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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. Let K be a number field and A = Ag = II'K,, its ring of adeles. Let
G be a reductive group defined over K, G(A) the group of adelic points of G and G be a
finite central extension of G(A). We assume that there exists a section G(K) — G of the
covering G—-G(A), fix such a section and denote its image by I'. This generality includes
the covering groups defined in [BDO1]. By [MW95, Appendix I], the covering G—G(A)
canonically splits over unipotent subgroups, and thus we will consider unipotent subgroups
of G(A) as subgroups of G.

Let n be an automorphic form on G. Let U be a unipotent subgroup of G and xy be
a unitary character of U that is trivial on U N T'. We define the Fourier coefficient of n
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associated with U and xy as

Feolil(9) = /[U] n(ug)xer ()~ du, (L.1)
where [U] := (U NT)\U denotes the compact quotient of U. Well-studied special cases of
this definition arise when U is the unipotent N of a Borel subgroup and in that case the
Fourier coefficients are called Whittaker coefficients, see (1.5) below. Another common case
is when U is the unipotent of a (non-minimal) parabolic subgroup P = LU C G and we
shall refer to (1.1) in that case as a parabolic Fourier coefficient.

Generally, when U is non-abelian, the coefficient F, only captures a part of the Fourier
expansion of 1. To reconstruct n from its coefficients one needs to consider a series of
subgroups U;, = {1} C Uj,—1 C --- C Uy = U with successive abelian quotients U; /U, ;.
Two examples are the derived series of U, and the lower central series of U. Denote by X;
the set all non-trivial unitary characters of U; that are trivial on U;y; and on U; NI". The
complete Fourier expansion of 1 with respect to U takes the form

n=Folnl + Y Fay l+ D Fuy I+ 4 Y Fuy, 0] (1.2)
XE€X1 X€X1 XEX4,

The simplest case of a non-abelian U is one that admits a Heisenberg structure, i.e. [U, U] is
a one-dimensional group, and this will be an important tool for us when we analyse groups
of type Fg that do not admit any abelian unipotents U as radicals of parabolic subgroups.
In this case, the lower central series coincide with the derived series. Namely, we take 79 = 3
and Us to be [U,U] and call the Fourier coefficients F,,, [n] the abelian Fourier coefficients
and those for Uy the non-abelian Fourier coefficients.

For the most general Fourier coefficient (1.1) and automorphic form 1 not much is known
about its reduction theory and explicit formulas. In particular, F,, is non-Eulerian and
no analogues of the Casselman—Shalika [CS80] or Piatetski-Shapiro—Shalika formula [PS79,
Sha74] are known. The problem becomes more tractable when restricting to coefficients
given by Whittaker pairs [GGS17, GGS], a technique that we have used in the companion
paper [GGK™] for studying the reduction theory.

In this paper we will analyze Fourier coefficients and expansions in the case of special
classes of automorphic forms on split, simply-laced Lie groups. Specifically we consider
automorphic forms 7 attached to so-called minimal or mnexrt-to-minimal automorphic
representations myi, and muem of the adelic group G. This means that all Fourier coefficients
attached to nilpotents outside of a union of Zariski closures of minimal or next-to-minimal
nilpotent orbits vanish. We refer to §2.1 below for the precise definitions. We note that in
type D there are two next-to-minimal complex orbits, while in types A and E the next-to-
minimal orbit is unique. Minimal orbits are unique in all simple Lie algebras. A sufficient
condition for 7 to be minimal or next-to-minimal is that one of its local components is
minimal or next-to-minimal, see Lemma 2.0.7 below. For minimal representations, this
condition is also shown to be necessary under some additional assumptions on G, see
[GS05, KS15].

Even though we shall not rely on explicit automorphic realizations of minimal and next-
to-minimal representations, it might be instructive to indicate how they can be obtained.
Minimal representations have been studied extensively in the literature, in particular due
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to their crucial role in establishing functoriality in the form of theta correspondences
and [GRS97] discusses them as residues of degenerate principal series. Moreover, in a
series of works [GRS11, GRS97, Gin06, Ginl4], myi, was used to construct global Eulerian
integrals. Next-to-minimal representations have not been analyzed as extensively though
in recent years this has started to change, partly due to their importance in understanding
scattering amplitudes in string theory [GMV15, Piol0, FKP14, GKP16, FGKPI18]; see
§1.9 below for more details on this connection. Next-to-minimal representations exist for
all next-to-minimal orbits, see e.g. §5, below and [FGKP18]. They can be obtained as
different residues of degenerate principal series, see [GMV 15, Piol0] for type E. In types A,
Eg, and for one of the orbits in type D there are one-parameter families of next-to-minimal
representations.

In [GGS17, GGS] it was shown that there exist G-equivariant epimorphisms between
different spaces of Fourier coefficients, thus determining their vanishing properties in terms
of nilpotent orbits. In [GGK™] we determined exact relations (instead of only showing the
existence of such) between different types of Fourier coefficients. In this paper we apply the
techniques of [GGK™], and reduce maximal parabolic Fourier coefficients that are difficult to
compute into more manageable class of coefficients such as the known Whittaker coefficients
with respect to the unipotent radical of a Borel subgroup. Furthermore, we express minimal
and next-to-minimal automorphic forms through their Whittaker coefficients.

In the next subsection we discuss the class of Fourier coefficients studied in [GGS17, GGS,
GGK™]. This class includes parabolic coefficients, coefficients of lower central series (but
not the derived series) for unipotent radicals of parabolics, and the coefficients considered
in [GRS11, Gin06, Ginl4, JLS16].

1.2. Fourier coefficients associated to Whittaker pairs. Assume throughout this
paper that G is a split simply-laced reductive group defined over K. In order to explain
our main results in more detail, we briefly introduce some terminology. Denote by g the
Lie algebra of G(K). A Whittaker pair is an ordered pair (S,¢) € g x g*, where S is a
semi-simple element with eigenvalues of ad(S) in Q, and ad*(S)(¢) = —2¢. This implies
that ¢ is necessarily nilpotent and corresponds to a unique nilpotent element f = f, € g
by the Killing form pairing. Each Whittaker pair (5, ¢) defines a unipotent subgroup
Ng,, C G given by (2.4) below and a unitary character x, on Ng, by x,(n) = x(¢(logn))
for n € Ng .

Our results are applicable to a wide space of functions on G, that we denote by C*°(T'\G)
and call the space of automorphic functions. This space consists of functions f that are
left T-invariant, finite under the right action of the preimage in G of [[g .. , G(O,), and
smooth when restricted to the preimage in G of [ st , G(Ky). In other words, we
remove the usual requirements of moderate growth and finiteness under the center 3 of
the universal enveloping algebra. Such cases arise in applications in string theory [GV06,
DGV15, FGKP18].

Following [MW87, GRS97, GRS11, GGS17] we attach to each Whittaker pair (S, ) and
automorphic function n on G the following Fourier coefficient

Fsplnl(g) = / n(ng) x,(n) " dn. (1.3)
[Ns,e]
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We note that the integrals we consider in this paper are well-defined for automorphic
functions as they are either compact integrals or represent Fourier expansions of periodic
functions.

Remark 1.2.1. Note that the unipotent group Ng, is not necessarily the unipotent radical
of a parabolic subgroup of GG. Consider, for example, the case of G = Eg and let P = LU C
Es be the Heisenberg parabolic such that the Levi is L = FE7 x GL; and the unipotent
radical U is the 57-dimensional Heisenberg group with one-dimensional center C' = [U, U].
Then the Fourier coefficient Fg, can include the “non-abelian” coefficient corresponding
to Ng, = C and X, a non-trivial character on C. This case is relevant for applications to
physics; see §1.9 below.

If a Whittaker pair (h, ¢) corresponds to a Jacobson-Morozov slp-triple (e, h, f,) we say
that it is a neutral Whittaker pair, and call the corresponding coefficient a neutral Fourier
coefficient. This is the class studied in [GRS11, Gin06, Gin14, JLS16] and referred to simply
as a Fourier coefficient.

We denote by WO(n) the set of nilpotent orbits O such that there exists a neutral pair
(h, ) such that Fj ,[n] # 0 and ¢ € O, see Definition 2.0.6 below. It was shown in
[GGS17, Theorem C] that if Fj, o[n] = 0 then Fg[n] = 0 for any Whittaker pair (S, ),
not necessarily neutral. We denote the set of maximal elements in WO(n) by WS(n) and
call it the Whittaker support of n. We refer to automorphic functions nyi, whose Whittaker
support consists of the minimal nilpotent orbit as minimal automorphic functions and write
likewise Mytm for next-to-minimal automorphic functions.

1.3. Statement of Theorem A. Choose a K-split maximal torus 7" C G and a set of
positive roots. Let h be the Lie algebra of TN I". For a simple root a we denote by P,
the corresponding maximal parabolic subgroup, by L, is standard Levi subgroup, and by
U, its unipotent radical. In other words, u, := Lie U, is spanned by the root spaces whose
expression in terms of simple roots contains a with positive coefficient. Define S, € § by

a(Se) =2 and B(S,) = 0 for all other simple roots £. (1.4)

It will follow from the definition of Ng that for any ¢ € g* such that ad*(S.)p = —2¢,
we have that Ng, , = U,. This means that the Fourier coefficient Fg, , is the parabolic
Fourier coefficient with respect to the unipotent subgroup U, and the character x,. Let
St = > nen Sa, where IT is the set of all simple roots. Then the associated unipotent
subgroup is the radical NV of the Borel subgroup defined by the choice of simple roots. For
any ¢ € g* with ad*(S,)p = —2¢, and any automorphic function 7 define the Whittaker
coefficient by

Welnl = Fsuelnl - (1.5)

Theorem A. Let nymin be a minimal automorphic function on a simply-laced split group G
and (Sq, p) a Whittaker pair with S, determined by a simple root v as above. Depending on
the orbit of ¢, we have the following statements for the corresponding Fourier coefficient.

(i) The restriction of Fs, o[lmin] to the Levi subgroup Lo is a minimal or a trivial
automorphic function.
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(i1) If ¢ is minimal, then there exists v9 € T' N Ly that conjugates ¢ to an element ¢’ of
weight —a by Ad*(v0)p = ¢’ and for any such vo we have

FSarpMmin] (9) = W' [1hmin] (Y09) - (1.6)

(iii) If @ is not minimal and not zero then Fs, o[Mmin) = 0.

For part (i) we remark that Fs, ,[f)min] is the usual constant term in a maximal parabolic.
For Eisenstein series it can be computed using the results of [MW95]. It can also be
expressed through Whittaker coefficients using Theorem B below.

Remark 1.3.1. We note that the formula (1.6) is compatible with the expected
equivariance of the Fourier coefficient Fg, o [fmin](9), i.€. it satisfies

T Sasp[thmin] (1g) = X () F 0 [Mmin] (9), (1.7)
for all w € U. For this to hold one requires that 7y Yuyg € N for all u € U and

Xeo(1) = X (9 10), (1.8)
which indeed holds due to the fact that 9 € I' N L.

Remark 1.3.2. The notation Ws , and W,, is used in [GGS17, GGS] to denote something
quite different. It was chosen for the current paper since this is the notation in [FGKP18].

One can also obtain an expression for the minimal automorphic function itself. This is
the subject of the next subsection.

1.4. Statement of Theorem B. For any root € denote by
gi:={w € g*| ad*(h)w = e(h)w for all h € h} the corresponding subspace of g* and
by g the set of non-zero elements of this subspace. Note that g} is a one dimensional
linear space over K. We say that a simple root « is an abelian or a Heisenberg simple root
in g if u, is an abelian or Heisenberg Lie algebra, respectively, or, equivalently, if [uy, ]
has dimension zero or one. If « is either abelian or Heisenberg we call it quasi-abelian. The
classification of such roots reduces to simple components of g, where we have the following
explicit answer in terms of Bourbaki numbering.

TABLE 1. Quasi-abelian roots

An Dn EG E7 E8
abelian all | a1, an_1,an | @1,06 | a7 | -
Heisenberg | - a9 a9 a1 | ag

To derive Table 1 we note that the abelian roots are those that appear with coefficient
one in the highest root. The Heisenberg roots are determined in [GGK™, Lemma 5.1.2].
There are no such roots in type A,, while in types D,, or F, this is the unique root that
connects to the affine node in the affine Dynkin diagram.

By [Bou75, §VIIL3] the abelian roots are precisely those that can be conjugated to the
affine node by an automorphism of the affine Dynkin diagram.

Let I = (f1,...,05,) be an enumeration of the simple roots of g in some order, and let [;
be the Levi subalgebra with simple roots {f1,...,3;}. We will say that I is abelian if each
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B; is abelian in [;, and that I is quasi-abelian if each B; is quasi-abelian in [;. From the table
we see that the Bourbaki enumeration is quasi-abelian if g = Eg and abelian if g is simple
(simply-laced) and different from Eg. We also note that [; C [; for i < j.

Let I = (f4,...,[n) be any quasi-abelian enumeration of the simple roots of g. Given an
automorphic function n on I'\G we define functions A;[n], B;[n] and C;j[n] on G as follows.

Let L;_1 be the Levi subgroup of G with Lie algebra [;_1, and let (J;_1 be the parabolic
subgroup of L;_ 1 with Lie algebra ([i_l)g{). In Lemma 3.2.1 below we show that Q;_1 is
the stabilizer in L;_1 of the root space g*_;i, as an element of the projective space of [[. We
let ;o1 = (Li-1NT)/(Qi—1 NT) , and put for i € {1,...,n}

Ailnl(g) =D > Welnl(vg), (1.9)

veli—1 pegiﬁi
where I'g = {1}.

Remark 1.4.1. Note that although 7 is a coset, the inner sum Zpegiﬁ, Wolnl(vg) is

independent of the choice of a representative for v, since Q;_1 N T stabilizes g* B, Thus
A;[n] is well-defined. We will use similar summations over cosets in the future without
further comment.

If 5; is a Heisenberg root of [;, then we define

Bg, := {positive roots 3 of ; : (8;,5) = 1}, Q; = Exp( EB 9-3)- (1.10)
BEBBi

Note that €; is a commutative subgroup of I'. Denote by o . the highest root for

max
the simple component of [; containing 3;, and let sg, and Sai . denote the reflections with
i

respect to the roots 3; and o, -

Then s; := sp,5,: S, is an involutive Weyl group element

that switches 8; and af .. We fix a representative ; € " for s; and define

Bill(g) ==Y Y Welnl(wvg) . (1.11)

WGQi wegiﬁl

Finally, we define

il = {Ai il if B; is abelian (1.12)

Ai[n] + Bi[n] if B; is Heisenberg.

Theorem B. Let nyin be a minimal automorphic function on G. Then, for any choice of
a quasi-abelian enumeration we have

Thmin = WO [nmin] + Z Cz [nmin] . (113)
i=1

Let us now formulate analogs of Theorems A and B for next-to-minimal automorphic
functions.
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1.5. Statement of Theorem C. As before, let a be a simple root of g, and let (S,, )
be a Whittaker pair such that ¢» € g*_ and S, defines the maximal parabolic subgroup
corresponding to . Let T+ = (B1,--.,Bm) be a quasi-abelian enumeration of the simple
roots orthogonal to o which is always possible to find, see Table 1. For any 1 < i < m, we
also define I';_; and ~; as above, and given an automorphic function n on I'\G we set

Al = > > Werelnl(vg) . (1.14)

vElia1 pegiﬂi

For any 1 < i < m with §; a Heisenberg root in the Levi subalgebra given by f1,..., 3;, we
furthermore set

BYl(9) = D D Waselnl@ig): (1.15)
weN; (peg;i
Finally, we define
AY if B; is abelian
Ci'n) = &[U] B e m e e (1.16)
Alnl + B/ [n] if B; is Heisenberg.

Furthermore, let b be the Lie algebra of the negative Borel spanned by b and the root
spaces of negative roots. For an element v € I", we define

0y = glslo‘fl Nb and V,:=Exp(v,(A)). (1.17)

Remark 1.5.1. Since I'; is a partial flag variety for L;, it coincides with the group of
K-points of the corresponding projective algebraic variety. By the valuation criterion for
properness ([Har77, Ch. II, Theorem 4.7]), it then coincides with the (integral) Og-points
of the same variety.

Theorem C. Let Ny be a next-to-minimal automorphic function on G, let (Sq, @) be a
Whittaker pair with S as above and I+ = (B1,y-..,Bm) a quasi-abelian enumeration as
above. Depending on the orbit of ¢, we have the following statements for the corresponding
Fourier coefficient.
(1) For trivial ¢ = 0 the restriction of Fs, o[fntm] to the Levi subgroup Ly is a trivial, or
minimal, or next-to-minimal automorphic function.
(ii) For ¢ in the minimal orbit there exists vo € Lo NI such that 1) :=Ad*(y0)p € g7,
For any such v € Lo, NI, we have
m
FSaplntm] (9) = Welitm] (09) + > CF [t (09) - (1.18)
i=1
(ii1) If ¢ is next-to-minimal, then there exist orthogonal simple roots o and o, and
an element vog € T' that is a product of an element of Lo, N T and a Weyl group
representative, such that v :=Ad*(vo)p € 9~ + 9~ . For any such v, o and o”,
we have

Fsoltminl(9) = [ Wl (wr09) do. (1.19)
Vao
(iv) If ¢ is not in the closure of any complex next-to-minimal orbit, then Fs, o[Mntm] = 0.
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Colloquially, we will refer to the condition in (iv) as ¢ being in an orbit larger than
next-to-minimal.

For part (i) we remark that the coefficient Fg, o[fntm] is the usual constant term that can
be determined using the results of [MW95]. We note also that the restriction of Fg, o[fntm)
to the Levi subgroup L, can be expressed through Whittaker coefficients using Theorem B
above and Theorem D below.

Remark 1.5.2. We stress that, similarly to (1.6), the right-hand side of the formula (1.19)
is compatible with the equivariance of the Fourier coefficient, i.e. satisfies

FSespltm](ug) = Xo(u)Fs, o[Mtm](9) (1.20)

for all v € U. However, in contrast to the minimal case, here we need no additional
constraint on vy since the equivariance is automatically ensured by the integration over V.

Remark 1.5.3. It is interesting to ask which Fourier coefficients are Eulerian [Gin06,
Ginl4]. The expectation, based on the reduction formula of [FKP14] for Eisenstein series
and explicit examples checked there, is that Whittaker coefficients W, [n] of an Eisenstein
series 77 on a group G are Eulerian if the orbit of ¢ is lies in WS(n). In general, the reduction
formula expresses W, [n] through a sum of generic Whittaker coefficients on a semi-simple
group determined by ¢. If T'py € WS(n), this sum collapses to a single term in all known
examples and since generic Whittaker coefficients on the subgroup are Eulerian this implies
the same for W, [n].

For example, in the case of Eisenstein series attached to the minimal representation of
Eg, E7, Eg it was shown in [FKP14] that W, [n] is given by just a single Whittaker coefficient
on SLy, which is well known to be Eulerian. See also [FGKP18, Ch. 10] for more details on
these and other examples. By Theorem A this implies that the parabolic Fourier coefficient
]-"Smsp[nmin] of an Eisenstein series in the minimal representation calculated in the unipotent
of a maximal parabolic determined by « should be Eulerian for simply-laced split groups.

Conversely, [KS15] show that if G is linear, simply-connected and absolutely simple, and
the form 7ny,;, generates an irreducible representation © = ) 7, with all local components 7,
minimal then Fs, ,[fmin] is Eulerian for any abelian root @ and non-zero ¢ with ad*(S,)¢ =
—2¢. By Theorem A this implies that the corresponding Whittaker coefficient is Eulerian,
which, using Theorem A again, implies Eulerianity of maximal parabolic Fourier coefficients
for all maximal parabolics.

We expect that Theorem C will be useful to prove similar Eulerianity results for next-
to-minimal representations.

By contrast, if T'o ¢ WS(n) the Whittaker coefficients and Fourier coefficients
corresponding to ¢ are not expected to be FKulerian.

We can also express any next-to-minimal automorphic function in terms of its Whittaker
coefficients, similar to Theorem B that treats the case of minimal automorphic functions.
This is the subject of the next subsection.
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1.6. Statement of Theorem D.

Notation 1.6.1. Let a be a simple root.

(i) Let Q. denote the parabolic subgroup of L, with Lie algebra ([a)%é. By Lemma 3.2.1
below, Q, is the stabilizer in L, of the line g* , as an element of the projective space
of g*. Let I'y, denote the quotient of L, NI by Q,NT.

(ii) Let G, denote the subgroup of G corresponding to the simple component of g
corresponding to a. Let amayx denote the highest root of G,,.

(iii) We say that « is nice if one of the following holds:

(a) « is an abelian root.

(b) Gy is of type E and « is a Heisenberg root.

We exclude the Heisenberg root in type D, for several reasons. One is that it does
not correspond to an extreme node in the Dynkin diagram. We shall explain others
in §4.3 below, see in particular Remark 4.3.8 and Lemma 4.3.3.

(iv) If v is an abelian root, define d, = amax. If a is a nice Heisenberg root, define
O = Qmax — @ — B, Where 3, is the only simple root non-orthogonal to a. One can
see that 8, is unique by Table 1. For more details on J,, and the proof that it is a
root, see §4.3 below.

(v) Let R, denote the parabolic subgroup of L, with Lie algebra ([a)ixo. Denote A, :=
(La NT)/(Qa N Ry NT). In §4.3.1 below we show that Q, N Ry, NT is a subgroup
of index two in the stabilizer in L, NT' of the plane g*, ® g” 5 as a point in the
Grassmanian of planes in g*.

(vi) Let M, denote the Levi subgroup of G given by simple roots orthogonal to c. Denote
My = (MoNT)/(MaNR,NT). In §4 below we show that M, N R, NT is the stabilizer
in M, NT of the plane g~ , & g*; .

(vii) If v is a Heisenberg root we define
B, := {positive roots 5 : (o, §) = 1}, 0, = Exp( EB 9-3)- (1.21)
BEBa
We also fix a representative v, € I' for the Weyl group element s,sq,,., Sa, Where sq
and s,,,,, denote the corresponding reflections.
Theorem D. Let num be a next-to-minimal automorphic function on G, and let o be a
nice simple root of g.

(i) If a is an abelian root and (o, max) > 0 then
Thtm = fSa,O[nntm] + Z Z -FSa,cp[nntm](’Yg) . (1'22)

'YeFa @Ggig

Denote the right-hand side of (1.22) by A’, for any nice a.
(11) If a is an abelian root and (o, max) = 0 then

1
Motm = A'+ 5 Yo Y Fsuerulmml(v9). (1.23)

V€A pegX
Peg’s,
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Denote the right-hand side of (1.23) by A.
(iii) If v is a mice Heisenberg root then

Thntm = A+ Z ( Z fSa,w[nntm](w’Yag) + Z Z -FSa,go—l—dJ[Tlntm](’Yw’Yag)) .
wEQa \pegX YeEMa peg*
peg’s,

(1.24)

Part (i) of the above theorem only arises in type A when « is an extreme root of the
diagram, part (ii) applies to all other roots in type A and to all abelian roots in types D
and F. Part (iii) only applies to type E and more specifically to root ay for Eg, root ay for
E; and root ag for Eg using Bourbaki numbering. Note that d, appearing in A in parts (ii)
and (iii) is as defined in Notation 1.6.1(iv) and differs in the two parts.

The right-hand sides of (1.22), (1.23) and (1.24) can be expressed in terms of Whittaker
coefficients. Indeed, Fs, o+p[Mntm] and Fs, o [7nem]| can be expressed using Theorem C, while
FS,.,0[mtm] defines a next-to-minimal function on L,, that can then be further decomposed
using Theorem D by induction on the rank of G. To present this decomposition we will
need some further notation.

1.7. Statements of Theorems E, F and G.

Notation 1.7.1. Let §y,..., 08, be a quasi-abelian enumeration such that gi,...,8,_1 is

an abelian enumeration for L, _;. In this notation we define the terms A;;, B,; to be used

in the next two theorems.

(i) For any i < n we define A;; in the following way. Let ol .. denote the highest root
for the simple component of [; containing 3;. If 3; is abelian in [; and o ,, is not

orthogonal to 3; we set A;; = 0. Otherwise we define §; to be the root dg, of [;, and

fix a g; € I' that normalizes the torus and conjugates 3; and J; to orthogonal simple

roots. Such a g; exists by Corollary 3.0.4. Define V,, as in (1.17) and set
1 -
Aii=5 D>, > D / Wt [Mtm] (vgi79) v, (1.25)

TENs; pegX 5 bEQY; Vy,

where Ag, is the quotient of L;_; NI" defined as in Notation 1.6.1(v) above.
(ii) Let j < such that (3;, 8;) = 0. We define

Aij[n]: Z Z Z Z W<p+w[77ntm](77/g)’ (1'26)

VELi—1 pegX, V€L -1 9pegX
8 8

(iii) If 3, is Heisenberg, fix a representative -y, € I' for the Weyl group element sg, sqn_ s,
where sg, and son  denote the corresponding reflections.

(iv) We will write j_Li if (5;,8;) = 0.

(v) For any index j with jLn we define B,,; in the following way. If 3, is abelian we set
By; := 0. For Heisenberg 3,, we define L; to be the Levi subgroup of G given by the
roots B with & < j and kLn, Q;_l to be the subgroup of L;_l that stabilizes the root

space g7 5., and I =L ND)/(Q5_yNT). Set
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By = Z Z Z Z W¢+w[77ntm](7w%9)- (1.27)

wEn pegX, VENG  pegX .

(vi) If B, is abelian, we define By, to be zero. If 3, is Heisenberg and nice, we define

By = Z Z Z Z /chﬂ,[nntm](vﬁw%g)dv. (1.28)

welln :YEMﬂn @egilgn wngM 14

Recall also the notation A4;, B; from (1.9) and (1.11). Applying Theorem D by induction
and using also Theorems B and C, we obtain the following theorem.

Theorem E. Fix a quasi-abelian enumeration B1,...,B, such that B1,...,Bn_1 s an
abelian enumeration for L,_1, and By, is a nice quasi-abelian root. Let nuym be a mext-
to-minimal automorphic function on G. Then

Totm = Wolthmtm] + Y _(Ai + Aii + Y Aij) + Bn+ Bun+ Y Bnj. (1.29)
i j<ijli jln

We note that if g has at most one component of type Eg then an enumeration as in
Theorem E is always possible. For example one can take the Bourbaki enumeration on
each component. Note that the right-hand side of (1.29) is entirely expressed in terms of
Whittaker coefficients.

One can simplify the expression in (1.29) by allowing oneself to use in the final expression
not only Whittaker coefficients, but also constant terms with respect to parabolic nilradicals,
that in turn can be determined for Eisenstein series using [MW95]. In this way one obtains
the following statement.

Theorem F. Assume that [g,g] is simple of rank n, and fix the Bourbaki enumeration of
its simple roots. Let nutm be a next-to-minimal automorphic function on G. Then
(i) In type A we have
Thtm = ]:San,O[nntm] + Ap + Z Anj .
jln
(ii) In types D, Eg and E7 we have

Tntm = fSan,O[Untm] + A, + Z Anj + Ay
jln
(iii) In type Eg we have
Thntm = ]:San,(]['r/ntm] + An + Z Anj + Apn + By + Z Bn] + Bpp -
Jjin Jjln
Using Lemma 2.0.7 below on the connection of Fourier coefficients to wave-front sets of

local components we derive from Theorem E the following one.

Theorem G. Let m be an irreducible representation of G and let 1 = Qm, be a
decomposition of w to local components. Suppose that there exists v such that w, is minimal
or next-to-minimal. Then m cannot be realized in cuspidal automorphic forms on G.
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For statements on the possibility of decomposing ©# = ) 7, into local factors for covering
groups, see [Weil8, §8].

1.8. Illustrative examples. Theorems A and B build upon and extend the results of
[GRS97, MS12] for automorphic forms in the minimal representation. For the next-to-
minimal representation, Theorems C and D were established in [AGK 18] for SL,, and are
here generalized to arbitrary simply-laced split Lie groups G. Together with Theorem D
they provide explicit expressions for the complete Fourier expansions of next-to-minimal
automorphic forms on all split simply-laced groups.

In order to illustrate the types of explicit expansions one obtains we here give the
expansion of minimal and next-to-minimal automorphic forms on Eg using the ag parabolic.
For a minimal automorphic form one obtains

nmin() fSas, nmm +Z Z W nmln ’Yg Z Z W nmm W’YSg) (130)

'YEF7 wegias wEQs %0697048

while for a next-to-minimal automorphic form we have a slightly more complicated
expression

6
Mim(9) = Foug 0(0) + D D, Wer@)+D. > > D> > Wers(19)

y — ! .
~v€el7 goegfas Jj=1+'€l'7 goegfas vElj—1 goegfﬁj
Asg As;
+ = Z E E / Wt (vg879)dv + Z E W (wysg)
VEAas pegX o VER s, wells pegX
Asgs Bsg

DDV / o+ (Viwysg)dv

wEQs 'yEMaS QOGQ ag weg 5

Bss

6
YD D D D Werslwise) (1.31)

j=1 weg @egias 'yEF;;l ¢egiﬂj

By

All coefficients are evaluated for the automorphic form 7 = futm. The elements gg and s
are defined in §1.7 and §1.4, respectively,
We shall compare these to other results available in the literature in §5.2.2.

1.9. Motivation from string theory. The results of this paper have applications in string
theory. In short, string theory predicts certain quantum corrections to Einstein’s theory
theory of general relativity. These quantum corrections come in the form of an expansion
in curvature tensors and their derivatives. The first non-trivial correction is of fourth order
in the Riemann tensor, denoted schematically R?*, and has a coefficient which is a function
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M @ By /K, — R, where E,, /K, is a particular symmetric space, the classical moduli space
of the theory. The parameter n = d 4+ 1 contains the number of spacetime dimensions d
that have been compactified on a torus 7. The groups E,, are all split real forms of rank
n complex Lie groups (see table 2).

TABLE 2. Table of Cremmer—Julia symmetry groups E,(R), n = d+1, with
compact subgroup K, (R) and U-duality groups E,,(Z) for compactifications
of IIB string theory on a d-dimensional torus 7% to D = 10 — d dimensions.

d Eq1(R) Ko (R) Eq(Z)

0 SL4(R) S04 (R) STa(Z)

1 SLQ(R) X R+ SOQ(R) SL2 (Z)

2| SLo(R) x SLs(R) | SOa(R) x SO3(R) | SL(Z) x SLs(Z)
3 SLs(R) SO5(R) SLs(Z)

4 Spins 5(R) Spin;(R) x Spins(R) Sping 5(Z)

5 Eg(R) USpg(R)/Zs E¢(Z)

6 E7(R) SUs(R)/Zz Er(Z)

7 Eg (R) Spin16 (R)/Zg Eg (Z)

In the full quantum theory the classical symmetry E,(R) is broken to an arithmetic
subgroup E,,(Z), called the U-duality group, which is the Chevalley group of integer points
of E, [HT95]. Thus, the coefficient functions 7, are really functions on the double coset
E.(Z)\E,(R)/K,, and in certain cases they can be uniquely determined. For the two leading
order quantum corrections, corresponding to R* and 9*R?, the coefficient functions n,, are
respectively attached to the minimal and next-to-minimal automorphic representations of
E, [Piol0, GMV15]. Fourier expanding 7, with respect to various unipotent subgroups
U C E, reveals interesting information about perturbative and non-perturbative quantum
effects. Of particular interest are the cases when U is the unipotent radical of a maximal
parabolic P, C G corresponding to a simple root « at an “extreme” node (or end node)
in the Dynkin diagram. Consider the sequence of groups F, displayed in table 2, and the
associated Dynkin diagram in “Bourbaki labelling”. The extreme simple roots are then
a1,y and ay, (this is slightly modified for the low rank cases where the Dynkin diagram
becomes disconnected). Fourier expanding the automorphic form 7 with respect to the
corresponding maximal parabolics then have the following interpretations (see figure 1 for
the associated labelled Dynkin diagrams):

e P = P,,: String perturbation limit. In this case the constant term of the Fourier
expansion corresponds to perturbative terms (tree level, one-loop etc.) with respect
to an expansion around small string coupling, gs — 0. The non-constant Fourier
coefficients encode non-perturbative effects of the order e=1/9 and e~/ g2 arising
from so-called D-instantons and NS5-instantons.

e P = P,,: M-theory limit. This is an expansion in the limit of large volume of the
M-theory torus T%!. The non-perturbative effects arise from M2- and M5-brane
instantons.

e P = P, : Decompactification limit. This is an expansion in the limit of large
volume of a single circle S* in the torus 7% (or T9*! in the M-theory picture). The
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2
o—o—i—o o0—o SOn-1n-1 C Ey
) 1 3 4 5 o _T_l _1n string perturbation limit
2
o—o—l—o 0—o0 SL, C By,
) 1 3 4 5 o _7_1 -1 n M-theory limit
2
o—o—i—o o—e En1 CEy
(C) 1 3 4 5 "__7; 1 n decompactification limit

FiGURE 1. The various string theory limits associated with different
maximal parabolic subgroups P,. Roots are labeled in the Bourbaki order-
ing.

non-perturbative effects encoded in the non-constant Fourier coefficients correspond
to so called BPS-instantons and Kaluza—Klein instantons.

For the reasons presented above, it is of interest in string theory to have general techniques
for explicitly calculating Fourier coefficients of automorphic forms with respect to arbitrary
unipotent subgroups.

In string theory the abelian and non-abelian Fourier coefficients of the type defined
in (1.1) typically reveal different types of non-perturbative effects (see for instance [PP09,
BKN™10, Per12]). The archimedean and non-archimedean parts of the adelic integrals have
different interpretations in terms of combinatorial properties of instantons and the instanton
action, respectively. For example, in the simplest case of an Eisenstein series on SLo the
non-archimedean part is a divisor sum o (n) = de d* and corresponds to properties of
D-instantons [GG97, GGI8, KV98, MNS00] (see also [FGKP18] for a detailed discussion in
the present context). Theorem F provides explicit expressions for the Fourier coefficients
of the automorphic coupling of the next-to-minimal 9*R* higher derivative correction in
various limits; see section 5.2 for a more detailed discussion in the case of Eg.

Remark 1.9.1. Theorem G resolves a long-standing question in string theory which
concerns the possibility of having contributions from cusp forms in the R* and 9*R*
amplitudes. The theorem ensures that this can never happen as there are no cusp forms in
the minimal or next-to-minimal spectrum.

1.10. Structure of the paper. In §2 we give the definitions of the notions mentioned
above.

In §2.2 we introduce the results of [GGK™] that relate Fourier coefficients corresponding
to different Whittaker pairs, in particular Theorem 2.2.6, which is the main tool of the
current paper. Two more results from [GGK™] that we recall in §2.2 and heavily use in the
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rest of the paper are Proposition 2.2.7 that expresses any automorphic function through
Heisenberg parabolic Fourier coefficients, and a geometric Lemma 2.2.8.

In §3 we deduce Theorems A-C from §2.2. We first deduce from Lemma 2.2.8 that any
minimal ¢ € (g*)f‘é can be conjugated into g*, using L, N T (Corollary 3.1.3). This,
together with Theorem 2.2.6, implies Theorem A(ii). Part (iii) of Theorem A follows from
the definition of minimality and Corollary 2.2.5, which says that any Fourier coefficient is
linearly determined by a neutral Fourier coefficient corresponding to the same orbit.

To prove Theorem B, assume first that a := , is an abelian root. In this case we
decompose the form 7y, into Fourier series with respect to U,. Each Fourier coefficient is
of the form Fg, ,. For ¢ = 0, the restriction of this coefficient to L, is minimal and we
use the theorem for L, (by induction on rank). For non-zero and non-minimal ¢, Fg, .
vanishes by Theorem A(iii). For minimal ¢ the expressions for Fg, , are given by Theorem
A(ii). We group them together using Corollary 3.1.3. If « is a Heisenberg root, we express
Nmin through parabolic Fourier coefficients Fg, ., using Proposition 2.2.7. For ¢ # 0, Fs,
is given by Theorem A, and for ¢ = 0 by induction.

To prove Theorem C(ii) we restrict Fs, o[fntm] to La, show that it is a minimal
automorphic function and apply Theorem B. Theorem C(iii) and C(iv) follow from Theorem
2.2.6 and Corollary 2.2.5 respectively. For Theorem C(iii) we also use a geometric lemma
saying that any next-to-minimal ¢ € (g*)f % can be conjugated into g*, + g~ 3 for some
positive root [ orthogonal to « using L, N T (Lemma 3.3.6).

In §4 we first prove Theorem D and its corollaries using the same strategy as in the proof
of Theorem B. However, we need two additional geometric propositions (Propositions 4.0.1
and 4.1.2) that describe the action of L, on next-to-minimal elements of (g*)°%. We prove
these in §4.3. In §4.2 we derive Theorems E, F, and G from Theorems B, C, and D.

In §5 we provide examples of Theorems A-D for groups of type D5 and Eg computing
the expansions of automorphic function and Fourier coefficients with respect to different
parabolic subgroups of interest in string theory and compare our Eg results to the available
literature [BP17, GKP16, KP04].
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2. DEFINITIONS AND PRELIMINARIES

Let K be a number field and let A = Ag be its ring of adeles. Fix a non-trivial unitary
character x of A, which is trivial on K. Then y defines an isomorphism between A and A
via the map a — Xx,, where x4(b) = x(ab) for all b € A. This isomorphism restricts to an
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isomorphism
AKR={reh:|rlxk=1}={ye:acK} =K. (2.1)

Let G be a reductive group defined over K, G(A) the group of adelic points of G and
G be a finite central extension of G(A). We assume that there exists a section G(K) — G
of the covering p : G — G(A), fix such a section and denote its image by I'. By [MW95,
Appendix I], for any unipotent subgroup U C G, p has a canonical section on U(A). We
will always use this to identify U(A) with a subgroup of G. Let g denote the Lie algebra of
G(K) =T.

For a nilpotent subalgebra v C g, we denote by Exp(v) the unipotent subgroup of T’
obtained by exponentiation of v. Similarly, we denote by V' := Exp(v(A)) the unipotent
subgroup of G obtained by exponentiation of the adelization v(A) := v Rk A.

Definition 2.0.1. A Whittaker pair is an ordered pair (S,¢) € g x g* such that S is a
rational semi-simple element (that is, with eigenvalues of the adjoint action ad(S) in Q),
and ad*(9)(p) = —2¢.

We will say that an element of g* is nilpotent if it is given by the Killing form pairing
with a nilpotent element of g. Equivalently, ¢ € g* is nilpotent if and only if the Zariski
closure of its coadjoint orbit includes zero. For example, if (5, ¢) is a Whittaker pair then
( is nilpotent.

For any rational semi-simple S € g and i € Q we set

o) ={Xeg:[SX]=iX}, o= P g}, andgf, =g @g3,. (22
j>ieQ
S

We will also use similar notation for (g*);.

For any ¢ € g* we define an anti-symmetric form w, of g by
we(X,Y) = o([X,Y]). (2.3)
Given a Whittaker pair (5, ¢) on g, we set u := gil @ g7 and define
nge :={Xecu:w,(X,Y)=0forall Y eu} and Ng, :=Expng,(A) (2.4)
By [GGS17, Lemma 3.2.6],

nse =021 @ (87 Noy), (2.5)

where g, is the centralizer of ¢ in g under the coadjoint action. Note that ng is an ideal
in u with abelian quotient, and that ¢ defines a character of ng . Define an automorphic
character on Ng, by x,(exp X) := x(¢(X)). For a unipotent subgroup U C G we denote
by [U] the quotient (U NT)\U.

We call a function on G an automorphic function if it is left I-invariant, finite under
the right action of the preimage in G of [[4 i , G(O,), and smooth when restricted to the
preimage in G of [] G(K,). We denote the space of all automorphic functions by
C>(I'\G).

infinite v
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Definition 2.0.2. For an automorphic function 7, we define the Fourier coefficient of n
with respect to a Whittaker pair (5, ¢) to be

Fspnl(g) = / n(ng) xe(n)~" dn. (2.6)
[Ns,]

Definition 2.0.3. A Whittaker pair (H,¢) is called a neutral Whittaker pair if either
(H,p) = (0,0), or H can be completed to an sly-triple (e, H, f) such that ¢ is the Killing
form pairing with f. Equivalently, the coadjoint action on ¢ defines an epimorphism
gé{ —»(g*)l_{2, and also H can be completed to an sla-triple. For more details on slo-triples

over arbitrary fields of characteristic zero see [Bou75, §11].

Definition 2.0.4. We call a Whittaker pair (S, ) standard if Ng , is the unipotent radical
of a Borel subgroup of G. By [GGK™, Corollary 2.1.5], a nilpotent ¢ € g* can be completed
to a standard Whittaker pair if and only if it is a principal nilpotent element of some K-Levi
subgroup of G. Here, principal means that the dimension of its centralizer equals the rank
of the group. We call such ¢ PL-nilpotent, and their orbits PL-orbits. For a standard pair
(S,¢), we call the Fourier coefficient Fg, a Whittaker coefficient and denote it Wg ,, or
W, if S is defines the fixed Borel subgroup, see (1.5).

Remark 2.0.5. (i) In [GGS17, §6] the integral (2.6) above is called a Whittaker—
Fourier coefficient, but in this paper we call it Fourier coefficient for short. The
Whittaker coefficients are called in [GGS17, §6] principal degenerate Whittaker—
Fourier coefficients. The notation Wg,, and W, is used in [GGS17, GGS] to denote
something quite different.

(ii) Note that for G = GL,, all orbits O are PL-orbits. In general this is, however, not the
case, see [GGK™, Appendix Al.

(iii) We refer the readers interested in the definitions of principal nilpotents, PL-nilpotents,
and standard pairs for non-quasi-split groups to [GGK™, §2.1].

Definition 2.0.6. For an automorphic function 1, we define WO(n) to be the set of
nilpotent orbits O under I' in g* such that Fj, ,[n] # 0 for some neutral Whittaker pair
(h,p) with ¢ € O. We define the Whittaker support WS(n) to be the set of maximal
elements in WO(n).

The following well known lemma relates these notions to the local notion of wave-front
set. For a survey on this notion, and its relation to degenerate Whittaker models we refer
the reader to [GS18, §4].

Lemma 2.0.7. Suppose that n is an automorphic form in the classical sense, and that it
generates an irreducible representation m of G. Let m = @, m, be the decomposition of w to
local factors. Let O € WO(n). Then, for any v, there exists an orbit O), in the wave-front
set of m, such that O lies in the Zariski closure of O.,. Moreover, if v is non-archimedean,
then O lies in the closure of O), in the topology of g*(K,).

Proof. Acting by G on the argument of  we can assume that there exists a neutral pair (h, ¢)
with ¢ € O such that Fj, ,[n](1) # 0. Moreover, decomposing 7 to a sum of pure tensors, and
replacing 7 by one of the summands, we can assume that 7 is a pure tensor and Fj, ,[n](1) # 0
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still holds. Let n = ®L v, be the decomposition of 1) to local factors. Consider the functional
&€ on m, given by £(v) = Fp ,(v, ® (®:ﬁéu v,))(1). Substituting the vector v, we see that
this functional is non-zero. It is easy to see that this £ is (exp(np,,(K,)), x,)-equivariant.
The theorem follows now from [MW87, Proposition I.11] and [Var14] for non-Archimedean
v, and from [Ros95, Theorem D] and [Mat87] for archimedean v. O

For convenience, we fix a complex embedding ¢ : K—C. This embedding will allow us
to speak about the complex nilpotent orbit corresponding to an orbit O of I' in g. One
can show using [Dok98] that the complex orbit corresponding to @ does not depend on
o, although we shall not use this fact. None of our statements depends on the choice of
complex embedding o.

2.1. Minimal and next-to-minimal representations. We call a non-zero complex orbit
in g*(C) minimal if its Zariski closure O is a disjoint union of O and the zero orbit. We
call a complex orbit O next-to-minimal if O does not intersect any component of g of type
Ay, and O is a disjoint union of @, minimal orbits, and the zero orbit.

Lemma 2.1.1. Let g be simple and let O C g*(C) be a complex nilpotent orbit. Then O is
manimal if and only if it has Bala-Carter label Ay and next-to-minimal if and only if it has
Bala-Carter label A1 x Ajy.

Proof. Follows from the Hasse diagrams for the closure order on nilpotent orbits. O

Remark 2.1.2. (i) Lemma 2.1.1 only holds for simply-laced Lie algebras. Indeed,
already for Cy the minimal orbit is represented by the long root, and the next-to-
minimal by the short root. Both roots of course lie in Levi subalgebras of type A;.

(ii) We exclude the regular orbit of Ay because it does not behave like a next-to-minimal
orbit. This behaviour is manifested by Lemma 2.1.1.

Lemma 2.1.3. Let g = @le gi, with g; simple. Then the minimal orbits of g*(C) are of
the form XJ_ {0} x O x Xf:jH{O}, with O a minimal orbit. The next-to-minimal orbits of
g*(C) are either of the same form with O next-to-minimal, or of the form Xz;ll{O} x O x
Xé;;H{O} x O x Xf:Hl{O}, where O and O’ are minimal orbits in g; and g; respectively.

Proof. If g = g1 x g2 and O = Oy x Oy then O = O x O,. ]

We call a (rational) element of g* or a rational orbit in g* minimal /next-to-minimal if its
complex orbit is minimal /next-to-minimal.

We say that an automorphic function 1 is minimal if WS(n) consists of minimal orbits.
By [GGS17, Theorem C] (or by Proposition 2.2.4 below), this implies that Fpg ,[n] = 0
for any Whittaker pair (H, ) with ¢ non-zero and non-minimal. We call an automorphic
function n trivial if WS(n) = {0}. By [GGS17, Corollary 8.2.2], the semi-simple part of
G acts on any trivial automorphic function by +1d. We call a representation of G in
automorphic functions minimal if all the functions in this representation are minimal or
trivial.

We say that an automorphic function 7 is next-to-minimal if WS(n) consists of next-
to-minimal orbits. Again, by [GGS17, Theorem C] (or by Proposition 2.2.4 below), this
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implies that Fp ,[n] = 0 for any Whittaker pair (H, ¢) with ¢ higher than next-to-minimal.
We call a representation 7w of G in automorphic functions next-to-minimal if it includes a
next-to-minimal function, and all the functions in this representation are next-to-minimal,
minimal or trivial. By Lemma 2.0.7, if 7 consists of automorphic forms in the classical sense,
is non-trivial, irreducible and has a minimal local factor then it is minimal. Similarly, if it
has a next-to-minimal local factor then it is minimal or next-to-minimal.

2.2. Relating different Whittaker pairs.

Lemma 2.2.1 ([GGK™, Lemma 3.3.1]). Let (S,¢) be a Whittaker pair, n an automorphic
function and v € T'. Then,

Fson(9) = Fad)s,ad (e m(79) - (2.7)

Definition 2.2.2. Let (H,¢) and (S, ¢) be Whittaker pairs with the same ¢. We will say
that (H, ) dominates (S, ) if H and S commute and

g, Ned) Cady” (2.8)
The following lemma provides two fundamental special cases of domination.

Lemma 2.2.3. [GGK™, Corollary 3.2.2 and Proposition 3.2.3] Let (S, ) be a Whittaker
pair. Then

(i) (S,¢) is dominated by a neutral Whittaker pair.
(ii) If ¢ is a PL-nilpotent then (S,¢) dominates a standard Whittaker pair.

The importance of the domination relation is due to the next three statements.

Proposition 2.2.4 ([GGK™, Proposition 4.0.1]). Let (H, ) and (S, ) be Whittaker pairs
such that (H,p) dominates (S, ), and let n be an automorphic function with Fg ,[n] = 0.
Then Fs,[n] = 0.

Corollary 2.2.5. Let n be an automorphic function and let (S, ) be Whittaker pair, with
'y ¢ WO(n). Then Fr[n] =0.

Theorem 2.2.6 ([GGK™, Theorem C(i)]). Let n be an automorphic function on G, and
let o € WS(n). Let (H, ) and (S, ) be Whittaker pairs such that (H,p) dominates (S, p).
Denote

v:=g Ngd,, and V := Exp(v(A)). (2.9)

If gl = g7 = 0 then
Fuolil(@) = [ Fsilnl(og)do. (2.10)
174

We emphasize that the integral over V is an adelic integral.

For the next proposition, recall from §1.4 that we say that a simple root « is a Heisenberg
root if the nilradical of the maximal parabolic subalgebra defined by « is a Heisenberg Lie
algebra. All such roots for simple (simply-laced) Lie algebras are listed in the second row
of Table 1 above.
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Proposition 2.2.7 ([GGK™, Proposition 5.1.5]). Let « be a Heisenberg root, and let cupax
denote the highest root of the component of g corresponding to .. Let ), denote the abelian
group obtained by exponentiation of the abelian Lie algebra given by the direct sum of the
root spaces of negative roots 8 satisfying (o, B) = 1. Let v be a representative of a Weyl
group element that conjugates o to uax. Let

U, :={root €| (g,a) <0, e(Sq) = 2}.
Then

n9)= > Fs.ol@+ D, Do D Fsuerulil@rag)- (2.11)

goe(g*)”i% ‘pEQEQ wella we@se\l'a gts

Lemma 2.2.8 ([GGK™, Lemma B.0.3|). Let S,Z € g be rational semi-simple commuting
elements, let p € gg N gfz and ¢' € ggo N gfz. Assume that ¢ is conjugate to ¢ + ¢’ by
G(C). Then there exist X € gZ,Ngs and v € Exp(gZ,Ng5) such that ad*(X)(¢) = ¢’ and
u(p) =p+¢.

3. PROOF OF THEOREMS A, B AND C

For the whole section we assume that G is split and the Dynkin diagram of g is simply-
laced, i.e. all the connected components have types A, D, or E. As in §1.4, let, for any root
9, g5 denote the corresponding root-subspace of g* and g5 the set of non-zero elements of
this subspace.

Lemma 3.0.1. If [g, g] is simple then any two roots are Weyl-conjugate.

Proof. Any root is Weyl-conjugate to a simple root, and any two simple roots in a connected
simply-laced diagram are Weyl-conjugate. g

Corollary 3.0.2. For any root §, any ¢ € g5 lies in a minimal orbit.

Corollary 3.0.3. Assume that g is simple.

(i) If g is of type A or E then any two pairs of orthogonal roots are Weyl-conjugate.
(ii) If g is of type D,, with n > 5 then any pair of orthogonal roots is Weyl-conjugate to
exactly one of the pairs (a1, as) and (ap—1,Qy).
(i1i) If g is of type Dy then any pair of orthogonal roots is Weyl-conjugate to exactly one
of the pairs (a1, a3), (a1, aq) and (az, o).

Proof. In types A and F, we apply Lemma 3.0.1, and assume that both pairs include the
highest root. Since the diagram consisting of roots orthogonal to the highest one is still
connected, the stabilizer of the highest root acts transitively on it.

In type D,, we use the standard realization of roots as

{igi + €5, } (31)

where €; denotes the unit vector in R”. The Weyl group acts by permutation of the indices,
and even number of sign changes. The usual choice of simple roots is

Q= €1 —€9, ..., Qp_1:=En-1—En, Qpn:=¢Ep_1+e, (3.2)

Using reflections, we can conjugate any pair of orthogonal roots to a pair of orthogonal
positive roots. The pairs of orthogonal positive roots have one of the two forms



22 D. GOUREVITCH, H. GUSTAFSSON, A. KLEINSCHMIDT, D. PERSSON, AND S. SAHI

(1) (51' +€j5,6 — €j) or (51' —€&5,& + €j), with 7 < j.

(2) (ei £ej,ep ) with i < j and k <[ all distinct.
We can conjugate any pair of type (1) to (ap—1,@n) = (En—1 — €n,n—1 + €p). For n > 5,
any pair of type (2) is conjugate to (ay,a3) = (61 — €2,63 — €4). For D4 we have two
non-conjugate pairs of type (2): (a1,a3) = (61 —€2,e3 —&4) or (a1,04) = (61 — €2,63 +&4).
It is easy to see that one cannot conjugate a pair of type (1) into a pair of type (2). ]

We remark that in type D, the pairs (a1, a3) and (ay,—1, ay,) correspond to two distinct
next-to-minimal orbits, given by the partitions 241278 and 31273 respectively.

Corollary 3.0.4. Any pair of orthogonal roots in g is Weyl-conjugate to a pair of orthogonal
simple roots.

Proof. 1f [g, g is not simple and the roots lie in different simple components this follows
from Lemma 3.0.1 by conjugating each of them to a simple root. If the roots lie in the same
component, this follows from Corollary 3.0.3. O

3.1. Proof of Theorem A. Throughout the subsection fix a simple root a. Define S, € b
by a(S) =2 and v(S,) = 0 for any other simple root ~.

As mentioned in the introduction, if a Fourier coefficient Fg , is a Whittaker coefficient,
i.e. Ng, is the unipotent radical of a Borel subgroup, we will denote it by Wg ,, where we
may drop the S if it corresponds to a fixed choice of Borel subgroup and simple roots. In
other words, we define Sir € h by Sn(y) = 2 for any simple root v and write Ws; , = W,,.

Lemma 3.1.1. Ifn is a minimal automorphic function and ¢ € g~ then Fg, o] = We|n].

Proof. We have g7 = {0} = gg‘i N g2, which implies the lemma by Theorem 2.2.6 O
Let L. denote the Levi subgroup of the parabolic subgroup P, of G.

Lemma 3.1.2. Any root 0 with §(S,) = —2 can be conjugated to —a using the Weyl group
of L.

Proof. We can assume that g is simple. This statement can be proved using the language
of minuscule representations, i.e., representations such that the Weyl group has a single
orbit on the weights of the representation. By [Bou75, §VIIL.3] these are the fundamental
representations corresponding to the abelian roots (see Table 1).

It suffices to show that the representation of the Levi L, on the first internal Chevalley
module V,, := uy/[uq, U] is minuscule. These modules are explicitly computed in [MS12,
§5]; and this can be checked case-by-case. For completeness we give a conceptual argument.

We claim first that V,, is irreducible with lowest weight «. Evidently « is a weight of V,
with multiplicity one. Also any positive root 5 of L, involves only simple roots different
from «, and thus @ — 8 is not a root. Hence « is a lowest weight of V. On the other hand,
any weight of V,, is of the form « + 7, where « is a sum of positive roots from L. Thus «
is the unique lowest weight of V.

The Dynkin diagram of L,, is obtained from that of G by removing «, and each component
has exactly one simple root adjacent to «, which is easily checked to be an abelian root for
the component. Thus the corresponding fundamental representations are minuscule, and
thus so is their tensor product W,. However, W, has highest weight —a«, since (—a, f3)
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is 1 if B is adjacent to o and zero otherwise. It follows that V, ~ W}, and hence V, is
minuscule.

O
Corollary 3.1.3. Let R denote the set of minimal elements in (g*)%%.
(i) BR=(LaNT)(g%,)-
(ZZ) RN (gia + @Eeqja 9*_5) - gia, where
U, = { root €| (g,a) <0,e(S4) = 2}. (3.3)

Proof. (i) Let z be a generic element of h that is 0 on o and negative on other positive
roots. Decompose (g*)f‘é = EBf:OVk by eigenvectors of z, with eigenvalues 0 =ty < t; <

- < t}. Note that Vo = g*,. Let X € (g*)° be a minimal element and X = ¥, X;
its decomposition by eigenvalues of z. By Lemma 3.1.2 we can assume, by replacing X
by its L, N I'-conjugate, that Xy # 0. By Lemma 2.2.8, X is conjugate to Xy using
Exp((la)%g) C Lo NT .

(i) Let Y =Y’ +Y" € R, where Y’ € g*, and Y" € @_y_ 9° .. Identify Y’ with some
f € g_o using the Killing form, and complete f to an sly-triple e, h, f with e € g,. Then
Y" € (g*)¢, since for every root € € ¥, @ — ¢ is not a root. Thus Y belongs to the Slodowy
slice Y/ + (g*)¢, that is transversal to the orbit of Y’. Since the orbit of Y is minimal, Y’
must lie in the same orbit and thus Y = 0. O

Lemma 3.1.4. Let [ C g be a K-Levi subalgebra, and let O be the minimal nilpotent orbit
in g. Then O NI is either empty or the minimal orbit of I.

Proof. Suppose the contrary. Let O; denote the minimal orbit of [. Then O lies in the
Zariski closure of O N [. Thus there exists an sly triple (e, h, f) in [ such that f € Oy, and
the Slodowy slice f + [¢ to O; at f intersects O. Namely, there exists a non-zero X € [¢
with f + X € O. This contradicts the minimality of O, since f + ¢ is transversal to the
orbit of f. d

Proof of Theorem A. Part (iii) follows from Proposition 2.2.4 and the minimality of 7.
Part (ii) follows from Corollary 3.1.3(i), and Lemmas 3.1.1 and 2.2.1.
For part (i), suppose that there exists a Whittaker pair (H,) for L, with 1) # 0 such
that Fu y[Fs,0[n]] # 0. Then, for T big enough, we have Fy y[Fs. 01l = Fra+rs.vn)-
Thus, the orbit of ¢ is minimal in g* and thus, by Lemma 3.1.4 also in [},. ([l

3.2. Proof of Theorem B. Let n be a minimal automorphic function.
As above, for any simple root « let L, be the Levi subgroup of P,. Let Q, C L, be the
parabolic subgroup with Lie algebra ([a)%vo.

Lemma 3.2.1. The stabilizer in Ly of the line g* , as an element of the projective space
of g% is Qu-

Proof. For any root ¢, e(a¥) < 0 if and only if € — o is not a root. Thus the Lie algebra of
the stabilizer of g}, is the parabolic subalgebra ([a)%vo of [,. Thus the stabilizer is Q,. U

Let Ty := (La NT)/(Qa NT).
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Proposition 3.2.2. Let a be a (sz’mple) abelian root. Then

1(9) = Foaoll(g) + D Y. W,ln] (3.4)

v€elq @Ggia

Proof. By definition of an abelian root, the group U, is abelian. Decompose 7 into Fourier
series on Uy,. The coefficients in the Fourier series will be given by Fg, [n] with ¢’ € (g%)%.
Note that this coefficient vanishes unless ¢’ is minimal or zero, and that by Corollary 3.1.3,

all minimal ¢’ € (g*)foé can be conjugated into gfa using L, NT'. Thus we have

ng) =Y Fsawlillg) = Fsoolil9) + > > Fsupln (3.5)

¢'e(e)%s v€la pegX,
Lemma 3.1.1 and the minimality of n imply that Fs, ,[n](vg) = W,[nl(v9). O

Proof of Theorem B. The proof is by induction on the rank of GG, that we denote by n. The
base case of rank 1 group is the classical Fourier series decomposition. For the induction
step let us show that

n = Fsg, onl + Cnln] (3.6)

For that purpose, assume first that the root « := (3, is abelian. By Proposition 3.2.2 we
have

1(g) = Foaolnl(g)+ > Z Wl = Fs.00(9) + Anln)(9) = Fs.0ln)(g) + Culnl(g) -

*yEFa SDEQ
(3.7)
If « := B, is a Heisenberg root then by Proposition 2.2.7 we have

Yo Fael@)+ D > D Fsuprunlwmg)

pe(g*)% peg”, wEa vED, ey, 97,
= Fs.,0[m(9) + An[nl(g) + Bu[nl(9) = Fs,0nl(9) + Cnlnl(g) - (3.8)

Formula (3.6) in now established. By Theorem A(i), Fs, o[n] is a minimal automorphic
function on L. As before, let Si1 € h denote the element that is 2 on all positive roots.
Note that for any ¢ € ([} )SH, we have W, [Fs, o[n]] = W,[n] where the prime denotes a
Whittaker coefficient with respect to L,. This implies that C![Fg, o[n]] = C; for any i < n.
From the induction hypothesis and (3.6) we obtain

n—1
1(g) = Fs, 0] + Co = Wolnl(g) + > Ci + Cr = Wolnl( +Zc (3.9)

=1
O

3.3. Proof of Theorem C. Suppose that rk(g) > 2. Let n be a next-to-minimal
automorphic function. Let a be a simple root and let ¢ € g*,.

Lemma 3.3.1. Let v # a be a positive root, and let ¢ € gfﬁ/. Let O denote the orbit
of v+ ¢'. Then O is minimal if {«,) > 0, O is next-to-minimal if {a,v) = 0 and O is
neither minimal nor next-to-minimal if (o, y) < 0.
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Proof. By Lemma 2.1.3 we can assume that [g, g] is simple. Let b’ C h be the simultaneous
kernel of a and v, and let [ be its centralizer in g. Then b’ has codimension at most 2 in
b, hence [ is a Levi subalgebra of semisimple rank < 2 whose roots include o and . Note
that O N[is a principal nilpotent orbit in [. By a straightforward rank 2 calculation we see
that [ has type A; if (o, ) > 0, type A; x Ay if (o,7) = 0 and type Ag if {(«,7) < 0. The
lemma follows now from Lemma 2.1.1. O

Notation 3.3.2. Denote by A, the set of simple roots orthogonal to a. Define S € § to
be 0 on any simple root € € A,, and 2 on other simple roots.

Proposition 3.3.3. We have Fg, [n] = Fsyln] for any ¢ € g*,.

Proof. Note that S, dominates S, and that g7* = g7 = gi"lﬂgil = {0}. Thus the statement
follows from Theorem 2.2.6. O

Let G' C G be the Levi subgroup given by A,.

Proposition 3.3.4. The restriction Fgy[nller is a minimal or a trivial automorphic
function on G'.

For the proof we will need the following geometric lemma.

Lemma 3.3.5. Let ¢’ € g™ be nilpotent such that @' +1) belongs to a next-to-minimal orbit
in g*. Then ¢’ belongs to the minimal orbit of g'*.

Proof. Clearly ¢’ # 0. If the orbit of ¢’ is not minimal then it belongs to the Slodowy slice
of some element v’ of the minimal orbit of (g')*. Then ¢’ + v’ belongs to a next-to-minimal
orbit of g*, and ¢’ + 1 belongs to the Slodowy slice of ¢’ + 1" and thus lies in an orbit that
is higher than next-to-minimal. O

Proof of Proposition 3.58.4. Let Z := S — S,. Note that Z vanishes on simple roots in A,
and on « and is 2 on other simple roots. Suppose that there exists a Whittaker pair (H, ")
with 9" # 0 such that Fp 4 [Fs.[n]] # 0. Then, for T big enough, we have

Frp [Fswll = Fserzrmp+w -
By Proposition 2.2.4 and Lemma 3.3.5, 9 lies in the minimal orbit of g"*. O

Lemma 3.3.6 (See §3.4 below). For any next-to-minimal element ¢ € (g*)%%, there exist
Y0 € Lo NT" and a positive root B orthogonal to o s.t. Ad*(v0)p € 8%, +9°5 Cg-, D g’ 4.

Remark 3.3.7. The above lemma only establishes that any next-to-minimal ¢ can be
mapped to two orthogonal root spaces by L, NI'. However, the action of L, NI is often
even transitive on (g*)foé, giving a single orbit. One can show that this happens in all cases
except for:

e A3 and node as.

e D, and nodes a1, as, a4 (all related by triality).

e D, and when the two orthogonal roots («, ) are Weyl conjugate under D,, to
(n_1, ap), see Corollary 3.0.3, corresponding to the orbit 31273, This happens for
n > 4 always for node «ay as well as for nodes «; with 2 <i <n — 2 if ¢ belongs to
that orbit.
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For instance, for A3 and node as one has that next-to-minimal are ¢ € g*, + gfaa. The
torus element for node 4 scales elements in g* . by rational squares (i = 1,3) while keeping
the other space unchanged. The torus element for node 2 scales both spaces by rational
elements in the same way and so one cannot use the torus action in Ly, NI" to arrive at a
unique representative. The other cases can be seen to reduce to the same phenomenon.

For A,, with n > 4 and all exceptional cases there is a unique rational representative for
next-to-minimal nilpotents in (g*)°%.

Proof of Theorem C. Part (iv) follows from Proposition 2.2.4, since 7 is a next-to-minimal
function.

For part (iii), by Lemma 3.3.6 we may assume ¢ € g~ + gfﬁ for some positive roots /3
orthogonal to a. By Corollary 3.0.4, one can conjugate the pair of roots («, ) to a pair of
orthogonal simple roots (¢/, ), using the Weyl group. Let a be the joint kernel of o/ and
o in b, and let z € a be a generic rational semi-simple element. Let S := o/ + o'V + Tz
for T > 0 € Q, where /¥ and oV are the dual co-roots. Since no linear combination of
o’V and "V lies in a, St is a generic element of a and thus for T big enough, giTQ is a Borel
subalgebra of g that contains . Thus it is conjugate under the Weyl group to our fixed
Borel subalgebra. The statement follows now from Theorem 2.2.6. We note that different
choices for z may give V of different dimensions.

For part (ii), Proposition 3.3.3 implies Fs, 4[n] = Fs.4[n]. By Proposition 3.3.4, i’ :=
Fs,pnl|cr is a minimal or a trivial automorphic function on G’. The statement follows now
from Theorem B applied to 1’ together with the fact that its Whittaker coefficients, obtained
by integration over the maximal unipotent subgroup N’ = NN G’, are, in fact, equal to the
Whittaker coefficients W,,44[n] due to the extra integral present in the definition of 7.

Part (i) is proven very similarly to Theorem A(i).

0

3.4. Proof of Lemma 3.3.6. Let a be a simple root. We assume that g is simple.

Note that in simply-laced root systems orthogonal roots are strongly orthogonal, and
thus the sum of two roots is a root if and only if they have scalar product —1. Also, for any
two non-proportional roots, the scalar product is in {—1,0,1}. For any root £ we denote
by €V the coroot given by the scalar product with e.

Notation 3.4.1. Denote z := a” — S, and u, := ([o)%, and U, := Exp(u,) C Lo, NT.
Note that u, = (I,)¢" and g*,, C (g%)3.

Lemma 3.4.2. Let ¢ € g~ and ¢ € (g*)‘i"2 N (g*)* C (g*);. Then there exists v € U,
such that Ad*(v)p = ¢ + 1.

Proof. Case 1. ¢ € g*_ for some €:
By the assumption that ¢ € (g*)‘ﬁvl and Lemma 3.3.1, ¢ + % is conjugate to ¢ over
C. By Lemma 2.2.8, there exists v € U, such that Ad*(v)e = ¢ + 1.

Case 2. General:
We can assume v # 0. Let H € h be a generic element that has distinct negative
integer values on all positive roots. Note that u, C gI>{0 and ¢ € (9*)I>{0' Decompose
Y =50 Wi, where 9; € (g*)ZH . We prove the lemma by descending induction on
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the minimal j for which 1; # 0. The base of the induction is j that equals the
maximal eigenvalue of ad*(H). In this case 1) = 1); and we are in Case 1. For the
induction step, let j be minimal with v¢; # 0. By Case 1, there exists v1 € U, with
Ad*(v1)p = ¢ — ;. Then Ad"(v1)(p +¥) = @+ >, ; ¥i, for some ¢ € (g")H. By
the induction hypothesis, there exists vo € U, such that Ad*(ve)p = Ad*(v1)(e+1).
Take v := Ul_lvg.

g

Proof of Lemma 3.3.6. Let ¢ € (g*)f‘é be next-to-minimal. Decompose ¢ = > _¢., where
ve € g*,.. Let F:={e|¢: # 0}. By Lemma 3.1.2, we can assume « € F. Using Lemma
3.4.2, we can assume that for any other ¢ € F' we have (a,e) <0, i.e. F C {a}UV¥,, where
U, is as in (3.3), namely

U, ={root e|(g,a) <0,e(S,) =2}. (3.10)
Assume first that there exists 8 € F with (o, 8) =0, and let Z := a¥ + 8 — S,. Then
a(Z)=p(Z) =0, and (Z) < 0 for any € € F'\ {«, 8}. (3.11)

Indeed,
e(Z) =(o,e) +(B,e) —2<04+1—-2=—1.

By (3.11), we see that ¢, + ¢g lies in the closure of the complex orbit O of ¢. Now, by
Lemma 3.3.1, ¢ + @3 is next-to-minimal, and thus lies in O. Thus, Lemma 2.2.8 and (3.11)
imply that ¢ is conjugate to ¢ + ¢g under L, NT".

Let us now show that 5 € F with (a,3) = 0 indeed exists. Assume the contrary, i.e.
(a,e) = —1 for all e € F. Note that F is not empty, since ¢ is not minimal. Pick any w € F’
and let Z' := o¥ +w" — S,/2. Then

a(Z')y=w(Z") =0, and e(Z") < 0 for any € € F \ {o,w}. (3.12)

Indeed,
e(Z)={a,e) + (w,e) —1<-14+1—-1=-1.

By (3.11), we see that ¢, + ¢ lies in the closure of the complex orbit O of ¢, and thus is
minimal or next-to-minimal. This contradicts Lemma 3.3.1 since (o, w) < 0.

Thus there exists § € F with («,5) = 0, and as we showed above ¢ is conjugate to
Yo + g under L, N T ([l

4. PROOF OF THEOREMS D, E, F AND G

Let o be a nice root. Denote by R the set of minimal elements in (g*)‘i % and by X the

set of next-to-minimal elements in (g*)‘i 3. Let amax be the highest root of the component
of g that includes a. Recall that §, denotes amax if « is an abelian root, and denotes
Qmax — @ — (3, where 5 is the only simple root non-orthogonal to «, if « is a nice Heisenberg
root. Denote § := §,. See §4.3 below for more details on this § in the Heisenberg case.
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We will use the following geometric propositions, that we will prove in §4.3 below.

Proposition 4.0.1. (i) If « is abelian and (o, max) > 0 then X is empty.
(i) If (v, omax) = 0 or if a is a nice Heisenberg root then X = (Lo NT) (g2, +9%5)-

Note that this implies that at most one next-to-minimal orbit can intersect X.

For the next proposition we assume that either (o, amax) = 0 or « is a nice Heisenberg
root. Recall that in these cases R, denotes the parabolic subgroup of L, with Lie algebra
([a)5<0, and let RQ, = Ry N Q.. Denote further by St the stabilizer in L, NI of the plane
g%, D g, as an element of the Grassmanian of planes in g*.

Proposition 4.0.2. RQ,NT is a subgroup of St, of index two.

4.1. Proof of Theorem D. Let  be a next-to-minimal automorphic function on G.
Suppose first that « is an abelian root, i.e. the nilradical U, of the maximal parabolic
P, is abelian. Using Fourier transform on U, we obtain

1(9) = Foaoll(9) + D Fsuoll(g) + > Fsuolnl(g)- (4.1)

pER peX

By Corollary 3.1.3, R = (L, NT")(g*,). By Lemma 3.2.1, Q, is the stabilizer in L, of
the line g* , (as a point in the projective space of g*). Thus

D Fsapll@) =D D Fsuwlil(r9), (4.2)

SDER ’YEFQ SDOEQ,Q

where I, denotes the quotient of L, NT" by Qo NT. If {0, tmax) > 0 then by Proposition
4.0.1, X is empty. This implies part (i) of Theorem D. Let us now assume (o, Qpax) = 0
and prove part (ii) of Theorem D. By Proposition 4.0.1, X = (Lo, NT)(g%, + 875). Recall
that we denote by A, the quotient of L,NI" by RQ, NT. By Proposition 4.0.2 we have

S Foell) =5 3 Y Y Fuprulilig). (4.3)
peX €M pegX  wegX,

From (4.1), (4.2) and (4.3), we obtain

n(g) = Fsaoln+ > Y fsmso[n](’yg)% oY D Fouprolil(rg)= A, (44)

V€ a peg* | €ha pegX | pegX,

as required.

Suppose now that « is a nice Heisenberg root. Let 7, be a representative of the Weyl
group element Sq,Sq,,..S«, Where s, and s,,,,. denote the corresponding reflections. Since
(00, tmax) = 1, 7o conjugates « to auax. Thus, by Proposition 2.2.7,

Yo Fsaella)+ D0 > > Fsuprellwrag) .  (45)

pe(e)°% peg”,, wela Ye@.cy, 7.
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We call the first sum the abelian term, and the second sum the non-abelian term. In the
same way as above we obtain

> Fsuplille) = A (4.6)
pe(e")s

To determine the non-abelian term we will need a further geometric statement. Recall
that M, C L, denotes the Levi subgroup generated by the roots orthogonal to a. Note
that M, is the standard Levi subgroup of the parabolic @, of L.

Lemma 4.1.1. The group M, N R, NT is the stabilizer in M NI of the line g* 5, and of
the plane g* , @ g~ 5.

Proof. The first assertion follows from Lemma 3.2.1 applied to the root §. The second one

follows from Proposition 4.0.2, since M, N R,, is a parabolic subgroup of M. O
Denote by X the set of next-to-minimal elements in g*_, + @sexlfa gr..

Proposition 4.1.2 (See §4.3 below). X = (M, NT)(g*, +9%;).

Recall that M, denotes the quotient of M, NI by M, N R, NI'. By Theorem C(iv),
Proposition 4.1.2, Lemma 4.1.1 and Corollary 3.1.3(ii) we have, for any w € Q,,

> > Foaprvlnl(wsg) =

WEQEQ we@se\l'a gis

Y Fsaellwsg)+ Y > D Foprull(Yeorag) . (47)

peg”, VEMa peg” | peg;

From (4.5), (4.6) and (4.7), we obtain

ng) =A+> | Y Foawhlwrng)+ Y. D > Fsuprell(Ywrag) |, (48)

wela \ peg” V'EMa peg® | peg”;

as required. O

4.2. Proof of Theorems E, F and G.

Proof of Theorem E. We proceed by induction on the rank of g. The base case is rank one,
that has no next-to-minimal forms, and the statement vacuously holds. For the induction
step, let ) be a next-to-minimal automorphic function. Let I = {3, ..., 3,} be a convenient
quasi-abelian enumeration of the roots of g. Denote a := (,. Theorem C provides the
expressions for all the terms in the right-hand side of the expressions in Theorem D, except
the constant term. By Theorem C(i), the restriction of the constant term Fg, o[n](g) to
the Levi subgroup L, is next-to-minimal or minimal or trivial. Thus, we can obtain the
expressions for the constant term by Theorem B and the induction hypothesis. Applying
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Theorem C(ii) to Fg, , for any ¢ € g*,, we get, in the notation of Theorem C, vy = 1,
Y = o, C;/’[n] = A}-D[n] forall1 <j<n-—1, and

Fsaselnl(19) = Welil(vg) + 3 Al (v9) (4.9)

Thus

DD Foupll(19) = An+ ) Anj. (4.10)

“/Grn @Egi(x ]J_TL

Further, for any ¢ € g% and ¢ € gfamax, Theorem C(iii) provides an expression for
Fpty[n]. This expression implies

ST Y Forulnlvg) = Ann. (4.11)

V€A peg  pegX,

Assume first that « := f,, is an abelian root. Then, using Theorem D, (4.10), (4.11) and
the induction hypothesis, we obtain

n=Fsuoln] + An+ Y Anj + Apn = Woln +ZA+AM+ Yo oAy, (412)
Jjin 7<i,jli

as required.
Suppose now that « is a nice Heisenberg root. Then we need to add the expressions for
the non-abelian term in (4.8). These are also provided by Theorem C. Namely,

Y. D Fsewll@ng) =Bu+ ) Buj, (4.13)

w€ey @egfa jln

DD D D Fsuprell(Vwimg) = Bun. (4.14)

wep v eEMa ‘PEQEQ w€gi6a
The theorem follows now from Theorem D, and (4.10)—(4.14). O

Theorem F follows in a similar way, but without using the induction, and omitting some
terms that vanish.

Proof of Theorem G. Suppose the contrary. Embed 7 into the cuspidal spectrum and let
n # 0 € m. By Lemma, 2.0.7, n is either minimal or next-to-minimal. If g has a component
of type Eg we let G’ C G be the subgroup corresponding to this component. Otherwise
we let G’ :== G. Let 1 be the restriction of  to G’. Note that 7’ is still minimal or next-
to-minimal, and that it is cuspidal in the sense that the constant term of " with respect
to the unipotent radical of any proper parabolic subgroup of G’ vanishes. Thus, for any
two simple roots e1,e2 and any ¢ € gf @ gi,, the Whittaker coefficient W,[1/] vanishes
identically. Since all the terms in the right-hand sides of Theorems B and E is obtained
from such Whittaker coefficients by summation, integration, and shift of the argument, we
obtain from those theorems that 7’ vanishes identically. This implies (1) = 0. Replacing
7 in the argument above by its right shifts, we obtain m = 0, reaching a contradiction. [
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4.3. Proof of geometric propositions. In this subsection we assume that g is simple,
since for Propositions 4.0.1, 4.0.2, and 4.1.2 it is enough to consider this case.

4.3.1. Proof of Proposition 4.0.2.
Lemma 4.3.1. There exists w in the Weyl group of Ls such that w? =1 and w(a) = 4.

Proof. We can assume that g is simple. If « is abelian, we take w to be wq, where wq is the
longest element in the Weyl group of L. Since « is the lowest weight of the first internal
Chevalley L,-module n,, and d, = aumax is its highest weight, wg(a) = dq.-

If o is Heisenberg, we take w to be sgwg, where 3 is the only root attached to a. In
this case, the highest weight of n, is amax — o, while the lowest weight is still «. Thus,
wo () = max — . Since « is a Heisenberg root, § is orthogonal to amax. Thus, sg(amax —
Q) = Omax — & — (Omax — &, B) = Qmax — @ — 8 = d4. To prove that w is an involution, we
will show that wo(8) = —1. To see this, we apply the well known fact that —wy is a graph
automorphism of the Dynkin diagram. For g of type Eg, we have o = ag, L, is of type
FE7, and the Dynkin diagram has no automorphisms. For g of type E7, we have o = «y, Lg,
is of type Dg, and wyg is known to be —1. In the remaining case of g of type Fg, we have
a = gy, B = a4, Ly is of type As, and —wq induces the non-trivial graph automorphism,
which however fixes 3.

O

Proof of Proposition 4.0.2. We first note that St preserves the union of coordinate axis in
g*, ® g*;, since this union is also the union of {0} with the set of minimal elements in
9", @ g’ s. Since the action of St, on g* , @ g* 5 is linear, any g € St, either preserves the
line g* , or sends all its elements to elements of g* ;. Thus, by Lemma 4.3.1, exactly one
of the elements {g, wog} preserves both lines g* , and g* ;. By Lemma 3.2.1, Q, NI is the
stabilizer of the line g* ,. By the same lemma applied to §, R, NI is the stabilizer of the
line g* 5. Thus, RQ, NI is the joint stabilizer of both lines, and has index two in St,. [

4.3.2. Preparation lemma. Assume g is not of type A,, and let « be a quasi-abelian root. If
g is of type D,, we assume further that « is an abelian root. By Table 1, these assumptions
imply that o corresponds to an extreme node in the Dynkin diagram, i.e. there exists a
unique simple root 8 not orthogonal to . Thus M, = L, N Lg. Denote

O, :={roote| (e,a) =0, e(Sy) = 2}. (4.15)
Lemma 4.3.2. The Weyl group of M, acts transitively on ®,.

Proof. Note that for any root ¢, (ov,e) = €(S4) — €(58)/2. Thus ¢ € ®, if and only if

£(Ss) = 4. In other words, @, is the set of roots of the Lg-module gfﬁ, described in [MS12,
§5] where it is called the second internal Chevalley module. The second Chevalley module
for the node S is given by all roots of g with coefficient 2 along 8. This can never happen
for g of type A, so the second Chevalley module is trivial. For types D and F, and « an
extreme node of the Dynkin diagram, not necessarily nice, the second Chevalley module
for the adjacent Lg is irreducible [MS12]. This irreducible representation can be found
uniformly by finding the lowest root 6 of g with coefficient 2 along 8. This root 6 is equal
to the highest root of the smallest D-type diagram that can be embedded in the diagram
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of g such that (8 is the second node (in Bourbaki enumeration) of that D-type diagram.
With this characterization 6 is zero on torus elements v for all simple roots different from
B and the set of nodes I directly attaching to the embedded D-type diagram. The root 6
is —1 on the generators o) (i € I'), thus making the restriction of 6 a lowest weight of Mg.
In particular, 6 is trivial on oV and by inspection one finds the following modules 7 of M,
when « is nice.

Case D,, @ = aq, 3 = ag, I = ), m=1-dimensional representation of M, = D,,_».

Case Dy, o = ayp—1 (or @ = ), B = a2, I = {n — 4}, m=exterior square of the standard
representation of M, = A,,_3.

Case Eg, @« = ag, B = ay, I = {1,6}, m=tensor product of the vector representation with
the contragredient vector representation of M, = Ay X As.

Case Eg, a = aj(ag), B = as(as), I = {6} ({1}), m=the standard representation of
My, = Ay (Mo = As).

Case Fr7, a = oy, = as, I = {6}, m=the exterior square of M, = As.

Case Fr7, a = a7, f = ag, I = {1}, m=standard representation of M, = Ds.

Case Fs: a = ag, f = a7, I = {1}, 7=27-dimensional representation of M, = Eg.

All the modules listed are minuscule by [Bou75, §VIII.3]. O

4.3.3. Proof of Proposition 4.0.1. Let a be a nice root, i.e. an abelian root for any g, or a

Heisenberg root in types Eg, E7, Es. Let X denote the set of next-to-minimal elements in
Sa

(97)7s.

Lemma 4.3.3. Assume g is of type A,, and o = «ay in the Bourbaki enumeration with

k ¢ {1,n}. Then the stabilizer of « in the Weyl group of L, acts transitively on ®,,.

Proof. In the € notation we have o = €, — €541, and ®,, consists of all the roots ¢; —; with
i < k <k+1<j. The stabilizer of a in the Weyl group of L, permutes all i < k and all
j >k + 1 independently. O

Proof of Proposition 4.0.1. (i) If « is abelian and (&, amax) > 0, then g is of type A, and
o is either ay or ay, in the Bourbaki enumeration. In both cases, (g*)> 3\ {0} is given by
trace pairing with rank one matrices, and thus has only minimal orbit and X = ().

(ii) We have § € @, and Lemma 3.3.1 implies that X is non-empty. Further, by Lemma
3.3.6, any ¢ € X can be conjugated by L, NT into g +g~, for some w € ®,. By Lemmas
4.3.2 and 4.3.3, we can assume w = 9. O

4.3.4. Proof of Proposition 4.1.2. By the assumption of the proposition, « is a nice
Heisenberg root. In other words, « is a Heisenberg root, and g is of type E,, for n € {6,7,8}.
Recall that

U, ={root e (g,a) <0,6(54) = 2}. (4.16)
and that X denotes the set of next-to-minimal elements in g, +@, ¢y, 87 .- Let amax denote

the maximal root of g. Since « is a Heisenberg root, (o, amax) = 1 and thus 7 := apax — @
is a root.

Lemma 4.3.4. (i) ¥, = &, U {v}.
(ii) For any ¢ € ¥, € — « is not a root.
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Proof. (i) For any € € ¥, \ ®,, a+¢ is a root and (a+¢)(S,) = 4. Since « is a Heisenberg
root, this implies a + € = aax.
(ii) (e, —a) > 0 by definition of ¥, O

As in §4.3.2, let 8 be the unique simple root not orthogonal to a. Note that (f3,7) =
—(B,a) =1 and thus 6 := v — [ is a root.

Lemma 4.3.5. Let A be a root with \(S,) =0. Then

(1) (A a) - (A B) <0.
(11) If (\,a) #0 and 6 + X € U, then X\ = .

Proof. (i) Suppose the contrary. Then, A ¢ {4+«,+5}. Also, replacing A by —\ if needed,
we may assume that (A, ) = (A, 5) = —1. Thus A + 3 is a root and (o, A + 3) = —2. Thus
A+ 8 = —a. This contradicts (A + 8)(Sy) = 0.

(ii) Since 6 + X € Uy, (o, 0 + A) < 0. But (o, ) = 0 and (o, \) # 0, thus (a,d + A) < 0 and
thus 6 + A € ¥, \ ®,. By Lemma 4.3.4(i), this implies 6 + A = v and thus A = 3. O

Recall that X denotes the set of next-to-minimal elements in g, +@_cy_ 8°.. As before,
for any root ¢ let ¥ denote the coroot given by the scalar product with . Note that M,NT
preserves X, since U, is the set of roots on which S, — " is at least 2 and S, is 2, and M,
is the joint centralizer of o and S,. For the rest of this section let

Z:=p"+2718,. (4.17)
Note that a(Z) = §(Z) = 0.

Lemma 4.3.6. (i) Lete # § € U,. Then e(Z) € {1,2}.
(i) The mazximal eigenvalue of Z on g is 2.

Proof. (i) Suppose the contrary. Since e(S,) = 2 and € # £f, this implies (8,¢) = —1,
and thus € 4+ 3 is a root. Then («o,e + ) < 0, and by Lemma 4.3.4(i) ¢ + 8 = . Thus
€ =~ — [ =9, contradicting the assumption.

(i) We have to show that for any root g, u(Z) < 2. If g = amax then p(2715,) = 2
and pu(BY) = 0. If u = B then u(27'S,) = 0 and u(BY) = 2. For any other p,
max(u(27"Sa), p(8Y)) < L. O

We are now ready to prove Proposition 4.1.2. Let x € X and decompose it to a sum
of root covectors = = xo + Y .oy, Te With z. € g*_. Let I := {e € ¥, |z # 0}. By
Lemma 3.3.1 F intersects ®, and thus, by Lemma 3.1.2, we can assume d € F. Decompose
T =x9+x1+x2 With z; € (g*)ZZ We have z¢g = x4 +x5. Applying Lemma 2.2.8 to S := S,
and Z, we obtain that there exists a nilpotent X € (I,)%, with

ad®(X)(xo) = x1 + 22 (4.18)

Decompose X to a sum of root vectors X = >\ Xx, X\ # 0 € g_), where ¥ is some
set of roots. Choose some X € (I,)%, satisfying (4.18) such that the cardinality of ¥ is
minimal possible.

Lemma 4.3.7. X € m := Lie(M,).
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Proof. Since X € (I)%, we have (3,A) > 0 for any A € ¥. Suppose by way of contradiction
X ¢ m. Then (a,\) # 0 for some A € ¥. Fix such \. Then Lemma 4.3.5(i) implies
(a, A) < 0 and thus (a, A) = —1 and thus A 4+ « is a root and [X),z,] # 0. By Lemma
4.3.4(ii), a + A ¢ ¥,, and thus this term has to be canceled by [X,, z;] for some pu € V.
Thus g = o+ A — ¢ is a root and thus (o + A, d) = 1. But this contradicts

(a+ X0 =N =Nanx—a—08)=0+1—-(\p5)<0.
O

Thus X € m%Z,. But mZ;, = mZ?. Thus ad*(X)(z¢) € (g*)? and thus 22 = 0 and
ad*(X)xg = z1. Let

y = BExp(—X)z — zo = —ad*(X)(x1) 4+ 1/2(ad*(X))?(z0). (4.19)
The right-hand side of (4.19) has only these two terms because X € g7, z € ggo, and

g = gZ,. Since ad*(X) raises the Z-eigenvalues by 1, we get that y € (g*). Note that all the
roots of y still lie in U, \ {0}, since X € m. Thus zg+y € X. By the same argument as above,
there exists Y € m# such that ad*(Y)(z¢) = y. However, ad*(Y)(xg) € (g*)? and thus
y = 0. Thus Exp(—X)z = z9 = x4 + x5, i.e. we can conjugate z using Exp(—X) € M, NT
into g*,, + ™. This proves Proposition 4.1.2. O

Remark 4.3.8. The assumption that G, is not of type D,, is necessary, since in type D,
the Heisenberg root is oy and the set ®,, C V¥,, intersects both complex next-to-minimal
orbits. Indeed, let X := a1 +as+ a3 and p := as +2 2?2—32 o+ op_1+ay,. Then g%, +9*,
belongs to the orbit given by the partition 241"~ and g*, + gf“ belongs to the orbit
given by the partition 31"~3. To see this note that in the ¢ notation we have a = g9 — €3,
A=¢1 —¢e4and p =9 + €3.

5. DETAILED EXAMPLES

In this section we will illustrate how to use the framework introduced above to compute
certain Fourier coefficients in detail, many of which are of particular interest in string theory.
In particular, we will in §5.1 show examples for D5 with detailed steps and deformations
that reproduce the results of Theorems A, B and C, while in the following sections we will
illustrate how to apply these theorems in different examples.

As in previous sections we will here often identify ¢ € g* with its Killing form dual
fo € g. Since we have also seen that it is convenient to specify a Cartan element S € h by
how the simple roots a; act on S we will make use of the fundamental coweights wjv €h
satisfying a;(w)') = di;.

5.1. Examples for Ds. In the following examples we will consider G = Sping 5(A) with
I' = Sping 5(K). We use the conventional Bourbaki labelling of the roots shown in Figure 2.
The complex nilpotent orbits for Dy are labeled by certain integer partitions of 10 with
a partial ordering illustrated in the Hasse diagram of Figure 3 where Oji0 is the trivial
orbit and 216 the minimal orbit. Note that this ordering is based on the closure on
complex orbits and not on the partial ordering that we introduced in [GGK™]. There is no
unique next-to-minimal orbit and both Q412 and O3;7 can occur as Whittaker supports of
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automorphic forms arising in string theory. These two complex orbits are usually denoted
(2A1)" and (2A4;)” in Bala—Carter notation [CM93] with 24; indicating two orthogonal
simple roots and the primes distinguish the two possible pairs (up to Weyl conjugation, see
Lemma 3.0.4).

We will focus on examples of importance in string theory. In particular we consider
expansions in the string perturbation limit associated to the maximal parabolic subgroup
P,, and the decompactification limit associated to F,, discussed in section 1.9. The
Fourier coefficients computed in (5.3) and (5.8) below have previously been computed for
particular Eisenstein series in [GMV15] equations (4.84) and (4.88) respectively; although
with very different methods using theta lifts. While the Fourier coefficient (5.3) for a
minimal automorphic form is readily checked to be of the same form as [GMV15, (4.84)],
the comparison between Fourier coefficient (5.8) for a next-to-minimal automorphic form
and [GMV15, (4.88)] is a bit more intricate and will be discussed further in Remark 5.1.1
below.

FiGURE 2. Root labels used FicUrRE 3. Hasse diagram of

for Ds. nilpotent orbits for D5 with
respect to the closure ordering
on complex orbits. There are
two non-special orbits given by
32213 and 52%1.
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5.1.1. Minimal representation. We will start with considering a minimal automorphic
function 7y, on G = Sping 5(A). Such a minimal automorphic form can for instance be
obtained as a residue of a maximal parabolic Eisenstein series [GRS97, GMV15, FGKP18].
We will compute the Fourier coefficients of 7y, with respect to the unipotent radical of the
maximal parabolic subgroup F,, associated to the root a;, which is the string perturbation
limit discussed in §1.9 and the corresponding Levi subgroup L,, has semisimple part of
type Dy.

We may describe such Fourier coefficients by Whittaker pairs (S, ¢) where S,, = 2wy
and ¢ € (g*)iél Indeed, the associated Fourier coefficient Fg,  is then the expected
period integral over Ng, ., = Uy, the unipotent radical of F,,, where we recall that

Ns,, o is given by (2.5).

Fsu. olimin] () = / inin (19)p (1)1 du. (5.1)
(Uay "T)\Uay

As in previous sections we will use the shorthand notation [U] = (UNT)\U for the compact
quotient of a unipotent subgroup U.

Since 7Mpin is minimal, Theorem A(iii) gives that fSal,cp[Tlmin] is non-vanishing only if
@ € Omin = Og216 or = 0. We will now consider the former. The latter can be computed
using Theorem B with G of type Dy or the results from [MW95] for Eisenstein series.

By Corollary 3.1.3(i), ¢ € Omin can be conjugated to ¢’ = Ad*(y0)p € g*,,, by an element
Y0 € Lo, NI'. This conjugation leaves the integration domain invariant, or, equivalently, we
may use Lemma 2.2.1 to obtain

fsal,w[nmin] (g) = ]:Sal,cp’ [nmin] (’709) . (5'2)

The unipotent radical U,, is a subgroup of the unipotent radical N of our fixed Borel
subgroup, and we may make further Fourier expansions along the complement of U,, in
N. Of these Fourier coefficients, only the constant term survives since such non-trivial
characters, combined with ¢’ are in a larger orbit than O,;, and therefore do not contribute
according to Corollary 2.2.5. By repeating these arguments, or equivalently use Lemma 3.1.1
based on a special case of Theorem 2.2.6 (where V' is trivial), we obtain that

]:Sal 7%0[77min] (g) = ng’ [nmin] (Wog) = / nmin(n’mg)‘p,(n)_l dn ? (53)
(NND)\N

confirming Theorem A(ii) for this case.

5.1.2. Next-to-minimal representations. Let num be a next-to-minimal automorphic form
on G = Sping 5(A). Since there are two next-to-minimal orbits for D5 there are two cases
to consider. We begin with automorphic forms associated with the next-to-minimal orbit
WS (Mntm) = {Os;7} that has dimension 16, also known as (24;)" in Bala-Carter notation.
Let also P,, = Lo, U,, be the maximal parabolic subgroup of G with respect to the simple
root aj such that the Levi subgroup L., has semisimple part of type D,. Automorphic
forms with the above Whittaker support can for example be obtained as generic elements of
the degenerate principal series of maximal parabolic Eisenstein series associated with P, .
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We will now compute the Fourier coefficients of ny¢y, with respect to U,, using Theorem C.

These are described by Whittaker pairs (S, ) where Sy, = 2wy and ¢ € (g*)foél The
case ¢ = 0 can be treated using Theorem D with G of type Dy. According to Theorem C or
Corollary 2.2.5, we are thus left with ¢ being minimal or next-to-minimal where the latter
in this case only gives non-vanishing Fourier coefficients for ¢ € Q317 and not Ogaq2.

A minimal element @ = Ymin € Omin = Og216 can be conjugated to some standard
form ¢ = Ad*(Ymin)Pmin € gfal where Ypyin € Lo, N T using Corollary 3.1.3(i). From
Lemma 2.2.1 we then have that

‘FsalySDmin [1ntm](9) = fsal,w [Mntm ] (Yming) - (5.4)
Let 1) = (B, B, B3) := (a5, a4, a3) and L; be the Levi subgroup of G obtained from
a subsequence of simple roots (f1,...,[;) of I (Lo1) | Each semisimple part of L; has simple

components of type A for which all simple roots are abelian according to Table 1, and thus
I-1) i an abelian enumeration. Using Therorem C(ii) we obtain

3
-FSal,gomin [nntm](g) = WTZJ [nntm](’}/ming) + Z CZZJ [nntm](’}’ming) (55)
=1
where
CY [ntrn] (Vming) = AY [Moten) (iming) = D Y Wapsr [1atm] (Y min) - (5.6)

veli—1 @fegfﬁi

As explained in Section 1.4, I';_; is defined as follows. Let (Q;_1 denote the parabolic
subgroup of L;_; given by the restriction of 8 to L;—1. Then Q;_; is the stabilizer in L;_;
of the root space g* 5 of L;. Then I';_; = (Li—1NT)/(Q;—1NT) with Ty = {1}. Concretely,
we may take the representatives

I'o=1I1= {1} I'y = {1}Uw4 Exp(g_a4)Uw5 Exp(g_as)Uw4w5 Exp(g_a4@g_a5) (57)

where w; is a representative in I' of the simple reflection corresponding to the simple root
a;. The last equality in (5.7) is the Bruhat decomposition of I'y and is isomorphic to
PYHK) x P}(K).

Let us now consider next-to-minimal characters ¢ = @pm € (g*)”ian instead. By
Proposition 4.0.1, L, NI acts transitively on these next-to-minimal characters, and from
Lemma 3.3.1 we have that elements of g*, +g”, C (g*)f‘gl are next-to-minimal. In
fact, ouim € Og17 since g*, +9”,, . can be Weyl reflected to g*,, +g”*,, which are known
to be in O3;7. Indeed, by Corollary 3.0.2 there is a Weyl word w that moves the roots oy
and amax to two orthogonal simple roots, and from the proof of the Corollary we have that
these roots have to be a4 and as.

Lemma 2.2.1 together with Theorem C(iii) for any of these choices give

FSay spnom Mtm] (9) = Fso . Ad* (yutm)onem [Motm ]| (Yntm g)

= / WAd* (w'Yntm)SDntm [T,Iltm:l ('Uwfyntmg) dv
\%4

with V' = Exp(v)(A) where v = g_n; ® §—as—03 D —a1—as—as-
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Remark 5.1.1. We may now revisit the comparison between (5.8) and the Fourier
coefficient [GMV15, (4.88)] for a particular Eisenstein series. The latter is expressed in
of double divisor sums and a single Bessel function. Specifying to the same Eisenstein
series in (5.8), the Whittaker coefficient on the right-hand side resolves to a product of
two (single) divisor sums and two Bessel functions (see for example [FGKP18]). We expect
that the non-compact adelic integral in (5.8) will allow us to relate the two expressions,
something that will require further investigation.

Lastly, we will consider the other other next-to-minimal orbit 0542 of dimension 20 and
Bala-Carter label (247)”. That is, consider nu, such that WS(nutm) = {Oga12}. Such
an automorphic form can, for example, be obtained as generic elements of the degenerate
principal series of maximal parabolic Eisenstein series associated with P,, or P,,. We
showed above that all the next-to-minimal elements in (g*)iél are in O3y7 and thus the
corresponding next-to-minimal Fourier coefficients .F,S’apgp[nntm] would vanish.

Therefore, we will here consider another parabolic subgroup F,, = La;U,; associated
with the root a5 such that L, has semi-simple part of type A4. Let o, = 2wy and @pim a

.. . Sas .. .- .
next-to-minimal element in (g*)_%°. Similar to above, Lo, NI acts transitively on this space

by Proposition 4.0.1, and from Lemma 3.3.1 we have that elements of g*, + g, = C
(g*)f‘gf’ are next-to-minimal. Let therefore ypm € Lo, N T such that Ad*(Yntm)@ntm €
giai + giaj :

Furthermore, by Corollary 3.0.4 there exists a Weyl word w;;, and simple roots a; and «;
such that Ad*(wijYutm)$Pntm € 874, + gfaj with the possible choices listed in (5.10) below,
up to interchanging the two roots. For any (and therefore all) such choices of simple roots
a; and oy it is known that g*,, + g%, C Oy2 and thus pupum € Ogape.

For any of the choices, Lemma 2.2.1 together with Theorem C(iii) gives

‘Fsa57§0ntm [nntm] (g) = ‘FSa5 JAd* ('Yntm)SDntm [nntm] (Vntmg)
= /WAd*(wiﬂnnn)s@mm [nntm](vwijVntmg) dv (5.9)
Vij
where V;; = Exp(v;;)(A) and v;; = vj; can be read from the following table using the

: 5
notation ummomsmams = 2 ;1 MiC%-

a; Oy bi; = 0y

ap a3 9—ao0010 P F—api000 P I—api110 D F—ao1111

a1 0y 9—ao1000 D F—ao1100 D F—ap1101 (5.10)
ap Qs 9—ao0100 P F—agor10 D I—aoi100 D F—ao1110 D F—apion1

Qo Q4 9—ago100 P F—agoio1

Qg Qs 9—ag0100 P F—a10000 P I—ano110 P F—a11100 D F—ar1110 D F—ai12n1

As one can see from the above table, the size of V' depends strongly on the choice of
representative roots. The smallest choice is obtained in the fourth row.

5.2. An FEg-example. In this section we will illustrate our general results in the context of
automorphic forms on Fg. We will give the complete Fourier expansion in the minimal and
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next-to-minimal representations along a Heisenberg parabolic subgroup, see Proposition
2.2.7 for a general discussion of such expansions. We also discuss relations with related
results in the literature.

5.2.1. The explicit Fourier expansions of Nmin and 7Nngm. We will now illustrate
Theorems B, E and F in the case of Fg. According to theorems B and E the general
structure of the expansions of automorphic forms iy and Muem attached to the minimal
and next-to-minimal representation of Fg are given by

"hmin = fSa,O[T/min] + An + Bna (511)
Thtm = fSa,O[Tlntm] + An + Ann + Z Anj + Bn + Bnn + Z an7 (512)
j<n j<n
jln jln

where the definitions of the individual terms are given in sections 1.4 and 1.7.

To illustrate this more explicitly we now pick the Bourbaki enumeration as in Theorem
F that is quasi-abelian for Fg. Let P = LU be the Heisenberg parabolic of Eg, with Levi
L = E7 x GLy and unipotent U a 57-dimensional Heisenberg group with one-dimensional
center C' = [U,U]. This corresponds to expanding with respect to the Heisenberg root
a = ag. In its full glory the expansion now amounts to the following expression in the
minimal case

nmin() fSas, nmm + Z Z W nmln ’Yg Z Z W nmm W’Y&g) (513)

’yEF7 @egias wEQs 50697048

and for the next-to-minimal representation we have a slightly more complicated expression

6
Mim(9) = Foug 00 + D D We(r@)+D_ >0 D D > Wers(19)

~vel'r @695(18 Jj=1+'€l'7 nggiaS yel'j 1 nggiB
Asg Asgj
13X T X [ Wenlwiowt 3 T Waler)
VEAas pee’ vea s wes pegX
Asgsg Bsg

DI VR DD My RLANEEIT

weNg 'yEMaS Speg ag weg 5

Bss

6
DD > D D Werslwna), (5.14)

]:1 wEQs Spegias ’”/61“371 wEgiﬁJ

Bg;

where all coefficients are evaluated for the automorphic form n = nutm. The elements gg
and g are defined in §1.7 and §1.4, respectively,
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As discussed in section 1.1 the expansion can be separated into an abelian contribution
and a non-abelian contribution. The form of the expansion given above reflects this
structure, as we now explain in more detail. We focus on the next-to-minimal case as
this is the more complicated case.

Let ¢y be a unitary character on U(A), trivial on U(K). It is supported only on the
abelianization U? = C\U. The abelian contribution to the Fourier expansion is then given
by the constant term with respect to the center of the Heisenberg group

/ Mntm (29)dz (5.15)
CK\C(A)

which can be expanded into a Fourier sum of the form EwU where we sum over all characters
1y. The first term in the expansion fSag,O[Untm](g) is the constant term of 7y, with respect
to U, i.e. corresponding to the contribution with trivial character ;. The abelian part,
corresponding to terms labelled A, of the non-trivial Fourier coefficients is made up of the
second, third and fourth terms on the right-hand side of equation (5.14). The first of these
is attached to the minimal orbit O, while the last two are attached to Opgm. These
coefficients are not sufficient to recreate the entire automorphic form 7,¢m; we also need to
consider the contributions from non-trivial characters on the center C. Let ¥¢ be a non-
trivial character on C'(A), trivial on C(K). The non-abelian contribution to the Fourier
expansion is then given schematically by

; /C(K)\C(A) nntm(zg)wc(z)_ldz. (5.16)

This makes up the remaining three terms in equation (5.14), corresponding to terms labelled
B. We note that the non-abelian terms contain the transformation 7 mapping amax to as,
signalling the fact they come originally from a non-trivial character on the center of the
Heisenberg group. The first one represents the contribution from Oy, while the last two
(bottom line) capture the contribution from Oygp,.

5.2.2. Comparison with related results in the literature. Various works have determined
similar Fourier coefficients of small representations in special cases and we now briefly
compare our results to them, with a particular emphasis on the Eg expansions.

We begin with the example of a minimal automorphic form 7 on Eg with the expansion
determined in (5.13), that was also studied by Ginzburg-Rallis—Soudry [GRS11] and by
Kazhdan—Polishchuk [KP04].

In [GRS11], Ginzburg-Rallis—Soudry showed that the constant term of 7y, with respect
to the center C of the Heisenberg unipotent U of Eg was given by a single Levi (i.e. Er)
orbit of a Fourier coefficient Fy,, on U, where a4 is a character on U supported only on
the single simple root ag. This corresponds precisely to the second term in (5.13). Our
results generalize this by also determining Fy,, . explicitly in terms of Whittaker coefficients
ng [nmin]-

In [KP04], the authors give an explicit form of the full non-abelian Fourier expansion
of n with respect to U and our result (5.13) is perfectly consistent with theirs. Kazhdan
and Polishchuk have, however, a different approach, where they first determine the local
contributions (spherical vectors) to the Fourier coefficients and then assemble them together
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into a global automorphic functional. To connect the two results one must therefore evaluate
the Whittaker coefficients in (5.13) and extract their contributions at each local place.
For the abelian terms, this has in fact already been done in [GKP16] and by combining
those results with ours one achieves perfect agreement with [KP04]. It remains to evaluate
explicitly the Whittaker coefficient in the last term of equation (5.13), corresponding to Bsg,
and extract its Euler product. It would be of particular interest to see if one can reproduce
the cubic phase in the spherical vectors of [KP04] in this way.

Next we turn to the Fourier expansion of an FEg automorphic form in the next-to-
minimal representation given in (5.14) that has been studied previously by Bossard—
Pioline [BP17]. According to the discussion in §1.9 the decomposition in (5.14) corresponds
to the decompactification limit and an expression for the abelian part of the Fourier
expansion for the next-to-minimal spherical Eisenstein series on Fg was given in [BP17,
Eq. (3.15)] that we reproduce here for convenience

Ks@rRIZ(D)) amiira

n = Fs,oln] + 1675(4)R* > os(I)

2P
I'xI'=0
Kq(2 Z(T :
1omeIR Y a0 (eed )P, LA (5.17)
Tela
I'xI'=0

_ I x I\ Bsja3/2(R?|Z(D))?, R?\/AD)) .,
+167R 5 F; Z nd+10.3< — ) /2,3/ A(F)3/4 e27rz<F,a> +.. .
Fxr;ﬁo,lf(r):o n|l
Here, explicit coordinates on FEg/(Spinyg /Z2) adapted to the E7 parabolic are used.
Specifically, R is a coordinate for the GL; factor in the Levi and a denotes (axionic)
coordinates on the 56-dimensional abelian part of the unipotent. L, is a lattice in this
56-dimensional representation of F7 and the coordinates on the E7 factor of the Levi enter
implicitly through the functions Z(I') and A(T"). We do not require their precise form for
the present comparison. K denotes the modified Bessel function and nfl'i"’n a spherical vector
in the minimal representation of Fjg.

We now establish that (5.17) and (5.14) are compatible. The Fourier expansion in (5.17)
is written in terms of sums over charges I' in the integral lattice £, in the 56-dimensional
unipotent and thus resembles structurally (5.14) above as the space (g*)f‘é represents the
space of characters on this unipotent. The Fourier mode for a ‘charge’ I' is given by
e?™Ta) and is the character on (g)ga. Besides the constant term Fg, o[n] there is a sum
over characters in the minimal and next-to-minimal orbits within (g*)f‘é; the last term in
our (5.14) is a non-abelian term that was not determined in [BP17].

Minimal characters correspond to charges I' such that they satisfy the (rank-one)
condition I'xI" = 0 in the notation of [BP17] and looking at (5.17) we see that there are two
contributions from such charges. These correspond exactly to the two terms Ag and Ag; in
the first line of our (5.14): The first term Ag represents the purely minimal charges while
the second term Ag; in our equation is the second line of (5.17) where a minimal charge is
combined with a minimal automorphic form on Eg. Expanding this minimal automorphic
form on Ep leads to Whittaker coefficients of the form W, as they are given in the third
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term of the of the first line in (5.14), i.e. corresponding to Ag;. The sums over j, I';_;

and g~ 5

in our expression correspond to the E7 orbits of such charges I'. The term Agg

in our formula (5.14) contains a non-compact integral over Whittaker coefficient W1y
and corresponds to the last line in (5.17) where a similar integrated Whittaker coefficient
Bs3/2 appears. The non-abelian terms with B-labels in the last line of (5.14) have not
been determined in [BP17] and are given by the ellipses in (5.17).
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