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SYMMETRIES OF LINEARIZED GRAVITY
FROM ADJOINT OPERATORS

STEFFEN AKSTEINER AND THOMAS BACKDAHL

ABSTRACT. Using a covariant formulation it is shown that the Teukolsky equation and the
Teukolsky-Starobinsky identities for spin-1 and linearized gravity on a vacuum type D back-
ground are self-adjoint. This fact is used to construct symmetry operators for each of the four
cases. We find both irreducible second order symmetry operators for spin-1, a known fourth or-
der, and a new sixth order symmetry operator for linearized gravity. The results are connected
to Hertz and Debye potentials and to the separability of the Teukolsky equation.

1. INTRODUCTION

Symmetries and their consequences are important tools in the analysis of partial differential
equations. By a symmetry operator of a PDE we mean a differential operator mapping solutions
to solutiondl. In this paper such operators are derived for the test Maxwell fields (spin-1) and
linearized gravity (spin-2) on vacuum spacetimes of Petrov type D. These are higher spin analogues
of the Carter operator for scalar fields HE]

A vacuum type D background comes with two isometries generated by Killing vectors &%, (*
and with a Killing spinor k4 p (or equivalently with a conformal Killing-Yano tensor and its dual).
The scalar wave equation admits the Lie derivatives £¢ and L, along isometries as first order
symmetry operators and a second order (Carter) symmetry operator. These operators covariantly
characterize the separability of the scalar wave equation and can be associated to the separation
constants. They also provide an important tool to prove decay of scalar waves, see E]

The field equations of non-zero spin have a much more complicated structure. However, for
certain frame components of the field-strength (spin-1) or linearized curvature (spin-2) one can
derive the Teukolsky master equations (TME) and Teukolsky-Starobinsky identities (TSI) as
integrability conditions. They play a crucial role in this paper and further details are discussed
below, see also ﬂa] for a covariant form in the spin-1 case and E] for linearized gravity.

For the spin-1 case all symmetry operators up to second order were classified in Bﬁ, It turned
out that the Lie derivatives £¢ and L¢ are the first order operators and at second order two
symmetry operators, constructed from the Killing spinor k4p, do exist. In this paper we re-
derive these two second order operators for spin-1 and with the same method derive two symmetry
operators for linearized gravity. The method we are using is an extension of an elegant argument
by Wald [17] based o]

Theorem 1 ([17]). Suppose the identity
SE = OT, (1.1)

holds for linear partial differential operators S,E, O and T. Suppose 1 satisfies OTp = 0, where
t denotes the adjoint of the operator with respect to some inner product. Then STy satisfies
Ef(STy) = 0. Thus, in particular, if E is self-adjoint then ¢ = ST is a solution of E(¢) = 0.

To apply the theorem, Wald makes two key observations:

(1) Connecting the TME to covariant field equations
First use the (self-adjoint) wave equations for the vector potential (spin-1) or the linearized
metric (spin-2) to define the E operator covariantly. Then there exists an operator S
connected to the TME operator O via (ILT)). In fact, the operator S can be read-off from
the source terms of the TME in Teukolsky’s original work.

Date: September 22, 2018.

IThis is a weaker condition than having a commuting operator.

2Proof: The adjoint of () is given by ETST = TTO'. Applied to v, we obtain Ef(Sty) = 0.
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(2) Adjointness property of TME

The TME operator for one extreme scalar (say ¢o for spin-1 or W for spin-2) is, up to

rescaling by a scalar field, the adjoint of the TME operator for the other extreme scalar

(¢ for spin-1 or W, for spin-2).
Thus from any solution of the spin-1 or spin-2 TME a new vector potential or linearized metric
in the kernel of E can be constructed. This provides the connection to symmetry operators
we are interested in. Summarized, Wald provided a re-derivation of the spin-1 Debye potential
formulation of Cohen and Kegeles [10] and the first complete proof of the spin-2 Debye potential
formulation initiated by Cohen and Kegeles |11] and Chrzanowski [9]. See also [19] for an overview.

We extend the argument as follows. Because of key observation (2) it is natural to group
the + spin weighted TME into a matrix operator which is self-adjoint by construction. This is
inherent to the covariant spinorial formulation we use in this paper and we explicitly prove the
self-adjointness of the TME. More remarkable, key observation (1) also works for the TSI, so it
can also be cast into the form (II)). This means there is an operator S such that SE = OT with
O the TSI operator. The TSI operator is also self-adjoint, but with respect to a different inner
product, see (2:2) below. This way, we are able to generate another symmetry operator for spin-1
and for spin-2 from the TSH.

The two second order symmetry operators for spin-1 we get from the TME and TSI are
equivalent to the ones found in [4], see remark Bl Furthermore, they can be interpreted in the
following sense. One of them characterizes the separability of the TME, similarly to the Carter
operator for scalar waves. To see this one needs to make use of the freedom to add/subtract
terms vanishing due to the field equations to produce symmetry operators which are ”purely
angular” or ”purely radial” in the sense that after separation of variables the ”purely angular”
operators will only involve angular variables, and the ”purely radial” operators will only involve
radial variables. The other one is equivalent to Hertz potentials. See also [1, Chapter 5].

The two symmetry operators for linearized gravity are of higher order than in the spin-1 case.
From the TME we get a fourth order operator, which is equivalent to the covariant Hertz potential
formalism of Cohen and Kegeles [13]. The operator we get from the TSI is of order six. We show
that it is non-trivial and that it is related to the third power of the TME separation constant on
a Schwarzschild background.

All calculations in this paper have been done in the zAct [14] suit for Mathematica, and in
particular we have used and developed the SymManipulator and SpinFrames packages for this
work. The typeset ready equations were produced with TexAct.

The results of this paper relate various concepts like Hertz and Debye potentials or Teukolsky
separability to symmetry operators. We expect these operators to play an important role in the
study of decay estimates for spin-1 and spin-2 similar to the scalar wave equation case in [3].
The modifications of the operators with terms vanishing on-shell may open up the possibility to
invert certain potential maps and lead to a generalization of the decay results of [3] to a curved
background. Finally the new sixth order symmetry operator for linearized gravity may be of
interest for the general theory of separation of variables.

1.1. Overview. In the preliminaries section 2 we introduce the inner products for the adjoint
method and a set of algebraic and differential operators tied to the Petrov type D geometry.
In section [B] we study the source-free Maxwell equation (spin-1). The self-adjointness of TME
and TSI is shown and afterwards used in Theorem M to construct two second order symmetry
operators. In subsection they are related to Hertz/Debye potentials and separability of the
TME. In section d] we formulate the linearized gravity equations in terms of suitable operators.
The TME and TSI are then separately treated in subsectionsI]and[£.2] respectively. In each case
self-adjointness is shown and used to construct a symmetry operator. Finally, in subsection .3
we relate the fourth order operator to Hertz/Debye potentials and show the relation of the sixth
order operator to TME separability on a Schwarzschild background. In appendix [A] we present
the adjoints of the operators introduced in this paper. Appendix [Bl contains a list of commutator
relations for some of these operators. In appendix [C] we list the GHP component form of selected
operators.

3The components of the field strength/linearized curvature are not decoupled in 6, but that is not necessary
for the discussion of symmetry operators.
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2. PRELIMINARIES

We use the 2-spinor formalism and sign convention of Penrose & Rindler [15] in which 24A
denotes the Ricci scalar, —2® spa/p’ is the trace-free Ricci spinor and ¥ 4pcp is the Weyl spinor.
All spinors are decomposed into irreducible parts, which are symmetric, so we can work with
only symmetric spinors. Throughout the paper we will therefore assume that all spinors are
symmetric unless explicitly stated, and that all operators defined here act on general symmetric
spinors of the indicated valence. In particular ¢ will always be used as a general symmetric
spinor of indicated valence. We will use the convention to add indices to an operator according
to the valence of the spinor on which it acts. If we have for example an operator A mapping
symmetric valence (k, 1) to (u, v) spinors, it will be displayed as Ay ;. Using this notation, we can
in principle write operator identities without spinor indices. We will do this in matrix equations
and in Appendix [B] but for clarity we will write out spinor indices elsewhere.

Anti-self-dual and self-dual 2-forms correspond to symmetric spinors of valence (2, 0) and (0, 2)
respectively. Anti-self-dual and self-dual 4-tensors with Weyl symmetries correspond to symmetric
spinors of valence (4,0) and (0,4) respectively.

Component expressions with respect to a spinor dyad (o4,t4) will be expressed in the GHP
notation. For certain operators in GHP form we will talk about ”purely angular” or ”purely
radial” operators. By this we mean that after separation of variables the ”purely angular” opera-
tors will only involve angular variables, and the ”purely radial” operators will only involve radial
variables.

Following [6, sec. 2.2], we denote the adjoint of a linear differential operator A with respect
to the bilinear pairing

Ay ARALLLA]
(PAr..AuA,.AL VA, AAY.A) = /d’Al...AkA;,,.A;i/J LAk AL Ay (2.1)
by AT, and the adjoint with respect to the sesquilinear pairing

TAy . AgAL. Al
<¢A1...AkA’1...A§aT/JAl...ALA’l...A;C>:/¢A1...AkA’1...A27/1 LAk dyy (2.2)

by A*. We refer to them as f-adjoint and x-adjoint, respectively. The adjoints of certain nat-
ural operators with respect to both inner products are listed in appendix [Al Also note that
Af(¢) = A*(¢). If we take the f-adjoint and x-adjoint of an operator Ay ;, mapping symmetric
valence (k,l) to (u,v) spinors, we write this as (Ag,;)" = Al | and (Aj;)* = A}, respectively.
The adjoint operator argument in Theorem [[l holds for both the -adjoint and the %-adjoint.

We will work on vacuum type D spaces, and here we present certain algebraic and differential
operators on such spaces which were first introduced (with examples) in [2]. The fundamental op-
erators ¢, %,i 1> Zkl» Di,1 acting on symmetric spinors of valence k, [ are defined as the irreducible
parts of the covariant derivative V4 4/ppc...pB ¢/...p/ of the symmetric spinor wap...pa/pr...pr of
valence k,l. See [4] for a detailed discussion of their properties including commutators. The main
feature of the Petrov type D geometry is encoded in the irreducibleﬁ7 symmetric Killing spinor

kap found in [18], satisfying

(Z0k)aBcar = 0. (2.3)
In a principal dyad the Killing spinor takes the simple form
KAB = — 2K10(AlB); (2.4)

/3. From a commutator it follows that

Ean = (C)ok) an, (2.5)

is a Killing vector field. Beside the Killing vector field [235) another important vector field is
defined by

with k1 o \112—1

B
K /
Uaar = — % = —V 4 log(k1). (2.6)
1

4Irreducible here means that it can not be factored in Killing spinors of lower valence.
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Using the Uaas vector field, we define the extended fundamental operators with additional
(extended) indices n, m,

ApAp, =

(Dreinm®) Ay Ap s VBB 4 nUuBH +mUBB}wAl...Ak,lBA/l"'A;*IB', (2.7a)

Crlinm®P)Ay... Ay 1=V, ” By nU(AlB/ + mU(AlB,:| <PA2...A,€+1)A/1"'A2*IB', (2.7b)

{
ALLAL L [
|

(
((gk,l,n m(p) ...Ak71A£ A£+1 =

(fyk,l,n,'rn(p)z41...Ak+1A/IMAZJrl = |:v(Al(A/1 + nU(A1 (41 + mU(Al (Alli| SDAQ...A;C+1)A/2“.A2+1)' (27d)

vB 1+nUB(A1+mUB( :|S0A1 Ak,lBAIQ“.A£+1)a (27C)

For n = m = 0 they coincide with the usual fundamental operators of [4], and we can suppress
the rightmost vanishing extended index/indices without notational conflict. Because Ugy: is a
logarithmic derivative we have

AYLLA

(Crtn.m®) Ay... A -1 = fi’f?&?}(%k,mfnfif/m@)m...Ak+1A/l"'Ai’lv (2.8)

and similarly for the other operators. In particular it follows that the commutator of extended
fundamental spinor operators with ny = ng,m; = mo reduces to the commutator of the funda-
mental spinor operators given in |4, Lemma 18]. We can also use this to commute factors of x1
or K1- in or out of the extended fundamental spinor operators like

Ay

n-—m n-m AlLLAL
KT R (Chp,aP) Ar. Ag i = (Chprn.grmBIRYUP) Ay A, V70, (2.9)

and similarly for the other operators. The fact that k1 oc ¥ 1/3 similarly gives

= (Grp-sngV5)a, A, T (2.10)

Given the Killing spinor (Z4)), define the algebraic operators Kk ;»%=0,1,2 mapping symmet-
ric spinors of valence (k,1) to (k — 2i + 2,1) via

A" LA
U5 (Chlp,gP) Ar .o Apyy 0

-1

(K%z@)Al...AHgA;..,A; =261 K(A;A,P A5 A i2) AL AL (2.11a)
(HCh1P) Ar o Ap Ao Al = B KA, PAg A F A AL (2.11b)

(K%,l@)Al...Ak,QA;...A; = —Lk7'6 Py, . Ap_2CDA,.. Al (2.11c)

The commutators of the X-operators and the extended fundamental spinor operators are given
in appendix [Bl

Definition 2 (Spin decomposition). For any symmetric spinor @a, .. A,. with integer s, define
s+ 1 symmetric valence 2s spin-projectors ( 12570@),41,“,425 ,t=0...s solving

S

90141---1425 = Z( és,O(p)Al---Au) (212)
=0

with (9351090),41...1425 depending only on the dyad components ws4; and ps_;.

These spin-projectors can be expressed in terms of the X-operators and they are independent
of the choice of principal frame, see |2, Example 2.7]. The adjoints of the extended fundamental
operators, the X-operators and the spin-projectors are given in appendix [Al

On a vacuum type D background in a principal dyad, the operator

(fn—1,1,c—n<57170,690),41...An (2.13)
is diagonal on its dyad components @i,k = 0,...,n for any value of ¢. It follows that the
spin-projectors commute with this diagonal wave operator.

3. SPIN-1

In this section we consider second order symmetry operators for the source-free Maxwell equa-
tion

(€3 0h)anr =0, (3.1)
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for the symmetric field strength ¢ 4. The field strength can locally be represented in terms of a
real vector potential g4/ via

¢ap = (¢110)aB. (3.2)

The symmetry operators of this section naturally lead to complex vector potentials and we refer
to remark [7 for the general picture of symmetries for complex Maxwell fields.

3.1. Maxwell symmetry operators. Define the operators

(E110)aar = (€30%110) an, (3.3a)
(T1,10)aB = (1,19)AB- (3.3b)

The first operator is the real Maxwell operator,
(B119)aa = 3V Vare®” = 1Vep VP ouu, (3.4)

having vector potentials for vacuum Maxwell solutions in its kernel and the second operator is
the map (B:2) from a vector potential to its anti-self-dual field strengthl. Because of reality of
E; ; and properties of the adjoints of the fundamental operators given in appendix [Al we find

(Bl 10)aa = (B} 10)aar = (Br10)aa = (E1.10) aar. (3.5)

Define the operators

(S1.10)aB = K7 (K5 K5 0611,—20) aB, (3.6a)
(02,00) a5 = K3 (K3 0 K3 0C1,1,-20 09) aB, (3.6b)
(Siip)ap = fﬂfil'@é,zﬁ,l,_gﬁ,ﬁp)wm (3.6¢)
(Ono0) v = rfin (Ko o6y, X1 1 6] g0 (3.64)

For any solution ¢ap to the source-free Maxwell equations (B1) we have (O20¢)ap = 0 and
(O2,0¢)arpr = 0. These are the covariant TME and TSI, respectively. We collect remarkable
properties in

Lemma 3. The TME operator is t-self-adjoint and the TSI operator is x-self-adjoint,

(0L 49)ap = (0200) a5, (O309)apr = (O200) w5 (3.7)
Furthermore the operators factorize into
(0209)a8 = — (F] ,F200) s, (3.8a)
(O209)armr = — (F} 1 Fa00)ars, (3.8b)
with
(Fa0@)an = (€50,155,0(51%9)) 4 (3.92)
(Fa09)aar = (65 K30(519)) 4 4.- (3.9b)

Proof. The proof relies on rescalings of the form ([29) and K-operator commutators given in
appendix Bl Commuting x1X3  from the left of the diagonal wave operator in (3.6h]) to the right
yields

n%(3{%10%%70‘51117,2(5;050),43 = K1 (K%,O(glylﬁlcgg,o,lj{io(“1<P))A3a

from which (B3al) follows. Commuting the X7 ; and the £1 in (B.6d) to the right and arranging
extended indices yields

_ —1 _ —1
Hlm'(j{oﬂ(gﬂl,—25{1,1%;0@)14’3’ = kv (KOQ%T,LA%T,OJK%,O(’WP))
_ —1
= kv (KOQCng,I%QT,OK%,O(K’lw))A/B/a

from which (B.8D)) follows. From these factorizations the self-adjointness (7)) of TME and TSI
is evident. 0

A'B’

5The operator defined in (33a)) differs from |17] by a factor of —2. We also do not restrict the operator given
in (33B) to depend only on particular dyad components.
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Lemma Bl naturally leads to variational principles for the TME and the TSI. These, together
with conservation laws, will be discussed in a separate paper. Here however, we use the self-
adjointness to prove the main result of this section:

Theorem 4. Let ¢pap be a solution to the source-free Mazwell equation BI) on a vacuum
background of Petrov type D.

(1) With the operators S11,E1,1,02,0,T1,1 defined above we have the identity

(S1,1E119) a4 = (02,0T1,190) anr, (3.10)
which is of the form (L) and the map
dan = (SLo®)an = (T0255,0%K5,0(K19)) 4 0. (3.11)

generates a new complex vector potential for a solution to the vacuum Mazwell equation.
(2) With the operators S11,E1,1,02,0,T1,1 defined above we have the identity

(S11E119) a5 = (02,0T110) 5, (3.12)
which is of the form (L) and the map
Sx —1 B
baB (S2,0¢)AA’ = (j{l,I%QT,O,O,QK%,O(KIHVQ”)AA/' (3.13)

generates a new complex vector potential for a solution to the vacuum Mazwell equation.

Proof. The operators can be viewed as different parts of third order operators,

S11 Ei1 S11 Ei
20,1 1 t 7R 1 ot
“1j<2,09<2,0(51,1,—2(52,0%1,1a 'ﬁ“l’K0,2%1,1,—25<1,1<52,0<51,1a (3.14)
N~
O30 Ti1 610 T11

so the identities (3I0) and [BI2)) are evident. The rest follows from theorem [ by using (3.)
and (B1). O

Remark 5. In [4], among others, second order symmetry operators for the source-free Mazwell
equation BI) are completely classified. In particular on a vacuum Petrov type D background the
list contains, beside second Lie derivatives along isometries, one linear operator and one anti-
linear operator. Both operators were presented in terms of complex vector potentials, Aaa and
Baar, and a comparison reveals

(S;OWAA/ = (%QT,O,QK%,OK%,O(’%Q/)))AA/

= (K}J%QT,O,QK%,O(H%Q”)AA/

= Baa, (3.15a)
/\* _1 _
(SQ,O¢>AA/ = (Kl,lcgg,o,o,zxé,o(’fl’fl/925)),4,4/

_ e
= %(%0,2“5)314’ (K%,O(’flqﬁ))AB + Ry (j{l,l(gg,oxé,o(’ﬁ@)AA/
=Aaar. (3.15b)

This shows that all irreducibld second order symmetry operators for the Mazwell equation (3.1
on vacuum type D backgrounds follow from the adjoint operator argument.

We collect further properties of the complex vector potentials in

Corollary 6. Let ¢ap be a solution to the source-free Mazwell equation BI) on a vacuum
background of Petrov type D.

(1) The vector potential (B.11) satisfies
(21,128} 00) =0, (3.16a)
(41185 08) 4B = (02,00) a5 = 0. (3.16b)

6Irreducible in the sense that they do not factor into first order symmetry operators, i.e. Lie derivatives along
isometries.
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The first equation can be interpreted as a generalized Lorenz gauge and the second one
states that the anti-self-dual field strength of the vector potential vanishes. The self-dual
field strength reads

Xap = (] ,Shod) s (3.17)

This is the anti-linear symmetry operator of [4]. In particular it follows that taking the
real part of the complex vector potential (B3I1)) does not alter the (self-dual) field strength
due to the complex conjugate of (3.161).

(2) The vector potential (BI3) satisfies

((51T,1/S\§,0¢)A/B/ = (02,00) 4 =0, (3.18)
which states that its self-dual field strength vanishes. The anti-self-dual field strength
reads

Yap = (61,185 90)an. (3.19)

This is the linear symmetry operator of [4]. Here again it follows that taking the real part
of the complex vector potential (BII) does not alter the (anti-self-dual) field strength due
to the complexr conjugate of (BIF]).

In section Ml we find that the complex potentials (metrics) in the linearized gravity case do have
both self-dual and anti-self-dual field strength (curvature) and hence taking the real part does
have an effect in that case.

Remark 7. In general, for a complex vector potential cvasr, there is an anti-self-dual and a

self-dual field strength

¢ap = (61,10)AB, Tap = (%ﬂla)A'B', (3.20)

solving the left and right Mazwell equations
(€508)anr =0, (Go.27) aar = 0. (3.21)
The equations are mot coupled and the last equation can be read as the complex conjugate of
((5;071'),4,4/ = 0, so it is sufficient to analyze one of the equations. Also because Ei 1 is a real

operator, the above argument goes through for wa:p: with the symmetry operators being complex
conjugates of BIT) and BI9). Therefore, with constants ci,ca,cs,cq, the general irreducible
symmetry operator reads (in index-free notation)

v\ 01%1,1§§,0 261157 5 10
T = o gt o gt = | (3.22)
X C3071,192, 0 C4071190,2
The field (X3 y¢)ap has components (X3 4@)o = o, (K3 0¢)1 = 0, (K3 00)2 = —¢p2. We note
the following operator identity for the S;O acing on the sign-flipped field,

(S;og{%,oéb)AA/ = (Hfﬂ,l‘@,o@fw + (%,OK;OK%(JS)AA’; (3.23)

which will be used in the next section. If ¢4 p is a source-free Maxwell field, it states that the lhs
is a pure gauge vector potential because the rhs is a gradient (the first term vanishes for Maxwell
fields).

Let us finally give an interpretation of the two symmetry operators [B.17) and ([B3.19).

3.2. Hertz potentials, Debye potentials and Teukolsky separability. To discuss the anti-
linear symmetry operator ([B.I7) we briefly recall the Hertz potential construction for spin-1 on
a curved background along the lines of [13, Section III]. Let P4 5/ be a Hertz potential, i.e. a
symmetric spinor solving the Hertz equatio

(€] 1C02P)ap = — 2E 19 ap, (3.24)
with some (arbitrary) Nisbet gauge spinor G44. Then A 44+, generated via the Hertz map

Asar = (6o2P)aa + 2544, (3.25)

7On Minkowski space, setting G4 4/ = 0, the Hertz equation is given by 0P,/ 5 = 0.
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is a complex vector potential and its anti-self-dual field strength
xap = (¢1,14)aB, (3.26)

solves the Maxwell equation ([B.]) on any background as follows from a commutator. The self-dual
field strength (‘gfﬁlfl) Arp vanishes identically because of ([:24]). This implies that taking the real
part of ([3:23]) does not change the field strength ([B26]).

Restricting to a vacuum type D background and choosing

9AA’ :FA’B/UB/A; (327)
the Hertz equation (B8:24]) becomes
(6] 1%02.0,-2P)arp =0, (3.28)

which is a diagonal wave operator, c.f. the complex conjugate of (ZI3). It is actually the complex
conjugate of the TME (B.6D) if we set

— 1 —1 -
Pap = I_i%/ (K072K012¢)A/B/. (329)

With this choice of P4/p: and the gauge (3.27), the field strength (3.26) of the Hertz map is the
complex conjugate of the anti-linear symmetry operator (8I7). Note that only the gauge choice
BZ1) converts the Hertz equation into the TME and only in this case can the Hertz map be
interpreted as a symmetry operator.

Because the Hertz equation in the form (3.28) is diagonal, one can choose P4 g to have only
one non-vanishing dyad component. This weighted scalar is called Debye potential and solves
(up to rescaling by %1/) either one of the scalar TMEs (C.)) in case it is an extreme component,
or the Fackerell-Ipser equation (@1,1%70,_25@,0@ = 0 in case it is the middle component. If one
chooses the Hertz potential to be a (rescaled) Maxwell field then each of its three components,
used as Debye potential, lead to the same new solution ([B.2H). To see this in terms of the
symmetry operator it is important to make use of the freedom to modify the symmetry operator
by terms vanishing due to the field equationsﬁ. We present the GHP components of the anti-linear
symmetry operator (3.I7) in (C4) in the appendix and here instead look at the modified form

X = (61,8} 00)arp £ (61,S) 0K o) ar, (3.30)

with the second term vanishing for solutions of the field equations, see ([B.23). For the plus sign
the components are

Xor =200 (k] ¢0), X1 =2(p' 0" +7DP) (k3 d0), X2 =2p'P'(kigo),  (3.31)
depending only on ¢y and for the minus sign they are
Xo' = be(H?(bQ)a X1 = 2(];)8""77-/ b)(H%QﬁQ), X2 = 288("€%¢2)5 (332)

depending only on ¢3. These are the Debye maps previously discussed e.g. in [13], [17], |16].
The difference of [3.31) and ([332) is the TSI (C.2]) which leads us to interpret the anti-linear
symmetry operator ([B.I7) as a covariant characterization of the Teukolsky-Starobinski constant,
see [12] for an explicit proof in the Kerr case. From the above it also follows that the gradient
term on the rhs of (323 maps between ingoing and outgoing radiation gauge.

The extreme components of the operator (817 can alternatively be made ”purely angular” or
”purely radial” by choosing the modification

Xa'pr = ((51T,1S;0¢)A’B’ + (iéyﬁ(gﬂl,—ﬂq,1(52]:0(?)14’3’a (3.33)
with the second term vanishing on solutions. For the plus sign the components are
Xor = 209 (rki¢o), (3.34a)
Xv = (pO+7'b)(kid2) + (b 0" +7 ') (ki) (3.34D)
Yo = 200(k1¢2), (3.34c)

8 The situation is similar to the scalar wave operator [ on Kerr and its Carter symmetry operator Q = V*K;,V?
with K,p the Killing tensor. The linear combination @ 4+ X0, for a specific function ¥, is ” purely radial” or ” purely
angular” and leads directly to separation of variables.
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while for the minus sign they are

Xor = 2bb(ki¢2), (3.35a)
X1 = (PO+7'b)(kid2) + (b'0 +7 ') (k1d0), (3.35D)
X2 = 2D'P'(k1¢0). (3.35¢)

Note that the four representations B.31), (3:32), (B:34)), (3.39) of the anti-linear symmetry oper-
ator lead to the same field Y 4/p/. This freedom in the representation may be important in the

analysis of further properties of the symmetry operator.
Next, we consider the linear symmetry operator (3.19). Its GHP components are given in (C.3))
in the appendix. A modification of the formld

Yap = (%1,1§§70¢)AB + k1R (Ké,oxé,o%mfzcggﬁofb),ﬁxlz, (3.36)
with the second term vanishing on solutions, leads to the ”purely angular” extreme components
Py =2 5(/11/_11/(5’ —27'))¢0 + %(Rllﬁg — Kk1L¢g) o, (3.37a)
Y =20 (k1R (0 —27)) 2 — 5 (R Le — k1Lg) P2, (3.37b)

for the plus sign and to the ”purely radial” extreme components
Yo = 2b (k1R (B —20")) o — 3 (R1Le + k1Lg)do, (3.38a)
Yo = 2P (k1R (b —2p))d2 + 3 (R1 L + k1Lg) o, (3.38b)

for the minus sign. See (CH)) for the Lie derivative of weighted scalars. The difference of (3.37)
and ([B38) is the TME (CJ), see also |1, Section 5.4]. This leads us to interpret the linear
symmetry operator ([3.19) as a covariant characterization of the TME separability (and therefore
of the Teukolsky separation constant, see [12] for an explicit proof in the Kerr case).

Summarized, we succeeded calculating both irreducible symmetry operators for Maxwell on
vacuum type D backgrounds using the adjoint operator method and self-adjointness of the TME
and TSI. In the next section we show that these ideas carry over to linearized gravity.

4. SPIN-2

The linearized gravity field equations can be derived from a variation of the three irreducible
curvature spinors Y apep, Paparp: and A. We use the covariant spinor variational operator
developed in [7]. It is invariant under linearized tetrad rotations which allows us to do calculations
covariantly. For relations to linearized dyad components (Newman-Penrose scalars), which involve
the linearized tetrad, see [1, Remark 6].

Let dgaparpr = 0gpap’ar be the spinorial form of a symmetric tensor field representing a
linearized metric and define the irreducible part

Gapa'B' = 09(AB)(A'B") ¢ =69 cr. (4.1)
It is convenient to introduce a modification of the linearized Weyl spinor 9V 4 ¢ ,

papep = ¢V apep + 9 apep. (4.2)

A variation of the Einstein spinor on a vacuum background without sources leads to the spinorial
form of the linearized Einstein equation

—29B 44 — 6eapEapIA = 0. (4.3)
Multiplied by a factor of —2 the operator reads
WP apap +12eapeapIN = — VaaVppdg©c o+ Voo VardgsCp©
+ VeV dga®a® = Vear VO Sgaparn
— eap€arp' Vpp Ve dge P
+eapean Voo VPP 66% % 0. (4.4)

9Note that the modification is, up to a multiplying function, the TME operator (Z.6h), c.f. footnote Rl
100bserve that dgaB A/ B’ 18 not a symmetric spinor, but G 4p s g is.
U a type D principal frame this modification only affects the middle component.
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A computation shows that this operator is self-adjoint and it was therefore used in [17] as E. On
a Petrov type D background, the irreducible components of (@4 lead to the matrix equation

< A ) _ < %65311(52,2 ++511%22 + %\p2j<%725<%72 — %W2K8,2ﬂ<3,2 2 711%.0 )( G )
39A 311D N1 %0 J\ G )

from which the self-adjointness immediately follows. Furthermore the top-left component operator
is self-adjoint on its own and we will use this to define

(E22G)apap = %(ngilcgz,zG)ABAfo + 2(A1222G) aparp + 3V2(K35K3 ,G) aparp

— $U5(K52K3 2G) aarpr- (4.5)
This operator is also real and therefore we have
(E;QG)ABA’B’ = (BE5,G)aBarp = (E22G)aparn = (B22G)aparp:- (4.6)

To define the T-operator, we consider the map from linearized metric to its Weyl-curvature on a
vacuum background, 9V sgcp = %(‘5371%2726'),43013 — i@’\I/ABCD. Because the trace term only
contributes to the middle component on a type D background in a principal frame, and we are
interested in the extreme components only, we define (c.f. (£2))

(T2,2G)apcp = 5(€3,162,2G) ancp = $apcp. (4.7)

Because the equations are considerably more complicated for linearized gravity than in the spin-1
case, we investigate the TME and TSI separately in the following two subsections and interpret
the resulting symmetry operators in subsection (4.3

4.1. The TME and a fourth order symmetry operator. In this section we derive an op-
erator identity based on the TME, analogous to (8.10) in the spin-1 case. Because (&3] is the
linearized trace-free Ricci spinor of a trace-free metric, (Eg2G)apap = (90P[G,0])aparp/, we
can use the spin-2 TME with sources, derived in [2, eq.(3.13)], given by

R (PF0K],063,1,-4%2,299) apop = (65167 0 1K1 0P 0K10%) aBop + 3Ua (K] P30k 100) aBcD.

(4.8)

Motivated by (48], define the operator
(S2,20)aBcp = (K1P} C3,1,-4C2,20) ABCD, (4.9a)
(Ou09)acn = (Gs1%] o 411P3 00) aBcD + 3(WartP] o) aBcD. (4.9b)

Then the modified linearized curvature ¢ 4pcp of any source-free solution of the linearized Ein-
stein equation [@3) on a vacuum type D background solves the TME

(O4,00)aBcp = 0. (4.10)

Remarkable properties of this operator are summarized in

Lemma 8. The TME operator is T-self-adjoint,

(05 o) aBcp = (O409) aBcD. (4.11)
Furthermore it factorizes, up to a potential term, into
(O4,09)aBCD = (Fg,1F4,090)ABCD + 3‘1125411(?421704,0)143()& (4.12)
with
(Fa09)apca = (€} 2P3 gk30) aBcar. (4.13)

Proof. Because ({9D) is diagonal, we can apply another (idempotent) spin-2 projector without
altering the result and commute 7 out to get

(0s,09) aBop = K3 (P] 0G0, 2] 0 2P3 051 0) aBoD + 3Wakt (P 0) aBoD
= (Fg,1F4,OSD)ABCD + 3‘1’2%411(?4217090)ABCD3

From this, the {-self-adjointness of Oy is evident. (I

12The TME #X) could have been written without the X1, operators, see the proof of theorem [ for details.
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Theorem 9. With the operators Sz 2,E2 2,040, T2 2 defined above we have, for any symmetric
spinor Gapap and scalar (%, the identites

(S2,2E22G)apcp = (04,0T2,2G)aBep, (4.14a)
(S2,2%11%,0&) apcp = 0. (4.14Db)

If Gapa g is the trace-free part of a solution to the source-free vacuum linearized Einstein equa-
tion ([A3) with modified curvature papcp = (T2,2G)apcp, then the map

dancp = (SLod)apas = (6160 1P ori0)anas, (4.15)
generates a new complex solution to the source-free vacuum linearized Finstein equation.

Proof. Applying another X} , to ([S), using Xj (K} P75 = P3¢ and identifying the operators
([&9) leads to identity M) for the trace-free part of the linearized metric. The rhs of #3)
does not depend on (¥ and therefore (S229®[0,&])a pcrpr = 0, where (V[0 &) aparn =

(711 %.0%) apa 5. This proves the identity (£I14h).
From theorem [I] together with the self-adjointness of Ez 2 and Oy given in ([@6]) and (@11,
respectively, it follows that (£I5]) maps into the kernel of E5 5. The adjoint of (4.14D) yieldd™

119258} 06 =0, (4.16)

which ensures that (£I5) has vanishing Ricci scalar curvature. Hence it generates new solutions
to linearized gravity from solutions to the TME ([Z10]). O

For later reference, we define
hapap = (S} o0)aas (4.17)

for the new complex metric generated from TME solutions via (£I5). Analogous to corollary
for spin-1, we collect the curvature of the new solution in

Lemma 10. The complex linearized metric {EI7) has self-dual and anti-self-dual curvature
Xaprop = (Taph)arpop
= %(%1T,3<52T,2(53T,1%2,0,4?421,0511(?),4'3'0'13', (4.18a)
Yapep = (T22h)aBcp
= %(Cg&1652,2%;,1<€£,0,4??1,05%¢)ABCD
= $UokT (LK 0Ph08) aBCD- (4.18b)

Proof. The first equation is just an expansion of the operators and (£I8B) follows from
YaBcD = %(%3,1%£004,0¢)ABCD — 2U5(0400) acp + 3 Wok}(LeKy 0Pl od)apep,  (4.19)

which is an operator identity when starting with the first equality in (@ISH). This operator
identity follows from a lengthy calculation involving the commutator of ‘5212%”;7 1 O

Note that the anti-self-dual curvature ({ISD) reduces to first order and (£I9) is the analog
of (BI6L). Restricting to the real or imaginary part of (@IH) leads to a mixture of the two
curvatures. An interpretation of the symmetry operator is given in subsection

4.2. The TSI and a sixth order symmetry operator. In this section we derive an operator
identity based on the TSI, analogous to (BI12)) in the spin-1 case. The covariant form of the spin-2
TSI can be deduced from the identity, derived in [2, eq.(4.19)],

(Sloxiofb)ABA/B/ = 10k} (LeG)aparp + (N o0®) aparp + (Fi1A) aBa B (4.20)

13Alternative1y it follows from a direct commutator calculation.
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where the Sj;,o operator is given in ([@IH]) and

(Nop@)aparp = — K150 2K3 5P 1,-7K3 1 Co2p) aparp — 3Vak1 (K5 590) aBa pr
+ K1 (K368 | _sGr20)aparn + 463(Fi1,—1K31C200) apars,  (4.21a)
Aan = = 5UarbePP (K] 13 2G) aparpr + 2R3E5 4 (K3 0 K3 00) am
+ (K%J%,Oxg,oxio(’f%éf’))AA/ - %\IIQH%(K%J%,OQa’V)AA" (4.21b)

The left (and therefore also the right) hand side of (£20]) can be shown to be a complex, trace-free
solution to the linearized Einstein equation, see [2] By applying %%&(KJ’Q, or equivalently the
ng operator, we get the corresponding self-dual curvature. It turns out to be convenient to

apply 5374 to pick out the extreme components and a fé’ 4 operator to flip the sign on one of
them. This combination of operators on the Lie derivative term just gives a Lie derivative of
the complex conjugated curvature. The (7] 1A4)apa/p’ term is the trace-free part of a linearized
diffeomorphism, and will therefore not contribute to the gauge independent extreme components
of the curvature. As we will see in Theorem [I2] the remaining terms can be compactly expressed
in terms of the operators

~ —1-3 /2 77l = 1
(047080)A’B’C’D’ = 2’11 ’11/(T014K014T2,2SLOJ<410§0)A/B/C’D’

o =2 —1
= KRy, (?0,45<0,4<51T,3,—4%5,2,—4%;,1,—4%1,0561,0?121,090)A’B’C’D’a (4.22a)

~ e =2 =1 — ~

(S220)arprorpr = 267 '3 (Py 4K 4T22N220) arprerpr, (4.22b)

-~ o =2 —1

(L0,490)A’B’C’D’ = \IIQK/%K/:;)/ (?0,4K074L£(P)A’B’C’D’- (422C)

In particular, the modified curvature papcp = (T2,2G)apcp of any source-free solution to the
linearized Einstein equation (£4)) on a vacuum type D background solves the TSI

(0400)aorpr — (Load) arprorp = 0. (4.23)

Remarkable properties of these operators are summarized in

Lemma 11. The operator [@22al) is *-self-adjoint,

(62,090)A/B/C/D' = (64,090)A/B/C/D/, (4.24)
and the Lie derivative term [@22d) is t-self-adjoint,
(L(—214SD)A’B’C’D’ = (L0,4§0)A/B/C/D“ (425)
Furthermore ([&224) factorizes into
(64,0@),4'3'0'13' = — (ﬁ§72ﬁ4,0@)A’B’C’D’, (4.26)
with
(Faop)apan = (6416 oKL okiP3 00) aBapr. (4.27)

Proof. Using an extended index identity, we get
~ —2 .1
(Os0p)arprcp = (?0,45?'K0,4<51T,3%5,2(5311%5,()9{411,0’???421,090)14’B’C’D’
= = (F§,2F4,0<P)A'ch'Du

From this, the x-self-adjointness of 6410 is evident. (£27]) follows directly from the adjoints given
in appendix [Al O

Theorem 12. With the operators §272, E; o, 64,0, Ts 2 defined above we have, for any symmetric
spinor Gapa g and scalar ¢¥, the identities

(S2.2E29G) arprcrp = (040T2.9G) arprorpr — (Lo aT2.0G) arprorpr (4.28a)
(S2.271,1F0,0¢) apcp = 0. (4.28b)

14The analogue of (£20) in the spin-1 case is ([3.23) and there it is a pure gauge vector potential. Here the last
term on the rhs of ([@20) is the trace-free part of a linearized diffeomorphism but the first term is not.
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If Gapap' is the trace-free part of a solution to the source-free vacuum linearized Einstein equa-
tion [@3)) with modified curvature papcp = (T22G)apcp, then the real part of the map

dapcp = (Shod)apas = — 2(N5,Th o Kh 0P k37 0) apap (4.29)

generates a new solution to the source-free vacuum linearized Einstein equation. Here

N ~ 1 _ —o0
(N3 2@)aBars = — R (651,3,0,74(5;725<2,2<P)ABA'B' + 2R1(61,3,0,-4K1192,2,039) ABA' B!
_ —o0 —0 -2 4 1
- 1R%, (61,3,0,-4%K1 1%2,2,03K5 0K5 20) aBA B + 3UakT, (Ka20)aBarp,
(4.30a)
(T} @) aparn = 3(€5,€Lo0) aparn . (4.30b)

Proof. Applying the operator ?3,4%574T272 to the identity (£20) and identifying the different
pieces with the operators (£22)) gives the relation (£28a)) after finding that the (F1A)apa p
term can be seen as the trace-free part of a linearized diffeomorphism, which will not contribute
to the gauge invariant extreme components of the curvature. The only terms in ([@20) that
depends on @ are (J1 1A)aparp and (1(121219@),43,4/3/, but as we have already concluded, the
(F11A) aBa B term does not contribute to the extreme components of the curvature. There-
fore (§2,219‘1>[0,$])Af3fc'13' = 0, where (V@[0, &) apap = (71,1%,0%)apa . This gives the
identity (4.28D).

The x-adjoint of ([@28al), using the self-adjointness of the operators 6470 @24, f;074 @E&29)
and Eq o ([@0]), yields

(E2,2§Z7090)ABA’B’ = (T67464,0(P)ABA’B’ - (T;ofq,o@)ABAth (4.31)

We want to use a solution of the TSI (23] to generate new solutions, but the rhs of the last
equation is not of that form. However, taking the real part of the "new metric”, we find

(E22(S500 + S8 .40))apas = (T§ 4(0400 — Lo.ad)) apars + (T} 4(00,46 — Laod)) apas.
(4.32)

Now the two terms on the rhs contain the rhs of (£.28al) and its complex conjugate. Therefore
solutions of the TSI ([&23) generate metrics in the kernel of the E operator. The adjoint of (£.28h)
gives

@1,1@2,2§210¢ =0. (4.33)

As the 21,1%2,2 operator is real, we see that also the linearized scalar curvature of the new

metric vanishes. Hence, the mapping ¢papcp — Re(gioqj)ABA/B/ to the real part generates new
solutions to linearized gravity from solutions to the TSI equation (Z23). O

For later reference, we define
kapap = Re(/s\i,oéb)ABA/B/ (4.34)

for the new real metric generated from TSI solutions via (£.29). Since the metric is real, its self-
dual curvature is the complex conjugate of the anti-self-dual curvature and hence it is sufficient
to calculate the latter via

Yapep = (T22k)aBcp

= %(T272§270¢)ABCD + %(T2,2§g,4(5)ABCD- (4.35)

The second term is the complex conjugate of (Tg,ggioqﬁ)A/B/C/D/. The first part cannot be
reduced by the field equations, but at least the extreme components of the second part can be
reduced due to the following identity,

—2 P~ —92 ~ _  —92 ~
(?0,4%1]:3(52]:2( 4,0¢))A/B/C/D/ = (?0,4%1]:3%0,404,0¢)A’B’C’D’ - ‘112(?0,404,0¢)A’B’C’D’- (4-36)

In the next subsection we give an interpretation of this symmetry operator.
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4.3. Hertz potentials, Debye potentials and Teukolsky separability. To discuss the com-
plex metric [@IT), we briefly recall the Hertz potential construction for linearized gravity on a
vacuum type D background similar to [13, Section V]. Let P4 p:c/pr be a Hertz potential with
vanishing non-extreme components w.r.t. a principal dyad, i.e. a symmetric spinor solving the
Hertz equation

(%1T73(€0,4,0,4P)A’B’C/D/ +3Us Py prorp = 0. (4.37)
Then the complex symmetric spinor Hap /g, generated via the Hertz map
Hapap = (61,3%0,404P)ABA B, (4.38)

solves the linearized Einstein equation (d.3]).
Remark 13. In [13, Section V] the more general Hertz equation
(6511:3(50,4P)A'B'C/D/ +3Parprcrp Vs = (Cgﬁgg)A’B’C’D’; (4.39)
and Hertz map
Hapap = (613%04P)aparp — (¢1,39)aBa B, (4.40)

with a "gauge” spinor Gaa prcr, were proposed. We checked that the linearized Ricci scalar
vanishes, IA[H] = 0, but for the trace-free Ricci spinor components, we find e.g.

(Ez2H)oo = — 6920 +7) (%500 + Por7), (4.41)

which fixes Soor. Therefore Gaa g o is not a freely specifiable gauge field on a curved background.
For the case Saapcr = —4PA/B/C/D/UD/A, which has components Goor = —4Py 7, G011 =
0,502 = 0, So3 = 4Py p, G100 = —4Pyp', G110 = 0,512 = 0,513 = 4Py7 we end up with
@317), (£3]). This choice was made in the course of the proof in [13, Section V].

The operator in [@37) is diagonal, c.f. the complex conjugate of (ZI3). It is actually the
complex conjugate of the TME operator (49D if we set

— —2 _
PA’B’C’D’ = Efll, (?014¢)A’B’C’D’- (442)

With this choice of P4/p/c/pr, the Hertz map (&38)) is the complex conjugate of the symmetry
operator ([fI5) viewed as a map from metric to metric, Hapa'p = hapa'p. This shows that
the spin-2 Hertz potential formalism on vacuum type D backgrounds can be understood as the
symmetry operator (£I3]).

Because ([#37) is diagonal, one can choose the Hertz potential P 4/p/c/ps to have only one non-
vanishing extreme dyad component. This weighted scalar is called Debye potential and solves
(up to rescaling by 1/) by construction one of the complex conjugated scalar TMEs (C.6)).

If we use the linearized curvature as a Hertz potential via ([{42]), the extreme components used
as Debye potentials generate different new solutions to the linearized Einstein equation. However,
the difference is not very complicated and we derive it explicitly. We do this in two steps. First a
modification of the symmetry operator analogous to (3.30) is made, but this modification is not
pure gauge on a curved background. Then in the second step we add the correction term to have
a pure gauge modification and to show that both extreme curvature scalars generate the same
new solution to linearized gravity.

A modification of the symmetry operator (£I5) of the formH

ﬁzngA/B/ = (Slo(b)ABA’B’ + (SLOK}LO(b)ABA’B’ (443)

is again a complex solution to linearized gravity and it depends only on one of the extreme
curvature scalars (¢g for + and ¢4 for —). These are the Debye potential maps given by the
Hertz map (438)) with one of the extreme components set to zero. However, we will see that
At # h™ and contrary to the spin-1 case the difference is not pure gauge. For completeness we

present the components of the self-dual curvature Xj, BoD = (ngﬁi) apc'p and anti-self-
dual curvature ngCD = (ng@i)ABCD of ([#43)) for the plus sign in (C.9) and for the minus
sign in (CI0) in the appendix.

15The second term is a solution on its own due to (£20)), but it is not pure gauge.
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For the second step we note that a pure gauge metric can be constructed from ([@20) and in
the source-free case we have analogous to ([3.23))

(ShoXi00) aBarn — 3V2rT(LeG)apan = (Fi1A) aBarpy, (4.44a)

— LUk (Le@) = (D11 A), (4.44D)

where the second equation is given in [2, eq.(4.13)]. The rhs are the trace-free and trace parts of

a linearized diffeomorphism™Y, so we can add/subtract this to/from the linearized metric (@I
without changing the actual perturbatio,

hapas = (S} o0)apap + ((S]0K}00)apas — $Uak(LeG)apan) (4.45a)

=hipap F 3V2ri(LeG)anarm, (4.45D)

h= FiUski(Le). (4.45¢)

It follows that the difference between A+ and A~ is a Lie derivative and a gauge transformation.
Also note that the gauge transformation introduces a trace to the linearized metric.
We now want to study the extreme components of the self-dual and anti-self-dual curvatures

of the complex metric hapa/p. From ([@45h), (CA) and ([CI0) we get

Yo = 0000 (kido) — $VaKiLedo, Xo = PP P P (kido) — Y2k Ledu, (4.46a)
Yo = L WokiLe o, Yy = — SUskiLedy, (4.46b)
for the plus case and
Xor = bbbb(kids) + $VakiLedor, Yo = 0000(k14) + 2 VakiLedu, (4.47a)
Yo = $UakiLe o, Yy = — Wk Ledha, (4.47b)

for the minus case. As the corresponding metrics only differ by a linearized diffeomorphism, these
extreme curvature components are the same. Restricting to the real or imaginary part of the

metric ([Z45a) leads to linear combinations 2 (X, +1,,) or & (X,, —,,) for the self-dual curvature.

The Lie derivative terms makes both (£46) and (£A4T) dependent of ¢y and ¢4. However, if we

study the imaginary part of hapa g we get for the Kerr case Im(h)aparp = Im(ﬁi)ABA,B,

because Gapa g and £4 4/ are real and \Ilgrﬁ is a real constant in that case. Hence, it reduces
) . L =k

down to the Debye potential case with self-dual curvature 5; (x> —% ) given by (C.9) and (C.10).

—2 —
An alternative point of view can be obtained by noting that ¥ ,To 2 on (£44a) gives

- 2 — —2 -

(PouT22T11A) aprorr = (P 4 T228] ¢ Ki 0®) armrorpy — 20k (P 4Led)armerp  (4.48a)
_a,—=1 =~ —1 =~ -

2r177,° (K0 404,00 arBrorpr — (Ko 4Load) armrerpy). (4.48b)

The lhs vanishes because the extreme curvature components are gauge invariant and the rhs
vanishes because of the TSI. Summarized, the extreme components of ¢ 4pcp can be used as a
Hertz potential via ([@42]), or each one of them as a Debye potential. Our analysis shows that the
difference between these three possibilities are the TSI and Lie derivatives.

Similar to (B34 and [B35) for the spin-1 case, we can write the extreme components of the
curvature of (£I7) in "purely angular” or ”purely radial” form by adding/subtracting the TSI in
a different way,

XA'B'C'Dr = (Tz,zsi,oéb)A/B/C/D/ + k1772 ((000) armrorn — (Load)arsiciny). (4.49)
Then the components read

Yo = 000 0 (kido) — LVakiLedo, (4.50a)

Yo = 0000(k1s) + 2UokiLedu. (4.50D)

160ne can discuss the real and imaginary parts separately and deal with real diffeomorphisms.
1"We understand (hapa’p’, 1) as a representative of gauge equivalent metrics, and therefore the equalities
here are up to gauge.
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for the plus sign and

Xo = bbDbb(r1¢a) + §VariLedo, (4.51a)

Xar = P'D'D D (510) — 5V2rTLedar. (4.51D)

for the minus sign. These alternative forms of the symmetry operator play an important role if
one wants to invert them. This will be analyzed in a separate paper.

Finally, we consider the GHP form of the extreme components of the curvature (@35 given

by the sixth order symmetry operator on a Schwarzschild background to verify that the operator
is non-trivial. As stated in ([@35]), we have the curvature

Yapep = %(T2,2§Z70¢>ABCD + %(T2,2§$,4$)ABCD- (4.52)

Now, we will verify that it is non-trivial by reducing it with respect to the field equations. As
we assume that ¢4pcop satisfies both TME and TSI, we can use the identity (£38]) to reduce the
order of the second term due to the TSI. The first term however, will remain sixth order, but we
can use the TME to eliminate the pp’ derivatives after commutations. The lower order terms
from the second term in ([{.52) cancel with the lower order terms from the first term in (£52]).
After straightforward, but tedious calculations, we end up with

Yo = KS (D0 +2Uy + 2pp ) (B0 +Ty + pp') 3D o, (4.53a)

Yy = k(D D +2V5 4 209" ) (0 T +TUy 4 pp') ' D ¢y (4.53b)
From this we can conclude that the sixth order operator is indeed non-trivial. Also note that in
the Schwarzschild spacetime we have k1 = —r/3 and £3Vs + Kipp’ = —1/18.

Remark 14. It should be noted that on a generalized Kerr-NUT spacetime (real Eaas), the
operator (similar to [B36]) in the spin-1 case)

—1
(8a.08)ascp = (k1P 0 X4 0Cs1,—11F1 K3 1 €L o _oP5 08)asep — (k1Ky0P3 0Led) apop. (4.54)
is a second order symmetry operator for the TME. In GHP form, it is (c.f. [1, Thm 5.4.1])

(84,O¢)0 = 2Hl"?ﬂl’(?ﬁ -7 — 7il)(al _4TI)¢O + (Rl’ — Iil)Lg(bo — K;3R1/(0470¢)0, (455&)
(84,00)1 =0, (84,00)2 =0, (84,00)3 =0, (4.55b)
(84,00)a = 2k1F1 (0 =7 — 7/) (@ —47)bs + (k1 — R1/)Leda — k7 *R1r (O4,00)4. (4.55¢)

If we assume that ¢y and ¢4 satisfies the TME, then on a Schwarzschild spacetime we get
(84.00)0 = 26200 ¢o and (8400)s = 2k20 T ¢s. Therefore, [L5I) can be written in terms of
the 84,0 operator, which gives a relation to the TME separation constants. It is an open question
if the sixzth order operator can be factored also on the Kerr spacetime. FEven though ([&54) is a
symmetry operator for the TME, it can not be interpreted as a symmetry operator for linearized
gravity, but the sizth order operator comes from a linearized metric, and can therefore be cast into
a form mapping linearized metrics to linearized metrics.

APPENDIX A. ADJOINTS

In this section we collect the - and *x-adjoints of the algebraic and differential operators
introduced in section First of all, for a general composition of operators A and B one can
check

(AB)" = BTAT, (AB)* = B*A*. (A1)

The adjoints of the extended fundamental spinor operators (2.7 are given by

(Drpow)' = = Toeti-1,—0,—w, (Crto,w)’ (@ﬂljﬂ =1, —v,—w? (A.2a)
(Thtww) = = Des141.— 0w, ( ;;r W) = Chm141,—v,—ws (A.2b)
(Drjiww) = — TA-1k—1,—w,—0vs (Crjpww) = (to”l 1E+1,—w,—vs (A.2¢)
(Tkdww) = = Dyt k1, —w, v ( kT W = C (A.2d)
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The adjoints of the algebraic X-operators (Z.I1]) are

(Ki,z)T = _4j<i+2,la (j{llc,l)T = _jcllc,la (j{i,m = - j{k 2,0 (A.3a)
—0 —2 —1 —1 —2
(Kk,l)T = - 4j<k,l+2v (Kk,l)T = - Kk,lv (Kk,l)T = - Zxk,l—z, (A-3b)
N —2 —1 N —0
(9(271) = - 4j<l,k+2’ (j{llc,l)* = - j{l,k’ (Ki,z) = - ixl,kfb (A.3c)
70\ rr L T2 \x
(Kp)* = —4K7 ok, (Kp)' = =Kl g (K" = — 1Ko (A.3d)
Multiplication by a scalar, e.g. k1 or Ws, is a self-adjoint operation. For the projection operators
2I2) we find
( i,o)Jr = Z,Oa ( 2,0)* = ﬁo,k- (A-4)
The Lie derivative of a valence (0,4) spinor ¢ 4/ p/¢p is skew-adjoint,
(L)) grpicry = — Lew)apop. (A.5)

APPENDIX B. K-OPERATOR COMMUTATORS

To avoid clutter in the notation we present the commutators as operators which can be applied
to arbitrary symmetric spinors of valence (k,l), where k and [ are large enough so that the
combination of operators on the left hand side makes sense. The proof is straightforward but
tedious. Examples can be found in |2, Lemma 2.9]. Complex conjugating these identities gives
commutators for the K operators.

Lemma 15. Commuting X-operator outside the extended fundamental spinor operators yields

gk—ll,v,chi,l = j<2—1,1—1@1@1,1)-1-1,11;, (B.1a)
%2—2,1,1;@%%,1 = Kﬁ—l,lﬂcgg,z,uﬂ,w% (B.1b)
(@ﬂk%,l,vywxi,l = K%Jrl,lchk,l,u—l,w - k+1 Kk 1,1— 1D L v-tkyws (B.1c)
%_2 v chi 1= Ki—i—l,l-{-l '%c,l,v—l,w - k_-i-ljck—Ll-l‘l(gk,l,erk,w’ (Bld)
DhowIha = LGB Do + EX 1021 oo b1 (B.1e)
Cgljl v, wj<11€ 1= %K}c—l,l-ﬂcggl v T Zj{i+1 I+1 T o—k=1w; (B.1f)
Cgkyl,vykal = JCk+1z 1Cr o0 + 2(k+1)ﬂ<k 11— 1Dk o+ k1,05 (B.1g)
'%CJ,%chk,l = j{k+1,z+1yk Low T (k+1)j<k 1 l+1(glj,l,v+k+1,w’ (B.1h)
-@k+2,l,v,wj<2,l = %Kk 1,l— 1 D o—1,0 — k—Hj{iJrLl,l(gk,l,U_k_g’w, (B.li)
%’L%l,vﬂ%l - %j@c 1 l+1<gg,l,v—1,w — 1Kk 1041 Thdo—k-2,0, (B.1j)
Grr2.t0wKiy = K111k bot 1w, (B.1k)
'%H—Q,l,v,wj(:%,l = j<2+1,z+1 Tl o+1,0- (B.11)
Corollary 16. Commuting X-operator inside the extended fundamental spinor operators yields
Ki 111 Dhiwow = Dr—210-1.0K5 1> (B.2a)
jci—LH‘l(glj,l,v,w = %lj 2,l,v—1 iji 1 (B2b)
j<:i.|_1,l_1(€lc,l,v,w = %Cgk 2,l,v+1, ka 1 + k+1 -Qk,l,erkJrl ka 1) (B2C)
K101 Thdow = %% 200+1,0KE ) + k+1(€k Lokt wKi 1 (B.2d)
j<Ilc—l,l—l-@k,l,v,w = -@k,l,v,ka,l - gcgk—zl,v—k,wgck’l, (B.2e)
Kllcfl,lJrl(@ﬂkT,l,v,w = ngj,z,u WKy = 2T 210 kwKE s (B.2f)
j<11c4r1,1—1<gk,l,v,w = (ki(f)%%k I chk l 2(k1+1) @k+2,l,v+k+2,wj<2,la (B.Qg)
j<lchrl,lJr1 Tl vw = %%,l,v,ka 1 (kgrl)cgg+2,l,u+k+2,wj<2,lv (B.2h)

Ki 111 Pkiwow = Drr2io41,0K0 ) + 745Gk Lo—k—1,0Kk 15 (B.2i)
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jc%—l,l-i-l(glj,l,v,w = %Lz,z,uﬂ,wj{kz + k+2«7k Lv—k—1 w5<k Is
Kngl,lfl(@ﬂk,l,v,w = Cngr?,l,U*l,ka,lv
j<2.;_1,14.1 '%c,l,v,w = «%+2,z,v_1,w9<271-
Lemma 17. For commuting two X-operators, we have the identities
j{i+2,lj<g,l = %j{ lei,l - ﬁgj{}c,lj@i,la
Kllc+2,lg<2,l = k_’iQJC Kk,z,
Ki,lxllc,l = %Kk—zlg{i,l’
Kllc,lgcllc,l =1- k_;lxg—zlxi,lv

where 1 is the identity operator.

APPENDIX C. GHP FORM

In this section we collect the GHP components of various covariant operators introduced in

previous sections.

C.1. Spin-1. The components of the TME operator (B3.6h) are

(02080 = — = b(miFu (b ~20))do + -0 (safiw (0 ~21"))do + §mr Lo,

(O2,00)1 =0,

(0900)2 = — = ' (k1Ras (b —2p)) s + —= 8 (k1R (3 —27)) o — 21 Leho.
K1/ K1

The components of the TSI operator (3.6d) are

(G200)0 = — L bb(rids) + L5 5 (w20,
K1 K1

(62,0¢)1' =0,

(62,0¢)2' T b’ b’ (K3d0) + s 00(Ki2).
K1 K1

The components of the linear symmetry operator (319) are

Yo
U1

b(k1R1 (b’ —2p'))¢o - 5(%1?&1/( —27)) o — 2 k1L ¢,
L' +p") (k171 (0 —27")) o + 2@ +7) (rarr (b —20")) o

+ 5(p +p) (K1F1/ (0 —27) )¢ $(0+7) (k1R (P —2p)) b2,
VYo = P’ (k1K1 (b —2p))d2 + 0 (k1R 5 27)) ¢ + zk1 Lz 0o

The components of the anti-linear symmetry operator (B.17) are

Xor = bb(kTs) + 00 (k30),
X = (bO+7'b)(rid2) + (b'0' +7 D) (Kid0),
X2 = P'P(ki¢o) + 00(kigo).
The Lie derivative of ¢ 45 components along £ is given by
Lepo = 3Wak1dg — 3k1p" b do + 3k1pb o + 3k17 D po — 3k17 0 ¢ho,

quﬁl = — 3/€1plb¢1 + Slilpb/ o1 + 3/€1T/ 0¢1 — 3Kk1T o b1,
Lepo = — 3Wakio — 3k1p' D d2 + 3k1pb 2 + 3k17 D ha — 3k17 0 o,

(C.1a)
(C.1Db)
(C.1c)

(C.2a)

(C.2b)
(C.2¢)
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C.2. Spin-2. The components of the TME operator (£9h) are

(©O100)0 = — L p(ramu (' ~40))d0 + 2L 5150 (0 ~47)) 0 + KiLct, (C60)
(0400)1 =0, (04,00)2 =0, (O4s09)3=0, (C.6b)
(O400)s = — g b'(mffl/ (b —4p))¢4 + g 8’(H1R1/(8 —47))¢4 — n§££¢4. (C.6¢)

The components of the operator (IIZQZI) are
©s0)o = — L ppbblston) + 07 55 (sbu), (C.72)
(04,00)1 =0, (040¢)2' =0, (040¢)3' =0, (C.7D)
(Ouod) = — BB P B (io0) + ’“’ = 0000(s{04). (C.7c)

The Lie derivative of ¢ apcp components along ¢ is given by

Lepo = 6Wakido — 319" b do + 3k1pb o + 3k17' Do — 3k17 0 o, (C.8a)
Lepr = 3Wak1d1 — 3k10' D d1 + 3k1pb 1 + 3k17 01 — 3ka1T O 1, (C.8b)
Lepa = —3k10 b po + 3k1pb o + 3517 D po — 3k17 0 o, (C.8c)
Leps = — 3Wak1p3 — 3k19" b g3 + 3k1pb ¢3 + 3k17 D pg — 3k17 D b3, (C.8d)
Lepy = —6Wakidy — 3k1p' b pa + 3k1pb s + 3617 O pg — 3k17 0 Pa. (C.8e¢)

The curvature components of the Debye map given by the metric (£43]) for the plus sign are
given by

X, = 0000 (i), (C.9a)
X5 = ('@ —7) +3p'7 — 6p'7 + 3p'7") (0" +27)(8" +27) (K1 ¢0), (C.9b)
X4, = (0 =7) ' +6p'7 — 125’7 + 6p'7") (0" +27) (b’ +30) + p'7 — 207 + p'7') (ki¢0), (C.9c)
Xa = (@0 =0 +3p'7 =657 +3p'7") (b +20) (b’ +27") (k1 ¢0), (C.9d)
X = b'P P b (ki) (C.9)
Vg = WariLeo, Y7 =0, vy =0, ¥f =0, Y =0, (C.9f)

and for the minus sign we get

X, = bbbb(rics), (C.10a
(

)
X, = (8(b—p) + 3p7 + 3p7" — 657) (b +2p) (b +25) (K1 64), C.10b)
X, = ((0—7)b+6p7 + 6p7 — 12p7') (0 +27) (b +3p) + p7 + p7’ — 257 ) (k1¢s),  (C.10c)
Xy = (P(O—7") + 3p7 + 3p7' — 6p7') (B +27') (0 +27') (K1 ¢a), (C.10d)
X, = 0000(k164), (C.10e)
)

Yy =0, ¢ =0, ¢, =0, ¢;=0, ¢, = —UkiLeon. (C.10f
Restnctmg to the real or imaginary part of the metric ([L43]) leads to the linear combinations

(X + 7,/) ) or —l(yi - @:) for the self-dual curvature.
We note that on vacuum type D background the identities

0'9'0'0'(k10) = (' —7) (8" —7)(8' —7)(0' +37) (1), (C.11a)
PP P b (Kio) = (b =2 ) (B =2 ) (b =7") (b +30") (K16).- (C.11b)

and their GHP-primed and c.c. versions follow from the Ricci identities. This connects the more
compact form presented here to the equations given in |17], [11], [9].
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