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1. INTRODUCTION

This paper establishes the stability of the Minkowski space (R*3 n) viewed as
the trivial solution to the Einstein-Vlasov system

(1) Ric(g) ~ 30R(g) = TIf]
(12 1,) = o

Here g is a Lorentzian metric on a 4-dimensional manifold, Ric(g) and R(g) the
Ricci and scalar curvatures of g, f is a massive Vlasov field, T[f] its energy-
momentum tensor and T} is the geodesic spray vector field. The Minkowski space
is then the simplest solution to these equations with f = 0.

We refer to sections [2.1) and [2.2) as well as [Ren04; EhI73}; Rinl3| for a presen-
tation of the equations and the terminology used here. We recall that the system
— admits an initial value problem formulation which is, at least when the
initial data enjoy sufficient regularity, locally well-posed [CB71; Rinl3|. We are
therefore interested in the global Cauchy problem for this system, that is to say
we want to understand the asymptotics of the solutions.

The Einstein-Vlasov system is actively used in astrophysics and cosmology. It
describes a statistical ensemble of self-gravitating particles which interact only
indirectly through the Einstein equations. It is in fact the natural fully general
relativistic analogue of the Vlasov-Poisson systemﬂ replacing Newtonian mechan-
ics by general relativity.

1.1. The vacuum problem. At least from a PDE perspective, there are two
fundamental differences between the Poisson and the Einstein equations. The
Poisson equation is elliptic and linear in the gravitational potential, while the
Einstein equations are (after a suitable gauge choice) hyperbolic and non-linear in
the metric components. In particular, in Newtonian mechanics, no matter source
implies no gravitational force, while in general relativity, there are plenty of non-
trivial, vacuum solutions to the Einstein equations Ric(g) = 0. Thus, the stability
of the Minkowski space for the vacuum Einstein equations is a necessary starting
point. This problem was solved in full generality by Christodoulou and Klainerman
[CK93| (see also [LR10; BZ09| and [LRO5; [Fri83]).

Let us recall some of the main features of the problem and its proof. The vacuum
Einstein equations can be recast in so-called wave coordinates as a system of quasi-
linear wave equations and the stability of the Minkowski space then corresponds

to a small data global existence result for this system. For any quasilinear system

1We refer to the classical [Gla96] for a presentation of the Vlasov-Poisson and related kinetic
systems.
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of wave equations, controlling the non-linearities requires higher order estimates of
the solutions, that is to say estimates obtained after commutation of the equations
with well chosen vector fields, so as to control a high number of derivatives of the
solutions. These vector fields typically arise from the symmetries of the linearised
equations. For the wave equation, they are thus the Killing and (some of the)
conformal Killing fields of Minkowski space. One then combines these higher or-
der estimates with weighted Sobolev inequalities linked to the equations (this is
the vector field method of Klainerman [Kla85b]) to prove decay estimates for the
non-linear termdd

It is well known that the case of three spatial dimensions is critical for this
type of questions. In higher spatial dimensions, linear waves enjoy stronger decay
properties, so that such small global existence results always hold for general quasi-
linear wave equations |[Kla85b|, while in dimension 3, small data global existence
is linked to structural properties of the equations and blow up is known to occur in
some cases [Joh81]. A general criterion that guarantees small data global existence
is the null condition of Klainerman [Kla86]. Essentially, for a solution to the free
wave equation, it is well known that derivatives tangential to the light-cone decay
faster than the transversal ones and the null condition ensures that each non-linear
product contains derivatives tangential to the light-cone.

The null condition is however not satisfied in the wave coordinate formulation
of the Einstein equations |[CB00]. Thus, the strategy of [CK93] exploits another
formulation of the Einstein equations, where the main energy estimates control
the curvature rather than the metric itself. Another key element of [CK93] is the
construction of an optical function, and then vector fields, which are tied to the
characteristics of the spacetime, or equivalently, to the null cones of the metricﬂ

Even though the Einstein equations in wave coordinates do not satisfy the null
condition, the stability of the Minkowski space was subsequently obtained in this
gauge in [LRO5; [LR10]. The key observation is that the Einstein equations still
enjoy a weak version of the null condition, of which a trivial example is provided

2There are many other ways to establish decay estimates, though the vector field method is
certainly the most robust one. In particular, we stress that a standard strategy for quasilinear
wave equations consists in using the basic vector field method and energy estimates to obtain
first, rough, decay estimates for the solutions under weak assumptions, and, only in a second
step, use another method, for instance, integral estimates and representation formulas, to obtain
improved decay estimates.

3Intelrestingly, the null cones of the constructed spacetimes eventually diverge logarithmically
compared to the cones of Minkowski space, as a remnant of the failure of the null condition.
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by the system

(1.3) Ou = 0w - oy,
v = 0,

where © and v are two scalar functions defined on R, x R3. The second equation is
linear, thus the first is simply a linear inhomogenous wave equation and obviously
the solutions of this system do not blow up.

In the case of the Einstein equations, this trivial example is replaced by a hier-
archy of wave equations for the metric components. Moreover, in order to control
the non-linear terms not satisfying the null condition, the wave gauge condition
Oyx® = 0 for the coordinates z is used extensively.

1.2. The mass problem. Recall that an initial data set for the vacuum Einstein
equation Ric(g) = 0 is given by (3, go, k), where (3, go) is a smooth Riemann-
ian manifold and k is a symmetric 2-tensor field, such that (X, go, k) solves the

constraint equations
R(go) = |k|* + trg, (k)* = 0,
divk — d(tr, k) = 0,

where R(go) is the scalar curvature of (X, go), |k|?> = kik¥, tro.k = kijgi, [divk]; =
(90)\Vik;;, with 90V the Levi-Civita connection of gq.

In the case of perturbations of the Minkowski space, one considers initial data
such that ¥ = R? and the data are asymptotically flat i.e. g tends to the Euclidean
metric and k tends to 0 as || = r — oo. The positive mass theorem [SY79; Wit81]
then implies that gy = dg(1+2m/r) +o(r~'*), where dg is the Euclidean metric,
p > 0 and where m > 0 unless the initial data correspond to an initial data
set induced by the Minkowski space, in which case the solution of the evolution
problem must naturally coincide with Minkowski space.

The positive mass theorem limits the possible radial decay of the initial data.
In particular, one cannot consider compact initial data, for which the metric per-
turbations would be all contained in some ball of finite radius. The closest one can
get from those are initial data corresponding to the Schwarzschild metric outside
from some compact set. We refer to |[Cor00; (CDO02; |CS06| for general methods
leading to the construction of such data.

For a solution of the linear wave equation in Minkowski space [y = 0, the
interior decay of v, i.e. estimates of the form |¢(t, )| < C’(R)ﬁ for |z| < R,
is directly related to the amount of radial decay of the initial data for . The
stronger the decay, the higher the value of p. In view of the r~! behavior of the
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initial data for the perturbations, this implies that, even at the linearised level, we
cannot expect interior decay faster than ¢~! for the metric perturbations |g — 7|
and ¢~ for their first derivatives |g|.

1.3. Einstein-matter systems. Consider now a coupled system of the form

(1.4 Ric(g) ~ 39R(9) =TIl
(1.5) Ng(w) = 0,

where T'[¢] is the energy-momentum tensor of some matter field 1), itself subject
to an evolution equation depending on the metric g, which we write schematically
as (L.5).

If ) solves a wave equation, as in the scalar field case [y¢ = 0 or the Maxwell
equations, the matter equation can be treated by the same methods as the
Einstein equations themselves. In particular, one can commute the Einstein equa-
tions and the matter equations by the same vector fields and thus extend the
vacuum stability results to these cases [LR10; BZ09; |Loi09; Spel2].

One of the simplest models for which this approach does not readily work is
the Einstein-Klein-Gordon system, where the matter field ¢ is a scalar function
solving the Klein-Gordon equation

(1.6) O — 0 =0,

and where the energy momentum tensor is given by

TY] = db @ db — 39 (9(V6,99) +4?) .

The Klein-Gordon equation shares many properties with the wave equation,
but it has less symmetries. In particular, it enjoys poor commutation properties
with respect to the scaling vector field S = x*0,«. Moreover, in dimension 3,
the interior decay for 0v is limited by tg%, which is weaker than the maximal
interior decay one can obtain for the first derivatives of the metric components in
the vacuum case. It does enjoy on the other hand stronger decay near the light
cone than a pure wave. Finally, the classical vector field method of Klainerman for
Klein-Gordon fields [Kla93] typically requires the use of a hyperboloidal foliation,
while the analysis of the vacuum Einstein equations as in [CK93; [LR10] uses only
a foliation by standard, asymptotically flat, spacelike hypersurfaces as well as a
foliation by null cones.

In view of (or despite) the above difficulties, the stability of the Minkowski space
for the Einstein-Klein-Gordon system was only recently obtained in [LM15] (see
also [Wanl6|). In some sense, this is the first stability result (in three spatial
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dimensions, without symmetry or cosmological constant) for an Einstein-matter
system which cannot be obtained by a direct extension of the methodology of the

vacuuin case.

1.4. The Einstein-Vlasov system. The Einstein-Vlasov system — cou-
ples the Einstein equations to kinetic theory. For particles of mass m,,, the Vlasov
field f is a non-negative function defined on the submanifold P of the tangent
bundleﬂ corresponding to future-directed causal vectors normalized to —mz. The
Vlasov field f then is, at each point of P, the density of particles with given
position and velocity (or momentum). The Vlasov equation T,(f) = 0 is the con-
servation of this particle density by the geodesic flow. The local Cauchy theory
for the Einstein-Vlasov system was treated in [CB71] (see also [Rinl3], Chapter
6). In particular, to any given appropriate initial data set (X%, go, k, fo)ﬁ, one can
associate a unique (up to diffeomorphism) maximal Cauchy development (M, g, f),
where (M, g) is a Lorentzian manifold and f a Vlasov field.

The stability of the Minkowski space for the spherically symmetric Einstein-
Vlasov system in dimension 341 has been treated in [RR92; [RR96] for the massive
case and in [Daf06] for the massless case with compactly supported initial data.
A proof of stability for the massless case without spherical symmetry and with
compact support in both z and v has been given in [Tayl7]. As in [Daf06], the
compact support assumptions and the fact that the particles are massless are
important as they allow to reduce the proof to that of the vacuum case outside
from a strip going to null infinity.

In this paper, we prove the stability of the Minkowski space for the Einstein-
Vlasov system in the case of a Vlasov field corresponding to massive particles. For
simplicity, we assume that all particles have the same mass m, and we later fix

my = 1.
1.5. Statement of the results. The main result can then be stated as follows.

Theorem 1.1. Let (X = R3, go, k, fo) be an initial data set for the Einstein-Viasov
system which coincides with a Schwarzschild initial data set of mass m > 0 outside
from a ball of radius R > 0.

Let (M, g, f) be the uniqueﬂ maximal globally hyperbolic development of the given
initial data set and denote by i : ¥ — M the embedding of ¥ into a Cauchy
hypersurface of M given by the local existence theorem.

4Since we can use the metric to identify the tangent and cotangent bundles, we can also
consider f as a function on a submanifold of the cotangent bundle. While this is perhaps less
common, we shall actually use this formulation in this paper, see Section

5See Section for a presentation of the initial data for the Einstein-Vlasov system.
6As usual, by uniqueness, we mean uniqueness up to diffeomorphism.
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Let N > 14, ¢ > 3 and € > 0. Assume that

| = 0|~ (uj<r) + ||Fllv-1(2)<r) +m?

+||(1 + |U|2)qfOHWN+3»1(T*R3) -+ ||(1 + |U|2)q+2f0||WN72,1(T*R3) S €,

where dg is the Fuclidean metric and m the mass of the Schwarzschild metric for
lz| > R.

Then, there ezists €o(R) > 0 such that if € < eo(R), there exists a global system
of wave coordinates (t,z) on R* ~ M such that, t is a temporal function, i(X) =
{t =2} and with K := {(t,x) [ |z| <t —1}, for (t,x) € JT(i(X)) \ K, g coincides
with the Schwarzschild metric of mass m, while for (t,x) € KN J1(i(X)), we have

Enlgl(p) < DyepP¥”,

Exaunalfl(p) < Dyep™<",
Englfl(p) < D]VepDNel/Z7
||g(t,l’) _77||Lg° < DN€1/2(1 +t)_1+DN51/2’

where p = \/m denotes a hyperboloidal time function, Dy is a constant
depending only on N and Enlg], En4|f] are energy norms depending on up to N
derivatives of f and g.

In particular, (M, g) is future causal geodesically complete.

Remark 1.2. A similar statement holds for the past of i(X). Moreover, redefining

some of the coordinates, we can shift the slice {t = 2} to any other t = const slice.

Remark 1.3. The norms Ex(g) and En,(f) are defined in (2.13) and (7.1)),
respectively. The index q in Ey ,(f) refers to the number of additional v weights,

so that Eoo(f) correspond to the natural energy norm of f. The norms ||.||g~ and
||.|[w~+s1 which we use for the initial data are standard Sobolev norms.

Remark 1.4. When |a| > N — 2, we prove L* decay estimates for source terms
of the form T[K*(f)] arising in the wave equations. These require more reqularity

for the Vlasov field, hence three extra derivatives are required for the initial datum

of f.

Remark 1.5. We refer to the body of the proof for many extra details concern-
ing the asymptotics of the solutions. For instance, for ¢ > 0 sufficiently small
(in particular ¢ = 0, corresponding to the basic energy norm), we prove bounds
En_oy(f) < € without growth. Moreover, we obtain sharp pointwise decay es-
timates on the components of the energy-momentum tensor T|[f] as well as its
derivatives.
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Remark 1.6. The geodesic completeness is a direct consequence of the asymptotics
of the metric and its derivatives. See for instance [LR05|, Section 16.

Remark 1.7. For simplicity, we have considered initial data which coincides with
the Schwarzschild data outside of a compact set. Since we use a hyperboloidal
foliation, our results do not extend immediately to more general data that would
allow the Vlasov field to have non-compact support in the x wvariable. We note
however that the method of this paper are readily applicable (with slightly different
asymptotics) for initial data such that f is initially supported in B, x R, for some
compact set B, and the data for the metric is such that the analysis of [CK93] or
(LR10] is applicable. Indeed, in that case, using a standard domain of dependence
argument, the solution is vacuum outside from the domain of influence of B, and
we can repeat the analysis of (CK93] or [LR10] in that region. As is clear from the
proof of our theorem, the techniques of this paper do not depend on the exact nature
of the asymptotics of the metric at spatial and null infinity. In particular, we prove
our main propagation estimates for the Vlasov field using only weak interior decay
for the metric coefficients (|0g|(t, z) S 73249 for |z < 1).

Remark 1.8. A similar stability result has been obtained independently by Lind-
blad and Taylor [LT].

Remark 1.9. In this paper, we consider only massive particles but a large part of
our analysis can be extended to the massless case. In particular, the estimates of
sections[f] and[3 do not make use of the strict positivity of the mass of the particles
and one could easily modify the remainder of the paper to cover the massless case
as well. In fact, an important simplification in the massless case arises from the
strong interior decay for velocity averages of massless Vlasov fields.

1.6. Key elements of the proof and main difficulties.

1.6.1. The coupling. At the linear level, the Vlasov equation is given by the free
transport equation on Minkowski space

Uaaxaf = O,
for f = f(t,a,v), (&) = (La) € R, (u7) = (0, 0f), with o° = ¢ fm2 1 [o]"

(v') € R3. In particular, for massive particles, m, > 0, the characteristics of the
Vlasov equation are the timelike geodesics, while for massless particles m, = 0,
the characteristics are the null geodesics, as for the wave or the Einstein equations.

As in the case of the Einstein-Klein-Gordon equations —, the coupling

is non-trivial.
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e Kinetic equations such as the Vlasov equation are intrinsically of differ-
ent nature compared to wave equations. The domain of definition of
the unknown f is a different manifold (P) and the coupling through the
energy-momentum tensor T'[f] takes the form of velocity averages of f,
i.e. (weighted) integrals in v of f. In fact, the Einstein-Vlasov system is a
system of integro-partial-differential equations and not a pure PDE system.

e For massive particles, the characteristics are different from those of the

wave equation. For the free transport operator, they are given by the

timelike curves (t,t”—i). Note that for high velocities |v| — +oo,

these curves approach the null curves (¢, w't), where w’ = ﬁ € S2. For low
|v|, we do expect to face the difficulty of an equation that does not share
the characteristics of the wave equation. On the other hand, for large |v],
we expect the difficulties associated with pure wave equations, such as the
slow decay of transversal derivatives to the light-cone, to also be an issue.
This difficulty naturally disappears for distributions which are of compact v
support initially, but we treat here initial data which are merely integrable
in v against a measure (1 + |v|?)*/2dv.

1.6.2. Commuting the Vlasov equation using complete lifts. Another important
difficulty arise from commuting the Vlasov equation.

Recall that we cannot expect to control the behaviour of the metric components
without commuting the Einstein equations. In view of the coupling, this implies
that we must estimate KVT[f], where K¥ is a differential operator of order N.
In flat space, where g is the Minkowski metric 1, we have

dv
Taslf] = fravp——,
vER3 /m% + |U|2

so that, for any vector field K = K%0,a,
KT([f] = T[K(f)]-

The vector fields K are those that commute with the flat wave operator, i.e. the
Killing and conformal Killing ﬁeldsﬂ of Minkowski space.

In general, if K is a Killing vector field on a Lorentzian manifold, K (f) does not
readily make sense, since f is defined on a different manifold. Thus, one needs first

"We note that they are many variants of these methods. In particular, one can commute
only with a subalgebra of the full algebra of Killing and conformal Killing fields (see for instance
|[KS96]), or, in another setting, one can commute with vector fields containing only radial weights,
as in [DR10].
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to lift K to P. There are several such possible lifts, but the one we consider here
is the complete lift of K, denoted K. Complete lifts have the following properties.

e The complete lift operation lifts vector fields on M to vector fields on T'M.

e If K is Killing, then K is tangent to the submanifold P of TM. In partic-
ular, for any regular distribution f defined on P, K (f) is well-defined.

o If K is Killing, K commutes with the geodesic spray vector field 7.

o If K is Killing, LT[f] = T[K(f)], where Ly is the Lie derivative in the
direction of K.

In [FJS15], we exploited such a geometric treatment of the commutation properties
of the Vlasov equation to extend the traditional vector field method of Klainerman
for wave equations to the class of transport equations of Vlasov typdﬂ. In particu-
lar, we established Klainerman-Sobolev inequalities for velocity averages of Vlasov
fields and gave an illustration of our method to obtain (almost) sharp asymptotics
for the 3-dimensional massless and the n > 4 massive Vlasov-Nordstrom systems.

1.6.3. Non-integrable decay and the modified vector fields. While it seems that
working with complete lifts would thus solve the difficulties involved with com-
muting the Vlasov equation and the energy-momentum tensor, for a general per-
turbation of Minkowski space, one should not expect any of the original Killing
fields to remain Killing, so that none of the above properties can be directly ap-
plied. As a first step, one can write the Vlasov equation in coordinates, and then
commutes the Vlasov equation with coordinate equivalents of the original vector
fields of Minkowski space. For instance, let us write schematically the Vlasov
equation as
Ty(f) = 0Oy f + Q(3g, v, )00,

for some multi-linear form @, and consider a Lorentz boost Z; = t0, + 20,.

In Minkowski space, the restriction to P of its complete lift would be given by
Z; = t0yi + 20, +1°0,:. Commuting the above equation, we obtain

TQ<22f> = _[21'7 Q(aga U, U)@U]f

Neglecting the v components, the right-hand side leads to error terms of the form
0Z(g) - Oyf. On the other hand, for a solution of the free transport operator,
0, f behaves essentially like t0,« f. If we expect to prove boundedness for some
norms of |8,a f|, then t0Z(g) needs to be time integrable in order to control Z .
Assuming that the interior decay for the metric componentsﬂ can readily be used,

8See [Won17] for an extension of these methods to other dispersive PDEs.

9For some metric components, there is already a logarithmic divergence for the interior decay
estimates, so that the expected behaviour is in fact worse that the one presented here. Moreover,
as the name indicates, the interior decay estimates are only valid in the interior and the fact that
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in three spatial dimensions, [tdZ(g)| < ¢ leads to logarithmic divergences. On
other hand, any loss in the Vlasov estimates would limit the interior decay for
the metric even further, since in order to obtain sharp or almost sharp interior
decay, one already needs sharp estimates on the source terms KVT[f] arising in
the equations for the metric components.

This interesting issue is in fact already present in the much simpler Vlasov-
Poisson system, where it was solved in [Smul6| by modifying the commutation
vector fields, replacing the lifted vector fields 7 by some Y = 7+ ®'9,:, where the
coefficients ®* are functions in the variable (¢, x,v), depending on the solution and
constructed in order to cancel the worst error terms in the commutator formulad™
The method of modified vector fields was adapted to a basic model of wave /kinetic
interaction, namely the 3-dimensional Vlasov-Nordstrom system, in [FJS17]. Many
of the difficulties presented above are in fact present for this system. In particular,
important strutural properties of the system where used in [FJS17] in order to
account for difficulties arising for large v.

In this paper, we thus also consider commuting the Vlasov equation with mod-
ified vector fields. The use of modified vector fields is however not without draw-
backs. Since the coefficients of these vector fields depend on the solution itself,
they need to be estimated. Moreover, these coefficients depend on (¢, z,v) and as
a consequence, these modified vector fields cannot be used in return in the wave
equations. Thus, an important effort is made to rewrite source terms of the form
KNT[f], that arise after commuting the wave equations, in terms of the modified
vector fields. Here, the integration in v present in the definition of T[f] is crucially
used. Finally, the Klainerman-Sobolev inequalities must also be rewritten using
the modified vector fields.

1.6.4. Hierarchy of equations and the null structure. We first prove energy esti-
mates for the Vlasov field assuming weak interior decay for the metric components.
With only these weak estimates for the metric coefficients at our disposal, some
of the error terms in the commuted Vlasov equation fail to be time-integrable.
To close the estimates, we exploit a hierarchy in the commuted equations. More
specifically, we first find replacements for the spatial translations that enjoy im-
proved commutation properties with the Vlasov equation. These vector ﬁeldsEL

v?

denoted X;, are simply given by X; = 0,: + ————0; and the improvement results

£/ 1+|v]?

they are not global is another source of difficulty that we neglected in this informal discussion,
linked with the null structure of the equations.

10gee also [HRV11] for previous results concerning sharp asymptotics for solutions of the
Vlasov-Poisson system based on the method of characteristics.

HWe already used a version of these vector fields in [FJS17].
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from the identity ,
i, Yy
Xi = -t 1;—%&,
where v, = v; — %ivo. Using this identity, one can prove that a product of the form
X;(¢) - k for ¢ a solution to the wave equation and k a solution to the Vlasov
equation enjoys better decay properties compared to an arbitrary product 0y - k.

Assuming weak bounds on the first order energy, we then prove that commut-
ing with X, only produces integrable error terms, and thus obtain estimates for
E[X;(f)]. We then consider commuting with d;. Only one term is not time-
integrable (because of a lack of null structure), but it can be estimated using the
bounds on E[X;(f)] and thus produces only a mild growth p’, for some small
0 > 0. We then commute with the modified vector fields Y and again find that
the terms which are not time-integrable only depend on E[X;(f)] and E[0:(f)],
which allows us to close the first order estimates. This hierarchy is then extended
to the higher order estimates. It is in fact very reminiscent of similar hierarchies
present in the context of the weak null condition, as in the system .

Once the basic energy estimates for the Vlasov field have been established,
one can propagate stronger weighted norms, which then imply, together with the
improved decay for the metric coefficients, energy and decay estimates for the
Vlasov field without loss.

1.6.5. The Finstein equations and the top order estimate. The analysis of the Ein-
stein equations in wave coordinates is now classical and we follow the approach
of [LRO5; LR10] and its adaptation to the hyperboloidal foliation in [LM15]. The
major new difficulty consists in rewriting and estimating the source terms coming
from the Vlasov field in terms of the modified vector fields without any hard™loss
of decay. However, the key step to avoid loss of decay involves an integration by
parts in v, which, in turn, implies a loss of regularity. At top order, we therefore
must allow for some hard loss of decay. The worst source term in the top order
estimate for the metric coefficients then implies another source of small growth at
top order.

1.7. Related works. We present here some previous works to put the results of
this paper in context.

1.7.1. Stability problems for Vlasov systems without sharp decay. There is a large
number of results concerning small data global existence for various systems of
Vlasov type, as in [BD85; |GS87; [Fri04]. In these works, the gravitational or

12We can afford a pP? for & > 0 small enough in these estimates and D being a positive
constant.
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electromagnetic fields satisfy a linear, inhomogeneous equation, whose source term
is given by velocity averages of the Vlasov field. The linear aspect of the field
equations implies that one can control the system at a much lower level of regularity
than for a system of quasilinear wave equations. Moreover, these systems typically
exhibit a gain of regularity, either because of the elliptic nature of the Poisson
equation, or using a non-resonant phenomenon due to the difference between the
characteristics of the waves and that of the massive particles. This allows to close
the estimates without understanding sharp decays for the velocity averages of the
Vlasov field and its derivatives.

1.7.2. Sharp decay for derivatives. The first work establishing sharp decay for
derivatives of velocity averages of the Vlasov field is [HRV11]|. The question was
revisited using vector field techniques in [Smul6|. In [FJS15] and [FJS17], we
developed and tested a vector field approach to derive sharp asymptotics for the
Vlasov-Nordstrom system. The techniques of [HRV11] have also been extended to
the so-called Poisson-Yukawa system in dimension 2 |[CHL11].

1.7.3. Non-trivial stationary states and further stability results. The strongest re-
sults concerning the stability of non-trivial stationary solutions of the gravitational
Vlasov-Poisson system have been obtained in [LMR12]. They are not based on
decay estimates but on a variational characterisation of the stationary solutions.
On the other hand, this type of method does not provide asymptotic stability of
the solutions but orbital stability. It is likely that any result addressing the ques-
tion of asymptotic stability will need to go back to an appropriate linearization of
the equations combined with robust decay estimates{]f].

There is a large literature concerning the construction of stationary states for the
Einstein-Vlasov system [RR93} Rei94; |AKR11; AKR14; AFT15; AFT17; Wol01].
We refer to the living review [And02], Section 5, for a detailed discussion of those
results. Naturally, it would be interesting to understand the stability properties
of any of these stationary solutions.

The vector field method has also been extended to the Kerr background to prove
Morawetz estimates for massless Vlasov fields, see [ABJ16|. The approach relies

on the use of multiplicative symmetries for massless fields.

1.7.4. The cosmological case. There is also a large amount of works concerning
solutions to the Einstein-Vlasov system arising from initial data given on a compact
manifold. Let us mention in particular the work of Ringstrom [Rin13], concerning
the study of expanding solutions with de-Sitter like asymptotics, as well as the

13See for instance |[GRO7| for some stability results using the linearization approach in the
case of the spherically-symmetric King model.
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stability result [Faj17], where the slower expansion only provides polynomial decay
for perturbations.

1.7.5. Coupled systems. There are many recent works involving coupled systems of
equations for which the coupling is non-trivial, beyond the Einstein-Klein-Gordon
system already mentioned. Let us mention in particular [GIP16; [[P14; Gerll]
concerning coupled systems of equations with different characteristics.

1.7.6. Introductory materials on kinetic theory in general relativity. There are
many such materials but we would like to mention the classical texts [Eh173; Ren04;
Ste71] as well as the elegant geometric treatment of the Vlasov equation in [SZ14].

1.8. Structure of the paper. Section[2]contains preliminaries about the Einstein-
Vlasov system, basic definitions and notations that we use throughout the text. In
particular, Section [2.13| contains a list of notations and can be used as a reference.
In Section [3 we set up the bootstrap assumptions and describe, towards the end
of the section, the different steps required in order to establish the main result.
Section contains direct consequences of the bootstrap assumptions and of the
wave gauge condition. Sections 4| to[7|are devoted to the proof of energy estimates
for the Vlasov field, under the weak decay assumptions for the metric coefficients.
In Section [8 we estimate the coefficients appearing in the modified vector fields.
In Section [9] we consider the source terms arising from the energy-momentum
tensor in the Einstein equations after commutation and explain how they can be
rewritten in terms of the modified vector fields. Sections [I0 to 3] concern the
analysis of the Einstein equations. In Section [14] we improve the estimates on the
Vlasov field and the C' coefficients, so as to eventually close the top order energy
estimates for the metric components in Section (15 Finally, the last two sections

concern L*®- and L2-decay estimates for the velocity averages of the Vlasov fied.
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support of the Erwin Schrodinger International Institute for Mathematics and
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Physics during the workshop Geometric Transport equations in General Relativ-
ity, where part of this work has been written.

2. PRELIMINARIES

2.1. Vlasov fields in the cotangent bundle formulation. Let (M, g) be a
smooth time-oriented, oriented, 4-dimensional Lorentzian manifold.

We denote by P the mass-shell. While it is generally considered as a submanifold
of the tangent bundle T'M, we shall, equivalently, consider here P as a subset of
the cotangent bundleE| T*M, defined by

P = {(:p,v) eT*M : g;l(v,v) = —1 and v future oriented} .

Given a coordinate system on M, (U,z®), for any v € U C M, any v € T*M
can be written as
v = va[dx?],
and the functions v — v, can be used to define a coordinate system on 7xM called
conjugates to the coordinates (z®). In the following, we consider such coordinate
systems even if it is not stated explicitly. We denote by 7 the canonical projection

TP — M.
For x € M, we define a metric on 1;M by
9rins = 9 dvadug,

where g®? are the components of g=! in a local coordinate system (U, %) and v,
are conjugate to the . Let dursy be the associated volume form, i.e. dursy =
\/—g~tdvg A dvy A dug A dos and let g, be the map

G ToM — R,
v g;;lM(v,v).
Let dq be its differential (in v). Since 77 (z) = ¢! ({—1}) is a level set of g,

dq = 2dvavsg®” is normal to 7~!(x) and on 7~ 1(z), there is a unique volume form
denoted dpir-1(5) such that

1
2

We assume that there exist local coordinates such that z° = ¢ is a smooth temporal

d:uT;M = dq A dluﬂ_l(x)-

function, i.e. it is strictly increasing along any future causal curve and its gradient

1This formulation is linked with the Hamiltonian property of the equations, cf |[Ehl73].
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is past directed and timelikﬂ. In that case, the algebraic equation
afs —

Vo V39 —1 and v, future directed

can be solved for vy by
(2.1) vo=—(g")"" (QOJUJ' - \/(QOjUj)2 + (—g")(1 + gijij)) :

It follows that (z,v;), 1 < ¢ < 3 are smooth coordinates on P and for any

r € M, (v;), 1 <i < 3 are smooth coordinates on 7=!(z). With respect to these
coordinates, the volume form dpi,-1(,) reads

0 dvi A dvg A dus.
U9

dpir=1(z) =

For any sufficiently regulaﬂ distribution function f : P — M, we define its
energy-momentum tensor as the tensor field

2.2 Talfle) = [ vavafdiesin,

T (x)

In the following, to simplify the notation, we write
[y
7 1(x) v

dp, for the measure dpi—1(y).

and

Even on a curved spacetime, we use another reference measure, namely that cor-
dv

ot When we do so, we write the measure
+|v

responding to the Minkowski space

explicitly.

The Vlasov field f is required to solve the Viasov equation, which can be written
in the (z%,v;) coordinate system as

(23) T,(f) = 6" vadin ] — 5vav3ding™0, f = 0.

It follows from the Vlasov equation that the energy-momentum tensor is diver-
gence free for solutions of the Vlasov equation. More generally, for any sufficiently

15The fact that the gradient of ¢ is timelike is equivalent to g"° < 0 and the property of being

strictly increasing along any future causal curve implies that the induced metric on each level
set of ¢ has to be positive.

16By "sufficiently regular”, we mean that f is smooth enough and decays in v sufficiently fast
so that T'[f] is well-defined and the necessary integration by parts in v can be performed. Later,
we also perform integration in x, so we also require the regular distribution function f to obey
decay in the x variable along each hyperboloid. In any case, one can assume for simplicity that
all distribution functions are smooth and compactly supported for all computations to hold.
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regular distribution function k : P — R,

VTl = | T, Kosdn.

2.2. The Einstein-Vlasov system and the initial value problem. We con-
sider the Einstein equations

(24) Riclg) — 5oR = T1f],

where Ric(g) denotes the Ricci curvature of (M, g), R = g®’ R, its scalar curva-
ture and T'[f] is the energy momentum tensor of a Vlasov field f satisfying the
Vlasov equation ([2.3).

Contracting the Einstein equations, we get that

~Rl) = [ foavsgdn, == [ fa.

Thus, the Einstein equations can be rewritten as

2

The initial value problem for the Einstein-Vlasov system was first considered in

Riclg) = TUf) + 59 | fduoco,
T 1(x)

|[CBT71]. We refer to |[Rinl3| for a thorough analysis of the local well-posedness of
this system.

Recall that an initial data set for the Einstein-Vlasov system is given by (3, go, k, fo),
where ¥ is a smooth manifold, gy is a Riemannian metric on X, k is a symmetric
2-tensor field on ¥ and fj is a real-valued function (taken non-negative in physics)
and defined on the cotangent bundlelﬂ of ¥, such that (X, go, k, fo) solves the
constraint equations

(2.5) R(go) — [k[* + tre, (k)" = 2plfo],
(2.6) divk —d(trg,k) = —jlfol,

where R(go) is the scalar curvature of go, |k|* = kijk", tryk = kijgo”, [divk]; =
@0)Vik;;, with 90V the Levi-Civita connection of gy and where the source terms

17 Again, it is more standard to consider the initial data for the Vlasov field as a function on
the tangent bundle, but one can naturally move from one representation to the other without
any difficulty.
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plfo] and j[fo] are given, for any x € X, by
d,uT*E
i) = [ hle)
PETFS V' 1+ g0(p, p)

. o . dMT;E
Jilfl@) = / e

where the volume form djiz.x is the one associated with the metric (go):}z}E (p,p) =
géjpz'pj-

For simplicity, we assume smooth initial data with sufficiently strong decay in
both z,v. For any such data, it follows from standard results that there exists a
unique maximal Cauchy development up to diffeomorphism |[CB71} Rinl13].

2.3. The wave gauge and the reduced Einstein equations. We consider
the Einstein equations in wave coordinates, following the hyperboloidal foliation
formulation™ of [LM15]. We thus consider coordinates =% satisfying the wave
equation

(2.7) Ogz® =0,

or equivalently

gaﬁrlﬁ = 07
where Flﬁ are the Christoffel symbols of the metric g. It is well known that the
Ricci curvature then simplifies to a second order non-linear wave operator acting
on each metric coefficient. The Einstein equations ([2.4)) then transform to

Cibas = Faalh ) = [ F Qavi-+ gu) die
where ﬁg := ¢°#0,0p is the reduced wave operator,

hag == gap — Nap

denotes the deviation of the metric g from the Minkowski metric 7 and the non-
linear terms F,z(h,0h) are quadratic in the first order derivatives of the metric.

As usual, any solution to the reduced equations arising from initial data satis-
fying the constraint equations is a solution of the original Einstein-Vlasov in view
of the propagation of the wave gauge condition (see for instance |[Rinl3], p. 370,
for the Einstein-Vlasov case).

18The first global results for the Einstein equations in wave coordinates are of course that of
|[ILR10} [LRO5], while the introduction of an hyperboloidal foliation for the study of Klein-Gordon
fields goes back to [Kla85a).
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For future reference, we define the tensor S|[f]| by

(28) SUfloa = [ £ vt + gus) dt

Let us also recall that schematically, the non-linear terms F'(h,0h) are all of the
form
(2.9) g t-gt-0Oh-0h.

2.4. Convention for raising and lowering indices. Given the metric g, and
its components g,g, the components of its inverse are denoted as usual by g*?. We
also define
H .= g — P,
For a tensor field T with components 7,3, we define

T8 . — Typnavnﬁ’ﬂ,

i.e. we raise indices using the Minkowski metric 7. In view of the definition of g*,
this convention applies to all tensor fields but the metric g itself.

Similarly, we lower indices using also the metric 7.

Note that

g7 = (g7 =™ + HY =" — b7 + O(h?),

so that within the small data regime of this paper, we can switch from H or h
without any difficulty.

2.5. The hyperboloidal foliation. Fix global Cartesian coordinates (,z?), 1 <
i <3 on R¥! For any p > 0, define H, by

H,={(t,z) | t > |z] and t* — |z|* = p*} .

We denote by K := {(¢t,z) /|z| < t — 1} the chronological future of the point
(1,0,0,0), see Figure 1]

On I, we use as an alternative to the Cartesian coordinates the following two
other sets of coordinates.

e Spherical coordinates

We first consider spherical coordinates (r,w) on R3, where w denotes spher-
ical coordinates on the 2-dimensional spheres and r = |z|. Then, (p :=
\/m ,7,w) defines a coordinate system on K. These new coordinates
are defined globally on I apart from the usual degeneration of spherical

coordinates and at r = 0.
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K:={(tzx)/|z|<t—1} ru=1

H,

Figure 1. Initial hyperboloid — hyperboloidal foliation

e Pseudo-Cartesian coordinates

These are the coordinates (y°, 37) := (p, 27), which are also defined globally
on .

For any function defined on (some part of) K, we move freely between these

three sets of coordinates.

2.5.1. The semi-hyperboloidal frame. As in [LM15], we make use of special vector
fields adapted to the hyperboloidal foliation. More precisely, given the coordinate
system (z%), we denote the

translations by {0« | € {0,...,3}}.
We also consider the
Lorentz boosts {Zi = t0,: + 20, ! i€ {l,2, 3}}

and the

Zi | .
rescaled Lorentz boosts {Qi =7 ‘ ie€{l,2, 3}} .

With these notations, the semi-hyperboloidal frame is, by definition,

(2.10) dy:=0,, 9,:= %atJraa, a=1,23.

We also consider the scaling vector field S = 0.« and denote by Z any of the
homogeneous vector fields (i.e. any of the Lorentz boosts or scaling vector field).
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We use standard multi-index notations so that, for instance, for any multi-index
« of lenghth |a|, Z* denotes a combination of |a| vector fields among the Lorent
boosts or the scaling vector field.

Associated with the semi-hyperboloidal frame, one has the dual frame §° :=
dt — % dz®, 8% := dx® and therefore the relations

00 =000, 0a=1020

a <ol

0% = 0o, da',  dz® = %0

in which the transition matrix (@g) and its inverse (\Ilg) are

1 0 0 0 1 0 0 0
2t 1 0 0 —z't 1 0 0
((I)g): 2 ) (\115): 2
22/t 0 1 0 —2*/t 0 1 0
2/t 0 0 1 —2*/t 0 0 1

In the above matrix notation, the up index labels the columns and the down
index labels the lines.

With this notation, the rules for transforming tensors are as follows: for any
two-tensor hap dr® ® dz’ = hopf* ® 07, we can write

hag = hatp®3 0,
has = hog V30
W= ol oy
IS A (T

Similarly, for a velocity v,,

!
_ p
,UM = \IJ‘u Qul7
I
DM
v, = P v

With these notations, note that

x(l
Vg = Vo, UV, = —Up + Vq.
t

As a consequence, for any symmetric 2-tensor G,
Gaﬁvoﬂ/ﬁ _ QOO(UO)Q + QQGOUOQQ +Qabya9b'

2.6. Some standard classes of functions. Later in the analysis, we compute
various commutators. The expressions that we find are linear combinations with
coefficients which are smooth homogeneous functions of (¢, z), sometimes depend-
ing also on v, and which behave well with respect to differentiation. More precisely,
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let F, be the set of functions g := ¢(t, z) defined in K such that, for any multi-index
«
|a§,t9| < Cat_w
and similarly, let F, , be the set of functions g := ¢(t, z,v) defined in K x R? such
that, for any pair of multi-indices «, 3
-8
02,0%9] < Cot el T o2

In the remainder of the article, unless specified otherwise, any linear combination
is taken over F, when we consider functions of (¢, z) only or F,., when we consider
functions of (¢, x,v).

2.7. Commutators of the frame vector fields. We recall the following stan-
dard formulae.

Lemma 2.1. One has

xa

[ataga] = _t_Qatﬂ [chQb} =0.

There exist constants a? such that

[Oae, Z) = a0,
B

For a Lorentz boost Z,,

SL’b

[Zme] = ?Q
while for the scaling vector field S
[5.0y] = =0,

)

The above commutators can then be iterated straightforwardly. For instance, for
any multi-indez v,
00.0) = 3 csdls
1BI<Il

holds, where cg € +F,.

2.8. From the geometric initial data to the PDE data at ¢t = 2. We recall
that it follows from the constraint equations and the structure of the data (see for
instance [LRO5, Section 4] and |Rin13, Chapter VI] for the additional Vlasov field)
that given geometric data (X, go, k, fo) satisfying the constraint equations -
, there exists PDE data, g;—g, 0:gi—o, fi—o, of the reduced Einstein-Vlasov
system, where g,—g, 0;gi1—o are defined on R® and f,— is defined on R3 x R3.
Moreover, if (3, go, k, fo) coincides with the data of a Schwarzschild spacetime
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outside from a ball of radius R and verify
190 = 1l =+ || [rrv— + [[(L+ [0 follwssa + [[(1+ [0?) D72 fo[a—20 < e,

where 0 is the Euclidean metric, then we can arrange for the PDE data to verify
the following.

e The following estimates hold

A
Q
=3

|[ge=0 — O] mw, ||at9t=0HHN*1
(L + [v?)2 frmol wvssa + [[(1+ [0?) @272 fo] lyya—2a

A
Q
=

e 0,g;—0 and fi_o vanish for |z| > R.
e g coincides with the metric of a Schwarzschild metric in wave coordinates
for |z| > R.

Moreover, we can shift the initial slice £ = 0 to any other initial time, and we
assume here that the pde data is given at time ¢ = 2.

By rescaling, we may as well assume that R = 1 and we shall do so in the
remainder of the paper. To summarize, we assume that the initial data is given
on {t = 2} and coincide with Schwarzschild data outside of the ball {|z| < 1}.

We recall that the Schwarzschild metric g, in standard wave coordinates (¢ =

20, 2t 2% x3) takes the form (see for instance [Asa89)])

B r—m
9moo — rrm
r+m r+m)?
Imap = wawb—i_%(aab_wawb)a
r—m T

with w, := x,/|z| and r = |z|.

2.9. Energy norms for the metric components. Let
H =H,NK

be the intersection of the hyperboloid of constant p and the interior of the future
light-cone K. For any sufficiently regular function ¢ := 9 (t, z), we define its energy
norms on H, and H}, first using the perturbed metric g,

2 a
&) = [ (a0l + g 000 + 30 Hg 00000 ) dr

2 a
&) = [ (=0l + g oon + 30 2o 0000) da

and then, using the flat metric 7,
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) = &0 = [ (10w + X 10w + 3 T o) de

(2.11) "

el = &) = [ (10w + X 10 + 30 -ow0w) do

Note that in the above norms, we have used the standard measure dz on H, ~ R3,
but the energy norm E[1](p) actually coincides with the standard energy associated
with the energy-momentum tensor of a wave u, the multiplier vector field 0, and the
induced volume form on H,. Indeed, the volume form induced by the Minkowski
metric on each H, is 2dx, but the normal to H, also various weights cancelling
the £ to give the above expression for £[¢)] and £*[¢)].

We recall the following coercivity properties of the energy E[¢](p)

(212) ewle) = [ ((onpiomr+ X 0,08 de

Finally, we define the higher order energy norms

(2.13) EnlY] = ) E[KY),
la]<N

(2.14) El] = > K,
la]<N

where K denotes a combination of || vector fields among the translations, hy-
perbolic rotations and scaling vector fields.

2.10. Energy norms for the Vlasov field. We define in the following the funda-

mental energies for the distribution function. We therefore consider the one-form
n = tdt — z;dz’

normal to H, with
=" (n,n) = p*.

We define similarly,

(2.15) s = —g! (tdt — xydat, tdt — xidxi) :

For later purposes, we state the identity

(2.16) §* —p? = —H*z 25

Let us define two energy densities based on the energy-momentum tensor of f
(cf. (2.2))) in the perturbed and flat case, respectively.

(2.17) Xo(f) = =Toslfls ' 1ag™”
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_ — /1t =zt dv

Note that x without the g index is x, evaluated for g = 7 and that

(2.19) Vg == _Sflnagaﬁ = -5 (tgaoaa - xigio‘ﬁa)

is the future unit normal vector field to H, for the metric g. Let us define accord-

ingly the two energy norms on H,

(2.20) Elf] = /H Xol7 )tz o
(2.21) Elf] = Elf] = /H NG

where dpuip, 4 and dpg, n(= 2dx) are the induced volume forms on H, respectively
for the g and n metrics. Note that in the above energy densities, we replaced f
by |f], as the positivity property of the distribution function is not necessarily
preserved by commutation.

We compute

(2.22)
Xo(If1) = =Tosl| fI5™ " 11ag™”

=57 (Tull)(~t9™ + 2ig™) + Tall (19" +239"))

— g1 [/ | flvo (vo(=tg™ + 2:9") + vi(—tg" + ;7)) pa1(2)

v3g9”0

=5 [/ | flvo (Uo(—tgoo + 2:9") + vi(—tg” + xjgﬂ)) g dv] .

This implies

(2.23)
E,lf]
__+,00 .40 (4,01 AJt _ a1
:/ [ o (on(—t9" + 5) + =15 + 236") /=5 dv]@ L
H, |Jdv s vsg 9" Ta

and for the energy with respect to the unperturbed metric,

B(f] = /Hp/v|f| (\/Tlpth—vixi) p

—dvdzx.

(2.24)

2.10.1. Coercivity of the energy E[f]. Recall that given mass-shell coordinates
(z%,v;), we compute vy by solving the mass-shell equation v,v59*? = —1. It
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will be useful to also define coordinates on the corresponding Minkowski mass
shell, denoted (z%,w,) with

wo = —/ 1+ niivv; = —/1+ |v]?,

W; ‘= ;.

(2.25)

Thus, for instance, w*0d,« denotes the free transport operator for the Minkowski
space.
Consider
vy = p % Oye,
the normalized normal vector field, for the Minkowski metric, to the hyperboloidal

foliation.

Lemma 2.2. The following identities hold

3
t (P o 2
viwawg = — | —=(w 1 V.
prwawo = o | W+ +,Z:1:(‘Z)
3
t (P o 2,-2
- & 1 24
25 | @’ + +;zl
t T r'w; — rlw; Pt o, r?
= 35 <w0—|—?wi> - Z (f> + 2w+ 5 |
1<i<j<3

where 3; 1s the hyperbolic weight 3; = woz; + w;t and v, = 37’

This leads to a decomposition of the energy norm E[f] similar to (2.12))

2 3
(2.26) Blf] = /H /|f|ﬁ (':—2(100)2+1+ny> dvdz.

2.11. Analysis of the support. Since our data is exactly Schwarzschild outside
from a compact ball, it follows by a standard domain of dependence argument that
the solution will be exactly Schwarzschild outside from some cone.

More precisely,

Proposition 2.3. Let (g, f) be a solution to the system (L.1)-(1.2) with initial data
giwven on t = 2 coinciding with the data induced by the Schwarzschild metric for
|z| > 1. Then (g —gm) is supported in the region K and vanishes in a neighborhood
of the boundary {r =t —1,t > 2}.

Proof. We follow here the standard argument, as explained in [LM15, Section 4.2]
(see also [LRO5, Lemma 4.1]). Essentially, we rewrite the equations in terms of
q=g— gmn and f, where g, is the Schwarzschild metric. We then prove that the
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equations are homogeneous (i.e. ¢ = 0, f = 0 is a solution) and use the domain of
dependence property. However, since the Schwarzschild metric becomes singular
for small 7, we change it in the interior of the cone {t — |z| = 3/2}.

We only give a sketch of the proof since the parts concerning the wave equations
are identical to that of [LM15, Proposition 2.3] and the arguments concerning the

Vlasov equation are very similar.

Let

p(t,x) = (gm —n) &t —7) + 1,

where ¢ is a smooth real function such that 0 < ¢ <1, ¢(z) = 1 for x < 1, while
&(z) =0 for xz > 3/2.

By construction, for r > ¢ — 1, p coincides with the Schwarzschild metric while
for r <t —3/2, p coincides with the Minkowski metric.
Let q := g — p. Recall that the reduced Einstein equations can be schematically
written as

Og9 = F(g,99) — S[f],
where S[f] is the tensor defined in (2.8)) and F has the structure (2.9).
The equations for ¢ can then be written as

Oy¢ = —Oup+ B(p,p,p,0p)

+ B(p,p,0p,0q) + B(p,p,0q,0(p + q))
+B(p,¢,9(p+q),0(p+q)) + B(¢,p+¢,0(p +q), 0(p + q))
—¢"9,0,9 — S|f],

where B is some multi-linear form. By definition, for » > ¢ — 1, p coincides with
the Schwarzschild metric in wave coordinates, which is a solution to the (vacuum)

reduced Einstein equation. Thus, for » > ¢ — 1, we have

O,p = B(p, p, Op, Op).

To treat the distribution function f, let us define w; = v; and then w, as the

solution to

po‘ﬁwawg =—1, wy<O.

Note that it then follows from the definitions that @, — vo = B(q,v) for some

B(q,v) which vanishes for ¢ = 0.
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With this definition, f satisfies the following transport equation with respect to
the metric p

af
wap ﬁazﬂf lwawﬁ aap P awlf = - (va - @a)paﬂaxﬁf

1 _ 0g*P

+ 5 (Vo — Wq) vgﬁﬁwf.

We conclude that (g, f) satisfies

qu = _lipp+F(pap7apvap)
+aq Gl(pa apanaq)

+q - G2(p, Op, 00p, q,0q) — S[f],
1 op*?

wotp /Baxﬁf _wawﬁ ort a f = - (UOé - U]Oé)paﬁaazﬁf
1 g’
+§(U0! )Uﬁ 6 7 a’sz

and moreover, by assumption, ¢,—s, 0;Gi=2, fi=o vanish for |z| > 1.

To prove that (g, f) vanishes outside K, it remains to analyse the domain of
dependence associated with the metric p outside . This is in fact a direct conse-
quence of the fact that the boundary of I is strictly spacelike with respect to the
metric p (cf Step 2 in [LM15, Proposition 2.3] and |[LR05, Lemma 4.1]).

This leads to the conclusion that the domain of dependence of (¢,z) ¢ K does
not intersect {t = 2,7 <t — 1}, which implies that ¢ and f must vanish outside
IC. O

2.12. The data induced on H;. By standard local well-posedness, the solution
(g, f) to the reduced Einstein equation emanating from ¢t = 2 with sufficiently
small initial data necessarily exists up to t = 3.

It follows from the last section that the trace of f and g—g,, on Hs is compactly
supported and contained within the set {2 < ¢ < 3} N K. In particular, provided
the initial data is small enough, we have

ExIh(2) < 2
Englf12) < 2
By 2q12[f](2) < 2

where the norms £x[h] and Ey ,[f] are defined in (2.13) and (7.1) respectlvelyH

9While this norm is defined using modified vector fields, it is immediate that for small enough
initial data the estimate holds. Note also that in view of the initial data assumptions on f,
we also have bounds for [Z% f],—2 up to |a| = N + 3. We will only use these later in Section
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2.13. A list of notations. We list here some of the notations we will use through-
out the paper for reference.

e The different metrics

— ¢ the curved metric.

— 1 the Minkowski metric.

— 0p the Euclidean metric

— gm the Schwarzschild metric written in standard wave coordinates.

e Indices of tensors

— Greek indices a, 3, 1, v for tensors such as hag, T}, etc.. These are
spacetime indices running from 0 to 3.

— Latin indices 1, k, a, b for tensors such as h,,. These are spatial indices
only, running from 1 to 3.

e Notations for the velocity

_woz\/m7 wo:—\/m-

—w; = w' = ;.

—w, = :Uz’“‘x?iw(), Wy = Vo.-

e The vector fields

— Translation vector fields for metric components: 0 ,, Oy, Or generi-
cally X.

— Rescaled boosts: 9, or 9,.. Note also 9, = 0.

— Homogeneous vector fields for metric components: Z; = t0,i + 20, for
a Lorentz boost, S = 2“0, for the scaling vector field, Z for a generic
one.

— Any of the above vector fields for metric components: K.

— Translation vector fields for the Vlasov field: 0; = Xo, X; = 0,: + =50,
or generically X.

— Homogeneous vector fields for Vlasov field: Z; = td, + 20, + wd,,
for a Lorentz boost, S = %0« for the scaling vector field, 7 for a
generic one.

— Modified vector fields: Y := Z + Cc*X,.

— Any of the above vector fields for the Vlasov field: K.

e Higher-order differential operators and multi-indices

— For a a multi-index of length ||, K¢, K®, composition of || vector
fields as above.

— For o a multi-index of length |o|x, |a| = ax + az, where ax is the
number of translations and «az the number of homogeneous vector
fields. Note that this applies whether we consider a differential oper-
ator of the form K or K*.
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— KN, KN. A differential operator of the form K or K® with |a| =
N. Similarly, ZV, X~ means a differential operator composed of N
homogeneous vector fields or N translation vector fields.
e The energy norms
o £ En the energy norm of order 1 or N for the metric coefficients. Their
star version £*, Eyx means that we only integrate over H), i.e. we stop
when we reach the domain where the solution is exactly Schwarzschild.
e The source terms
— T,,[f] the energy momentum tensor of f with respect to the curved
metric g.
~ SIf) =T+ 1/29 f, Fdp.
— Tw|f] the energy momentum tensor of f with respect to the Minkowski
metric 7.
e The main operators
- If!g the reduced wave operator 30, 0,5.
— T, the geodesic spray vector field defining the Vlasov equation.
e Spacetimes and mass-shell functions:
— Cartesian coordinates t = 2, z°.
— Hyperbolic time p = \/m
— Radial function r = |z|.
— Retarded time u :=t — |z|.
— The classes F,, F,, as in Section [2.6]
e Constants
— Dy a strictly positive constant depending only on N.
— A< Bfor A< DyB.
— ¢ a small enough constant depending only N.
— L verifying § << L << 1 a small enough constant depending only on
N.

3. BOOTSTRAP ASSUMPTIONS AND THE STRUCTURE OF THE PROOF

From the previous section, it follows that the trace of the solutions, emanating
from initial data on {t = 2}, on Hs is well-defined and we consider the Einstein-
Vlasov system with initial data on the initial hyperboloid Hs given by ¢us|m,,
atgoz,@’|H2 and ngxR;’;~

Denote by (g, f) the unique solution agreeing with the initial data and by h =
g — n the deviation from the Minkowski metric.
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From Section [2.12| it follows that

(3.1) ENIRI(2) S e
(3.2) Englf1(2) 5
(3.3) En_og+2fl(2) S e

where Ey ,[f] is the higher order norm defined in Section
Let 0 > 0 be a small but fixed number, depending only on N and D be a large
number depending only on /N that will be fixed in course of the analysis.

3.1. Bootstrap assumptions. The global analysis is based on only one bootstrap

assumption for the metric coefficients
(3.4) Enlh](p) < Dep’.

Let us consider p* such that

p* = sup {p1 |for all 2 < p < pq, the estimate (3.4)) holds}.

From standard well-posedness, p* > 2. The proof of the theorem follows if we
can prove the improved estimate

Proposition 3.1. For all p € [2,p*), we have the improved estimates for the
metric coefficients

D 1/2
(3.5) Exlhl(p) < Zep™ ",

where Dy > 0 1s a constant depending only on N.
3.2. Direct consequences of the bootstrap assumptions.

3.2.1. The basic decay estimates for the metric coefficients. As an immediate con-
senquence of the boostrap assumptions on h, we have, by standard Klainerman-
Sobolev inequalities on hyperboloids (see for instance [FJS15], Proposition 4.12),
the following proposition.

Proposition 3.2. One has the decay estimates, for all |o| < N —2, and p > 2,

1
o a < 1/2 6/2
(36) KEOMI(E 2) + 102k w) % 0 gy
1
1/2 6/2
S € 12,
1 1/2
37 Konfira) 5 et

Remark 3.3. In Section we improve the decay rates in t — || of the above
estimates, using sup-norm estimates and integration along characteristics. These
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estimates use the wave equations satisfy by the h coefficients, so they require in
particular some information about the source terms of these equations. An alter-
native approach to the global structure of the paper would have been to consider
extra bootstrap assumptions, so that one has access to pointwise estimates for these
source terms. We have chosen instead to assume just the simplest bootstrap as-
sumptions and to then revisit the decay estimates for h. One drawback to our
strategy is that we will also need to revisit our estimates for the Viasov field (see

Section , once we have access to the improved decay estimates on h.

Recall also that additional translations can be converted into extra u decay

(cf Appendix [A]), so that
Proposition 3.4. One has the decay estimates, for all |o| < N —2, and p > 2,

1
@ o 1/2 6/2
B3 KON+ OZH(n) S

1
1/2 6/2
S €7 vy

1+ u)t/2ox
3.9 Kehl(tz) < erppdtu) T
(3.9) [Kh|(t,x) S €7p ; :
where ax denotes the number of translations in K.

3.2.2. Basic consequences of the wave gauge condition and the bootstrap assump-
tions. We recall here that when the gauge condition holds, some of the h coeffi-
cients behave better than others (cf. Lemma 4.6 of [LM15]).

Lemma 3.5. Let (gop) be a metric satisfying the wave gauge condition (2.7)). Then

9,h%° can be written as a linear combination of
(3.10) (p/t)*0ul™, 0,07, t7'h*, P07t hagh™”

Remark 3.6. Note that the first term in (3.10) contains in particular a 0,h" but
that term also contains an additional good weight of (p/t)*.

This implies, in conjunction with the basic decay estimates (3.6) and commuta-

tion,

Lemma 3.7. We have the improved decay estimates, for any |af < N — 2,

o P
(3.11) 0K*h"| < 61/2p5/2t57.
Also,
3 1/2
o P €

(3.12) |[Kh™| < 61/295/2t77+7
w32 €2
< /22l f

12 t
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As in Proposition (3.4), we have in fact

3/2—06)( 1/2
7,00 172 s/2U €

where ax denotes the number of translations in K.

Proof. For (3.11)), recall the decomposition 9, = 0, — 2%/td; and then use the
improved decay for 0;h,. For , we use and integrate along the integral
curves of the vector field 0, — IQ;_\a”ﬂ using that the solution is Schwarzschild outside
from K N {t > 2}. O

3.2.3. Comparison of flat and curved energy norm for the wave equation. As in
[LM15], Lemma 7.2, we have,

Lemma 3.8. There exists an € > 0 such that

el/2

N

lg = lloe

2
HEOOHOO 61/2p—

2’
2P

t
81/2’

AN

12° o

AN

12|

AN

imply that
(1) & and &, are equivalent, i.e. there exists a uniform constant C' > 0 such
that, for any reqular field 1,

C™1E W] < E[¥) < CE Y.

(2) & and &, are equivalent, i.e. there exists a uniform constant C' > 0 such
that, for any reqular field 1,

Cig ] < &) < CElY).

Remark 3.9. In view of the decay estimates (3.6) and (3.12)), the assumptions of
the lemma hold provided the bootstrap assumptions hold.

3.3. Structure of the proof. We list here the main steps of the proof.

Step 0 We first analyse in Section [4] the basic properties of the Vlasov equation.
In particular, we describe the basic energy estimate for the Vlasov field
and prove that, under the bootstrap assumptions, the energy norm FE, is
equivalent to the one in Minkowski space E,,.

Step 1 In Section [5, we define the algebra of commutator vector fields, systemat-
ically analyze each first order commutator and close the energy estimates

after one commutation.
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Step 2 In the first part of Section[7} from the bootstrap assumptions only, we prove
energy estimates for the Vlasov field up to N —2 commutations, using that
we have access to the basic pointwise decay estimates on all metric related
quantities h (see Proposition. These energy estimates can in particular
be weighted by powers of v (see Section , to allow for future losses in
v.

Step 3 Using Klainerman-Sobolev type inequalities for the Vlasov field (see Section
16]), we then have access to decay estimates for velocity averages of f after
a small enough number of commutations. This allows to push the energy
estimates for the Vlasov field up to order N (Proposition [7.13).

Step 4 We then consider the wave equations for h. The error terms not involving
the Vlasov field have been considered before ([LR10] and [LM15]) and are
stated in Section It remains to consider the new terms coming from
the Vlasov field.

Step 5 In Section [9) we give formulas for the commutation of the energy momen-
tum tensor. Here, it is important to distinguish between the top order case,
when the number of commutations is N, and the non top order case.

Step 6 For a low number of commutations, we can estimate directly the source
term coming from the energy-momentum tensor, using the previous com-
mutations and the decay estimates of Section [16| For a large number of
commutations up to N — 1, we also use L2 decay estimates for the Vlasov
field, proven in Section [I7}

Step 7 It remains to estimate the contribution of the energy momentum tensor
at top order. This case is different from the others, as the source term
actually depends linearly on 0 KVh. Moreover, it has borderline decay. In
order to close the estimates, we then need to improve the estimates on the
Vlasov field, to remove the losses at low order and replace the p™? losses
by pDel/2 up to N — 1 order. This is the purpose of Section This then

1/

gives an extra pP ’ growth to the top order energy, but still improves the

bootstrap assumptions and conclude the proof of the theorem.

4. PRELIMINARY ANALYSIS OF THE VLASOV EQUATION

4.1. Decomposition of the operator v,g*’9,s. Recall that the transport op-
erator T} is given by

1
(4.1) T, = v,9P 0y — §vavﬁaﬂgaﬁaw.
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In this section, we consider the first part of this transport operator, namely
V0g*?0,5. Our aim is write it as a sum of the flat transport operator

(42) Tn = wanaﬁaxﬁ

and some perturbative terms satisfying some sort of null condition.
Lemma 4.1. Let w = (wp, v;), where wy = —/1 + |[v|2. We have
(4.3) Vg™ 0ys = (v — w0) g™ 0ps + wan™0ys + w H D, 5.

Proof. We decompose

Uagaﬁaxﬁf = (UO - wo)g()ﬁaxﬁf + wagaﬂaxﬁf
= (vo— w0)g™ 0ps [ + wanP s f + wa H* 0,5 f
= (vo — w0) g™ 0ps f +wan™*Oys f +w H D5 f.

Note that in , we might expect that the last term on the right-hand side
has some form of null condition, using the semi-hyperboloid frame and the im-
proved decay on h”°. The middle term is the flat transport operator and therefore
commutes with the standard lifted vector fields. For the first term, we need to
understand a form of the null condition for vy — wy.

4.2. Estimates for vy. In this section, we derive some preliminary estimates
concerning the solution vy := vo(x®, v;) of the mass-shell relation v,v59*® = —1.
We start by analysing the difference between vy and wy = —+/1 + |[v|2. First, we
have

vg — Wi
Vo — Wy = )
U0+w0

and thus it is sufficient to estimate only v —w?. For this, we will need the formula

vg — wg = v HY = (v9)2H™ + 2vv,H" + v,v, H*
— (,UO)QEOO +Q[)Qah0a + 2yaybhab 4+ O (hZUg) )
The first identity follows straightforwardly when evaluating v,vs H’.
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Remark 4.2. Note in particular that the right-hand side of has some null
structurﬂ since, in the semi-hyperboloidal decomposition of v, the worst com-
ponents of v is vy, but it is multiplied by the coefficient h® which satisfies the
improved decay estimates (3.11) and . We recall that the components v, are
better behaved than v, in view of ([2.20)).

This leads to

Lemma 4.3. From (3.7) and (3.12)), we have

1+u €72 t 1+ ul/?
(1.4 M—%|52dw%”?ﬁ+7—+mﬁymw%7e—
In particular, we have

1+u  €/? lv,|? t 1+ ul/?
. < 6/2 1/2 ~al "~ §/2.1/2
(4.5) |vo — wo| S Jwo (p € + ; + o) p/) e
as well as
Vo Vo
l—ce?<| 2| = | ——| <1+ Ce/?,
~|wo VA IE
for some constants ¢, C > 0. Similarly, we have
a0
1 — ce'/? < Y <1 —1—061/2,
Wo

Proof. The estimate

1+u?? €2 1+ ul/?
o = ] o) (27 4 ) gl e

is a direct consequence of (3.7) and (3.12)). Then (4.4]) just follows from
P ol
2 < Juel?= -
[ollval < T0*% + Jual )
The final estimates of the lemma are immediate consequences. O

Remark 4.4. In view of the structure of the energy (2.26|) and the fact that the
volume form induced by 1 on each H, is given by 2dx, we will systematically try
to estimate Viasov related quantities in terms of 2(w°)* and |ya|2%, or Lw’ and

lvg|? ¢ dv dv

g if we take into account the volume form T = 7 Thus, the estimate

20Tn the rest of the article, we will sometimes comment informally about the ”null structure”
of an expression. This means that this expression, as here vg — wp, has a better behaviour than
if it had been estimated naively, here by v3|h|. Thus, in this language, any product containing a
factor of h°® will have the null structure, in view of the improved decay for this metric component
B-11)-(B-12).
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on |vg — wy| can be read as

l/? 14 u)'/? v,|*t 14 u)/?
t\ p t |wol p t
Differentiating the mass-shell relation v,v39%" = —1, we obtain the following

lemma.

Lemma 4.5.

v, OgH”
46 63304 - i ;
(4.6 T
Uagai
4.7 Oy, (v0) = — .
(4.7 ) = ~S

Remark 4.6. Recall that we are using n to raise and lower indices, which is why

we wrote g%%vg in the above formulae.

From (4.6]), we obtain

Lemma 4.7 (Decomposition of 0,7vg). Oxvv9 can be written as a linear combina-

tion of

1
29%vg

and cubic terms of the form w - h - Oyvh.  In particular, from (3.6)), (3.11) and

(3.12), we have the estimate

t
192v0] < E1/2p—3/2+6/2 (ﬁwo + ;(ga)Q/wO) ’

t
where w® = /1 + |v|?.

Proof. We use ([4.6) and simply compute

Opr (P - @) hvyvg,

1 1
v _ viaf
magﬂh“ Uy = magﬂ ((I)Z(I)ﬁh )U“UV
1
- gOTvam (@425) ~*Pv,v, + 7% Dy (h7) PhPYu,0,
B B

0 () 2y
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Since
|0y (PLDY) | St
using the decay estimates (3.6)), (3.11)) and (3.12)), one obtains
1 N O L M i) 2| L
~t (g%l - pt!2 g% 52 |g%u|

g

Remark 4.8. We can summarize the above structure of Ouvvg as follows. O (vp)
can be written as a linear combination of the terms
Dy P

WO
w-h-0o.h,

wawg s

in which we can also expand the first term on the semi-hyperboloidal frame.

4.3. Comparison of flat and curved energy norms for the Vlasov field.
We establish now the equivalency of the energy norms (2.20) and (2.21)) for the
distribution function.

Lemma 4.9. There exists an € > 0 such that

81/2’

AN

g — |

2
(4.8) 110 S 722

12’
/2P
t

61/27

AN

12° o

AN

12|

AN

imply that B, and F = E, are equivalent, i.e. there exists a uniform constant

C > 0 such that
(4.9) CT Ey[K](p) < By[k](p) < CE,[E](p),

for all k suitably regular.

Remark 4.10. In view of the decay estimates (3.7) and (3.12)) and using that
1 cu<p?
t =1~ 2

bootstrap assumptions hold.

since u > 1 in KC, the assumptions of the lemma hold provided the

Proof. We denote in this proof

-1

_ Vg
(4.10) Dyi= -5 NG

S

9T
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and
(4.11) Iy = (vo(—tg™ + 2:9") + vi(—tg” + 2;9"))

and both corresponding quantities w.r.t. the flat metric by D,, and I,), respectively.
Recall also the definition of s given by (2.15]).

Using (2.16),
s> — p?| < |H zozg] = |H”|? = |B°|* + O(h?)
so that, using (3.12)), we have the estimate
2 3/2
s el/2 u + i
pr-oiz 2

—_—
(4.12) < €V

N

2

and in particular, ; < 7. Since we can freely replace v,g*° by w” in view of Lemma
, it then follows that

Lp

We can now compute and estimte the difference between the energies for the

flat and the curved metric. By definition,

// 1ol 9 Dydvd
= / |flvoly (s~ — p~ 1) D,dvdx
//vom I dvd:c+//v0]f| (D, — D,)dvdz
// - "D dvdx+//w0|f| T p, dvde

—I+II+[II+IV+E

We estimate the terms / — I'V in the following. First, we have

Iy — 1| < Jvo — wollzslg® + [wazs(g™” — n*)
< Jvo — wolt + [t(voh™ + v, k)| + O(tw’|h[?)

hab t2
< WOt + 2wy [p0 e + BT L Loy 4 | "\trhaow

+ O(tw’|h|?)

< 00, oat , 200 tipa0
27— 4 2[B7 = + = |h7| + =[] ) |1y
P pp P
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t|v,|? t v,
el e+ 12 0] 4 O )

< (G Lt 1) 1)+ O
p p

5 \/E|I77|7
where we used
(4.14) was(9*” = n*") = —t(voh™ + v,h") + O(tw’|h|?)
and

2
(4.15) =< I Pyt
w t t P

The above estimate in particular implies
(4.16) Ly < -

With this, we evaluate

I= // | flool, (s — pfl)ngvdx

(4.17) < [f it L] +* =

p 88+p)

< \/E//|f|w0MDndvdx,
p

\D dvdzx

where we used (4.12)).

Next we estimate /1.

U<//| Hf\u |D dvdz
<ve ff Iwo||f|| LD dud.

For the next term we estimate

2 2 0 08

s*—pt W' —wvgg™|  t— g%,
|Dg—D7ll§( pg + w° + t D77

S Vel Dyl.

(4.18)

(4.19)

This implies
I

1115 [ [ lwoll 121D, - D,dvds
p

(4.20)
<z / / |w0||f|%Dnd“dl’

42
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and

I
]Vg//|vo—wo||f|—nDndvdx
p

(4.21)
< \/E// w0|f|[—anndvd:E.

In total, we conclude that

(4'22) |Eg[f] - En[f” 5 \/gEn[f]a

which implies the claim. O

4.4. Energy estimate for Vlasov fields in a curved spacetime. We have

Lemma 4.11. Let k := k(t,z,v) be a solution to T,(k) = F[k], then

Ve (Toalk]) = / o Fkldp,

v

kv Dy (v0) dpty + 0y (g°%) 20
+ i v xa(UO) Moy + 5 : ]{’UO/UB :ﬂ(g )Wd:uv
Proof. This follows from the divergence properties T. Alternatively, one can use
that if N,[k| = fv kvady, is the particle current of k, then we have the divergence
identity
VN, [k] = / T (k) dte.

v

On the other hand,
v (Tga[k]) = VaNa[Uok],
so that, together with the divergence property of N and the Vlasov equation for

UOkv

VO (Toalk]) = / T, kvoldye,

v

= /Tg[k‘]voduv
1
—l—/kva@xa(vo)duv - 5/kvavgaxi(gaﬁ)am(vg)duv
= /Tg[k‘]voduv

kv PP P O Nt
+ ; V" Oya (V9) Nv+§ i Va U i (g )Uﬁggo o -
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Remark 4.12. Recall that if k solves a transport equation of the form T,(k) =
Fk], then |k| solves T,(|k|) = %F[k] in the sense of distribution. Moreover, for
sufficiently reqular k, the above computations and lemma still make sense with |k|
instead of k and %F[k;] instead of Fk].

Applying the divergence theorem on a region of spacetime bounded by two

hyperboloids, we obtain for any p; > p;, and k := k(t,z,v) > 0,

E,K)(02) - EylKl(p1) = V=gt ([ wrlkldn,

P1<p<p2 v

« 1 af UWg’Yi
+ [ kv®0ya(vo)dp, + 3 kvav0,i(g*") d iy,
v v B

Recall that in the pseudo-spherical coordinates (p,r, 6, ¢), the volume form in-
duced by 7 is given by 2r%dr sin(#)dfd¢$. Moreover, since

1
V—g=1- §tr(h) + O(h?),
we have, in (p, r,w) coordinates
(1- D—161/2>§r2 sin(6) < v/—g < (1 + Del/2)§r2 sin(0),

for some D > 0.
Thus, we have

E,K(0) — BH(p) < /plgmd'” / ( [l el

—|—/k |0 O (Vo) | d ey

1 v,9"’ p
(B 0] 2
+§ /Uk: 06080, (g*)] Uggﬁod'u“) 7 drdws:

Finally, in view of the estimates on 0.« (vy) and since
o5 ()| < (00)? [OA™)] + ol 10B] + (15 2IBO(@B)] + O (()*hi )
< 7 (pft(w®) + t/p(v,)?)

we obtain, using (4.9)),

Lemma 4.13. For any regular distribution function k, satisfying T,(k) = F[k].

(4.23)  E[](p) < E[k](p1) + / oy /H ,, < / |F[k]|dv> P2 drduse.

p

In particular, since T,(f) = 0, the previous lemma implies the energy bound for

7.
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Corollary 4.14. We have, for all p € [2,p*),

Elfl(p) S e

4.5. Weighting by 1+u factors. At different places below, we weight quantities
that fulfill transport equations by (1 + u) factors. The following lemma will then

be useful.
Lemma 4.15.
(4.24) T,(1+u) = w" — i + E.,
x
where
T+u /2 lv,|? t 1+ u'/?

4.25 E,l < 6/2,1/2 a 6/2,1/22 T U
429) B Sl (PRI ) ¢ L
and we emphasize ‘

:,UZ

w® — w;— > 0.

|z

Proof. Compute straightforwardly
X
T,(1+u) = v,9™ — vagmm
gaoxo gaixi
(4.26) = Va -
Lo ||
% ‘ % —t
:wO_ﬂ_i_vaﬂHaH (Uo_wo)‘i‘UaHazx |IL‘|
|z T I

The first two terms give the explicit part of the identity to prove. The last three
terms provide the term F, and are estimated in the following. The term vy — wy
has been estimated in (4.5). The first term in F, can be estimated (replacing vy
by wy and estimating the additional difference term as before), using , by

wO[

- H| =t t(voh™ + v,h"°)| + cubic terms,

(4.27) =

which yields the same terms as the vg — wy term. Finally, we estimate

Ty |JI|

(4.28) P

HCV’I,

wo\h|% + cubic terms,
which again yields terms of the types above and finishes the proof. U

5. THE COMMUTATION OF THE VLASOV EQUATION

The aim of this section is to compute the commutators of the Vlasov equation
with respect to well-chosen vector fields. The choice of vector fields is constraint
by several factors, in particular
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(1) the error terms in the commutators must decay sufficiently fast.

(2) since we will commute the Einstein equations, we require decay estimates
on quantities of the form K*(7),,[f]), where K is a combination of |«|
vector fields among the standard Killing ﬁelds@ and the scaling vector
field.

A starting point is to consider the complete lifts, denoted here 7 , of the usual
Killing fields together with the standard, non-lifted scaling vector field. This was
used in [FJS15] for the Vlasov-Nordstrom system with spatial dimension n > 4.
In dimension 3, the error terms arising after commutations decays too slowly for
this strategy to close. Instead, we used in [FJS17] modified vector fields. Those
are essentially constructed out of the complete lift 7 plus a correction and are
therefore of the form
Y =Z+C" 8,4+ C" -0,

where C? and C%* are coefficients, carefully chosen for each initial vector field
Z, so as to obtain, after commutation with the non-linear transport operator, a
cancellation with the worst terms appearing in the original commutator.

In [FJS17], two different kinds of corrections were used, corrections containing
v derivatives, which appeared even for translations and corrections containing ¢, x
derivatives, which only appeared for the homogeneous vector fields. It turns out
that in the co-tangent bundle formulation used here, only corrections containing
t- and x-derivatives are needed. However, a difficulty in the cotangent bundle
approach occurs due to the part of the transport operator containing t- and z-
derivatives, which is given in the tangent bundle formulation by v*0,«. This
term now involves a non-linear coupling with the metric through v,9*?9,.. (Note
however that for the Einstein-Vlasov system, v° always depends on g and therefore,
the operator v*0,« always involve the metric.)

Thus, the starting point is to consider as commutation vector fields

o translations 0,

e For each homogeneous vector field Z, a modified vector field of the form
Y — /Z\ + Caaxa.

for some coefficients C* := C*(t, x,v).

2lWe actually only commute with translations, Lorentz boosts and the scaling vector fields,
and do not need to commute the Einstein equations with the spatial rotations.
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However, already in [FJS17], we observed that replacing 0,: by vector fields of the

form2 A
,U’L

S —)

V14 |v|?

has the advantage that the fields X; behave better than 0, when applied to a
solution of the wave equation, which is essentially due to the decomposition

Z; V;
t wo !

In this work, we will therefore consider modification of the form

(5.1) Y =27+ C'X; + C°,,
where
Vi

The C'“ are then to obey, under the bootstrap assumptions,
|Ca| < 61/2p5/2ul/2.

Finally, as becoming apparent in the next section, the commutators between
the translations and the non-linear transport operator 7, generate borderline error
terms, essentially because of a lack of null structure. It turns out that replacing the
0,: vector fields by the X; vector fields solves this issue, apart from the commutator
with 0;, since there is no suitable replacement vector field in this case. We keep the
0, vector field, but to close the estimates for the first order commuted equations,
we also need to exploit a hierarchy in the equationﬂ

In the following section, we systematically compute various commutators and
immediately estimate the error terms. While typically, one often presents pure
algebraic computations and estimates separately, we expect it is be easier to un-
derstand the structure of the proof if one understands how each term behaves
asymptotically.

5.1. Commutation with translations and X, vector fields. We start by com-
puting the commutators for the basic translations.

221n [FJS17], the fields X; were actually defined using so-called generalized translations. In
the present work, it is sufficient to only consider translations. Again, this is due to the cotangent
bundle formalism.

23This hierarchy is reminiscent of the weak null condition, as in the system . Indeed,
the borderline terms all arise from the commutator with d; but they involve products of the
X; vector fields and metric coefficients, while the X; vector fields enjoy improved commutation
properties with no resulting borderline terms.
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Lemma 5.1.
[Ty, 00v] = Fo+ Fyo+ Fo3+ Fl,
where the error terms I; are given by
Fa = —0(9")0s0se f,
Fp = =0 (U(J)gaoaxafa

Fys = %vavgaﬂ% (9*") i f,
Fy = 0w (v0)v50,ig°P 00, f.
Proof. A straightforward computation yields

[Ty, O0pr] = — 0 (V59" ) O f + %Uavgaxiﬁmw (§°%) Dy, f + O (00)030,:9°%0,, f

1
= —0Op (gaﬂ)vﬁaxaf — O (UO)gaoazaf + Evavﬁaﬂﬁx“’ (gaﬂ)awf
+ Oy (00) V0, 6" Oy, f.
O

Let us describe the expected decay behaviour of each of the F,; error terms.
First note that the error term F,4 is a higher order error term, since both 0, (vo)
and 0,:¢"" decay and therefore enjoy stronger decay properties than the other
three error terms. Second, one can easily estimate F5 using Lemma @, leading
to an integrable error term.

Using the decay estimates , F,; can be estimated by a cubic term of the
form

w°|hOhO; . f|

and the main terms of the form

t _
w|Ohdy o f| = w°§ 100,11 5 P21+ u)1/2w0§|at,xf|.
Together with the energy estimate (4.23)) and the coercivity estimate, this leads
to an estimate of the form

p /\0/2—1
Bt - Fone) s [

Unfortunately, this fails to close, essentially because we are not able to exploit

Efdr./1(0')dp.

the additional (1 + u)"/? decay. One may hope to get extra decay using the semi-
hyperboloidal foliation and the improved estimate on h°’, but as we will see, there

are still non-integrable error terms. Each of these terms is of the form g(v, h) X, (f),

5/2

where ¢(v, h) leads to a p°/* loss as above. Since the X, vector fields enjoy better
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commutation properties than the field 0;, we are then able to close the estimates
(albeit with a loss).
Let us thus consider the structure of the F,; error term in greater details. We
write C'ub below to denote any of the cubic term.
First, we compute
Fyi = —0p (k7 OO0 U] vy W 0,0 f + Cub,
= =0 (W70, f — BT 0 (P2 ) 0500 f + Cub.

o=xh

The second term on the right-hand side has much better decay, by virtue of the
fact that
[0 (PGPF)| S 7

For the first term, we have
Oar (7 )0y | = Do (™) 0000 f + Or ()10, f
+ O (") 0,0, f-

The first term on the right-hand side has stronger decay thanks to the improved
estimate (3.11)) on A”. For the last term, we have

(5.3)

Ok, D, f| < P2 (t/p - ) Buaf .

In view of the coercivity of the Vlasov energy , the contribution of this error
term is therefore integrable.

On the other hand, the middle term on the right-hand side of does not
have enough decay. In fact, we can write

Ou (1), (f) = 0o (1*)uty (D + 0/1,) (f)
= O (B vy (Ope + Vo /W 0y + (x0/t — va/w®)Oy) (f)
= O (g (e + v/ 0°0, — 1,/ 0°0)) ()
= Our (1) (Do + 00/ () = 500 (1), 00 .

Since %—%‘ < 1, the last term can be estimated as above, but the first term on the
right-hand side is still problematic, because there is no improved decay a priori for
(O + va/w"0;) (f).

Note that Oge + v, /w0, is one of the X, vector fields introduced in . More-
over, we recall there is an improved estimate for products involving X (h) using
X, = Z,/t + v,/w’d; and that h solves a wave equation, so that Z«®) phehaves
better than 0, ,h.
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Thus, we commute by X, instead of J,«. For the vector fields X, we have

Lemma 5.2. Let X, = Oy + 2%0,, where w° = V1 + [v]2. Then,
[Ty, Xalf = Fxa+ Fx,2+ Fx,3+ Fx,a+ Fx,s,
where the error terms Fx ; are given by
Fxa = —Xa(g*")vs0seaf,
Fx,2 = —Xa(vo)go‘()@xaf,
Fra = 50050 Xalg™)00 1,

FXa4 = Xa(”O)’Uﬁaa:igOIBavifa

1 (Sai Va Ui

Fx,5 = —évavﬂﬁxi(gaﬂ) {— — —} o f.

Proof. A straightforward computation yields

1
[Tg>Xa]f = _UﬁXa<gaB)azaf - Xa(U())gaoamaf + §UavﬁariXa(gaﬁ)avif

1 (5@ VaU;

(408 08
— §Uav58wz(g ) |:E — (w0)3‘| 8tf + Xa(U())’Uﬁazng 8%](.

Remark 5.3. The term Fx 5 arises from the commutator [X,, Oy,].

Our replacement for the translations is then composed of the usual translation
vector field 0; and of the X, vector fields. Note that any 0,» can be rewritten as
a linear combination (with coefficients in F,,)) of d; and of the X, vector fields.
Thus, when we write 0 , or d,+, one should keep in mind the decomposition

8967 = aoat -+ aiXZ-,
such that
10ar £ S 101+ 1Xif-

We now revisit the commutator [7},0;] given in Lemma and the corre-
sponding error terms Fy, with ¢ = 1,..,4, using the new set of vector fields
{at7X17X27X3}'

Lemma 5.4. The error term Fyy, arising in the commutator [T,, 0] can be written
as a linear combination of
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e the strongly decaying terms
W°9(® - ®)v - 0y (f),
0 (h*)vd, [,
O (h**)v, 0o f

“a~<tx®

QO aa
Ea(h )gaéxa f7
w'h - OhDya f.
e the borderline term

6t (hoa)poa f

Remark 5.5. As before, the last term is the worst error term. It can be estimated

as
OB )oXa f| S €0 E" N (L4 w) X ()]

and as before, this bad behavior essentially arise because we are not making use
of the (1 +u)~Y2 decay factor. However, since the fields X, enjoy improved com-
mutation properties, we will still be able to close the energy estimate with a p®/?
growth factor.

For Fj,, we simply use Lemma 4.7, Each error term is easily seen to be inte-
grable. More precisely,

Lemma 5.6. The error term Fyy can be written as a linear combination of
1
9% v,
1
goﬂvu
1
9% v,
1
gouvu

wh - Oh - O f,

010009 O £,

D™ va0,9" 0 f,

atﬁaﬁﬂaﬂgg(h o s

O (O - D) hes Vo039 O f,

where
9% 0ue f] S1OuF1+ D> [ Xafl.
We can summarize our analysis of Fjy; and Fyy as follows.

Lemma 5.7. The error term terms Fy; and Fya can be written as a linear combi-

nation of the terms
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e The strongly decaying terms

o The borderline terms
w - OhX,(f).

For Fyz and Fy,, we need to do a bit more work, because the vector fields 0,
are not part of the algebra of vector fields we want to consider and enjoy poor
commutation property even with the free transport operator w*d,a.

To simplify the notation below, let us define Xy := 0.

We recall that for a Lorentz boost Z;, its complete lift is given by Z = Z;+w0,,.
According to , we can then decompose 0,, as

1

Dy, = - (Y — Cf Xy — 10, — ')

where
Y:=Zi+CPX,
is a modified Lorentz boost.
This leads to Fy3 as

1 A
(54) F()g = vaavﬂﬁxiﬁt(gaﬁ) (}/; - CiaXa - taxz — a:Z(()t) .

We can also decompose the first product on the semi-hyperboloidal frame.
VaVs0i0i (9°7) = w0000 (1) + 209,00, (1)
+0,0,0,0 (B™) + va030,0,: (0. D) g* 7.
Assuming that?]
(5.5) |G S €' 2pl/2Hr,

one then verifies, using the decay estimates (3.6]), (3.12) and the above decompo-
sition, that

_ t
0000 Dh ()Y — COX o] < /202502 |y | + |X f]) ((w%/t ; w;) .

For the last term in ([5.4)), the basic estimate leads to

24We will in fact prove the stronger bounds (5.18]) on the C' coefficients using only the boot-
strap assumptions.
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1 .
Q—w(]?)(lvgamiat(gaﬂ) (t@xi + x’@t) < ‘twaw/@@?(gaﬁ)@mﬂ + Cub.

Unfortunately, (even with the decomposition on the semi-hyperboloidal frame),
this is not good enough, because the t loss is only compensated by a gain in u
decay coming from 9?(g®?).

This means that Fjz3 should contain an extra null structure, which is the identity
(5.6) of the following lemma.

Lemma 5.8. The following identities hold. For a regular function k := k(t,z),

1

e%@mw:@haw—%@haﬁ
! 15 o 1 ;
% 1 ~ 1 2 _ 42
:@haw—%&haﬁ&+&ﬁm(S+Eifi&).

The free transport operator can be rewritten as

Y S .
v agm:_"‘&

5.7 — i
(5.7) wO t o wd”

Finally, 0,, can be rewritten as

~

Z t 3i
= w0 T Wat'

Remark 5.9. The other identities of the lemma will be used to analyse the com-
mutator with the homogeneous vector fields in Section [5.9

Using identity (5.6)), the fact that t0,; = Z; and that (¢t — |z|)0; . can be written
as a linear combination of the homogeneous vector fields, we can rewrite Fys as
follows.

Lemma 5.10. The error term Fys can be written as a linear combination of the
terms

0
w - h : at,xZ<h)at,xf?

1
w_wawﬁat,xz(haﬁ)at,mf7

1
Ewawﬂazx(haﬁ))/(f)a
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wh- O ()Y (f),
1 o a
Ewawﬁat%x(h /B)O Xa(f)7
w - h- 05, (M) C*Xa(f),

in which each expression of the form wawgdy . Z(h*") or wawed}, (h*?) can be

expressed w.r.t. the semi-hyperboloidal frame.

This leads to the estimate
2

)"

For Fus, we can proceed similarly to Fys, the generated terms being all cubic.

- p
|Fos|  €!/2p79/249 (|Yf| £ X+ |atf|> (' + 1o,

a=1,2,3

We can summarize the important structure of Fyz and Fy, as follows

Lemma 5.11. The error terms Fy3 and Fyy can be written as a linear combination
of the terms

1 .
Ewaw58t7xK7(haﬁ)Ck - K°f,

w-h- 8, K (h)C*- K,
w- By oh - K'(h)CF - KO,

where |y],19],k <1 and vx > k + dz and we adopt the conventions

e vx = 1 if K7 is one of the 0y, X; vector fields and zero otherwise.
o C* is one of the C coefficient if k = 0 and 1 otherwise.
e iy s 1 z'ff? is one of the Y modified vector fields and zero otherwise.

Remark 5.12. In the following, we keep the same conventions for multi-indices.
Thus, for any multi-index v and corresponding differential operator K" (respec-
tively I?V) we shall denote by ~vx the number of translations and vz the number
of boosts or scaling vector fields (respectively modified lifted boosts Y or modified
scaling vector fields Ys).

Together with the energy estimate (4.23)), we have thus proven that

Lemma 5.13. Assume that the C coefficients satisfy (5.5). Then, we have the
estimate

E[0:f)(p) S B(O:f)(2) + /2 / ' ((p’>—3/2+5E[f?f1+<p’>5/“ > E[Xaf]) dp,

where K denotes any of the commutation vector fields among 0;, X, and the mod-
ified vector fields of the form Y = Z+CX.
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Remark 5.14. The estimate (5.5)) on the C' coefficients will be obtained in the
next section and depends only on the decay (3.6), (3.11) and (3.12)) of the metric

coefficients. Thus, it is essentially a direct consequence on the bootstrap assump-

tions.

We now turn to the analysis of the error terms for the commutator [T,, X;]. We
thus consider each of the five error terms Fy;;, 1 < j < 5 given by Lemma [5.2]
We drop the 7 index below and simply refer to these error terms as Fx;.

Lemma 5.15 (Decomposition of F'x1). Fx can be written as a linear combination
of
W°9(® - )v - 0y (f),
Xi (ﬁOO)QOQtﬁ
Xi(h*)v,0,a f,
X (10D .
wh - OhOye f,
X; (ﬁoa)ﬂoXaf
Moreover, the last term can be futher decomposed as
2 00y, X f

and

)

a Q
at(ho )w_%Q‘Xaf-

Proof. The first part of the lemma follows as for the decomposition of Fj;. The
decomposition of X;(h"*)vyX,f follows from the formula

Zs V.
t wo !

g

The error term Fx; for j = 2, 3,4 can be decomposed as before. Since they do
not contain any borderline terms, their contribution is integrable.

For Fxs5, we have similarly,

Lemma 5.16 (Decomposition of Fys). The error term Fxs can be written as a
linear combination of

wo 8h00 815 9
Qa ahOaat )
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w-h- 5’@815,

Remark 5.17. Recall from Lemmal[5.3 that the error term Fxy contains a factor of

the form [% — (11’5(}’)1'3 0,19 . For the purpose of the above decomposition, we have

just considered (% — (ﬁ(}})’&,) 0y as the product of ﬁ@xi with a function in F,,,

w0
that is to say a coefficient that we then ignored. However, it is interesting to note

Va Vs _ Vg w®

that there is an additional structure here, namely <5ai — W) 0y = X, o 5 O
This decomposition can be used to obtain an improved estimate for the error term

Fxs, but the improvement is not necessary in order to close the energy estimate

for Xa(f).-

Note that all the terms coming from Fxs can be estimated as above and are

integrable. We have thus proven

Lemma 5.18. Assume that the C coefficients satisfy (5.5). Then, we have the
estimate

E[Xf] 5 € /p(p’)?’/m/QE[f?f]dp’ + EX[](2),

2
where K denotes any of the 9y, X, or modified vector field Y .

From Lemma [5.13] and [5.18], we obtain

Lemma 5.19. Assume that the C coefficients satisfy and that
E[Y f] S e,
for'Y a modified Lorentz boost or scaling vector field. Then,
EXf] <2 e

and

3/2
E0f] § 50" +e

Let us also summarize the structure of the commutators we have computed

Lemma 5.20. Let X = X;,0;, then the commutator [T,, X] can be written as a
linear combination of the terms
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e The strongly decaying terms
w - hop (P - )0y 4,
w - 3t,z(ﬁ00)at,:c7
Uy - 8t,x(h)at,x7
w - Qmi (ﬁ)at,x,
w - h -0 y(h)0y 4.

as well as

1 _
@waw[ga@wm(mﬁ)ck KM,

w-h- 0K (h)CF - K",
w-Oh- K'(h)C* - K",

where ||, |p|, k <1 and vx > k+ pz.

e The borderline terms, which arise only if X = 0;.

w - OhX,(f)

5.2. The modified vector fields.

57

5.2.1. The non-modified boosts and scaling vector fields. We now consider com-

muting with complete lifts of Lorentz boosts, as well as the scaling vector field.

Let Z; = t0, + z;0; be a Lorentz boost and recall that its complete lif Z is

given in the cotangent bundle formulation by

/Z\i = Zz + wo(sijavj = ZZ - woéijavﬁ

where the j index on the vector field ,, is counted downstairs in the Einstein

summation convention.
We shall also, as in [FJS17], commute with the scaling®]| vector field

S:xa o

258ee for instance [FJS15| for a presentation of complete lifts.

26Note that this implies that we will also commute the reduced Einstein equations with the
scaling vector field, contrary to [LM15]. We use the scaling vector field because it will naturally
appears in some of the decompositions below. However, using essentially formula , we could
have avoided the use of the scaling of the vector field, at the cost of a slightly more complicated
commutator formula. Since having the scaling vector field for the wave equations also allows
for an easy improved estimate for basic derivatives, we decided to use it for simplicity in the

exposition.
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We denote by Z any vector field among the Z; or S and by Z , either the complete
lift of a Lorentz boost or again S (now viewed as an operator on functions of

(t,z,v)).
Using the decomposition (4.3)) of the operator v,9*?9,s, we have

Lemma 5.21. Let Z; be any Lorentz boost and Z its complete lift. Then,

~

[vag™ 0, Zi] = [(Uo — wp) ", Z} + [Maﬂaﬁémﬁa Z}
= Fz1+ Fzp.
For the scaling vector field, we have similarly,
[0ag*0,5,5] = wW*Ope + [(vo — wo) g°°0,5, 5] + [woH 0,6, 5]
(5.8) = W%y + Fg; + Foo.
Remark 5.22. The first term on the right-hand side of will be added to

some terms arising from the computation of Fga, to obtain a copy of the vag*?0,s

operator.

The next lemma gives a decomposition of the error terms Fz,; and Fg;.
Lemma 5.23. Let Z be a Lorentz boost Z; or the scaling vector field S, then Fzq
can be written as a linear combination of

(vo — wo) g0 f,
(vo — w0)Z(9)0ka f,

Z<U0 - wO).gat,mf'

To analyse the last term, recall that

vy — wo = ((v0)?H* + 2vgv, H* + v,0,H™) .

Vg + Wo
Crucially, the null structure of the right-hand side of the last line is preserved
by commutation.

Lemma 5.24. Let Z be a Lorentz boost or the scaling vector field, then 2(7}0 —wyp)
can be expressed as linear combination of

~ 1
A o) 2 H® + 20,0 H + v v, H® ,
(UO + wO) (( 0) EES LYolail Yallptl )

((v0)*Z(H”) + 2v40,Z(H™) + v,0,Z(H™))

U0—|—U)0
~ 1 -
Z (vo)voH, Z (vy) v, H",
Uo+U)0 <0) 0= ’Uo+UJ0 (-0)—a—
1 1 -~
voZ (v,) H™, Z(v,)v, Z(H®),
o Z ) B A, o, 2 (H)
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o~ 1 1
()l =
Vo + Wo w?

Z(w)| S w

where

A

and for Z = Z; = t0y: + 1'0,,

while for Z =S,
Z(v,) = S(v,) = 0.

In particular, the null structure of vo—wy is preserved by commutation and Z\(vo —

a

wy) can be estimated as vy — wy, i.e.

N 1+u  €/? lv, |2t 1+ ul/?
. < 6/2 1/2 ~al “ 45/2.1/2
‘Z(vo wo)| < |wol (p 5 ; + o) pp €
Since Uoiwo = —2;0 + OUSQ), H =h+O0(h?) and g7' = n+O(h), we can summarize

the structure of the error term F'»; as follows.

Lemma 5.25. Let Z be a Lorentz boost or the scaling vector field, then Fz can
be written as a linear combination of

1 o
EMQKV(MB)K(S(E B)at,xfa v+ 6] <1

w- K*(Whdyaf, ol <1.

Remark 5.26. Fventhough we have an explicit formula for Z\(wa), we often keep
it as such in several formulae as it allows to keep track of the Z.

Remark 5.27. Note that the second type of error terms above is cubic and can be
estimated by

5/2y, 5/2
|lwuK (h)hoy . f| < wopt—2 < wO%)’OT.
These cubic terms are therefore borderline terms if we only use the basic decay
estimate (3.7). This estimate will be sufficient nonetheless to close the first order

/2 Joss.

energy estimates with a p

Similarly, we have

Lemma 5.28. Fy can be written as a linear combination of
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w, Z(H*)0,s,
Qbﬂa’g Qzﬁ )
Z(wq) H™;,
w,H(Z,8,5),

where ’[Z,Qxa](f)‘ < 10,4 fl, [Z,Qt](f)’ < [0y f

and (S, 0,s)(f) = —0ps.

Remark 5.29. Note that for the scaling vector field, we have
Uagaﬂaxﬁ (w’yaaﬂf) = xvvagaﬁaxﬂéx“ff + Uagaﬂaxﬁ [
In other words, the term of the form w, H*’[S,0,5] = —w, H*9,s recombines

with the w0, present in (5.8) to give an exact copy of vag*0ys.

Remark 5.30. The worst terms in the above computation are of the form wy,Z(H**)d;
or wyH"d, .. They have a priori no null structure and will generate borderline
error terms. In the next lemma, we will purposefully forget some of the structures

we have found above, since these structures are not present in the worst terms.

We summarize the computation of the error terms Fz; and Fyy as follows.

Lemma 5.31. Let Z be a Lorentz boost or a scaling vector field, then [v,g*? 0,5, 2]
can be written as a linear combination of three possible error terms

w-K*h)- 0y, |af <1,
w-K*h)h- 0y, |of <1,
Vag*P0,5.
Recall that in Lemma [5.8, we proved that 0,:k.0,, was in fact a null form, in
the sense that it behaves better than an arbitrary product 0k.0,.
In the next lemma, we prove that this null structure is preserved by commutation
with Z; or S.
Lemma 5.32. For any regular function k = k(t,x) of (t,x), we have

e for any Lorentz boost Z;,
~ 1
(5.9) [0yik - Oy, Z;) = —0,i Z;(k) - Oy, + Ewo‘@a(k‘) “ Oy, -
e for the scaling vector field,

(5.10) [0yik - 0y, S] = —0,iS(k) - By, + Oyik - Dy,
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Proof. We have

Lok o,

(5.11) [0,k - Dy, Z;] = ~Z; (0th) - 0u + —

1 .
= = 0uZy(k) -y + [0, Z)(R) - Oy + —50'0a(R) - 0,

L o0, () - B,

= 0.7k O+ —

The second computation is similar. U

Remark 5.33. The point of the lemma is that, each term in the right-hand side of

(5.9) and (5.10) can be seen as a null form, in the sense that it enjoys stronger de-
cay properties than an arbitrary product 0Z(k)-0,. For instance, the decomposition
in the right-hand side of the first line of (5.11]) would not be sufficient.

Remark 5.34. Consider the commutator [T,,S]. In order to compute the com-
mutator [—%vavﬂﬁxigo‘ﬁ@vi,é’], we use formula (5.10). The second term on the
right-hand side of will then generate a term of the form —%vavgﬁxigaﬁﬁvi,
which can be recombined with the v,g*?0x? arising from [v,g*?d,4s,S] to get an

exact copy of T, (cf remarks cmd ).

Using the previous lemma, we obtain

Lemma 5.35. For any Lorentz boost or scaling vector field Z, the commutator

[— 300030, P, Z\] can be written as a linear combination of
Z(wa)wsdyig° - Oy,
WawsOyi (KPP - 0,,,  |p| < 1,
wawﬁ%ﬁmho‘ﬁ - Oy
and the cubic terms
w-w - K7(h)0,i(K*h) - O, |y + | <1,

2
w-w - hw—oaﬂh - Oy.
w
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Moreover, any of the above terms can be decomposed on the semi-hyperboloidal
frame, giving as error terms for j = 0,1,

77 (wo)w, 0yt h* 0,
77 (w, )W, 0, h** D,
Z(wa)wsh®? 8,:(® - ©)0,,,
Wawsh®? 0, 77 (® - ®) 0,
wawsZ ()0, (@ - ©)0,,

Wawsdy: Z (WP ) (® - @),

w?
wawﬂ @ Y (haﬁ)avj )

5
/ﬂ/w

wawﬂha w0 Y ((I) : (I)>8v]--

Remark 5.36. The structure of the two cubic terms could actually be forgotten

for the estimates to close.

Proof. This follows by straightforward computations and decompositions on the
semi-hyperboloidal frame of the form

Va0, g 0y, = Qayﬁﬁxiﬁaﬁﬁw + 0a05h™ P (D (B - D)) D,

Let us summarize the results of Lemma [5.31] and [5.35] as

Proposition 5.37. The commutator [T, 2] can be written as a linear combination
of
o The terms in O,,, which we denote Fy,,
w- K*(h) - Opy |ul <1
we KM Oy ] < 1.
e The terms in 0, arising from Lemma[5.35, which we denote Fy,
I?(wa)wgaxigo‘ﬁ - Oy,

WawsOyi (K'Y - 0,,, |ul < 1,
w?Y

0 -0,
w

WaWp

Y
w-w - hw—oﬁxwh - Oy.
w

e The scaling term T,.
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The error terms in the class F, need to be rewritten since 0, is not part of
the algebra of commuting vector fields. Moreover, some care is needed in order to
exploit the null condition present in each non-linear product. For this, we use the
identities of Lemma [5.8]

We can then rewrite each term in the Fz, class as follows

Lemma 5.38. The error terms in the Fyz, class can be written as a linear combi-

nations of (we have suppressed some indices below for clarity in the exposition)

(1) The good terms

~ 7
Ka(wa)wﬁat,xKv(haﬁ)E> lo| + |y <1,
Ora

R (wa)uwp, K7 (h°) 2

o]+ <1,
w-K°(houK"(hW)Z, |o|+ |y <1.
(2) The bad terms obtained from expanding null forms of type O,ik.0yi

-~ t
R¥(wa)ws KO (h) =5 X, |l + 1] < 1,

~ tv,
Ku(wa)wﬁaka’y(hOlﬁ) (w_(])28t7 |M| + |’Y| S 17

N 2_¢29

R (wawsd k() =0 <

t o w"’
(3) The other bad terms obtained from expanding null forms of type z—g@m(l{)-&)

Ka(wa)wﬁat,xK,y(haﬁ) (wT))ZXZ |U| + |/Y| S 1a
oo « tyiya
K7 (wa)ws0y o K7 (h ﬁ)w% o[ +1v] <1,

w-K'(h) -0y |y <L
(4) Borderline cubic terms (will be counted as bad terms below)

w- K7(h) - 0 K7(h) - 10r0, o[+ [y < 1.

Using the decay estimates (3.6), (3.11) and (3.12)) for A, we expect the good
terms to be integrable termﬂ, while the bad terms need to be canceled by suitable

correction factors.

Finally, we summarize the computation of the whole commutator [T}, Z] as
follows.

2TSince we eventually replace Z by modified vector fields of the form Y = Z+C-X , estimating

the good terms will be slightly more complicated and in particular, they will also generate some
borderline terms generating a small growth.
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Lemma 5.39. The commutator [T, Z] verifies
Ty, Z) = Fze + Fyp

where Fzq can be written as a linear combination of the good terms

~

~ 7
K“(wa)wﬁ(?t,zK”(ho‘B)E, lo] + 7| < 1,

~ 0. -
K (wa)wsdo K7 (h*) 25, o]+ | <1,
w- K7 (), K'(WZ, |o|+ | <1,
1
T,= vago‘ﬂﬁxa — ivavﬂﬁwigaﬁ - Oy,

and where Fzg can be written as a linear combination of the bad terms

w-K(h) - 0rpy o] <1,

w-K7(h)h -0 sy o] <1,

" t

K7 (wa)wadpe K (07) 5 Xi, o]+ Iyl < 1,

~ apy tlq

Ko(wa)wBszKv(h B)Waﬁ |0-| + ’7‘ S 17

o NE 220

Re ot () L L 00y 4y <1

>0 «@ tyz

K% (wa)wpoy K7 (h B)(w0)2Xi lo| + |v] <1,
tv.v

R ) K1) 0, o+ < 1.
w - Ka(h> . &MK”(h) . tat,m, ’O’| + |")/| S 1.

Definition 5.40. In the following, we denote by FLp and F9g the components of
Fyp in the basis {0y, X;}.

Remark 5.41. The terms in Fyzp are of two sorts. For the first one (for instance
w-K7(h)-0), one does not need to check carefully the null structure of the equa-
tions (eventhough, a careful analysis reveals that there is indeed such a structure).
For the second one (for instance I?U(wa)ZUngkK”(ho‘ﬁ)ﬁXi), the decomposition
of 0, in terms of the commutator vector fields introduces t weights. To compensate
for these t weights, one needs to carefully take into account the structure of the

products.

5.3. The correction terms. For any homogeneous vector field Z, with Z = Z;
for a Lorentz boost or Z = S = Z; for the scaling vector field, we now consider



STABILITY OF THE MINKOWSKI SPACE FOR THE EINSTEIN-VLASOV SYSTEM 65
modified vector fields of the form
Yo = Zo+CiX,+C%,
= Zo+CIX;,
where by definition Xy = 9;. We have
5.12) Ty, Ya) = [Ty, Z)
+ Tg(cg)XB + Cg[Tgv Xﬁ]~

We then define C? as the solution of the inhomogeneous problem
(5.13) T,(CI) = ~F.p. Cllp=2)=0,
where F' ga p are the components of Fz g in the 0, X; basis as in Definition m

5.4. First estimate for the C coefficients. Similar to [FJS17, Section 6], we
have the following estimate.

Lemma 5.42. Assume that T,(|C|) < F, then

rF
1< [ 155

where

N ocOt_ Ve jo
(5.14) VP = 009?06 (p) = Yad px]v I

Proof. Recall first that, by integration along characteristics, for any solution U to

T,(U) = 0 with initial data prescribed at p = p/, we have
|U(p7 x, U)| S ||Up:p’||L°°~

The lemma then follows from the Duhamel formula, which we recall below.
Let Ul(p, ¢, z,v) be the solution to
Tg(U) = 0,
/ / F /
U(p: p,,O,ZL’,U) = _p(Pﬂf’U)-
Then, if T,(C) = F' and C(p = 2) = 0, we have

p
C’:/ Ulp,p,z,v)dp.
2

<

D

In view of the weights decomposition and the estimates on vy — wy, we have,
similar to the analysis of Section [2.10.1],
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Lemma 5.43. Under conditions (4.8]) the following estimates hold.

0
IS, RS kg

)

Proof. The first estimate is derived by estimating

WOt —vlz; oz, HM,

vP = :wp_,_f(vo_wo)_w
(5.15) P P p p

S (L4 Ve’
analogous to the corresponding term estimated before (4.14), where I,,/p = w”.

Using this in combination with Remark 2.12 of [FJS15] we obtain

w® Wt

(5.16) Ll e

vP Y wr ™ p

which proves the first estimate. The second estimate follows by comparing the
integrand of with the standard form as written for instance in (2.24)), which
yields
(5.17) Q—z <wf <ol

w t t
where we used w” < v”, which can be shown as above. Multiplying by w®
and using the first estimate implies the second claim. Finally, the third estimate

follows directly from ([5.17)). O

In view of the decay estimates on h, this leads to the following estimate for the
coefficients C.

Lemma 5.44. The C coefficients satisfy the estimate
‘Ca’ < 61/2p5/2+1/2.

Proof. Consider first a source term in the equation for C' of the form.

w-K(h), |7 < 1.
This can be estimated as
2
’U)K’YULN < 61/2I0 0p6/2 / 1/2p 0p5/2 1
~ot ) t /2
Consider now a source of the form

~ t
R (o) s (0o, ol + ] < 1

Using that t0,» = Zj, this can again be estimated by
1/20 0 5/2u/ 1/2/) 0 52 1

tp ) tpp1/2
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For a term of the form I?U(wa)wgﬁt,xKV(h)aﬁ(;%)g, lo| + |v] < 1, one first
applies a decomposition on the semi-hyperboloidal frame. Any term containing
derivatives of the frame field ® or h” is easily seen to satisfy an estimate similar
to those already obtained. This leaves terms of the form

V0t
3t,xK7(h)W.
Those can be estimated as follows
v,u;t L plugllvl t
y ~a—~i < 1/2 0/2_~ Flza v
at,xK (h) w ~ p U1/2 t wo p7
< L2 5/2“ * v, HU | t
~ P Q0
P w'  p

All the other source terms satisfy similar estimates and the statement then
follows from the previous two lemmas. O

We can in fact prove an improved estimate for the C' coefficients, reflecting the

null structure of the equations.

Lemma 5.45. The C' coefficients satisfy the estimate

1
(5.18) IO < 61/26u1/2p5/2

Proof. We do the proof for the coefficients C?, the others being similar. Dropping
the a index, we compute
c° -1 1
T, = F) C’O —_
() = arape e ~ 300 g
To estimate the right-hand side, we first need

1/2 w2 v 12t yl/?
‘FgB‘ < 1/2:0w0p6/2 i 61/2|Qa| pa/z 1el/2 ’—a(’) v pé/Z.
t P p w® pop

Now recall that u =t — |z| > 1 in K and, from Lemma that

'fal

(5.19) T,(1+u) = w —w;— + E,,

7
where w? — wi‘%' >0 and

1+u €2 v, |? t 1+ ul/?
E, < 5/2,1/2 a 5/2,.1/2
Bl S ol ( 3/2 t |wo| pp t

t 1+ ut €l/?
<‘w0| |‘ | >p6/2€1/2— + |w0|_7
wol p t t

A\
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where the contribution of the first term on the right-hand side will lead to inte-
grable terms below while we treat the contribution of the second term separately.
Using that
C° o 1 1C7 1
T, < F. 5 u )
9((1+u)1/2 — (1+u>1/2’ ZB’+2<1+U)1/2 1+u

and the above estimates on C°; E, and F9p, we are left with

c°) 1 |CO ap e
5.20 () < pyc p
(5:20) 9((1+u)1/2 S Py ar ettt
< pal <) 0661/2,
~ 2(L+w)'2 t p
where

< 61/2p—1+5/2.

F
vP
so that the result follows from the L*°-estimate in Lemma [5.42| and an applica-

tion of Gronwall’s lemma. O

Remark 5.46. In (5.20), we could not make use of the extra u decay in the term
1_[C° 0p_e/?

2 a2 W (i)
we could have used w® < wv?, lose a power of w° in the final estimate but obtain

However, note that instead of using the estimate wof < P,

an integrable term. This means that this term will be integrable provided we can
absorb an extra power of v in the norm of f.

5.5. End of the derivation of the first order commutator formula. It fol-
lows from the definition of the C” coefficients, the definition of ¥ and equation

(5.12)), that we have

[15,Y] = Fze+ Cﬁ[Tga Xal,
where Fz¢ was defined in Lemma m Fy¢ contains Z, which needs to be replaced
by Y = Z 4+ C° X, vector fields.

The result of this operation is the content of the following final lemma of this
section.

Lemma 5.47. The commutator [T,,Y] can be written as a linear combination of
the following terms
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e The terms coming from CP[T,, X4]

w - hOp (P - P)CO 4,

w - 8t,m(h00)08t@,

yaat,:v(h)cat,an

w - Qxi (h)cat,xa

w - h -0y (h)COy,

w - OhC - X, (f),

as well as
1 N .
—5 a0y K (h )CF KR
w-h- 8KV (h)CF KRS,
w - Oygh - K7(h)CH . Kr
where |y, |p|, k <1 and yx > k+ pz.

o The terms coming from Fyq

~

AO’ (e} KH
K7 (we)wgOya K7 (h E)Ckm, lo| + 17| <1, [k <1, k+4+rz<1,
w- K7 (W0, K" (MC*K", |o|+ 7 <1, |k <1, k+4rz <1,

1
T, = V09?05 — §vav58$ig°"3 - Oy,

In view of the energy estimate (4.23)), the estimates on the C' coefficients and
the previous estimates on each of the previous error terms, we have already proven

Lemma 5.48. For any modified vector field Y, we have, for all p € [2, p*),

E[Y(f)(p) S EY (NI2) +72 Y /;ﬁE[Xf]dp’

X=X;,0,
1/2 P 1 E [/(\— d /
T Z /23] (K fldp'.
R=X)Y 2
As a corollary, we have, for any modified vector field, E[Y (f)](p) < e+ €¥/2p°,

6. COMMUTATORS OF THE ALGEBRA OF MODIFIED VECTOR FIELDS

In this section, we analyse commutators [I? @ K A for K o KP composed of the
X, 0; and Y vector fields. At first order, we have

Lemma 6.1. The following commutators hold.
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e For any Xi, Xj, [Xl,XJ] =0 and [Xz,ﬁt] =0.
e For any X = X;,0; and any modified vector field Y, [X,Y]| can be written

as a linear combination of
O, X; and X(C%) - X,.

o For any Y;,Y; two modified vector fields, [Y;,Y;] can be written as a linear

combination of

Y(C%) - Xa, C8;, CX;, CX(CY) - Xy and Q,
where QZ\J = 270, — 2'0,5 4 v;0,, — v;0,, is the complete lift of a rotation
vector field.

Remark 6.2. From the above lemma, and in view of the fact | X (C)| < €'/2p%/?
(cf. Lemma , while |Y (C)|,|C| < €/2p%/2+1/2 it seems that the commutators
(X, Y] do not generate much growth, while those of the form [Y;,Y;] would be prob-
lematic. As it turns out, for the present paper, we only need to use commutators
of the form [X,Y]. However, the commutator [Y;,Y;] in fact behaves better than
what the above lemma suggest. For instance, a careful analysis of the error terms

suggests that one of the error terms will be given by a modified, lifted rotation
vector fields of the form Q;; + C5 X, — CfXﬁ.

We also need the following higher order version of the above lemma.

Lemma 6.3. For any multi-index o and any X = X;,0;, and any multi-index o
with ay > 1, the commutator [}?Q,X] can be written as a linear combination of
terms of the form

P(X(C))brzx - K,
where || + 1z 4+ sx < |af, [o/| < |af, oy > 1+ax, k< |a|, rz+sx <|a| -1
and where we denote by P(X(C))*"2:X q product of the form

[T 7 xco).

where the C;s can be any of the C coefficients and where the total number of Y
vector fields appearing on the right-hand side is less than rz and the total number

of X wector fields is less than sx.

Proof. We have already proven the formula for |a| = 1. Let a be a multi-index
and K be any of the X or Y vector field. Assume that the formula holds for any
multi-index of length |y| < |a| with vz > 1.

Consider the commutator

[KK* X] = K[K*, X] + [K, X]K*.



STABILITY OF THE MINKOWSKI SPACE FOR THE EINSTEIN-VLASOV SYSTEM 71
o If K =X and oz > 1 (otherwise the commutator vanishes) then
[XK* X] = X[K* X]
= X (PX(O)r#m - K,

where |o/[+77+sx < al, [o| <|af, oy > 1+ax, k <|af, rz+sx < |a|-1,
so that distributing the X vector field, we see that the formula holds.
e If K =Y, then

[YE*, X] = Y[K® X]+[Y,X]K".

For the first term on the right-hand side, either az = 0 and this term
vanishes, or az > 1 and we can apply the commutator formula for o and
then distribute the Y. On the other hand, for the second term on the

right-hand side, we use the previous lemma, and it follows that [V, X|K®
can be written as a linear combination of

XK X(C)XK®,

which are of the required form.

7. HIGHER ORDER ESTIMATES FOR THE VLASOV FIELD

7.1. Higher order commutator formula and energy norms. We define the
energy norm of order N of f by

Ex[fl(p) = Y E[K“fl(p),

la] <N

where K denotes any vector fields among 0;, X; or the Y vector fields. Let us also
define the weighted norm

(7.1) Exalfl(e) = 3 E[(1+ [oP)2Ref] ()
lo|<N

In this section, we shall first propagate bounds for Ex_s[f](p) = En—24-0[f](p)-
Note that for |a| < N — 2, we have access to pointwise bounds on Oh.

In view of the computations of Section [14.1] we can actually add the extra v
weights and propagate bounds for any Ex_s,[f](p). Finally, to propagate bounds
for f after N commutations, we will need to lose 2 powers of v at lower order.
Thus, to prove bounds on En[f] requires bounds on En_s[f] (this is the mini-
mum extra v weight we need for this section) and more generally, to prove bounds

on Ey ,[f] will require bounds on En_s 412[f].



STABILITY OF THE MINKOWSKI SPACE FOR THE EINSTEIN-VLASOV SYSTEM 72

To compute the higher order commutators, we use the following notations.

e We denote by K any standard boost, scaling vector field or one of the
translation 0,:, d; vector fields.

e We denote by K any of the modified vector fields Y or any of the translation
X = X;, 0y vector fields.

e For any multi-index « of length |a| and differential operator K¢, we write
la| = az + ax, where az denotes the number of homogeneous vector fields
in K¢ and ax the number of translation vector fields.

e Similarly, for any multi-index « of length || and differential operator Ke,
we write |o| = oz + ax , where ay denotes the number of modified vector
fields in K and o x the number of translation vector fields.

e For multi-indices v and 3, we denote by [[A( K A1 a differential operator
composed of the same vector fields as K7 and K 8 but such that the order
of theses vector fields is arbitrary.

e We denote by P(C)*rzx a linear combination of products of the form

k
H [?pz<cl)>
=1

where the C;s can be any of the C' coefficients and where the total number
of Y vector fields appearing on the right-hand side is less than r; and the
total number of X vector fields is less than sy.

First, by induction, we obtain easily from the first order commutator formula a

general formula that does not take into account the null structure of the equations.

Lemma 7.1. With the above notations, the commutator [T, I?O‘] can be written
as a linear combination

e The main terms
1 ~
(7.2) t—qP(C’)k”Z’wa 01 KP(h)K°
where 17 + sx + 18]+ lo| < lal + 1, ¢+ 18] < lal, 1 < |o| < |al,
r7 + sx < |la| — 1 and the number of C coefficients, k, satisfies either
of the two conditions

Cl. k< pBx +q,
C2. k=Bx+q+1and K* = [K7 X] with 0y + 17 + Bz < az — 1.

e The frame terms

1 .
t—qP(O)k’TZ’SXw - K7(h)0, . K°(® - ®)K?,
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where rz+sx+|B|+|ol+1y| < lal+1, g+|8], ], o] < |a|, rz+sx < |a|—1
and k verifies either

Cl'. k< Bx+q+7x.
C2. k= fBx+q+1+7vx and K7 = [K7 X] with o'y +rz+ Bz +7z < az—1.

e The cubic terms

1 .
t—qP(C)’“’”Z’SXw - K7'(h)0; . KP(R)K°,

where q+rz+sx+|8|+|of+y| < lal+1, [B], 7], o] < ol rz+sx <fal-1
and k verifies either C1" or C2’.
e The source terms
K°T,,

with |o| < |a| =1 with o7 < ay — 1.

Remark 7.2. The factor + results from Y being applied to any function in F,,,.

ta
For instance, Y (7) = Z5 +C - X7 and the second term is a linear combination of

% Thus, this increases q and k by 1.

Remark 7.3. Note that in the above formula, each new C' coefficient typically

comes with an extra X derivative hitting either h or one of the frame coefficients.
1/2 ,5/2
p

that the X derivatives provide extra u decay. Let us discuss conditions C1 and C2

The C' coefficients gives a u growth each, which are compensated by the fact

on k more precisely (C1' and C2' are then similar).

e The condition k < Bx + q implies in particular that k/2 — Bx —q < 0. All
terms coming from the commutator [T,, X| have this property. In this case,
the u growth of the C coefficients is always compensated (at least when
pointwise estimates on C' are allowed) by the extra u decay.

e The condition k = Bx +q+1 and K= [[A(‘S/X} with 6% +rz+ Bz < az—1
can only occur if ay > 1. These terms typically stem from the product
C*[Ty, Xa| contained in the commutator [T,,Y]. Note that if Bx > 1,
then we have again k/2 — x —q < 0 if k = Bx + g+ 1. The condition
0, +174 Bz < az —1 means that for k = Bx +q+ 1 to occur, some of the
commutation by Y wvector fields must have generated some X derivatives.
This typically occurs when we distribute Y on a product COK?(h) - IA((f)
Indeed, writing Y = Z 4+ C - X, we have schematically

- Y (caKﬂ(m K ( f)) —Y(C)-0K°(h) - K(f) + COK*(h) - YK (f)

+CZ(OK®(h)) - K(f) + C*9*K®(h) - K(f).
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Compared with the original quantity COK®(h)-K(f), the new term C292K?(h)-
IA((f) has one more C' and Bx has also been increased by one by this op-
eration. On the other hand, the number of Y or Z wvector fields hitting all

the terms has not increased.

Proof. We do an induction in |a|. The formula holds for |a| = 1 in view of the first
order commutator formulas. Assume it holds for some multi-index « and consider
a differential operator of the form K K. We use that

[T,, KK®] = [T,, K|K* + K[T,, K.

The first term on the right-hand side of the previous equation clearly has the
required structure in view of the first order commutator formulas. For the second,
we must compute, for the main terms,

1
ta
where the indices are as in the statement of the lemma and similarly, for cubic and

(7.4) KP(C)"75xy . 9, ,K*(h)K®

frame terms. We only treat the main terms below, since the computation for the
cubic and frame terms are similar. We simply distribute the K in (7.4). When it
hits the C' coefficients or the final K° , then the resulting terms are clearly of the
required form. When it hits d,,K°(h) or 4, it has the required form if K is a
translation (preserving the number of C' coefficients) and if K is a modified vector
field, we simply write
K=7+C-X

and apply each terms on the right-hand side to 9, , K?(h) or tiq The terms coming
from C - X0, ,K?(h) or C - Xtiq then increases k by 1 and Sy or ¢ by 1, as
required. O

We start the analysis of the error terms with a proposition that describes how
integrals of error terms are estimated when the metric perturbation cannot be
estimated pointwise.

Proposition 7.4. Let a be a multi-indez of length |a| = Ny.

Consider an error term of the form
Q= P(O)*r = w - 0, K" () K" f

where rz + sx + Bl + [pu] <ol + 1, [B] < laf, 1 < [u] < o, rz +sx < faf -1
and k satisfies either C1 or C2.
Assume that we have the pointwise bounds
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/

for some constant My, depending only on Nj.
Then,

o if k satisfies C1, we have
/ / Qluw’dpydps, < €427 M0?,
H, Jv
o if k satisfies C2, we have

/ / |Qlw’dp,dp, < Ep~ MM’
H, Jv

where My, depends only on Nj.

~ 1
Ri()|uldy 5 o™=, o] < Jal,

Y t37

IKP(C)] < €Ul 2pMvod ol < Jaf — 1,

Proof. Assume first that k verifies C1. Then, all the growth in the C coefficients
can be absorbed by the extra u or ¢ decay coming from the C1 condition (cf Ap-
pendix [A]) and as a result, we have the estimate

| [P o, k5w R w0,
Hy, Jov

1/2 ¢ Mg 1/2
o ([ ovran) (] 2]
H, 1 g, Pt

P
SpMNoékek/2+3/2 (1\4N0+1/2)5—3/27

p

using the bootstrap assumptions to bound the integral involving the metric.
If instead k verifies C2, we have one more €'/2u!'/2p? that cannot be absorbed
leading to the extra growth. U

Remark 7.5. By the Klainerman-Sobolev inequality, see Section[16, we will be able
to prove decay estimates for the velocity averages of lA(“(f) for any |u| < N — 3.
Howewver, the above proposition cannot be directly used to close the energy estimate
up to N — 3. This is because the Klainerman-Sobolev estimates loses in powers of
w®. Thus, we must first prove energy estimates for (w0)2f(“(f) in order to prove

decay estimates for [ w0|l?“(f)|dv. This is one of the purpose of the weighted

norm ([7.1)).

7.2. Higher order commutators and the null structure. We now investigate
the null structure of the higher order commutators.
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First, for the cubic terms or the frame terms, no null structure will be required
as they will naturally have enough decay. Thus, we focus only the main terms

2.
Definition 7.6. We say that an expression
P(C)F"75x - 8, , KP (h) K*
has the null structure provided it has one of the following forms

P(C)brzsxw - 0, KP(h) K",
P(C)*rz9xy,0, . K (h) K",

° (C)k TZ8X g - 8@1[(5(@00)[?“’
P(C)rrzsxq - 19, K (h) K™,

In view of this definition, note that

e All the main terms in the commutator [T}, X;] have the null structure.

e The only terms in the first order commutator formulas that does not have
the null structure (and which are neither cubic or frame terms) are the
terms

— w - 0h - X, coming from the commutator [T, 0;].
— C - woh - X, coming from C*[T,, X,] in the commutator [T,,Y].

e The last term in the above list, namely, P(C)*rz=xq - %@wKﬁ(h)lA(” does
not occur in the first order commutator formula, but will arise because of

x?

the commutator [0}, 0,:] = —%.

One has easily

Proposition 7.7. Consider an error term Q. of the form
1 ~
(7.5) Qo = t—qP(C)k’”"Z’SXw O KP ()K"
where g +rz+sx + |6+ |of <ol +1, [B] < |af, |o| <af, rz+sx < |a| -1 and
k verifying C1 or C2.
Then, for K = X;, 0; orY,
(1) K (Qa) := Qu can be written as
o i k‘/,’l" ,S, . B/ Ao_/
Qu = tq/P(C) 2°xw - Oy, K7 (h) K
where ¢'+1y+sx || +|o’| < ||, [6] <[], [0 < o], rp+sy < [a/[-1,
k' wverifying C1 or C2, with |o/| = |a|+1 and oy =az+1 if K =Y and
o, = ay otherwise.

(2) Moreover, if Q, has the null structure, then Q. has the null structure.
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We now prove bounds on the higher order energy up to N — 2 (for all energies
where we can bound pointwise all the K*(C) and the K?(h) appearing in the error

terms.)

Proposition 7.8. Let Ny < N — 2. Assume the pointwise bounds on the C
coefficients
|KP(C)] S /2l 2pMal - [p] < Np — 1.
Then, we have the estimate

ENO [f] S EpM;V06>

for some constant My, depending only on Ny.

Proof. We have already proven the proposition for Ny = 0, 1. To close the estimate
for No = 1, we exploited a certain hierarchy in the commutators (the X; had good
commutor properties, 0, generated borderline terms, etc..) The strategy is to
exploit the same hierarchy, doing first the commutation by X;, then 0; and then
Y, eventually. Let Ny > 1 and assume that the proposition holds for Ny — 1. For
simplicity in the exposition, we make the additional bootstrap assumption

ENO [f] S €pL>

where ¢ << L << 1 and in particular My,0 < L for some constant My, being
some positive constant.

For simplicity in the exposition, we will write E[X°f] to denote the sum of
all energies E[X“f], with |a| = Ny and where the X“ is composed only of X
vector fields. Similarly, when we write E[X°7'0,f] (respectively E[XN°7'Y f])
below, we actually mean the sum over all possible combinationﬂ containing one
O (respetively V) and Ny — 1 X; vector fields.

First, commute Ny times by X; vector fields. Each error term is of the form

P(C)**xw . 8, , KP (h)K°

where sy + |8+ |o| < No+ 1, |5] < |af, |o] < No, sx < Ny — 1 and k verifying
C1 (and even k < 1). Moreover, from the previous proposition and the first order

commutator for X, each term in the XY° commutator formula verifies the null

28Recall that d; commutes with X;, while the Y vector fields enjoy good commutation prop-
erties with 9; or X;, see Section @
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condition. It follows that each error term is integrable and thus one obtains that

EIXM(p) < EIXM@) + / 284D RS £

AN

p
e+/ 63/2pl—3/2+5D+Ldp/
2
S 6
where D is some constant.

Then, we commute once with 9; and Ny — 1 times by X;. Again, no error term
will have a number of C' coefficients satisfying C2. Using that for £ < Ny — 1

[Ty, X710, X() = XTI, 00X + X0 0T, X+ [T, X T0.XT

and that only [T}, 0] generates a term which does not satisfies the null condition,
we obtain

P ~
EBIXN7'9)(p) S EIXT'0.£(2) + / €!/2p/ 32D pIK X N0~20), fdp!
2

- /P e Py TR EIX fldp + epMNo-1?,
2
€+ Ei’>/2(5—1p1\41\f0—15-i-5/27

MN0_15+5/2

ANR A

ep

We then commute once with Y and Ny — 1 times by X;, using similarly that

[Ty, XY X

7.6
O mmiapr y)xt + X, X 4 [T, XNy !

The terms coming from X°"'"V[T,, X!] or [T,, X'y X! all verifies the
null condition and have a number of C coefficients satisfying C1, so they are
integrable. Using the first order commutator formula for Y, the only term coming
from the first term on the right-hand side of not satisfying the null condition
is of the form

XN (w - 0hC - X[ f)
Note also that this term corresponds to k = 1 verifying C2. We can distribute the
XYo=1=% on each term. We estimate below the case when XY°™'~* hits X!f, the
rest can be estimated using the estimate on Ey,_1[f]. We have

tp 1
jw-OhC - X f] < wo;;P‘S/zGl/Qmemul/Qﬂ&/Z’XiNoﬂ

S e woklx g,

~
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Since we already control the energy of E[X} f], this term will lead to a small
growth, as in Lemma [5.48 The other error terms with k not satisfying C2 can be
estimated similarly by p5*16w0§|XN0f|, where X = X;, 9; or using the bound on

Eng-1f]
We thus obtain

14 —~
EXNYI(p) § BIXNTYA@ + [ g Ey xRl
2

N /‘P E1/2p/71+§E1[)(i]\fo—l)(]dpl + EpMNO_lﬁ’
2

where XiNO_lX denotes any differential operator composed of at least Ng — 1 X

vector fields and one vector field among the X; or 0; vector fields. This gives
EX[TY)(p) S et 5 (pMho0 4 %)
S e(pMo +p0).
We now consider commuting with X."°"292. We use that
[Ty, X707207) = [Ty, X7 72107 + X7 ° (T, 07
(7.7) = [Ty, X720 + X021, 0,00, + X[ °0,[T,, D).
Again, all possible error terms have k satisfying C1.
The first term on the right-hand side contains only terms having the null struc-
ture, since there are no commutators with d; or a modified vector field Y. The

terms not satisfying the null structure coming from the second term on the right-
hand side arise all from expressions of the form

X2 (w - OhX,0,f) .

Distributing the X;s and using that X; = ZT + %&, the only terms coming from
the above expression not satisfying the null condition are then of the form

w - OhX 010, f,

which can be estimated by the energy E[X0719,].
The terms not satisfying the null structure coming from the last term on the

right-hand side of ([7.7)) arise all from expressions of the form
X729, (w - OhX,of) .

Distributing the operators in vao*zc()t and using that X; = % + %@, the only
terms coming from the above expression not satisfying the null condition are then

of the form
w - OhXN0710, f,
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which we already encountered above and
w - Oy(OR) X0 £,

which are controlled by the Ey,_1[f] energy. This leads to the energy estimate

p
EX{70])(p) < EIX[T0])(2) + €/ / ()T BIX 0 (o) dpf
2

p ~
#7 [()EDN RA) ) + e
2

< Ep(MNO,1+3/2)6'

Similarly, we can then commute with X;°~20,Y", X°"?Y2. We then consider
commuting by XZNO*?’GE, ... Iterating, we obtain the statement of the lemma. At

9/2 Josses but the number of such losses only

each iteration, we pick up some p
depends on the number of iterations and therefore only on N,. We obtain that
Exlf] < epM™o®, which improves the additional bootstrap assumption and ends

the proof of the proposition. U

We then consider energy estimates up to order N — 2 with additional v weights.

Proposition 7.9. Under the same assumptions as in Proposition|7.8, we have,

ENg.q+2 [f] N EPMN06>

where En, 4+2 is the weighted energy norm defined in (7.1)).

Proof. The proof is similar to the proof of Proposition [7.8 One simply needs to
use the additional formula for multiplication by powers of v given in Section |14.1),
which only adds additional integrable terms, using the bootstrap assumptions. [

Corollary 7.10. Under the same assumptions as in Proposition|7.8, we have the
pointwise estimates, for any |a| < Ny — 3,

/wolka(f)ldv < epMo’t 7,
Proof. This follows from the Klainerman-Sobolev inequality with modified vector
fields of Section and the above bounds on Ey, 4, with ¢ > 2 (the Klainerman-
Sobolev inequality loses two powers of v). U

Before considering the Nth order energy estimate for f, it will be useful to prove
estimates for products of typ K7 (CYK*(f), for |[y| < N —1and |a| < N — 3.

29For |[v] < N =3, we will have pointwise bounds on IA(V(C) depending only on the bootstrap
assumptions, and thus the lemma below does not bring any new information in that case.
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Proposition 7.11. Consider a product of the type K7(CYK*(f), for |y] < N —1
and |a| < N — 3. Assume that

[KH(C)| S €/ul2pM=2" |y < N — 3.
as well as the initial data assumption
(7.8) B[ PRVOR (] @< W<kl ol < lal.

Then, we have
E|(1L+u) 2RUC)R(f)] () S €720,

Remark 7.12. Note that since C(p = 2) = 0, if D is a differential operator
tangential to p = 2, then D(C') = 0. In particular, we have Z;(C) = 0,(C) =
Z;(C) = 8,:(C) = 0 initially. From the equation for C, T,(C) = —Fyp, one can

then compute the normal derivative to p = 2 in terms of the initial data and verify
that (7.8)) actually holds initially.

Proof. Again, we will do a small bootstrap argument, assuming that

E [u PRIC)R(f)] () S 72",
for some My << L and indices v and « as in the statement of the proposition.

For |7/| < N —3, we have access to pointwise estimates on all K7 (C) coefficients

so that from the previous proposition

B (1+u) 2RV (R ()] (p) S /2K,

where M};_; is some constant.
We now consider N — 3 < N’ < N — 2 and assume that the proposition holds
for all multi-indices |y/| < N’, so that

E (14 w) 2R (C)R ()] (o) S /2.

Let v be a multi-index of length || = || 4+ 1.
We start by computing

T,(L+u) ' PEKY(C)K(f) = (L+u) V2K (T,(C)K*(f)
+ (1 +w) V2T, K)(C).K(f)
+(1+w)2KY(C)[T,, K f

— 37 w1+ u) 2R ()R (f)

2
= L+ 1L+ I3+ 14,
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where
L= (L+u) PE7(T,(C)K(f),
L = (1+u) [T, K")(C) - K(f),
o= RO, K,
I = 5T+ u) PRICOR ()
I, can be estimated as in the proof of the pointwise estimate for C' (cf Lemma
5.19).
For I;, we have
L= (L+u) PRUTC)R(f)
= —(1+u) V2K (Fzp)K(f),
using that T,(C') = —Fyp.
Consider a source term in Fzp of the form
w- K*(h), |p[<1.
Then, using that Y (K*#(h)) = ZK*(h) 4+ C - XK*(h), we have, for |u| <1,

K7 (w - K*(h)) = PRrasx(Chuw - K7 (h),

where k < oy, o] +rz+sx <|y|+1land rz+s, <|y| -1
Note that at most one C' coefficient in P*"25x(C') can have a high-number of
derivatives and that all other C' coefficients can be estimated pointwise. Moreover,
from the condition k < o, for each C coefficient there is one 1/u decay factor. For
instance, the overall contribution to I; of the terms with ox = 1 can be estimated

as
_ =S - t p6/2 =S -
L) 2w R (COKME ()| 5 w2 IR (C)R(f)]
(U)o R CORMRN| 5 ot |R(COR )
- w0£€1/2p5/2
(14 )~ 2| R (C)R()|.
with |o/| = ||, so that we can estimate this term (and similarly any term with

k > 1) using the induction hypothesis. On the other hand, the terms with & = 0
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in I; can be estimated as
1/2,, 0Pt 1/2(1 +U)1/2 i
tp

8/2
S Wl | Re(p)
t P

and since there are no more C' coefficients on the right-hand side, we can estimate

(1+u) 2w KT WR(f)] S (14u) B2

Y

the overall contribution of this term using the energy estimate for K (f). All the
other source terms in Fzp can be estimated similarly.

Thus, it remains to estimate I, and I5. For those, we first assume that K7(C)K®(f) =
XP'(C)XJQ‘(]‘), i.e. there are only X, vector fields. Then each error term in the
right-hand side satisfies the null structure, so that their contributions are inte-
grable. Then, consider the case with only one d; vector field. As in the previous
proposition, the only term not satisfying the null condition comes from [T}, ;] and
is controlled by the energy estimate with only X; vector fields. The remainder of
the proof follows as in the previous proposition, exploiting the same hierarchy. [

Finally, we prove the higher order energy estimates for the Vlasov field up to
order N.

Proposition 7.13. Assume that the following pointwise estimates hold.

3’
RHO) £ P2l < N -3

~ 1
/ B (Hlde < el <N s,

v

Then, we have
EN[f] 5 61/2pMN6.

Proof. Recall the general structure of the main terms appearing in the commutator

(T,, K(f).

(7.9) !

PO w0, K (R (f)
where 77 +sx + [B| + 0] < |a| + 1, ¢+ |B] < |al, |6] < |af, rz +sx < |af =1 and
k satisfying either C1 or C2.

As before, we first consider the energy estimate for E[XY f]. Then all error

terms above have the null structure property.

e If there is one Y7 (C') coefficients with |y| > N —4, we can use the estimate
of the previous section, together with pointwise estimates on the term
containing the h coefficient. These terms are then all integrable.
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e Thus, we consider only the case where the C' coefficients can be estimated
pointwise. If the wave term 9;,K(h) can be estimated pointwise (which
occurs if |f] < N — 2), then we can estimate the error term as before.
Finally, if § > N — 2, then we have access to pointwise estimates on the
velocity averages of f, and can just apply Proposition [7.4]

We can then follow the same hierarchy as before. Each term either is integrable,
a borderline term depending on the previous energy estimate, or a term such we
can apply Proposition [7.4] d

Let us also state the following proposition, which we will use to establish decay

estimates for the high derivatives of the energy momentum tensor.

Proposition 7.14. (1) Consider a product of the type |[?7(C’)|2I?“(f), for
N —12>|y| and |o| < N — 3. Then, we have

E(1+w) |R(CPR(N)] (p) S /20

(2) Consider a product of the type |K'(XC)[2K*(f), for N —2 > || and
la| < N — 3. Then, we have
E[|[BV(XC)PR(f)] (p) S 2™,

The proof is similar to that of Proposition and therefore omitted.

8. HIGHER ORDER POINTWISE ESTIMATES FOR THE C' COEFFICIENTS

Recall that the C coefficients satisfy an equation of the form 7,(C') = F, where

F' is a linear combination of the terms
w- K7(h), o] <1,
w - Ko(h’)ha |0‘ <1

- t

R (wauwsd e K (5°) 55 o+l < 1

>0 Yy(1aB tQa

R ) up O (0°) 5, ol 4 bl < 1

~ x> =2 1

R (wayws 0 (e 22 oy <1,
>0 «Q th

K (wa)wﬁat,IK’y(h IB)W? |0‘ + h/| < 17

>0 « tQiQa

K2 (wa)usdyn K (W) s lol+ Pl <1,

w-K7(h) - 0,K7(h) -t o]+ |v] < 1.
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Using that t0,» = Zj, that (t — |x|)0; can be written as a linear combination of
the Z vector fields and using the decomposition on the semi-hyperboloidal frame
together with ¢ - 0(® - ®) € F,, it follows that we can simplify the above list to

1. w-K7(h), |o| <2,
2. w-K7(h)h, |o] <1,
tv.v.
1=
3~ at,sz(h) U}O ) |/7| S ]-a
4. O K (ROt - w®,  |y| <1,
5. w-Ko(h) -9, K'(h) -t, |o|+|y <1

One has easily

Lemma 8.1. Let C' be one of the C coefficients and F' be such that
T,(C) =F.

Let |o| < N — 1 be a multi-index. Then, K*(F) can be written as a linear combi-

nation of
(1) w- P(C)*rzsx Ko(h), with the range of indices
lo| +rz+sx <2+ o], rz+sx <l|o|—-1, k<ox.
(2) w- P(C)rrzsx KB(h)K?(h), with the range of indices
B+ 0]+ 1z +sx <1+]a|, rz+sx <|a|—1, k<ox-+pPx.
(3) P(C)krzsx9, ,K(h) tf;%’, with the range of indices

lo|+rz+s, <1+]al, rz+sx <la|-1, k<ox.
(4) P(C)rrz3x 9K (h*)t.w®, with the range of indices
lo| +rz+sx <1+la|, rz+sx<l|o|—-1, k<ox.
(5) w-t- P(C)orzsx KB(h)o, ,K°(h), with the range of indices
1B+ o] +rz4+s: <1+]al, rz+sx <|a|—1, k<ox+ Bx.
Consider now the equation satisfied by K “(C).
We have
(8.1) T,(K*(C)) = [T,, K*)(C) + K*(F).

Moreover, from the equation T,(C) = F, C(p = 2) = 0, one infers easily, cf. Re-

mark [7.12, that
[K(C)(p=2)| S /.
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We can write the solution to (8.1]) as
Ka(cv) = Ch,a + Ccom,a + Cinh,a;

where

(1) Chq solves T,(Ch o) = 0 with data K*(C)(p = 2). We have immediately
|Chal S €'/2 since the transport equation preserves the L*-norm.

(2) Ceoma solves Ty(Ceom.a) = [Ty, K°)(C) with 0 data.

(3) Cinha solves Ty(Cinpa) = I?O‘(F) with 0 data.

In view of the above decomposition of K *(F), we have easily,

Lemma 8.2. Let Ng < N — 3. Assume that for all |a| < Ny, we have
|f(a(0)| 5 61/2,05MN0/2u1/2,
for some constant My, depending only on Njy.
Then, we have, for all |o/| = Ny + 1,
|Oinh,o/| S 61/2p6MN0/2u1/2’

where My, is a constant depending only on Njy.

Proof. We use Lemma to rewrite [A(Q(F) Since Ny < N — 3, we have access to
pointwise estimates on all the source terms, and the proof is then similar to that

of Lemma [5.45] O

We also have the following improvements.

Lemma 8.3. o Let Cipnx be the solution to Ty(Cinnx) = X(F), with van-

wshing initial data. Then, we have the estimate
Chnx| < €292,
o Let Ny < N — 4. Assume that for all |a| < Ny, we have
[KX](C)] S €/2p™Mno/2,

for some constant My, depending only on Ny and where [IA(D‘X] denotes a
differential operator composed of No+1 vector fields with one of them being
0y or X;. Let KP be a differential operator of the form

K% = [K¥X],
with |o/| = Ny + 1. Then, we have
|Cinn,sl S €202,

where My, is a constant depending only on Nj.
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Proof. This follows as in the proof of the pointwise estimates for the C' coeffi-
cients, but with each source term having an additional ©~! decay coming from the
application of the X vector field. O

Thus, it follows that we only need to prove bounds on Ciyp . and we obtain
bounds on K*(F') by the previous lemma and an easy induction.
Recall that the basic structure of the main terms of the commutator [T, K](C')

is of the form .
t—qP(C)’“”"Z’SXw -0, KP(h) K",

where ¢+ 1z +sx + B+ |ul < |a| + 1, [B] < |af, 1< |ul < af, rz +sx < |a| -1
and k satisfies either C1 or C2.

We have already proven the pointwise estimates |C| < €'/2p%%u!/2. Again, we
go through the hierarchy of vector fields which we repeat here. For simplicity, we
assume the weak bounds

[K(C)| S /2" Mulr?,
for some large L verifying 6L << 1.
We first commute once with an X; vector field. As before, we can estimate the

resulting error term coming from the commutator as
p S RH(C)).

From the weak bounds and the estimate on the source term X (F), it follows
that
[X(O)] S €2

We then commute with d;. The error term can be estimated by
p R KO + o XH(O),
which improves the weak bounds and give 9,(C) < €'/2. We then commute with Y,
then X? etc.. At each step in the iteration, we obtain an additional finite loss p?/2.
The total number of losses is then only proportional to the number of iterations,
i.e. the length of |a|. We have thus proven
Proposition 8.4. Let o] < N — 3. Then,

(8.2) [K(C)] < pMv0ul
As above, we have the improvement

Proposition 8.5. Let o] < N —4. Then,
(8.3) [KX)(C)] S o™,
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9. COMMUTING THE ENERGY MOMENTUM TENSOR

Let a be a multi-index and consider the expression

K (Tuwlf1),

that naturally appears in the commuted wave equations.

The aim of this section is to explain how the above expression can be expressed
in terms of K?(f), |8| < |a|. The Klainerman-Sobolev inequalities for velocity
averages of Vlasov fields of Section [L6] combined with the energy estimates then
automatically provide decay estimates for such quantities, at least when all C' and
h coefficients appearing can be estimated pointwise.

Recall the definition of the energy momentum tensor

Toslfl = | fvavsy/ —g7} o

We can write

dv
\/TW /fwawgﬁa@ v, h)— ol

where the functionf"| £, 5(v, h) are given by

0
‘CO,O(U7 h) = V _gil 0% © )

Toglf] Z/fwawﬁﬁaﬁ v, h)———

wOuwO ge0u,
0
‘ . ] Vo W
ﬁo,z(vyh) = g Egao—va’
0
w
Lij(v,h) = _gf1ga%a_

In view of the definition (2.8) of the tensor field S[f], we also define L ; =

9o —9 o — a% , so that

dv dv
/f‘c/aﬁ v, h ’ |2 = GJap f _gil

We have easily

Lemma 9.1. Let L be any of the above L or L' functions. For any multi-indez o,

up |[K7(h)],

KLl S 77—
(1 +u)** |51<|al

and

0, K*L| S p |K°(h)],

WL+ )X g

30Note that the £, g are not tensorial in o or 3.
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where ax is the number of X wvector fields in K.

Now, for any multi-index |a|, we have

d
KTl = 3 As [ KD,k (L) N

Bl+1vI<|e|

for some constants Ag,.

Remark 9.2. All the terms above with |y| > 1 will have strong decay properties
and can be considered as cubic terms.

Let us introduce the notation

dv
T lf] = /fwaw —,
2 [ ] g B 1t 0P
for the energy momentum tensor of a Vlasov field corresponding to the flat Minkowski

metric 7. From the above, we can write

Tl f] = Twlf LI,

dropping the indices on the L functions. Since we can always write 0,: in terms of
X, and 0;, commuting with translations causes no difficulty. We consider in the

following lemma the case of the homogeneous vector fields Z.

Lemma 9.3. Let Z be a Lorentz boost Z; or the scaling vector field S. Let Z be
its complete lift for Z; a Lorentz boost and Z7=85 if Z=S. LetY = 7 +C.X be
the modified version of Z.

Then,

ZTwlf] = TwlfZ(L)] + TuwlY (f)L] = TwlC - X(f)L]
+ ¢ /f@v(wuw,,L)dv.
where ¢, = 0 for the scaling vector field.

Proof. This is a simple calculation. We do the computation in the case of a Lorentz
boost Z;. First, we distribute Z and obtain

ZTwlf] = TwlfZ(L)] + TwlZ(f)L].

For the second term on the right-hand side, we then write Z =Y — c,w®0, — C - X,
where ¢, = 0 for the Z = S, and we integrate by parts in v (note that the w® in

w3, cancels with the ﬁ of the measure) which gives

Tl Z(F)L) = TolY (H)L) - TolC - X(F)L] + e, / F0u(wyw, L)do.
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Note that for the term fv fOy(w,w, L)dv, we can distribute the 9,, producing
three terms which behave essentially like 7),,[f] or better. On the other hand,
since the coefficients C' a priori have a p%?u!'/? growth, we see that the term
T.»[C - X(f)L] behaves a priori worse by a factor of p%2u'/? than the other terms.

To improve upon the above commutation relation, we will make use the im-
proved estimates on X (C). More precisely, we will use the following improved
decomposition.

Lemma 9.4. For any reqular distribution function k = k(t,z,v), T,,[C - X (k)L]
can be expressed as a linear combmatw?ﬂ of terms of the form T.g|F], where F'
s a linear combination of

CkX(L),
X(C)kL,
1

1+u
1

1+u
1

1+ u
1

14+u

Y (CkL),

X(CkL),

C - X(CkL),

CkL.

Proof. We compute
TuwlC - X(R)L] = T [X (CEL)] = T [X (C)RL] = T [CEX (L)].

For the first term on the right-hand side, we write X as a linear combination of
the homogeneous vector fields (cf Appendix X = %aaZa, which we can also
write x

——a, L+ )

14+u 1+u

Finally, for any Z vector fields in the above decomposition of X, we replace it in

X =

terms of its modified vector field version using as usual that Z =Y —c,w?9,—C- X
and we integrate by parts in v. U

Let us define by ) any of the vector fields X, Z or 9,. Again, for a muli-index
B we will write Q” for a combination of |3] such vector fields. We then have the
following higher order commutator formula.

Lemma 9.5. For any multi-index o, [/(\'QTW[f] can be written as a linear combi-
nation of the terms Tos[F|, where F are, modulo multiplications by a function in

311t can happen that the component T,,,, [C- X (k) L] is expressed in terms of others components
TaplF] with (a, 8) # (i, v), hence the cumbersome sentence.
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Fo, of the form
1
(1)
where rza+sxp <la| =1, rz1+sx1+7rz2+tsx2+l+[y[+]6] < |af and 2¢ > 1y,
¢ <lal, yx 21, l2 < af.

P, (C)llJrl’l,Tz,l,Sx,l P, <X<C>>I2J'Z,275X,2 f?ﬁ(f)QV(L)’

Proof. We have already proven the lemma for |o| = 1, in view of Lemmas and
[0.4] as can be checked easily. For instance,

(1) The terms arising from -C - X(C)fL (see Lemma correspond to
h=1,q¢=11L=11=0and rz1+ sx1+7z2+sx2+ 7]+ 18] =0.
(2) The terms arising from HLUCQX(f)L (see Lemma correspond to l; = 2,
¢q=1,1b=0,01=0and rz; +sx1+7rz2+sx2+ |y +15] =0.
(3) The terms arising from CkX (L) (see Lemma correspond to Ij = 1,
vx=1=|y,¢g=0,li=lb=0and rz; +sx1+rza+sx2+|5 =0.
Assume that the statement holds for some multi-index o and consider a differen-
tial operator of the form K - K*. When K is a translation, we simply distribute K
on each of the three factors. For K a Lorentz boost or the scaling vector field, we
simply apply the first order commutator formula and verifies that each resulting
term is of the above form. O

When |a| = N, we cannot apply the previous formula, as it would involve
derivatives of the C' coefficients of order N, which themselves would demand a
control on 0ZN*1h. Instead, we rely on the following argument. First, we commute
once the energy momentum tensor, using only Lemma According to the above
first order formula, we obtain for KT}, [f]

e The good commutation terms, denoted GT', are of the form

TIKDL TROL, [ 0,00
e The bad commutation terms, denoted BT, of the form
TuwlC - X(f)L].
For the GT terms, we can then commute N — 1 extra times, using Lemma [9.5]
The error terms that we then obtain are listed in the following lemmalﬂ

Lemma 9.6. Let « be a multi-index with || < N — 1. Then, for any GT term,
K*GT can be written as a linear combination of the terms Tog[F], where F are,
modulo multiplication by a function in F,,, of the form

3211 the following lemmas, one should keep in mind that the multi-index « has length at most

N —1, so that the maximum number of commutations for f never exceeds N and the maximum
number of commutations for any C' coefficient never exceeds N — 1.
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(1) Form 1 (comes from the GT term ﬁy[k(f)l)])
1
(14w
where 175+ sx2 < |a| =1, 771 +sx1 +rz2 +sx2 + o+ ][+ (8] < af
and 2q 2 1y, ¢ < |af, yx 2 1}, Iz < |al.
(2) Form 2 (comes from the GT terms T,.,[fQ(L)] )

1 , ~
P.(C 11+117TZ,1,8X,1P X(C l277'Z,275X,2KB Y(OL
TR L(X(0) (N QL)
where 172+ sx2 < |a| =1, rz1 + sx1+7rz2+ sx2+ 1+ |y + 6] < o
(Ind 2q Z ll; q S |Oé|; ”VX Z lll) ZQ S |O{|
(3) Form 3 (comes from the GT term [ f0,(w,w,)Ldv)
1
(1+u)e
where 179+ sx2 < |a| =1, rz1+ sx1+7z2+ sx2+ o+ |y + 6] < o
and 2q Z ll) q S ’Oé’; X Z lll; l2 S ’Oé|

P, (C)ll+l'1,Tz,1,SX,1 P, (X(C’))ZE’TZ,%SXQ kﬁ(ﬁf)QW(L%

P, (C)llJrl’l,rz,l,SX,l P, (X(C))lz,rz,z,SX,z j{'ﬂ(f)@V(L)’

These terms do not pose any regularity issue since only at most N —1 derivatives
of the C coefficients are involved and they also do not pose any decay issue, since
all the C' coefficients in P, are hit by at least one X derivative and all the C'
coeflicients in P, are compensated either by the prefactor in 1/(1+ u) or from the
extra decay coming from ~yx.

For the BT terms, we can also commute N —1 extra times, which gives similarly,

Lemma 9.7. Let o be a multi-index with |o) < N — 1. Then, for any BT term,
K*BT can be written as a linear combinations of the terms T, [F|, where F is of
the form

1
(14 u)
where rzo+sx2 < |a| =1, rz1+sx1+7rz2+sxa2+l+ |y + 6]+ o] < la| and
2¢ > 1, g <|a|, x 213, la <al.

P, (C)ll-l-l'lﬂ“z,hsx,l P, (X(C))lzﬂ"z,z,sx,z KB(C)R(WXJC)Q’Y (L)7

If we naively estimate the error terms coming from the previous lemma, they

contain a priori an extra power of K B(C). At least when we can estimate them

1/2

pointwise, this would lead to a loss of p®u!/? and we would not be able to improve

the top order energy estimates™}
33Note that later we will obtain improved estimates on the K7 (C) for |B| small enough.

However, to obtain the improved estimates, we also need improved decay of the source terms, so
they cannot be immediately used here.
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Instead, we separate all the terms above into two sets, the terms for which one
of the C coefficients is hit by |a| vector fields (which arises only if |3| = |a| or
rz1+ sx1 = |a| or vz 4+ sx2 = |a| — 1) denoted BT, and the terms for which
no C coefficients is hit by |a| vector fields, denoted BT|,|.

From the above definition, we have

Lemma 9.8. e The BT, terms are all of the form T, [F], where F are
linear combinations of

1. —L-ChKP(C)YX(f)L, with |B| = |a| and 2q > 11,

()
2. CKP(XC)X(f)L, with || = |a| — 1.
o The BTy terms are all of the form Tog[F|, where F are, modulo multi-
plications by a function in F,, of the form
1
(14 u)e
where TZ72+SX’2 S |Oé| —1, TZ’1+SX71 +TZ72+SX’2+Z2+‘/7|+‘/6|+|0-| S |Oz‘,
1Bl < |a| =1, and 2q > 11, q < |a|, vx > I} 2 < |a] and no C coefficients
in the formula is hit by more than |o| — 1 vector ﬁeldﬁ.

p1<cv)l1+l’1,rz,17sx,1 PQ(X(C))ZQJ’Z’?’SX’Q[?ﬁ(C)[?U<Xf)QV(L)7

In the above terms, the worst terms are the BT|, terms as in 1., with ¢ = 0,
which are the terms leading to the eventual extralﬂ growth for the top order energy
Enlh]. The other BTj,) terms, always contain at least a C' coefficient with low (no)
derivatives and we will be able to use the improved decay (cf (14.4)) to estimate
those.

However, the BT, terms as written above are not good enough, in that
they a priori contain one extra power of K (C). We divide them into two sets,
BT o |o|<|a| @and BT¢|o|jo|=|a|, according to the value of o. We note that

e The BT, |4)s/<|a| terms involve only |K°(X f)| for |o] < o] < N —1 (so
lo| +1 < N —1) and K?(C) for |8] < |a] =1 < N — 2. This implics
that controlling the BT 4| |s|<|o| can be achieved using only estimates on
En_1lh] and Ex_1[f].

e The BT |, |s|=|o| terms are of the form

1
L+ uy
where 2q > [;. Here, there are no derivatives acting on the C' coefficients,
so we will be able to estimate them using the improved decay .

OZH_II?U(Xf)L,

34For the C coefficients in P», this means that a top order term is of the form K°Xx (C), with
o] = laf —2.
35There is also an independent source of growth coming from the pure Einstein non-linearities.
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For the terms BT.|4||s|=|a|, We can also use here the fact that we can transfer
the X derivative of f as in the first order commutator formula, leading to the

following lemma.

Lemma 9.9. Any BTy o|=a| term can be rewritten as a linear combination of

® BT |o|o|<|al terms and
e Good terms of the form of the form T,,[F|, with F' given as a linear com-
bination of terms of the form
1 / ~
P (C l1+l1,7"z,1,SX,1p X(C 127TZ,275X,2K0' ([,
where 175+ sx2 < lal, rz1+sx1+rz2 +sx2+ L+ [y + o] < ol +1,
2¢ > b, yx > 1, g <o+ 1, s <l|a|+1 and no C coefficients in the

formula is hit by more than |«| vector fields.

Proof. Consider a BT|q|,|s|=|o| term, denoted T, of the form

1 ~
T=—_C"1K°9(Xf)L.
(1+u)e (X7
We first commute the X and the K?. We obtain
1 ~ ~
T = — CY"XK(f)L+ ——C"YK, X](f)L
= T, +1s.

We consider T; first. As in the first order case, we write it as
(9.1) Th=Ti1+ Ty,

where

e # l14+1 770
Ty =X ((Hu)qc R (f)L)

and

,__AO' . 1 l1+1
Tys:= —K(f) X(—(1+u)q0 + L).

For T7 5, we simply distribute the X derivatives.
For T ;, we rewrite the first X in terms of the Z vector fields, schematically as
X = 17, and finally complete the Z vector fields. Thus, we can rewrite T} in

T
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terms of

a i e ((1 ju)qchﬂf(a(fﬂ)

1 1 l1+1 700
(1+u)C'X<<1+u)qC K (f>L>

) i " cow® - 0, (—(1 ju)qchﬂz?”(f)z,) .

For the first and second error terms, we can simply distribute the Y and X deriva-
tives. For the last error term, we integrate by parts in v. All the terms then take
the form of the lemma.

We now consider 75. Using Lemma , [IA( 7 X] can be written as a linear
combination of terms of the form

P(X(C))krzsx . g
/ / /
Z = ) = ) - 4 = 9 = - 4
where |o/| + 1z +sx <o, || <|o|,dxy > 1, k <|o|, rz+sx <|o| -1 O

Finally, we note that in the special case when K¢ = X K*?, with |3| = |a| — 1,
then there are no dangerous terms, even at the top order when |a| = N. More

precisely, we have

Lemma 9.10. Let 3 be a multi-index with |3] < N —1 and let K = X K?, where
X = 0. Then, KT g[f] can be written as a linear combination of the terms

TwlF], with F' given as a linear combination of terms of the form

1 , ~
mpl (C)l1+l1’rz’1’sx’lPz(X(C))lQ’TZ’Q’SXvQKa(f)QW(L)7

whererzo+sxa < la|—2, rz1+sx1 < |al—1, rz1+sx1+rz2+sx2+la+|y|+|o] <
|O{|, and 2(] 2 ll; q S ’a|7 X 2 1/17 l? S ’a|

Proof. We use first Lemma and then commute once by X. Again, we can

write X = %ﬁwoaj It follows that the resulting terms have the required

structure. 0
10. THE ANALYSIS OF THE REDUCED EINSTEIN EQUATIONS

10.1. Structure of the reduced Einstein equations. Recall the basic struc-
ture of the reduced Einstein equations

Oyhas = Fas(h, 0h) — Sasf]

First, we recall the structure of the semi-linear terms F,z(h, 0h) (see for instance
[LRO5, Lemma 3.1]).
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Lemma 10.1. We have F,p := P.g + Qup, where

AN 58

M G0 Dsgan Oy gax — 7™ g (059arOrgss — 05935 Orgax')

Qaﬂ = g
+ g™ 0" (0agn5 05978 — agr3059x5)

1 ! !
+ §QM 9% (009r30x gss — OabssOxgrs)

+ g " (aggx(;/&;gm - 359Aa359x5/)

1 ! !
+ §9M 9% (059500x gss — 05955 0x Grar)
and

1 / / 1 ! /
Pop = _§9M 9" OagsnDsgrs + 1956 9™ 93955 Do

The @ terms are all null forms and therefore will enjoy strong decay properties.
The P terms are not null forms. To control them, one uses the wave coordi-
nate conditions, together with a hierarchy in the estimates: this is the weak null
condition (cf [LRO5]).

10.2. Classification and structure of the pure Einstein non-linearities.
This section is concerned with the analysis of the nonlinear terms of the Einstein
equations non-interacting with the Vlasov field f, such as those arising from K7 F,z
and commutator terms [K”, h*0,0,]hqp.

First, we provide a classification of all possible such non-linearities. Our ter-
minology follows closely that of [LM15], Section 4.3. Below Z denotes any of the
homogeneous vector fields Z; or S, while 9 denotes any of the 0.+ vector fields.
Note that in [LM15], the scaling vector field was not part of the algebra of commu-
tator vector fields, since it does not commute well with the Klein-Gordon equation.
Nonetheless, most computations and conclusions of [LM15] still remain true in our
case even with S as a commutator, since in our setting, it behaves similarly to
any other homogeneous vector field. We will highlight any important differences
below.

In the notation below for the non-linear terms, the p index refers to the total
number of vector fields while the index k only refers to the original number of

homogeneous vector fields.

e The basic semi-linear terms QS(p, k). They are linear combinations of the
following terms
" Z7 (0,hapdsharp ),
with |[I| + [J| < p, |J| < k.
e The basic quasi-linear terms Q(p, k) arising from [0/ Z7, h*0,0,|has



STABILITY OF THE MINKOWSKI SPACE FOR THE EINSTEIN-VLASOV SYSTEM 97

They are linear combinations of the following terms
M2 by 02 2720,0,h03,  harp0,0,0' 27 hog,

with |Il| +|Ig’ Sp—/{:, ’J1| + |J2| S k and |]2’—|—|J2| S p—l and |J| < ‘J|
e The cubic terms Cub(p). They are linear combinations of the following

terms
K*(h).K?(h).0K"(h), K*(h).0K’(h).0K"(h)

with Ja] + 8] + ] < p.
e The good semi-linear terms GQS(p, k). They are linear combinations of

the following terms and their derivatives of order p + k
812‘7 (Qahaggvha/lg/), (S/t)ZaILJ (8thaﬁ(9tha/5/),

with |I| +|J| < p and |J| < k.
e The good quasi-linear terms GQQ(p, k) arising from [0'Z7, h*9,0,]hag.

They are linear combinations of the following terms

M ZM harp 0™ 2720,0,hagp, O Z" harp 0™ 2720 ,0,hags,
hapd' 27 0,0,has,  hapd'Z70,0,hap,

with [I| + [Io| <p =k, |Ji| + || £ k and |L| + || <p—1, |J']| <|J].

e The frame terms Com(p, k). These terms are linear combinations of the

following terms
t'QS(p, k),
t 0" 27 by, 0 2720, by,
t 201 27 b, 0" 2 by,

where |I| < p—k,|J| < kand |L|+|Ji]| < p—1, || +|L| < p—Fk, |Ji]|+] 2] <
k.

We then recall how the non-linearities arising from F,5 and [0/ Z7, h**9,0,] can
be decomposed, using the above notations.
We start with the commutator terms.

Lemma 10.2. [LM15, Lemma 4.4].
For |I| =p—k and |J| = k, the commutator [0'Z7, W 0,0,hap can be written
as a linear combination of the following terms
GQQ(p, k), t 0B Z7 R, 01 Z71 0y,
Ol Z I h 002 1729,0,h 05, LT h0" 2720,0,hys,
h°8,0,,0" L hyp,
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where Iy + Iy = 1,y + Jo = J with |I| > 1, J{ + J, = J with |Jj| > 1 and
|| < |1, [Ts] =+ [La] < (L], T3] + [ Ja] < ).

The Qup terms in Fi,5 are all null forms and those pose no threat. For F,z, we
need

Lemma 10.3. [LM15, Lemma 4.10]. Let P denotes the components of P in the
semi-hyperboloidal frame. Then

o Py, can be written as a linear combinations of the following terms

GQS(()? 0)7 CUb(07 0)7 COm(O7 0)7 Q’Y’Ylﬂayathryry/athdé’v ﬂ’yyﬁ&yath

Y

58{/@,}/6/.
e P,; can be written as a linear combinations of terms of type GQS(0,0) and

Cub(0,0).

So, the only problematic terms in P,z are Q“”/ Qéﬁ’at I Othss and QW/ 955’@@75@ Do
They will be controlled using the wave gauge condition.

10.3. Metric components in the semi-hyperboloidal frame. In this section,
we recall the structure of the wave equations for the components of h in the semi-
hyperboloidal frame.

Recall that

Sas[f] = (250 )ty = / fQRuavs + g, 5)di

and denote by S, its components in the semi-hyperboloidal frame.
Then, we easily compute (cf [LM15, Section 4.6))

ﬁgﬁoo = (I)(O)/‘I)nga’ﬁ’ + Pyy — Sgo + Cub(0,0),

~ I 2 2x®
Oghyy = P§ @ Qup + Py — Sap + ;Qahoo - ; hoo + Cub(0,0),
~ P 4x® 4 4x®
s = B9 Quig + Py~ S o Dyhan + 50— ey
2 6laf?
-+ (t_2 - t—4) hoo + CUb(O, 0),
b 2%

~ , , 2

Oghay = @5 P} Qup + Pop — S + 2 Gahoo + =50y oo + 20, Foy
62%2” 2z 2z
t—4h00 - t_3h0b -

10.4. Estimates of the metric nonlinearities. We state here decay estimates

b
t—3h0a + OUb(O, O), (a 7£ b)

2
+ _Qbh()a -
t
which are direct consequences of the bootstrap assumption [3.4 In particular, the
estimates that follow are independent from those concerning Vlasov fields.
We consider first decay estimates for the ”good” nonlinear terms.
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Lemma 10.4. [LM15, lemmas 6.1 and 6.2] For any of the following nonlinear
terms, we have

e The pointwise estimates

[GQS(N — 2,k)||~ < f—p
IGQQN 2Bl 5 <

[Com(N ~ 2 Klan S e
ICubN 2,0l 5

o The L? estimates

GRS Bl 5 o
16QQN — 2. k)|~ < p’;/
Com(N. W)l < p’i;

p
||CUb(N, k)HLQ(Hp) 5 EW.

Recall that it follows from the gauge condition that Ok is controlled by the
good derivatives h (Lemma . Thus, the L? estimates of dK*h contained in
the bootstrap assumptions can be translated into improved L? estimates for Oh™.
More specifically, we have

Lemma 10.5. [LM15, lemmas 7.5] Under the bootstrap assumptions, for any
laf < N,
||Kaat,xﬁ00||L2(H;) < 202,

Let now h,, = g —mn, where g is the Schwarzschid metric in the semi-
hyperboloidal frame and define h, as

h:= X(T/t)@m +hy = ho + hy,

where hy = x(r/t)h,, and x is smooth real function verifying 0 < y <1, x(z) =0

for z € [0,1/3], x(z) = 1 for 1 € [2/3,1]. Note that since m is small and ¢ > 2, h,
is regular up to r = 0.
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By explicit calculations,
070" S mt el
1Or b r2rr,y S m S €2
We then state

Lemma 10.6. [LM15, Lemma 7.6] Under the bootstrap assumptions, we have

H (g) —l+o p KR < 61/2p5/2.

L2(Hy)

Note that the proof of the above lemma only makes use of the bootstrap as-
sumptions for i and functional inequalities on each hyperboloid H,,. In particular,
it is independent of the equations satisfied by h and therefore of the Vlasov field.

We also recall here the estimates on [K®, h*" 0.0y ]h.

Lemma 10.7. [LM15, Lemmas 7.7 and 7.8] Under the bootstrap assumptions,
e For any |a| < N —2, and any (t,x) € KN {p > 2},
I[K® W 0Oy )h| (t,z) < et 2ptH°
1/2 (-1 P\2,-1/2 & 2 7.8
—l—e/(t —{—(z)t /p> Z |07 K”h| .
1BI<|al.8z<az.Bx=ax
e For any |a| < N and any p > 2,
o v P\
olK ™ W OO bl gy S e’ + €27 S0 1t (8) KOO} |-

Bx=ax,82z<1

5/2
+ €l/251/250/2 Z [ (g) O2KPh|| o

Bx=ax,Bz<az

10.5. Second derivatives of the metric and consequences. In [LM15]|, an
important difficulty comes from the fact that the scaling vector field is not part
of the algebra of commuting vector fields. Since we do here commute with S, the
estimates on the second derivatives of the metric are a direct consequence of the
basic decay estimates and the usual decomposition 0;, = %%Zo‘, see Appendix
Al

Thus, we have directly,

Lemma 10.8. e For any |af < N —3 and any (t,x) € KN {p > 2},
1
2 @ < 6/2
|at,l‘K h|(t’x) ~  €p t(l + u)73/2
< et :
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e Forany |of < N —1 and any p > 2,
P oo 5/2
||t_28t,xKah||L2(H;) S ep’?.
This leads to the improved estimates for the commutators [K®, h** 0pu0yv | h.

Lemma 10.9. [LM15, Lemma 8.6] Under the bootstrap assumptions,
e For any |a| < N —4,

|[Ka7hp,u » my]h| 5 El/2t_2p_1+5 + 61/2t_1/2,0_3+6.
e For any |a| < N,

L P S D SR [ e ¥ 0 PR

[

Bx=ax,fz<az

10.6. Improved L> estimates for transversal derivatives. As in [LM15]
Proposition 9.1], we have

Lemma 10.10. We have the improved L* estimates

0,K 0, chog| S €/H7HC ol < N —4,
10,07 shos|l S €7 |y <N -4

Proof. The proof is similar to that of [LM15, Proposition 9.1], replacing the esti-
mates on the Klein-Gordon field ¢ by those on the Vlasov field, since these terms
have the exact same decay, according to Proposition [16.2] O

These improved estimates imply
Lemma 10.11. [LM15, Lemma 8.6] For any multi-index a with |a| < N, we have

(0% — — 51/2 * —
I|K PHLQ(H;) 561/2p 181@(}1)1/24-61/2,0 1+C (C:N,l(h)l/Q‘f‘G,O 3/2+46

11. ENERGY ESTIMATE FOR THE METRIC COEFFICIENTS

The purpose of this section is to perform the energy estimate for the Einstein
equation in the wave gauge

(11.1) By has = Fap(h, 0h) — / £ (20005 + gup) dite.
We introduce here the notation

Sap = /U f (2005 + gas) dpto-
Dropping the «, 8 indices, we rewrite the wave equations as

O,h=F — 8.
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11.1. Basic energy estimate. The first step is the basic energy estimate (see
[LM15, Proposition 3.1]).

Proposition 11.1. For any multi-index |a| < N, the following energy estimate
holds :

p
ERNp) S SRR+t + [ el K F g
2
p
+ [ e K 10,0, b 2,
2
p
+ [ elren ) M KN o) do
2

p
/ ELKR() 2 3 () s o

1BI<|e

(/ ELK ] 1/2||K6FHL2 H) dp’
IB\<I |

+/ EIKR)(p")?||[KP, H* 0,0,)h| 12 1) dp'

b [ e PR ) e )
in which M[K*h|(p) is a positive function such that
| (01010, 0,(K*ha) (K has) — 50,90, (K"h)a, (Kh) | d
ﬂ < MIKH] (o) E "))
Remark 11.2. The above lemma implies in particular, the slightly weaker estimate

el ) 5 gen me ([ 1K Fla
18]<|el

p
—|—/ H[KﬁvHuyaualf]hHLQ(H;,)dpl
2

p
+/2 HKB(S)HL?(H;,)W)
r / /
+ / MIK"H](¢') dp
2

The reason why we keep the above estimate is that at top order, we will need to be

a bit more careful to apply a Gronwall type inequality.

As in [LM15|, Lemma 7.3, we have, as a direct consequence of the bootstrap

assumptions ((3.4)),
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Lemma 11.3 (Estimates for M). For any multi-index |a| < N, we have
M[Kah] 5 6p73/2+5.

11.2. Improved estimates for £5_,[h]. For |a| < N — 3, it follows from Propo-

sition that the contribution of K*S[f] to the above energy estimates is inte-

D6—3/2

grable, since its L? norm decays like p . Moreover, we have

Lemma 11.4. [LM15, Lemmas 10.1 and 10.2 ]
e For any o with |a] < N,
K F |2y S ep 220 + ep7 5y ()2 + ep7 P n 1L (p) V2.
e For any o with |af < N — 4,
I 10,0 2y S e~ 4 ep™ Ey(p)” + ep™ P9y Ly (0) /2,

As a consequence,

Proposition 11.5. [LM15, Proposition 10.3] We have the improved estimates
En—alh)(p) < D/2ep”""".

12. IMPROVED DECAY ESTIMATES FOR THE INHOMOGENOUS WAVE EQUATION

First, in view of the improved energy estimates for the metric coefficients up
to N — 1, we have, by standard Klainerman-Sobolev inequality, the following im-

provement upon ((3.6))-(3.7)).

Proposition 12.1. One has the decay estimates, for all |a| < N —2, and p > 2,

1
o « < 1/2 Del/?
(121 KONt e) + 027Nt 2) S €T
12 (1 1/2
(12.2) \K°R|(t,z) < 61/2pDe/2< +tu) _

We now rewrite the wave equation for the metric components in terms of the

flat wave operator, under the form
OK“h= Y C§(-K°(H"™)+ K°F — K’S[f]),
181<]a]
where the sum appears because of the possible commutation with the scaling vector
field and the idendity [, S] = 200.

From standard L*> estimates for solutions to the inhomogeneous wave equation
(see for instance [LM15| Proposition 3.10]), we have
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Proposition 12.2. Assume that we have the pointwise estimates
> (IEP(HM9h)| + [KPF| + |KOS[f]]) § — =t 7> " (t —r) -,
18I<]al

Then, for 0 < <1/2 and 0 <v < 1/2, one has

€

plv|

(12.3) |K°h(t, )| < ﬁtl(t — ) g €2
v

while, for 0 < u <1/2 and —1/2 <v <0,

(12.4) \K°h(t, z)| < ﬁt‘l_”(t ) 2L
v

As a consequence, we have

Proposition 12.3. For any «a with |a| < N — 3, we have

D6 1/2
Pl €
KNS T+
and
D§ 1/2

p-le €
OKh| < .
OK NS S T i W

104

Proof. 1t suffices to apply the above proposition with p = D§/4, v = —Dd/4.
Note that the required decay assumptions on the metric terms follows from the

bootstrap assumptions, while those on the Vlasov term follows from Proposition

16.2
Finally, we note that from the above proposition with § = €'/2, we have

Proposition 12.4. For any a with |a| < N — 3, we have

D61/2

Koh| S
and D
G A —
(1+ Jul)t

13. IMPROVED ESTIMATES FOR & _,[h].

g

From Proposition [17.15] the error term coming from the Vlasov field can be

estimated as
(13.1) K2y S p~2/2HP°

and is therefore integrable.

Moreover, we have

Lemma 13.1. [LM15, Lemma 12.2]
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e For any o with |af < N —1,
1K 00,0, h |2y S €2 Exi[Pl(p) + €2 p7 TP EX L, ] (p)
tl/2)B/24D8,
e For any o with |a] < N,
I, 0,0 Rl sy S €20 ER{RI(p) + /20 P Ex ] (p)
+ 61/2p_3/2+D6 + ||Kas[f]||L2(H;)-

Proof. The proof is similar to that of [LM15, Lemma 12.2], replacing the terms
coming from the Klein-Gordon field by the Vlasov field. When || < N — 1, then

the contribution of the Vlasov field is controlled from ((13.1]), hence the statement
of the Lemma. g

Remark 13.2. We will use the second inequality of the lemma for only in the top
order estimate, but we stated it here since the proof is identical expect that we kept

the Vlasov terms since we do not have yet estimates on them.
This leads to the following improved estimate for £y _,[h].

Proposition 13.3. We have

Eq M (p) S epP”.

Remark 13.4. The analogue in [LM15] is contained in their Lemma 12.7. How-
ever, their proof is different because of the estimates on the Klein-Gordon field.
Note that in [LM15, Lemma 12.7], the estimate hold up to the top order, but here,
we stop at N — 1, since above the contribution of the Vlasov field must be estimated
differently.

Proof. This is a simple consequence of Gronwall lemma together with the above

estimates on each of the non-linear terms and the energy estimate. O

14. IMPROVED ESTIMATES FOR THE VLASOV FIELD

In this section, we prove improved estimates for the Vlasov field.

14.1. Multiplications by powers of v and the 3 weights. We consider here

the effects of adding additional v or 3 weights. First, we compute
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Lemma 14.1 (Multiplication by v weights). Let w® = /1 + |v]2. We have

i

T,(w’) = —I/ZUQUBhf%
= —1/20,030, (B - ®) I ﬁ@
vt w0 U b U
- I/QQOQOh?iOE - yaQOh,iOE - 1/2%%}1,@[)@-

In particular,

2
0 1/2 5-3/2 (., 0P E|Qa|
(14.1) T,(w”)| Se’p (w " + p_wo )

Since the above error is integrable, it follows that for any distribution function
k for which we can prove the energy estimate, we can also prove weighted energy
estimate, replacing k by (1+ |v|?)%2k (provided the initial data decays fast enough
in v naturally). In other words, we have, using equation and Gronwall’s

lemma,

Lemma 14.2. For any regular distribution function k, satisfying T,(k) = F[k.
E[(1+ [v)*?K](p2) < El(1+ [v[)7?E](p1)

~Y

(14.2) +/ dp/ (/(1+ |v|2)q/2|F[k:]]dv) P2 drdwgs.
p1<p<p2 H, v t

Recall that in Section , we proved bounds on Ey[f] using only the pointwise

estimates (3.6)), (3.11)), (3.12), for the h metric coeffcients and the estimates ({.2))

for the C' coefficients as well as estimates on Ey_3»[f]. In view of the previous
lemma, the following corollary holds.

Corollary 14.3.

En_24+2[f](p)
Enq[f1(p)

Eventhough we do not need them in order to prove our main result, let us also

R
<
d

explain below how we can consider weighted energy norms with 3 weights. Recall
first the definition of the 3 weights,

3i = vt — r'w’ = tu,.
We have

Lemma 14.4 (Multiplication by 3 weights.). Let 3 denote one of the weights
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Then,
1/2
3 u 0
|Tg[m]| < v

Moreover, we have the decomposition
3 o
Ty <E> = (vo — w0)g"" Dyo3 + w, H D, (3)
= (vo — w0)g"Dup3 + woH™y(3) + woHdy5 + w,H* D3

and the improved estimate

3/2 1/2 1/2
3 U U U
T, (55)] 5 leo = wol % S w0 S b

As for the v weights, we can prove weighted energy estimates, using 3 as a

(14.3)

weight. However, note that Tj(3) is not integrable. Thus, we consider instead

W' One can then prove boundedness of any weighted energy, replacing

K (f) by (qmagiess 'K (f).

14.2. Improved estimates for the C coefficients. .
Recall the basic structure of the equations satisfied by C'

T,(C) = —Fyp.

In Section 8] concerning higher order estimates for C, we proved that Fjpu~'/?

was almost integrable (cf. (8.2))). In view of the improved estimates on the metric
coefficients in Proposition , we have a gain of u~'/? compared to the estimates
of Section [8| For instance, repeating the previous on the C' coefficients with the
improved estimates in Proposition replacing the decay estimates —,

we have

|Fy 5 - pDé6 N el/?
v ™ 62 p

to be compared with the previous estimate
|Fyp] _ pPOEL 21/

~Y

vP p

Thus, we immediately obtain

Lemma 14.5. For any multi-index |a] < N — 4, we have the improved estimates
(14.4) [K(C)| S /%P
for some positive constant D.

To improve the estimate (8.3)) for K (X (), we need to make sure that the gain
of u='/2 decay can be used effectively. This means that either we need to use the
null structure of the equations (which actually gives the strongest results) or we



STABILITY OF THE MINKOWSKI SPACE FOR THE EINSTEIN-VLASOV SYSTEM 108

can simply recall that

which implies that we can convert a u~'/? decay into a t'/? decay provided we lose
in powers of v. For simplicity, we use this estimate, leading to

Lemma 14.6. For any multi-index |a] < N — 5, we have the improved estimates
[K(XC)| S e (w).

Note that the loss of w® coming from the right-hand side can be absorbed in
any product involving f thanks to the weighted norms Ey ,[f]. The improved
estimate on K *(XC) will only be used in the top order energy estimates for the
metric coefficients and in particular so as to not get any loss coming from the
application of the Klainerman-Sobolev inequality of Lemma to the energy-
momentum tensor components of f.

Finally, we can also use the improved estimates of Proposition [12.4] leading to

Lemma 14.7. For any multi-index |a] < N — 4, we have the improved estimates
(14.5) K (O)] S pP "

Remark 14.8. The above estimate will only be used in the proof of the top order
enerqgy estimate for the metric coefficients to estimate velocity averages of terms
of the form

K (C)KP(C)K (),
where |a] < N — 4, so that the above estimate applies, while |5| > N — 4. Since
such a term contains two powers of C' coefficients, we can afford to lose an €'/? in

the estimate.

14.3. Estimates for the Vlasov field without loss. In view of the improved
estimates for the metric coefficients, the stronger weighted v norms for f and the
improved estimates on the C' coefficients, we can revisit the energy estimates for
K°(f) for |a| sufficiently small so that the improved estimates on h and K?(C),
|B| < |al —1 hold, i.e. for || < N —4. One can repeat the previous proof, except
that there are no borderline terms anymore.

Lemma 14.9. We have the improved estimates
(14.6) En_agnlfl Se

Proof. Recall that we already proved that
ElXifl Se
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For the 0; vector field, recall that the only borderline term in the commutator
formula [T, 0;] was of the form wOh-X;(f) and that this term lead to a small growth
because it did not satisfy the null condition. This term can now be estimated losing
one power of w? as in

1
[w00h - Xi(f)] S 0 P01 X )]

This leads to the estimate

El0) 5 e+ [[(5) 0B X 1))
2

< e

Similarly, we can obtain an estimate on E[Y f] for Y a modified vector field
without a loss. In that case, the borderline terms came from the terms

C*0h - X f, but these are now integrable in view of the improved estimates for
the C® coefficients and again possibly losing a power of w® if necessary.

Using the higher order commutator formula of Section [7, we can also prove
estimates without a loss for K “(f), for any « for which we have access to the
improved estimate on the metric coefficients. Finally, we can also consider extra
v weights, using Lemma [14.1], losing at most one power of v as in the estimate for
0, as in (|14.6)). O

In particular, combined with the Klainerman-Sobolev inequalities for Vlasov
fields of Section we obtain

Corollary 14.10. For any multi-index |a] < N — 7,

J IR0 < 5

14.4. Improved estimates for the Vlasov field up to order N — 1. In view
of the improved estimates for the metric and the improved estimates for the C'
coefficients ((14.4), we can revisit the proof of the higher order estimates for f,

expect that each loss in p° can now be replaced by a loss in pel/z. Thus, we have

Lemma 14.11. The following improved estimates hold.

e The first estimate reads

En-14f)(p) S o™

e Consider a product of the type |K7(C)|2K*(f), for N —2 > |y| and |a| <
N — 3. Then, we have

B[ (1w RACPR ()] () £ 27"
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e Consider a product of the type |K'(XC)[2K*(f), for N — 3 > || and
la] < N — 3. Then, we have

~Y

E @) K(XC)PR(f)] (p) S 207"

15. THE TOP ORDER ESTIMATE FOR THE METRIC COEFFICIENTS

Recall the basic structure of the evolution equation for the metric coefficients,

0,K%h) = —[K® H"3,0,]h+ K*F — K*S|[f]
+ Y Cy (—IK® H"9,0,]h+ K°F — KPS[f]),
181<le]

where F' = F(h,0h) denotes non-linearities depending only on h and where the
Vlasov terms K”S[f] can be written using the commutation formulae of Section
9l

Recall also that the energy estimates take the form

E[KR(p) < &K R](2) +m® + </;E[Kah](p/)l/anaF‘|L2(H;/)dp,
/ ELK R (") 2, H™ 0,0, Bl 2o, !
*LEW%KVﬂw%wm%ﬂﬂ

© X ([ e 1K F o, i

18I<la

P
*/EW%W%WWKW@@WWWMA
2 14

(15.1) +é%mwwwmwwmmm@)

In this section, we close the energy estimates for K“h when || = N and in
particular improve the top order bootstrap assumption on h.

Let us define SE,(p) as
SEalp):=  sup  [E[KR)(p)] .

p'ER2,p], 18]
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The results of sections [10] [11] and [13] already imply that, for |3] < |a| < N,
MK h](p)] S €/Pp22%,

~Y

P 1/2
[ e R PR Pl yde 5 €60
2

P 1 / /
v S [ e,
B1<lal 72 P

p
[ et e 50,0l def S SE(e) o0
2 P

ey /,3 llg[Kﬂh](p’)dp’.
Bi<lal V2 P

In order to apply the energy estimate for K®h, it thus remains to estimate
|KS||12(m,)- For simplicity, we write KV (respectively K¥~') to denote a differ-
ential operator of the form K* with |a| = N (respectively |a] = N — 1) below.

We start with the case where Z¥ = X ZN~1 with X a translation.

According to the top order commutation formula of Lemma [9.10] each term
in X KNS can be written as T[F], where I are, modulo multiplications by a

function in F, ,, of the form

1 / ~
F=—"__P(C ll+llﬂ"z,17sx,1p X(C l277“Z,2’3X,2K0' (L
where rzo+tsxa < N —2, TZ,1+3X,1+7"Z,2+3X,2+Z2+|7|+|U| < N, and 2q > Iy,
x >, g <N, I <N.

We estimate the above error terms according to the following cases.

(1) Case |y| > N — 5. All quantities apart from Q7(L) can be estimated
pointwise. We then have

FI S o7 IKT(HIE™ ()],

with [7'| = |y|. After integration in v and in L7 , we can estimate the

D"§6—2

contribution of this term by €p , which is integrable for some constant

D".
(2) Case |o] > N — 5. All quantities apart from I?"(f) can then be estimated
pointwise. We then have

IFl S o7l (f)].

The L*-decay estimates for this term are then given by Proposition [17.15]
(3) Case rz1 + sx1 > N — 5. In that case, there is at most one C' coefficient
in P, (C)"rz1sx1 which can not be estimated pointwise. We then have an
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estimate of the form

FI S o114 w) P RY(C)K ()]
After integration in v and and application of the Cauchy-Schwarz inequal-
ity, we estimate its contribution by

1/2

~ ~ 1 1
0 2 o 0 1/2 .

et s (IR @pR ta)

After integration in L%p, we can thus estimate this term by

L = € _
B[+ RCPR ()] (o) 55 S 2720,

where we have used Proposition [7.14. The contribution of this term is
therefore integrable.
(4) Case rz2 + sx2 > N — 5. This case is similar to the above, using again

Proposition [7.14]
We thus have the estimate

X KNS |2,y S ep 320,

using only on the bootstrap assumptions. It follows that this term is integrable,

and we have obtained

Lemma 15.1. For any multi-index || < N — 1 and any translation X, we have

E[XK*h] < epP”.

We then consider the case where KV is of the form Z”" and focus again on the

source term ZVS. In that case, we use the commutator formula for top order
given by lemmas [9.6] and the discussion before Lemma [9.9) According to
these lemmas, the error terms then split into the GT terms, the BT, terms, the
BT<\a|,\a|<|a\ and the BT<|O(‘7|0|:‘O¢|, where

(1) The GT can be estimated as above. In particular, their contribution is
integrable.
(2) The BTj, are given by
1. mC’llKﬁ(C)X(f)L, with |5] = |a| and 2¢ > 14,
2. CKP(XCO)X(f)L, with |8| = |a| — 1,
and where only the terms in 1. ;with ¢ = 0, give borderline terms.
(3) The BT.|q)o|<|a| terms are given by
1

(1 n u)qp1<0)l1+l'1,rz,1,sx,1 PQ(X(C))lz,rz,z,SX,z[?ﬁ(c)[?o<Xf)ny(L),
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where rzo+sx2 < |a|—=1,7z1+sx1+7z2+sxa+ b+ |y|+|6]+]o| < |al,
1Bl < la| =1, and 2¢g > 11, ¢ < |af, vx > 1}, la < |o], |o| < |a| and no C
coefficients in the formula is hit by more than |a| — 1 vector fields.
(4) The BT.|q|o|=|o| terms are of the form
1

(1+u)e
where 2g > [;. Since these terms do not contain any high derivatives on
the C' coefficients, we can estimate them using the improved decay
and these terms are therefore integrable.

CHHR (X)L,

For the BT |4 |s|<|a|, We can estimate them without analysing their structure in
further detail as follows.

Lemma 15.2. The BTy 0|<|a| terms verify
1/2_
1BT <ol jol<toll |22,y S €077
Proof. First, when all indices are sufficiently small, then we have access to point-
wise estimates on all quantities and the resulting terms are integrable in view of
the improved estimates on the C' coefficients and on the metric coefficients.
Now, if
e |y > N — 5. Then we have access to pointwise estimates on each term
apart from Q7(L). Thus, we can estimate the term by

pPKT(X )| |27 (),
where |y/| < |y| and D is some constant. One can then estimate the
resulting terms crudely, using that Z7' (h) can either be estimated pointwise
for |[y'| < N — 2, or otherwise that |27 (h)| < t[0Z27"(h)|, where || =
|7'| — 1, together with
[ Rexnz’m)

v

|27 (h)]

L()O

[t IRe (e

L2(Hy) L2(H,)

N

epP 0172 (t‘lZV'(h))

L2(H)p)

AN

/7
EpDé 2

YAR() ‘

L2(Hp)
< 63/2p
e The P(C) term contains Y?(C),|3| > N — 5. For any C coefficient that

can be estimated pointwise, we use ([14.5)), so that we can estimate the

Dé§—2

error term as

PP YR (O Ke (X f)],
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with |o] < 5. By Cauchy-Schwarz and the Klainerman-Sobolev inequality,

| [eweengm e, ,

S EPpT (L u) YO IR (X)) (p)

—1+Del/2?
< ep .

e The P5(C) term contains Y?(XC),|3| > N — 4. This can be estimated
similarly to the above, except that we can use the improved estimated to
bound all the other C' coefficients, so that this term is integrable.

e |o| > N —5. In this case, all the C' coefficients can be estimated pointwise
using the improved estimates. Applying the L?-decay estimates for the
Vlasov field, the contribution of this term is then integrable.

g

Thus, we are left with estimating the BT|, terms with ¢ = 0, i.e. we need to
estimate the L*-norm of [ IKN=1(C) - X(f)u®|dv. We proceed as follows. First,

1/2
o p 1
[ we e ([ IR epxmbe)

using the improved decay estimates for the velocity averages of X(f).

~

ENHO) - X (f)uw”

This gives

< ARE[ RN C)PIX ()2

15.2
52 "

JE o)X

Ly
P
To estimate the right-hand side of this equation, we prove below

Lemma 15.3.

E[ENHO)PX(N)](p) S ep sup E[ZN(R)(p)] +ep TP,

p'€[2,p0]

for some universal constant D > 0.

Before proving the above lemma, let us show how it implies the improved esti-
mate at top order.

Combined with the inequality (15.2) (and va + b < v/a + Vb, for a,b > 0), the
lemma implies that

Combined with the energy estimate (15.1]) for Z¥(h), we obtain

€

S Si-Da” +ep! sup E[ZN(h) ()],

p'E[2,p]

/[A(N_l(C) - X (fHudv

v

L2
Hp
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EZVM)(p) < 2pP (” sup s[zN<h><p'>1”2>

p'E€[2,p]

T+ osup EZY (W) / ") EZN () ()]

P'E[2,p] 2

This implies that

1/2 P — , ,
sup E[ZN(h)(p)]'? S e2p" +/ e(p™") sup E[ZN(h)(p)]2dp,
2

p'E[2,p] p'€[2,p]

and hence, by Gronwall’s lemma,

11¢1/2
sup E[ZV(h)(p)]'/? S 2pP"
p'E[2,p]

for some universal constant D” > 0, which improves the bootstrap assumptions
for ZN(h).

It remains to prove Lemma [15.3]

Proof. Let 8 be a multi-index with |3| = N — 1. We consider the energy estimate
[£.23) for | KP(C)|2X (f). The initial data at p = 2 verify (see Remark [7.12)

B |IRY(C)PX ()] 2) <.

We compute

T, (IKVOFPX () = 21, (K7(0)) - RAC)X(f) + KA (C)PT, (X (F)
= 2[1,, K)(C) - KY(O)X(f)
+2K7(T,(C)) - K(C) - X (f) + | K*(C)PT,(X(f))
= H1+ H2+ H3,

where
H1 = 2[T, K?)(C)- K*(C)X(f),
H2 = 2K°(T,(C))- K°(C)- X(f),
H3 = |KP(C)PT,(X(f))

For H3, we use that, in view of the improved decay estimates for the metric

coefficients and the C' coefficients, we have

IT,(X ()] < ep Do)V (f) <wo£ Lt mb) |

t pwd
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Since moreover, it follows from Proposition that
E((1+u)  RACPY () < ep™,

we see that the contribution of H3 is almost integrable and can therefore be
discarded, since we can allow any growth less than p.

For H1, we use the higher order commutator formula of lemma [7.1] The main
terms, according to , are then of the form

P(C)er 25 . 9, , K7 (R)K(C) - K°(C) X (f),

where rz + sx +|o[+ [ < B[+ 1, o] < [B], 1 < 7| < |B], 7z +sx <[] =1 and
the number of C coefficients, k satisfies either C'1 or C'2. Recall that in view of
the improved decay for low derivatives of Lemmas [14.9|and [14.11] (and the strong

decay of velocity averages of X (f)), we can neglect here the null structure. As

usual, we consider different cases depending on the range of the indices.

(1) Case |o|] < N — 3. We have access to the improved decay for 0K?(h) of
Proposition [12.3, These terms can therefore by estimated by

/2 1 g Sx ~ ~
N e PON e K(O) RAO)X ()

If now k verifies C'1, using the weak bounds from Proposition [7.14] after
D6+ M§

integration in v and on H,, we can control this error term by ep
ep'tP¢, for § small enough.

Similarly, if k verifies C2, using the weak bounds from Proposition
after integration in v and on H,, we can control this error term by
6,OD5+1/2+M5 < 6'01+D61/2_

(2) Case |o| > N —3, then we have access to pointwise estimates of Proposition
on the C coefficients apart from the K 5(0).
Using, Proposition Proposition this implies that these terms can

be estimated by

/ el/2(pl)M§g[aKJ(h)]l/2_ ‘ dp/
Hy

L2
Hp

/ WO\ R (C)PX(f))dv

v

/ = 1
Se [P BIROPX N
o
< 63/sz’571/2

14+ Del/2
Sep .

The other terms in H1 (the cubic and the frame terms) have similar regularity

and better decay, so their contribution can be estimated again by ep”DEm.
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It thus remains to consider the terms coming from H2. Recall that we can write

schematically,
T,(C) =toZ(h)w,
so that K#(T,(C)) (see Lemma can be written as a sum of terms of the form
w - P(C)*" 259 K" (h),
with the range of indices
ul+rz+sx <1+ 8, rz+sx<|[Bl—1, k<px, p<[B[+1

(1) Case |u| < N. First if k£ > 0, then it follows that ux > 0. In that case, we
can use the extra u decay coming from replacing translations by Z vector
fields, and the resulting terms are then subleading and easily seen to be
integrable. On the other hand, the contribution of the terms with k£ = 0
can be estimated by

/; /H /vt@Kﬂ(h)[A(B(C)X(f)wdvdﬂdep/

1/2

st [ e (RUOPXW) " ()

p =~ 1/2 1/2
s [Te(RHOPX() " ()

2

Since this term is sublinear in £ <]lA(5(C)|2X(f)>, it can then be absorbed
on the left-hand side.

(2) Case |u| = N. Again, we focus only the case where k = 0, since otherwise
the extra u decay coming from puyx > 0 makes these terms subleading.
Thus, we need to estimate the contribution of

D:=w-t-0ZN(h)- KP(C)- X(f).

We proceed as above and after integration, we have
p
[ao [ aun, [aclpl s e |7 ez )PP dp,
P H; v 2

where we have used the Cauchy-Schwarz inequality in v again as above and
the decay estimates for the velocity averages of X (f).
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Let y(p) = E[K?(C)?>X(f)](p). Then, it follows from the above that y verifies the
inequality

p
y(p) < epttP 4/ s%][é’(ZN(h))”z] /2 ()2 2 (o) dp!
p'€l0,p

< €p1+D51/2+€1/2 sup [E(ZN(h))l/z}- sup yl/Q(p)- p1/2
p'€[0,p] p'€[0,p]

Let A = supycio g y2(p), B = /2 supyci y [£(Z7 (1)'/2] 2 amd D = ept+P",

Then, from the above inequality, we have
A* - BA—-D <0,

which implies that
A* < B*+2D,

concluding the proof of the lemma.

To summarize, we have proven

Proposition 15.4. Let o be a multi-index with |« < N. Then, we have the
improved energy estimate
8N(h’) S EpD61/27

for some sufficiently large universal constant D.

This ends the proof of the improved estimates (3.1) and hence of the proof of
Theorem [L.1]

16. KLAINERMAN-SOBOLEV ESTIMATES FOR THE VLASOV FIELD

We have the following decay estimates for velocity averages of Vlasov fields.

Lemma 16.1. For any k := k(t,z,v),
1 (6%
[t 0de 5 5 Y Bk )0
v || <3

where p3 = p3 (||0C]] oo w |V Clloo, v H|Clloo, u H|CII%) is a polynomial of third
order and by C' we denote any of the correction coefficients.
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Proof. We follow the analogous proof contained in [FJS17], Section 11, until the
estimate of the following integral

/ ZIA10 &+t a2, o, v)do

v

_ /(z F By, + COX)|F1(0, 2 + tyt, 2%, 5, v)d
(16.1) - /(woﬁu1 + C*X, + C°0)|f|(°, 2* + ty', 2, 2°, v)dv
_ / Y100 + ', 2, o, v)do

— /(wO@v1 +C*X, + C%9)| f|(°, 2' + ty', 2, 2°, v)dv

The first term on the right-hand side of the last line only contains Y derivative of
f and therefore has the right structure. We discuss the remaining terms.
The term

(16.2) /”u)08m|f|(yo,x1 +tyt, 2%, 2, v)dv

can be integrated by parts and directly estimated.

We now consider the two last terms on the right-hand side of ((16.1).
For clarity, we only the discuss the term [ C°0,|f|(y°, z' +ty', 2%, 2*,v)dv, since
the other ones can be treated similarly. We compute

/ COOLf1(0, " + by, a2, v)do
(16.3) _ / (COF )0, 2t + ty', 2, 2%, v)dv

- / GO, 2 + b2, v)d

The second term yields a term that can be directly estimated and we continue
with the first term. Writing 0; in terms of the Z vector fields, we have

/at(corfb(yo,:cl Tty 0%, 2%, v)dv

= [ 2N+
(16.4)
= /(u)_laa(za + [vav]a + OgXﬁ)(COUD(yO, z! + tyl,x27x3, v)dv

- /(u)_laa([v@z]a +CIXs)(COf) (Y, 2" + ty',2?, 2%, v)dv
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The first line yields terms with integrands of the form

(16.5) u ta®Y,(CO)|f| and u™ta*COY,|f|.

After integration by parts in the corresponding v-variable, the first term in the
second line yields a term with an intgrand of the form

a*C)f].

1Y

(16.6) Ut s

The last term from the second line yields a term with the integrand

L C°C8
Xl f]-

If we repeat the procedure above for the two remaining variables we obtain

(16.7) a

u

similar terms with at most two additional factors in the integrands, which are of
the types above. In total, all factors can be estimated by cubic terms with factors
of the form

(16.8) 10Cloe,  u Y Clloo,  w[|Clloe and w™H[|CS.

These are precisely the terms as claimed by the lemma. O

As a consequence, we have

Proposition 16.2. Assume the bootstrap assumption[3.4 holds. Let S,,[f] denotes
the components of the tensor field S[f]. For any |a] < N — 3, we have, for any
(t,x) e KN{p > 2},
o 1
K S, ]l (02) S ™ %

Proof. We use the commutator formula of Lemmal[9.5] We must therefore estimate

each term of the form 7.,gF, where F'is given by

1
(14 u)?

where rzo+sx2 < |a| =1, rz14+sx1+7rz2+sx2+l+|v|+]8] < |a| and ¢ > 204,
q < laf, yx =1, b < al.

P, (O)ll+l/1,7"z,1,sx,1 P, (X(C))lzﬂ"z,zﬁxg [?,3 (f)Q’Y(L)

Note that since |a] < N — 3, we have access to pointwise estimates on each of
the above C' coefficients as well as on QQ?(L). For this, we recall that

e Any K°X(C) coming from P, only gives p°” growth

e Any K?(C) coming from P, only gives p?Pu!/?

sated either by the factor of ﬁ or by the extra u decay coming from

Q)7 (L) depending on the value of yx.

growth, which is compen-
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It follows that we can estimate pointwise each of the F term by p*?|KA(f)| and
the result then follows from the application of the Klainerman-Sobolev inequalities
and the energy estimates for f. O

17. L? ESTIMATES FOR THE TRANSPORT EQUATION

The proof of L?-decay estimates for the transport equation is based on the
strategy already developed in |FJS15; [FJS17].
Thus, following [FJS15; [FJS17], we
e first summarize the set of commutators in a system of equations
e and then exploit the form of the system to obtain a representation of the

solutions from which L2-estimates can be derived.

Let k be a constant such
(171) MN5 = R,

for some constant My depending on the maximal number of derivatives that will
be fixed later in this section.

Define the vector F" = (F_ ., p) whose elements are of the form

(172> Fh rp — p—/@(ryﬁt—i—ay’at)—kn(l + u>_k/2Pk’rZ’SX (C)l/(\'oef’

a,SX,T7Z,

where ayp, and ry, count the number of fields Y and 0, in the multi-index o and
acting on the C' coefficient, and where the indices verify the condition

(17.3) rz+sx+]af <N, rz+sx <N-1, ke{0,1}

and the index Pin F?, . p
Remark 17.1. The prefactor in the definition of F™ in terms of p=* and (14u)~"/?

factors is chosen to compensate the growth coming from commutators of Y or Oy

labels the different combinations for P*z:5x ().

fields or the C coefficients and to assure an evolution equation for F" similarly to
the cases treated in (F.JS15;|F.JS17].

The main result of this section is the following L?-estimate for F".

Proposition 17.2. There exists a constant M), depending solely on the number
of deriwatives N of f such that

t 2 :
(17.4) / - (/]Fh]wodv) dpm, S €2 MN‘Sp*”.
H, p v

Remark 17.3. Note that for an element F}! ., p such that |a| < N =3, we can
use the Klainerman-Sobolev estimates together with the Cauchy-Schwarz inequality
in v to obtain a decay estimate similar to the one of the proposition. Thus, the
aim of the proposition is to estimate the elements of F" for which |a| > N — 3.
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The proof of Proposition[17.2]is divided into a derivation of a system of evolution
equations for F" and a subsequent proof of L2-estimates based on that system.

17.1. System of evolution equations. We define the vector F! containing the
lower order derivatives of f as being the vector whose elements are given by

(17.5) K®f with |o| < N — 3.

Then F" fulfills an equation of the following form.

Lemma 17.4. There exist matrices A, B and I such that
(17.6) T,F" + AF" + 1F" = BF',
where the matrices satisfy

[ ]
(7.7) Al S Vewrp™!

and such that for any sufficiently reqular distribution function k,

(17.8) / /’Aijk‘dvdUHp S \/Epl/ Xn([k])dpes,
Hy, Jv

H,
)

(17.9) B| < max (v, t/p) T,

for some U with
(17.10) 19200, S 0™

for some constant D.

e The matriz 1 is diagonal and the diagonal terms are either zero,
i

| p
—Iﬁw?, 5(1 + u)*l(wo — wzx?) or k(rygs, + ay,at)w_7

where the constants ryg,, ays, are the corresponding exponents in F™".

Remark 17.5. An immediate consequence of this lemma is the fact that F' satis-
fies a similar equation as F"; the only difference is the fact that all the derivatives
of h can now be estimated pointwise. In other terms, the equation satisfied by F'
has no source term. Furthermore, there is no matrixz 1 appearing in the equation
since the components of F' are not rescaled. In particular, there exists a matriz
A, satisfying the same properties as A above, such that:

(17.11) T,F'+ AF' =0.
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Proof. The proof relies on revisiting the corresponding formulae of Section |7| where
the L'-estimates are proven.

First, we compute the action of the operator T, onto the components of F"
Tg <(1 + u)_k/Qp_H(TYi}t+aY»5t)_kHPk’rz7SX (C)}?a_f) _

( ) Tg ((1 + u)—k/Q) <p—m(ry,at+ay,at)—knPk,rz,sX (O)}?af>

( ) _|_(1 + u)fk/ZTg (pfn(ry,aﬂray,at)fkn) Pk,rz,sx (C)[?af

(1714) +(1 + u)—k‘/Qp—/f('r‘y’at-‘rOéY,at))—kaiTg (Pk‘,’fz,SX (C)) Kaf

( ) +(1+ u)*k/Qp*Fv(Ty,at+ay,6t)*kﬁpk,rz,5x (C) |:Tg7 [?a] 3

We discuss in the following the four terms on the right-hand side above and eval-
uate their contribution to the different terms, AF", IF" and BF', respectively.

Recall that, from Lemma the following identity holds,

i

A + Euu
||

T,(1+u)=w’—w
where F, satisfies

2 1/2 1/2,,,0
|E |<|'LU |p6/2 1/21+u ’Qa’ £p6/2€1/2(1+u) €w

572 | p t t

and )
1

T
w® —w;— > 0.
7]
The latter term generates a first term originating from (17.12]), which is

k i ~
i (10 ) g4 (e b ples 0)fe)
:

and which contributes to the IF” term. The other term can be estimated by

k
—5(1+u)™

Eu(l + u)fk/Z <p*N(TY,8t+aY,6t)*kﬂpkﬂ"msx (C)[?af) ’ )

In the latter term, the first factor contributes to the matrix A, since

8/2,1/2 1 4 el |Ua| tpg/g 1/2(1+u) 1/2 . e'/2°
t3/2 " Jwo| p t 1+ u)t

w tp6/2 1/2 1 +p6/2 1/2 (1 +u) 1/2 61/211)0
P £3/2 t 1+ )t
—1

(I+w) B S Jwolp

N

N

wlp



STABILITY OF THE MINKOWSKI SPACE FOR THE EINSTEIN-VLASOV SYSTEM 124

This finishes the discussion of the first term. The second term, , can be
handled accordingly using
_ _Uagaoxo - Uagabﬁb
p
v H* 2
-
Using the previous decomposition to evaluate

(17.16)

:wp

T, (ot 500 4% = —(s{ryg, + aya,) + k)™ Ty (p) (o a0 i)

we obtain the first term from ((17.13))

P ~
~ (v, + vo) ) S (14 u) 42 sovactova) s phrsex ()R )

which directly contributes to the term IF". The term arising from the second term

in (|17.16]) can be bounded by

1 |vaH* ~
(TYﬁt + aKﬁt) + kﬁ); % ‘(1 + u)*k/Qp*“(TYﬁt*O‘Yﬁt)*k'ﬂpk:’"zvsx(C)Kaf :
where we estimate analogously to (|4.14])
af
Vo™ 25 < Lgvp_
P’ p

Hence the corresponding term contributes to the term AF". We proceed with
the evaluation of the third term (17.14). We expand the action of T, in the
corresponding case k = 1 by

T, (P"#°%(0)) = T,(K*C)

(17.17) ~ ~
= [Tm K*C + K“(TQC),

where p denotes the corresponding multi-index. This yields two different types of
terms, which we discuss separately, beginning with the first type. This type is a
sum of terms of the form

(17.18) T, K*|C' =) K" [T, K|K*"C

v1,vo

for suitable pairs of multi-indices 1, 5. The number of different types of fields X,
0; and Y appearing on the RHS can change from the multi-index g only through
the commutator [Tg,f? |. Here it is important to distinguish the three different
cases K = X ,0p or Y and keep track of the corresponding weights in p. The total
term to estimate, which arises from the previous type of terms, is a sum of terms
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of the form
(17.19) (14 ) 2 evasana) s (S Rapr, RIR=C) Rey.

In the case K = X;, we conclude from the analysis of the higher order commutators
that the resulting term can be written as a sum of terms of the form
(17.20) (14 u) Y2y v tave)—hn (Mwaml(ﬁ(h)fﬁc> Kef
(I+u)k

and terms with stronger decay for one of the factors, which we ignore. Note that,
the commutation with X may generate one extra Y or 0, field which then, if in the
following K7C is estimated in energy, does not have the appropriate p=" factor
to be consistent with the definition of F". However, we recall that the coefficient
resulting from the commutator has the null condition and the resulting additional
decay in the coefficent can be used to multiply and divide by p™" as & is still small
w.r.t. 1/2, which is the extra p-decay from the null structure. In particular, in
both cases, when f or h is estimated in energy, the coefficient contains enough
decay to fulfill the conditions for A or B, which follows as in the L'-case before
(see the proof of Proposition [7.8| and following).

For the analysis of both other cases K =8, or Y the factor p~ Y8 is important.
This can be seen as follows. The corresponding terms to estimate then contain in
particular a term where the Y or 0, field generates an X; field, however, with a

coefficient that does not have the null structure. These terms are of the form

(17.21)
P C l::fz,gx e e
(1+ u)—1/2p—f-€(7“y,atJrozs/,at—1)p—f$ Lu@m[(ﬁ(h} [Ky_lX]C' K“f.
(1+u)*
We emphasize here that due to the reduction of the number of non-X; fields
acting on C' by one, we can separate a p~* factor, which then, using the relation

(17.22) k= My > D§

where D denotes the constant bounding all constants from the small § growth of
the terms, can be used to absorb all those small p”°-factors and yields the bounds
as claimed.

The next term to discuss results from K Y(T,C), which generates the source term
of the evolution equation for C. However, then the (1 4 u)~!/2p=** factor is used
to improve the decay of that source term, which then provides the required p—*
decay without loss. This is shown analogously to the corresponding section on the
estimates of the C' coefficients (see Proposition [8.4)).
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Finally, the last term, where the commutator [T}, K “] acts on f can be analyzed
similarly. If from this commutator a term including C' arises with a high number
of derivatives then this term will be interpreted as contributing to the term AF™.
In particular the weights that come with a C term in the definition of need to
be generated. This can be seen to work following the analysis as for instance in

Proposition [7.13] O

17.2. Generic L2-estimates. This section is devoted to the proof of L2-estimates
for F. The equation satisfied by F" is a linear inhomogeneous transport equation.
The first step is to perform a decomposition between the homogeneous part and
the inhomogeneous part. For the inhomogeneous part, we follow the strategy of
[FJS15]. To treat the homogeneous part in [FJS15], we simply performed three
more commutations and use the Klainerman-Sobolev. However this is no longer
possible in the current case since differentiating three more times the correction
terms Y*C' (for |a] > N — 4) is not possible and these terms naturally appears
even in the homogeneous part. Hence, we also perform a decomposition of the
initial data for the homogeneous part between regular and less regular terms.
We now prove

Lemma 17.6. Let F" : P — RY be a solution to the Cauchy problem

T,F" + (A +I)F" = BF', with Ex134[f](p=2) S e

and where the matrices A, B and I satisfy the same properties as in Lemma|17.4).
Then, there ezists a constant My, such that

2
/ /
/ - </|Fh|w°dv> dprr,y S EpMN0p72,
H, p v

Proof. We have already proven that the vector F" satisfies the inhomogeneous
equation
T,F"+ (A +I)F" =BF".
We start by performing the decomposition
F" = Fy + F; with
e the homogeneous part of the equation satisfying
TgFO + AFO = (0 with Fb‘H2 = Fh’HQ;
e and the inhomogeneous equation

T,F; + AF, = BF' — IF" with F|g, = 0.
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To deal with the homogeneous equation, we need to perform another decomposi-
tion of the initial data. We need to distinguish between the initial data that allow
for three more commutations, and those who cannot. Recall here the definition of

the vector F" whose coefficients are
Fh — p_H(TY,at'i'aYvat)p_kH(]_ + u)—k/QPk,'rZ,sX (O)kaf

When r; + sx > N — 4, it is not possible to differentiate these terms three more
times. Consider now the case when r; + s; < N — 4. Then, by definition, all the
coefficients in front of K f can be estimated pointwise, and can be differentiated
three more times. Since 7z + sz < N —4, then |«| can (possibly) take values up to
N. Hence, the term Ke f may also contain high derivatives of the C' coefficients,
since K = Z + C.X. In the following lemma, we expand the expression of Ke f
to identify within these terms the derivatives of C' which cannot be estimated
pointwise. Recall that the value of the derivatives of C' on H, can be computed

explicitly in terms of the data for h, see Remark [7.12]

Lemma 17.7. The term [A(‘“f can be written as
P (02 f
where
(17.23) ry+ sy + | < la|, 48y <l|a]-1, K <|al.

Proof. The proof of this fact is a straightforward application of the Leibniz rule.
0

Hence, altogether, the restriction of F* to the initial hyperboloid H, is of the
form:

(17.24) wop_”(ryvat"’axat)p_k”(l + u)—k/ZPk+k’,Tz+r’Z,sx+s’X (C) Za/f,

where the conditions ((17.3)) and (17.23]) are satisfied.
Using Lemma , we perform a decomposition of the initial data of F"|y,. Let
Fo51 be the solution of the equation

(1725) TgF(]1 + AF01 - O,
where the initial data are taken to be
F01|H2 _ pfli(Tyyat%*ay’at)p*kli(l + u)*k/ZPIH»k/’rZJrr’Z,sXJrS’X(C)Za/f|H2’

with the conditions (17.3)) and (17.23) and rz + 1% + sx + s’y < N — 4, that is to
say that Fy; contains the terms that can be differentiated three times more. We
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define Fys to be the solution to
(17.26) TyFoe + AFp =0
where the initial data are taken to
F02’H2 _ p—ﬁ(ry,aﬁay,at)p—kn(l 4 u)—k/2pk+k’,rz+r’z,sx+s/x(C)Za/.ﬂHQ’

with the conditions and (17.23), and either ry + 71}, + sx + sy > N —4, that
is to say when one cannot differentiate C' three times more.

We notice that, since we control initially 3 derivatives more in energy for the
distribution function f, and since A contains at most N — 3 derivatives of the
metric, it is possible to commute again 3 more times Equation and obtained
pointwise estimates for Fy;. This argument has been presented already in our
previous works and we consequently do not present it here again (see [FJS15, p.
56] and |[FJS17, Lemma 9.4]). Hence, Fy satisfies the required pointwise estimates.
Since it will be useful for the following, we actually prove that (w°)?F, satisfies

pointwise estimates

Lemma 17.8. The solution to the equation
T,(w°)
T, (w®)?* Foy) + (A — ng—OId) (w°)2Fy =0
FOl’HQ _ p_H(TY,at"_O‘Ya@t)p_kﬁ(l + u)_k/QPk+k/7TZ+TIZvSX+5/)( (O)Za/f|H2,
with the conditions (17.3) and (17.23)), and rz + rly + sx + sy < N — 4 and
la| < N — 3, satisfies the pointwise estimates:

[P PiFulutdo < o,

v

where D is a constant. As a consequence, the following L?-estimates holds:

2
t
/ _ (/‘(UJO)ZF()l’U)OdU) dlqu 5 €2p25t73.
H, P v

Proof. The proof of this fact relies solely on commuting three times, and exploiting
the estimates on T,(w”) of Lemma 15.1. O

We consider now Fyy, for which the previous method cannot be applied. We
perform a representation of the solution as follows. Let us consider the solution
Fyo to the equation

TyFoo + AFy = 0.

where the initial data are

F02|H2 — pf’{(TYVBthO‘Y,@t)p*k”(l + u)fk/QPk+k’7rz+T"Z,8x+S/X(C)Za/f’H27
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with the conditions ((17.3) and (17.23)), and either vz + 1, + sx + s’y > N —4 or
la| > N — 3.

Let GGy be the solution to

Tg (Gg) + AG2 - 0,
with data G2|H2 = Za/f|H2.

Note that we can differentiate G5 three more times, and hence prove decay
estimates via Klainerman-Sobolev inequality for Gj.
Let K5 be the solution to

Tg(KQ) + KQA - AKQ = O,
with data, p_“(rYﬁt"'aYﬁt)p_k’{(l 4 u)_k/2pk+k',TZ+T/Z’SX+5,X (C)

Then, by uniqueness of the Cauchy problem, we have
Fop = KaGo.

Then, we use the usual manipulation, based on the Cauchy-Schwarz inequality:

2
/H( |K2G2|w0dv> dpm, < /H (/|K§G2]w0dv/|G2|w0dv) dpv,.

Since the first term is bounded in L!, and the second decays strongly by the
Klainerman-Sobolev estimates, we obtain, for Fy, the following lemma.

Lemma 17.9. There exists a constant My such that
' 2
/ - (/ |F02|w0dv) dpm, S e2pMnd =3,
H, P v

Moreover, we can repeat the above analysis and add w® weights, so that, we
also have

Lemma 17.10. There ezists a constant My such that

2
t rs
/ — (/(w0)2|F02|w0dv) d[LHp 5 EszN(Sp 3
H, P v

2
t /
/ : ( / <w°>2|Fo\w°dv) diin, S EpMi0p3.
H, v

Consider now the inhomogeneous equation

and thus

T,F; + AF, = BF' — IF" with F|g, = 0.
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In this equation, we can still perform the decomposition F* = F,+ F; in the source
term so that the equation becomes:

T,F; + (A +I)F, = BF' — IF, with F,|g, = 0.

Remark 17.11. We need in what follows to exploit the positivity of the matrix
I. This positivity can nonetheless be exploited only when F; is positive. We need
to consider to establish the estimates the vector made out of the modulus of the
components of F;, which satisfies an equation having the same characteristics as F;.
Hence, to avoid introducing new notations, we will still write F; below instead of

“the matriz whose components are given by the absolute values of the components

of F;”.

It is necessary to perform a second decomposition. Define F; and F5 as the
solutions to

(17.27a) T,F, + (A +1)F, = BF' with Fy|g, =0
and

To deal with Fj, we follow the strategy already used in our previous work to
prove the L?-estimates; the following lemma is a variation of [FJS17, Section 4.5.7].

Lemma 17.12. Let Fy : P — R be a solution to the Cauchy problem
T,Fy + (A +1)F, = BF' with Fy|g, =0,

and where the matrices A, B and 1 satisfy the same properties as in Lemma|17.4).

There exists a constant My, depending on N such that

2
/
/ = ( / \Fllwodv) dpn, S EpM0p~?
H, P v

Proof. In the absence of the matrix I, this proposition has been proved in [FJS17,
Section 4.5.7], and exploited to proved the L%-estimates in that situation. The
only difference with respect to [FJS17, Section 4.5.7] is the matrix I. Since all
the elements of F) are non negative, and since I is bounded, positive, diagonal,
and appears solely in the potential of the equations satisfied by F'* and F', all the
estimates derived in [FJS17, Section 4.5.7] remain valid in this situation. O

We finally consider the solution F, to Equation ((17.27al). This part is new with
respect to our previous work, but to deal with it, we follow the same strategy of
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representation. Let K be the solution to the equation

T,K + (A + DK - K (A 20, (w )Id>

w?

1
~ (w0)?
An immediate algebraic manipulation provides, by uniqueness of solutions of the
Cauchy problem,
Fy, = K(uw’)*F,.

We know already that (w”)?Fy satisfies the pointwise estimates:
/| V2| wldv < epPot=3,

for some constant D. It is then sufficient to check that the matrix K has bounded

components.

Lemma 17.13. The solution K to the equation

=0

TgK+(A+I)K—K(A QTuS )Id)

1
~ (u0)?
satisfies:

K| S pMVe

for some constant M.

Proof. The proof of this fact relies on the use of the representation formula for
solution to the transport equation, and exploit the diagonal form of I as well as
the positivity of the components of I. The components of K satisfies the equation:

Q(Kab) == Z ((Aac + Ig)ch) - (wlo)glg

Hence, |K,°| satisfies

Kb 1 Kb
b _ c b a b a
(17.28) T,(|K.") = §:<A IR b|) T

K, 1 K,
17.29 = — § SKLP—2 ) = I°|IKP - il
( ) < e "!) ol (wO)2 Kb

since I is diagonal. Using the representation formula, since K has trivial initial

data, one obtains

P11 Kb 1 Kb
by _ 1 cpr b rbype b b
li= <Z< ALK ) I >2Ia|f<b|>d5

C
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Since I contains solely non-negative components, one obtains:

1 Kb 1 Kb
b < L0 e b b
AL /(( S () - <w°>21“|f<b|)>ds

c

Al 1
/|ﬂ|' I oy ™

Using the assumption of Lemma [17.6] one obtains:

PP K| 1 1
K </ — (V= + : )ds.
KI= 2 VP <\/_3 (W) 14+Vs2+r2—r

We estimate the last integral by

. 1 Pwl s t(s)
' ds< | 55— g ds S log(p).
/2 (W2 14242 —7r —/2 W H(s) s < log(p)

Recall that (w?)™' < 2pt~'w” (see Lemma 6.2 in |[FJS17]). Finally, applying
Gronwall’s lemma, one obtains

K| < log(p)p™Ve < pMVe,
where M is a constant that is changing from a line to the other. U
Hence, exploiting the pointwise estimates for Fjy, we obtain immediately:

Lemma 17.14. F, satisfies the L* estimates: there exists a constant M3, depend-
g on N such that

2
t
/ - (/!lewodv) dpn, S EpMV0p7,
H, P v

The proof of the L?-estimates is obtained by combining the previous Lemmas

7.8, [[7.10, [[7.12 and [T7.14] O

As a consequence, we have

Proposition 17.15. Let S,,[f] denotes the components of the tensor field S[f].
For any |a| < N — 1, there exists a constant Dy such that

t ? 2,0DN6
/ —( / \Kasw[fndv) dum, <
pr v p

Proof. We use the commutator formula of Lemma (9.5, Recall as well that the

term (Q7(L) can always be evaluated by the corresponding metric components, see

LemmalJ.1] We must therefore estimate each term of the form Tog[F], where F is
given by
1

Ty RO s P () s RO (NQ(L)
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where rzo+sx2 < |a|—1,rz14+sx1+rz2+sx2+l+|v|+]8] < |a] and 2¢ > 1,
q <lal,yx =1, <|al.
We consider first the case when we have access to pointwise estimates on each
of the above C coefficients as well as on Q7(L),
For this, we recall that
e any K°X(C) coming from P, only gives p°? growth;
e any K?(C) coming from P, only gives p*”u!'/? growth, which is compen-
sated either by the factor of m or by the extra u decay coming from

()" (L) depending on the value of 7.

It follows that we can estimate pointwise each of the F term by p*?|K?(f)| and the
result then follows from the application of the above L%-estimates (with k& = 0).

The second case we need to consider the cases when either K°C (for |3] > N —4)
or KA f (for | 3] > N —3) cannot be estimated pointwise. In that situation |y| < 4,
and Q7(L) can be estimated pointwise. Applying the L?-estimates of Proposition
17.2] we obtain the result.

If there is one K?(C) coefficient coming from P, which cannot be estimated
pointwise (for || > N — 3). In this situation Q7(L) (with |y| < 4) can be
estimated pointwise, and we proceed similarly, as before, noticing that Proposition
17.2| allows for up to one C to be absorbed in the L?-estimates.

If there is only K?(X(C)) coefficient from P, which cannot be estimated point-
wise, we proceed similarly as previously, relying on Proposition [17.2]

Finally, if Q7(L) cannot be estimate pointwise (that is to say when |y| > N — 2,
by Lemma , then we have that

rz1+Sx1+7rz2 +sxo+ b+ |y + |8 <2

Hence, all other terms can be estimated pointwise, and by the means of the
Klainerman-Sobolev estimates for f (see Section [L€]), one obtains there exists a
constant K such that
1
(14 u)4
e (L )| (1 ) Q7 (L),

P1<C)l1+l’1,rz,1,8x,1 PQ(X(C))Z%TZQ,SXJ[?ﬁ(f)@’Y(L)

from which the L2-estimates follow. O

APPENDIX A. DECOMPOSITION OF THE TRANSLATIONS

First, we recall the basic formula
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Since 0, = 0, — %i(()t, and 0, = %, it will be sufficient to only consider the decom-
position of the time translation. In view of the formula for 0;, we automatically
have

1
ok < 7 IR (B)]

le|<1

@ = Z GQ%KQ,

o<1

In fact, we have

with a, € F, (homogeneous of degree 0). Since the function w is not regular at
|z| = 0, let @ be defined as follows.

oo () (1 ()

where 0 < x < 1 is a smooth cut-off function with x(y) = 1 for y < 1/2 and
X(y) =0 for y > 1/2. We then have easily

g,
at:: frf(a,
|| <1

and moreover, since (t,z) — x (Ef—f) belongs to F,, the above formula can be

commuted with K? and further translations gain additional @ decay.

Remark A.1. In the paper, for simplicity, we have written our decay in terms of
u instead of u.
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