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CrossMark
Abstract
We develop a formalism to treat higher order (nonlinear) metric perturbations
of the Kerr spacetime in a Teukolsky framework. We first show that solutions
to the linearized Einstein equation with nonvanishing stress tensor can be
decomposed into a pure gauge part plus a zero mode (infinitesimal perturbation
of the mass and spin) plus a perturbation arising from a certain scalar (‘Debye—
Hertz’) potential, plus a so-called ‘corrector tensor’. The scalar potential is a
solution to the spin —2 Teukolsky equation with a source. This source, as
well as the tetrad components of the corrector tensor, are obtained by solving
certain decoupled ordinary differential equations involving the stress tensor.
As we show, solving these ordinary differential equations reduces simply to
integrations in the coordinate r in outgoing Kerr—Newman coordinates, so
in this sense, the problem is reduced to the Teukolsky equation with source,
which can be treated by a separation of variables ansatz. Since higher order
perturbations are subject to a linearized Einstein equation with a stress
tensor obtained from the lower order perturbations, our method also applies
iteratively to the higher order metric perturbations, and could thus be used
to analyze the nonlinear coupling of perturbations in the near-extremal Kerr
spacetime, where weakly turbulent behavior has been conjectured to occur.
Our method could also be applied to the study of perturbations generated by
a pointlike body traveling on a timelike geodesic in Kerr, which is relevant to
the extreme mass ratio inspiral problem.

Original content from this work may be used under the terms of the Creative
Commons Attribution 4.0 licence. Any further distribution of this work must maintain
attribution to the author(s) and the title of the work, journal citation and DOI.
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1. Introduction

Metrics describing a perturbed Kerr black hole play an important role in gravitational physics,
for instance in order to model the ringdown phase after a black hole merger, or an extreme
mass ratio inspiral. Their analysis also presents nontrivial mathematical challenges: one may
wish to prove the expected decay properties of the perturbations (see e.g. [1-3] and references
for recent progress directly relevant to this work), or to understand the complicated but highly
special geometrical structure of the perturbation equations on the Kerr background (see e.g.
the monograph [4]).

In the case of linear perturbations (i.e. solutions to the linearized Einstein equation around
Kerr), one has the Teukolsky formalism [5, 6], which in effect reduces the problem to the
study of a linear scalar wave equation. Furthermore, this equation can be solved by a sepa-
ration of variables ansatz. Combined, these two features dramatically simplify the analysis
of linear perturbations. As originally derived, Teukolsky’s equation applies to the extreme
components 1y or 14 of the linearized Weyl tensor, see section 2. However, it was discov-
ered soon afterwards [7, 8] that the equation also applies directly to the metric perturbation
itself in a sense. In fact, if one makes an ansatz of the form £,, = Re SithJ, where S;rb isa
certain second order differential operator (see (25)) constructed using geometrical objects
of the background Kerr geometry, then if the complex ‘Hertz potential’ ® is a solution to
the source-free (adjoint) Teukolsky equation, %, is a solution to the source-free linearized
Einstein equation. Furthermore, it is generally accepted—and argued more carefully in sec-
tion 3—that this ansatz in a sense covers all solutions with the exception only of pure gauge
ones and ‘zero modes’, by which one means linear perturbations towards a Kerr black hole
with different mass and/or spin.

While the Weyl tensor components are sufficient to extract the information about gravita-
tional radiation at null infinity, it is also highly desirable to know directly the metric perturba-
tion itself. For instance, in the self-force approach [9, 10] to extreme mass ratio inspiral, the
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first step is to determine the linearized metric perturbation resulting from a stress tensor of a
point particle on a geodesic in the Kerr background. If one is interested in higher order per-
turbations, one has to solve, for the nth order perturbed metric, the linearized Einstein equa-
tion with a source determined by the metric perturbations up to order (n — 1). Both of these
problems involve solving the linearized Einstein equation with a nonvanishing source. But in
the presence of a source, the Hertz-potential ansatz h,, = Re S;rbq) is generically no longer
consistent! Furthermore, while the metric perturbation can be extracted from the perturbed
Weyl scalars g or ¢4 for perturbations satisfying the source free linearized Einstein equa-
tion by means of the Teukolsky—Starobinsky relations, this is no longer true for the Einstein
equation with source. Thus, it would seem that the Teukolsky formalism is not useful to study
higher order perturbations of Kerr (for example), and the mileage gained from the highly spe-
cial properties of the background seems lost again.

In this paper, we propose a way around this problem, which takes advantage of the very
special geometric properties of Kerr (and in fact, algebraically special solutions). Our starting

point is the linearized Einstein equation with source?,

(ER)ay = T, M

where £ is the linearized Einstein operator on the Kerr background (17). In applications, T,
would be e.g. the stress tensor of a point source on a geodesic in Kerr, or the nonlinear terms in
the equation for the nth order gravitational perturbation. Instead of the Hertz-potential ansatz,
which is generically inconsistent with a nontrivial source 7,5, we will argue that the metric
perturbation can be decomposed in the following manner* (see section 2 for the precise defini-
tion of the operators S, O, T)

hab = (Le8)ab + &ab + Xab + Re (ST®) s, 2
where:

o (Leg)ar = Vabp + V€, is a pure gauge perturbation (irrelevant).

e
g¥?, where (M(0),a(0)) = (M, a) are the mass/spin parameter of the given Kerr back-
ground (A, gap).

® X, is called a corrector field. As we will show, its nontrivial tetrad components (see (55))
are obtained from 7,, by solving three decoupled ordinary differential equations (see
(107)) along a congruence of outgoing null geodesics aligned with a principal null direc-
tion.

e ® is a complex potential which is a solution to the adjoint Teukolsky equation with a
source,

s=0 15 a zero mode, i.e. perturbation to another metric in the Kerr family

oOfe =1, 3)

The source 7 is determined in terms of 7, by an equation of the form (719) . = Ty — (Ex)a-
As we will show, this equation can be solved by integrating one ordinary differential equa-
tion along a congruence of outgoing null geodesics aligned with a principal null direction
(see (108) and (91)).

3To lighten the notation, we absorb the conventional prefactor of 87G into T

4To be precise, this decomposition holds under certain technical assumptions detailed in the main text. The es-
sentially only unproven hypothesis is the absence of ‘purely outgoing algebraically special perturbations’ with real
frequency. This restriction, however, plays no role for the main application we have in mind which is a retarded
solution generated by a compact source.
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The difficult step in our algorithm is thus to solve the adjoint Teukolsky equation with source
Ot® = 7, a scalar wave equation, which can be dealt with by a separation of variables ansatz
[6]. By contrast, the determination of the source 7 and the tetrad components of the corrector
field x,; involves the comparatively easy task of solving scalar ordinary differential equa-
tions depending on 7,,. Thus, our method represents a drastic simplification compared to
the nonseparated tensor equation (1), taking advantage to the maximum possible extent of
the special geometric features of Kerr. Before presenting the details of our algorithm in the
following sections, let us mention three potential applications of our method, which were the
motivation of our analysis.

1.1. Point sources

Point sources for the linearized Einstein equation are described by a distributional stress ten-
sor supported on a timelike geodesic ~,

o0
i) =m [ 3003~ () dr. @
— 00

Since our corrector field x,, is obtained by integrating linear ordinary differential equa-
tions sourced by appropriate components of T,, along a congruence of outward geodesics
from the past horizon to future null infinity, the corrector will only be nonzero for those geo-
desics intersecting ~y. Furthermore, if we impose zero boundary conditions on x,, on ¢, it
follows that x,;, is supported in each spatial slice along a ‘string’ attached to the point source
going out to infinity. The locus of this string is where the null geodesics intersecting «y pierce
the slice (see figure 1). Thus, our analysis shows that the perturbation A, is defined in terms
of a Hertz potential (as well as possibly trivial zero mode and gauge perturbations), plus a cor-
rector x,;, supported on a semi-infinite string emanating at the point particle going to infinity.
If instead vanishing boundary conditions on x,;, are imposed at .# T rather than #~, then the
string goes to the horizon rather than to infinity.

The occurrence of such ‘Dirac-type strings’ has been observed also by a number of previ-
ous authors [11] who have studied the equation (1) for point sources by a somewhat different
approach. In their approach, the exterior of the black hole is divided into two domains .4
and .#_ separated by an interface . containing the particle orbit. In each domain, an ansatz
h;tb = Re (ST®*),, is made for the metric, and then the existence of a distributional source
is encoded into suitable junction conditions relating ®* to ®~ on the interface . and in par-
ticular at the worldline - in the form of differentiability and continuity requirements. The per-
turbations obtained in this manner can be categorized [12] based on the form of the singularity
into the ‘half-string’ classes and the ‘full-string’ class. A ‘no-string’ gauge may be formed by
joining together the two regular sides of two opposite half-string perturbations along the inter-
face . through the particle. Such a perturbation, introduced by Friedman and collaborators
in [13, 14], avoids the stringlike singularities, but has instead a gauge discontinuity (and also
delta-function distributions [12]) on the interface .%.

Our construction scheme by contrast avoids the consideration of an interface, but the met-
ric perturbation involves the corrector piece x,,, which has a delta-function-like distribution
along a string emanating from the particle. Furthermore, our potential ¢ will be a solution to
the adjoint Teukolsky equation with a source (3) that will be supported along the string. Our
construction thereby gives a rather transparent conceptual understanding for the occurrence
of such Dirac-type strings that have been observed in other approaches. It is also conceivable
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Figure 1. Worldline of a body orbiting a Kerr black hole. The corrector tensor x; is
supported on the semi-infinite strings extending from the worldline to infinity.

that our construction, which avoids the consideration of an interface, might provide a viable
alternative scheme for numerical integrations.

1.2. Nonlinear perturbations: decay and turbulent behavior

By iterating our prescription, we can recursively obtain the nth order gravitational perturba-
tion up to gauge as A’y = g 4 x") 4 Re (S§T®™),, in terms of an n-order potential subject

to a sourced adjoint Teukolsky equation OT®® = (), where 7, xt(lz) are determined by

transport equations (ODEs) from the nonlinear terms Téz) in the nth order Einstein tensor

(involving hfli), e ,hi’;fl)), and where g((l',;) is an nth order perturbation to another Kerr black

hole. While a thorough discussion is outside the scope of the present paper, we here want to
ask whether higher order perturbations could be physically relevant in astrophysical situations.

At the linear level, an important aspect of characterizing black hole perturbations is the
determination of a quantized set of complex frequencies associated with certain mode solu-
tions to Teukolsky’s equation called quasinormal modes [15]. Quasinormal modes are the
natural resonances of black hole spacetimes and carry information about the parameters of
binary merger remnants. Rapidly spinning Kerr black holes exhibit a special family of weakly
damped quasinormal frequencies, which in a sense ‘corotate’ with the horizon. These modes
each have real part proportional to the horizon frequency and become arbitrarily long-lived in
the extremal limit [16, 17]. At linear order, the long-lived modes all get coherently excited, and
their collective behavior leads to interesting physical effects. Near the horizon, the superposi-
tion of modes results in a transient growth of tidal fields as measured by infalling observers.
Away from the horizon, the mode sum yields a transient power-law tail, slowing the asymp-
totic decay [17, 18]. Furthermore, as they have commensurate real part of frequency, these
modes can be nonlinearly in a state of resonance and can readily transfer energy amongst
each other. As such, the nonlinear coupling between multiple modes is conjectured to lead
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to turbulent cascades exhibiting a Kolmogorov-type scaling [19]. In this way, such nonlinear
features could in principle lead to a unique signature in the ringdown signals of highly spin-
ning black holes, as measured by future gravitational wave detectors.

Generically, however, an arbitrary perturbation to Kerr will extract angular momentum
through the mechanism of superradiance, the wave analog of the Penrose process, see e.g.
[20]. For nonlinear mode-coupling effects to become important, it is, therefore, necessary that
they develop faster than (a) the time scale for linear decay of the quasinormal modes, and (b)
the spin-down time scale of the black hole. We now give a heuristic argument, concluding that
as long as the perturbation amplitude and surface gravity are appropriately chosen, both of
these conditions can be satisfied.

We first estimate the spin-down time scale of the black hole’. Suppose we have a mode
perturbation to Kerr of amplitude A, frequency w, and azimuthal number m. The energy and
angular momentum fluxes into the black hole scale as [21]

M ~ MPw(w — mQy)A%, T ~ M*m(w — mQy)AZ, )

where the overdot denotes differentiation with respect to ingoing Kerr time and € is the
angular velocity of the outer horizon. For short,

M~ wiw, A% T ~ Mimw,A?, (6)
with dimensionless frequencies

wr = Mw, Wy = M(w — mQy). (7N
The fractional change in the extremality parameter (surface gravity) k = /1 — J2/M* due to

absorption at the horizon is given by

yE_ 2 (M
Kk M2k2 \ M2 2MJ

2J? 5 M
2J? )
= e (w—mQ)A” (w — mQy + O(k)) . (®)

In the last line, we have used that Qy = M/(2J) + O(k). The long-lived ‘near-horizon” modes
of nearly extremal Kerr have w — mQ; = O(k), so this term does not change the order of the
final term. Therefore, for near-horizon modes, we have
ko A?
) ©)
Thus Aw, < k suffices to make the fractional change in x small over a typical ‘fast’ time scale
M. For near-horizon modes, with w, ~ &, the spin-down time scale goes as Tgpin-down ~ M /Az.
The time scale for linear decay of a near-horizon mode, meanwhile, i Tgecay ~ M /K. Thus,
for nonlinear mode-coupling to become important, the perturbation amplitude must be such
that the mode-coupling time scale Tinode-coupling S Tspin-down» Tdecay -
The mode-coupling time scale depends on whether the fundamental interaction involves
a three- or four-mode coupling [22]. Three-mode interactions are stronger, but their presence
depends on the dispersion relation of the modes and any associated selection rules, analysis of

5 We thank Gralla for a discussion in which we made this estimate.

6
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Table 1. Criteria for long-lived quasinormal mode coupling. Conditions are given for
three and four mode interactions such that the mode coupling time scales are longer
than the linear decay and spin down time scales.

Three-mode 7 ~ M/A four-mode 7 ~ M/A?
Spin-down 7 ~ M /A? Ak —
Decay 7 ~ 1/k k<A K < A?

which we do not attempt here. Four-mode interactions are more generic. Three-mode interac-
tions have an interaction time scale that goes as 1/A, whereas four-mode interactions go as
1/A%. The overall strength of the interaction depends on the precise overlap integrals, which
would have to be studied using the framework developed in [23]. For now, we assume this
goes as 1/M. By comparing these time scales to those for dissipation and spin-down, we obtain
constraints on the size of the perturbation compared to the spin of the black hole in order for
nonlinear mode-coupling effects to become important (see table 1).

To summarize this discussion, we conclude that if the leading interaction involves three
modes, then provided 1 > A >> &, nonlinear coupling could become important for near-extre-
mal black holes. If the leading interaction involves four modes and A? > &k, then the interac-
tion time scale is the same as the spin-down time scale, and such nonlinear effects are possible,
although only marginally so. We will analyze this in detail in a future paper [24].

1.3. Perturbative quantum gravity

Our method should also bring substantial simplifications to perturbative quantum gravity on
the Kerr spacetime. For linear perturbations, the corrector tensor x,, is zero, and our results
give a decomposition s, = g4 + Re (ST®),, up to gauge. It turns out that, with respect to
the canonical symplectic form W for general relativity (see (30)), the zero mode perturbations
gq» (finitely many degrees of freedom) are symplectically orthogonal to the Hertz-potential
perturbations® (ST®),,, and thus can be ‘quantized’ independently. Thus, up to the zero mode
perturbations (quantization of a finite-dimensional phase space), the quantization of the gravi-
tational field reduces at linearized order to the quantization of the Hertz-potential field. For
these, we have the naturally induced symplectic form W[@l, ®)] = W[ReST®,ReSTd,),
which may be used as the basis for the quantization of the field ®.

For the higher perturbative orders, we should be able to proceed in a recursive manner just
as one does when defining the higher orders of the interacting Klein-Gordon quantum field
in ¢4—theory on a curved spacetime, say, see [26, 27]. The only difference should be that the
sources of the equations for the nth order perturbation are determined by a certain transport
equation as described in section 5, and that in addition to the Hertz-potential quantum field
®, we need to keep track of the corrector x,;, at each perturbation order, also as described in
section 5. We leave the details to a future investigation.

This paper is organized as follows. In section 2 we review the essential parts of the GHP
formalism for the convenience of the reader. In section 3 we study the decomposition (2) for
solutions to the homogeneous linearized Einstein equations. In section 4, we generalize this to
solutions to the linearized Einstein equations with source. In section 5 we point out the fairly
obvious application to higher order (nonlinear) perturbations. Some formulae are relegated to
the appendix.

©This follows, e.g. from proposition 3.1 of [25] and the fact that 7g = 0.

7
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Conventions: We use the (+ — ——) signature convention for the metric and the conven-
tions of [20] otherwise. We also make extensive use of the Geroch—Held—Penrose (GHP)-
formalism [28] and the associated standard notation.

2. GHP formalism and Teukolsky equation

Our construction makes heavy use of the special geometric features of the background Kerr
geometry. The key simplifying feature behind most arguments is in fact the algebraically spe-
cial nature of the background geometry and, of course, the vacuum Einstein equation

Ry =0, (10)

assumed throughout this article. We recall (see [20] for details) that the Weyl tensor Cypcq of
a 4 dimensional Lorentz metric generically has four distinct ‘principal null directions’ at each
point, where a principal null direction is a null vector k“ such that

0 = ki Cujpeiaka KKk (11)

Definition 1. A 4D spacetime is called algebraically special (or Petrov type II) if two prin-
cipal null directions coincide at every point, k{ = k5 = [, and in this case Cupc[sle] ’I° = 0. An
algebraically special spacetime is called Petrov type D if there is another pair of coinciding
principal null directions k§ = k§ = n“.

In an algebraically special spacetime, it is true that [ is tangent to a congruence of shear
free null-geodesics by the Goldberg—Sachs theorem [29]. Examples of such spacetimes are the
Kerr- and Robinson—Trautman families of metrics [30]. The former ones are actually of type
D, while in the latter the twist of [ vanishes. In order to take full advantage of the algebrai-
cally special property, it is useful to consider null tetrads (1, n%, m“, m”) such that [ is aligned
with the principal null direction (and n* with the other one in type D). Our conventions for the
tetrad are: I°n, = 1, m*m, = —1 and all other inner product vanish. From the null tetrad, we
define as usual the Weyl components,

Wg = —Capea I'm"Im",

Uy = —CapealnImt”,

U, = —% abcd(l“nbl"nd + l“nbm"rhd), (12)
\113 = — abcdlal’lbﬁ’lcnd,

Uy = —Copeq n°m°nimc,

and the spin coefficients p, p’',o,0’, 7,7, Kk, &', B8, 8, €, €; see appendix B. The real part of p
corresponds to the expansion of the null-geodesic congruence tangent to /4, the imaginary part
to the twist, and the real and imaginary parts of o correspond to the shear of /. k measures the
failure of the congruence to be geodesic in general, so by the Goldberg—Sachs theorem [29]
and its corollaries,

KZU:\I/():\IM:O. (13)

The corresponding primed quantities correspond to sending [ — n and m* — m“. By choos-
ing n“ appropriately, one can set further quantities to zero, but there are different options:
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(nl)In any type II spacetime, we can perform a null rotation [ — 4, m® — m“ +
Al*, n® — Am® + Am® + AAI%, under which 7 transforms as 7 — 7 + Ap.Then, if p #£ 0,
we can adjust A so that 7 = 0, and this choice fixes the null vector n“ up to a rescaling.
Making further use of the Einstein field equation, one then sees that 7/ = ¢’ = 0 in addi-
tion to (13); see [31] for details.

(n2) In type D, we may alternatively choose n“ to be the second principal null direction, which
results in the primed version of the Goldberg—Sachs theorem k' = ¢’ = U3 =¥, =0
in addition to (13). In Kerr, an example of such a tetrad is the Kinnersley frame; see
appendix B.

Except for the case of Schwarzschild spacetime, one must in general choose between these
two possibilities, and we shall make use of either one of them in the following depending on
the purpose.

The GHP formalism [28] allows one to handle in a very efficient manner the equa-
tions obtained for the spin coefficients and Weyl components. Furthermore, that formulation
has a geometrical basis which renders its equations automatically invariant under the remain-
ing permissible rescalings of the tetrad (14, n®, m“, ). These rescalings consist of (a) a local
boost, sending [* — AN, n% — XA v or (b) alocal rotation m® — A~ 'm®, where ) is a
nonzero complex number depending on the spacetime point. A GHP quantity 7 is said to have
weights ( p, ¢) if transforms as

n—ANn = n=(p.g), (14)

under a combined local boost and rotation.

More mathematically speaking, the construction can be seen as follows. Given two null
directions—rather than vectors—aligned with the given /4, n® at each point, one can define the
bundle of all null frames (I, n¢, m®,m") over .# such that [, n* point along the prescribed
directions and such that m®, m“ are positively oriented and span the complexified orthogonal
complement of the plane determined by /4, n“. This set is seen to define a principal fibre bun-
dle, &, over .# with structure (gauge) group the boosts and rotations, i.e. G = R4 x SO(2),
isomorphic also to the multiplicative group G = Cx of nonzero complex numbers; see [32]
for the basic definitions related to the notion of a principal fibre bundle. The gauge group G
acts precisely by local boosts and rotations on &?. G = Cy also acts by multiplication with
AP on the 1-dimensional vector space C, and this gives a representation 4. The GHP
quantities n=( p, q) are precisely the sections of the so-called associated complex line bun-
dle £P4 = P ., C.We may also consider ‘mixed” tensorial/ GHP objects of GHP weight
(p, q) and tensorial rank (r, s), which are sections in the vector bundles £ 79 & T™* 4 .

The key idea of the GHP formalism is to view the spin coefficients p, o/, k,x’, 7,7, 0,0’
as GHP quantities of the appropriate weight as specified in appendix B. Likewise, the tetrad
components of an ordinary tensor are GHP quantities of an appropriate weight. For instance,
if £, is a covector field then & = &,1°=(1, 1), or &, = {n*=(—1,—1), or p=(1, 1), etc. The
remaining spin coefficients 3, 5’,¢,€ by contrast are used to define a covariant deriva-
tive operator (i.e. a connection) called ©, of the vector bundle Z74 & T"*.#, where
T M =TH® QT M. Its definition is

1 1
ea - va - E(p + q)nbvalb + E(p - q)ﬁlbvamb

= Va+ l(p€ + g€') + no(—pe — g€) — ma(pB' — qB) — ma(—pB + 43’2-15)
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Ordinary tensor fields are identified with sections of & 00 @ T™ 4 , i.e. mixed GHP-tensor
fields of weight (0,0). The GHP-covariant directional derivatives along the tetrad legs are
denoted traditionally by

b = 917 p/ = ®ns 0= ®m, 61 = ®r7! (16)

These operators shift the GHP weights by the amounts b: (1,1),b" : (—1,—1),
d:(1,—1),8" : (—1,1). Apart from mathematical elegance, this geometric viewpoint is useful
because we may encounter null tetrads that behave in a singular way at certain points of .#,
such as the horizon, infinity, the north pole of a sphere, etc. The components of a mixed GHP
quantity in such a singular null frame will therefore also be singular, but such a singularity is
obviously absent in the geometrical viewpoint where it is simply ascribed to a bad choice of
gauge. By working throughout with invariantly-defined GHP quantities, the formalism there-
fore automatically takes care of such artificial singularities.

As noted by Wald [33], the essence of the Teukolsky formalism [5, 6] and its extension by
[7, 8] may be succinctly encoded in an operator relation. Let (.#, g4») be a type Il vacuum
solution. To state the operator relation, we introduce the linearized Einstein operator,

1
(ENas = 5 [~V Veha = VaVil, + 29V (uhye + gap (VI — V)], (17)

as well as partial differential operators S, 7, O defined as follows. S§,7 act on symmetric
rank-two covariant tensor fields and give a GHP scalar of weight (4, 0),

ST =8 —7 —41)[(b—2p) T — (0 — 7)Ti)

+ (b - ﬁ - 4p) [(6 - 27—-/)Tlm - (p - ﬁ)Tmm] B (1861)
Th= 30— 7)@ ~ Y+ 5(b— )b~ D
5 (b= P)O=27) + (0~ )b~ 2)] (180)

O, the wave operator appearing in Teukolsky’s master equation [5, 6], takes a (4,0) GHP
scalar to another (4,0) GHP scalar and is defined by

On=2[p—4p =)' —p) =@ —4r=7) =) =3%]n. (9
The operator relation is
OT =S¢, (20)

and can be exploited as follows. The quantity 7/ = 1)y is by construction equal to the lineariza-
tion of the Weyl component ¥y. (We denote the perturbed values of the Weyl scalars ¥, given
in (12) as v,..) Then, if h, is a solution to the linearized field equation £h,, = 0, it follows that
1) solves the homogeneous Teukolsky equation Oy = 0. We can also take the formal adjoint
of this operator relation and use that £ = £. (The formal adjoint’” PT of a partial differ-
ential operator P taking sections in 74 @ T™./ to sections in £ 74 @ T .4 is a partial
differential operator taking sections in £ 7"~7 @ T . to sections in £ "9 @ T*" M .
It is defined uniquely by the condition that

(,P'i'n/)a...bcmdnambc...d _ n/a...bcmd(zpn)ambc...d _ Vawa (21)

"By contrast with the conventions in quantum mechanics, the operation 1 is linear, rather than anti-linear. This is
because no sesqui-linear inner product is used in the definition.

10
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for some vector field w* constructed locally out of 7,7’ and their derivatives of GHP weight
zero.) This results in the relation
TiOT = €8T, (22)

As a consequence, suppose ®=(—4,0) satisfies OT® = 0. Then h,y, = (ST®),, is a complex-
valued solution to the linearized Einstein equation, £i,, = 0. By taking the real part and using
that £ is a real operator, we thereby get a real tensor field satisfying the linearized Einstein
equation from the ‘Hertz potential’ ®. The adjoint Teukolsky operator O is explicitly

O'® =2[(p) —p)(b+3p) — (& —7/)(d+37) — 3T,] @

24 2)2 2 2 2 _ 2
:2[(70 +a) fa2sin20> 9 <I>+4Mar8 i +4(M7(r @) frfiacosﬁ) %—?

A 92 A 010 A
a 1 \o® ,0 [, 00 1 9 (. 0%
+ (x - rnze> "o (A E) TSm0 90 (Sm%)
a(r—M) icos@\ 0P )
4 —— 4+ (4cot’0+2) @ 23)
+( = +sin20>5¢+(co +)}, (

where the second line is the coordinate expression in the Kinnersley tetrad in the Kerr space-
time, see appendix B. The adjoint operators 7T, ST are explicitly

(THn)as = Lo (® — 7)(O — 7)1+ 3mam(b— )b~ )1
@+ = )b =)+ b= p+AO— @Y
and

(S1®) = — 11p(d — 7)(d + 37)® — mamy(b — p)(b + 3p) @
+lamp{(b—p+p)@+37)+ (@ —7+7)(p+3p)}P. (25

As one sees from this expression, the real perturbation 4, = Re (S T@)ab automatically is in
a gauge where

hapl? =0 = g%hyy, (= hgpym®im®). (26)

We follow the tradition in which this gauge is referred to as ‘ingoing radiation gauge’ (IRG),
although in a general type II vacuum spacetime this terminology has little physical meaning.

3. Decomposition of h,, for homogeneous equation

Although we are generally interested in the inhomogeneous linearized Einstein equation (1),
we will in this section first inspect the homogeneous equation

(E"h)ab = 0 (27)
Aswehaverecalled, on a type Il vacuum background, if ®is a (IRG) Hertz potential, i.e. a weight
(—4,0) GHP scalar satisfying the (adjoint) homogeneous Teukolsky equation OT® = 0, then
the metric perturbation 4,, = Re (SJf(I))ah is a solution to the source-free linearized Einstein
equation. If we add to such a solution a pure gauge perturbation (L¢g)a = Va&p + V&, and

(s).a(s)

a zero mode perturbation g,, = % &ub , we obtain a new solution,

1
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hab =Re (ST(I))ab + (‘Cig)ab + gub, (28)

and we would now like to argue that, in a sense, this is the most general solution in the case
of the Kerr background, or more precisely, when (., g.») is the exterior region of the black
hole in the Kerr spacetime.

We shall give an argument for (28) following that given by Prabhu and Wald [25] in the
case of Schwarzschild, with suitable modifications for Kerr. Their argument is of a conceptual
nature as it is embedded in the phase-space (Hamiltonian) formulation of general relativity. In
its basic form, it applies to the sub-extremal family of Kerr black holes |a| < M, although later
we will need to impose, for technical reasons, the more stringent condition |a| < M, which
should be unnecessary. One begins by defining the symplectic current for vacuum general rel-
ativity. Let h,, h, be two symmetric tensor fields, not necessarily solutions to the linearized
Einstein equations. By the definition of the adjoint, since £ = &£, we have

(EW)hyy — (ER)* R, = V0, (29)

where w” is in the present context called the ‘symplectic current’. Evidently, it is conserved
if h,, hl,, solve the linearized Einstein equation. The explicit form of w* can be found e.g. in
[34]. Following that reference, one defines the symplectic form of general relativity to be

Wlh,h'] = / Vwa(h, H), (30)
3

where ¥ is a Cauchy surface with unit future pointing normal 4, stretching from the bifurca-
tion surface ./ = J#~ N 7 to spatial infinity. Since w* is conserved, the definition of W
is invariant under deformations of ¥ leaving .# and spatial infinity fixed. If £ is a smooth
vector field vanishing at ¥ and approaching as r — oo either a time translation, spatial trans-
lation, or rotation [in the asymptotically Cartesian coordinate system (#, x1, x, x3) determined
by (t,r,0, $)], the symplectic inner products with the corresponding pure gauge perturbation

(ﬁﬁg)abv
M if&r — o,
Wih, Leg) = { —P;  if €% — 9, (31)
Ji o if &Y — e,

define the perturbed ADM mass, linear momentum, respectively angular momentum, see [34].

From a solution to the Einstein equation we may determine its initial data (gup, p*), where
gab is a smooth symmetric tensor field on X representing the intrinsic metric, and where p®
is a smooth symmetric tensor density on X representing the conjugate momentum (related to
the perturbed extrinsic curvature), see [20]. The corresponding quantities for the linearized
perturbation are denoted by (gap, p®), where here and in the following, an overdot refers to a
first order perturbed quantity, and not a time derivative. In terms of these, the symplectic form
reads

Wiaopnd'p') = [ 54~ " o (2)
b
The symplectic form is automatically finite on the space of square integrable pairs (gup, p).
We denote the corresponding L*-type norm by || . ||, so
1. )" = / P Pas (=) + ¢ G (—q) T2, (33)
pX

12
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If 2 is a linear subspace of L2 x L? of such pairs, we denote by .2 its closure in the norm
I

Following section 4.1 of [35] we consider several such linear subspaces in this L? x L?
space of (unconstrained) initial data. We let % be the space of all gauge perturbations (L¢g)a»
(identified with initial data) generated by smooth vector fields £“ that become an asymptotic
translation or rotation at infinity and whose projection onto the bifurcation surface . van-
ishes. Further, we let ¥ = (#)~+, where L denotes the symplectic orthogonal complement.
Finally, we can introduce within ¥ the subspace ¥ N %, where % C C* x C* is a certain
intersection of weighted Sobolev spaces. It is shown in section 4.1 of [35] that: (i) Initial
data from ¥ N % satisfy the linearized constraints, (ii) have M=P=J=0,3G)Z N7V is
dense in the closed subspace 7, (iv) satisfy §u, p** = o(r~3/?)in an asymptotically Cartesian
coordinates system as r — 0o, with derivatives falling off faster by corresponding powers of
r~'and (v)

=9, =9,=0, on. (34)

where ¢ is the induced area element on the bifurcation surface . and 19,,,1 the perturbed
expansions in the directions n?, [* respectively. The second two conditions physically mean
that the perturbation is in a gauge in which the horizons 7+ stay in a fixed position, whereas
the first is just a gauge condition that can be imposed consistent with M = J = 0 in view of
the first law of black hole mechanics, see [35] for further explanations.

Finally, let # denote the space of perturbations /., = Re (ST®),, generated by smooth
GHP scalar fields ® of type (—4,0) such that OT® = 0 and such that ® has compact initial
data on Y. Prabhu and Wald [25] now argue as follows. Suppose A, is a smooth solution to
the linearized Einstein equations with initial data (., p**) € ¥ N %, and suppose one could
show that the relation

W[h,ReST®) =0  VRe(ST®), e # (35)
implies that A, is pure gauge perturbation in %. In formulas, this means
@)y-n(wnyycw. (36)

Now take the symplectic complement L of this relation. We can use (% N %)+ = # L in view
of (iii), and further that ¥+ = # - =%, by definition. Then we obtain (% + #) D V.
Thus, in view of (i)—(v), we would learn that:

Conclusion. [25] Any smooth perturbation with M = P = J = 0, with (34) and the falloff
for r — oo implied by the Sobolev norm of % (basically §a, p™ = o(r=>3/?)) can be approxi-
mated in the norm L? on initial data by the sum of a Hertz potential perturbation Re (ST®),,
and a pure gauge perturbation L¢gqp. Since perturbations with a given nonzero M,P,J can
be obtained by adding a perturbation g, towards another, perhaps boosted/rotated, Kerr
black hole this gives an argument—and precise sense—in which (28) holds true.

Furthermore, [25] have given arguments that (36) must in fact hold in the Schwarzschild
background. Thus, in the Schwarzschild spacetime, this completes the argument. We now
give a corresponding argument for the Kerr metrics with sufficiently small |a| < M. First, it
has been demonstrated in [35] by gluing methods that ¥ N % has the same closure as those
constrained initial data in ¥ that are smooth and vanish outside some value r > ry on X.
We may therefore restrict to such solutions, and call the corresponding space of initial data
%. Secondly, [25] have shown that in a general type II background, the relation (35) implies

13
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Th=0,s0 1 = 0. The argument is then completed by the following theorem, which shows
that /., must be pure gauge.

Theorem 1. Let hy, be a solution to the linearized Einstein equation on a Kerr back-
ground with |a| < M, with initial data (Ga, p*®) € %, having 1o = 0. Then also 14 = 0 and
hay = Legap Is a pure gauge perturbation.

Remarks.

(1) The proof does not show explicitly that the gauge vector field must be in #, i.e. it need
not have vanishing projection onto the bifurcation surface. This means that the space
for which the approximation claimed in the Conclusion could be slightly smaller than
¥, but it will always contain e.g. perturbations with compact support on the initial data
surface X.

(2) Before we give the proof of this theorem, we point out that Wald [36] has given an argu-
ment for smooth mode solutions. Our proof thus generalizes that of Wald in the sense that
our solutions need not be mode solutions.

(3) The restriction to |a| < M comes about because we are using results on the large time

decay of solutions to the Teukolsky equation from [2, 37], which hold under this condition.
Concretely, we use that integrals of the type [ (<< <u<u) |\Il;4/ 3 thy|? sin Odudrdep,do

are uniformly bounded in u; for fixed u; and r < r; < rp < 00. Our proof would gener-
alize to all |a| < M if such a result could be generalized to this range®.

Proof. By the Teukolsky—Starobinsky identities which hold in a general type D background
(see e.g. [38, 39]),

PSPy = 340, gy — 3kt (37a)
4wy Py = 0* W,y + Bty (37b)

where ¢ = W;1/3(T’m” — 7in® — p'I + pn®) (which is M~'/39, in Kerr), and where L is

the GHP-covariant Lie derivative [40]. Because ¢y = 0, these relations evidently give strong

constraints on 4. In the remainder of the proof we will argue that, in fact, we learn ¢4, = 0.
From (37a), we first conclude in view of bp = p? that

_ o o1 o1 o1
\1’2 4/3'(/J4 :ao +a1; +a2? “F@:;E (38)

Here and in the following, a degree mark ° on a quantity indicates that this quantity is annihi-
lated by b, so x° means that px° = 0. For the solution ¥, 4 3@[14 to the adjoint Teukolsky equa-
tion, we then use the following consequence of the Teukolsky—Starobinsky identities, see [38],

8To be precise, this is not a GHP-invariant statement. We here mean the outgoing Kerr—Newman coordinates and

e.g. the Kinnersley frame. An invariant statement would be f{rl<r<m“ <u<n) /’S“Ilz_4/3¢4|2 dool, < c0.
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Using (38), the left side vanishes. Since L¢ ¥, = 0 in Kerr, this gives
_ - _ 1 1 1
0 ={T;* 50,4 5" — 9Lk} (ag + a‘f; + agﬁ + a§p3> . (40)

To take full advantage of b = 0 in this equation and in several similar instances in the rest
of the paper, we employ a formalism invented by Held [31, 41]. His formalism has three main
ingredients. The first is a set of new operators, denoted by d, § and f)l which replace 8,9 and
b’ and contrary to the latter have the property that dx°, §'x° and f)/xo are quantities annihilated
by b. The second is a list of identities, generated from the Einstein equations and Bianchi
identities, expressing any background quantity in terms of p and quantities annihilated by b,
together with a table of how the new operators act on these. These two features enable one
to write any expression appearing in (40) as a Laurent polynomial in p with coefficients that
are annihilated by b. The third ingredient is a simple lemma showing that if GHP quantities
a;j satisfy

ag+dip+-+ayp'=0 = a’ =0. (41)
(Proof: Divide by p", then act with b" and use repeatedly bp = p? to obtain aj = 0. Substitute
this relation and iterate the process.) We begin by recalling the precise definition of the new
operators [41] on weight ( p, ¢) GHP quantities,

. - 1 (g0 U
p':p’—fa—ra'+rf(q_+p)+2(q_z+pz>, (42a)
pop p P

~ 1 qr

0=-0+—, (42b)
PP

i L pT

d =-0+—. (42c)
P p

Using the vacuum Einstein equations in GHP form, [41] next shows that on a type D back-
ground of the Case II in Kinnersley’s classification [42] (which includes Kerr) with a null
tetrad satisfying (n2),

p=p"p— %‘I’sz —(97° + %‘PS )P — T°T° 0P, (43a)
= -7, (430)
T =1°pp, (430)
U, = U5p°, (43d)

with 70=(—1, =3), U3=(—3, —3), p/°=(—2, —2), together with

1
=Q° 4 —, (44)
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Table 2. Action of Held’s operators on GHP background quantities in type D spacetimes
of Kinnersley’s Case II, in a tetrad satisfying (n2).

f)l 8 ~
P P’ = 5p(p¥s + p¥3) — p*proT° Tp —7°p?
Q° 0 2T —27°
o 0 0 0
7° 0 0 2 (P + 7Y + 5 (05 — T3
w3 0 0 0

with Q°=(—1, —1). These identities are complemented by identities for the action of the new
operators on p and on Q°, p’°, 7°, W3 given in the table 2 extracted from [41].

Now we consider (40), replacing the GHP operators in terms of Held’s operators (42), and
expanding all quantities using (43). Each of the resulting terms is given by a product of integer
powers of p and 5 times a quantity annihilated by b. We then divide by p? in order to get rid of
any positive power of p, and for the negative powers of p we substitute (44). Multiplying by
a suitable power p, the resulting equation is then of the general form (41), with coefﬁNCigrllts ay
built from finite sums and products of Q°, p°, 7°, U39, o, and their Held-derivatives 3, 0 , and
E)/. By (41), we get a; = 0, and this gives a set of conditions to be satisfied by the 4 coefficient
(distributions) o, i =0, 1,2, 3.

If we now consider the leading identity a; = 0, or equivalently the limit of equation (40) at
&, then the results of table 2 (and p = —(r — iacos#)~! — 0 towards ¥ T, with r — oo at
fixed outgoing Kerr—Newman coordinate u, see (B.4a)) lead to the equation

0={3"5" - 9(w3)p e 45)

Since b = IV, — pe — g€ and € = 0 in Kerr in the Kinnersley frame, and since [ is asymp-
totically tangent to a congruence of outgoing null geodesics, a GHP quantity annihilated by
b may be viewed geometrically as a function—or rather a section of the appropriate line bun-
dle—on # T (or #7); see figure 2. The outgoing Kerr—Newman coordinates (1,0, p,) as in
(B.4a) are good coordinates on .+ (or .#~) away from the poles, so as already said, we may
think of GHP quantities annihilated by b in the Kinnersley gauge as functions of (1,6, ¢.). In

this frame, the Held operators 5, 5/ and f)l are

- 1 1
0=—-—— (6 —l—icsc@i —|—iasin€2 - (p—q)cot9> ,

V2 \ 09 0. ou 2
< 1 [0 0 0 1
__ (o . o9 0 1. 46
0 ﬁ(@@ 1csc€a<p* 1asm96u—|—2(p q)cot&), (46)
~,_2
- Ou’

and V5 = M.

We now would like to take the Fourier transform of o in u. In order to be able to do this,
we must know the behavior of these functions for |u| — co. At our disposal, we have our
knowledge that the initial data of &, lie in the space % (having in particular their support on
a Cauchy surface for r < ry), as well as (38). Due to the essentially trivial dependence upon
r of (38) which enters only in p = —(r —iacosf)~!, we can conclude that a§ = 0 when
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u < u(ry), since b3(\112_4/3¢4) = 605 vanishes for » > ry on X. When u — +o00, we cannot
argue in this manner because W, 4 3w4 does not necessarily vanish near ;. But we can for
example use the decay results by [2] (theorem 10.1, equation (233)), see also [37] (theorem 2),
) = f{rl <r<ryun <u<ip} r"‘\I/;4/31/)4|2 sin 0dudrde.df
are uniformly bounded in u; for fixed n,u; and some r < ry,r; < 00. It then follows from the
special structure of (38) (using that a;’ = 04]9 (u, 0, p,)) that if we take a suitable linear com-
bination of finitely many 7,’s picking out only the contribution ful u<u, |a3|? sin Odudp..df
after performing the r-integrals, that o must be an L>-function in u. The mentioned results
by [2, 37] so far only cover the case that |a| < M, which is the origin of this restriction in our
theorem.

Assuming that this is the case, we can do Fourier-transforms at our hearts content and write

showing that’ integrals of the type I, (u,

a3 (u, 0, ¢.) = Z / dw 205, (w) *ZSwlm(g)eiiwu“m(p*’ (47)
Lm ¥~

where _,43,, (w) is a distribution which is in L? with respect to w, and where _S,,,,(6) are
the normalized eigenfunctions of the angular spin s = —2 Teukolsky master equation [5, 6].
Using either the explicit form (46) and that of the angular Teukolsky equation, or going back
to the form (39) and using the identities for the eigenfunctions of the radial Teukolsky equa-
tion given e.g. in [4], one can see that (dropping the subscripts I, m, w)

{61464 . 9(\113)2[)/2}[S<9)e—iwu+imga*] _ C2 S(6>e—iwu+imap*’ (48)

where the Starobinsky constant C = _,Cy,(w) is given by

c? = 1%{)@()\ + 2)2 _ SWZA[AZ(S)\ +6)— 12a2] I 144w2(M2 N w2A4)}’
(49)

where ) is the eigenvalue of the spheroidal harmonic _,S,,,(#) and where A = a®> — am/w.
Putting together (45) and (48), we therefore learn that

2 Cm(w)? @3 (w) = 0. (50)

If'9w — _,Ch (w) does not vanish anywhere on the real axis for any choice of I, m, then this
equation implies o (w) = 0 and then obviously &5 = 0 in view of (47). We can then substi-
tute this result into (40), and repeat the same argument, leading now to o = 0, and subse-
quently to af = 0 for all i. So, ¥4 = 0 in view of (38), in addition to vy = 0. Thus, A, is a
perturbation towards another type D metric. These have been analyzed by [36] who has shown
that h,;, is, modulo gauge, either a perturbation towards another Kerr metric, or a perturbation
towards a rotating C-metric or a NUT metric [44] (in total 4 real linear independent perturba-
tions). However, we are assuming that /., has vanishing initial data for > ry. Thus, such a

% Their basic variable is related to ours by al4 = v, 4/ 37/’4- ‘When considering their energy norms such as

]EET (o[~ appearing in their theorem 10.1, one must take into account that A~2a!=2l is smooth at 7% in the
case considered here, and the relations i = (r* 4 a*)L* /A, n* = (r* + a®)L? /¥ between the Kinnersley tetrad and
the vector fields L, L* employed by these authors. Furthermore, one should note that on 7+, A~!L* and L* have
finite limits.

10Tn Schwarzschild, the separation constant A = (I — 1)(I + 2) is independent of w and _,Cj,(w) = 0 manifestly
has no solutions on the real w-axis by inspection. The complex solutions correspond to the algebraically special
perturbations of Schwarzschild found previously by Couch and Newman [43].
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solution would have vanishing perturbed curvature invariants (e.g. ¥,) outside the domain of
dependence of the set where the initial data are not zero, which is not the case for the pertur-
bations towards a C- or NUT metric. So the proof would be complete provided we knew that
_2Cyn(w) does not vanish anywhere on the real w-axis for any choice of [, m.

In Kerr, there can be solutions to _»Cj,,(w) = 0 in the complex w-plane” [4], but it is not
known to us whether there could be any solutions on the real axis. Whichever way, one can
show that any solutions to _,Cy,(w) = 0 on the real axis, or in fact complex plane, must be
isolated if they do exist. This follows because the separation constant A, being obtained from
a Sturm-Liouville problem for the angular operator appearing in the separated Teukolsky
equation, with coefficients that are polynomial in w, must depend analytically on w. In other
words, &5 (w) is a sum of delta-functions and their derivatives peaked at the the countable set
{w;} C R where _,Cy(w;) = 0. But this is impossible for an L? function and we conclude
again that a5 = 0. Then we proceed in the same manner to successively show that all o = 0.
The proof is complete. O

4. Decomposition of h,, for inhomogeneous equation

Now we would like to study solutions A, to the sourced linearized Einstein equation
(gh)ab - Tab’ (51)

where £ is the linearized Einstein operator (17). The first part of our analysis will be entirely
local and works in any type II spacetime and with any, possibly distributional, 7,;. The final
part of the analysis involves global features of Kerr, and to avoid difficult issues of analytical
nature distracting from the main points, we will assume that the the source 7, is smooth and
of compact support. Of course, for there to be any solutions /4,5, we must have VT, = 0.

Ideally, we would like to be able to write the perturbation up to gauge as /,;, = Re (ST®),,
in terms of a Hertz potential in order to take advantage of the special features of type II back-
grounds. However, it is easy to see that this will not be possible for a generic T,;. Indeed,
such a h;, is automatically in the ingoing radiation gauge h,; = hy = hyy = hym = 0, and the
Il component of (51) together with (A.1) for (Eh); then gives Ty = 0. Thus, if Ty # 0 some-
where—as happens, e.g. for the stress tensor of a point particle (4)—then the perturbation
can definitely not be written as h,;, = Re (ST®),; in terms of a Hertz potential (up to gauge).

The main idea of this paper is that we may nevertheless write 4, = Re (S T@)ab —+ Xgp Up
to gauge for a relatively simple ‘corrector tensor’ x,;, determined from 7,;. Furthermore, the
Hertz potential ¢ will be a solution to the adjoint Teukolsky equation with a certain source
also determined from 7. To begin, it is easy to see that without the use of any Einstein equa-
tion, a metric perturbation /., may be put in a gauge where A, [* = 0. Indeed, if A, is not in
this gauge to begin with, we can solve for a gauge vector field £“ satisfying

(hay — Legap)l* = 0. (52)

This equation is equivalent to the GHP equations,

2b& =hy,
(b+p)em+ O+ 7)& =him, (53)
P& + b6+ (1 +7)m + (T + 7')&m =hin.

! As shown by Chandrasekhar [4], such frequencies correspond to algebraically special perturbations. The point is
that these cannot be in 2.
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Since b = IV, — pe — g€, the first equation is an ordinary differential equation (ODE) for &
along the orbits of /“. Substituting a solution & into the second equation, this similarly gives an
ODE for &,, along the orbits of /“. Finally substituting both solutions &, &, into the third equa-
tion gives an ODE for ¢, along the orbits of /“. Having determined the null-tetrad components
(&1, &n> &y Em) Of &, we can redefine hy, — hgp — ngab in order to obtain a perturbation such
that hgl° = 0.

The corrector field x,;, is now determined in such a way that

(Tap — Exap)ll =0, (54)
with the idea to eliminate any / component from 7. Our ansatz for x,, is
Xab = 2m(aﬁ1b)xmr71 - 2l(aﬁ/lb)xrmt - 2l(an’lb)xnrﬁ + lalpXnns (55)

where X7 = X, SO there are 4 real independent components encoded in Xz, X, Xnn DY
which we attempt to satisfy the 4 real independent equation (54). We now first transvect (54)
with [* and use the Il component of the Einstein operator &, (A.1), to obtain

{b(b —pP— ﬁ) + 2p/5}-xmﬁl = Tll- (56)

Next, we transvect (54) with m® and use the ml component of the Einstein operator £, (A.4),
to obtain:

%{p(p —2p) +2p(p = P) }Xum

1
=T = 5{b+p=p)@+7 =7) +27(b = 2p) = (0 =7 = 7)p + 297 }xun-
(57)
Finally, we transvect (54) with n and use the n/ component of the Einstein operator £, (A.3),
to obtain:

oo — )+ (b~ )
=Ty — %{(6’ +7' =F)O—7+7)+ (00— 77 — 77 +77) — (V2 + ¥y)

+ (P =20 )p+ (b —2p)p" + p(3P" — 27) + p'(3p — 2p)
—2b'b+ 2pp’ +28'(7) — T7 } i

b —20)@ ~ )+ (7 + 7)o+ 9) 20~ 7')p ~ 27b

— b =22)@ )+ + )b+ p) ~ 20~ )7 ~ 2rb}xun

(58)
To simplify, we could set 7 = 7" = ¢’ = 0 by an appropriate choice of null tetrad; see (nl).
The system of equations (56)—(58) is now solved as follows. First, since b = IV, — pe — ge,
the first equation (56) is an ODE for x,,5 along the orbits of [, see figure 2 for the exterior
region of Kerr. We take a solution x,,; and substitute it into the second equation (57), which
thereby becomes an ODE for x,,,, along the orbits of [“. Finally, we take the solutions Xz, X
and substitute them into the third equation (58), which thereby becomes is an ODE for x,,
along the orbits of /. We can thereby obtain x,;, by solving three scalar ODEs, a comparatively
manageable task in practice.
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Figure 2. Orbits of the principal null vector field /“ and of n“ in the exterior region of
Kerr.

Having determined x5, we now adjust h,, — hyp, — x4p. The adjusted hy, still has hapl® =0
and additionally satisfies

(gh)ab = Sah = Tab — 5xab . (59)

What x,, has thereby achieved is to remove the / components from the new source S, i.e.
Sal” = 0. At this stage, we can apply a result by [45] showing that there exists a gauge vector
field »“ such that after a gauge transformation .y, — hap — L 8ap, the perturbation A, satistying
(59) isiningoing radiation gauge, h,; = hy = hyy = hym = 0. To summarize, we have obtained
from the original perturbation satistying (51) by a shift h., — ey — Legab — Ln8ab — Xab @
new perturbation in ingoing radiation gauge satisfying (59). Furthermore, the new source S,
has no / components. Since we have described a constructive procedure to obtain x,, S, from
the original source 7,5, we can from now work with the shifted 4, satisfying (59), remember-
ing to add x,;, back at the end.

At this stage, we would like to show that the shifted A, satisfying (59) is of the form
ha = Re (ST®),,, for some potential ®=(—4,0) satisfying the Of Teukolsky equation with
some source to be determined. From the definition of ST (25), this means that ® should simul-
taneously satisfy the three equations,

i = *%(b —p)(b+3p)2, (60)
han = = {6 = p+ D)0 +37) + (0 =7+ 7)(b +39))}, 1)
i = —%(a )0+ 37)® +ce. ©2)

It is natural to use the first equation (60) in order to define ®. Since (60) can be viewed as a
second order ODE along the geodesic tangent to [, integration leaves us with two constants
per geodesic. A change of those integration constants entails the change
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Table 3. Action of Held’s operators on GHP background quantities in type I spacetimes
in a tetrad satisfying (nl), taken from [31].

~/ = ~/
b d
p PPp° = 5p(p¥s + p¥3) 0 2800
Q° ﬁ/o _ p/o 890 8/90
p/o 8 /0 8,0/0 _‘Ijg —Qokl°
K/ B e § w0 —s
Vi bws bws 8w
w3 oS G 3'ws
w3 oS 0 3ws
o BO
® &+ A%+ —, (63)
p

where A°=(—4,0), B°=(—1,3), and, as throughout this article, a degree ° marks a quantity
annihilated by pb. We shall have to use this freedom momentarily when trying to satisfy the
second equation (61). In order to understand this relation, we consider the //n component of
the Einstein equation (59), (£h);m = 0; see (A.4). Into this equation, we substitute (60), and
we use the following GHP operator identity:

%{b(b =2p)+2p(p = P)H(b—p+P)(O+37) + (@ —7+7)(b+3p)}
={(b =)@ —7"+7) = 27p}b — p)(b + 3p),

(64)
which follows from the GHP commutators, Bianchi identity, and background Einstein equa-
tion in any type II spacetime'?. Then, if y is defined as the left hand side of (61) minus the
right side, we get

{b(b—20) +2p(p - p)}y = 0. (65)
This is again a second order ODE along the geodesics tangent to /4, which integrates using
bp=p*to

L . b
y=p(p+p)a +p(p—2p);, (66)

where a®°=(—3, —1),b°=(0,2) are undetermined GHP scalars annihilated by b. In order to
compensate these, we now use (63), under which y changes as

vyt b= p4 43+ 0= 74 )b+ 30} {4+ .
(67)
On the right side, we now substitute for the GHP operators, 8, and b Held’s operators d, 5/,
and f)l (42), and we use the table 3 of operations in type II spacetimes and the following defini-

tions/results (68) taken from [31], taking advantage also of the special tetrad choice described
in (nl):

121t is the lin component of (22).
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e 1 —\iTy0
pl=pp" = 5p(p+0)¥3,

1 - 1y os
K = K° — pU3 — Epzﬁ/qu - §p3\11§’6/Q°,

- 1 -
Uy = p205 + pP8 05 + 53,04\11‘2’6/90 (68)

N N 1/~
Uy = pUS + p20 WS + p* (T3 Q° + 56/6/1113),
| BT 1. <+ 1 -
+ p4(§36/\P§6/Q° + 5 12080°) + E3p5x1:§(<’>'§z°)2.
Then it is found after a calculation that the change (67) will set y as in (66) to zero, pro-
vided A°, B° can be chosen so that
JA° = —24°, OB° = —2b°. (69)

‘We shall postpone the discussion of these equations until after theorem 2 and assume that they
can be satisfied. Then both (61) and (60) hold, and we can turn our attention to the final equa-
tion to be satisfied by ®, (62). We consider the /n component of the Einstein equation (59),
(ER)im = 0; see (A.3). Into this equation, we substitute (60), (61), and we use the following
GHP operator identity:

{p(b—p)+p(b—p)}(0—7)(0+37)
=—{(b-2p)@—7)+ (7 +7)(b+p) —2(0 - 7)p - 2rb}
x{(b=p+p)0+37)+ (07 +7)(b+3p)}+
{@-m)0—7) =77 =7)}Hb—p)b+3p)
which follows from the GHP commutators, Bianchi identity, and background Einstein equa-

tion in any type II spacetime'?. Then, if z is defined as the left hand side of (62) minus the
right side, we get:

(70)

{p(b—p) +p(b—p)}tz=0. (71)
This is a first order ODE along the geodesics tangent to /4, which integrates using bp = p? to:
z=(p+p)c°, (72)

where ¢®=(1, 1) is a real, undetermined GHP scalar annihilated by b. So the remaining task is
to eliminate this ¢ by whatever freedom we have left. As noted by [45] there exist gauge vector
fields ¢“ such that after a gauge transformation s,y — hap — L¢gap, the ingoing radiation gauge
perturbation A, satisfying (59) is still in ingoing radiation gauge, h,; = hy = hyy = hypm = 0.
These so called ‘residual gauge vector fields’ can be characterized as follows [45]. Denoting
by 1, Cu» Gu» G the covariant tetrad components of (¢ in a tetrad satisfying (nl), we have

G=¢
R P R 1) B Feoym
§n7Cn+§( 2P+ 2P)Cz+§(;+5)bﬁz’ (73)
1 =1
Gn=Co——0¢,
p

31t is the In component of (22).
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where (7, ;. ¢, are GHP quantities annihilated by b which must satisfy
~1 ) S
P =506 +3G).
o 1 o< < x/ o —~/0Y ~0 1~’o X 0
G =5 @8+38 —p° =) - 53¢ - 3G

These conditions leave ¢ undetermined, and we shall now use this freedom to remove
¢®. First, under a residual gauge transformation ha, — hay — L¢gap, the Hertz potential ® as
defined above changes to

(74)

e - 1 - 1

®—®— (3¢ + 6’9%,%); + 6’@%;, (75)
whereas h,,, changes to
o =/ o J,0 =\ O 1 1~ o
hnn — hnn - 2b Cn - b {(‘112p+ lIlZp)CI + (7 + i)b CZ }
p P
o 2 T,0 =2 o 1 o T, =\ /O 1.1 INY o
+ (V30" + V307 ){¢, + E(szJr Wap)( + 5(; + E)P G}

(76)
Now, z is defined as the left hand side of (62) minus the right side, and z is related to c° by (72).
From this, it follows after a lengthy calculation using formulas from table 3 that, provided that
we can chose (7, (5, ¢, so that

¢ =— (3088 +8883 — 2005 — 25 TSP + (2°p° — W) ¢ — (°p° + V3)d (2

— 05— 02(W5 — %K) — JBUR)Gs + 2 {51070 — (WS + %) + 1 USNG,
lar oxx )
- Za’maag;, +49 0°8'd'¢ce, (77)
then performing the gauge transformation h., — hap — Lcgap With (P, (7, ¢, subject to (74),
will in effect cancel c°. Therefore, (62) will be satisfied. If we combine the gauge vector fields

defined so far into X = n* + &% 4 (¢, then we can summarize our findings to this point as
follows.

Theorem 2. Suppose hy, satisfies the inhomogeneous linearized FEinstein equa-
tion (Eh)ap = T on a Petrov type II background, and suppose the symmetric tensor field x,p,
is defined as (55), with tetrad components obtained by successively solving the three ODEs
(56)—(58). Then there exists a gauge vector field X* and a GHP scalar ®=(—4,0) such that

Bap = Xap + (Lx8)ap + Re (ST®) 4, (78)

provided that we can solve for given a°, b°, c° the equations (69), (77) subject to (74).

Remark. We note that the transport operators appearing on the left side of equations (56)—
(58) may be rewritten in any type II background as

1 ]
5{p(b—p)+p(b—p)} = 2(p+p) bipﬂj, (79a)
b(b—p—p)+2pp= psz%b%, (79b)
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Figure 3. Supports of 7, and A, in the exterior region of Kerr.

1 _ _ p 2 1
5{b(b —2p) +2p(p — p)} 2(p+ﬁ)b(p+p) bﬁ(p+ﬁ)~ (79¢)
These identities follow from bp = p?,bp = p* and facilitate the integration of the transport
equations in adapted coordinates, see (107).

Now we investigate whether we can indeed solve for given a°, b°, c° the equations (69),
(77) subject to (74). This will in general depend on the chosen type II background, and on
the nature of the source 7,,. From now on, we assume that (.#, g,) is the exterior region
of the Kerr black hole with 0 < |a| < M. We also assume that Ty, has compact support and
(for simplicity) that it is smooth. Furthermore, we assume that A, is the retarded solution.
Then the support of Ay, satisfies supp(hy,) C J+(supp(T,p)) in some gauge (e.g. the Geroch—
Xanthopoulos gauge [46]), where J* is the causal future of a set, see ﬁgure 3. Furthermore, the

linearized ADM/Bondi-mass and angular momentum vanish, M=J=0.

In Kerr we have the relations f)/p/o = f)/Qo =kr° = 13/\113 =305 = US =0 and both
p'°, U5 are real while Q° is by definition imaginary. Furthermore, for any GHP-scalar x°
annihilated by b, we have [B/,é}xo =0= [f)l,él]x". This leads to significant simplifications
in (77). Also, for any algebraically special spacetime where 2° = 0 such as the Robinson—
Trautman class or Schwarzschild, (77) simplifies to

e = _3(555’5’ 45885 — 25w — 2p TN — (U + TP, (80)
Furthermore, in Schwarzschild M > 0, B,\Ilg =0,05 =M, E/ = 0/0u in outgoing Kerr—
Newman coordinates (B.4a) (u,r, 0, ¢.) and ¢° can be viewed as a function on .% + ie. of
(u, 0, p4), vanishing for u < ug by construction. This equation can be solved by noting that it
is like a (forward) fourth order heat equation with a source on R x S2, with, say, trivial, ini-
tial data starting before the source. The operator replacing the Laplacian in the ordinary heat
equation is i(% 38% + 5835 ), where in Schwarzschild, 3, 3 are given by (46) with a = 0.
These operators are equal to the ‘spin-weighted’ invariant operators on S described from a
geometric point of view in detail in [47]. More precisely, a cross section S of .#* gives rise to
bundles &° — S2, where &* is the line bundle isomorphic to an appropriate restriction of £ 74
to this cross section with ‘spin’ s = %( P — q), and the operators are invariantly defined elliptic
operators 9, 3 mapping sections of &* to sections of &1, &5~ respectively. From the rela-

tion between 0, 3 and the spin-weighted spherical harmonics Y, [48], the eigenvalues of
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this operator are explicitly found to be %L(L + 1)where L=/¢({+1),£=0,1,2,..., and the
eigenfunctions are the oY ;,-harmonics. Thus, the ‘heat equation’ can be solved by decompos-
ing into such harmonics. Once we have (°, the remaining components (;;, ¢; are obtainable
from (74).

Furthermore, the first equation (69) can be solved for A° if and only if a®°=(—3,—1) is
orthogonal to the Y, spin-weighted spherical harmonics with s = —1,/ = 1. Now, the
components of the perturbed Bondi angular momentum J of /1, is obtained by taking r times
the integral of _{Y ;,/,, over a sphere S? at constant u and letting r — oo, see e.g. [49], and
we know that J = 0. From this, it can be seen going through the definitions that a° is orthogo-
nal to the _ Y1, 0 = —1,0, 1 spin-weighted spherical harmonics. On the other hand, one can
see that if we choose ® as a solution to (60) with zero initial conditions on 7, say, then b°
must be zero, because such a term in y as in (66) is inconsistent with the behavior [46] of /A,
at # T in the Geroch—Xanthopoulos gauge. Thus, it is consistent to take B® = 0.

In Minkowski, M = 0 (77) simplifies to:

®=——(00003 +000d). (81)

The operator on the right side is invertible on the subspace orthogonal to the zero mode ¢ = 0.
The perturbed Bondi-mass of 4, is obtained by taking r times the integral of 5, over a sphere
S? at constant u and letting r — oo, see e.g. [49]. Going through the definitions, it follows that
if ¢° is not orthogonal to the constant function, then the perturbation %, would have a nonzero
perturbed ADM (and Bondi-) mass M, which cannot be. The equation (69) is solved as in
Schwarzschild.

In Kerr, one can also solve the equations, but the argument is more involved. Thus, we
shall now present an alternative argument which in effect bypasses equations (69) and (77).
In the argument leading to the preceeding theorem, we go back to the definitions of the
gauge vector field £ and the tensor x,,. We integrate the ODEs required to solve for these
quantities, (53) and (56)—(58) outwards from .~ to .# T along the geodesics tangent to [%;
see figure 2. Then, due to the support properties of h,p, T, (see figure 3) after passing from
hap = hapy — (Le8)ap — Xap, We obtain a new hy, that vanishes in an open neighborhood of
2~ . Now, we look at the /I component of the Einstein equation (£4); = 0 for this new met-
ric. Equation (A.1) gives

0={b(b—p—p)+200}hwn = (b —2p)(b+ p — D) > (82)
which integrates to [45]

P =E°€ el (k° +k°)(p + p), (83)
p P

for undetermined GHP scalars 4°, k° annihilated by pb. However, h,,; = O near ¢ . By Held’s
technique we can write (83) as a polynomial equation in p as in (41) with coefficients a; anni-
hilated by b. Then these coefficients vanish near ¢ ~, and therefore all coefficients a? = 0
globally since these quantities are annihilated by b, which is a directional derivative along the
orbits of [ going from ##~ to #T; see figure 2. One thereby easily finds 2° = k° = 0, i.e.
hum = 0 globally and the metric is automatically in ingoing radiation gauge. The next step in
the argument was to integrate the ODE (60) for ¢ along the geodesics tangent to /“ going from
2~ to S T. Again, we do this by choosing vanishing initial conditions for ®. Then y as in
(66) vanishes in a neighborhood of .7 ~. By (44), we can express y as p*p > times the polyno-
mial Q°a°p* + 2a°p? — Q°b°p — b° in p with coefficients annihilated by b. Again, by Held’s
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basic lemma (41) a°, b° vanish globally, so y = 0 globally. Similarly, we show by the same
type of argument that the GHP quantity ¢° appearing (72) in fact vanishes automatically, too.
We have shown:

Theorem 3. Suppose hyy, is a retarded solution to the inhomogeneous linearized Einstein
equation (ER)qp = Tap with smooth compactly supported Ty, on a Kerr background having
la| < M, and suppose the symmetric tensor field x,p is defined as (55), with tetrad components
obtained by successively solving the three ODEs (56)—(58). Then there exists a gauge vector
field X* and a GHP scalar ®=(—4,0) such that

Bap = Xap + (Lx8)ab + Re (ST®) . (84)

Remarks.

(1) As stated, our result is not symmetric under time-reflection because we have been working
with a tetrad satisfying (nl) where [ is a principal null direction while n“ is not (except in
Schwarzschild). However, one can derive the same result also for a tetrad satisfying (n2)
in Kerr, where [ and n are both principal null directions (e.g. the Kinnersley tetrad, see
appendix B). The derivation proceeds along the same lines, but some formulas, especially
those related to the residual gauge vector field (¢, given in [45], are more complicated in
this case.

(2) Solutions to the inhomogeneous linearized Einstein equation (Eh)y, = T, with other
initial conditions differ from the retarded solution by a solution to the homogeneous
equation. We have demonstrated in the previous section that a corresponding decomposi-
tion holds to arbitrary precision in a suitable sense, where there can now be an additional
piece g, representing an infinitesimal perturbation towards another Kerr solution.

(3) The derivation of our result goes through also for distributional 7, of compact support.
In that case, X%, ® are distributional as well.

We now turn to the equation satisfied by ®. To this end, we act with the linearized Einstein
operator £ (17) on (84), and we use the operator identity (22). This results in

Re (TTOT®) 0 = Top — (EX)ap = Sap- (85)
Thus, if ® solves the sourced adjoint Teukolsky equation

Ofd =7 (86)
with 7 such that

Re (T 1) ap = Sup, (87)

then A, as in (84) is a solution to the sourced linearized Einstein equation (£h),, = T4, and
as discussed, every solution arises in this way. We view (87) as the defining equation for 7 and
we know that this equation must have solutions. In components, (87) is by (24)

San = 30— )b~ )1 (88)
Sy = %(6 —7)(0 —T)n+cec. (89)
S = 1O+ )b~ p) + (b~ p+ 7))} (90)
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The left side is in GHP form,

Sum = Tom —{(b—=p)O—=7) =@ =7 =7)p—7(b+p) +7 (b~ p+ P) um 1)
—{(p—2p)7 + (T +7)+ (7 — 7)* s
Spn = Ton — {(6/ - 7)0—17)+ ﬁ/(b —p+p) — (p’ - ﬁ/)f5+ \IIZ}xnn
_ {—(ID' _ 3p/)(6l + 7 %) + b — plal _ “/b
+(b=2p+p) + (8 =37+ 7)o" +08(c") — U3} (92)
—{- -390 +7 —7)+7P - pd—FD
+(b—2p+p)& + (@ -37+7)5 +8(5) — U3 }xum,

Sin = Tun— 5 (b —p+ ) —7) — (@ =27+ 7)p+ 7' (b~ )}

_ %{—6’(6’ 2 4 o' (p— 2p + 2p) — 27 (7 — 7)o

1 _ _ _ —
= 5=+ D) (B = 25) + /(b +2p — 2) — 4pp + 20, (93)
+ @+ 7N —27) =70+ 7 = 27) — 7(7' — 47) }xun
_ é{(b' + o = YO~ ) 27 (0 —20) — (8 — 7 —7)p + 207
+0@—7—7)o" + 00— K'D— U3} xmim,

using the linearized Einstein operator in GHP form given in appendix A.

Xnn> Xmns Xmm» Which are obtained by successively solving in this order the three ODEs
(56)—(58), can be chosen to vanish near ¢~ if we integrate those equations along the orbits
of [ outwards from #~ towards .# ™, with vanishing initial conditions, since T, has com-
pact support. Then also S,,,, Sy, S vanish near 72, (88) is an ODE along the geodesics
tangent to /4, and we can pick a solution 7 vanishing near .7~ if we integrate (88) outwards
from ¢~ towards .# T with vanishing initial conditions. Any other solution is of the form
1+ C° + D°p. We substitute this into the remaining two equations (89), (90), and we apply
Held’s technique to write the resulting expressions involving C°, D° as a polynomial in p as
in (41) with coefficients ay annihilated by b. Then these polynomials vanish near ¢ ~, and
therefore all coefficients af = 0 globally since these quantities are annihilated by b, which is
a directional derivative along the orbits of [ going from '~ to # . As a consequence, we
find writing out the explicit expressions for a; in terms of C°, D°, {2° and their derivatives by
3,3’ that (89), (90) are satisfied if and only if 3C° = dD° = 0, so we may pick C° = D° = 0.
Therefore, the source 7 is given by integrating (88) outwards from #~ to .# * with vanishing
initial conditions.

We arrive at the main result of this paper:

Theorem 4. Suppose hy, is a retarded solution to the inhomogeneous linearized Einstein
equation (ER) gy = T with smooth compactly supported T,p, on a Kerr background (la| < M).
Then hgp, = xqp + Re (S Tq))ab up to gauge, where x4, is defined as (55), with tetrad components
obtained by successively solving the three ODEs (56)—(58) with vanishing initial conditions
at 7~. ®=(—4,0) is the retarded solution to the adjoint Teukolsky equation O1® = 1. The
source n=(—4,0) is obtained by solving the ODE (88) with vanishing initial conditions at
FEC~, where S, is given by (91).
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Remarks.

(1) As is well known, the adjoint Teukolsky equation can formally be solved by a separation
of variables ansatz [3, 6], i.e. #=(—4,0) may be represented in the Kinnersley frame (see
appendix B) by

O(t,r,0,p) = /

o0

00> 2Ain(@)-2Rutm(r)2Suem(@)e M (g4
o Lm

with radial function _,R,,,4,,(r) determined by the radial spin —2 Teukolsky equation [5, 6]
with a source 7,4, (r) obtained from 7 by a similar decomposition, and with _»S ¢, (6)
the spin-weighted spheroidal harmonics. This decomposition can presumably be estab-
lished rigorously for a retarded solution using recent results by [50], who have established
that the mode solutions are linearly independent on the real axis. For retarded propaga-
tion, as in the statement of the theorem, the radial function satisfies the conditions

—oRupm ~ PP e, ry — +00,
2t . (95)
—2Ryom ~ A(r)- e ", Fe — —00,
where A has the conventional meaning for the Kerr metric (see appendix B) and
k=w—mQy. (96)

Here Qy is the angular frequency of the outer horizon Qy = a/(2Mr,.). Based on the
result by [50], one should be able to prove that standard Laplace-transform expressions
based on modes of the retarded propagator for O (as given in, e.g. [15]) hold rigorously,
thus giving the retarded solution in mode form.

(2) The four ODEs (56)—(58) and (88) defining x,, 1 involve the stress tensor components
Ty, Tui, Toss Ty (in total six real components). The remaining four real components
Tyns Tons Ty enter implicitly through the conservation law V¢T,;, = 0 (four real equa-
tions).

(3) Different initial conditions for &, are encoded in different initial conditions for ® plus a
perturbation g, towards another metric in the Kerr family.

(4) The derivation of our result goes through also for distributional 7, of compact support
inside the chosen exterior region .# of the Kerr spacetime. In that case, X%, ®,7 are
distributional as well. The compact support assumption about 7, can to some extent be
avoided. In fact, our arguments still go through if sufficiently many transverse derivatives
of the components Ty, Ty, Tyt Ty 00 €~ vanish and if T, has sufficiently fast decay
towards past infinity for a retarded solution A, to exist.

(5) By construction, the perturbation /., = X, + Re (ST®),;, is in a gauge where it vanishes
in an open neighborhood of 7. It follows trivially that the perturbed expansion J,
(i.e. along n®) vanishes on .7~ and the perturbed expansion ¥, vanishes on 2% in an
open neighborhood of the bifurcation surface, . (for |a| < M). Then, by the perturbed
Raychaudhuri equation on 5%,

'V 0 = =90 — 2051y — Tu, o7

since Ty =0 on SZ1 and 9; = a,‘"’ =0 on £ in the background, 19, vanishes on the
entire future horizon ##*. As explained in detail in [35], it follows that the perturbation is
automatically in a gauge in which the position of .7#* remain in their fixed (background)
coordinate location to first order.
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(6) All our equations and constructions remain valid if we work with n“, the second repeated
principal null direction, instead of /. The integrations necessary to solve the analogs of
the ODEs (56)—(58) and (88) are now along n rather than /%, going from .~ to ™,
rather than from 7~ to £+ (see fi gure 2). Thus, we should prescribe trivial initial condi-
tions at .# ~ for these ODEs rather than at .7~ . The metric obtained in this way will be
in the so-called ‘outgoing radiation gauge’.

Let us finally clarify the relationship between the equation @'® =1 in theorem 4 and
the inhomogeneous Teukolsky equation for the perturbed Weyl scalar 1) already given in
Teukolsky’s original papers [5, 6]. First, we recall how this is derived: applying the opera-
tor relation (20) to a symmetric tensor A, such that Eh,, = T, gives the relation Oy = T,
where 19 = T (h) is the perturbed 0-Weyl-scalar (12) and where Ty = S(T) [see (18a)] is the
source in Teukolsky’s equation for v [5, 6].

Now, we substitute for A, the decomposition A, = x,5 + Re (ST<I>)ab + Lx8ap + &ap of
theorem 4'*. Since the perturbed Weyl scalar v is gauge invariant on any background in
which the corresponding background scalar ¥y = 0, it follows that 7 (Lxg) = 0. Furthermore,
T (x) = 0, since the corrector field x,, has vanishing Im, Il, mm components (see (18b) and
(55)). Finally, 7(g) = 0, since ¥( remains zero for perturbations to other Kerr black holes.
Therefore, 1) = TRe S t®. On the other hand, in the proof of theorem 4, we have seen that
Re (T'0)ap = Sap = Tup — (Ex)ap. Applying S, as given in (18a), to this equation and using
SEx = OTx =0 in view of (20), we find Ty = SRe 7 '7. The expressions can be further
simplified using (18a), (18b), (24), (25) and bp = p?, giving

SReTtn=—1 (p2 —4(p+p)b+ 12pﬁ) b7 and
TReST® = —1p*e
Thus, we arrive at the following theorem.

Theorem 5. Let ¢ be the perturbed Weyl scalar associated with a metric perturbation
hay = Xap + Re (ST®)u, + Lxgay as in theorem 4, with ® satisfying OT® = n with source n
as described in theorem 4. Then

O'IZJO — TO’ (98)
where
1
Ty =~ (0~ 4o+ Db+ 1200) 17, (99)
1 .-
Yo = —7b'%. o

Remark. According to this theorem, alternatively, having obtained 1y by solving the
Teukolsky equation (98) in terms of Ty = S(T'), one may obtain ® by integrating (99) along
the orbits of /. For retarded initial conditions as in theorem 4, we should give zero initial
conditions for this fourth order ODE at .72, see figure 2. Consideration of the Teukolsky
equation Oy = T, alone is nevertheless not sufficient to obtain the metric perturbation /,: it
remains necessary to compute the corrector tensor x,p.

14 Note that in theorem 4, we are assuming retarded initial conditions. For other initial conditions, there would be
another piece g, representing a perturbation towards another Kerr black hole, see remark (2) following theorem 3,
which we can include here without problems.
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5. Nonlinear perturbations of Kerr

So far we have limited the discussion to linearized perturbations. However, even in the absence
of matter sources, the linearized metric perturbation acts as source for the second order pertur-
bation and so on. Merely to count orders—but not implying any specific kind of convergence
of the series—Ilet us write

2w =89 + 10 4 4@ 4 ... (100)

81(12) = g% is the background Kerr metric. The equation for hi},) is of course just the source

free linearized Finstein equation in the absence of matter sources, whereas the higher order
corrections for n > 1 satisfy an equation of the form

(ERM) gy = TS, (101)
where £ is the linearized Einstein operator in the Kerr-background gaMb’” (17), and where the
effective stress tensor T(b) is built out of hfllly), ces h("fl) For example, the source of the equa-
tion for h' b) is given by minus the nonlinear (quadratic) terms in the second-order Einstein
tensor

2 1 w1 1 ;
~T =- E(Vbh“) "8 PVh D)2V ghl)) — Vahly) + Zvch“) P 4h.)
1
5 VRO (Vohly) — Vah)
1
+ EMU“”(vcvdhg}) + VaVihly) =2V (Vi h)). (102)

In the perturbative setting, gauge transformations are formal diffeomorphisms f = Exp(£“)
generated by a formal vector field

gr=gWay ¢@ay Gy . (103)
and correspond to gu, — f*gar = exp(Le)gap, giving, for instance
h((l[:) — hil) + ﬁg(l)g(O)
W) = b + Lo g + Lo £ (0%
b > hay T Le 8y + Ley 5<1)gab + Egmhab ,
etc. As described in detail in section 3, at zeroth order, we can apply the decomposition
h) =gl 4 (Ler8)ap + Re (ST®M) . where @) is a Hertz potential, i.e. a (—4,0)

solution to @T®() = 0, and where in this section,

m _ 14" ME)ae)
8ap = n! dsn ©
is an nth order perturbation to another Kerr metric.

Now, if we could inductively apply at each order n > 1 the decomposition for hiz) described

(105)

in theorem 4 and the following remarks (see section 4), with an nth order gauge vector field
¢Ma and x((l n) n™ determined from T(Eb), then we could write the metric g, as the formal
series

2ar = 81 +Z{g()+Re(8T<I>(") bp+ Zxab (106)

n=1
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with OT®™ =™ up to a pull back by the formal diffeomorphism generated by

=3¢ (ma_Since the correctors x((lz) and the GHP-sources ") are comparatively easy

to obtain by solving ordinary transport equations along the orbits of /%, the analysis of nonlin-
ear perturbations has thereby effectively been reduced to solving a Teukolsky equation with
source at each order. In view of the powerful methods/results already available in this set-
ting—such as separation of variables method or the recent decay results by [1-3]—this is
obviously a substantial simplification of matters.

Unfortunately, as stated, theorem 4 only holds for stress tensors of compact support, while

the nth order stress tensors of the gravitational field will clearly not have this property. In order

)

to make our arguments rigorous, we would have to make some approximation of TLSZ by stress

tensors of compact support and then take a limit. In order to control the limit, we must under-
stand the asymptotic behavior of the perturbations hfl;,), RN hg_l) for large r at finite u. These
are determined by o) s <I>(”’1), which are solutions to the Teukolsky equation with a
certain source inductively determined, and by x((li), e ,x(Zfl), obtained by integrating certain
transport equations as stated in theorem 4. The latter are easy to control once we can control in
sufficient detail the asymptotic behavior of @1, ..., &1 For the Teukolsky equation with-
out source, an essentially complete understanding of the asymptotic behavior (in terms of
certain energy norms on the initial data) has recently been obtained by [1-3]. We expect that
their results, suitably generalized to the Teukolsky equation with source, can be used to show
rigorously the decomposition (106) to any arbitrary but finite order, thereby also establishing
the asymptotic behavior of higher order gravitational perturbations on Kerr (without control
over the convergence of the infinite sum (106)). However, such an analysis goes beyond the
present work and is therefore postponed to another paper.

6. Summary and outlook

For the convenience of the reader, we summarize our integration scheme for the sourced lin-
earized Einstein equation (€h),, = T, which consists of the following steps:

Step 1: For given T}, we integrate, in this order, the ODEs (56)—(58) to obtain Xz, Xum» Xun-
In the frame (B.5) in outgoing Kerr—Newman coordinates (B.4) (u, r, 0, ¢.), where b = 9/0r,
they have the form (using equation (79)):

O[p o (p
27 2 A - A =
p or |:p3 or (pxmm>:| r.h.s. of (56)

o 5 ()]
—— (p+p)f= | = —Xpun | | = r.hus. of (57 107
2(p+p) or o+, plp+p) 57) (1M
1 , 0 1
= p)“— | ——xu, | =r.h.s. of (58
504775 (i ) =i of (59
with right hand sides involving Ty, Ty, Ty, respectively and p = —(r — ia cos 9)—1_ For

Xominns Xnm»> Xnn, W€ choose trivial initial conditions at the (past) event horizon r = r .
Step 2: We integrate the ODE (88) in order to obtain 7. In the frame (B.5) in outgoing
Kerr—Newman coordinates (B.4), this equation has the form:

a—z 1 = r.h.s. of (91) 108
p8r2 pn =rhs.o (108)
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with right hand side involving T, Xpms Xnums respectively. For 7, we choose trivial initial

conditions at r = r..

Step 3: Solve the adjoint Teukolsky equation Of® = 7 with the desired initial conditions.
One may attempt to this end a separation of variables ansatz

D(u,r,0,p,) = /

oo

00> 2 (@) —2Rotn(r)—2Sutm(B)e 179 (109
o0 Lm

with radial function _,Rs,(r) determined by the radial spin —2 Teukolsky equation [5, 6],
and with a source _,7),,¢,(r) obtained from 7 by a similar decomposition. For instance, for a
retarded perturbation £,,, ® should be a retarded solution to the adjoint Teukolsky equation,
which is equivalent to the boundary conditions (95) on the modes. In such a case, it might be
possible to establish the decomposition rigorously if one could justify rigorously the mode
decomposition of the retarded propagator based on the standard Laplace-transform method
e.g. using recent results by [50].

Step 4: The desired solution of the sourced linearized Einstein equation (Eh)., = Typ is
obtained as h,, = x4, + Re (STCD)ab, where x,;, is constructed from Xz, Xy, X, as in (55),
and where (ST®),, is as in (25).

By iterating this procedure, then provided theorem 4 can be extended to noncompact support

sources, one can construct recursively the nth order gravitational perturbation hfl’l’,) in terms of

an nth order potential () solving a sourced Teukolsky equation and an nth order corrector
tensor x‘(,';). These quantities are constructed from the nonlinear terms in the nth order Einstein
tensor, which act as an effective stress tensor TLSZ) in the nth iteration step.

A different path for constructing higher order (in fact second order) perturbations in a
formalism based on the Teukolsky method was proposed some time ago by Campanelli and
Lousto [51]. Their starting point is the wave equation for the Weyl tensor, which has the sche-
matic form

VV,.Cupeq = terms quadratic in Cgpey (110)

in any Ricci flat (R4, = 0) spacetime. By transvecting this tensor equation in all possible ways
with the legs (4, n%, m? in®) of a Newman-Penrose tetrad, one obtains a system of equa-
tions involving the Weyl scalars (12) and the rotation coefficients (see appendix B). By devel-
oping the metric g, around Kerr, one obtains a Teukolsky type equation for the second order
perturbed Weyl scalars sourced by terms involving the first order perturbed quantities. To get
a closed system of equations, one must solve for the first order perturbed rotation coefficients,
i.e. effectively the first order perturbed metric, in terms of the first order perturbed (extreme)
Weyl scalars. This can be done, e.g. by well-known inversion formulas such as obtained by
[52] at first order. However, the method breaks down as formulated at higher orders, since the
inversion formulae no longer apply. It seems that our method, which works directly with the
metric perturbation rather than Weyl scalars, is superior in this sense.

In the future, we would like to use the formalism developed in this paper in combination
with the mode projection method outlined in [23] to study the interaction of quasinormal
modes in the near horizon region of a near-extremal black hole [24]. It would also be an inter-
esting project in our view to use our formalism in combination with results obtained by [1-3]
in order to obtain decay properties of higher order gravitational perturbations in Kerr. What
seems to be required here is primarily a detailed analysis of the decay properties for solutions
to the Teukolsky equation with a source (step 3), since the transport equations (steps 1,2)
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would then be fairly easy to treat. The method developed in this paper can also be applied to
obtain the gravitational field of a point particle in the Kerr metric to linear order, and it would
be interesting to compare this to the current alternative treatments of this problem. Finally, it
might be possible to use our decompositions in order to obtain simplifications for perturbative
quantum gravity off a Kerr background.
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Appendix A. Linearized Einstein operator in GHP form

Here we quote from [45] the tetrad components of the linearized Einstein operator (Eh)p, (17)
in GHP form'?. It is assumed that the first null leg I of the null tetrad (1%, n*, m®, in“) is aligned
with a principal null direction of a type II spacetime (so that kK = 0 = ¥y = ¥ = 0 in view
of the Goldberg—Sachs theorem). In a type D spacetime we have additionally the option (n2)
described in section 2 to set further GHP scalars to zero, and in type II we can alternatively
make the simplifications described in (n1) by an appropriate choice of n“.

Enu={@ =70 —-7)+p® +p —p)—(b—p)p + W2}ty
+{=(p+p)b+p+p)+4pp}th
+{=(b—3p)(® — 7" +7) +7b — pd'Hun, (A.1)
+{=(b-3p)@+71—7) + b — pO}hum
+{b(b = » = p) + 2pp} hmins

(ER)mn = {2w"RYhy
+{@ =7 =7)+ (b= p+p) = (B =)o+ Lot
D) 0 ) 4 4 = (@ =27 — (0 27w Y
A = )+ R (B = = ) = R Y
+{(V = VR + R (P = —p) — &5 Y
F{=(F =3p)(@ +7 —7) + 7'V — )T — KD
+ (b =20+ p)E + (3= 37+ 7)o" +08(0') — U3} hum
F {0 =37)(0+7 —7)+ 7P —F3—FD
+(b =25+ )R + (O =37+ )5 +9/(5") — U3}
+ {0 —27)8 — o' (P = o + ) Y
+{=(0—20)F — &' (V' = 7' + p) Yham
+{P'(V = p = §) + K (r = 7) + & (7 —7') + 205" + 2P’ﬁ’}hm(ﬁx 2

1S We thank Wardell for pointing out several typos in the expressions in [45].
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(R = (0 (¥ — )+ 70— ) + (0= 2 )+ (& = 2R+ 20'5" Yy
+ 3 {0b— )+ (b~ )
+ %{—(6/ +7+7)0—7—7)— (004377 + 377 )+ 2(F +7)d
+(b=2p)0"+ ' =20")p— ' (b+p) = p(P' + ) = Ua — U}y,
{0 = 29)® 1) £ 70+ 4 )~ )
— (20 =7)p' = (b—2p)K" + 0" (r = 7)
+ %{(b’ =20)@ =)+ 7P+ 0"+ o) = T(F = p)
—(20—1)p" — (b —2p)F + 35" (7 — ') Yum
(b= 20)@ )+ (' + )b +5) ~ 20" 7)o — 27D}
+ 50290 1) + (7 + 7)o+ p) — 200~ 7)p — 27D

+ %{—(5' -7 =)+ 7(F - 7) = ptham

1
+ 5{—(6 )@ =F)+7(r = 7)) — &' ptham

1 _
+ E{(6’ +7 =)@ -7+ 7 )+ (@0 — 77 —FF +77) — (¥ + ¥p)
+ (P =2p")p+ (b —2p)p" + p(3P" —25") + ' (3p — 2p)
—2P'b+ 2pp’ +28'(7) — 77 } i

(A.3)
(€W = 3 = §)(O = 7) 4 (0 =7 = 20)5 — @ =)' + 76+ 1)
+6'(0 =7 +7) + U3 + pr' My
+ %{*(b —p+p)O+7—7)—(0-37+7)p— 207 hin
1
+ 5{—(13/ +7)(b—2p)+ p(P +2p" —2p') —4p' o+ 20,
+ @ +7)(0—27)—7(8 + 7" —27) — 7' (7 — 47 )}y, (A.4)

+ %{—6(6 —21) =& (b+2p —4p) — 27 (7 — ) Yum
+ %{p(p —2p) +2p(p = ) hum
+ (b= PO — 7+ 7) + 277

(b4 o= PO+ 7 ) +27 (b —20) — O — 7~ )5+ 27
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1
(ER)pin = 5{(D’ — oK'+ K'P + Koty

1
+5{b—p )@ —7) = (0" = 27"+ 7)p + 7' (b = P) o
1
+ {0 =g+ )@+ 7)) = (@ =37 )P+ @ -+ T
— 20”6 — \113 — 2[)/7_'}/11,,
1
+{o"(p = 27") = K'(r = 27) + S Wabhun

1
+ 5{(ID’(I:’ =20 )+ —K'(0 — 27 +27') + K/ (8 — 47" + 27)

+20'(p" = p') + 205" Y

: (A.5)
+ E{—(—5’(6’ =27+ o' (b—2p+2p) = 27(7" — 7)Y hum
1
+ 5=+ ) (P =20') + /(b +20 = 2p) —4pp’ + 27>
+@+7)0 —27) -7 @+ 7 -27) —7(7 — 47) Yhum
(0 =)0~ 0" Y
o = O~ 7+ 7) 4275 — R (b 2p+29) +8(0") — 75" Yo
+ %{(b’ +o =)@ =T+ 7))+ 270 - 20) = (8 =7 —7)p + 207
+@—7-7)0" +0'0— KD — U3} hum,
(ER)m = {(P' =206 + R (0 +7— 7)) hy
+{-000—7—7) =217 +5"(p— p) thun
P =) O =) =@ =T =) + 70+ =) — (b= 20)F
—7(b+p)+ 75 — Us}thy,
+{-@-7-7)5" —5"(0 — 1) thm
+{b-p)0O—7)=@-7=T)p—7(b+p) +7(b—p+ ) Hum
H{=C' =) b =)+ O —7)7 = 7(8' + 7" = 7) + Vol
+{(b—-2p)7" + (1 +7)d+ (1 — 7)Y uis
(A.6)
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1
(ER)min = E{I>’(I>’ —p =) +200 + K (r=F)—F(F—7)+205 }hy
1 _ _
+5{b(b = p = p) + 2pP}

1 B . B —
H 5= ) =) b —ptp) =P b+ p) +p(F +p" =) =02
+ (0 —7)@0—-7—-7)+00—- (0271 —7(20+7)
—27(8 — 7))+ 277 + pp Yy,

+ %{—(p’ =200 —27) + 7(P' +2p —20') +2(0 — 7)o’ — 'O
=270 =2k (p — p) — U3}l

+ %{f(p' L 25) (8= 27) + 7V 4+ 25 — 20) + 2 — )5 — 58
—=27'p" =28 (p— p) — Vs }hum

+ %{—(b —2p)(8' = 27") + 7'(b — 2p — 2p) — 2p7 + 47" B}

+ 300~ 20)(0 = 27) + /(b ~ 29— 20) — 207 + 47}y

{0 = 7) 7@ )~ (b~ 20)0" Vh

4 {0 7) = 7@~ 7) ~ (b~ 20)5 Vi

1

+5{2Pp = (M =p)p = (b= p)p = p(F ="+ 7)) = P/ (b +p =)

—@ =21 7@ +27) - TO@-F)+ 7@+ 1) - (7)

— Uy — U i
(A7)
Appendix B. GHP and Kerr quantities
In this work we use a Newman—Penrose tetrad (%, n%, m*, m®) wherein
8ab = 2 (gnyy — 2m imy). (B.1)
We choose the normalization n,/* = 1 and m,m® = —1, corresponding to the ‘—2’ signature.

The Kerr metric may be defined by the Kinnersley tetrad, which is convenient in explicit com-
putations. The covariant Boyer-Lindquist coordinate components in the order (¢, 7, 6, ¢) are

where

I, = (—I,Z/A,O,asin2 9) , (B.2a)
Ny = % (-A/%, —1,0,asin? OA/Y), (B.2b)
1
my=———(—iasin®,0,%,i(r* + a*)sin ) , )
V2(r +iacos 6) ( ( ) ) (B.20)
A=r*+d—2Mr, ¥ =1 + a* cos? 6. (B.3)

36



Class. Quantum Grav. 37 (2020) 075001 S R Green et al

The Kinnersley tetrad is regular in the exterior region .# of Kerr, with the exception of
Z~, 7T, and the north and south poles. Both [/, n“ are repeated principal null directions,
so this tetrad satisfies (n2). A corresponding tetrad satisfying (n1) may be defined by the null
rotation described in (n1). With

2 2 2 2
+ - 2 4 —r
u= t—r*zz‘frfr'|r a ln(r r+)+r a ln(r d ), (B.4a)
ry —r— ry ry —r— ry
a r—ry
* — - 1
14 14 re —r— nr—r_ (B.4b)

the outgoing Kerr—Newman coordinates, the contravariant components in the coordinate sys-
tem (u, r, 0, p,) are

I = (0,1,0,0), (B.5q)
n' = (r+d’-A/2,0,0) /3, (B.5b)
4 : (iasin 6,0, 1,icscd) BS5

m'=——— (iasin6,0,1,icsch). )
V2(r +iacos 6) (850

These forms are useful to write out the various transport equations along the orbits of [¢
because b = 9/0r is rather simple, and because the coordinate system (u, r, 8, ) is regular
at the past horizon 72~ (i.e. r = ry).

The complex spin coefficients with definite GHP weights are given by

k= ml’Vyl,=(3,1), (B.6a)
T =m'n’Vyl,=(1,-1), (B.6b)
o =m'm’Vl,=(3, 1), (B.6¢)
p=mm"V,l,=(1,1), (B.6d)

together with their primed counterparts &', 7/, o/, p’ defined by exchanging [* < n%, m® < m°.
The remaining four complex spin coefficients €, €, 3, 3’ may be read off from (15). They do
not have definite GHP weight (i.e. they are not GHP scalars), but in effect form part of the
definition of the GHP covariant derivative © (15), or equivalently, of b, p’,d,d’. The explicit
values of all spin coefficients in the Kinnersley tetrad may be found, e.g. in [5].
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