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We present new calculations of the energy flux of a spinning test-body on circular orbits around
a Schwarzschild black hole at linear order in the particle spin. We compute the multipolar fluxes
up to ` = m = 6 using two independent numerical solvers of the Teukolsky equation, one in the
time domain and the other in the frequency domain. After linearization in the spin of the particle,
we obtain an excellent agreement (∼ 10−5) between the two numerical results. The calculation of
the multipolar fluxes is also performed analytically (up to ` = 7) using the post-Newtonian (PN)
expansion of the Teukolsky equation solution; each mode is obtained at 5.5PN order beyond the
corresponding leading-order contribution. From the analytical fluxes we obtain the PN-expanded
analytical waveform amplitudes. These quantities are then resummed using new procedures ei-
ther based on the factorization of the orbital contribution (and resumming it independently from
the spin-dependent factor) or on the factorization of the tail contribution solely for odd-parity
multipoles. We compare these prescriptions and the resummation procedure proposed in Pan et
al. [Phys. Rev. D 83 (2011) 064003] to the numerical data. We find that the new procedures sig-
nificantly improve over the existing one that, notably, is inconsistent with the numerical data for
`+m = odd multipoles already at low orbital frequencies. Our study suggests that the approach to
waveform resummation used in current effective-one-body-based waveform models should be modi-
fied to improve its robustness and accuracy all over the binary parameter space.

I. INTRODUCTION

Test-mass results have been crucial to devise robust re-
summation techniques for the truncated post-Newtonian
expansion that give access to analytical gravitational
waveform and fluxes for circularized, nonprecessing, bi-
naries [1–5]. Such resummed waveform, and related
fluxes, are one of the crucial building blocks of effective-
one-body (EOB) waveform models for coalescing rela-
tivistic binaries [6–11]. Up to now, resummation of
PN-expanded analytical result is the only approach that
can be adopted to improve the behavior of the PN-
expansions in the strong-field, fast velocity regime up
to merger [12]. From the very beginning of this en-
deavor [1] the development (and testing) of resummation
techniques has been driven by comparisons between some
analytically resummed waveform and numerical wave-
forms (or fluxes) generated by a nonspinning particle in-
spiralling and plunging into a Schwarzschild or a Kerr
black hole [13, 14]. By contrast, none of the resumma-
tion approaches routinely used in state-of-the-art EOB
models [8, 11] has been tested in the special case where
the particle (which models a test black-hole) is spinning.
This was not done up to now for at least two reasons:

(i) on the one hand, robust and accurate numerical com-
putations of the energy fluxes from a spinning particle
on circular orbits around a Kerr black became available
only recently [15–17]; (ii) on the other hand, the ana-
lytical PN knowledge of the fluxes of a spinning parti-
cle around a Kerr black hole was only known at global
2.5PN order [18] and only recently pushed to 3.5PN ac-
curacy [9]. This paper builds on previous works and im-
proves them along two directions: (i) the numerical fluxes
of Refs. [16, 17] are recomputed, in the time-domain, at
an improved accuracy and increasing the number of mul-
tipoles. In addition, they are compared with an analo-
gous calculation performed with a completely indepen-
dent numerical code in the frequency domain, finding
excellent consistency between the two methods once the
results are linearized in the particle spin; (ii) though we
here only consider the case of a spinning particle around
a Schwarzschild black hole, the 2.5PN accurate results of
Ref. [18] are pushed to much higher PN order, namely
relative 5.5PN accuracy for all multipoles of the flux up
to ` = 7. The availability of such new PN information,
at high order, allows us to extensively test the standard
waveform resummation techniques of Refs. [1–3] in a cor-
ner of the binary parameter space that had not been cov-
ered before. Similarly, we use these new numerical data
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to check new resummation approaches proposed recently
in Refs. [4, 5] and that are going to be partly incorporated
in the next generation of EOB waveform models [19].

The paper is organized as follows. In Sec. II we sum-
marize the analytical and numerical approaches to com-
pute the gravitational wave fluxes from a spinning parti-
cle around a Schwarzschild black hole. From the energy
fluxes, decomposed in multipoles, we obtain the gravita-
tional waveform amplitudes, both numerically and ana-
lytically. The aim of Sec. III is to compare the numerical
waveform amplitudes with several analytical representa-
tions, either in PN-expanded form or using some resum-
mation technique. Concluding remarks are reported in
Sec. IV. The paper is completed by technical Appendixes
that explicitly report the outcome of the PN calculations.
Throughout this work we use geometrized units such that
G = c = 1. We also define M as the mass of the primary
black-hole and µ as the mass of the secondary black hole
such that M � µ.

II. ENERGY FLUXES EMITTED BY A
SPINNING PARTICLE AROUND A
SCHWARZSCHILD BLACK HOLE

In this section we consider the energy flux radiated in
gravitational waves by a spinning particle on a circular
orbit of radius r0 around a Schwarzschild black hole. We
will restrict our attention to the case where the particle’s
spin axis is aligned with the orbital angular momentum.
We compute the radiated flux both analytically, via high-
order post-Newtonian calculations, and numerically, us-
ing two independent approaches.

A. Post-Newtonian results

1. Dynamics of a spinning particle

The equations of motion of a spinning test body mov-
ing on a curved spacetime background (Schwarzschild)
are given by the Mathisson-Papapetrou-Dixon equations
(MPD) [20–22]

Dpµ

dτ
=− 1

2
Rµναβ u

ν Sαβ , (1)

DSµν

dτ
=2 p[µuν] , (2)

where pµ is the four-momentum, uµ is the four-velocity (τ
is the proper time), Rµναβ is the Riemann tensor of the
spacetime and Sαβ is the spin-tensor. From the spin ten-
sor we can define the spin magnitude, s = ( 1

2SµνS
µν)1/2,

from which we define the spin variable

σ ≡ s

µM
. (3)

As in previous work [15–17], we consider −1 ≤ σ ≤ 1. We
will comment in Appendix A on the meaning of these lim-
its and on the interpretation of the test-mass results pre-
sented here as part of the general case where the masses
of the two bodies are comparable. The MPD equations
do not form a closed systems of evolution equations and a
closure, called spin supplementary condition (SSC), is re-
quired. The choice of a SSC amounts to choosing a centre
of mass for the spinning body [23]. For astrophysically
relevant values of the spin, there are strong indications
that any physically meaningful quantity will not depend
upon the SSC choice [15, 16]. In this paper we choose
the Tulczyjew-Dixon condition Sµνpν = 0 [24].

Throughout this section, we will work to linear order
in σ for which we have pα = µuα + O(σ2). The orbital
frequency is then given by [18]

Ω = u3/2

(
1− 3

2
σu3/2

)
(4)

where u = M/r0 and r0 is the radius of a circular orbit
expressed in Schwarzschild coordinates.

2. Calculation of the energy fluxes

In the Teukolsky approach, the problem of computing
the energy and angular momentum fluxes at infinity from
perturbations to either a Kerr or Schwarzschild black hole
has been well laid out in the literature. Since the main
aim of this work is to use the output of such calculations,
we will only give an overview of the main ideas and refer
the reader to Misao Sasaki and Hideyuki Tagoshi’s living
review [25] for an in-depth discussion of the topic.

We begin with the spin-weight s = −2 Teukolsky equa-
tion

O−2ψ(t, r, θ, φ) = 4πT, (5)

where O is a second-order differential operator and T is
formed from the stress energy of the perturbation Tµν .
When working in the frequency domain, the problem is
simplified greatly, and by separating −2ψ into radial and
angular components, namely

−2ψ =
1

2π

∫
e−iωtψ`m(r)−2S`m(θ, φ)dω, (6)

where −2S`m(θ, φ) are the spin-weighted spheroidal har-
monics which reduce to the spin-weighted spherical har-
monics in the Schwarzschild limit. The radial functions
ψ`m(r) then satisfy a second order ordinary differential
equation

Dψ`m(r) = 4πT`m(r). (7)

In the case of a spinning particle on a circular orbit
around a Schwarzschild black hole, the source term here
takes the schematic form

T`m =A0δ(r − rp) +A1δ
′(r − rp) +A2δ

′′(r − rp)
+A3δ

′′′(r − rp). (8)
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If we have a pair of homogeneous solutions satisfying re-
tarded boundary conditions at the horizon and at infinity,
R−`m and R+

`m respectively, then the general solution to
this equation is given by

ψ`m(r) = C+
`mR

+
`m(r) + C−`mR

−
`m(r), (9)

where

C±`m =
1

W

∫
R∓`mT`m∆−2dr

= B0R
∓
`m(rp) +B1R

∓
`m
′(rp) +B2R

∓
`m
′′(rp)

+B3R
∓
`m
′′′(rp). (10)

The Bi = Bi(rp, σ) are determined by completing the in-
tegral, W is the invariant Wronskian of the two solutions
and ∆ = r(r − 2M). Normalizing the homogeneous so-
lutions so that R+ ∼ r3eiωr

∗
as r → ∞, the energy flux

emitted at radial infinity is given simply by

dE∞

dt
=
∑
`m

F`m =
∑
`m

|C+
`m|2

4πm2Ω2
(11)

where Ω is the orbital frequency given in Eq. (4).
We now briefly describe the calculation of the F`m

functions appearing in Eq. (11) as a PN expansion, i.e
an expansion for large orbital radius and small frequency.
This calculation was first presented for a spinning par-
ticle on a circular orbit by Tanaka et al. [18], though
truncated at 2.5PN order. We will extend their calcu-
lation to a higher order in the expansion. To evaluate
Eq. (10) we first need PN expansions for the homoge-
neous radial functions R±`m. The well established method
for systematically computing these uses the solutions of
Mano, Suzuki and Takasugi (MST) [26, 27]. The MST
solutions to the homogeneous radial Teukolsky equation
are given as infinite series of either hypergeometric 2F1

functions or irregular confluent hypergeometric U func-
tions. In the PN limit, restricting the frequencies to the
allowed harmonics of the orbital frequency, these infinite
series truncate at finite orders and, with modern alge-
braic software, are methodically Taylor expanded to a
desired PN order. For in depth discussion of our calcu-
lations see [28]. With these in hand the evaluation of
Eq. (10) is straightforwardly accomplished by also Tay-
lor expanding the Bi’s, thus giving PN expansions for the
energy flux modes. At each order in the PN expansion
we also work to linear order in the spin σ. In practice,
we found it easy to consider modes up to ` = 7 and
obtain each multipolar flux at 5.5PN accuracy beyond
the leading-order contribution. More precisely, each PN-
expanded multipolar contribution is factorized as

F`m = F
(N,ε)
`m F̂`m , (12)

where F
(N,ε)
`m is the Newtonian (or leading-order) pref-

actor, while F̂`m is the PN correction. Here, ε = 0, 1
depending on the parity of ` + m. For each (`,m), F̂`m

is given by a 5.5PN-accurate polynomial, i.e. it has the
structure 1 + x + x3/2 + x2 + x5/2 + · · · + x11/2, where
x = (GMΩ/c3)2/3 = O(c−2) is the PN-ordering fre-

quency parameter. The defining formulas for the F
(N,ε)
`m

are given explicitly in Sec. B 1; the Newton-normalized
PN-expanded multipolar fluxes, F̂`m, in Sec. B 2.

B. Numerical results

For computing numerically the radiated fluxes we em-
ploy two codes that solve the Teukolsky equation. One is
a 2+1 time-domain code of Ref. [16, 17] and the other a
frequency domain code [29]. The details of each of these
codes are presented elsewhere and so here we will only
give a brief overview of each code and show that their
results are consistent with one another.

1. Frequency domain approach

The method employed by the frequency domain nu-
merical code follows closely the description of the PN cal-
culation given in Sec. II A 2 with the exception that the
homogeneous solutions are computed numerically. This
is done using the semi-analytic MST method (see [25]
for a review and [30, 31] for extensions we use). A simi-
lar version of the code to compute the homogeneous so-
lutions is publicly available as part of the Black Hole
Perturbation Toolkit [32]. With the homogeneous solu-
tions in hand the inhomogeneous solutions are computed
by convolving them with the Teukolsky source. From
the inhomogeneous solutions we can compute the radi-
ated fluxes per mode from the complex asymptotic ampli-
tudes, C±`m, of the radial Teukolsky solutions via Eq. (11).

Both in the source and in the orbital dynamics we lin-
earize with respect to σ. Our resulting fluxes though
are not linear in σ. This is because the radial Teukolsky
equation contains a term proportional to the square of
the mode frequency, ω = mΩ. In principle it would be
possible to solve this equation to linear order in σ but
we have not attempted to do so in this work. Instead, at
a range of fixed orbital frequencies, we numerically com-
pute the fluxes for various values of σ and fit this data
using a polynomial and extract the linear in σ piece. It is
important to make this step as the quadratic and higher
contributions to the raw frequency-domain flux data are
not complete as we are not including, e.g., higher order
corrections to the orbital dynamics.

The code is written in C++ and internally (particu-
larly for the MST part of the calculation) it uses extended
precision. We have high confidence in the results for three
reasons: i) when σ = 0 we recover known flux results non-
spinning bodies to ∼14 significant digits ii) for σ 6= 0 and
after extracting the linear in σ contribution we see good
agreement with the PN results – see Fig. 1 – and iii) we
have reconstructed the metric perturbation at the parti-
cle using the standard CCK procedure [33–35] and from
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FIG. 1. Consistency test between FD calculation and PN-
expanded fluxes. Comparison of the linear-in-sigma con-
tribution of the ` = m = 2 (Newtonian normalized) flux
to infinity between the numerical frequency domain results
and the PN series. Here the markers show the difference
∆F̂σ22(n) = |F̂FDσ

22 − F̂PNσ
22 (n)| where F̂PNσ

22 (n) is the O(σ)
piece of the PN series truncated at xn. The full PN series is
give by Eq. (B7) and successively higher order truncations of
this are shown by the colored curves. The O(σ) piece of the
numerical results is extracted from the numerical data using
the method described in the main text. At large radii we
observe that subtracting successively higher order PN series
improves the agreement with the numerical data, as expected.

this we have shown that the local self-force experienced
by the particle is balanced (to a relative error of 10−9)
by the radiated fluxes through the spacetime boundaries.
Details on each of these checks will be presented in [29].

2. Numerical results: time-domain approach with
Hamiltonian dynamics

The time-domain method solves the 2+1 Teukolsky
equation obtained by separating Eq. (5) in the azimuthal
(φ) direction [16, 17]. The resulting wave equations
for each m-mode are written in the scri-fixing hyper-
boloidal and horizon penetrating co-ordinates developed
in [16, 36, 37]. The source of Teukolsky equation is imple-
mented in a general way and then specified to Eq. (8) for
a spinning test body (in the pole-dipole approximation)
moving on an arbitrary trajectory [17, 38]. The Teukol-
sky equation is numerically solved using the method-of-
lines with a 4th order accurate Runge-Kutta time inte-
grator and 6th order accurate finite-differencing opera-
tors. The delta functions in the source can be discretized
either using a narrow Gaussian or discrete delta func-
tions; the former option is used in case of circular orbits
as discussed in [17]. The code was extensively tested and
delivers multipolar waveforms and GW fluxes at null in-
finity with an accuracy well below the 1% level up to
m = 4 modes [15–17, 39]. The data used for this work
are produced exactly as described in [16, 17]. Circular
equatorial trajectories for the test body are computed

using the Hamiltonian formalism detailed in Sec. III
of [16]. The Hamiltonian of a spinning particle at lin-
ear order in the spin was originally obtained in Ref. [40].
The same Hamiltonian can be recasted in certain spe-
cific effective-one-body (EOB) coordinates as illustrated
in Ref. [41]. The EOB coordinates are transformed to the
hyperboloidal ones via a transformation linear in σ. The
EOB dynamics is compatible with the MPD dynamics
with Tulczyjew and the Pirani [42] SSCs across almost
the whole spin and frequency range for the Schwarzschild
background [16]. One must, however, be aware that that
the Hamiltonian circular dynamics and the MPD dynam-
ics described above are fully equivalent and compatible
only when the spin of the particle is small. We address
the reader to Ref. [16] for additional details. Following
previous work of some of us [15, 16], we want to accu-
rately compute numerical fluxes for values of the spins
that are large, i.e., σ ∼ 1 and for orbits that are near the
spin-dependent last-stable orbit. Past work [16] suggests
that this can be done using the Hamiltonian formalism.
Like the FD results mentioned above, our results will not
be linear in σ, essentially for the same reasons mentioned
above. Thus, to provide a consistent comparison with FD
results, we also extracted the linear-in-sigma piece out of
the numerical results.

C. Comparing numerical waveform amplitudes

Since the main aim of the paper is to check resumma-
tion procedure for gravitational waveform amplitudes, it
is convenient to directly use these quantities for com-
paring the results obtained with the two numerical ap-
proaches. In this respect, the extraction of the linear
piece mentioned in the previous section is now performed
at the level of the waveform amplitudes (defined below)
and not on the fluxes. Likewise for the fluxes, each wave-
form multipole is factorized in the product of a Newto-
nian (leading-order) contribution and a relativistic cor-
rection

h`m(x) = Rh(N,ε)
`m (x)ĥ

(ε)
`m(x), (13)

where Rh(N,ε)
`m is the Newtonian prefactor that is ana-

lytically known (see Appendix B 1). In practice, it is
convenient to focus only on the relativistic correction,
since it is a function of order unity whose PN expansion

has the structure ĥ
(ε)
`m ' 1 + x+ x3/2 + . . . . Figure 2 of-

fers a comprehensive comparison of the various numerical
data at our disposal for an illustrative sample of multi-
poles and spins. The top part of each panel of the fig-
ure shows 4 curves: (i) the outcome of the time-domain
code with Hamiltonian dynamics; (ii) the same quantity
where one has subtracted the nonlinar-in-spin part; (iii)
the outcome of the frequency-domain code with MPD
dynamics: (iv) the same quantity where one has sub-
tracted the nonlinear-in-spin part. The vertical line in
the plot marks the location of the σ-dependent frequency



5

0 0.05 0.1 0.15 0.2 0.25

0.85

0.9

0.95

1

1.05

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
10-10

10-5

100

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0.9

0.95

1

1.05

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
10-10

10-5

100

0 0.05 0.1 0.15 0.2 0.25

0.75

0.8

0.85

0.9

0.95

1

1.05

jĥ
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FIG. 2. Comparing FD (with MPD dynamics) and TD calculation (with Hamiltonian dynamics) for a few multipoles and
values of the particle spin. Each plot shows four curves: the TD and FD result with all the contributions nonlinear in the
particle spin and the same data linearized in σ. In the latter case, the agreement between TD and FD results is excellent.
The bottom part of each panel illustrate the fractional difference between: X =TD-nonlinearized and FD-linearized and the
fractional difference between X =TD-linearized and FD-linearized. The vertical line marks the location of the LSO, Eq. (14).

of the last-stable-orbit (LSO), as obtained, for example,
in Ref. [16]

xLSO =
1

6
+

σ

12
√

6
. (14)

As can be seen from Fig. 2, the linear-in-spin results from
the two codes are in the excellent agreement reaching a
fractional accuracy of ∼ 10−5 (this is limited by the pre-
cision of the TD code and the need to extract the linear-
in-spin contribution). Note that we do not expect agree-
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ment between the nonlinear in spin results as each code
effectively includes different pieces of the nonlinear con-
tribution (either through their dynamics or other aspects
of the calculation). We emphasize that, to the best of our
knowledge, this is the first successful comparison between
two completely independent Teukolsky codes with a spin-
ning secondary object. The excellent agreement between
the two codes (after linearizing in spin) and the agree-
ment between the FD and PN results presented in Fig. 1
gives us a high degree of confidence in our results.

Since the PN results are linear in the spin, we will use
the linearized FD data as the target points to verify the
accuracy of the various analytical approximations to the
waveform amplitudes.

III. COMPARING ANALYTICAL AND
NUMERICAL RESULTS

We turn now to comparing the “exact” numerical data
computed in the previous section to different analytical

approximations of |ĥ(ε)
`m|. More precisely:

(i) In Sec. III A, we consider the straightforward PN-

expanded expressions of |ĥ(ε)
`m| up to 5.5PN order.

(ii) In Sec. III B we consider the, now standard, fac-
torization and resummation of Refs. [2, 3]. Note
that this analytical approach is adopted in state-
of-the-art EOB waveform models for coalescing bi-
naries [8, 11].

(iii) In Sec. III C we explore the performance of a hy-
brid approach that consists of: implementing the
orbital factorization, and subsequent resummation,
of Refs. [4, 5] for the ε = 0 modes, while the ε = 1
only benefit the factorization of the tail contribu-
tion.

(iv) In Sec. III D we test the special orbital-factorization
and resummation of odd-m modes that is adopted
in the ν 6= 0 case and that was recently shown to
yield excellent consistency between EOB and state-
of-the-art NR waveform amplitudes.

A. PN-expanded waveform amplitudes

The comparison with the plain PN-expanded waveform
amplitudes is exhibited in Fig. 3. One observes good con-
sistency between the numerical and analytical results at
low frequencies, as expected. This progressively wors-
ens towards the LSO, that now is indicated by colored
markers on the figure. This worsening is prominent for
higher modes. It is, however, interesting to note that the
PN-expanded m = 1 modes already offer an excellent
representation of the numerical data up to the LSO and
for any value of `.

B. Standard resummation: factorized and
resummed amplitudes

We start by investigating whether the standard factor-
ization and resummation procedure of waveform ampli-
tudes of Refs. [2, 43] can reduce the gap between the PN-
expanded and numerical amplitudes towards the LSO
seen in Fig. 3. The PN-expanded circularized waveform
amplitudes are resummed in the following factorized form

|ĥ(ε)
`m| = Ŝ(ε)|ĥtail

`m (x)|(ρ`m)`, (15)

where ε is the parity of ` + m, Ŝ(ε) is the µ-normalized

source of the field, |ĥ`m(x)| the modulus of the tail factor
and ρ`m the residual factorized amplitudes. The squared
modulus of the tail factor is given by Eq. (59) of Ref. [2],
and reads

|ĥtail
`m (x)|2 =

4πmx3/2
∏`
s=1

(
s2 + 2mx3/2

)2
(`!)2 (1− e−4πm)

. (16)

The source S(ε) is either the µ-normalized energy along
circular orbits (ε = 0), or the Newton-normalized an-
gular momentum (ε = 1). From the PN-expanded

Newton-normalized fluxes F̂`m we then calculate the PN-
expanded residual amplitudes ρ`m. To do so, we need the
energy and angular momentum of a spinning body along
circular orbits of Schwarzschild spacetime at linear order
in the spin. These were obtained in Eqs. (81) and (82)
of Ref. [16],

Ê(x) ≡ E/µ = Êorb(x) + Êσ(x)

=
1− 2x√
1− 3x

− x5/2σ√
1− 3x

, (17)

ĵ(x) = ĵorb(x) + ĵσ(x)

=
1√

1− 3x
−
√
x

(
1− 1− 4x√

1− 3x

)
σ, (18)

where the expression for ĵ is obtained multiplying by
√
x

(i.e., the inverse of the Newtonian angular momentum
along circular orbits) Eq. (81) of Ref. [16]. The PN-
expanded ρ`m’s are then given by

ρ`m = Tn

[ √
F̂`m

|ĥtail
`m (x)|Ŝ(ε)

]1/`

, (19)

where Tn denotes a Taylor-expansion of order n and F̂`m
are the Newton-normalized PN-expanded energy fluxes.
The ρ`m functions are here written as the sum of an or-
bital (spin-independent) and a spin-dependent term

ρ`m = ρorb
`m + ρσ`m. (20)

The PN knowledge of ρσ`m before this work was limited
to global 3.5PN (NNLO) and the functions are written
explicitly in Ref. [5, 9]. Here the computation of each ρσ`m
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FIG. 3. Comparison between the PN-expanded, Newton-normalized, waveform amplitudes (dotted lines) and the corresponding
numerical ones (black lines). The values of the particle spin σ = (−0.90,−0.5,+0.5,+0.90) are respectively indicated by the
colors red, orange, blue and purple. The colored markers indicate the location of the LSO, Eq. (14).

is pushed up to relative 5.5PN order, i.e., next-to-next-
to-next-to-next-to-leading-order, N4LO in the spin-orbit
coupling. We list the functions explicitly in Appendix C.
One verifies that the 3.5PN-accurate truncation of our
results agrees in full with the corresponding formulas of
Refs. [5, 9].

The analytical |ĥ`m|’s from Eq. (15) are compared with
the corresponding numerical ones in Fig. 4. The effect of
the standard resummation can be summarized as follows.
First, the analytically resummed ` = m modes deliver a
rather good approximation to the numerical functions.
One can see that this remains true up to ` = m = 6.
However, we see that the procedure gives a rather unreli-
able result (even for small values of x) for the `+m = odd
modes. This illustrates that the standard resummation
approach introduced in Ref. [43] can become highly inac-
curate in some corners of the black-hole binary parameter
space. As such, it should be replaced by something else
that is more robust. One possibility is proposed in the
next section.

C. Improved resummation

References [4, 5] presented an alternative factorization
and resummation procedure based on the idea of first fac-
toring out the orbital, spin-independent, contribution to
the ρ`m’s and then independently resumming, in various
ways, the orbital and spin factors. The same procedure
was implemented in similar ways for the odd-parity and

even-parity modes. In the case of a nonspinning particle
on circular orbits around a Kerr black hole, Refs. [5] il-
lustrated that this procedure yields a remarkable analyt-
ical/numerical agreement between the ρ`m’s (and fluxes)
up to the LSO also for extremal values of the spin of
the black hole (see e.g. Figs. 1 and 2) of [5]). In this
Section we test this procedure on the even-parity modes.
By contrast, we apply a different factorization, that only
concerns the tail factor, to the odd-parity modes. Some
of the resummation procedures of Refs. [5] applied to
some of the odd-parity modes are instead discussed in
Sec. III D below.

1. `+m=even: orbital factorization

We implement the orbital factorization of the ρ`m’s
of [5] to all even-parity multipoles up to ` = 6 included.
Consistently with [5], the orbital factors are taken at 6PN
order1 and Padé resummed according to Table I of [5].
More precisely, we use the standard P 4

2 Padé for all the
multipoles except the (3, 1) one, that is kept at 5PN with
a P 3

2 Padé (the bold values in the table are not consid-
erated). The only exception is the (4, 2) multipole, that
in this paper is resummed with a P 4

2 Padé instead of a
P 6

0 Taylor Series, since the difference between the two

1 Though the (3, 1) mode is taken at 5PN only.
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FIG. 4. Comparison between the factorized and resummed, Newton-normalized, waveform amplitudes (dotted lines) following
the standard procedure of Ref. [43] and the corresponding numerical ones (black lines). The values of the particle spin
σ = (−0.90,−0.5,+0.5,+0.90) are respectively indicated by the colors red, orange, blue and purple. The colored markers
indicate the location of the LSO, Eq. (14). The analytical approximation is, in general, rather inaccurate for ` + m = odd
modes.

choices in this case is minimal. By resumming the spin-
dependent factors by taking their inverse-Taylor repre-
sentation, the resummed residual amplitudes finally read

ρ`m(x, σ) = Pnd [ρorb
`m ]ρ̂σ`m, (21)

where ρ̂σ`m = Tn
[
1 + ρσ`m/ρ

orb
`m

]
and we defined ρ̂σ`m ≡

(Tn[(ρ̂σ`m)−1])−1. Finally, the even-parity waveform am-
plitudes read

|ĥ(0)
`m(x, σ)| = Ê |ĥtail

`m | [ρ`m(x, σ)]
`
. (22)

The analytical/numerical agreement, displayed in Fig. 5,
is essentially comparable to the standard approach shown
in Fig. 4 above.

2. `+m =odd: factorizing the tail factor only

For the odd-parity modes we suggest here to follow a
new route: factor out only the tail factor spin part of
the modulus, |hσ`m|, while keeping the orbital part |horb

`m |
factorized as usual (19), i.e., with the orbital angular mo-

mentum ĵorb factored out. Note that for this particular
calculation, we keep ρorb

`m at 5PN accuracy and in Taylor-
expanded form. The rationale behind the choice of not
factorizing the orbital angular momentum is that, in the
presence of a spinning body, the source of the field is
given by the sum of two separate pieces, one proportional
to ĵorb and another one to σ. This is in particular the

structure of the source of the Regge-Wheeler-Zerilli equa-
tion for a spinning test-body. It seems then less sound to
factor out ĵorb also from the σ-dependent term. Starting
from

|ĥ(1)
`m(x, σ)| ≡ |ĥorb,(1)

`m |+ σ|ĥσ,(1)
`m |, (23)

we factorize each term separately as

ρorb
`m = Tn

( |ĥorb,(1)
`m |

|ĥtail
`m |ĵorb

)1/`
 , (24)

|h̃|σ`m = Tn

[
|ĥσ,(1)
`m |
|ĥtail
`m |

]
. (25)

The resummed odd-parity waveform amplitudes finally
read

|ĥ(1)
`m(x, σ)| = |ĥtail

`m |
{(
ρorb
`m

)`
ĵorb + σ|h̃σ,(1)

`m |
}
. (26)

It is important to stress that, for simplicity, we are
here not using Padé approximants of the orbital ρorb

`m in
Eq. (26). The analytical and numerical amplitudes are
compared in Fig. 5. The agreement between the two is
remarkable, and way better than the one obtained with
the standard approach shown in Fig. 4 above. To better
quantify the agreement, we list in Table I the fractional
differences computed at xLSO. Although not shown in
the table, we have also verified that an analogous quan-
titative agreement holds for σ = ±0.99,
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FIG. 5. Alternative resummation: the ` + m = even modes are resummed using Eq. (22), while the ` + m = odd rely on
Eq. (26), where only the tail factor is overall factorized. The values of the particle spin are σ = (−0.90,−0.5,+0.5,+0.90),
and are respectively indicated by the colors red, orange, blue and purple. The colored markers indicate the location of the
LSO, Eq. (14). The improvement in the `+m = odd modes with respect to Fig. 4 is evident. By contrast, the behavior of the
`+m = even modes is similar to those of Fig. 4, though slightly worse.

D. Resumming the dominant m=odd modes
consistently with the comparable-mass case.

Up to this point we have seen that there are dif-
ferent procedures for resumming the waveform ampli-
tudes depending on the parity of ` + m. Actually, de-
tailed studies of the waveform amplitudes for two ob-
jects of masses (M1,M2) [4, 5] have illustrated that
one should also carefully separate the analytic treat-
ment depending on the parity of m only. In particular,
Refs. [4, 5] introduced a special analytical treatment of

the orbital-factorized spin-dependent functions f̂S`m when
ν ≡ M1M2/(M1 + M2)2 6= 0. More precisely, one shows
that, when ν 6= 0, these functions are naturally written
as the sum of two separate Taylor expansions, one pro-
portional to X12 = X1 − X2 =

√
1− 4ν and the other

to ã12 ≡ X1χ1 − X2χ2, where Xi ≡ Mi/(M1 + M2)
and χi ≡ Si/M

2
i are the dimensionless spins of the two

objects. Each Taylor expansion can eventually be re-
summed taking its inverse-Taylor representation. This
resummation of the m-odd waveform amplitudes has
been recently incorporated in a new, multipolar, EOB
waveform model. One of the remarkable features of this
analytical choice is that the zero in the (2, 1) time-domain
amplitude, that exists in certain regions of the parameter
space, is quantitatively consistent with a similar feature
found in state-of-the-art NR simulations. On top of this,
Ref. [4], pointed out that the resummation procedure is
reliable and accurate also in the special case of a non-

spinning particle orbiting a spinning black hole.

In this section we investigate to which extent the m-
odd multipoles resummation approach remains robust
and stable also in the case of a spinning test-body on a
Schwarzschild black hole. To do so, we focus on the same
m-odd modes considered in the ν 6= 0 case, (2, 1), (3, 3),
(3, 1), (4, 3), (4, 1). In addition, each mode is truncated
at the largest PN order that carries known ν-dependent
corrections 2. Consistently with Ref. [19], the m-odd
waveform amplitudes are written as

|ĥ`m| = ĵorb|ĥtail
`m |(Pmn [ρorb

`m ])`(1 + f̂σ`m). (27)

The Padé approximants of the orbital part Pmn [ρorb
`m ] are

the same, adopted in Ref. [5], that is P 5
1 for (2, 1), P 3

2 for
(3, 1), P 6

0 for (5, 5) and P 4
2 for (3, 2), (4, 3) and (4, 1). On

the other hand, the spin-dependent terms f̂σ`m are given

2 Even if we have more spinning-particle terms, we cannot use
them since we cannot consistently split each PN order in the two
separate series.
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TABLE I. Fractional differences between the resummed and the numerical ĥ`m’s at the LSO shown in Fig. 5. The fractional
difference is defined as |ĥnum − ĥanalyt|/ĥnum computed at xLSO.

(`,m) ∆(x)ĥ(x)/ĥ|x=xLSO for −0.9 ≤ σ ≤ +0.9

−0.9 −0.5 +0.5 +0.9

(2, 2) 8× 10−4 5× 10−5 0.0023 0.0024

(2, 1) 4× 10−5 7× 10−5 5× 10−5 4× 10−4

(3, 3) 0.0035 0.0012 2× 10−4 0.0056

(3, 2) 9× 10−4 5× 10−4 0.0041 0.0086

(3, 1) 0.0057 0.0018 0.0023 0.0091

(4, 4) 0.0098 0.0046 0.0017 0.0085

(4, 3) 0.0049 0.0029 0.013 0.029

(4, 2) 0.0047 0.0013 0.0013 0.007

(4, 1) 7× 10−5 3× 10−5 4× 10−4 0.001

(5, 5) 0.014 0.0055 0.0072 0.042

(5, 4) 0.012 0.0068 0.023 0.05

(5, 3) 0.0029 6× 10−4 10−4 0.0036

(5, 2) 8× 10−4 5× 10−4 0.018 0.046

(5, 1) 0.019 0.0067 0.0097 0.032

(6, 6) 0.02 0.0087 0.013 0.078
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FIG. 6. Testing the resummation of the m = odd modes suggested in the comparable-mass case. The analytical/numerical
agreement is rather good for the (2, 1) and (3, 3) mode, while it is largely inaccurate for the other multipoles.

by

f̂σ21 = f
σ(0)

21 +
3

2
σx1/2f

σ(1)

21 , (28)

f̂σ33 = f
σ(0)

33 +
1

4
σx3/2f

σ(1)

33 , (29)

f̂σ31 = f
σ(0)

31 +
9

4
σx3/2f

σ(1)

31 , (30)

f̂σ43 = f
σ(0)

43 +
5

4
σx1/2f

σ(1)

43 , (31)

f̂σ41 = f
σ(0)

41 +
5

4
σx1/2f

σ(1)

41 . (32)

Following Ref. [5], the overbar indicates that each term
is resummed using its inverse-Taylor representation. The
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function written above explicitly read

f
σ(0)

21 =

(
1 +

13

84
x3/2σ +

14705

7056
x5/2σ

)−1

, (33)

f
σ(1)

21 =

(
1 +

349

252
x+

65969

31752
x2

)−1

, (34)

f
σ(0)

33 =

(
1 +

7

4
x3/2σ +

211

60
x5/2σ

)−1

, (35)

f
σ(1)

33 = 1 +
169

15
x, (36)

f
σ(0)

31 =

(
1− 1

4
x3/2σ +

13

36
x5/2σ

)−1

, (37)

f
σ(1)

31 = 1− 1

9
x, (38)

f
σ(0)

43 =

(
1− 5

4

)
x1/2σ, (39)

f
σ(1)

43 = 1, (40)

f
σ(0)

41 =

(
1− 5

4

)
x1/2σ, (41)

f
σ(1)

41 = 1 . (42)

The analytical |ĥ`m| are compared to the numerical ones
in Fig. 6. The most interesting result displayed in the
figure is that both the (2, 1) and (3, 3) analytical ampli-
tudes deliver a reasonably accurate representation of the
numerical data up to the LSO, although this is not as
good as the tail-factorized case discussed in Fig. 5. Note
however that in that case we were using spin informa-
tion truncated at 5.5PN accuracy. Thus, to produce a
meaningful comparison we need to redo the calculation
of Fig. 5 truncating the ` = 2, m = 1 mode at 2.5PN. By
contrast, the orbital ρorb

21 function is kept at 5PN accu-
racy and in Taylor-expanded form. This new comparison
is displayed in Fig. 7. Interestingly, despite the reduce
PN information, the analytical/numerical agreement is
visibly better than the one displayed in the top-left panel
of Fig. 6. We also performed the same analysis for the
` = 4 modes. Although we found an improvement, the
truncation at 1.5PN of the spin information is not suf-
ficient to provide a good agreement up to the LSO lo-
cation. In conclusion, the result of Fig. 7 gives further
support to the need of exploring the performance of the
tail-only factorization also for comparable mass binaries.

IV. CONCLUSIONS

In this paper we have collected several new results con-
cerning the gravitational waveform fluxes and amplitudes
emitted by a spinning particle (i.e., a spinning test-black
hole) on circular orbits around a Schwarzschild black hole
at linear order in the particle spin. Our main findings are
summarized as follows:

(i) We have analytically computed the PN-expanded

0 0.05 0.1 0.15 0.2

x
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0.8

1

1.2

1.4
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1.8

jĥ21(x)j

FIG. 7. Analytical/numerical agreement with the tail-
factorized ` = 2, m = 1 amplitude truncated at 2.5PN in
the spin sector, consistently with Eq. (28). Despite the re-
duced amount of spin-dependent information reduced amount
of PN information the tail-factorized analytical amplitude
does not look especially better than the orbital-factorized and
resummed one displayed in Fig. 6.

multipolar energy fluxes up to ` = 7. Each multi-
pole is obtained at 5.5 PN order beyond the lead-
ing, Newtonian, contribution. This improves our
current analytical knowledge of the fluxes in this
corner of the parameter space, that was previously
known only up to global 3.5PN order.

(ii) We have computed numerically the multipolar en-
ergy fluxes (and waveform amplitudes) up to ` = 6
using two different, and independent, numerical
codes. One is a frequency-domain code; the other
uses a time-domain approach. We demonstrated
the excellent mutual consistency between the two
numerical approaches once the numerical data are
suitably linearized in the spin of the particle. This
allows us to provide accurate, circularized, wave-
form amplitudes up to the LSO for different values
of the particle spin.

(iii) We compared to these numerical data, considered
as exact, the PN-expanded analytical amplitudes
as well as different flavors of their resummation.
In particular, we could show that the standard re-
summation approach of Ref. [43], that is imple-
mented in state-of-the-art waveform models for co-
alescing black-hole binaries, such as SEOBNRv4 [11]
or TEOBResumS [8], is inaccurate for `+m odd modes
and provides nonnegligible differences with the nu-
merical data already in the early inspiral. This in-
dicates that the procedure of Ref. [43] should be im-
proved to construct a waveform model robust and
accurate all over the BBH parameter space.
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(iv) The most important result of this work is that the
factorization of only the tail factor in the ` + m =
odd modes allows one to obtain an excellent an-
alytical/numerical agreement up to the LSO (and
even below), for −0.9 ≤ σ ≤ +0.9, and for all odd-
parity modes analyzed up to ` = 5, see Fig. 5. This
result opens at least two questions. First of all, one
wonders whether the only-tail factorization would
be helpful also to resumming the fluxes emitted by
a nonspinning particle orbiting a Kerr black hole.
Resumming that PN series has always been a chal-
lenge [43] that was solved, to a certain extent, only
through the orbital factorization (and additional re-
summation) procedure of Refs. [4, 5]. Hopefully
the only-tail factorization approach might be use-
ful in that case at least for what concerns the terms
linear in the black-hole spin. On the other hand,
our findings also suggest that it might be worth
investigating the performance of the only-tail fac-
torization procedure also in the ν 6= 0 case. The
accuracy of such odd-parity waveform amplitudes
should then be carefully evaluated by perform-
ing extensive comparisons between a so-constructed
EOB waveform model and state-of-the-art NR sim-
ulations.

(v) We also explored the accuracy of the orbital-
factorization/resummation approach of Ref. [4, 5],
notably in the form developed for the odd-m modes
in the ν 6= 0 case. We do so by truncating the
PN information at the same PN order where ν-
dependent corrections are known. This approach
has been recently used to improve the behavior of
the ` = 2, m = 1 waveform amplitude in a new,
EOB-based, multipolar waveform model [19]. For
this mode, we found (see top-left panel of Fig. 6)
that the numerical/analytical agreement is rather
good, though not at the level of the only-tail fac-
torized case mentioned above. The situation is
even worse for the subdominant modes (except the
` = m = 3 one). Our results seem to suggest that
the resummation of Ref. [4, 5] should be replaced
by the only-tail factorization one, since it is simpler
and more accurate. More investigations, notably
when both objects are spinning, will be needed to
confirm this preliminary conclusion.
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Appendix A: Interpreting the spinning-body limit
using the EOB dynamics

In the main text we have considered −1 ≤ σ ≤ 1. Due
to the definition of σ in Eq. (3) we can also write

σ =
µ

M

s

µ2
. (A1)

This parameter, per se, can be thus meaningful also for
the equal-mass case, with the understanding that the
MPD approach (or the Hamiltonian approach) plus the
solution of the Teukolsky equations for the fluxes can
only deliver some of the contributions at leading-order in
the mass ratio. More precisely, the value σ = ±1 can be
interpreted as the case of an extremally spinning black
hole, s/µ2 = ±1 in an equal-mass binary, µ/M = 1.
Although in this case the perturbative approach we are
using is expected to be meaningless, in practice it is use-
ful to compute, and test numerically, some of the terms
that enter the complete PN expansion.

The euristic comparable-mass limit suggested by
Eq. (A1) can be put on a more solid ground starting
from the complete EOB Hamiltonian for a two-body
system with masses (m1,m2), with the convention that
m1 ≥ m2. We also refer the reader to Sec. III of
Ref. [16] for complementary information. The complete
EOB Hamiltonian reads

ĤEOB ≡
HEOB

µ
=

1

ν

√
1 + 2ν(Ĥeff − 1), (A2)

where now it is µ ≡ m1m2/(m1 + m2), and ν = µ/M is
the symmetric mass ratio and

Ĥeff = Ĥeff
orb + Ĥeff

SO (A3)

is the effective Hamiltonian. The spin-orbit sector is
given by

Ĥeff
SO ≡ pϕ(GS∗ Ŝ∗ +GSŜ), (A4)

where pϕ = Pϕ/µ is the dimensionless orbital angular
momentum, we introduced the symmetric spin combina-
tions

Ŝ∗ =

(
m2

m1
S1 +

m1

m2
S2

)
1

(m1 +m2)2
(A5)

Ŝ =
S1 + S2

(m1 +m2)2
, (A6)

and (GS , GS∗) are the gyro-gravitomagnetic functions.
For the case where only the secondary, m2 is spinning
(S1 = 0), Ĥeff

SO becomes

Ĥeff
SO = pϕ

{
GS∗

1

(m1 +m2)2

m1

m2
S2 +GS

S2

(m1 +m2)2

}
.

(A7)
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After introducing powers of m2 so to explicitly have a
dimensionless spin variable χ2 ≡ S2/m

2
2 one obtains

ĤSO = pϕ

{
GS∗ν

S2

m2
2

+GS
1

4
(1−

√
1− 4ν)2 S2

m2
2

}
. (A8)

The extreme-mass-ratio limit is now defined by the con-
dition ν → 0. In this limit, one sees that the term pro-
portionalt to GS is suppressed with respect to the one
proportional to GS∗ because of the different ν depen-
dence. In the ν → 0 limit one finally has that the spin-
orbit sector of the real spin-orbit Hamiltonian describing
a spinning test-body orbiting a Schwarzschild black hole
is given by

ĤSO = pφGS∗ν
S2

m2
2

, (A9)

where GS∗ is known analytically in closed, non-PN ex-
panded, form [40, 41, 44]. One then defines the dimen-
sionless spin σ as

σ ≡ ν S2

m2
2

= νχ2. (A10)

Thus, since −1 ≤ χ2 ≤ +1, and 0 ≤ ν ≤ 1/4, one
concludes, from the EOB (and thus PN) perspective, that
−1/4 ≤ σ ≤ 1/4. The usual limit −1 ≤ σ ≤ 1 is obtained
writing σ as

σ ≡ m1m2

(m1 +m2)2

S2

m2
2

(A11)

and then addtionally expanding the symmetric mass ra-
tio in powers of the mass ratio m2/m1 ≈ µ/M � 1.

Appendix B: Spinning particle on Schwarzschild
background: PN-expanded multipolar energy fluxes

1. Newtonian prefactors

Each multipolar flux is written as the product of a
Newtonian (or leading-order) prefactor and of a PN cor-

rection, i.e.

F`m = F
(N,ε)
`m F̂`m, (B1)

where ε = 0, 1 indicates the parity of `+m. For each mul-
tipole, the Newtonian prefactor can be written in closed
form as

F
(N,ε)
`m =

1

8π
x3m2(−)`+ε

∣∣∣Rh(N,ε)
`m

∣∣∣2 , (B2)

where the Newtonian waveform Rh(N,ε)
`m is explicitly

given as [2]

Rh(N,ε)
`m = Mν n

(ε)
`mc`+ε(ν)x(`+ε)/2Y`−ε,−m(π/2, φ) ,

(B3)
with

c`+ε(ν) = X`+ε−1
2 + (−)`+εX`+ε−1

1 (B4)

and

n
(0)
`m = (im)`

8π

(2`+ 1)!!

√
(`+ 1)(`+ 2)

`(`− 1)
, (B5)

n
(1)
`m = −(im)`

16πi

(2`+ 1)!!

√
(2`+ 1)(`+ 2)(`2 −m2)

(2`− 1)(`+ 1)`(`− 1)
.

(B6)

2. Newton-normalized PN fluxes

The PN-expanded fluxes up to ` = 7 are presented be-
low. For completeness and future reference we also keep
all the nonspinning terms. All of the series given below
can be found digitally in the PostNewtonianSelfForce
package in the Black Hole Perturbation Toolkit [32].
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F̂22 = 1− 107

21
x+

4784

1323
x2 +

(
4π − 4σ

3

)
x3/2 +

(
−428π

21
+

208σ

63

)
x5/2

+

(
−16πσ

3
− 856 log(x)

105
+

16π2

3
− 1712γ

105
+

99210071

1091475
− 3424 log(2)

105

)
x3

+

(
19136π

1323
+

49844σ

3969

)
x7/2

+

(
832πσ

63
+

91592 log(x)

2205
− 1712π2

63
+

183184γ

2205
− 27956920577

81265275
+

366368 log(2)

2205

)
x4

+

[
σ

(
3424 log(x)

315
− 64π2

9
+

6848γ

315
− 46815716

363825
+

13696 log(2)

315

)
+ π

(
−3424 log(x)

105
− 6848γ

105
+

396840284

1091475
− 13696 log(2)

105

)]
x9/2(

199376πσ

3969
− 4095104 log(x)

138915
+

76544π2

3969
− 8190208γ

138915
+

187037845924

6257426175
− 16380416 log(2)

138915

)
x5

+

[
σ

(
−178048 log(x)

6615
+

3328π2

189
− 356096γ

6615
+

123621054016

893918025
− 712192 log(2)

6615

)
+ π

(
366368 log(x)

2205
+

732736γ

2205
− 111827682308

81265275
+

1465472 log(2)

2205

)]
x11/2 (B7)

F̂21 = 1 + 3σx1/2 − 17

14
x+

(
2π − 367σ

28

)
x3/2 +

(
6πσ − 2215
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)
x2 +

(
−17π

7
+

14383σ

1764

)
x5/2(

−367πσ
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+
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+
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)
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+
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(
−214 log(x)
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+
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)
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]
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+
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+
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+
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)
x4

+
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σ

(
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+
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− 344524801603

1589187600
+
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)
+

π

(
−428 log(x)
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+
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)]
x9/2

+

[
πσ

(
−428 log(x)

35
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+
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− 856 log(2)
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)
+

47401 log(x)
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+
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+
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+
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]
x5

+

[
σ

(
−1538981 log(x)
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+

14383π2

1323
− 1538981γ
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+
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1112431320
− 1538981 log(2)
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)
+ π

(
3638 log(x)
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+
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+
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)]
x11/2 (B8)
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F̂31 = 1− 16

3
x+ (2π + 5σ)x3/2 +
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33
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(
−32π
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9
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+

(
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+
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)
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+

(
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+

(
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9
+

416 log(x)
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− 64π2

9
+

832γ

63
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624323700
+
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)
x4

+

[
σ

(
−130 log(x)
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+

20π2

3
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+

358636417

11351340
− 260 log(2)
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)
+ π

(
−52 log(x)
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− 104γ
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− 1137077

3153150
− 104 log(2)
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)]
x9/2

+

(
35839πσ

297
− 11362 log(x)

693
+

1748π2

99
− 22724γ

693
+

806092611133

4548644100
− 22724 log(2)

693

)
x5

+

[
σ

(
6994 log(x)

189
− 1076π2

27
+

13988γ

189
− 21000333479

48024900
+

13988 log(2)
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)
+ π

(
832 log(x)
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+

1664γ
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− 38943317051
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+

1664 log(2)
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)]
x11/2 (B9)

F̂32 = 1 + 4σx1/2 − 193
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x+

(
4π − 1316σ
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)
x3/2 +

(
16πσ +

86111

22275

)
x2 +

(
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1485
− 772π
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)
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+

(
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+
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+
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+
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467775
+
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σ
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+
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x11/2 (B10)
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F̂33 = 1− 8x+ (6π − 3σ)x3/2 +
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F̂41 = 1 + 5σx1/2 − 202
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F̂42 = 1− 437
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21196175
+

16347298755161569813

822385306743000

− 61227940344 log(3)

21196175
− 61227940344 log(2)

21196175

)
+ π

(
1470456 log(x)

4235
+

2940912γ

4235
− 23942096774363

4684354675
+

2940912 log(3)

4235
+

2940912 log(2)

4235

)]
x11/2 (B14)
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F̂44 = 1− 593

55
x+

(
8π − 24σ

5

)
x3/2 +

2187772

55055
x2 +

(
13236σ

275
− 4744π

55

)
x5/2

+

(
−192πσ

5
− 50272 log(x)

3465
+

64π2

3
− 100544γ

3465
+

143850002468

780404625
− 100544 log(2)

1155

)
x3

+

(
17502176π

55055
− 205853488σ

1376375

)
x7/2

+

(
105888πσ

275
+

29811296 log(x)

190575
− 37952π2

165
+

59622592γ

190575
− 461493531002948

193588126875
+

59622592 log(2)

63525

)
x4

+

[
σ

(
402176 log(x)

5775
− 512π2

5
+

804352γ

5775
− 269452289384

260134875
+

804352 log(2)

1925

)
+ π

(
−402176 log(x)

3465
− 804352γ

3465
+

1150800019744

780404625
− 804352 log(2)

1155

)]
x9/2

+

(
−1646827904πσ

1376375
− 109983673984 log(x)

190765575
+

140017408π2

165165
− 219967347968γ

190765575

+
110876948362954366588

13877752051288125
− 219967347968 log(2)

63588525

)
x5

+

[
σ

(
−221800064 log(x)

317625
+

282368π2

275
− 443600128γ

317625
+

33963566444720392

3161939405625
− 443600128 log(2)

105875

)
+ π

(
238490368 log(x)

190575
+

476980736γ

190575
− 3691948248023584

193588126875
+

476980736 log(2)

63525

)]
x11/2 (B15)

F̂51 = 1− 358

39
x+

(
2π +

28σ

3

)
x3/2 +

290803

7605
x2 +

(
−54892σ

585
− 716π

39

)
x5/2

+

(
56πσ

3
− 1546 log(x)

2145
+

4π2

3
− 3092γ

2145
− 70678556867

884458575
− 3092 log(2)

2145

)
x3

+

(
1818512σ

4563
+

581606π

7605

)
x7/2

+

(
−109784πσ

585
+

553468 log(x)

83655
− 1432π2

117
+

1106936γ

83655
+

30751133534746

946665494775
+

1106936 log(2)

83655

)
x4

+

[
σ

(
−43288 log(x)

6435
+

112π2

9
− 86576γ

6435
− 4023624605818

4927697775
− 86576 log(2)

6435

)
+ π

(
−3092 log(x)

2145
− 6184γ

2145
− 141357113734

884458575
− 6184 log(2)

2145

)]
x9/2

+

(
3637024πσ

4563
− 449581438 log(x)

16312725
+

1163212π2

22815
− 899162876γ

16312725
+

71365115368720132

237342563332875
− 899162876 log(2)

16312725

)
x5

+

[
σ

(
84863032 log(x)

1254825
− 219568π2

1755
+

169726064γ

1254825
+

21412695417260944

127799841794625
+

169726064 log(2)

1254825

)
+ π

(
1106936 log(x)

83655
+

2213872γ

83655
+

61502267069492

946665494775
+

2213872 log(2)

83655

)]
x11/2 (B16)
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F̂52 = 1 + 6σx1/2 − 3911

455
x+

(
4π − 30458σ

455

)
x3/2 +

(
24πσ +

18688127

621075

)
x2 +

(
5403626σ

17745
− 15644π

455

)
x5/2

+

(
−121832πσ

455
− 6184 log(x)

2145
+

16π2

3
− 12368γ

2145
− 3565375256

2299592295
− 24736 log(2)

2145

)
x3

+

[
σ

(
−12368 log(x)

715
+ 32π2 − 24736γ

715
− 225656637512

547521975
− 49472 log(2)

715

)
+

74752508π

621075

]
x7/2

+

(
21614504πσ

17745
+

24185624 log(x)

975975
− 62576π2

1365
+

48371248γ

975975
− 37120039834250764

99399876951375
+

96742496 log(2)

975975

)
x4

+

[
σ

(
188352272 log(x)

975975
− 487328π2

1365
+

376704544γ

975975
− 237272216817464212

99399876951375
+

753409088 log(2)

975975

)
+ π

(
−24736 log(x)

2145
− 49472γ

2145
− 14261501024

2299592295
− 98944 log(2)

2145

)]
x9/2

+

[
πσ

(
−49472 log(x)

715
− 98944γ

715
− 902626550048

547521975
− 197888 log(2)

715

)
− 115567377368 log(x)

1332205875

+
299010032π2

1863225
− 231134754736γ

1332205875
+

2962795414725501668

2153664000613125
− 462269509472 log(2)

1332205875

]
x5

+

[
σ

(
−33416023184 log(x)

38063025
+

86458016π2

53235
− 66832046368γ

38063025
+

209759979290346544

15202334121975
− 133664092736 log(2)

38063025

)
+ π

(
96742496 log(x)

975975
+

193484992γ

975975
− 148480159337003056

99399876951375
+

386969984 log(2)

975975

)]
x11/2 (B17)

F̂53 = 1− 138

13
x+ (6π + 4σ)x3/2 +

823943

17745
x2 +

(
−20844σ

455
− 828π

13

)
x5/2

+

(
24πσ − 4638 log(x)

715
+ 12π2 − 9276γ

715
+

4687046283

425850425
− 9276 log(3)

715
− 9276 log(2)

715

)
x3

+

(
3663136σ

17745
+

1647886π

5915

)
x7/2

+

(
−125064πσ

455
+

640044 log(x)

9295
− 1656π2

13
+

1280088γ

9295
− 28614963763754

27047585565
+

1280088 log(3)

9295
+

1280088 log(2)

9295

)
x4

+

[
σ

(
−18552 log(x)

715
+ 48π2 − 37104γ

715
+

4975310434

425850425
− 37104 log(3)

715
− 37104 log(2)

715

)
+ π

(
−27828 log(x)

715
− 55656γ

715
+

28122277698

425850425
− 55656 log(3)

715
− 55656 log(2)

715

)]
x9/2

+

(
7326272πσ

5915
− 1273815878 log(x)

4229225
+

3295772π2

5915
− 2547631756γ

4229225

+
2096233487612758084

430732800122625
− 2547631756 log(3)

4229225
− 2547631756 log(2)

4229225

)
x5

+

[
σ

(
96674472 log(x)

325325
− 250128π2

455
+

193348944γ

325325
− 51479627364210592

11044430772375
+

193348944 log(3)

325325
+

193348944 log(2)

325325

)
+ π

(
3840264 log(x)

9295
+

7680528γ

9295
− 57229927527508

9015861855
+

7680528 log(3)

9295
+

7680528 log(2)

9295

)]
x11/2 (B18)
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F̂54 = 1 + 6σx1/2 − 4451

455
x+

(
8π − 35018σ

455

)
x3/2 +

(
48πσ +

20952707

621075

)
x2 +

(
6596234σ

17745
− 35608π

455

)
x5/2

+

(
−280144πσ

455
− 24736 log(x)

2145
+

64π2

3
− 49472γ

2145
+

1919077079981

11497961475
− 49472 log(2)

715

)
x3

+

[
σ

(
−49472 log(x)

715
+ 128π2 − 98944γ

715
+

1797855496834

3832653825
− 296832 log(2)

715

)
+

167621656π

621075

]
x7/2

+

(
52769872πσ

17745
+

110099936 log(x)

975975
− 284864π2

1365
+

220199872γ

975975
− 193747438701841261

99399876951375
+

220199872 log(2)

325325

)
x4

+

[
σ

(
866205248 log(x)

975975
− 2241152π2

1365
+

1732410496γ

975975
− 1489526042743253458

99399876951375
+

1732410496 log(2)

325325

)
+ π

(
−197888 log(x)

2145
− 395776γ

2145
+

15352616639848

11497961475
− 395776 log(2)

715

)]
x9/2

+

[
πσ

(
−395776 log(x)

715
− 791552γ

715
+

14382843974672

3832653825
− 2374656 log(2)

715

)
− 518286160352 log(x)

1332205875
+

1340973248π2

1863225
− 1036572320704γ

1332205875
+

13465702596429393907

2153664000613125
− 1036572320704 log(2)

444068625

]
x5

+

[
σ

(
−163164444224 log(x)

38063025
+

422158976π2

53235
− 326328888448γ

38063025
+

92163273485725245586

1292198400367875
− 326328888448 log(2)

12687675

)
+ π

(
880799488 log(x)

975975
+

1761598976γ

975975
− 1549979509614730088

99399876951375
+

1761598976 log(2)

325325

)]
x11/2 (B19)

F̂55 = 1− 526

39
x+

(
10π − 20σ

3

)
x3/2 +

722993

10647
x2 +

(
70324σ

819
− 5260π

39

)
x5/2

+

(
−200πσ

3
− 7730 log(x)

429
+

100π2

3
− 15460γ

429
+

6552129589

35378343
− 15460 log(5)

429
− 15460 log(2)

429

)
x3

+

(
7229930π

10647
− 12610048σ

31941

)
x7/2

+

(
703240πσ

819
+

4065980 log(x)

16731
− 52600π2

117
+

8131960γ

16731
− 477890910720122

113599859373
+

8131960 log(5)

16731
+

8131960 log(2)

16731
)x4

+

[
σ

(
154600 log(x)

1287
− 2000π2

9
+

309200γ

1287
− 302007543634

197107911
+

309200 log(5)

1287
+

309200 log(2)

1287

)
+ π

(
−77300 log(x)

429
− 154600γ

429
+

65521295890

35378343
− 154600 log(5)

429
− 154600 log(2)

429

)]
x9/2

+

(
−126100480πσ

31941
− 5588735890 log(x)

4567563
+

72299300π2

31941
− 11177471780γ

4567563

+
1907636757769320236

93038284826487
− 11177471780 log(5)

4567563
− 11177471780 log(2)

4567563

)
x5

+

[
σ

(
−543604520 log(x)

351351
+

7032400π2

2457
− 1087209040γ

351351

+
195345738616319360

7156791140499
− 1087209040 log(5)

351351
− 1087209040 log(2)

351351

)
+ π

(
40659800 log(x)

16731
+

81319600γ

16731
− 4778909107201220

113599859373
+

81319600 log(5)

16731
+

81319600 log(2)

16731

)]
x11/2 (B20)
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F̂61 = 1 + 7σx1/2 − 125

12
x+

(
2π − 2147σ

24

)
x3/2 +

(
14πσ +

180021689

3769920

)
x2 +

(
78074681σ

157080
− 125π

6

)
x5/2

+

(
−2147πσ

12
− 1802 log(x)

3003
+

4π2

3
− 3604γ

3003
− 24598440919576

218461268025
− 3604 log(2)

3003

)
x3

+

[
σ

(
−1802 log(x)

429
+

28π2

3
− 3604γ

429
− 186251710369819

124835010300
− 3604 log(2)

429

)
+

180021689π

1884960

]
x7/2

+

(
78074681πσ

78540
+

112625 log(x)

18018
− 125π2

9
+

112625γ

9009
+

707729869694513

8643122167680
+

112625 log(2)

9009

)
x4

+

[
σ

(
1934447 log(x)

36036
− 2147π2

18
+

1934447γ

18018
+

39883212208000103

19014868768896
+

1934447 log(2)

18018

)
+ π

(
−3604 log(x)

3003
− 7208γ

3003
− 49196881839152

218461268025
− 7208 log(2)

3003

)]
x9/2

+

[
πσ

(
−3604 log(x)

429
− 7208γ

429
− 186251710369819

62417505150
− 7208 log(2)

429

)
− 9541149517 log(x)

332972640
+

180021689π2

2827440
− 9541149517γ

166486320
+

1443709506661055325611

4457029313344608000
− 9541149517 log(2)

166486320

]
x5

+

[
σ

(
−4137958093 log(x)

13873860
+

78074681π2

117810
− 4137958093γ

6936930
+

4849567930889021794613

3157062430285764000
− 4137958093 log(2)

6936930

)
+ π

(
112625 log(x)

9009
+

225250γ

9009
+

707729869694513

4321561083840
+

225250 log(2)

9009

)]
x11/2 (B21)

F̂62 = 1− 81

7
x+

(
4π +

68σ

7

)
x3/2 +

8221522

137445
x2 +

(
−88714σ

735
− 324π

7

)
x5/2

+

(
272πσ

7
− 7208 log(x)

3003
+

16π2

3
− 14416γ

3003
− 161484749374217

1223383100940
− 28832 log(2)

3003

)
x3

+

(
7295384σ

11319
+

32886088π

137445

)
x7/2

+

(
−354856πσ

735
+

194616 log(x)

7007
− 432π2

7
+

389232γ

7007
− 138951395311225087

727912945059300
+

778464 log(2)

7007

)
x4

+

[
σ

(
−490144 log(x)

21021
+

1088π2

21
− 980288γ

21021
− 2244361964428541

1529228876175
− 1960576 log(2)

21021

)
+ π

(
−28832 log(x)

3003
− 57664γ

3003
− 161484749374217

305845775235
− 115328 log(2)

3003

)]
x9/2

+

[
29181536πσ

11319
− 3485925328 log(x)

24279255
+

131544352π2

412335
− 6971850656γ

24279255
+

69009387572205137581

30693662516667150
− 13943701312 log(2)

24279255

]
x5

+

[
σ

(
639450512 log(x)

2207205
− 1419424π2

2205
+

1278901024γ

2207205
− 51564217241617

25040004990
+

2557802048 log(2)

2207205

)
+ π

(
778464 log(x)

7007
+

1556928γ

7007
− 138951395311225087

181978236264825
+

3113856 log(2)

7007

)]
x11/2 (B22)
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F̂63 = 1 + 7σx1/2 − 133

21
x+

(
6π − 2299σ

24

)
x3/2 +

(
42πσ +

191999369

3769920

)
x2 +

(
86132401σ

157080
− 133π

2

)
x5/2

+

(
−2299πσ

4
− 5406 log(x)

1001
+ 12π2 − 10812γ

1001
− 8318725110259

582563381400
− 10812 log(3)

1001
− 10812 log(2)

1001

)
x3

+

[
σ

(
−5406 log(x)

143
+ 84π2 − 10812γ

143
− 6435219971227

6935278350
− 10812 log(3)

143
− 10812 log(2)

143

)
+

191999369π

628320

]
x7/2(

86132401πσ

26180
+

17119 log(x)

286
− 133π2 +

17119γ

143
− 158600290311609547

158457239740800
+

17119 log(3)

143
+

17119 log(2)

143

)
x4

+

[
σ

(
188309 log(x)

364
− 2299π2

2
+

188309γ

182
− 59571165214052209

8339854723200
+

188309 log(3)

182
+

188309 log(2)

182

)
+ π

(
−32436 log(x)

1001
− 64872γ

1001
− 8318725110259

97093896900
− 64872 log(3)

1001
− 64872 log(2)

1001

)]
x9/2

+

[
πσ

(
−32436 log(x)

143
− 64872γ

143
− 6435219971227

1155879725
− 64872 log(3)

143
− 64872 log(2)

143

)
− 10175966557 log(x)

36996960
+

191999369π2

314160
− 10175966557γ

18498480
+

42300157953961348695307

8418833147428704000

− 10175966557 log(3)

18498480
− 10175966557 log(2)

18498480

]
x5

+

[
σ

(
−4565017253 log(x)

1541540
+

86132401π2

13090
− 4565017253γ

770770
+

6208405960475571319531

116928238158732000

− 4565017253 log(3)

770770
− 4565017253 log(2)

770770

)
+ π

(
51357 log(x)

143
+

102714γ

143
− 158600290311609547

26409539956800
+

102714 log(3)

143
+

102714 log(2)

143

)]
x11/2 (B23)

F̂64 = 1− 93

7
x+

(
8π +

20σ

7

)
x3/2 +

2028464

27489
x2 +

(
−5996σ

147
− 744π

7

)
x5/2

+

(
160πσ

7
− 28832 log(x)

3003
+

64π2

3
− 57664γ

3003
− 7473136770797

305845775235
− 57664 log(2)

1001

)
x3

+

(
45679300σ

192423
+

16227712π

27489

)
x7/2

+

(
−47968πσ

147
+

893792 log(x)

7007
− 1984π2

7
+

1787584γ

7007
− 389504245584812167

181978236264825
+

5362752 log(2)

7007

)
x4

+

[
σ

(
−576640 log(x)

21021
+

1280π2

21
− 1153280γ

21021
− 9680228679908

61169155047
− 1153280 log(2)

7007

)
+ π

(
−230656 log(x)

3003
− 461312γ

3003
− 59785094166376

305845775235
− 461312 log(2)

1001

)]
x9/2

+

(
365434400πσ

192423
− 3440274944 log(x)

4855851
+

129821696π2

82467
− 6880549888γ

4855851

+
200984978531762355824

15346831258333575
− 6880549888 log(2)

1618617

)
x5

+

[
σ

(
172876672 log(x)

441441
− 383744π2

441
+

345753344γ

441441
− 79666062343153756

12131882417655
+

345753344 log(2)

147147

)
+ π

(
7150336 log(x)

7007
+

14300672γ

7007
− 3116033964678497336

181978236264825
+

42902016 log(2)

7007

)]
x11/2 (B24)
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F̂65 = 1 + 7σx1/2 − 149

12
x+

(
10π − 2603σ

24

)
x3/2 +

(
70πσ +

44119381

753984

)
x2 +

(
20910829σ

31416
− 745π

6

)
x5/2

+

(
−13015πσ

12
− 45050 log(x)

3003
+

100π2

3
− 90100γ

3003
+

12846599702749
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F̂73 = 1− 239
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F̂75 = 1− 271
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F̂77 = 1− 319
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Appendix C: Multipolar 5.5PN EOB relativistic
residual amplitudes derived from the new spinning

particle on Schwartzschild fluxes results

The spin-dependent part of the PN-expanded residual
relativistic amplitudes obtained from the fluxes of Sec.
B 2 read
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