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CrossMark
Abstract
The (free) graviton admits, in addition to the standard Pauli-Fierz description
by means of a rank-two symmetric tensor, a description in which one
dualizes the corresponding (2,2)-curvature tensor on one column to get a
(D — 2,2)-tensor, where D is the spacetime dimension. This tensor derives
from a gauge field with mixed Yound symmetry (D — 3, 1) called the ‘dual
graviton’ field. The dual graviton field is related non-locally to the Pauli-Fierz
field (even on-shell), in much the same way as a p-form potential and its dual
(D — p — 2)-form potential are related in the theory of an abelian p-form.
Since the Pauli-Fierz field has a Young tableau with two columns (of one box
each), one can contemplate a double dual description in which one dualizes
on both columns and not just on one. The double dual curvature is now a
(D —2,D — 2)-tensor and derives from a gauge field with (D —3,D — 3)
mixed Young symmetry, the ‘double dual graviton’ field. We show, however,
that the double dual graviton field is algebraically and locally related to the
original Pauli-Fierz field and, so, does not provide a truly new description
of the graviton. From this point of view, it plays a very different role from
the dual graviton field obtained through a single dualization. We also show
that these equations can be obtained from a variational principle in which the
variables to be varied in the action are (all) the components of the double-dual
field as well as an auxiliary field with (2, 1) Young symmetry. By gauge fixing
the shift symmetries of this action principle, one recovers the Pauli-Fierz
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action. Our approach differs from the interesting approach based on parent
actions and covers only the free, sourceless theory. Similar results are argued
to hold for higher spin gauge fields.

Keywords: gravitational duality, mixed Young symmetry fields, higher spin
Weyl invariance

1. Introduction

This paper is dedicated to Peter Freund, who had precient intuitions about the importance of
dual formulations of field theories and the role played by fields with mixed Young tableau
symmetry in that context [1].

It is well known that Abelian p-form gauge fields A?) admit two dual descriptions. The
first one is based on the p-form potential A? itself, from which one derives the curvature
(p + 1)-form F(P+1) = dA(P), which fulfills

drr+) — o (1.1)
(identically). The Maxwell equations of motion are

dHP=1=P) = (1.2)
where HP~1"P)—a (D — p — 1)-form—is the Hodge dual of F**D),

HP-1-p) — *p(p+1) (1.3)

Because of (1.2), one can introduce a dual (D — p — 2)-form potential B?~7~2 such
that H(P~1=7) = dB®—P=2)_ The equations of motion for B?7-2 are (1.1), which reads
d *H(®—1-P) = (. Bianchi identities and equations of motion are exchanged as one goes from
one description to its dual description. Note that the relation between the p-form potential
AP and its dual B®~?=2 is non-local. If one were to introduce sources, electric (respec-
tively magnetic) sources for A?) would appear as magnetic (respectively electric) sources for
BP~P=2)_ One sometimes speaks of electric-magnetic duality for this reason.

In terms of Young tableaux, A?’ is described by a Young tableau with a single column with p
boxes and its curvature F”*1 is described by a Young tableau with a single column with p + 1
boxes. The dual curvature H?~!~) is obtained by dualizing on the only column there is, and
is described by a Young tableau with a single column with D — p — 1 boxes. Finally, the dual
potential BP~7~2) is described by a Young tableau with a single column with D — p — 2 boxes.

Gravitational duality defined in terms of Hodge duality operations on the curvature tensor
was considered a while ago in the papers [2, 3] and further studied in [4]. Equivalent defini-
tions involving the connection were independently given in [5]. Since the Pauli-Fierz field
has a Young tableau | | |with two columns and hence a curvature tensor that is described

by a Young tableau also with two columns, one can now consider two different types of

duality. One can dualize on a single column? or one can dualize on the two different columns,
leading respectively to the ‘dual graviton’ and the ‘double dual graviton’. The dual graviton
was effectively considered earlier in [6] and more recently in [5, 7] in connection with hidden
symmetries of gravity®.

3> Which column one takes is of course a matter of choice, since there is symmetry between the columns.

©The dualizations of the graviton considered here are defined only at the linear level, where there is a background
Minkowki metric. Important motivations for gravitational duality come however from the full nonlinear theory
where intriguing hints of non metric formulations of gravity exist, see e.g. [8] for recent developments.
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The purpose of this note is to show that contrary to the dual graviton field that is non-
locally related to the Pauli-Fierz field, the double dual graviton field can in fact be viewed as
a mere algebraic rewriting of the Pauli-Fierz field. From that point of view the double dual
graviton field does not really bring a truly new description of a massless spin-2 particle. We
also argue that the same property holds for higher spin gauge fields, for which duality was
defined in terms of curvatures in [3, 9]. Only the single dual is a truly new field. Our results,
relevant to the covariant Lagrangian formulation, are in line with the light cone gauge consid-
erations of [10].

2. Gravitational duality in five spacetime dimensions

We start by reviewing the various dual descriptions of the graviton in the case D = 5, which
illustrates the main point.

2.1. Pauli-Fierz field

The standard description of a free massless spin-two particle involves a symmetric tensor
hyw = hyy, (Young symmetry type (1,1) = [ [ ), the ‘Pauli-Fierz field. This field is invari-
ant under the gauge symmetries

Ohpy = 20(,8y) (2.1)
(‘linearized diffeomorphisms’).
A complete set of invariants under (2.1) is given by the ‘Riemann’ (or ‘curvature’) tensor
R),p0 defined by
1
R)\Mpg = —E (8,\8ph,w — 8”(’“)ph,\g — 6,\8(,th + (“)#&,h,\p) . 2.2)

The Riemann tensor is of Young symmetry type

(2,2) =

i.e. fulfills the algebraic identities

Rxppo = Riaplpos  Rappo = Rapjpols  Riapple = 0. (2.3)
The Riemann tensor also fulfills the differential Bianchi identity

8[061RC¥20£2]5132 = 0. 2.4)

Conversely, given a tensor Ry, fulfilling the conditions (2.3) and (2.4), there is a tensor h,,
from which Ry, derives as in (2.2). The tensor hy,, is determined up to the gauge transfor-
mations (2.1).

The linearized Einstein equation are

Ry, =0, (2.5
where R, is the linearized Ricci tensor,

Rxp = Rpupan™’. (2.6)
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2.2. The Curtright field or ‘dual’ graviton

If one dualizes the Riemann tensor on its first column, one gets a tensor Eq, a,a:8, 8

1 AL A
Eo cra:88, = gealazag)\l)\zR 2 815> 2.7

which is traceless on account of the cyclic identity Ry, »,3,13, = 0 for the Riemann tensor. The
equation of motion (2.5) implies moreover that E,q,a,4 3, has the (3,2) Young symmetry,

Furthermore, Eq,a,aq,8,3, fulfills the necessary Bianchi identities that guarantee that it can be
written as

Ealazasﬁlﬁz = 6[a1Taza3][51,,32] (2.8)
for some field T,q, s, that has the (2, 1) Young symmetry [11-14],

)

ie.
Taj008 = ~Tararps Timanp) = 0- (2.9)
This field Ty, o, g is determined from its ‘curvature’ Eq, ,a,3, 3, Up to the gauge transformations
0Ty 0np = 20[0,00z)8 + 20[0, Xas)p — 20800, (2.10)
where 0, and ag are symmetric and antisymmetric tensor fields, respectively,
Oaf = 0Bas Qo = —0Bq. (2.11)
The equations of motion for the 7-field are that the trace of its curvature vanishes,
Eayarasp 51 = 0. (2.12)

When these equations of motion hold, one can go backwards and recover the Pauli-Fierz field
hu, which obeys the linearized Einstein equations. It is easy to verify that the relationship
between &, and T, o, 3 is non-local (involves spacetime integrations), just as the relationship
between a p-form and its (n — p — 2)-form dual is.

In [6], the theory of generalized gauge fields described by higher rank tensors which are
neither completely symmetric nor completely antisymmetric, and which obey equations of
motion of the type (2.12) was initiated. In particular, the case of a (2, 1)-tensor was inves-

tigated in depth. For that reason, one sometimes calls a gauge field with the ‘-Young

symmetry the ‘Curtright field’ (see also [15-17]). Alternatively, because of its relation with
the graviton, one also uses the terminology ‘dual graviton’, or even ‘single-dual graviton’ to
emphasize that dualization of the curvature is performed on a single column only. More infor-
mation on the (2, 1)-tensor gauge field can be found in [3, 4] and [18, 19].
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2.3. The double dual

One can also dualize the curvature on both columns and define

1 1 A
Mo, ar0:.8:8, = <3'€a|aza3>\|>\z) (:))'6&,3253#1#2> R b, (2.13)

In that way, one gets a tensor that has the (3, 3) mixed Young symmetry, with tableau

Using the Bianchi identity and the field equations for #,,,, it can be easily checked that the
tensor Mo, a,q,8, 6,8, fulfills the Bianchi identity that guarantees the existence of a (2, 2)-field
Ca, 00 8, such that

Mo, ara:18:8, = a[al Cazaz][ﬁlﬂzﬁz] (2.14)

(see [12, 13]; note that this expression involves two derivatives of C, one with respect to x*!,
denoted by 0,,, and one with respect to x5, denoted by ,63)' This (2,2)-field is the ‘double
dual graviton’ field.

The equations of motion for the double dual graviton are that the double trace of its
‘Riemann tensor’ My, a,a0,8, 8,8, Vanishes [3, 4], i.e.

Malazasﬂlﬁzﬂzna262na353 =0. (2.15)

This can be seen by direct computation from (2.13), which implies that the ‘Einstein tensor’
GapaplCl of Copaps as defined in [20], is related to the Riemann tensor of £, as
1

Gapau [C] = TgRaBM [h] (2.16)

The vanishing of the trace of Rngx,[h] is equivalent to the vanishing of the trace of G, [Cl,
i.e. to the vanishing of the double trace of My, 0,058, 8,85

In fact, spacetime dimension 5 is the ‘critical dimension’ where the “Weyl tensor’ of a
(2,2)-field—i.e. the trace-free part of its curvature—identically vanishes. The Einstein tensor
Gaprp [C] of Cupa . contains therefore the complete information on the curvature. If it were
to vanish, one would find that the curvature M, o,a,8, 8,4, itself should vanish, which is too
strong as it would imply, in turn, that the curvature Rapa,[h] of the Pauli-Fierz field should
also vanish. The correct equations are that the double trace (and not the single trace) of the
curvature My, a,a,8, 8,8, 1S ZErO.

To summarize, the graviton has three dual descriptions: one in term of a field £, trans-
forming as

e

one in term of a field T3, transforming as

)

and one in term of a field Cng»,, transforming as
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We shall show, however, that the latter description is not truly new because the field Cogxy
can be algebraically related to the original field A,,,, and its action can be obtained from the
Pauli-Fierz action through algebraic changes of variables. It is in that sense a straightforward
reformulation of the original Pauli-Fierz formulation.

3. The double dual is not an algebraically independent field

3.1. Relationship between C and h

It follows from the definition of the double dual curvature and simple € algebra that

MOAIOLZC’CB

_ [o1 pazas]
BiBaBs — 5[51 R B2Bs]" G.D
In (3.1), we have used the equation of motion R,g = 0.
Writing the curvatures in terms of two derivatives of the relevant fields, one has from (3.1)

a 3] 3] _
ol 18[31 (Cazm B283] + 5[0;22/,10‘* ﬁs]) =0, (3.2

an equation that takes the form D?(C + hd) = 0 in terms of the operator D of [12, 13] that
fulfills D* = 0. The corresponding Poincaré lemma implies then that C + hé = D¢ for some
(2, 1)-field &, i.e. writing indices, that the dual graviton Copuv 1s algebraically related to the
Pauli-Fierz field h,,,, up to a physically irrelevant gauge transformation,

1
Caﬁ,uz/ = ]P(Z,Z) (aozfuuﬁ) - E (nu[ahﬁ]u - nu[ahB],u) . (3.3)

Equation (3.3) shows that the double-dual graviton field is ‘conformally flat’, i.e. the sum of
a (2, 2)-diffeomorphism parametrized by £ and a (2, 2)-Weyl rescaling parametrized by h. We
stress that the double-dual graviton field C is determined algebraically from the Pauli-Fierz
field & up to (2, 2)-diffeomorphisms.

The equations (3.1)—(3.3) are the key equations of double-dualization. In fact, the equa-
tion (3.3) relating the potentials automatically implies by differentiation the double-dual rela-
tion (3.1) relating the curvatures, and so, one may view (3.3) as the fundamental equation of
double-dualization.

3.1.1. No exchange of equations of motion and Bianchi identities. 1t follows from (3.1) that
when the equations of motion for the Pauli-Fierz field hold (R, = 0), the (2,2) field C is
also on-shell, i.e. the double-trace M,,,, of the curvature My, q,a,3, 8,3, vanishes. Conversely,
if M, =0, then R, = 0.

There is therefore no exchange of Bianchi identities with equations of motion when one
goes to the double-dual graviton: equations of motion are mapped on equations of motion.

This is the reason why the relation between the graviton field h,, and it double-dual
Coyas 8, 18 algebraic (up to unavoidable gauge transformations) and simply given by (3.3).
Double-duality can be defined algebraically directly in terms of the fields themselves, without
having to go through the curvatures. This is in sharp contrast with single dualization, which
is algebraic in terms of curvatures but not so in terms of potentials, which are related by non-
local expressions.

In terms of sources—and although this question deserves further exploration—, there
appears to be only sources of two types, electric and magnetic [3, 21]. The source for the dou-
ble dual graviton is the standard ‘electric’ energy-momentum tensor. In 4 spacetime dimen-
sions, dualization of the Schwarzschild solution gives Taub-NUT, and a further dualization

6
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of Taub-NUT on the second column brings back Schwarzschild. There is no new ‘doubly
magnetic’ solution.

3.1.2. Cotton tensor. As we already emphasized, the equation (3.3) indicates that the double-
dual graviton field is ‘conformally flat’, i.e. the sum of a (2, 2)-diffeomorphism parametrized
by £ and a (2,2)-Weyl rescaling parametrized by .

One can understand this relation as follows. Although the Weyl tensor identically vanishes
in 5 dimensions, not every (2, 2)-field is conformally flat. What measures conformal flatness
is the “Cotton tensor’ Do, [C] of the (2,2)-field Cogx,, defined in [20],

1
= ieaﬁpggapsag aulCls (3.4)

where Sq,[C] is the ‘Schouten tensor” of C.

D aBAp [C]

Now, in our case, Sagru[C] = 75Rapaulh] because of the Einstein equations for A, (or
equivalently, the double-tracefree condition on Mg, a,a,4,8,8:,), and so, the Cotton tensor
Do, [C] is equal to zero on account of the Bianchi identity for Ragx,[h]. This implies that
the double-dual of the graviton necessarily takes the conformally flat form (3.3) [20] when it
fulfills its equation of motion.

In fact, as our derivation shows, one does not need the full equations of motion of the
double graviton to derive this result, but only their weaker consequence that the Cotton tensor
Dap»,u[C] vanishes. This enables one to go off-shell while keeping the double-dual graviton
field C in the class of conformally flat fields, without assuming the stronger condition that the
double-trace of its Riemann tensor is zero, or equivalently, that the graviton field £ is on-shell.
Indeed, there is no need for &, to fulfill the (linearized) Einstein equations for the C-field to
exist and to be given by (3.3). Vice-versa, there is no need for the double-dual graviton (taken
in the class of conformally flat fields) to fulfill the double-trace condition My, = O for the
Pauli-Fierz field to exist.

3.1.3. Space of conformally flat (2, 2)-tensors. The equation (3.3) defines a map from the
space of the &’s and the /s to the space of conformally flat (2, 2)-tensors,

1
(glwﬁ’ hBu) — Caﬁ,uu = ]P(Z,Z) (8a§puﬂ) - 5 (nu[ahﬁ]u - nu[ahﬂ],u) . (3.5)

Although surjective, this map is not injective, i.e. the parametrization of conformally flat
(2,2)-tensors given by the pair (f#yg, hgy) involves redundancies.

The only ambiguity in £, for a given Cog,,,, is that it is determined up to a (2, 0)-diffeo-
morphism 9(,,(, since its curvature is completely determined. Defining the traceless part of
&, and its trace &, as usual,

. ~ 1
§u="8u" ' =&+ 56@&] , (3.6)

one sees that the (2,0)-diffeomorphism £, — h,, + 9,y can be compensated by the
shift §,, — &, + 2(, of the trace of £, 3: the combined transformations leave indeed Cog,.
invariant.

But this is not the only redundancy in the parametrization of conformally flat tensors, because
P(22) (Oaéuvp) can be traceful even if £, 5 itself is traceless. The shift E;“,p — Eﬂ,,p + /N\Wp
with

~ 3
Mo = Oy — OpApy — an[ua/\AV]A

7
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(Apw is an arbitrary antisymmetric tensor), combined with the diffeomorphism 4, — h,,,, +
d(u(—320*A,))) leaves also Cy gy, invariant.

The fact that the parametrization of conformally flat (2, 2)-tensors provided by the pair
(€08, hay) is redundant is not a problem for the subsequent discussion and we shall therefore
not attempt to ‘gauge-fix’ it.

It is at this point useful to decompose the tensor Cng,,,, into a traceless part and a traceful
part. One has

4

6#1/ — CHv _ 75[HCV]U] +

L., y
po pPo 3 [p ~0p5 C CMV = Clupl/p’ c=c" pv” (37)

6 77
The traceless component C of the double dual graviton does not involve A, and depends on
& only. It is therefore pure gauge.

One can trade A, for the trace C,,,, in the parametrization of Cng,,.. Taking traces of (3.5),
one easily gets

3 1 1 1 1
Z hax = —Cax + gﬁa/\c + Ea(ag)\) + iaugu(a)\) - gnakaﬂgu . (3.8)

The change of parametrization (§,,.3, hg,) < ({48, Cgy) is clearly invertible.

The equation (3.8) indicates that /1, is not determined only by the trace of the (2, 2)-tensor,
even up to a linearized (2, 0)-diffeomorphism. There are additional contributions coming from
§uvp because P35y (9o, p) has in general a non-zero trace.

The need for the presence of such contributions can be understood from the fact that if one
shifts £, 5 as

Euwp = Euvp + Apwp (3.9)

the traceful part of the tensor Cng,,,, Will remain invariant if C, is transformed at the same
time as

Cax = Cax + 6Ca}\, (310)

1 1
0Coy = Ea(aA)\) + EG“AMM), 3.11)
an expression that is not the symmetrized derivative of a vector, i.e. which does not take the
form of the transformation of the graviton. Thus the relationship between #,,,, and the trace

C,, must involve compensating terms in & that account for these different behaviours.

3.2. Lagrangian for the C-field

The previous considerations naturally suggest a Lagrangian for the double-dual of the graviton.

The standard Lagrangian for a (2, 2) field constructed along the lines of [6, 15-17] and explic-
itly written down in e.g. [22-24] is not the correct Lagrangian for the double-dual graviton
because the equations that follow from it imply that the single trace of the double-dual curvature
M, 0,058 8,3, vanishes, and hence, as we explained, that My, a,a,8,8,3; itself vanishes since
M, 0,058 8, 8, has no Weyl part. The standard (2, 2)-theory has no degree of freedom in 5 dimen-
sions, in sharp contrast to the standard (2, 1)-theory that describes the (single) dual graviton.

The correct equations of motion for the double dual graviton are that the double trace of the
curvature Mq, a,a38, 8.8 1S Zero, as we recalled. As we now show, these equations can easily be
derived from a variational principle, which is a direct rewriting of the Pauli-Fierz variational
principle.
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One can view the Pauli-Fierz action S[%] as a functional of both A, and £, , that depends
trivially on &, ,, namely, it is constant under any change of &, 65/¢,.,, = 0. The theory
defined by the action S[h, &] = S[h] is clearly equivalent to the original Pauli-Fierz theory,
since the variational equations

N

=0
Shy (3.12)
are unchanged, while the equations
08
=0 3.13
€y (3.13)

are of the form 0 = 0 (empty), which tells us that the field &,,,, is pure gauge—in fact invari-
ant under the shift symmetry &,,,,, = &, + A, Where the gauge parameters A, ,, which
have the (2, 1) Young symmetry, are arbitrary.

One can equivalently view the action S[h, £] as a functional defined in the space of confor-
mally flat (2,2)-tensors. It depends indeed only on C, g (assumed to be conformally flat, i.e.
with zero Cotton tensor) and not on the specific choice of £, and 5, entering its decompo-
sition, since S[h, ] involves only A,,,, which is determined by the conformally flat (2, 2)-tensor
up to a diffeomorphism under which the action is invariant.

We have thus derived a variational principle for the C-field, assumed to be in the class of
conformally flat (2, 2)-tensors.

Having to impose the conformal flatness condition by hand is a bit awkward. One would
like to free oneself from this constraint and formulate a variational principle in which arbitrary
(2,2)-tensors can be considered.

One way to achieve this goal relies on the following observation. If one injects in the
Pauli-Fierz action the expression (3.8) of £, in terms of C,, and {,3,, one gets an action

S[Cozﬁﬁw’ faﬁﬂ],
S[CapuvsEapu) = SPITTF [h = Ho ) (C,0€)) (3.14)

which yields by construction the correct equations of motion. Here, H, ) (C, 9€) is the expres-
sion of h4 ) in terms of C and 9¢ following from (3.8). Varying the action (3.14) with respect
to the trace C,,,, and {,p,, gives equations equivalent to (3.12) and (3.13), i.e. the Pauli-Fierz
equations for H,), since the new action is obtained from the old one by a mere (invertible)
change of variables. Varying the action with respect to the remaining traceless components
E"“’pa gives nothing (0 = 0), since these components do not appear in the action. The field
CH” 5 is unconstrained in the variational principle based on (3.14).

The action S[Cq v, Easu] SO constructed possesses a huge gauge invariance:

e Because only the trace of Cqgy, appears, the trace-free part of Cupx, enjoys a ‘shift

symmetry’ that accounts for its non-appearance in the action,

5Co¢ﬁ),u = ﬁaﬁ)\,uy 5§o¢,6’,u =0 (315)

where Qa Bap 18 an arbitrary trace-free gauge parameter with (2,2)Young symmetry. This
can be equivalently written 6Cogry = Qapgap. 0Cuy =0, 6&apy = 0.

e Similarly, there is a shift symmetry for g, under which the trace C,,, transforms as in
(3.11),

1 1
55#”/3 = Auyﬁ, 0Cox = Ea(a/\)\) + Ea#Au(ak). (3.16)
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For the variation 66a5 au Of the traceless part of the (2,2)-tensor under those transfor-
mations, one can take anything. One possibility is simply to take 6Cn 1, = 0. Another
possibility is to take 56a5,\u = ﬁ(z,z) (Oalpuvp) so that 6Capr, = P22) (Oalpuwp). The
invariance of the action under (2, 2)-diffeomorphisms of the C-field might seem surprising
at first because the action does not depend only on the corresponding curvature invariants.
But there is no contradiction because the action also involves the compensating field §q,,
in precisely the right (compensating!) way.

e Finally, the trace of Cn g, itself enjoys the gauge symmetry inherited from the linearized
diffeomorphism invariance of the Pauli-Fierz action from which (3.14) comes. This gauge
symmetry can be written as

3 1 ~
6Co¢>\ = _Ea(aC)\) - Ena)\aﬂc;u 5Co¢,8/\u =0, 55;“/,3 =0. (3.17)

The action S[C, £] given by (3.14) is the central result of this section. It depends on the dual
graviton field C, 5, and on the additional field & ,,5. This additional field can be gauged away
using its shift gauge symmetry, as can the traceless part of Cogx,. When the gauge conditions
&xug = 0 and Ea gap = 0 are imposed, the action simply reduces to the Pauli-Fierz action.

It would be worthwhile to compare our work with the action proposed in the interesting
articles [25, 26], where a very different approach is followed to derive an action for the double
dual graviton field. The authors of [25, 26] extend to the double dual case the parent action
method used in [27] for first-dualization of the graviton, resulting in an action different from
ours and containing, as here, (different) additional fields and (different) additional gauge sym-
metries (see also [28] for recent work on this type of actions).

3.3. Dimensional reduction of a (2, 2)-field from 6 to 5 spacetime dimensions

Our considerations are relevant in the dimensional reduction of a (2, 2)-field from 6 to 5 space-
time dimensions. A (2, 2)-field in 6 dimensions is not equivalent to the Pauli-Fierz field. Upon
dualization, one gets another (2, 2)-field,

- ( > ~ (3.18)

which is independent from the original (2, 2)-field unless one imposes a self-duality condition
as in [2, 29, 30] (see [20] for the implementation of the self-duality condition in the action,
and [31] for further considerations on dimensional reduction). A general (not self-dual) mass-
less gauge (2,2) field is described by a Curtright-like action (see [23, 24]) and has 10 physical
degrees of freedom in six spacetime dimensions. Upon dimensional reduction to 5 dimen-
sions, it decomposes as

— ® ‘@Dj (3.19)

where each five-dimensional field on the right-hand side of this equation is described by the
relevant Curtright-like action (which coincides of course with the Pauli-Fierz action for the
Dj—ﬁeld).

Now, in 5 dimensions, a (2, 2) field described by a Curthright-like action (which is not the
action of the previous subsection) has no physical degree of freedom, while, as we have seen,
the (2, 1)-field is dual to the Pauli-Fierz field. Thus, the dimensional reduction of a general
(not self-dual) massless (2,2)-field gives two Pauli-Fierz fields, each carrying 5 degrees of

10
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freedom (the number of helicity states of a massless spin-2 particle). A self-duality condition
in 6 dimensions [2, 30] equates these two fields.

The counting is very similar to the counting relevant to the dimensional reduction from 4
to 3 dimensions of the Pauli-Fierz field. One has

[ T1 = [T 1] Joe (3.20)

where e stands for the scalar representation. In 3 dimensions, gravity carries no local degrees
of freedom and so the first term [ | | does not contribute to the number of local degrees

of freedom, in much the same way as the representation did not contribute above.

Furthermore, a vector is dual to a scalar. The 3-dimensional version of the theory contains
thus two scalars (one cannot impose a self-duality condition in 4 dimensions (with Lorentz
signature) that would equate those real scalars).

4. Extension to higher dimensions

Similar results hold in all dimensions D > 4. In fact, already in D = 4 dimensions one can
see that the double dual graviton is somewhat trivial. The single dual graviton is a symmetric
tensor b, not locally related to the Pauli-Fierz field A, [27, 32]. The double-dual graviton
is also a symmetric tensor Cy,,, but it is however locally related to £,,,.. Indeed, its curvature is
(on-shell) equal to the curvature of s, and so C,,,, = h,, up to linearized diffeomorphisms.
In higher dimensions, the double graviton is a (D — 3, D — 3)-tensor. Its curvature is a
(D —2,D — 2)-tensor. Now, a (D — 2, D — 2)-tensor is completely determined by its (D — 4)
th trace, which is a (2, 2)-tensor. By the duality conditions, this (2, 2)-tensor is (on-shell and
up to a numerical factor) equal to the Riemann tensor of the Pauli-Fierz field. Therefore,
the double graviton field is an appropriately symmetrized product of (D — 4) n,,,’s with the
Pauli-Fierz field (up to a gauge transformation), something that can be checked directly by
comparing the expressions of the double dual of the curvature in terms of 9*h and 9*>C. So
again, the double dual graviton is an algebraic rewriting of the original Pauli-Fierz field.

5. Comments and conclusions

The fact that the double dual graviton plays a more minor role is somewhat disappointing, since
it does not allow a full triality where the double dual graviton would be on the same footing
as the graviton and its dual. This might explain why the double dual graviton does not appear
in the spectrum of the Ej( or E}; (conjectured) reformulations of maximal supergravity/M-
theory, where there is no (8,8) field (only fields characterized by a Young tableau with 3k
boxes can appear). (Different, interesting ‘duals’ are considered in [33] by adjoining columns
of D — 2 boxes to the Young tableaux, but these do not correspond to the duals defined here
through dualizations of the curvature.)

We close by noting that in the Hamiltonian formulation, ‘duality conjugate’ is equivalent
to ‘canonically conjugate’ (see e.g. [19]). Our analysis matches the property that canonical
variables come in conjugate pairs (and not in conjugate triplets, or even n-plets). This is true
for any higher spin gauge field and not just spin 2. And indeed, the Hamiltonian analysis yields
two independent conjugate prepotentials tied to duality, one associated with the original field
and one associated with its single dual, without room for a third prepotential (or more) [34,
35]. From the point of view of the Hamiltonian description, higher spin gauge fields are simi-
lar to spins one and two and admit two independent dual descriptions only.

1
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That higher spin gauge fields admit only two independent dual descriptions when duality
is defined through Hodge duality of the curvature tensor can in fact also be seen by direct
algebraic manipulations. Take for instance a spin-3 gauge field in 5 dimensions, described
by a symmetric tensor field 4,,,,, = h(,,.,,), corresponding to the Young tableau . The

curvature is a -tensor. The equations of motion can be taken to be that the trace of the
curvature tensor is zero [9].

The first dual is a ‘ ‘—tensor, with curvature in the representation
The double dual is a | with curvature in the representation

The same reasoning as for the graviton shows that the double dual curvature is of the form of

an appropriately symmetrized product of 7,4 with the original -curvature, and that

the double dual spin-3 field is of the form of an appropriately symmetrized product of 1,z
with the original spin-3 field £,,,,, and so is not an algebraically independent object. Similar
equations relate the triple dual field to the single dual one.

The considerations in this paper are valid for the linear theory and do not preclude nonlin-
ear surprises.
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