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Quantum mechanics allows coherent superposition between different states of matter. This quality is respon-
sible for major non-classical phenomena that occur in quantum systems. Beyond states, coherent superpositions
are also possible between quantum evolutions. We characterize such superpositions here. A resource theoretic
framework is developed to quantify superposition present in an arbitrary quantum evolution. In addition to
characterization, the framework considers superposition as a quantum resource. This resource can be exploited
to perform certain quantum tasks that are otherwise impossible. We identify maximally resourceful evolutions
and demonstrate how these could enable one to implement arbitrary quantum operations and super-operations.
We also discuss the roles of superposition to exhibit non-classical behaviors present in evolutions, for example,
a-causality, temporal Bell correlations, and indefinite temporal and causal orders.

I. INTRODUCTION

Possibility of coherent superpositions between different
states of matter plays a central role in quantum mechanics.
Much of the bizarre, non-classical features present in the
quantum world can be attributed to quantum superpositions,
for example wave-particle duality [1], quantum randomness
and uncertainty associated with measurement [2, 3], exotic
quantum phases of matter [4, 5], nontrivial correlations be-
tween quantum objects such as quantum nonlocality [6, 7],
contextuality [8] and entanglement [9], to mention a few. A
systematic understanding of superposition and its role in var-
ious quantum phenomena are therefore essential not only to
decode fundamentals of quantum physics but also for their
applications in quantum technologies.

Though it is as old as quantum mechanics, quantitative un-
derstanding of coherent superposition between quantum states
has been done only recently [10–13], in terms of resource
theory – an operational framework developed to characterize
useful resources in quantum information theory. This infor-
mation theoretic approach towards superposition brings alter-
native views and understanding towards a wide range of phe-
nomena and applications, for examples wave-particle duality
[14, 15], roles in creating entanglement [16, 17] and quantum
correlations [18], speed of quantum evolution and metrology
[19], symmetries [20], quantum thermodynamics [21, 22], and
certain information theoretic tasks [23–25], etc.

Analogous to correlations, like non-locality and entangle-
ment, between space-like separated quantum objects, there
also exists nontrivial correlations between two time-like sep-
arated quantum events. Even though each event respects cer-
tain local causal orders, their joint quantum events may not
possess a definite causal order [26–29]. There are also non-
trivial correlations between different temporal directions of
quantum operations, which leads to indefinite temporal or-
der [30, 31]. These nontrivial correlations between quantum
events are shown to have important implications in under-
standing quantum theory of gravity [32], and many quantum
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information and computation tasks [33–37]. Like in quan-
tum states, these nontrivial phenomena can be attributed to
certain types coherent superpositions between quantum evo-
lutions too. The superposition in quantum evolutions, for the
first time, has been noted in [38]. There, it has been shown
that a time evolution of a quantum state can be composed by
superposing two different evolutions. Later, information theo-
retic aspects of quantum evolutions has been explored in [39].
However a systematic characterization of such superpositions
is still pending.

There are two kinds of physical processes that a quantum
object goes through, which are discussed in Appendix A. The
first kind is quantum operations [40] that act on quantum
states and transform initial states to final ones. These oper-
ations are mathematically expressed by completely positive
trace preserving maps, or more generally, completely posi-
tive trace non-increasing maps. The second kind is quantum
super-operations [41], which operate on initial quantum oper-
ations and transform them to the final ones. Both of these pro-
cesses can be implemented deterministically and probabilisti-
cally (or selectively), by means of quantum circuits (see Figs.
1 and 2).

In this work we systematically characterize superpositions
between quantum evolutions and, to do so, we introduce a re-
source theoretic framework. Indeed, superposition is a basis
dependent quality. An evolution, that is in coherent super-
position of certain evolution bases, can be made completely
superposition-free by suitably choosing a new set of evolution
bases. In many situations, these choices of evolution bases
appear very naturally and often depend on underlying phys-
ical constraints. In case of quantum state, these can be con-
strained by system Hamiltonians or reference frames. While
for quantum evolutions, these may depend on the availability
of implementable quantum gates or operations in quantum cir-
cuits, or accessible driving Hamiltonians. Once a set of evo-
lution bases is fixed, the superposition-free operations (SFOs)
and superposition-free super-operations (SFSOs) are charac-
terized. Then we introduce measures to quantify superposi-
tion present in an evolution. The superpositions can be used
as a resource to perform certain tasks, which are otherwise
impossible by means of SFOs and SFSOs. To demonstrate
that we identify maximally superposed evolutions possessing

ar
X

iv
:1

80
9.

02
57

8v
2 

 [
qu

an
t-

ph
] 

 1
 S

ep
 2

01
9

mailto:mnbera@gmail.com


2

maximum resource, and show how these operations can be
used to deterministically implement arbitrary quantum oper-
ations and super-operations. In multi-party evolutions, non-
local superposition across the parties and their possible quan-
tification are presented. We briefly discuss the role of local
and non-local superpositions in context of a-causality, tempo-
ral Bell correlation, and indefinite temporal and causal orders.

There are certain differences between superposition be-
tween evolutions and superposition between states. An arbi-
trary superposition in operation bases may not lead to a valid
resultant evolution, unlike in quantum states. For example
1
2 [I + σx + σy + σz] is not a valid (complete) operation, al-
though each basis (Pauli matrix) leads to unitary evolution!
Therefore, there have to be restrictions, either on the coeffi-
cients or on the reference bases, or even on both. We also re-
mark that an arbitrary superposition of unrestricted unitaries
could be made to give rise to another unitary if we let the sys-
tem to weakly interact with an ancilla and then go through a
post-selection [38]. Apart from this seemingly different fea-
ture, the superpositions in evolutions share several interesting
common properties with superposition in states – for example,
it can be collapsed or projected. In Appendices C and D, we
discuss on creation of superposition between evolutions and
collapse of evolution to a chosen one, respectively.

Throughout this work, we stick to finite dimensional
Hilbert spaces. In general, quantum operations (or super-
operations) could transform quantum states with different
Hilbert space dimensions. However, we assume either equal
input and output Hilbert spaces, or consider the one with
larger dimension.

II. QUANTIFYING SUPERPOSITION

We first start by defining a set of mutually orthogonal bases
that would be considered as the reference bases for evolutions.
Any evolution or operation composed of a pure and proba-
bilistic mixture of this set of reference bases is defined to be
superposition-free quantum operations (SFOs). In the same
spirit, a quantum super-operation (see Appendix A) that trans-
forms an arbitrary superposition-free operation to another
superposition-free operation is classified as the superposition-
free super-operations (SFSOs). An operation that is not an
SFO involves superposition between the reference bases, by
definition.

Reference bases of quantum operations – For a d dimen-
sional Hilbert space, there exists a set of d2 mutually orthonor-
mal Hilbert-Schmidt operators {Fi}, which can be exploited as
bases for arbitrary quantum operations. The orthonormality
means that Hilbert-Schmidt norm satisfy Tr

(
F†i F j

)
= dδi j.

Note that there exists arbitrarily large number of basis sets,
which are inter-related through unitary. For example, a set
of d2 mutually orthonormal non-unitary bases is given by
{
√

d|k〉〈l|}, where 〈k|l〉 = δkl and k, l = 0, . . . , d − 1. One may
also we consider d2 mutually orthonormal unitaries {Ui} as
the reference bases. In a qubit Hilbert space (d = 2), one can

Figure 1. A quantum operation on a quantum state ηS , say Φ, is
expressed using operator-sum-representation [40], as ηS −→ η′S =

Φ(ηS ) =
∑

m EmηS E†m, where the Ems are known as operation ele-
ments (also Kraus operators) and satisfy the condition

∑
m E†mEm 6 I.

It can be implemented using quantum circuit, as depicted above, by
(i) attaching system ηS with an ancilla in a state |0〉〈0|A, (ii) applying
a global unitary US A on the joint system, then (iii) projecting or trac-
ing out ancilla, such that Φ(ηS ) = Tr A

[
US A(ηS ⊗ |0〉〈0|A)U†S A

]
. Note

that the operation elements are Em = 〈m|AUS A|0〉A. Deterministic im-
plementation of operation,

∑
m E†mEm = I, corresponds to completely

tracing out the ancilla A. On the other hand, selective projection on
A-part leads to probabilistic (or selective) implantation of the oper-
ation, for which

∑
m E†mEm < I. The selective implementation of

operation element Em results in a quantum state EmηS E†m/pm with
the probability pm = Tr (EmηS E†m).

choose I ∪ {σx, σy, σx} as the reference bases, where σis are
the Pauli matrices. For an arbitrary finite dimensional Hilbert
space, a general orthonormal unitary basis set can be formed
[39, 42, 43] (see Appendix B).

The operations, corresponding to the reference bases, have
an alternative representation in terms of Choi-Jamiolkowski
isomorphism [44, 45], which relates input-output Hilbert
spaces. Say the input and output Hilbert spaces are HI and
HO respectively. Then a quantum operation corresponds to
a set of reference bases Fi on a state in HI produces an out-
put state in HO and the operation is fully characterized by a
matrix inHI ⊗HO,

CFi = |ψi〉〈ψi|, (1)

where |ψi〉 := [I ⊗ Fi]|ψ〉, and |ψ〉 = 1
√

d

∑d
k |kk〉 is a maxi-

mally entangled state shared between input and output Hilbert
spaces, each with dimension d. Here |kk〉 = |k〉I ⊗ |k〉O and
{|k〉I/O} ∈ HI/O are some mutually orthonormal state vectors,
and I is the identity operation. The CFi is also known as the
Choi matrix corresponds to the operation basis Fi. The condi-
tion Tr

(
F†i F j

)
= dδi j implies 〈ψi|ψ j〉 = δi j. We denote |ψi〉 as

the Choi state corresponds to the basis operation Fi. Clearly,
choosing {Fi} as the reference basis for quantum operation be-
comes equivalent to choosing {|ψi〉} as reference basis states at
the level of Choi matrix.

Superposition-free quantum operation – A general quan-
tum operation can be expressed in terms of operator-sum-
representation [40] (see Fig. 1). Now, for a given d2 reference
bases {Fi} acting on a d-dimensional Hilbert space, a quantum
operation ΛF is defined to be superposition-free if there exists
an operation-sum-representation, with the operation elements
{Lm}, such that

Lm ∝ Fi, ∀m, (2)
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where i = 0 . . . d2 − 1 and
∑

m L†mLm 6 I. Therefore the action
of ΛF on an arbitrary quantum state η becomes

ΛF(η) =
∑

m

LmηL†m =

d2−1∑
i=0

pi FiηF†i , (3)

where 1 > pi > 0 and
∑

i pi 6 1. Clearly, a superposition-
free operation is a probabilistic mixture of the reference op-
erations where the operation elements are chosen from the
set {Fi}. The fulfillment of the condition

∑
m L†mLm = I (and∑

i pi = 1) implies deterministic implementation of the oper-
ation ΛF . Any probabilistic or selective implementation will
lead to

∑
m L†mLm < I (and

∑
i pi < 1). The superposition-free

quantum evolutions form a convex set, i.e. ΛF ∈ F , since
any probabilistic mixture of superposition-free quantum evo-
lutions is also a superposition-free quantum evolution.

These operations can also be understood in terms of Choi
matrices. Any evolution ΛF ∈ F is superposition free iff
it’s corresponding Choi matrix is diagonal in reference Choi-
states {|ψi〉}, i.e.,

CΛF = [I ⊗ ΛF] (|ψ〉〈ψ|) =

d2−1∑
i=0

pi|ψi〉〈ψi|, (4)

with 1 > pi > 0 and
∑

i pi 6 1. The quantum operation
ΛF is completely positive and trace preserving if and only if
CΛF > 0 and TrO[CΦ] = I

d respectively. If ΛF represents
a probabilistic or selective implementation of an operation,
then CΛF > 0 and TrO[CΦ] < I

d . The Choi matrices CΛF ,
corresponds to ΛF ∈ F , also form a convex set and we denote
it as FC , i.e., CΛF ∈ FC .

Superposition-free quantum super-operations – Similar to
quantum states, a quantum operation can be transformed to
result in a new quantum operation. These transformations are
known as quantum super-operations [41] (see Fig. 2 and Ap-
pendix A). A super-operation is defined to be superposition-
free, in reference to the set of bases {Fi}, if it transforms an ar-
bitrary superposition-free operation to another superposition-
free operation. In other words, a super-operation Ω̃F is
superposition-free, if

ΛF = Ω̃F
(
ΦF

)
∈ F , ∀ ΦF ∈ F . (5)

Operationally these super-operations transform a probabilis-
tic mixture of basis operations to another probabilistic mix-
ture of basis operations, where the bases are only chosen from
reference set {Fi}, as in Eq. (3). These super-operations can
be restricted further in the sense that, if they are applied se-
lectively (i.e. exploiting probabilistic super-operations), they
should still transform an arbitrary superposition-free opera-
tion to another superposition-free one. Though it is math-
ematically tedious to represent, we can easily express these
super-operations in terms of Choi matrices (see Appendix A).
Then the Ω̃F can equivalently be expressed with ΩF , which
has an operator-sum-representation. It relates input CΦF and
output CΛF Choi matrices (see Eq. A7), correspond to input

Figure 2. A quantum super-operation [41] can be implemented
using quantum isometry operations [46] in a quantum circuit.
A super-operation Ω̃, that transforms an initial Φ to a final
Λ quantum operation, is designed as Λ(ηS ) = Ω̃(Φ)(ηS ) =

Tr B

[
V(Φ ⊗ IB)(UηS U†)V†

]
. It is realized by two operations U =

U ·U† andV = V ·V†, where U and V are the isometries applied be-
fore and after the operation Φ. At the end of the circuit, the ancillary
system B is either measured (using projective measurements), where
each outcome results in a probabilistic (or selective) super-operation,
or simply discarded (traced out), thereby realizing a deterministic
super-operation.

ΦF and output ΛF operations, respectively. The Eq. (5) can be
recast as

CΛF = ΩF (CΦF ) =
∑

n

S F
n CΦF S F†

n , (6)

where S F
n are the super-operation elements acting on the input

Choi matrix CΦF to give rise to the output Choi matrix CΛF .
For a deterministic super-operation, we have

∑
n S F†

n S F
n = I.

Furthermore, every deterministic super-operation guarantees
that Tr O[CΛF ] = I

d , for all CΦF with Tr O[CΦF ] = I
d . In

this representation, we can also express probabilistic super-
operation that includes selective or incomplete implementa-
tion of the super-operations, where

∑
n S F†

n S F
n < I. This also

implies that Tr O[CΛF ] < I
d , for some CΦF with Tr O[CΦF ] = I

d .
A selective implementation of a super-operation element S F

n
will result in a selective super-operation ΩF

n , corresponds
to a Choi matrix CΛF

n
= S F

n CΦF S F†
n /qn, with a probability

qn = Tr
(
S F

n CΦF S F†
n

)
/Tr (CΦF ). The resultant selective super-

operation Ω̃F
n can then be derived from the Choi matrix CΛF

n
.

Now to assure ΩF (also Ω̃F) to be an SFSO, we impose the
stricter condition, that is, for all n,

S F
n CΦF S F†

n ∈ FC , ∀ CF
Φ ∈ FC . (7)

This means every super-operation element is constrained to
give rise to a transformation corresponds to a probabilistic
mixture of reference bases operations. Evidently, this con-
dition for SFSOs is much stronger than that of Eq. (5), as the
former guarantees the latter but the converse is not necessarily
true. In this work, we shall adhere to this stricter condition,
given in Eq. (7). The SFSOs, Ω̃F (and ΩF), form a convex set
and we denote it as O (and OC).

In Choi matrix based representation, the structure of SFOs
and SFSOs are similar to incoherent states and incoherent op-
erations (superposition-free states and superposition-free op-
erations) in the resource theory of quantum coherence [11]
(superposition [12]). Except the fact that there are certain re-
strictions on the superposition coefficients in case of opera-
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tions. However, the characterization and quantification of su-
perposition as a resource, and their role in general transforma-
tions of operation and super-operations can be followed from
[11, 12, 23, 47].

Measure of superposition between quantum evolutions – We
now introduce a class of functionals M that maps quantum
operation to a non-negative real number and satisfy some de-
sirable properties to be a reliable quantifier of superposition.
We demand the following criteria.
(c1) M(ΛF) = 0, ∀ΛF ∈ F , i.e., the measure should give
zero for all superposition-free quantum operations. One could
consider a stronger condition that is (c1a) M(ΛF) = 0 iff ΛF ∈

F , and guarantees that M(Φ) > 0 if Φ < F . Clearly, condition
(c1a) implies (c1).
(c2a) M monotonically decreases under SFSOs, i.e., M(Φ) >
M

(
Ω̃F(Φ)

)
for all Ω̃F ∈ O. However, this cannot capture

the monotonic property for selective or probabilistic SFSOs.
To incorporate such cases, a stronger condition is necessary;
(c2b) M monotonically decreases under selective or proba-
bilistic SFSOs on average, i.e., M(Φ) >

∑
n qnM(Φn). Here

Φn are the operations as the results of selective SFSOs, which
are implemented with the probabilities qn.
(c3) M is non-increasing under mixing of quantum operations.
This is also known as convexity condition, i.e.,

∑
n rnM(Φn) >

M
(∑

n rnΦn
)
, for any set of quantum operations {Φn} with 1 >

rn > 0 and
∑

n rn = 1.
A measure that fulfills conditions (c2b) and (c3), satisfies

(c2a) [11]. Now we move on to propose some functionals
that are potential measures for superpositions. Quality of any
such measure, in fact, boils down to its capability to discrim-
inate arbitrary quantum operation from the superposition-free
ones. In general, discriminating quantum operations are com-
plex compare to quantum states, and one of the most useful
approach is to exploit distance based measures. Any distance
D(Φ,Λ) that could discriminate between quantum operations
Φ and Λ, in a meaningful sense, should satisfy certain physi-
cally motivated criteria [48]. (d1) Metric: This requires three
important properties, (d1a) D(Φ,Λ) > 0 and D(Φ,Λ) = 0 iff
Φ = Λ, (d1b) symmetric, D(Φ,Λ) = D(Λ,Φ) and (d1c) sat-
isfies the triangular inequality, D(Φ,Λ) 6 D(Φ,Σ) + D(Σ,Λ).
(d2) Stability: D(Φ ⊗ I,Λ ⊗ I) = D(Φ,Λ), where identity op-
eration I is applied on an additional quantum system. This
physically means that an unrelated additional quantum sys-
tem does not affect the value of D. (d3) Unitary invariance:
D(U ◦Φ◦V,U ◦Λ◦V) = D(Φ,Λ), where U and V are unitary
operations. (d4) Chaining: D(Φ2◦Φ1,Λ2◦Λ1) 6 D(Φ1,Λ1)+

D(Φ2,Λ2). Physically it means that, for a process composed
of many smaller processes, the combined distance is smaller
than the sum of distances of the small processes. An impor-
tant property like contractivity, i.e., D(Σ◦Φ,Σ◦Λ) 6 D(Φ,Λ),
where Σ is any quantum operation, can be followed from (d1)
and (d4).

Easy to calculate distances, that fulfill all these criteria, are
often based on Choi matrices. For two quantum operations, Φ

and Λ, with corresponding Choi matrices CΦ and CΛ respec-
tively, they are defined as DC(Φ,Λ) = D(CΦ,CΛ). A class of

distance based measures of superposition are then given by

M (Φ) := min
ΛF∈F

DC

(
Φ,ΛF

)
, (8)

which represents the minimal distance of Φ to the set of
superposition-free operations F . We propose two such mea-
sures, below.
(1) The relative entropy of superposition

Mr(Φ) = min
CΛF ∈FC

S (CΦ ‖ CΛF ) , (9)

where the relative entropy is defined as S (ρ ‖ σ) =

Tr (ρ ln ρ − ρ lnσ). Note that relative entropy respects all the
qualities to be a good distance measure except symmetric
condition (d1b). However, it has operational meaning from
the perspective of information theory. It can be shown that
the superposition-free operation for which the minimum in
Eq. (9) is achieved, is CΦF =

∑
i 〈ψi|CΦ|ψi〉 |ψi〉〈ψi|. Recall,

{|ψi〉} are the Choi-states correspond to the bases {Fi}.
(2) The l1-measure of superposition

Ml1 (Φ) = min
CΛF
|CΦ −CΛF |1, (10)

where |ρ|1 =
∑

i j |〈ψi|ρ|ψ j〉|, and {|ψi〉} are the Choi-states
correspond to the reference bases {Fi}. Again, the mini-
mum is achieved for CΦF =

∑
i 〈ψi|CΦ|ψi〉 |ψi〉〈ψi| and then

Ml1 (Φ) =
∑

i, j |(CΦ)i j|, where CΦ =
∑

i j(CΦ)i j|ψi〉〈ψ j|. One
could also introduce other measures, similar to the ones used
for the quantification of coherence and superposition in quan-
tum states [13], based on rank [12], trace-distance [49], ro-
bustness [50], max-entropy [51] etc, which we shall not con-
sider here.

Maximally-superposed operations – We have indicated that
the presence of superposition in quantum evolutions is a re-
source when we are restricted to set of superposition-free op-
erations and super-operations. In order to understand that, we
first identify operations with the maximal resource, acting on
d-dimensional Hilbert spaceHd. For a d2 reference bases {Fi},
the maximal resource operations are the (pure) unitary opera-
tions, σ→ η = UmaxσU†max, and these are given by

Umax =
1
d

d2−1∑
i=0

fiFi, (11)

where the complex coefficients | fi| = 1, ∀i. In terms of Choi
states, it becomes |ψmax〉 = 1

d
∑

i fi|ψi〉. These are also called
the maximally superposed operations. The resource measures
achieve maximum value for these operations. For example,
in qubit (d = 2) Hilbert space and given the reference bases
I ∪ {σx, σy, σz}, a maximally superposed quantum operation
is Umax = eiφ

2

[
I + i(σx + σy + σz)

]
.

These operations have the maximum resource in the sense
that, by means of superposition-free super-operations, any
quantum operation Φ acting on Hd can be deterministically
generated from them, i.e.,

Φ = Ω̃F(Umax), (12)
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where the arbitrary operation is Φ(ρ) =
∑

m EmρE†m with the
operation elements Em =

∑
i cmiFi. Also, these maximally su-

perposed operations, when consumed, allow one to determin-
istically implement arbitrary quantum super-operations, i.e.

Ω̃F (Φ ⊗ Umax) −→ Ω̃(Φ), (13)

where Ω̃F is a superposition-free super-operation and Ω̃ is an
arbitrary super-operation. Explicit constructions of these pro-
cesses are outlined in Appendices F and G.

III. DISCUSSION

Superposition plays pivotal roles in quantum mechanics. In
the level of states, it is necessary for a system to exhibit “quan-
tum” features. Quantum mechanics also allows superpositions
between quantum evolutions. In this work, we have studied
such superposition in the framework of resource theory. This
allows us not only to quantify superposition but also enables
us to identify maximally superposed evolutions and show how
these evolutions can be exploited as resource performing cer-
tain quantum tasks which are otherwise impossible.

There are several similarities and dissimilarities between
the superpositions of states and evolutions. For example, both
exhibit “wave”-like behavior, in the sense that they can be se-
lectively collapsed to a particular state or evolution. On the
other hand, while an arbitrary superposition among quantum
states could represent another state, this is not true for evolu-
tions. Therefore, superpositions between evolutions are more
restrictive, compared to states. Another important difference
at the level of bases is that, while non-orthogonal quantum
states are not perfectly distinguishable, non-orthogonal uni-
taries can be made perfectly distinguishable if one has access
to finite copies [52]. Orthonormality, in the sense of Hilbert-
Schmidt norm, only guarantees that each reference evolution
basis can be perfectly distinguished from others, at one-copy
level. Information, as like in states, can be stored in opera-
tions too. However, information compression in operations
are very different compared to the states and final operation
with compressed information cannot be expressed in a sepa-
rable form [39]. Therefore performing important information
theoretic tasks such as distillation, dilution, formation of su-
perposition of operations etc, will be different from its quan-
tum state analogs. These are interesting problems and are left
open for future work.

Evolutions that are applied to multi-party systems may have
superpositions coming out of two different origins. These are
local and non-local superpositions. The local ones are those
that exclusively depend on the local bases and can be made
vanishing by suitably choosing the local evolution bases. On
the other hand, the non-local superposition cannot be made
vanishing for any choice of local evolution bases. Superposi-
tion, in particular its non-local part, plays the most important
role to exhibit non-trivial correlations in space-like separated
quantum states. It is thus expected that superposition between
evolutions would be instrumental to manifest non-trivial quan-
tum phenomena between time-like separated quantum events,

e.g. quantum a-causality, indefinite temporal and causal or-
ders, and temporal Bell correlations. With this goal, we have
studied the non-local superposition in an arbitrary bipartite
quantum evolution in Appendix H. The non-local superposi-
tion of an operation is closely connected to the quantum cor-
relation generated when the operations is applied to a bipartite
quantum state. Note, all the quantum properties of evolutions
are not yet understood in fullest scales. Although, there are
few proposals for experimentally realizable quantum opera-
tions that are able to exhibit these quantum behaviors. We
have considered these operations in Appendix I and explored
the roles of non-local superpositions. We have shown that in-
deed superposition between evolutions is a necessary to have
indefinite temporal order, and also the non-local superposi-
tions are necessary ingredient for an operation to exhibit tem-
poral Bell correlation and indefinite causal order. Interest-
ingly, an operation does not require superposition to exhibit
a-causal behavior. Note, these conclusions, on the roles of su-
perposition between evolution in manifestations of non-trivial
quantumness, are far from complete. However, the systematic
understanding of superpositions presented here, in a frame-
work of resource theory, may enable us to study these quan-
tum phenomena from an alternative approach.
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Appendix A: Quantum evolutions

Quantum operations – Quantum operations describe all pos-
sible physical processes a quantum system may go through
[40], including unitary evolutions, quantum measurements,
decoherences, and noise. A general quantum operation Φ may
be expressed in operator-sum representation (also known as
Kraus representation) relating input σ and output η states,

η = Φ(σ) =
∑

m

EmσE†m, (A1)

where the Ems are known as operation elements (also known
as Kraus operators) and satisfy the condition

∑
m E†mEm 6 I.

The effect of the process is completely described by the op-
eration elements {Em}. A trace-preserving operation that pre-
serves trace of input and output states, fulfills

∑
m E†mEm = I.

This physically means that the process described by Φ does
not include post-selection and such an operation is tradition-
ally called as completely positive trace preserving (CPTP) op-
eration [40]. This also represents the situation where one does
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not have access to the individual outcomes of operation ele-
ments Em. Incorporation of post-selection leads to trace-non-
increasing operations and then

∑
m E†mEm < I. Selective im-

plementation of the operation element Em results in a quantum
state ηm = EmσE†m/pm with the probability pm = Tr (EmσE†m).
In fact, we could write η =

∑
m Φm(σ) =

∑
m pmηm.

Note, the operation elements do not necessarily have to be
square matrices. In the case where the dimensions of input
Hd and output Hd′ Hilbert spaces are different, the Ems are
represented by d′ × d matrices. However, one could always
choose square matrices of d × d as operation elements, where
d > d′.

A drawback of operator-sum representation of a quantum
operation is that it is not unique, in the sense that there are
many sets of operation elements to give rise to the same op-
eration [40]. Therefore comparison between quantum oper-
ations become difficult. To alleviate such a problem, one
may fix a set of bases {Fi} in the space of operators that are
mutually orthonormal under Hilbert-Schmidt inner product,
i.e., Tr

(
F†i F j

)
= dδi j. These orthonormal bases can be used

to expand the operation elements as Em =
∑

i amiFi, where
A = {ami} is a unitary matrix [40]. Now the operation is recast
as

η = Φ(σ) =
∑

i j

(ξΦ)i j FiσF†j , (A2)

where (ξΦ)i j ≡
∑

m aima?m j are the elements of the process ma-
trix ξΦ. Clearly, once the set of orthonormal operator bases is
fixed, the process matrix becomes unique to the process, i.e.,
only on Φ and not on the choice of Em, and completely de-
scribes the quantum operations [48]. For non-trace-preserving
quantum operations (

∑
m E†mEm < I) the process matrix be-

comes
∑

i j (ξΦ)i j F†j Fi < I.

Another, closely related, but more abstract representation
of a quantum operation can be given in terms of Choi-
Jamiolkowski isomorphism [44, 45], which related input-
output Hilbert spaces for an arbitrary quantum operation.
Considering input and output Hilbert spaces HI and HO,
where a quantum operation Φ is applied on a state in HI to
produce an output state in HO, the operation is fully charac-
terized by a matrix inHI ⊗HO, given by

CΦ ≡ [I ⊗ Φ](|ψ〉〈ψ|), (A3)

where |ψ〉 = 1
√

d

∑d
k |kk〉 is a maximally entangled state in d-

dimensional system Hilbert space with another copy of itself.
Here |kk〉 = |k〉I ⊗ |k〉O and {|k〉I/O} ∈ HI/O are some orthonor-
mal basis set, and I is the identity operation. The CΦ is also
known as the Choi matrix corresponds to the operation Φ, and
their one-to-one correspondence is given by

Φ(ρ) = Tr I

[
(ρT ⊗ I) CΦ

]
. (A4)

The quantum operation Φ is completely positive and trace pre-
serving if and only if

CΦ > 0 and TrO[CΦ] =
I

d
, (A5)

respectively. This isomorphism guarantees an equivalence be-
tween Φ and CΦ, and therefore it enables us to treat quan-
tum operations with the tools that are ordinarily used to treat
quantum states. For any completely positive but trace non-
preserving operation one has

∑
m E†mEm < I, which includes

probabilistic, partial or selective implementation of an opera-
tion, will have Tr O [CΦ] < I

d . The process matrix ξΦ and the
Choi matrix CΦ are closely related to each other [48]. How-
ever, it is mathematically convenient to use Choi matrix CΦ,
which is considered in this work.

Quantum super-operations – While quantum operations de-
scribe quantum processes that may occur to a quantum sys-
tem, there are also quantum super-operation that transforms
one (input) quantum operation to another (output) quantum
operation [41]. Quantum super-operation, in fact, constitutes
the most general kind of transformations between elementary
quantum objects. A general quantum super-operation Ω̃ re-
lates input Φ and output Λ quantum operations as

Λ = Ω̃ (Φ) . (A6)

Deterministic super-operations transform a CPTP operations
to another CPTP operations. Conversely, a probabilis-
tic super-operation could transform a CPTP operation into
a trace-non-increasing operation, which is due to a post-
selection during the super-operation, like in operations. Phys-
ically an arbitrary quantum super-operation can be imple-
mented with the help of quantum circuits [41]. However
mathematical representation of the same is cumbersome, in
caparison to quantum operations.

One way to circumvent this difficulty is the use of Choi-
Jamiolkowski isomorphism, by which a quantum operation
can be equivalently expressed in terms of quantum state (Choi
matrix). Then a super-operation, which induces transforma-
tions between quantum operations, can be understood as a
“quantum operation” that relates input and output Choi ma-
trices, with an associated operator-sum-representation. For a
super-operation, Ω̃ relating input Φ and output Λ operations,
we may write

CΛ = Ω (CΦ) =
∑

n

S nCΦS †n, (A7)

where CΛ and CΦ are the Choi matrices correspond to quan-
tum operations Λ and Φ respectively, and S ns are the super-
operation elements of Ω on the level of Choi matrix. The
operation Ω has a one-to-one correspondence with the super-
operation Ω̃ [41]. A deterministic super-operation Ω̃ means
that Ω is not only a CPTP operation, i.e.,

∑
n S †nS n = I, but

also has to satisfy

Tr O (CΛ) =
I

d
, ∀

{
CΦ|Tr O (CΦ) =

I

d

}
. (A8)

In contrast, a probabilistic super-operation Ω̃ means a
trace-non-increasing operation Ω with

∑
n S †nS n < I, where

some post-selections are done. Any selective implementa-
tion of super-operation element S n leads to a partial opera-
tion Ωn(CΦ) = S nCΦS †n that corresponds to an implemen-
tation of an operation Ω̃n with respect to the Choi matrix
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CΛn = S nCΦS †n/qn with probability qn = Tr (S nCΦS †n). Note
CΛ =

∑
n qnCΛn. In general, the reduction of operation ele-

ments S n at the level of quantum super-operations can be done
and there exist quantum circuits to implement both determin-
istic and probabilistic super-operations [41].

Appendix B: Reference bases

There are infinitely many ways one can choose the ref-
erence bases, which are mutually orthonormal in the sense
of Hilbert-Schmidt norm, and all of these bases are inter-
related through unitaries. For simplicity, we shall consider
two choices of reference bases. One is a set of non-unitary
bases and another one is a set of unitary bases. We also pro-
vide the unitary operation that inter-converts these two sets of
bases.

Non-unitary bases – There could be many choices of non-
unitary orthonormal bases. For example, we may have d2 mu-
tually orthonormal bases, for i, j = 0, 1, . . . , d − 1,{

Ri j

}
=

{√
d |i〉〈 j|

}
, (B1)

where Tr
(
Ri jR

†
mn

)
= dδimδ jn, ∀i, j,m, n. For qubit

(d = 2) Hilbert space, the set of reference bases becomes
{
√

2|0〉〈0|,
√

2|0〉〈1|,
√

2|1〉〈0|,
√

2|1〉〈1|}.

Unitary bases – There are also many choices of sets of unitary
bases. One of the constructions of orthonormal unitary bases
for arbitrary finite dimensional Hilbert spaces goes back to the
works by Schwinger [42]. For a d-dimensional case, a set of
orthonormal bases are {Umn}, where subscripts take the values
m, n = 0, . . . , d − 1. Then

Umn = U0 S mn, (B2)

where U0 is a unitary and {S mn} are d2 orthonormal traceless
unitary operators. The unitaries are constructed as [39, 42]

S mn = ZmXn, (B3)

where the operators

Z =

d−1∑
k=0

ξk |k〉〈k| (B4)

and

X =

d−1∑
k=0

|(k + 1) mod d〉〈k|, (B5)

satisfying Zd = Xd = I and ZX = ξXZ with ξ = exp(2iπ/d).
Note, the Z and X represents the generalized phase-flip and
bit-flip operators respectively. For d = 2, we immediately
recover that Z = σz, X = σx and consequently the set of
orthonormal bases become S 00 = I, S 01 = σx, S 10 = σz and
S 11 = iσy.

These two sets of reference bases are inter-convertible
through unitary operations. The set of non-unitary basis (in
Eq. (B1)) is related to the set of unitary bases (in Eq. (B3)) as

R jk =
√

d | j〉〈k| =
d−1∑
l=0

al j S l[(k− j) mod d], (B6)

where al j = 1
√

d
e−

2πi
d l j, and A = {al j} is a unitary operator.

Similarly, the set of unitary bases (in Eq. (B3)) is related to
the set of non-unitary bases (in Eq. (B1)) as

S mn =

d−1∑
k=0

bnk Rk[(k+m) mod d], (B7)

for m, n = 0, 1, . . . , d − 1, where bkn = 1
√

d
e

2πi
d kn and B = {bkn}

is a unitary operator.

Appendix C: Creating superposition between evolutions

Here we outline a protocol to create superposition between
evolutions. Note, there may be many different ways to cre-
ate such superpositions. One simple approach is the use of
quantum switches. Consider a quantum system S in a state
|ψS 〉, on which two unitaries U1 and U2 are applied. These
two unitaries can be the results of time evolution driven by
two Hamiltonians H1 and H2, i.e., U1 = exp[−iH1t] and
U2 = exp[−iH2t], where t is time of evolution. There is also a
two-level quantum switch C, which controls the unitary to be
applied on the system. Say, if the switch is in |1〉 the U1 is ap-
plied and similarly, U2 is applied on the system if the switch
is in state |2〉. Therefore the overall operation that is applied
on the joint C-S system becomes

UCS = |1〉〈1| ⊗ U1 + |2〉〈2| ⊗ U2. (C1)

Clearly, for a joint system |1〉〈1| ⊗ |ψS 〉〈ψS |, the unitary in
Eq. (C1) results in an implementation of U1 on system S ,
U1|ψS 〉〈ψS |U

†

1 . Similarly, for |2〉〈2| ⊗ |ψS 〉〈ψS |, it results in
U2|ψS 〉〈ψS |U

†

2 on the system S .
Now consider the quantum switch is in a state |ψC〉, which

is in superposition between |1〉 and |2〉, |ψC〉 = c1|1〉 + c2|2〉.
Then the joint unitary on the joint C-S state gives rise to

|ψ′CS 〉 = UCS |ψc〉 ⊗ |ψS 〉,

= c1|1〉 ⊗ U1|ψS 〉 + c2|2〉 ⊗ U2|ψS 〉. (C2)

Again if the switch is projected in |1〉〈1| (and |2〉〈2|), the re-
sultant unitary applied on the system would be U1 (and U2).
Instead, if the switch is projected in a state which has super-
position between |1〉 and |2〉, the resultant operation on the
system would have a superposition between evolutions U1
and U2. For example, if the switch is projected in the state
|+〉 = 1

√
2

(|1〉 + |2〉) (with the projector |+〉〈+|), then

|ψ′′CS 〉 = |+〉 ⊗

(
c1
√

2
U1 +

c2
√

2
U2

)
|ψS 〉. (C3)
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So, up to a normalization constant, the projection leads to a
superposition between evolutions driven by U1 and U2.

Note, the protocol to create superposition can be extended
to arbitrary evolutions and there the unitaries are replaced by
general CPTP maps, Λ1 and Λ2.

Appendix D: Collapsing evolution

Here we shall consider quantum super-operations that col-
lapse a superposed quantum evolution to one, selected evo-
lution. This can be understood in analogy with collapse of a
quantum state to a selected one using projective measurement.

We have mentioned earlier that there are certain differences
between superposition between evolutions and superposition
between states. An arbitrary superposition in operation bases
may not lead to a valid (i.e. physical) evolution, unlike in
quantum states. For example 1

2 [I+σx +σy +σz] is not a valid
(complete) operation, although each basis (Pauli matrix) leads
to unitary evolution! Therefore, there has to have restrictions,
either on the coefficients or on the reference bases, or even on
both. Apart from this seemingly different feature, the superpo-
sitions in evolutions share a very interesting common property
with superposition in states – it can be collapsed or projected.

For simplicity, we give examples of unitary evolutions and
choose sets of orthonormal unitary bases as reference bases.
Extension to arbitrary evolution and arbitrary reference bases
can be done easily. Consider an arbitrary (pure) unitary op-
eration V on an arbitrary quantum state η in a d-dimensional
Hilbert space, as η → VηV†. The unitary operator V can be
decomposed in terms of the orthonormal unitary bases {Ui},
as

V =

d2−1∑
i=0

ciUi, (D1)

where amplitude ci = 1
d Tr

(
U†i V

)
,

∑
i |ci|

2 = 1 and∑
i, j cic∗jUiU

†

j =
∑

i, j c∗i c jU
†

i U j = 0. The parameters cis can
also be derived from the Choi matrix corresponds to V , which
satisfies Tr O (CV ) = Tr I (CV ) = I

d . Now a smart experimental
protocol can be devised, where a measurement could lead to a
selective collapse of the evolution to

VηV† −→ UiηU†i . (D2)

As a result, only unitary Ui is applied on the system, with
the probability |ci|

2 (see examples below). Note that this is
equivalent to devise a super-projector (i.e. projector at the
level of super-operation) and it is independent of the choice
of the state η, on which the operation V is applied. The same
can also be performed for more general evolution, say Φ(η) =∑

m EmρE†m, where Em =
∑

i cmiUi, in a similar fashion.

Collapse of evolution in qubit dimension (d = 2) – For sim-
plicity, we consider evolution that maps qubit state to another
qubit state and unitaries are expressed in a superposition of
Pauli matrices. Consider a unitary

VS = c0I + cxσx + cyσy + czσz, (D3)

where I is the identity matrix and {σx, σy, σz} are the Pauli ma-
trices. We use them as our reference bases. However one may
consider any set of orthonormal set of unitaries. To perform
a collapse of the evolution, we follow the protocol given in
[39]. Say the unitary VS to be applied on an arbitrary system
state |φ〉S and then steps to collapse the evolution are outlined
as follows.

(1) The system is attached with two ancillary qubit systems
A and B in states |+〉A and |+〉B, where |+〉A/B = 1

√
2
(|0〉A/B +

|1〉A/B) and {|0〉, |1〉} are the eigenstates of σz. Therefore the
joint state becomes |+〉A ⊗ |+〉B ⊗ |φ〉S in the Hilbert space
HA ⊗HB ⊗HS .

(2) We apply UBUA, where UA = |0〉〈0|A ⊗ I + |1〉〈1|A ⊗ σz and
UB = |0〉〈0|B ⊗ I + |1〉〈1|B ⊗ σx, and the UA/B are applied on
the joint Hilbert spaces of the ancilla (A/B) and the system,
HA/B ⊗ HS . The resultant state becomes UBUA|+〉A ⊗ |+〉B ⊗

|φ〉S .

(3) Now we apply unitary VS on the system and then UAUB,
such that

UAUBVS UBUA (| + +〉AB ⊗ |φ〉S ) = |φ〉ABS . (D4)

The final state can also be written as

|φ〉ABS = c0| + +〉AB ⊗ |φ〉S

+ c1| + −〉AB ⊗ σx|φ〉S

+ c2| − −〉AB ⊗ σy|φ〉S

+ c3| − +〉AB ⊗ σz|φ〉S . (D5)

(4) Finally collapsing the evolution is equivalent
to performing projective measurements on the an-
cillary systems AB with the orthogonal projectors
{| + +〉〈+ + |AB, | + −〉〈+ − |AB, | − −〉〈− − |AB, | − +〉〈− + |AB}

leading to reduced unitary evolutions {I, σx, σy, σz} applied
with the probabilities {|c0|

2, |c1|
2, |c2|

2, |c3|
2}.

Collapse of evolution in higher dimension (d > 2) – Extension
of collapse of an evolution beyond d = 2 can be done as in the
following. Consider a unitary

VS =

d−1∑
m,n=0

cmnS mn, (D6)

that is acting on an arbitrary state |φ〉S system in d-
dimensional Hilbert space. Here we use the reference bases
{S mn}, as expressed in Eq. (B3). To perform measurement
leading to collapse, we attach two ancillary systems (A and
B), each with d-dimensional Hilbert spaces and complete or-
thonormal state vectors |k〉A and |k〉B, such that the joint state
is |ψ0〉A ⊗ |ψ0〉B ⊗ |φ〉S , where |ψ0〉A/B = 1

√
d

∑d−1
k=0 |k〉A/B. We

introduce interactions between A − S and B − S with the op-
erators

UZ
A =

d−1∑
k=0

|k〉〈k|A ⊗ Zk, (D7)
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and

UX
B =

d−1∑
k=0

|k〉〈k|B ⊗ Xk. (D8)

We apply UX
B UZ

A before the unitary VS on the system, and then
UZ†

A UX†
B , such that the resultant operation becomes

UZ†
A UX†

B

 d−1∑
m,n=0

cmnS mn

 UX
B UZ

A. (D9)

The action of this operation on the joint state can be written,
with some manipulations, asUZ†

A UX†
B

 d−1∑
m,n=0

cmnS mn

 UX
B UZ

A

 |ψ0〉A ⊗ |ψ0〉B ⊗ |φ〉S

=

d−1∑
m,n=0

cmn |ψm〉A ⊗ |ψn〉B ⊗ S mn |φ〉S , (D10)

where the ancilla states are mutually orthonormal to each
other, i.e. 〈ψm|ψn〉A/B = δmn. Therefore a projective mea-
surement on the ancillary systems with |ψm〉〈ψm|A ⊗ |ψn〉〈ψn|B
will collapse the sum to a single term with the corresponding
probability |cmn|

2 with the unitary S mn applied on the system.

Appendix E: Maximally superposed evolution

We have noted that an arbitrary superposition between the
reference bases (or operation elements) does not give raise to
a valid operation. There have to some restrictions on the co-
efficients or on the bases. With these constraints, we go on to
show the operations with the maximum resource. The maxi-
mally superposed operations turn out to be unitary operations,
irrespective to the choices of the reference bases. For a choice
of a set of d2 reference bases {Fi}, the maximally superposed
operations can be expressed as

Umax =
1
d

d2−1∑
i=0

fiFi, (E1)

where the complex coefficients | fi| = 1. Without loss of gen-
erality, we can choose a new set of reference bases, where
F′i = fiFi, and then the corresponding maximally superposed
operation becomes

Umax =
1
d

d2−1∑
i=0

F′i . (E2)

In Appendices F and G, we consider Eq. (E2) to study how
these operations with the maximal resource can be exploited
to implement arbitrary operations and super-operations.

In a d-dimensional Hilbert space and for the non-unitary
reference bases {Rkl} = {

√
d |k〉〈l|} (as shown in Eq. (B1)), a

maximally superposed operation is

Unu
max =

1
d

d−1∑
k,l=0

rklRkl, (E3)

where the complex coefficients rkl = e−
2πi
d kl. Note that

the Unu
max is a unitary that corresponds to quantum (discrete)

Fourier transformation operation. For simplicity, we can
slightly modify the reference bases to {R′kl = rklRkl} and
in that case the maximally superposed operation becomes
Unu

max = 1
d
∑d−1

k,l=0 R′kl. For qubit Hilbert space (d = 2), it re-
duces to the Hadamard gate,

Unu
max =

1
2

(√
2|0〉〈0| +

√
2|0〉〈1| +

√
2|1〉〈0| −

√
2|1〉〈1|

)
, (E4)

=
1
√

2

[
1 1
1 −1

]
.

For unitary reference bases {S mn} (see Eq. (B3)) acting in a
d-dimensional Hilbert space, a maximally superposed opera-
tion is

Uu
max =

1
d

d−1∑
k,l=0

smn S mn, (E5)

where complex coefficients |smn| = 1. The complex coeffi-
cients can be derived from the Unu

max in Eq. (E3) and the uni-
tary operation B in Eq. (B7), as it inter-relates the reference
bases, B : {Ri j} −→ {S mn}. Again for simplicity, we may
slightly modify the reference bases to {S ′mn = smnS mn} and
then the maximally superposed operation becomes Uu

max =
1
d
∑d−1

k,l=0 S ′mn. In case of qubit Hilbert space (d = 2) and the
reference bases I∪{iσx, iσy, iσz}, a maximally superposed op-
eration is given by

Uu
max =

1
2

(
I + iσx + iσy + iσz

)
. (E6)

Appendix F: Implementation of arbitrary operation using
maximally-superposed operations

Here we show how an arbitrary quantum operation can be
implemented by means of maximally-superposed operation,
which is used as a resource, and superposition-free super-
operations. The operations with maximum superposition is
given in Eq. (11). However, for the ease of derivations below,
we slightly modify the set of d2 reference bases as {F′i = fiFi},
for a d-dimensional Hilbert space. Then, as mentioned in
Eq. (E2), the maximally superposed operation becomes

Umax =
1
d

∑
i

F′i . (F1)

In the Choi state representation these maximal resource oper-
ations become

|ψmax〉 =
1
d

∑
i

|φi〉, (F2)
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where |φi〉 = (I ⊗ F′i )
1
√

d

∑
k |kk〉. We denote the Choi matrix

corresponds to the maximally superposed operation as Cmax =

|ψmax〉〈ψmax|.
Let us first consider the implementation of an arbitrary uni-

tary operation V =
∑d2−1

i=0 ciF′i , where
∑d2−1

i=0 |ci| = 1 and∑
i, j cic∗jF

′
i F
′†

j =
∑

i, j c∗i c jF
′†

i F′j = 0. The corresponding

Choi state is |ψV〉 = (I ⊗ V) 1
√

d

∑
k |kk〉 =

∑d2−1
i=0 ci|φi〉. At

the level of Choi matrix, the implementation of the unitary
reduces down to the generation of the Choi matrix

|ψV〉〈ψV | = ΩF (|ψmax〉〈ψmax|) ,

=

d2−1∑
n=0

S F
n (|ψmax〉〈ψmax|) S F†

n , (F3)

where S F
n elements of superposition-free super-operation.

Such a super-operation can indeed be constructed following
[11], where the super-operation elements are given by

S F
n =

d2−1∑
i=0

ci|φi〉〈φmi+n−1 |, (F4)

with my = y −
⌊

y−1
d2

⌋
d2. Note that these super-

operation elements are “strictly” superposition-free and sat-
isfy

∑
n S F†

n S F
n = I.

Now we turn to the implementation of an arbitrary quantum
operation, by means of superposition-free super-operation
and a maximally superposed operations. Consider an op-
eration Φ(ρ) =

∑
m EmρE†m. The corresponding Choi ma-

trix is Cφ =
∑

x px|ψx〉〈ψx|. Each |ψx〉 can be expressed as
|ψx〉 =

∑d2−1
i=0 cxi|φi〉. Now, similar to Eqs. (F3) and (F4), we

can devise a super-operation, such that

px |ψx〉〈ψx| = ΩF
x (|ψmax〉〈ψmax|)

=

d2−1∑
n=0

S F
xn (|ψmax〉〈ψmax|) S F†

xn , (F5)

where

S F
xn =

√
px

d2−1∑
i=0

cxi|φi〉〈φmi+n−1 |. (F6)

Now, the desired Choi matrix corresponds to Φ is achieved, as

Cφ =
∑
x,n

S F
xn (|ψmax〉〈ψmax|) S F†

xn . (F7)

Note that the operation elements S F
xns are superposition-free

and also satisfy
∑

x,n S F†
xn S F

xn = I.

Appendix G: Implementation of super-operations using
maximally-superposed operations

Here we outline how an arbitrary quantum super-operation
can be implemented using maximally superposed operation,

when consumed as a resource, and superposition-free opera-
tions. Consider an operation Φ and the maximally superposed
operation Umax, then what we desire to show is that

Ω̃F (Φ ⊗ Umax) −→ Ω̃(Φ). (G1)

In the first step, we bring the operations Φ and Umax together
which are to operate on two different Hilbert spaces. In the
second step, we apply a global superposition-free operation
Ω̃F and then trace out the second Hilbert space, which result
in an arbitrary super-operation operating on Φ. At the level of
Choi matrix, the above implementation becomes

ΩF (CΦ ⊗ |ψmax〉〈ψmax|) −→ Ω(CΦ), (G2)

where CΦ and |ψmax〉〈ψmax| are the Choi matrices correspond
to the operations Φ and Umax (shown in Eqs. (F1) and (F2)).
We shall adhere to Choi matrix based representation in the fol-
lowing derivations. Indeed, Ω(CΦ) has to satisfy the condition
given in Eq. (A8).

Let us first consider implementation of unitary super-
operation Ω = U, where U =

∑d2−1
i, j=0 Ui j|φi〉〈φ j|. Following

[17, 47], we can immediately find superposition-free super-
operation elements, for α = 0, 1, . . . , d2 − 1,

S F
α =

d2−1∑
i, j=0

Ui j|φi〉〈φ j| ⊗ |φα〉〈φ(i+α mod d)|, (G3)

that are acting on the joint-space and satisfy
∑d2−1
α=0 S F†

α S F
α = I.

Application of these operation elements results in the imple-
mentation of the unitary super-operation, as in Eq. (G2), i.e.,

d2−1∑
α=0

S F
α (CΦ ⊗ |ψmax〉〈ψmax|) S F†

α −→ U(CΦ)U†. (G4)

A more general quantum super-operation can be imple-
mented by means of superposition-free super-operation and
access to maximally superposed evolution, too. At the level
of Choi matrix, consider a super-operation Ω that is operat-
ing in a d-dimensional Hilbert space on a Choi matrix CS

Φ
,

i.e., Ω(CS
Φ

) =
∑

m EmCS
Φ

E†m, with the super-operation elements
{Em}. This super-operation can be implemented following the
protocol given in [47]. First, we attach an operation with equal
resource of Cmax, i.e.

CS
Φ −→ CS

Φ ⊗ ρ
AB
d , (G5)

where ρAB
d = |ψd〉〈ψd |, with the maximally entangled state

|ψd〉 = 1
d
∑

i |φi〉
A ⊗ |φi〉

B ∈ HA ⊗ HB. The ρAB
d can be deter-

ministically created from Cmax in HA and |φ0〉〈φ0| in HB, and
then a (superposition-free) CNOT operation over HAB. Now,
there is a set of superposition-free super-operations

L jkm := [〈ψ( jk)
d |Em ⊗ I]S A ⊗ UB

( jk), (G6)

where |ψ( jk)
d 〉 =

(
IA ⊗ UB

( jk)

)
|ψd〉 and U( jk) = Z jXk, such that

Tr AB

∑
jkm

L jkm(CS
Φ ⊗ ρ

AB
d )L†jkm

 =
∑

m

EmCS
ΦE†m = Ω(CS

Φ).

Note
∑

jkm L†jkmL jkm = I, and the definitions of Z and X are
given in Eqs. B4 and B5 respectively.
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Appendix H: Local vs non-local superpositions

Superposition is a basis dependent quality. For a set of ref-
erence bases, a quantum evolution with non-vanishing super-
position can be made superposition-free or of different amount
of superposition, by carefully choosing another set reference
bases. This set of bases does not necessarily have to be or-
thonormal unitary ones. They could be a set of non-unitary
orthonormal bases. In all these cases, the formalism presented
above to quantify superposition can be extended.

So far, we have considered quantum systems or operations
as a whole. Here we turn to study superposition in the situa-
tion where the quantum operation is acted on bipartite quan-
tum systems. Such an operation, in general, can be expressed
as

ΦAB(ρAB) =
∑

k

EAB
k ρABEAB†

k , (H1)

where the operation ΦAB is acting on the Hilbert spaceHAB =

HA ⊗ HB, corresponds to the parties A and B. The individual
operation element can be expressed in terms of local operation
bases ({FA

i ⊗ FB
j }), as

EAB
k =

∑
i j

cki jFA
i ⊗ FB

j . (H2)

To quantify superposition, one could consider both local
({FA

i ⊗ FB
j }) as well as global operation bases ({FAB

k , FA
i ⊗

FB
j }). For any operation, there could be many choices of local

bases that give rise to same operations and they are all unitar-
ily connected.

The superpositions in the global bases are equivalent to the
one discussed before, and, in general, cannot encode any qual-
ity that is appearing essentially due to the presence of sub-
structures of the Hilbert space. On the contrary, by using local
bases, one could, in principle, differentiate between superpo-
sitions that have local and non-local contributions. Here we
crudely classify operations into two classes; one with van-
ishing non-local superposition and other with non-vanishing
non-local superposition.

Global operations with vanishing non-local superposition
are the ones that can be made superposition-free by lo-
cally rotating the local operation bases. On the contrary, a
global operation with non-vanishing non-local superposition
are the ones that have a non-zero superposition for all possible
choices of orthonormal local operations bases.

In the following, we go on to prescribe how to classify
global operations in this regard. Furthermore, we quantify
non-local superposition present in an operation ΦAB by the
amount of “quantum” correlation it generates in the state

γΦAA′BB′ = [ΦAB ⊗ IA
′B′ ] (|ψ〉〈ψ|AA′ ⊗ |ψ〉〈ψ|BB′ ) , (H3)

across the partition AA′ and BB′. Here we denote the max-
imally entangled states as |ψ〉AA′ = 1

√
dA

∑dA−1
i=0 |iAiA′〉 and

|ψ〉BB′ = 1
√

dB

∑dB−1
i=0 |iBiB′〉. Depending on ΦAB, the state

γΦAA′BB′ can be uncorrelated or correlated across the partitions

AA′ and BB′. Moreover, the correlation present in the state
could be classical, (separable) quantum correlations or entan-
glement and that can then be quantified by means of tradi-
tionally used measures introduced for quantum states. We
shall not elaborate on these measures, as it is not absolutely
necessary for our considerations here. However, an interested
reader may consult with [9, 53], for example.

Operations with vanishing non-local superposition – Joint
quantum operations that have vanishing non-local superposi-
tion are (L1) uncorrelated operations

ΦAB
u (ρAB) = ΦA ⊗ ΦB(ρAB), (H4)

and (L2) classical-like operations

ΦAB
c (ρAB) =

∑
i

f AB
i FA

i ⊗ FB
i ρABFA†

i ⊗ FB†
i , (H5)

where Tr
(
FA/B

i FA/B†
j

)
= δi jdA/B for all i, j. It can be eas-

ily seen that the states γΦAA′BB′ , in Eq. (H3), correspond to
these operations are either uncorrelated or classically corre-
lated state across the partition AA′ and BB′, which means they
could be made diagonal in orthonormal product bases.

Operations with non-local superposition – Quantum opera-
tions that possess non-zero non-local superposition (ΦAB <
{ΦAB

u ,ΦAB
c }) belong to the following classes.

(G1) Classical-quantum like operations

ΦAB
cq (ρAB) =

∑
i

f A
i FA

i ⊗ BiρABFA†
i ⊗ B†i , (H6)

where Tr
(
FA

i FA†
j

)
= δi jdA, ∀i, j and ∃i , j such that

Tr
(
BiB

†

j

)
, 0.

(G2) Quantum-classical like operations

ΦAB
qc (ρAB) =

∑
i

f B
i Ai ⊗ FB

i ρABA†i ⊗ FB†
i , (H7)

where Tr
(
FB

i FB†
j

)
= δi jdB, ∀i, j and ∃i , j such that

Tr
(
AiA

†

j

)
, 0.

(G3) quantum-quantum like operations

Φ
q
AB(ρAB) =

∑
i

Ai ⊗ BiρABA†i ⊗ B†i , (H8)

where ∃i , j and ∃k , l for which Tr
(
AiA

†

j

)
, 0 and

Tr
(
BkB†l

)
, 0 respectively.

(G4) Entanglement like quantum operations that do not be-
long to any of the above classes, i.e.,

ΦAB
e < {Φ

AB
u ,ΦAB

c ,ΦAB
cq ,Φ

AB
qc ,Φ

AB
qq }. (H9)

The non-local superposition can be quantified in terms of
the quantum correlation in the state γΦAA′BB′ across the parti-
tions AA′ and BB′. Note that the operations belong to (G1),
(G2) and (G3) will produce separable states with (discord like)
classical-quantum, quantum-classical and quantum-quantum
correlations respectively. In contrast, the operation in (G4)
will produce a non-vanishing entanglement across the parti-
tions AA′ and BB′.
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Appendix I: Superposition, temporal order and causality

For any sort of quantumness to manifest, a certain form of
superposition is necessary. As an example, for quantum corre-
lation (e.g. quantum discord, entanglement, and non-locality)
superposition in the bipartite product bases is necessary. How-
ever, the reverse is not true. In other words, the presence of
superposition in product bases does not imply that there is en-
tanglement or non-local correlations. In similar vein, it can
be assumed that for any form quantumness in quantum evo-
lutions to appear, superposition between evolutions is neces-
sary. Here we consider four types of quantumness that exist in
quantum evolutions; indefinite temporal order, temporal Bell
correlation, quantum a-causality and indefinite causal orders
in quantum evolutions, and examine the roles of superposition
for such behaviors.

Indefinite temporal order [30, 35] and temporal Bell cor-
relation [31] – For any two quantum operations, Λ1 and
Λ2, that are applied on a state ρS of a quantum system S ,
there could be two different temporal orders. These are
Λ21(ρS ) = Λ2 ◦ Λ1(ρS ), where Λ1 applied before Λ2, and
Λ12(ρS ) = Λ1 ◦ Λ2(ρS ), where Λ2 applied before Λ1. For
simplicity let us consider these operations to be unitary op-
erations, denoted as U12 = U1 ◦ U2 and U21 = U2 ◦ U1 to
be applied on pure state ρS = |φ〉〈φ|S . Individually, they have
definite orderings in their implementations. By using a con-
trol switch we can implement either a probabilistic mixture
or a coherent superpositions of these operations with differ-
ent temporal orders. Consider an additional control qubit in a
state ρc and controlled operation

UcS = |0〉〈0|c ⊗ U12 + |1〉〈1|c ⊗ U21. (I1)

Now depending on the choices of the initial state ρc and the
choice of measurements on the control bit after the appliance
of UcS , the effective reduced operations on the state ρS would
be different. For a control qubit |ϕ〉c =

∑1
i=0
√

pi|i〉c, the joint
operation on the control bit and system results

|φ′〉cS = UcS [|ϕ〉c ⊗ |φ〉S ]. (I2)

Now the reduced dynamics on the system, by tracing out the
control system, become a probabilistic mixture of ordered op-
erations, i.e. p0U12ρS U†12 + p1U21ρS U†21. By selectively pro-
jecting the control qubit in |0〉〈0| (|1〉〈1|) the applied operation
on the system can be controlled to U12ρS U†12 (U21ρS U†21).
Now instead, if we perform a selective projection |+〉〈+|c on
the control bit and trace out, where |+〉 = 1/

√
2(|0〉+ |1〉), then

the effective reduced operation on the system becomes(√
p0

2x
U12 +

√
p1

2x
U21

)
|φ〉S , (I3)

where the operation is implemented with a probability x. The
resultant operation (in Eq. (I3)) applied on the system does
not have definite temporal order. It is composed of a coherent
superposition of two evolution which are of different tempo-
ral orders. For U12 , U21, the operation possesses a non-
vanishing non-local superposition. In fact, for the situation

where U12 and U21 orthogonal, the evolution can be collapsed
to the one with a definite temporal order (i.e. to U12 or U21). It
is clear from the definition that, the evolutions to have indef-
inite temporal orders, superposition between operations with
definite orders are necessary.

Recently, Bell like temporal correlation has been proposed
for bipartite quantum evolutions [31]. Consider a bipartite
system that is composed of parties A and B. Each party
can go through an evolution as a result of two operations
applied one after another. Say for party A, the evolution is
represented by ΦA

21(ρA) = ΦA
2 ◦ ΦA

1 (ρA), where the operation
ΦA

1 is applied before ΦA
2 . The order of appliance of the op-

erations can be temporally reversed to give rise to another
evolution ΦA

12(ρA) = ΦA
1 ◦ ΦA

2 (ρA), where the operation ΦA
2

is applied before ΦA
1 . Similarly, the party B can also go

through two different evolution due to two temporal orders,
say ΦB

21(ρB) = ΦB
2 ◦ΦB

1 (ρB) and ΦB
12(ρB) = ΦB

1 ◦ΦB
2 (ρB). Now

there could be a control system which has access to both par-
ties A and B. Depending on control state and with a selec-
tive measurement, the control qubit can implement operations
ΦA

12 ⊗ ΦB
12(ρA ⊗ ρB) and ΦA

21 ⊗ ΦB
21(ρA ⊗ ρB) selectively, or

any of their coherent superposition. For simplicity, suppose
the pure case scenario, where the operations are unitary, i.e.
Φ

A/B
1/2 = UA/B

1/2 and the states are pure ρA/B = |φ〉〈φ|A/B. Now
considering a control bit in a state |ϕ〉c =

∑1
i=0
√

pi|i〉c, evolved
using a joint control-systems unitary

UcAB = |0〉〈0| ⊗ UA
12 ⊗ UB

12 + |1〉〈1| ⊗ UA
21 ⊗ UB

21, (I4)

and then performing a selective measurement with the projec-
tor |+〉〈+|c on the control bit, we have(√

p0

2x
UA

12 ⊗ UB
12 +

√
p1

2x
UA

21 ⊗ UB
21

)
|φ〉A ⊗ |φ〉B, (I5)

which is implemented with a probability x. In case, where the
unitaries UA

12 and UA
21, as well as UB

12 and UB
21, are orthogo-

nal, the resultant state in Eq. (I5) becomes an entangled state,
which violates the temporal Bell inequality [31]. Note these
operations possess non-local superpositions. In fact, this en-
tanglement is necessary to violate temporal Bell inequality,
which in turn implies that non-local superposition in the evo-
lution is a prerequisite to exhibit temporal Bell correlations, at
least in the pure case scenario.

A-causality [54–56] and indefinite causal order [26, 27, 29]
– In classical mechanics, events are bounded to respect cer-
tain causal order. If the events are space-like separated, the
events occur independently and are causally disconnected. If
the events are time-like separated, then the event in past can
influence the one in future. Therefore they are causally con-
nected and there is a definite order between events in past to
future. Events in the future cannot influence the event oc-
curred in the past.

However, in the quantum domain, there are situations
where the future event could, in principle, influence the past.
The generation of such quantum situation depends on the
quantum operations. For quantum operations that generate
quantum events, where the past can only influence the future



13

one, are called semi-causal [54] and they are semi-localizable
[55] too. Therefore the operations that violate semi-causality
cannot be semi-localizable. We denote the latter operations
as the a-causal operations. Instead of answering the question
of how to implement a-casual operations, we consider here if
the superposition between evolutions is necessary to exhibit
a-causality.

Consider two parties A and B and a joint operation ΦAB.
The operation is semi-causal, in the sense that A can signal B,
iff there exist two different states on A, |φ〉A and |φ′〉A, such
that

Tr A (ΦAB(|φ〉〈φ|A ⊗ |φ〉〈φ|B)) , Tr A
(
ΦAB(|φ′〉〈φ′|A ⊗ |φ〉〈φ|B

)
),

for an arbitrary state |φ〉B [54]. This, in turn, implies that by
changing a state on A, the outcome on B can be modified and
therefore A can signal B. Consider an operation ΦA→B, acting
on two-qubit system, with the operation elements

EAB
1 = |0〉〈0|A ⊗ UB

0 and EAB
2 = |1〉〈1|A ⊗ UB

1 ,

where the unitaries are orthonormal, Tr (UB†
0 UB

1 ) = 0. The op-
eration is superposition-free. Now with the initial choices of A
states, the effective operation on B can be controlled. Consider
|0〉〈0|A ⊗ ρB and |1〉〈1|A ⊗ ρB, or |φ〉〈φ|A ⊗ ρB, the resultant op-
eration of B are UB

0 ρBUB†
0 , UB

1 ρBUB†
1 and |〈φ|0〉A|2UB

0 ρBUB†
0 +

|〈φ|1〉A|2UB
1 ρBUB†

1 respectively. Hence, non-local superposi-
tion is not necessary for the quantum operation to have semi-
causal behavior, where A signals B.

An operation is a-causal if A could signal B and also B
could signal A. Necessary and sufficient conditions for an op-
eration to be a-causal are given in [54–56]. For any pure (uni-
tary) evolution these conditions can be further simplified. It
has already been noted that a unitary exhibits a-causal behav-
ior if and only if the unitary is not a product of local unitaries,
i.e. UAB , UA⊗UB [54, 56]. The joint unitary operation has to
have non-vanishing non-local superposition. In other words,
if the unitary assumes the form UAB =

∑
k ckFA

k ⊗ FB
k , where

Tr (FA/B
k FA/B

l ) = δkldA/B and |{k}| > 1, then it manifests an
a-causal behavior. The reverse statement is also true, so long
unitary operations are concerned.

However, the situation is very different if one goes beyond
unitary operations. We can even show that non-local super-
position is not necessary for the operations to have a-causal
behavior. Even a classical like operation could give rise to
a-causality. To see this, we can simply construct an a-causal
operation ΛA↔B, acting on two-qubit system, where the oper-
ation elements are

E1 =
1
√

2
|0〉〈0|A ⊗ σB

x , E2 =
1
√

2
|1〉〈1|A ⊗ σB

y ,

E3 =
1
√

2
σA

x ⊗ |0〉〈0|
B, E4 =

1
√

2
σA

y ⊗ |1〉〈1|
B.

It is easy to see that with this operation both A and B are able
to signal each other. However, it does not have non-local su-
perposition, as all local bases are mutually orthogonal to each
other. Thus this operation exhibit an a-causal behavior and
that is, even, without possessing non-local superposition. This
operation indicates the fact that, to exhibit a-causal behavior,
non-local superposition is not necessary.

Unlike a-causality, the study of indefinite causal order re-
lies on joint probability distributions, that arise due to an evo-
lution of a system and a followed by measurement processes.
The underlying principle could be based on any theory except
for the fact that it has to respect definite local causal orders.
In general, process matrices [26] are used to characterize in-
definite causal order. Entire formalism relies on probabilities
and, in particular, certain inequalities in terms of linear com-
binations of these probabilities. That is why it is in general
not straightforward to connect with superposition in the evolu-
tions and the measurement processes. Furthermore, it is diffi-
cult to characterize quantum operations that exhibit indefinite
causal order [57]. So far, the experimental demonstrations of
indefinite causal order [29, 58] rely on quantum switches [34]
and superposition of causal orders [33]. All these operations
indicate that non-local superposition is necessary to exhibit in-
definite causal order. However, an extensive study is required
before it could be concluded unambiguously.
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1, 10 (2017).
[58] K. Goswami, C. Giarmatzi, M. Kewming, F. Costa, C. Bran-

ciard, J. Romero, and A. G. White, arXiv:1803.04302 (2018).

http://dx.doi.org/ 10.1103/PhysRevLett.115.020403
http://dx.doi.org/10.1103/PhysRevLett.117.020402
http://dx.doi.org/10.1103/PhysRevLett.117.020402
http://dx.doi.org/ 10.1103/PhysRevLett.116.160407
http://dx.doi.org/ 10.1103/PhysRevLett.116.160407
http://dx.doi.org/10.1103/PhysRevA.93.052331
http://dx.doi.org/10.1103/PhysRevA.93.052331
http://dx.doi.org/10.1038/ncomms4821
http://dx.doi.org/10.1038/ncomms4821
http://dx.doi.org/10.1103/PhysRevX.5.021001
http://dx.doi.org/10.1038/ncomms7383
http://dx.doi.org/10.1038/ncomms7383
http://dx.doi.org/ 10.1103/PhysRevLett.116.070402
http://dx.doi.org/ 10.1103/PhysRevLett.116.240405
http://dx.doi.org/10.1103/PhysRevX.7.011024
http://dx.doi.org/10.1103/PhysRevX.7.011024
http://dx.doi.org/10.1038/ncomms2076
http://dx.doi.org/10.1038/ncomms2076
http://dx.doi.org/10.1038/nphys2930
http://stacks.iop.org/1367-2630/18/i=1/a=013008
http://dx.doi.org/ 10.1126/sciadv.1602589
http://dx.doi.org/ 10.1126/sciadv.1602589
http://dx.doi.org/ 10.1038/ncomms8913
http://dx.doi.org/ 10.1038/ncomms8913
https://arxiv.org/abs/1708.00248
https://arxiv.org/abs/gr-qc/0509120
http://dx.doi.org/10.1103/PhysRevA.86.040301
http://dx.doi.org/10.1103/PhysRevA.88.022318
http://dx.doi.org/10.1103/PhysRevLett.113.250402
http://dx.doi.org/10.1103/PhysRevLett.113.250402
http://dx.doi.org/10.1103/PhysRevA.92.052326
http://dx.doi.org/10.1103/PhysRevA.92.052326
http://dx.doi.org/10.1103/PhysRevLett.117.100502
http://dx.doi.org/10.1103/PhysRevLett.117.100502
http://dx.doi.org/10.1103/PhysRevLett.64.2965
http://dx.doi.org/10.1103/PhysRevLett.64.2965
http://dx.doi.org/10.1103/PhysRevA.70.022312
http://stacks.iop.org/0295-5075/83/i=3/a=30004
http://stacks.iop.org/0295-5075/83/i=3/a=30004
http://www.pnas.org/content/46/4/570
http://www.pnas.org/content/46/4/570
http://stacks.iop.org/0305-4470/34/i=35/a=332
http://stacks.iop.org/0305-4470/34/i=35/a=332
http://dx.doi.org/ https://doi.org/10.1016/0034-4877(72)90011-0
http://dx.doi.org/ https://doi.org/10.1016/0034-4877(72)90011-0
http://dx.doi.org/https://doi.org/10.1016/0024-3795(75)90075-0
http://dx.doi.org/https://doi.org/10.1016/0024-3795(75)90075-0
http://dx.doi.org/ 10.1103/PhysRevA.93.032318
http://dx.doi.org/10.1103/PhysRevA.95.062327
http://dx.doi.org/10.1103/PhysRevA.95.062327
http://dx.doi.org/10.1103/PhysRevA.71.062310
http://dx.doi.org/10.1103/PhysRevA.71.062310
http://dx.doi.org/10.1103/PhysRevA.93.012110
http://dx.doi.org/10.1103/PhysRevA.93.012110
http://dx.doi.org/ 10.1103/PhysRevLett.116.150502
http://dx.doi.org/ 10.1103/PhysRevLett.119.150405
http://dx.doi.org/ 10.1103/PhysRevLett.119.150405
http://dx.doi.org/10.1103/PhysRevLett.87.177901
http://dx.doi.org/ 10.1103/RevModPhys.84.1655
http://dx.doi.org/10.1103/PhysRevA.64.052309
http://stacks.iop.org/0295-5075/57/i=6/a=782
http://stacks.iop.org/0295-5075/57/i=6/a=782
http://dx.doi.org/10.1103/PhysRevA.74.012305
http://dx.doi.org/10.1103/PhysRevA.74.012305
http://dx.doi.org/10.22331/q-2017-04-26-10
http://dx.doi.org/10.22331/q-2017-04-26-10
https://arxiv.org/abs/1803.04302

	 Quantifying Superpositions Between Quantum Evolutions
	Abstract
	Introduction
	Quantifying superposition
	Discussion
	Acknowledgement
	Quantum evolutions 
	Reference bases 
	Creating superposition between evolutions 
	Collapsing evolution 
	Maximally superposed evolution
	Implementation of arbitrary operation using maximally-superposed operations 
	Implementation of super-operations using maximally-superposed operations 
	Local vs non-local superpositions 
	Superposition, temporal order and causality 
	References


