)) (6izy tT AoA3dAsA + iy, iy, tr A3dA4dA),
Co(ls(X1, Xo, Xay Xa, Xo, W), Xg) = —5Loinying tr AgAsdAsA,
(
(

~— N ~—

lo(la( X1, V), Xo, X3, X4, X5, Xg) = —100,,0,, tr AyAsdAe(Le, A — [A, A4]),

ls(la( X1, X2), X3, Xy, X5, X6, V) = g, g)iay tT AyAsdA A + 4iy i, tr Lo (AgAsdAy) A
+ 4iy, 00, tr AsAgA1d Ao A + 4iy iy, tr AsAgd A1 A0 A,

= 1505(03( X1, Xo, V), X3, Xy, X5, Xg) + 1505(05( X1, Xa, X3, X4, V), X5, Xo)

— 605(l6( X1, Xo, X3, Xy, X5, V), Xg) + 1506(05( X1, Xo), X3, X4, X5, X, V)

— 605(l2(X1,V), Xo, X3, Xy, X5,X6) =0 O

B.7 Higher relations

The identities

U3l — lls — Uyls + U5l = 0,
Usls + Lyl + Lgly = 0,

U5l — lels = 0,

lels =0,

are all trivially satisfied.

C Computation of generalised Jacobi identities from section 3

As in the previous section, we verify the generalised Jacobi relations by exhaustively going
through every term of the identities (1.25), for each level n and for each possible set of inputs
for the brackets in section 3. And as was the case in the previous section, the extra sub-
structure of the vector spaces Vj; and V_; means that many of those terms vanish trivially. We
omit those from the following. We also omit the explicit use of index symmetrisers for the
sake of readability. As such, products containing multiple elements X; = z;+A;+o0; € V are
always implicitly antisymmetrised, so {5(X1, l2( X2, X3)) = lo( X1, €2(X2, X)), and prod-
ucts containing multiple elements ¥; = A; + C; € V_; are always implicitly symmetrised so
for example (5( X1, l2( Xy, W1), Vo) = l5( X1, l2(Xo, V1), ¥y)).
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As always, the first generalised Jacobi identity is simply, from equations (3.11),
()*=0 O (C.1)

The ¢1¢5 — ¢3¢, = 0 relations with brackets (3.12) are the same as in the R> case in B.1,
and the (/5 + (301 + {205 = 0 relations with brackets (3.13) are either the same as in B.2 or
trivial.

C.1 €1€4 — €4€1 — €2€3 + Egﬁg = (O relations
The first non-trivial identities involving brackets (3.14) are the same as in B.3, except for a
setofinputsin Vo @ Vo @ V1 @ V_4

61 (64(X1, Xg, \Ill, \1]2)) = —4 tr dAldAQdAldAg,

64(X1, gl(Xg), \Ill, \1]2) = —2tr dAldAQdAldAg,

= 01 (04X, Wy, o, U3)) — 204( X1, 01(X3), Uy, W) =0 O

C.2 lyls+ U5l + Uoly + L4l + L3053 = O relations

For the next identities we need brackets (3.15).
First we consider the action on elements of (V5)? ® (V_;)3

U5( X1, 64(Xs), Wy, Wy, Ug) = S trdAy (2dA;dAs Ay Ay + 2dA; AydAg Ag + 2d Ay Ay AgdA,
+24;dAsAsd Ay + 24, AsdAsd As + 2d A A Apd Ay + dAsd Ay As A + Ard AsdAsAs
+ Ayd Ay AsdAg + dAg A d Ay As + AydAgd Ay As + Ay Ayd AsdAy)
= S trdA,d (A1 AsdAs Ay — 3dAsA; AsAg) + 6trdA; (dAsAid Az As + A AsdAsd Ay),
Oo(X1, £4( X2, Ty, Uy, W3)) = 6L, trdAsA;dAsdAs,
Ca(la( X1, Xo), Uy, Uy, Us) = 121(Ly, As) Ard Asd As + 12tr d(Ag As) A dArd A,
0(X 1, 0o (X, W), Wy, W3) = 2tr dA; (Lo, A1dAsdAs) — 2tr dA; [Ar, AoJdAsd A,
— 2trdA; A;d[As, As)dAs — 2tr dA A dAsd[As, Ay
= —2trdAy(L,, ArdAydAs) + 2 tr d(AyAg) AydAsd As
+ 2trdA; (dAyAyd Ay As + Ay AydAgd Ay),
1 (05( X1, X, Wy, Wy, U3)) = 22 trdAyd (3dAs Ay Ay Ay — Ay AydAgAs),
= 01 (05( X1, Xo, Uy, Wy, W3)) + 205(X1, 04(Xa), Uy, Wy, W3) — 265(X7, £4(Xa, Uy, Uy, U3))
0y (0( X1, Xo), Wy, Wy, Wy) — 604(Xy, bo( X, U), Uy, Uy) =0 O
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Nexton (V5)? @ (V_1)?
(5(X1, X, (4(X3), Uy, Wy) = 4 tr Ayd(3dAsdAs Ay Ay + 3dAy A dAz Ay + 3dAs A AydAs

+ dAy A dA3 Ay + AjdAsdAs Ay — AlAQdAQdAg),

Oo( X1, 04(Xo, X3, Uy, Uy)) =4(L,, — %dixl) tr AodA3zd A dAs,

Ca(la( X1, Xa), Xy, Uy, Ws) = 4 tr(La, AodAy)d A dAs + 4 tr Ay AsdAyd A dA,
~ 4t Ayd(AgAs)d A d A,
— Atr AydAsAyd A dAs + Atr(L,, AsdAs)dA,d Ay,

Cy( X1, Xo, lo(X3,Uq), Wy) = 2tr AydAo(L,,dA1dAs)

— 2tr AydAsd[Ay, AgldAs — 2tr AjdAsd Ard[As, Ag]

= 21 ApdAg (L, dA;dAy) — 2tr AydAy(— AydAsdAy — dAzA,dAy

— A3dAdAy + dA;dAAs — dA1AsdAg — dAldAgAg),

O (05(X1, Xa, X3, Wy, W) = —6diy, tr ApdAsd A dAy — 2dtr Ay (3A5dAsd Ay 4,

+ 205dAs Ay d Ay — dAAsd(A; Ag) — AsdAsd(AyAy)) + 2d tr AydAs(dA; AsAy — A AsdAy),
= 01(l5( X1, Xo, X3, W1, Uy)) + 305(X1, Xo, (1(X3), Wy, Us) — 3l (X1, l4(Xo, X3, Uy, ¥Us))
+ 304 (05 (X1, Xo), X3, W1, Uy) + 604( X1, Xo, lo( X3, W), Uy) =0 O

On (Vo)*®@ V4
(5(X1, X, Xs, 04(X4), W) = Ed tr (201 AAsdAs — AyAsdAsAy)dA,
0 (U5(Xy, Xo, X3, X, W) = —Zd tr (201 A AsdAs — Ay ApdAsAy)dA,
= 4l5( X1, Xo, X3, 01(Xy), V) + 01 (05( X1, Xo, X3, Xy, ¥)) =0 O
On (Vp)®
O (05 (X1, Xo, X3, Xu, X5)) = 3digy gy (s Loy + ifg,ea] + layind) 05
= =2 (lay wasoe) Loy — taytos Loy Loy — Tariaying2a)d + Gaylayin, Loyd) o5,
U5(03( X3, X, X5), X1, X2) = 53 (12, Loy + iw1,09)) (iws Loy + Uogaa] + Taglnd) 05,
= 0 (l5( X1, Xo, X3, Xy, X5)) + 1003(03( X1, Xo, X3), Xy, X5) =0 O
And finally on (®s0V;) ® (Vp)*
U (05(&, X1, Xo, X3, X4)) = g3diy by (a0 Loy + ing,00)Es
Us(01(€), X1, Xo, X3, X4) = 320000, (tag Loy + ageq)dE,
C3(€3(&, X1, X2), X5, Xa) = 55 (6 Loy + ife1,00)) (Gas Loy + g 00))Es
= 01(05(&, X1, Xo, X3, Xy)) + C5(01(§), X1, Xo, X3, Xy) + 603(03(&, X1, X3), X3, Xy) =0 O
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C3 Elgﬁ — gﬁgl — €2€5 + €5€2 + €3€4 — €4€3 = (O relations
Now we start using brackets (3.16). We first check the identity for objects in (V5)? @ (V_;)?

EG(Xla gl(Xg), \Ill, \112, \113, \114) = 4—58 tr dAl (2dA2A1A2A3A4 + AlAgdA2A3A4),
E5(£2(X17 X2)7 \:[117 \I]2a \1137 \114) - 2£5(X17 EQ(XQa \111)7 \I]2a \1137 \114)
= % tr dA1 (2dA2A1A2A3A4 + A1A2dA2A3A4) - %Lml tr dA2 (2A1A2A3dA4
+ A1 Asd Az Ay + A1dAs A3 AL + 2dA1A2A3A4),
62 (Xl, 65(X2, \Ifl, \1/2, \113, \1/4)) = _%Exl tr dA2 (2A1A2A3d144 -+ A1A2dA3A4
+ AldA2A3A4 + 2dA1A2A3A4)
= _66(X17 61(X2>7 \Ilh \1127 \Il37 \I]4> - 262(X17 65(X27 \I]h \1127 \1137 \114))
+ U5 (Lo (X1, Xa), Wy, Wy, W3, Wy) — 205( X1, £o(Xo, Wy), Uy, W3, Wy) =0 [

Then for (V3)? @ (V_)3

O (le( X, X, X3, Uy, Uy, Wy)) = i, tr Agd(3dAs A1 Ay Ay — Ay AsdAsAy)
— B tr (3A1ApdAg Ay Ay Ay — A Ay Ay AydAgAy),
Co( X1, 5( X, X3, Uy, Uy, Wy)) = —22(L, — Ldi,, ) tr Ayd (3dAgA; Ay Ay — Ay AydAsAs),
C5(02( X1, Xy), X, Wy, Wy, W) + 305(X, Xo, €(Xs, Uy), Uy, W)
— 27, tr Asd(3dAgA Ay A — A1A2dA3A3) + 260 A Ay (3dAgd(As Ay Ay)
+ d(Ar Ay)dAg Ay — Ay AydAgdAg) — 2 tr Ay (3d(AsA3)d(A; Ay As)
+ d(A; Ay)d(AsAg) Az — AlAgd(AgAg)dAg)
— 2tr Ay (3dAgd (A Ay AgAs — AgAy Ay Ag) + d(Ag Ay Ay — Ay AyAy)dAsAs
+ (A1 As)dAs[Ag, Ag] + (A3 AsMy — Ay Ay Ay)dAgd Ay — Ay AydAsd[Ag, As))
— 27, tr Ayd(3dAgA; Ay As — Ay AydAg As)
+ 24 tr (305 A0dAs Ay Ay As — Ay As Ay AydAsAy),
= 0 (Le(X1, Xo, X3, Wy, Wy, Uy)) — 3Lo(X, l5( Xy, X3, Uy, Uy, )
+ 305 (£o( X1, Xs), X, Uy, W, Ws) + Ol5( Xy, Xy, £o( X5, Uy), Wy, W) =0 O
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For (Vp)' @ (V_1)?

0 (Le( X1, X2, X3, Xa, Uy, W) = 4dig, iy, tr AsdAydA1d Ay 4+ 2 diy, tr Ag(2A3dA4d AL A,
+ 3A3d A Ayd Ay — dAsAud(Ar Ag) — dAs(dAI AL Ay — AjA4dAy))
— Bdtr (Ad(AoAs) Ay A1 Ay + A AsdAs AT Ay Ay + AjdAs AjAsA4Ay),

l6(X1, Xa, X3, 01(X4), Uy, Wy) = —2iy, tr ((3A5dAsdAy — 3dAA3dAy — dAydAsAy)d(A; Ay)
— 4NpdA3dA1dAL Ay — 4N5dA3A1dA4d Ay + dAsd Az Ay Ayd Ay — dAydAsd A A A)
+ 2 tr (3A1A2dAsd Ay Ay Ay 4 3dA AgAgd Ay Ay Ay — dA1dA; AN, A Ay
+ 4 ApdAs ArdAs A + Ay Ap ArdAsdA Ay),

305(02(X1, X2), X3, Xu, W1, Wy) — 4l5( X1, Xy, X5, (o(Xy, U1), Ua) = —6ify, 4y tr AgdAydA;d Ay
+ 1204, Lo, tr AsdAyd Ay d Ay — 12, tr (AydAsAydAyd Ay — AsdAsd(A1dAyA,)
— ApdAsdAyA1d Ay — dAsAsdAyd Ay Ay — Apd(AsAy)dArdA,)
— 2L, tr (3AoA5dA4d A Ay + 2A0A3d Ay Ayd Ay — Asd(AsAy)d(A1Ay)
— ApdA3(dA1As Ay — Ay AudAy) — ApdAg(dAI AL A, — AjAydAy))
+ 2 tr (401 ApdAs A dAs Ay 4+ (A ApdAs A Ay Ag) — AydApd (A AsAy Ay)
+ (281 AodAgdAy + 3dA; ApAsdAy — AydAsAgdAy + dA AgdAsAy) Ay Ay
— A1d(AzA3)A4d (A Ay)),

(X1, 05(Xo, X3, Xy, Uy, Ws)) = —2L4, g, tr AgdAydArd Ay — L4, tr Ay (2A3dA4d A Ay
+ 3A3dA A d Ay — dAsA4d(ArAg) — dAs(dAT AL Ay — AjAydAy)),

C3(4( X1, Xo, Wy, W), X5, Xy) = =3 (iay Loy + Ufar.a0] + Ty ) tr AgdAyd Ay d Ay,

= 0 (le( X1, Xo, X, Xy, Uy, U)) — 4l6( X1, Xo, X3, 01(Xy), Uy, Uy)

+ 605(02(X1, Xa), X5, Xy, Uy, Wp) — 805(Xy, Xy, X, lo(Xy, ¥y), Us)

— 4l ( X1, l5(Xa, X3, Xu, U1, Wy)) 4 605(£4( X1, Xo, ¥y, U5), X5, Xy) =0 O
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For (Vp)> @ V_4

0 (C( X1, Xo, X3, X4, X5, ) = 12di,, tr (2A1A2A3d Ay — Ay AxdAgA,)dA

+ 24d tr (2A1A2A3A4dA5 + A AodAsAyA5) A,
l6(X1, Xa, X3, Xy, 01(X5), ¥) = 24, tr Ay (3A2dA3d AdA5 + 2A2dA3zdAsdA

— d(AsA3)(dAdAs — dAsdA) — dAy(dAA3dA; — dAsA3dA))

+ 2 tr (A1d(A2As)Ay(dA5A + AdAs) + A1 ArdAsdAsALA

+ A1 A2dA3AALAs + AdArdAsA3ALA + AydAs AA3ALdAS)

= —2i, dtr (201 A0A5dAs — A AsdA3A,)dA

+ 2 tr (2A1d A2 A3 AL A5 + 2701 ApdAsAydAs + dA A A3d AL A5

+ AdAsdAsAgAs + dAAsdAs Ay A5 — A AadA3dAgAs) A,
U(05( X1, X, X3, X4, U), X5) = 2L, (tr (2A1A2A5d Ay — AjA2dA3A,)dA),
U5(02(X1, X2), X3, Xa, X5, 0) = =2t (L, (201 A2 Azd Ay — AjAsdA3Ay) — 3A1A2A3dAA5)dA,
U5(X1, Xo, X3, X4, £o(X5,0)) = =2 tr (2A1A0A5d Ay — AjAdA3A4) L, dA

+ 2 tr (21 A2A304dAs — 3A1 A2 A5d Ay A5 + AjAsdAsAgA5)dA

+ (2dA1 A A3 AL dA 5 — dAT Ao A3d A A5 + 2A1 Ao AgdAydAs — AjAsdAsALdA5)A),
= 01 (0s(X1, Xo, X3, Xy, X5, 0)) — 506(X1, Xo, X3, Xy, 01(X5), ¥)
+ 1005 (02(X1, X2), Xs, Xa, X5, W) + 505(X1, X, X3, Xy, £o(X5, )
+ 50y (05(X1, Xo, X3, X4, ¥), X5) =0 O

And finally for inputs in (V})"

O (ls( X1, Xo, X3, Xy, X5, X)) = —144d tr A; Ay AsAy AsdAg,

06X, Xo, X, Xa, X5, £1(Xs)) = —24tr (201 A0A5A4dA5 + Ay AsdAsA A )dAg,
U (05( X1, X2, X3, X4, X5), Xo) = 58 La1lwglny (iaa Log + og,e5) + lzsles )06,

U5 (0o( X1, X2), X3, X4, X5, X6) = 22 (201 00)005 (ls Lag + fgzs] + lasinsd)06

+ Gy Ty (Fas,04) Lo T Uws,aa)tesd) 06 = Goyiay (los Liog,as) — Uas,as)les )06
+ gy iy (log Loy + Uugaa] + Guglzyd) (2Las06 — digs06)),
= 01 (ls( X1, Xo, X3, Xy, X5, X)) — 606( X1, Xo, X3, Xy, X5, 01(X5))
+ 1505(02( X1, X2), X3, X4, X5, Xg) — 605(05( X1, Xo, X3, X4, X5),Xg) =0 O
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C4 €1€7 + €7€1 + €4€4 + €5€3 + €3€5 + €2€6 + f@fg = (O relations
We begin using brackets (3.17). The first check is for inputs in (V5)? @ (V_;)°

EG(EQ(Xl, XQ), \Ill, \112, \113, \114, \115) = —48 tr(2dA1A2 + 2A1dA2 + 2£x1dA2)A1A2A3A4A5,
EG(Xla EZ(XZa \Ill)a \I]2a \:[137 \I]4a \:[15) = _4_58 tr dAl'CZ‘Q (A1A2A3A4A5)
+ % trdA; (A1 A A3 Ay As Ny — Ag A1 Ay A3 AL As),
Co( X1, ls(Xo, Wy, Wy, Wy, Wy, W5)) = —48L,, trdAy A1 Ay A3 Ay As,
= lo(la( X1, Xa), Uy, Wo, Uy, Wy, U5) — 1006( X1, lo( X, V), Uy, Uy, Uy, U5)
— 205( X7, le( X2, Uy, Uy, U3, Wy, U5)) =0 O

Next non-trivial is for (V5)* @ (V_;)3

O (0r( X1, X, X3, Xy, Uy, Wo, U3)) = L2diy, iy, tr A3 (3dA4d(A; A2A5)
+ d(A1A2)dAg Az — A ApdAydAs) + Zdiy, tr (3AsA3d A A Ar Az — AoAs Ay ArdAyAs3),
Co(la( X1, X), X3, Xy, Uy, Wy, W) — 206( X1, Xo, X, lo( Xy, Uy), Wy, Us3)
= =i, ) tr A3 (3dA4d(A1 Az As) + d (A1 Ao)dAy Az — A1 AsdA4dA;)
+ 24, tr (d(3A2A5d A4 A1 A2 Ag) — d(A2A3 A1 A2d Ay As))
+ 24, L., tr (303dAsd(A; ArA3) + Asd(Ar As)dAg Az — A3A; ArdAydA;)
— 2L, tr (BAoA3dAsA; A Az — ApA3 Ay ArdAyAs),
(X1, le( X, X3, Xa, Uy, Wo, U3)) = —2L, iy, tr A3 (3dAsd(A; A2As) + d(A; As)dAyA;
— Ay AydAydAs) — 8L, tr (BA2A3dA A As Ay — ApA3 Ay Asd Ay As),
U3(0s (X1, Xo, Wy, Wo, W), X3, Xy) = —2 (103 Loy + ifug,ea] + lagie,d) tr Ay (3dA2d (A A2A3)
+ d(A1A42)dAs Az — Ay ArdArdAs),
= 01 (0r( X1, Xo, X, Xg, Wy, Wy, Ws) + 606 (0o (X1, X3), Xa, Xy, Uy, Uy, Uy)
— 1206(X1, Xo, X3, lo( Xy, 1), Uy, Uy) — 4lo( X1, l6( X2, X3, Xy, Uy, Uy, U3))
+ 603(05( X1, Xo, Uy, Uy, U3), X3, Xy) =0 O
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And for (Vp)® ® (V_1)?

01 (Cr(X 1, Xo, X, X, X5, Uy, Wy)) = —Adip, i, tr (301 ApdAsd Ay Ay
+ 201 ApdA3 Ay d Ay — Ayd(AsAg)d(A3 Ag) — AydAgd Ay Az Ay + AydAs Ay AgdA,)
+ 24di,, tr (Ad(AsAg) Ay Ay Ay + Ay AgdAg A Ay Ay + AydAg Ay AgAyA,),
(2(X1, Xo, X, Xa, 04(X5), Uy, Uy) = —i, i, tr (3dAgA4dAsd(A; Ay)
— 3A5dA,dAsd(A; Ay) + dAsdAsAsd(Ay As) + 4A5dAgd A dAs Ay + 4A5d A, A dAsd A,
— A3d A dAdAs Ay + AgA dALdAsdAy)
— 24 1 (3dAgAsA4dA5 Ay Ay + 3AsAgdAsdAs Ay Ay — dAsdAgAsAs Ay Ay
+ AAsAgdAg A dAs Ay 4+ AyAgAydA,dAsAy),
0o( X5, Lo( X1, Xy X, X, Uy, Ug)) = 2L i, i, tr AgdAsdA;dA,
— 27, i, tr (3A1AsdAsd Ay Ay + 28 AsdAg Ad Ay — Aqd(AsAs)d(A Ay)
— AydAg(dAs Az Ay — Ay AsdAy))
— 27 tr (Ad(AsAs) Ay As Ay + Ay AgdAs Ay Ay Ay + AydAs A AghyAy),
Cs(C5 (X1, Xy X, W1, Us), X, X5) = (s Ls + ifps.0a) Vi tr AadAgd Ay d Ay
+ 2(iy Lo + i ne)) 01 (31 A9dAgd Ay Ay + 205 Agd A5 Ay d Ay — Ayd(AsAs)d(A; Ay)
— AydAyd A  Ag Ay + AydAs Ay AzdAy),
C6(X1, X, X3, Xa, lo(X5, W), o) + Le(La( X1, Xa), X3, Xa, X5, Uy, Uy)
= gy gy tr AgdAsd A d Ay + 20y, Lo, tr AydAsd Ay d Ay
+ S (imgas) — iy L) tr (30 A9dAgd Ay Ay + 205 AgdAs Ay d Ay — Ayd(AgAs)d(A; Ay)
— AydAg(dAs Az Ay — Ay AsdAy))
+ gy iy tr (AAgAgdA5d Ay Ay — AgAydAsd Ay d Ay + AsdAsdAs AydA,
+ AgdAg Ay dAgd Ay + AsdAdA;dAs Ay)
— 2L tr (Ad(AsAg) Ay Ay Ay + A AgdAg Ay Ay Ay + AdAs Ay AgAyA,)
+ 22 dtr (A d(AsAs)Agdy Ay + Ay AgdAg Ay Ay Ay + AydAs Ay AgAyAy)
+ 127, tr (3dAsAsAydAs Ay Ay + 3MoA5dAsdAs Ay Ay — dAsdAsAuAs Ay Ay
+ 4AsA3d Ay A dAs Ay + AyAg A dAdAsAy),
= 01 (br( X1, Xo, X3, Xa, X5, Uy, W0)) + 507(X1, Xo, X3, Xy, £4(X5), Uy, Uy)
+ 1005(05(X 1, Xo, X3, Uy, Uy), Xy, X5) + 1006(X1, Xa, X3, Xy, 6(X5, U1), )
+ 1006(0(X 1, Xa), X3, Xa, X5, Uy, W) — 5o (X5, l6( X1, Xo, X3, Xa, Uy, Uy))
=0 O
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For (Vp)® @ V_;
G (0 ( X1, Xo, X3, Xa, X5, X6, U)) = —12diy, iy, tr (2A3A4A5dAg — AgAydAsAg)dA
— 72di,, tr (2A0A3A4A5dAg + A AsdAsA5A6) A,
Ur( X1, Xo, X3, Xa, X5, 01(Xe), V) = 20y, i5,d tr (2A3A4A5dAs — AsAydA5A)dA
— 12y, tr (2A2d(A3A4) AsdAs + dA2A3d(AaAs5)As + AodAgdAyAsAg
— AsA3dAdA5Ag) A,
Uo(le( X1, Xo, X3, X4, X5, W), X6) = 6L, 40, tr (2A03A4A5dAs — AzAydAsAg)dA
+12L,, tr (2A2A3A4A5dAg + AoA3dAsAsAG) A,
U3(0s (X1, X2, X35, X4, 0), X5, X6) = 2(i[e 20) + G2y Lay) tr (203A4A5d N — AzAydA5Ag)d A,
1506(0a( X1, Xo), X3, X4, X5, Xg, W) — 606(X1, X2, X3, X4, X5, lo(Xg, V)
= 36(i[ey,25) — 200, L) tr (2A3A4A5dAg — AgAgdAsAg)dA
+ 144L,, tr (2A2A3A4A5dAs + Ao A3dAsAsAg) A
+ 720y, tr (2A2A3A4A5d NG + ApAsdAyAsAg)dA + 720y, tr (— 2dA2A3A4A5dAg
— 205 A3A4dAsdAg + dAsA3A4dAsAg 4+ AsA3dA3AsdAg) A,
= 01 (br( X1, Xo, X3, Xu, X5, X6, ¥)) + 607( X1, Xo, X3, X4, X5, 41(Xs), V)
— 605(ls( X1, Xa, X3, X4, X5, W), X¢) + 1503(05(X1, Xa, X3, X4, ¥), X5, X)
+ 1506 (¢ X1, X2), X3, X4, X5, X6, ¥) — 606(X1, Xo, X3, X4, X5, (X, ¥)) =0 O
And finally for (V)"
01 (6( X0, Xo, X3, X4, X5, Xo, X7)) = 504di,, tr ApAzAyAsAgd Ay — 144d tr Ay AgAzAyAsAgA;
— 2 iy sty loy (las Log + Tas we) T Gasieed)o7,
(X1, Xo, X3, X4, X5, Xo, 01(X7)) = 720y, tr (2A2A304A5dAedA7 + Ao AzdAgAsAgdAr)
= 720, d tr AgAgAyAsAgdA7,
£2 EG Xla X2a X3a X4a X5a Xﬁ)
o (L2( X1, Xo), X3, Xy, X5, Xo, X7

(L 7) = T2L, tr Ay Ao Ay Ay AsdAg,
(£a( )
03(05(X 1, Xo, X3, X4, X5), Xo, X7)
(£5( )

( )

48£w1 tr A2A3A4A5A6dA7 + 48 tr A A2A3A4A5dA6A7,

(ZfBlEfEQ + 7:[11712])%37;14 (7:15 Lra + i[$5,$6} + irs ir6d)a77

Us(03( X4, Xo, X3), X4, X5, X6, X7 Gy (Tay Loy + Uwg 4]) (s Lag + Uzs,z6] T Gaslaed)07,
(0 ( X, Xo, X3, Xy, X5, Xg, X7)) + T0( X1, Xo, X3, Xy, X5, X, 01(X7))
+ Tl (ls( X1, Xo, X3, X4, X5, Xg), X7) + 21 (05( X1, Xo2), X3, X4, X5, X¢, X7)
+ 2105(05( X1, Xo, X3, X4, X5), X, X7) + 3505(3(X1, Xo, X3), X4, X5, X6, X7)
=0 O

1
12
_1
12
lr(
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C.5 Elgg — gggl + €7€2 — €2€7 + ggfﬁ — f@fg — €4€5 + €5€4 = O relations

Now we start checking brackets (3.18), with the first non-trivial relation involving elements
in (5)° ® (V1)

fl (fg(Xl, Xg, Xg, X4, X5, \Dl, \112, \Dg)) = —12d’éx1'ix2 tr (3A3A4dA5A1A2A3
— A3y A1 AxdAs As),
€3(€6(X1, Xg, Xg, \Ill, \112, \113), X4, X5) — %(ix4£x5 + i[x4,x5])ix1 tI' A2 (BdAgd(AlAgAg)
+ d(AyAgdAs As)) + (i, Loy + ifprnn) tr (301 AsdAs Ay Ay A — Ay Ay Ay ApdAsAg),
0o (b7 (X1, Xo, X5, Xy, Uy, Wy, Ws), X)) = =2 L4 gy b, tr Ay (3dA5d (A Az As)
+d(Ay Ag)dAs Ay — Ay AydAsdAz) — 2L, 4, tr (3A5A0dAs A Ay Ay
— A3y A1 AxdAs As),
1007 (02(X1, X2), X3, Xy, X5, Wy, Wy, Wy) + 1507( X1, Xo, X3, Xy, (X5, ¥y), Uy, U3)
= 121y Ly + ifor o) £ A (3AA5A( A AsAg) + d(A; Ap)dAs Ay — Ay AydAsdAs)
— 1264, Loy — iz y) — 2i%z,d) tr (BAsA1dA5 A1 A2 A5 — A3As Ay Ard A5 As),
= £1<€8<X17 X27 X37 X47 X57 \1117 \1127 \113)) + 10€3<€6(X17 X27 X37 \1117 \1127 \113)7 X47 X5)
+ 1067(62()(17 X2)7 X37 X47 X57 \1117 \1127 \113) + 1567(){17 X27 X37 X47 62(X57 \111)7 \1127 \113)
+ 5Ly (07( X1, Xo, X3, Xy, W, Uy, ¥3), X5) =0 O
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Next we check (V4)% ® (V_1)?

O (Cs( Xy, Xo, X3, Xy, X5, X, U1, Vo) = —2diy, pylayis, tr AsdAgdA1dAs
— 24diy, iy, tr (Agd(A4A5)A6A1A2 + AsA4dA5A1AgAs + A3dA4A1A5A6A2),
l3( X1, Xo, X3, Xy, X5, 01(Xg), V1, Us) = 4y, iy, tr (4A3A4dA5A1dA6A2
+ (3A3A4dA5dAg + 3dAsA4A5dAg — dA3dA4A3AL) AL Ay — dA3dA4A1A5A6A2),
U5 (04( X1, Xo, Wy, Ws), X3, Xy, X5, X6) = %%imgim4(im5£$6 + Uzs,z6) T Gaglugd) tT A;dAod Ad A,
U3(ls( X1, Xo, X3, Xy, Uy, W), X5, Xg) = —%(imsﬁm + U w6)) Ias Lap 1T AzdAydA;d Ay
— %(ixsﬁx@. + U[as,26] )y 1T Ao (2A3dA4} dA; Ay + 3A3dA A1dAs — dA3ALd(A Ay)
— dA3(dA1 AL A — A1A4dA2)) + %(z'gcsﬁgc6 + U[as,26]) tT (Ald(AgAg)A4A1A2
+ A AodA3 AT AL A + AldA2A1A3A4A2),
Uo7 ( Xy, Xo, X3, Xy, X5, Wy, Ws), Xg) = —2L,, 0500 tr (2A4A5dA6dA1A2
+ 3A4A5dAgA1d Ay — AydAsAed(A1As) — AydAsd A1 AgAs + A4dA5A1A6dA2)
+ 12L,, 0, tr (Agd(A4A5)A6A1A2 + AsA4dA5A1AgAs + AgdA4A1A5A6A2),
1507 (05( X1, Xo), X3, X4, X5, Xg, W1, Uo) — 120,( X1, Xo, X3, Xy, X5, 05(Xe, V1), Uy) =
— 24(i[zy wo)bwy + a1 as Lay) tT Ay (2A5dA6dA1A2 + 3A5dAgA1dAs — dAsAgd (A Ay)
— dAsdA;AgAs + dA5A1A6dA2) + 72(i[z, 0] — 202, La,) tT (Agd(A4A5)A6A1A2
+ AsA4dA5A1AgAs + AgdA4A1A5A6A2) — 244y, 0y, tr (Agd(A4A5)A6d(A1A2)
+ (AgdAyAsdAg — 2A3A4dAsdAg — dA3A4dAsAg — 3dA3A A5dAg) Ag Ag
— 4A3A4dA5A1dAg Ay — d(AsA3dAs A1 AgAs) + AgdA4d(A1A5A6A2)),
= 01 (ls(X1, Xo, X3, X4, X5, Xg, V1, Uy) — 603( X1, Xo, X3, Xy, X5, (1(Xs), VU1, Us)
+ 150506 (X1, Xo, X3, Xy, Wy, ¥s), X5, Xg) — 602(07( X1, X, X3, Xy, X5, Uy, Us), Xg)
+ 1507(02( X1, Xo), X3, Xy, X5, X, U1, Us) — 1207( X1, Xo, X3, Xy, X5, l2(Xg, Uy), Us)
=0 O
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For (V5)" ® V_, we have
U (Ls( X1, Xo, X5, X4, X5, X6, X7, V) = 84diy, iy, tr (2A3A4A5A6d A7 + AsAydA5A6A7) A,
(X1, Xo, X3, X4, X5, Xe, (1(X7), ¥) = 1205y, tr (AdA3A4dA5A6A7 + dA3ALA5dAGAS
— A3AydA5dAA7 + 2A5dAsAsAgdA7 + A3dAydAsAgA7 + 2A3A,dA5AqdA7) A,
U3(L6(X1, X2, X3, X4, X5, V), X6, X7) = —2(ig, Laying + ey aa)ias) tT (2AsA5A6dA7
— Ay AsdAGA7)dA — (i, Loy + ey 20)) t7 (2A3A4A5A6d A7 + A3A4dAsAgA7) A,
Uo(lr( X1, Xo, X3, X4, X5, X6, V), X7) = 6Ly, 0,00, tr (2A4A5A6dA7 — AyAsdAgA7)dA
+ 36Ly, 4, tr (2A3A4A5M6dA7 + A3AydAsAgA7) A,
30 (0y( X1, Xa), X3, X4, X5, Xo, X7, V) + £7( X1, Xo, X3, X4, X5, Xg, £o( X7, V)
= —12(i[y m]bws + by oy Lay) tT (2A4A5A6d A7 — AyAsdAsA7)dA
— 36(i[ey 00 — 202y Lay) tr (2A3A4A5Agd A7 + A3AydA5AcA7) A
+ 120y, 4y, tr ((2A3A4A506dA7 + A3AydAsAgA7)dA + (A3AsdAsA5AsdA;
+ dAsA4AsdAgA7 — 2A3A4A5dAgd A7 — 2dAs A4 AsAgd A7) A),
= 01 (ls( X1, Xo, X3, X4, X5, Xg, X7, W) — Tls(X1, Xo, X3, X4, X5, X6, (1(X7), ¥)
+ 2105 (Ce( X1, Xo, X3, Xy, X5, 0), Xo, X7) + Tlo(l7(X1, X2, X3, X4, X5, X6, ¥), X7)
+ 2147 (€5( X1, Xo), X3, X4, X5, X6, X7, U) + Tlr( X1, Xo, X3, X4, X5, X, Lo( X7, ¥)
=0 O

And finally with (V)3

la( X1, Xy, X3, Xy, X5, Xg, X7, 01(X3)) = —84iy,ip,d tr AgsAyAsAgA7dAg
= — 844y, iy, tr(2A3 A4 A5 Agd A7 + AsAydAsAgA7)dAs,
03(l6 (X1, Xo, X3, X4, X5, Xo), X7, Xg) = 24(igs Log + izn ) 11 At Aa Az Ay AsdAg,
(07 (X1, Xo, X3, X4, X5, Xo, X7), Xs) = 75 Lol luglag oy (ios Lag + Uusae] T laslngd) o7
+ —252L 0, tr AgAsAyAsAgd A7 4+ T2L 4 tr Ay AgAsAyAs A7,
Cr(a(X1, X5), X3, Xy, X5, Xo, X7, X5) = —FFiay lanlag s Gy fwg Lord — 3ias Ling.ar]
+ 6ifus 06 Loy + Oijay wo)in, d) 08 — 22 Ly, tr AgAsAgAsAgArAg
+ 72 (i, ) tr A3AsAs AgA7dAs — 20y, Lo, tr AsAyAsAgA7dAg
+ Zi, d tr AgAzAgAsAs A7),
= 2805 (0s( X1, Xo, X3, X4, X5, Xe), X7, Xg) — 8o (07(X1, Xy, X3, X4, X5, X6, X7), X3)
+ 2807 (0o( X1, X3), X3, X4, X5, X, X7, Xg) — 80s(X1, X, X3, X4, X5, X¢, X7, 01(X3))
=0 O
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C.6 flgg + ggfl + fgfg + ggfg + €3€7 + €7€3 + €4€6 + €6€4 + €5€5 = (O relations

These identities require brackets (3.19). We must compute for inputs in (V5)® @ (V_;)3

Uy (bo (X1, Xo, X5, Xy, X5, X, Uy, Wy, U3)) = —2diy, lnyiayia, tr A5 (3dAsd(A;AsAs)
+ (A1 Ag)dAgAs — Ay AydAgdAs),
65(65()(17 X27 \I]h \1127 \113)7 X37 X47 X57 X6) = %é'lxl'le (ix3£m4 + 7;[:(:3,:(:4]
+ i$3i$4d) tr A5 (3dA6d(A1A2A3) + d(AlAQ)dA6A3 - AlAgdAﬁdAg),
U3(07 (X1, Xo, X3, Xa, Uy, Wo, U3), X5, Xo) = —2(i0, Loy + Uy 0] )l lay tr A5 (3dAed (A1 A2A3)
+ d(AlAQ)dAGAg — AlAgdAﬁdAg) — 15—2(le £x2 + Z[ml’mﬂ)’lgc3 tr (3A4A5dA6A1A2A3
— AyA5 A1 AsdAgAs),
Uo(ls (X1, X2, X3, Xy, X5, Uy, s, U3), Xg) = 6Lgl0, 00, tr (3A3A4dAs A Ax As
— A3Ay A AydAs As),
1505 (02( X1, X2), X3, X4, X5, Xg, W1, Wo, Us) — 1805( X1, Xo, X3, Xu, X5, lo(Xg, ¥1), Vo, Us)
= —72(i[x1,x2}im3 + gy lpy Loy) tT (3A4A5dA6A1A2A3 — A4A5A1A2dA6A3),
= gl(gg(le X27 X37 X47 X57 X67 \1117 \1127 \113)) + 1565(65()(17 X27 \1117 \1127 \113)7 X37 X47 X57 XG)
+ 1503(07( X1, Xo, X3, Xu, W1, Wo, U3), X5, Xo) — 602 (ls( X1, Xo, X3, Xu, X5, U1, Uy, U3), X¢)
+ 1505(02( X1, X2), X3, X4, X5, Xg, W1, Wo, Us) — 1805( X1, X, X3, Xu, X5, lo(Xg, V1), Vo, Us)
=0 O
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For (V5)" @ (V_1)?

U (Lo (X1, Xo, X3, Xy, X5, X, X7, U1, Us)) = Ldig, igyisyis, tr (2A5A6dA7dA; Ay
+ 3A5A6d A7 A1d Ay — AsdAsA7d(A1 As) — AsdAgd A1 A7 As + AsdAgA 1 A7dAy),
lo( X1, Xo, X3, X4, X5, Xe, (1(X7), U1, W) = Ziy iy inyig, tr (3dA5AedA7d(A1As)
— 3A5dAdA7d(A; Ay) + dAsdAgA7d (AL As) + 4A5dAgd A1 dA7 Ay + 4A5dAg AdA7d A,
— A5dA;dAgdA7 Ay + AsA1dAgdA7dAy),
Cs5(05( X1, X, X3, U1, Wo), Xy, X5, X, X7) = —Lig, i (lng Low + ingaq] )iy t7 A2dA3d A;d Ay
— Ziyiay (o Loy + Tjugen) 0 A1(2A2dA3d A1 Ay + 3Aod A3 A1d Ay — dAsA3d(A14,)
— dAs(dA1 A5 Ay — AjA3dAy)),
U3(07(X1, X2, X5, X4, X5, U1, Us), Xo, X7) = 2(iz, Loy + iz 03] iwslng 07 (2A5A6dA7d As Ay
+ 3A5A6dA7A1d Ay — AsdAsA7d(A1As) — AsdAgd A1 A7 As + AsdAg A A7dAy)
— Uigy Loyling + izy wo)ing) T (Aad(A5Ae) A7 A1 As + AyAsdAg A1 A7 Ay + AydAs A1 AgA7 As)

Oy (ls( Xy, Xo, X3, Xy, X5, Xo, V1, V), X7) = Lorin laylng i, tT AsdAgdA1d Ay
+12L,. 05,0y, tr (Agd(A4A5)A6A1A2 + AsAydAs A Ag Ay + A3dA4A1A5A6A2),
2105(02( X1, Xo), X3, X4, X5, Xo, X7, Uy, Uy) + 1405( X1, Xo, X3, Xy, X5, Xe, lo( X7, Uq), Us)

= —14(27:[:51@2]7@37@47@5 + imlimzi$3i$4£$5) tr AGdA7dA1dA2
- 168(’&[%@2}7%3 + Zx12x2£x3) tr (Agd(A4A5)A6A1A2 + A3A4dA5A1A6A2 + AgdA4A1A5A6A2)

— Vi iy tr (A5 AgdArd Ay Ay — AsAgdArd A;d Ay + AsdAgdAr Ay dA,

+ AsdAgA1dA7d Ay + A5dA6dA1dA7A2),
= gl(gg(le X27 X37 X47 X57 X67 X77 \I]h \112)) + 769(X17 X27 X37 X47 X57 X67 gl(X'?)a \I]h \112)
+ 3505 (€5( X1, Xo, X3, W1, Wa), Xy, X5, Xo, X7) + Tla(ls(X1, Xo, X3, X4, X5, Xg, V1, ¥3), X7)
+ 2168(€2(X1a X2)a X3a X4a X5a Xﬁa X7a \Illa \112) + 14€8(X1> X2> X3> X4> X5> X6> EQ(X'?) \I]l)a \112)

=0 0O
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And for (Vp)® @ V_4

EQ(Xla X2a X3a X4a X5a Xﬁa X7a El(X8)7 \I]) = _Zixlixzix:;z.ledtr (2A5A6A7dA8

5
— AsAgdArAs)dA,

Us5(0s (X1, Xo, X3, X4, 0), X5, X, X7, Xg) = —2 20,00y (ies Loy + fng,aq)) 1T (2A5A6A7dAg
— AsAgdArAg)dA,

U3(07(X1, X2, X5, X4, X5, X6, U), X7, X5) = 2(i0, Loy + oy 2] Vizglas 1 (20506 A7d As
— A5A6dA7A8) dA + 12(1501;65(;2 + i[xl,wg})ixg tr (2A4A5A6A7dA8 + A4A5dA6A7A8)A,
Cy(U3( X1, X, X3, Xy, X5, Xo, X7, ¥), Xg) = 42L4, iz sy t7 (2A4A5 M6 A7d Ag
+ A4A5dA6A7A8)A,
2805(la( X1, Xa), X3, Xu, X5, X, X7, X3, V) — 805(X1, Xo, X3, Xu, X5, X, X7, lo(X5, V)
= 672(Z:c171m2£m3 + i[xl,xg}img) tr (2A4A5A6A7dA8 + A4A5dA6A7A8)A,
= 80o( X1, Xo, X3, X4, X5, X6, X7, 01(Xs), V) + 7005(05( X1, Xo, X3, X4, V), X5, X6, X7, Xs)
+ 2863(67()(17 X27 X37 X47 X57 X67 \11)7 X77 X8) - 862(63()(17 X27 X37 X47 X57 X67 X77 \11)7 X8)
+ 2805(2( X1, X2), X3, X4, X5, Xo, X7, X5, V) — 805( X1, Xo, X3, X4, X5, X, X7, 02(X5,¥))
=0 O
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C.7 Elglo — Elofl — fgfg + ggfg — ggfg + fgfg — €4€7 + €7€4 + €5€6 — EGES = O relations

These relations require the last level of brackets (3.20). We have non-trivial identities for
(Vo)™ @ (Voa)?

U (C1o( X1, Xo, X3, Xu, X5, Xo, X7, U1, s, U3)) = 2diy, igyig, iz, tr (3A5AedA7A; A2 As
— AsAgA AydAr As),

U3(ls( X1, Xo, X3, Xy, X5, W1, Uy, U3), X6, X7)
= 2(i, Loy + Tz 29) )izglas tT (BAsAgdA7A; As Ay — AsAg Ay Aod A7 A3),

s (L6 (X1, Xo, X3, W1, Wy, U3), Xy, X5, X¢, X7)
= — iyl (lay Loy + Tzg ) ias 07 A6 (3dA7d(A1A2A3) + d(A1 As)dA7 Az — A1 ArdA7dA;)
— gy (s Loy + fngaq)) 1T (BAsAgdA7AI Ag Ay — AsAg Ay Apd A7 As),

(Lo (X1, X2, X3, X4, X5, X6, U1, Wo, W3), X7) = 3L, 00,00y 00,0a, t7 Ag(3dA7d(A; Az As)
+ d(A1As)dA7 A — AjAydA7dAs),

Co(la(X1, X3), X3, Xy, X5, Xg, X7, Uy, Wy, W3) + Lo( X1, Xo, X3, Xy, X5, X, lo( X7, V1), Uy, Us)
= —2(lay gty oy Los + 20a) wo)iny o, las) tr A (3dA7d (A1 Ar As) + d(A1Az)dA7A;
— Ay ApdA7dAs) — iy iy, ipy i, d tr (BAsAedA7 A1 Ao Az — AsAgA; AsdA7A3),

= 01 (010(X1, Xo, X3, X4, X5, Xg, X7, U1, Uy, U3))

+ 2143 (0s( X1, Xo, X3, Xu, X5, U1, Uy, U3), X, X7)

+ 3505 (L6( X1, Xa, X3, Uq, Uy, U3), Xy, X5, Xg, X7)

+ Tly(Ly( X1, Xo, X3, X4, X5, Xg, U1, Uy, U3), X7)

+ 214 (0o (X1, X3), X3, X4, X5, X6, X7, Uy, Uy, U3)

+ 210 ( X1, Xo, X3, Xy, X5, X, lo( X7, W), Uy, U3) =0 O
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And for (Vp)® @ (V_1)?

Uo( X1, Xo, X3, Xy, X5, X, X7, 01(X3), Uy, Up) = =i, iy inyi0, tr (BAsAgdArzdAs
+ 3dAsAgA7dAs — dA5dAgA7Ag) Ay Ay — dA5dAg A1 A7 As Ay + 4AsAdA7 A dAs Ay),
U3(s( X1, Xo, X3, X4, X5, Xo, U1, W), X7, X5) = 3 (i, Loy + i1 00))iag fas bas g 07 Ard Agd Ayd Ay
+ 4(igy Loy + ia1 09))iwging 07 (Asd(AgA7)As A1 As + AsAedA7 A1 AsAs + AsdAs A1 A7AsAs),
L7 (La( X1, Xo, Wy, W), X3, Xy, X5, X6, X7, Xs)
= — 2Ly gy iayiay (ios Log + Uos,mg) + lagingd) tr AzdAsdA;d Ay
= —22(Tig, Loy + 1[4, 40))ins iz, laying tr A7dAsdA;d Ay,
Us(l( X1, Xo, X3, Xy, U1, Uy), X5, X, X7, Xg) = 3 5%1%2(%35“ + U[zg,24] )Ty bag 1T A7dAgdA1d Ay
+ 20y iy (g Loy + Gy 4 )iy 01 (3A5A6dA7d As Ay + 2A5AgdA7A1d Ay — Asd(AsA7)d(A; As)
— AsdAgd A1 A7 As 4+ AsdAg A1 A7dAs) — BLiy gy (i Loy + ing 0q) tr (Asd(AsA7) AsAr Ay
+ AsAgdA7 A1 Ag Ay + AsdAgA1 A7 A Ay),
Uy(ly( X1, Xo, X3, X4, X5, Xg, X7, V1, Us), Xg) = £x12x21x31x42x tr (3A5A6dA7dA1A2
+ 2A5A6d A7 A1d Ay — Asd(AgA7)d(A1As) — AsdAgdA Az Ay + AsdAs A1 A7dA,),
2809 (£o( X1, X2), X3, X4, X5, X6, X7, Xz, U1, Wy) — 1609(X1, Xo, X3, X4, X5, X, X7, lo(Xg, V1), Uy)
= 304y, y)inglnglns T 2lay layieyin, Log) tr (3A5A6dA7dA; Ay
+ 2A5A6dA7 A d Ay — Asd(AgA7)d(A1As) — AsdAgd A1 Az Ay + AsdAgA1A7dAy)
+ 124, iy g, tr (Asd(AsA7)Asd(ArAs) + (AsdAgA7dAs — 2A5AgdAzdAg
— dAsAgdA7Ag — 3dAsAgA7dAg) Ay Ay — 4AsAgd A7 A dAg Ay
— d(A5AedA7 A AsAr) + AsdAgd(AA7AsA)),
= —8010(X1, Xo, X3, X4, X5, X, X7, (1(Xg), Uy, Uy)
— 80y (Ly(X1, Xa, X3, X4, X5, Xg, X7, U1, Uy), Xg)
+ 7005 (66( X1, Xo, X3, Xy, U1, Uy), X5, X6, X7, Xz)
+ 2807 (04( X1, Xo, U1, Uy), X3, Xy, X5, Xg, X7, X3)
+ 2809 (£o( X1, X3), X3, X4, X5, X6, X7, Xg, U1, Us)
— 1609( X1, Xo, X3, X4, X5, X6, X7, lo( X5, 1), Uy) =
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C.8 fgglo + flofg + ggfg + fgfg + €8€4 + €4€8 + €5€7 + €7€5 + f@f@ = (O relations

No new brackets are needed to satisfy the remaining identities, but there are still non-trivial
checks for (Vp)® @ (V_1)?

EB(EQ(XM X2> X?n X4> X5> X6> \Ijla \Il2> \113)’ X7a XS)
= L (10, Loy + iw1,00])ls laa lag iag t7 A7 (3dAsd (A AsAs) 4+ d(A1 AxdAgAs)),
Us(l7( X1, Xo, X3, Xy, Uy, Uy, U3), X5, X, X7, X3)
= 2ty (lay Loy + Uwg 4] iaslag 17 A7 (3dAgd (A1 A2 Ag) 4+ d(A;AsdAsAs))
gy gy (ios Loy + fngaq) Vins 10 (BA6A7dAg A1 AsAg — AgA7 A1 AxdAsAs),
Cr(0s( X1, Xo, U, U, W), X3, Xy, X5, Xo, X7, Xs) = — 1205, 00,0040, (ios Log + s ,aq)
+ Gggied) tr A7 (3dAsd(A; AsAs) + d(A1Az)dAs Az — A1 AxdAsd As),
E2(£10(X1a X2a X3a X4a X5a Xﬁa X7> \Ijla \D2> \113), XS)
= 2 Lyl by ias 07 (BAgA7dAs A1 Ao Az — AgA7 A AsdAgAs),
28010(0a(X1, X3), X3, X4, X5, X6, X7, Xg, Uy, Uy, Us)
— 24010( X1, Xo, X3, Xy, X5, X, X7, 02(Xg, U1), Us, U3) = (4ify, po)insinyias
+ 2y Gy gy in, Loy ) tr (3BAgA7dAg A A As — AgA7 A1 A2dAsAs),
= —805(L10(X1, Xo, X3, X4, X5, Xg, X7, U1, Uy, U3), Xi)
+ 2807 (05( X1, X, Uy, Wo, U3), X3, Xy, X5, Xg, X7, X5)
+ 28019 (o (X1, Xo), X3, X4, X5, Xg, X7, Xz, U1, Uy, U3)
— 24010(X1, Xo, X3, X4, X5, Xo, X7, l2(Xs, V1), Uy, U3)
+ 2805 (Ly( X1, Xo, X3, X4, X5, Xo, V1, ¥o, ¥3), X7, X5)
+ 7005 (07 (X1, Xo, X3, Xy, Uy, Uy, U3), X5, Xg, X7, Xg) =0 O
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C9

Higher relations

The relations

3010 — liols — Uyl + Coly — lgls + Usls — Cglr + Colg = 0, (C.2)
C4lro + L1oly + Uslo + Lols + Ll + Ll + Lrl7 = 0, (C.3)
U510 — L10ls — Lely + Lol + brlg — Lely = 0, (C.4)
Cel1o + L10ls + Urly + Lol + Lsls = 0, (C.5)
lrlyg — Lioly + Lols — lsly = 0, (C.6)
lslro + L1ols + Loly = 0, (C.7)
lolrg — L1ply = 0, (C.8)
(1010 = 0, (C.9)

are all trivial to verify.
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