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Supplemental Information:
Light-Matter Response in Non-Relativistic Quantum

Electrodynamics

S1 Current state of the art for spectroscopy: semi-
classical description

To highlight the many differences of the presented framework to the standard linear-response
approach we give here a brief recapitulation of the standard (matter-only) theory. The cur-
rent theoretical description of linear spectroscopic techniques is built on the semi-classical
approximation.®!' Herein, the many-particle electronic system is treated quantum mechan-
ically while the nuclei are subject to the Born-Oppenheimer approximation and the elec-
tromagnetic field appears as an external perturbation. As an external perturbation, the
electromagnetic field probes the quantum system, but is not a dynamical variable of the
complete system. To arrive at the semi-classical description starting from the full non-

S

relativistic description of the Pauli-Fierz Hamiltonian,®? several approximations are used to

simplify the problem. In the following, we list these approximations explicitly

e The mean-field approximation renders the Pauli-Fierz Hamiltonian as a problem of
two coupled equations, i.e. the time-dependent Pauli equation and the inhomogeneous

Maxwell’s equations, and is also know as the Maxwell-Pauli equation.>3

e The decoupling of these Maxwell-Pauli equations leads to the inhomogeneous Maxwell’s
equation becoming independent of the electronic system and all field effects are treated

as a classical external field that perturbs the many-electron system.

e The dipole approximation, which ensures the uniformity of the external (decoupled)

field over the extend of the electronic system.
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Based on these approximations the Pauli-Fierz Hamiltonian®% reduces to the time-dependent

semi-classical Hamiltonian for many-particle systems given as

N 9 N

H.(t) = Z ( 27Zn S+ v(rmﬁ)) 4 ° Z 1 7 (S1)

47'['60 i~y |I'i — I'j|

=1

including the kinetic energy, time-dependent external potential and the longitudinal Coulomb
interaction. The time-dependent external potential has two parts v(r,t) = vo(r) + dv(r, ).
Here, wvo(r) describes the attractive part of the external potential due to the nuclei and
dv(r,t) =er - E | (t) with E | (t) being a classical external (transversal) probe field in dipole
approximation that couples to the electronic subsystem. In this decoupling limit of light
and matter, the many-particle wavefunction is labeled only by the particle coordinate and
spin as ¥(ry0q,...,ryoy). In the dipole approximation we can investigate dipole-related
spectroscopic observables such as polarizabiltiy, absorption and emission spectra, etc from
linear to all orders in the external perturbation. Consider the particular case of a response of
an electronic system to an external weak probe field. In the dipole limit a key observable in
the study of electronic and optical excitations in large many-particle systems is the electron
density. Formulated within linear-response, the density response to an external perturbation

is given as:>*

Sn(rt) = — - / v / dr' (W [ivy (xt), or (1'8)] [ W)
:/ dt’/dr Xo(rt, 't ou(r't'). (S2)

Here, x"(rt, r't') is the density-density function with respect to the ground-state Uy (ry071, ..., txopN).
Practical calculations for the response of a many-electron system is a considerable challenge
due to the large degrees of freedom. In practice, time-dependent density functional the-
ory (TDDFT)®*¢ is one of the most frequently applied theories to approach this problem.

Knowing the electron density in TDDFT we can in principle calculate all observables of
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interest. Formulated within TDDFT linear-response, the density-density response function
of the interacting system can be expressed in terms of non-interacting the density-density
response function and an exchange-correlation (xc) kernel that has a form of a Dyson-type

equation:>7

Xo(rt, x't") = XZ,S(rt,r't') + // dxdr // dT’dyXZS(I't,XT)fHXC(XT, vy )Xy, r't"), (S3)

- (x™)~". One of the most widely employed approaches to

where X o and fiye = (Xz,s)
TDDEFT linear-response is the Casida formalism which can be written in a compact matrix
form. The Casida equation obtains the exact excitation energies (2, of the many-particle
system and requires all occupied and unoccupied Kohn-Sham orbitals and energies including

the continuum of states. In practice, the Casida equation is often cast into the following

form
2
UE = Q2E. (S4)
The explicit form of the matrix elements is given as (with ¢ = (i, a))

Uy = Sqqrw? + 21 fqog Ko (), (S5)

Ko n(Qy) = // drdr'p;(r) @, (r) frac(r, v/, Q) op ()@} (x').

The Casida formalism is well established and has been applied to a variety of systems, see

S8:512 a1y references therein.

e.g. Refs.
The many obvious shortcomings of the approximations that lead to the standard Schrodinger

equation are well-known and discussed to some extend in the main part of the paper (for

more details see, e.g., Ref.®¥). We point out that all of the above ubiquitous fundamental

equations are modified and the results based on the introduced generalized equations can

differ strongly, as discussed in Sec. 3 of the main article.
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S2 Linear-response in non-relativistic QED

To help the reader with the unfamiliar generalized linear-response framework for coupled
light-matter systems, we here derive the linear-response equations and the ensuing response
functions presented in Sec. 1. In the non-relativistic setting of QED, the static and dynamical

behavior of the coupled electron-photon systems is given by
H(t) = Hy + Hop(t). (S6)

Where we define the time-independent electron-photon Hamiltonian as

M N M

~ ~ ~ 1 ~2 9 “ Aa 2 ja,O ~
%:zwmﬁﬁgpﬁ%(%jzg)+;%m+;aﬁ“6n
where the kinetic energy operator is T = —% Zf\il Vf, the Coulomb potential is Wee =

42250 Zf\i ; ‘riirjl and the time-dependent external perturbation is given by

A ~ ~

Hext<t) = ‘/ext(t) + Jext(t>- (88>

Here, the time-dependent external potential and current are

Vert(t) =D w(rit),  Jewl(t) =) jaf)qa. (S9)

- w
=1

We now introduce the interaction picture, where a general state vector of the interacting

electron-photon system is given by
(1) = Uy (0¥ (1) = o u (o),

with W(t) as the state vector in the Schrédinger picture. Accordingly, an arbitrary operator
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O can be transformed from the Schrodinger to the interaction picture by

~ A

O1(t) = UL (1)OUy(2). (S10)

In the interaction picture, the evolution of the interacting electron-photon system from an

initial state Wq is described by the following time-dependent Schrédinger equation

L0 ~
Zha\lf](t) = Hewt’[(t)\lf[(t). (Sll)

Through an integration, the above equation can be formally solved to yield

.t
Wi(r) = W~ 1 / 4 Lo 1 (80 (8). (S12)

to

If we only keep the first order, we obtain in the Schrodinger picture a closed solution

. t
U(t) = Up(t) Wy — %Uo(t) / At Hopy 1 ()W, (S13)

to

In our case however, we are not interested in the time evolution of the wave function, but
rather in the response of an observable O to (small) external perturbations. The change in
the expectation value of an arbitrary observable O due to the external perturbation Hext(t)
is given by

5(0(t)) = (¥()|O¥(t)) — (Wo|O|Wo), (S14)

In linear-response theory, we now assume that the external perturbation in Eq. is
sufficiently small such that Eq. (S13) is a good approximation to Eq. (S12)) and that Wq
equals the ground-state of Eq. (S7). Thus, if we evaluate Eq. (S14) with Eq. (S13), we

obtain
7 ~

3(0(t)) = . / dt' (| [O,(t),Hm,,(t')} W), (S15)

to

As a side remark, beyond linear-response solutions can be obtained by higher-order terms in
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Eq. (S12)). Staying within linear response, we can now use Eq. (S15)) to obtain the response

of the electron density to H,y(t) that is given by
i [* A i ! X
nfer) = / i / e (00| [ (x), Ve s8] 10) — 7 / at (ol (1 (xt). o1 ()] 100,
to a to
Simplifying further, the density response reads

Sn(rt) =1 [Ldt’ [ de' (V| [ (xt), i (') [Wo)Su(x't)

— X iy A (ol [r(rt), dus ()] [P0} ja(t)):

The response of the density to the external perturbation (v(rt), j(t)) is

/ dt/drxn (rt,r't") +Z/ dt'x? (xt,t)3ja(t'),

where the response functions are

Xo(rt, v't') = —%@(t — ) (Uy| [As(rt), iy (2't")] | Wo), (S16)
X (08, ) = = 20(¢ — 1) (W) [y (1), o1 (1] | ¥0). (517)

«

Similarly, the response of the photon coordinate gq(t) to Hop(t) is

uult) = [ 0] [0 ®) Vs )] 100) — [ 00] [0, e 0] 1901

to to

Following similar steps as above, the response of the photon coordinate to the external

perturbation (v(rt), j,(t)) is

dqa(t) = / dt’/drxq“(t r't")ov(r —i—Z/ dt'xae, (t,1)dja (1),
to
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where the response functions are

X (8, x't) = —%@(t — )(Wol [ga.r(£), s (r't")] [Wo), (S18)

i (1,1 = =0 = ) (Wol a1 (0) v ()] ¥0). (519)

a/

Alternatively, the response functions of Eqs.— can be obtained using the functional
dependence of the observables on the external pair (v(rt),j.(t)). The wave function of
Eq. (2) in the main manuscript has a functional dependence ¥([v, j,]; t) via the Hamiltonian
Eq. 1} ie, H (t) = H ([v,jal;t). Therefore, through the expectation of electron density
and photon displacement coordinate, both have a functional dependence on the external pair
as n([v, jo);rt) and g, ([v, jal; ), respectively.

Considering the ground-state problem with external potential and current of (vo(r), ju0),
we can perform a functional Taylor expansion of the density n(rt) and photon coordinate

¢ (t) to first-order as

/ ([vo, Ja n([vo, jao; Tt ,
n([v, jal;rt) = n([vo, Jaol; //dr dt’ 0 ]’t?)] —I—Z/dt 0 jt/o )5]a(t),
. / / « U7 « 7t 5 « Ua a t /
qa([v7]a];t) = UO ]a() // rdi q y iy)o + Z/dt q - ] 0] )6ja’(t)'

This reduces to the response of the electron density and photon coordinate given as

sn([v, jo);rt) = //dr’dtxv(rt r't)) +Z/dt (rt, #')0ja(t),

and

0¢a([v, Jal;t) = //dr'dtxvo‘(t r't)ou(r +Z/dt’x§°‘/ (t, )05 (1),
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where we define the response functions of the above relation as

y on([v, jo]; rt)
Xo (vt r't) = — ’ 0
( ) ov(r't’) v0(r) ja0 ( |
(Sn([U;ja]; I't)
X (rtt) = ——= ’ 2
jo T, ) 0Jalt')  Lug)dus o
SRR
. _ 6gal[v,jalit) 22
X'u (ty r t ) (S'U(I'/t/) vo(r),ja 0 7 <S )
, (SQa([Uaja];t)
oy = St (S23)
Ja 0Jar () o) o

These response functions defined in Egs.(S16)-(S19) and Egs.(S20)-(S23|) are equivalent.

The response functions expressed in the so-called Lehmann representation are given by

Xo(r ¥ w) =

1 ) fi)  fiu) fi(x)
B Z [a} — Q:—I— m W+ Qkk—l—m}

. gakz Jo i f5(T)
mzwa [w Q. +1in w—i—Qk—l—z’n}’

L

h

1. Ga i 1 (1) Fi(r)ga
qa (! = —1 7 - ,

1

n

A n—o+
K k

Xg, (T,w) =

1 JokGor k ga’,kgz,k
lim E — — — — >
=0t S~ Wor W — Q4+ w+Q+1in

Xl (w) =

[e

where fi(r) = (Uo|n(r)|Vs) and gor = (Vo|ga|Vk) are the transition matrix elements and
|Wo) is the correlated electron-photon ground state wave function. The excitation energies
O = (E), — Ey)/h of the finite interacting system are the poles of the response functions of
the unperturbed system. As a side remark, if we can choose the wave functions ¥y and ¥y

to be real, we find gox = g, and fi.(r) = fi(r), thus xi(r,w) = waxy, (r,w).

S3 Linear-response within QEDFT

In this section, we present linear-response in QEDFT by employing the maps between in-

teracting and non-interacting system, we express the interacting response functions in terms
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of two non-interacting response functions and exchange correlation kernels. The responses
due to (v(rt), ja(t)) are evaluated at the ground-state (vo(r), jao) and will not be written
explicitly.

The non-interacting subsystems moving in an effective potential and current (vs(rt), j5(¢))

can be written as a time-dependent problem of the Schrédinger

ih%@(t) — Hys(t)®(2). (S24)

Here, ®(¢) is the wave function of the auxiliary non-interacting system and the non-interacting
effective Hamiltonian Hyg(t) = F[I((OS) + ﬁl(fg 2 (t) that is meant to reproduce the exact density

and displacement field, is given explicitly as

. PN 1 /. . R
H = T+ Hy+ (vo(r) + Ve[, Gal: 1‘)) +y ™ (]a,() + 5 el Qa]> Qo

e}
«

and
HE(t) = <v<rt>+vmc<[n,qa];rt>>+Zwia<ja<t>+ja,Mm<[n,an;t>>aa.

Here H, = %Zoj\le (P2 + w2g?] is the oscillator for the photon mode and the mean-field xc

potential and current are defined as

Uaree([ny qal;t) = wvs([n];rt) — v([n, qu]; rt), (S25)

Jamze([1, 4al; t) = Jallgal;t) — Jal[n, qal; t). (526)

In the above definitions of var.e([1, ¢a; tt) and jo arze([1, ¢a]; t), the initial state dependence
of the interacting ¥, and non-interacting ®, system has been dropped. For completeness,
the definition of ju arze([1, ¢a); t) accounts for a functional dependence on g, but this term

can be calculated explicitly since it has no xc part as seen in Eq. (8) of the main manuscript.
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The simplified form of j, arzc is shown in Eq. (6) of the main manuscript.
Through similar steps as in Eqs.(S11)-(S13)), in first-order the solution of the Schrodinger-

Kohn-Sham equation reads

2 (e ex
B(0) = Uicsalt)® — 1 Osolt) | d )W 00100 (527)

to

o~ it/

where UKS,O = Next, the bijective mapping between the interacting and non-

interacting system that yields the same density and photon coordinate is given as

(0(x1). Ga(8)) 4> (A(rD) ga(1)) € (va(rt). j2 (1)), (528)

which can be inverted as (vs([v, jal; 't"), 75 ([v, Jal; t')). The response of the electronic sub-

system due to the perturbations with the external pair (v(rt), j,(t)) is

Sn(rt) = —— / / drdx / / dt'dr’ (B [y (rt), nI(XT)]|<1>O>5“8([” (jff,;”)av(r't')

_ / / dexZ / dt' (o [y (xt), o (x7)] |<1>0>5”5([“ J(‘;})X”(s]a(t').

Where (®g| [2r(rt), ur(T)] |Po) = 0 since both, electronic and photonic subsystems, are
independent in the non-interacting system. From Eq. (S28]), we have (vs([n];rt), 75 ([qa); 1))

such that the above equation becomes

Sn(rt) = / / drdx / / dt'dr’ / / dT/dyXZS(I‘t,XT)évggg]’:;T) 5”(?; (ji)y ™) su (')
+ / / dex; / dt’ / / dT’dyXZS(I't,XT)(SU(;?(%[(Z];_TET> 5n([§j’,j?t],;)y7,)5ja(t’), (S29)

where X} ((rt,x7) = (—i/h)O(t — 7)(Po| [ns(rt), ns(x7T)] o) is the non-interacting density-

density response function. For clarity, the above density response is dn(rt) = on,(rt) +
dn;(rt), where (on,(rt),on;(rt)) is the density response to the external pair (v(rt), ja (%)),

respectively.
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Using Egs.(S25)) and (S26|), we define the mean-field xc kernels as:

dvs([n];rt)  dv([n, qal); rt)

el anlivt, ') = S e (530)
el aolt, ) = ~ 2D (s31)

el lns gl 0) = Lot 532

el ) = PECRED) S ) (533)

where % =0= %. These kernels are the respective inverse of the interacting

and non-interacting response functions.
From Eq. ((S29)), density response to dv(rt) can be written in terms of the density-density

response function given by

!4/ n / n / 6n U? ‘Oé; 7-/
lrnrt) = [[arawexe) [[ aray o, yr) U

/ / drdxy (vt, xT / / a7y 2 q“],)XT> 5”([51;&7%]#)”).

Making the following substitution in the above equation

,00([n, gal; x7) o1 ([v, jal; yT') ,ou([n qa x7) 8qa([v, Jul; ')
// dydr (SN(YT’) 51)(1"15') (5(X N I‘ T N t Z / dr / 51)( ’t') )

where 0v([n, ¢); x7)/0v(r't’) = §(x — r’')6(T — t'), we obtain the relation

Xp(rt,r't') = X (vt x't’) + //// drdxdr'dyx; ,(vt,XT) fi..(x7, ym )xp(yr', r't’)
-I—Z/// drdxdr'x;, (vt,x7) fif,.(x7, 7" )X (7', 2't). (S34)

Next, the density response to 07,(t) in Eq. (529) is expressed in terms of the response
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function as

X, (vt 1) = / / drdxy; ,(rt,x7) / / dr'dy fyp..(xT, YT’)én([g;j?t],;)yT)

/ / drdxxi (rt,xT / / dr'dy 5” (In qa] )XT) 5”([gjj?j/)y7>.

Using the relation (obtained from dv([n, ga]; x7)/8ja ("))

ol geler) e yr 50((n, g m) 5o ([0, G ): ™)
// W ayr) 2/ o S (r Sjall)

the response function is given as

Xo, (rt, 1) //// drdxdr'dyx;, ,(vt,XT) [y, (x7, y7 )xg, (y7', 1)
+Z / / / drdxdr' X" (vt,x7) fis! (x, 7' )x% (', 1). (S35)

Similarly, the response to the photonic subsystem to linear perturbations from the exter-

nal pair (v(rt), jo(t)) is

0qa(t) = Z/ dT— (@o| a1 (1), g5,1(T)] |Po) //dtd/ ]B ’t’]) >6v(rt’)
S KT CR LR oy L

where (Po| [Ga.1(t), 71 (x7)] [®o) = 0 in the non-interacting system. By defining the non-
interacting photon-photon response function as xfs (¢, 7) = (—i/h)O(t—7)(1/ws)(Pol [ga,1(?), 45,1(T)] [Po)

and using Eq. (S28)), where we have (vs([n];rt), j2([¢a]; 1)), the response can be written as

/ /5]5 Ga ’T) 5(]5/([?),ja];7'/) '
0qa(t) Z/dTX (¢, 7 Z/// dt'dr’dr 54 (7] S0t dv(r't’)

P /6‘76 Qa77)(5q5/([1}7ja];7') .
+§B: / drye (t7) 3 / / ! o T 1) (536)

a/ /8/
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The above response of the displacement field is d¢, (t) = G, (t)+0Ga,;(t), where (d¢a.(t), 6Ga,;(t))
is the response to the external pair (v(rt), j,(t)), respectively.
From Eq. (S36)), the field response to dv(rt) can be written in terms of the photon-density

response function as

X% (¢, r't") :Z/dTXg (t, 7 Z/dT’g?&xc ) (7't

1675([1, 4al; T) g5 ([V, Jal; T')
-I—Z/dTX (t, 7 %,:/d 54 (7') Su(r't) .

Using the relation (obtained from d0j3([n, ¢o; 7)/dv(x't’))

I qa 7) dqp ([v, Jal; T') )1 0780, qal; ) 0n([v, Jal; yT')
Z/d = —// dr'dy :

dqa (T dv(rt’) n(yr’) do(r't")

the response function is given as
Xe(t,2't) = Z/dT // dT’dyxggs(t,T)gﬁmc(T, y7 ) xn(yr', 't), (S37)
B

where ngc = g,; and 937.. = 0 as determined from the equation of motion for the dis-
placement field. Also, from Eq. (S36]), field response to dj, can be written in terms of the

photon-photon response function as

X, () § / dri t,7)§ / dr' gy (1, 7 )X (7, 1)
6js([n qa 7) 0qp ([1, qal; 7')
! ) b
—l—Eﬁ /deg (t,7) E /d e 5] )

q
o (t,>

Making the following substitution (where 0j3([n, ¢u); 7)/0jor (') = 8(T —1')05./) in the above

equation

,0Js([ nqa 7) 045 ([v,Jali ™) _ s s 15 0981 6ali 7) ([, Jal; XT)
Z/ U Sty O e // T ) Gty
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yields the photon-photon response function
Xae (t, t') = Xae, (¢, t') + Z /// deT/dXXZgS(t, T)Gnree(Ts XT/)XZ (xT', 1), (S38)
B

where g7, = 0 since j, »s in Eq. (6) of the main manuscript has no functional dependency

ON (g -

S4 Matrix formulation of QEDFT response equations

In this section we present a matrix formulation of non-relativistic QEDFT response equations

which in the no-coupling limit reduces to Casida equation. Through a Fourier transform of

Eqgs.(S34)-(S35) and Eqgs.(S37)-(5S38)) and making a substitution into Eqs.(35)-(38) (main

manuscript), we express the responses in the following form:

nu(r,) = D |2u(r)i (P () + @i(r)el ()P ()] (339)

ny(r,) = D [@a()e} (1P () + i) (P )] (540)

0aw(w) = L) _(w) + L) 4 (), (841)

0 (@) = L) (w) + L8, (w). (842)

Here, the subscripts (v,j) on the first-order responses PE;)U, Pgi?j, PS;?U, Péli’)j, LSL’i and

Lo

o+ Shows to what external perturbations (dv(r,t),dj.(t)) is being considered to induce

the coupled responses. In defining Eqs.(S39)-(S42), we used the static KS orbitals in

the Lehmann spectral representation of X} ((r,r’,w) and photon-photon response function
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Xl (w) for a single-photon in Fock number basis are given as

n ;o Ya(r)0s ()07 ()05 (x') () e (r)y (r) 5 (')
Xn’s(r,r,w)—Z( w— (€, —€) +1in w+ (6, — €) +in )’

2,0

0 1 1 1
Xk (w) = 57 — — — .
' Wi \W— Wy +1 Wt we+1n
where the summations over occupied and unoccupied Kohn-Sham orbitals are performed
according to 32, = SN and 3, = 30 +1 and from here on lim,_,+ is implied. The

first-order responses ph pW ph ph W and LY are given b
v, a,j,+ g y

ia,v) 1a,j’ ai,v’ at,jr o,

o = wul PU) = [ dron(e)soeld (r,0), (343)
o+ wul P ) = = [ drpu(m)pt @50l fr.0), (344)
o =l P 0) = [ droie)smuld v, 515
o+l P ) = [ droa(@i () ), (s16)
o = ] L) = 500k ) (847)
o+ ] L ) = =k ) (348)
o = ] L () = 7y ) (519)
w+wa] LY (w) = —%w&%@ﬂ- (@), (350)
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where wq; = (€, — €;) and the respective effective potentials and currents (dvs, (r,w), 75, (w))

as

5v§§,v(r,w) = du(r,w) + /dr Trree(r, v’ w)on, (v’ w —1—2 1 (T, W)0Ga.(w), (S51)

Sy ) = [ e )iy )+ 2 Miaer,)0005(), (52)
Sitksolw) = [ drgly (0)om(x,), (53)
0ihs (@) = jalw) + / drg"s (r)dn; (r, w). (S54)

The mean-field kernel is given by ¢7#(r) = —w?2X, - r. As stated above, the subscripts (v, j)
on the responses, KS potentials and currents signifies as to what external perturbations
(0v(r,t),0ja(t)) is being considered. The Kohn-Sham scheme of QEDFT decouples the
interacting system such that the responses are paired as (dn,(r,w), 0¢s,(w)) due to dv(r,w)
and (0n;(r,w), d¢a, ;. (w)) due to §j,(w). Therefore, substituting Eqs.(S51) and (| into
Eqs.(S43)-(S44) and Egs.(S47)-(S48) and after some simplification, we obtain

D i ot =) Koo ] P 0) + Kaiay )P ) 3 0 Mo ) (Lt () + L 1)

= —V4(w), (555)

> [8asis (wai + @) + Kiap(@)] PG (@) + Kia o (0)PL, (W) + Z basdis Magn(@) (L (@) + L), ()

Jb

= _Uz'a((*))? <S56)

o = W] L, (@) + D [NagoPi (@) + Nay Pl )] =0, (357)
jb

o+ W] LY, L (@) + 3 [ NaatPij (@) + Nap P, (@)] =0, (538)
jb
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Also, substituting Egs.(S52) and ( into Eqs. (S45i - and Eqgs. (S49] - and after

some simplification, we obtain

S bund [((W — W)+ Ko jp(@) P (@) + Ko (0)PY) () + Z Map(@) L) () + LS}AM] =0,
7,b

(S59)

> Gasdis
7,b

((wai + @) + Kiapj (@) P(0) + Kiajo ()P, ()% 2 Mol )L @) +L8§+<w>}] =0,

(S60)
1
wa = W] LY (@) + D [NastPi) (@) + Nag Py, ()] = =50 (@), (61)
jb a
o+ 0l L () + 3 [N P ) + N P )] = = () (362)
o) Ha,j,+ a,jbt bj.j a,bj L jp j 902 Ja s
jb «
where we defined the coupling matrices
Kail) = [ [ drdyon(e)ei) flrece. v, )65 ), (563
Maas(w) = [ ()3 il ) (64)
1 * n
Noin =57 [ dreie)eatr)gly o) (565)
and
Vig(w) = /dr@f(r)év(r,w)gpa(r). (S66)

The coupling matrix N, ;, has no frequency dependence since this is just the mean-field kernel
of the photon modes. We now introduce the following abbreviations L(w) = dap0;; (€a — €;) +
Ko jp(@), K@) = Kuijp(w), M) = Map;(@), N = Nagy, Xa(w) = P, (w), Yi(w) =
P, (@), Ya(w) = P)(w), Ai(w) = L{, (@), Bi(w) = L. ().
As(w) =LY _(w), Ba(w) = LY L (0), V(W) = —0ai(w), Ja(w) = 2l

a,], a7, 2&)3

(W), Xa(w) = P§}.
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Using these notations, we cast Eqgs.(S55)-(S58) and Egs.(S59)-(S62)) into two matrix

equations given by

Lw) Kw) M) Mw) 10 0 0\] (xw) (v

K@) L) M@ @ | fo o ol Ve | (v

N N w, 0 0 0 —10 A (w) 0

AN N0 W 00 0 1/|\Biw) 0
(S67)

(L) K@) M) M) 10 0 0)] (X 0

K@) L) @) @ | fo o ol Y | | o

N N w, 0 0 0 -1 0 As(w) Jo(w)

\ N N 0 Wa 00 0 1| \Byw) Jo(w)
(S68)

Next, we argue that the right hand side of the above matrices remains finite as the frequency
w approaches the exact excitation frequencies w — €, of the interacting system while the
density and displacement field responses on the left hand side has poles at the true excitation

frequencies §2,. This allows us to cast Eq. (S67) and Eq. (S68) into an eigenvalue problem

L) K(Q) M) M)\ [Xi(Q,) 1 0 0 0\ [Xy()
KA(Q,) L(Q,) M*(Q) M Q)| | Y., o 0 -1 0 0|]vYu)
N N* Wa 0 A(Q,) 00 1 0| [aAi)
N N* 0 Wa B, (Q,) 0 0 0 —1/ \By()
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()  K(Qp) M(Q,) M(Qy) X (£2y) 1 0 0 O X ()
K*(9Q,) L) M) M) | | Y202 g, 0 -1 0 0| [Y)
N N* Wa 0 Ay(Q,) 00 1 0| [Ax)
N N* 0 Wa B, (0,) 0 0 0 —1/ \By(,)

It is convenient to cast Egs.(S69) and (S70) into a Hermitian eigenvalue problem which is

given by
u v E E
o= e T (ST71)
VT wi Pl P1
u v E E
o= e 7, (S72)
VT wi P2 P2

where we assumed real-valued orbitals, ie., K = K*, M = M* and N = N*, and the
matrices are given by U = (L — K)Y*(L + K)(L — K)Y2, V = 2(L — K)1/2M1/2N1/2w3/2,
V* = 2wa*NY2MY2(L — K)'2, and the eigenvectors are E; = NV2(L — K)~Y2(X; + Y})
and Py = MY2w,"? (A, + By).

The pseudo-eigenvalue problem of Eqs. and is the final form of QEDFT matrix

equation for obtaining exact excitation frequencies and oscillator strengths.

S5 Oscillator Strengths

In this section, we derive the oscillator strengths resulting from the eigenvectors of the

pseudo-eigenvalue problem of Eqs.(S71)) and (S72)). Multiplying out Eq. (S67), we write the
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matrix equation in the form

(L+K)(X1+Y1)+2M(A1—|—B1)—u)(Xl_Yl) = —2v,
(L—-K)Xi—Y1)-wXi+Y) = 0,
ON(X; + Y1) + wa(A; +By) —w(A; —By) = 0,

OJa<A1 - B]) - W(Al + Bl) = 0.

From here on we set S = (L — K), the above pair of equations now becomes

S(L + K)El + 25MP1 — (.U2E1 = —QS’U,

QWQNEl + (.UiPl - (.U2P1 = 0.

This can be written in matrix form as

S(L+K) 25M ,[ 10 E; 25v
—w =— , (S73)
2wy, N w? 01 P, 0

67

where E; = X; + Y; and P; = A; + B;. We perform the same steps as above to make the

nonlinear eigenvalue problem Hermitian and obtain

N/2G-1/2F, ON1/2G1/24,
[C —w?1] =— : (S74)
M2, %P, 0
U
where C' = . We determine the vectors given as
V*ow?
E, = —252[C - 1] 7' §Y2, (S75)
P, = —20/2M V2 [C — 1] NYV2S 2, (S76)
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When Z; is normalized, we can use the spectral expansion to get

_ yAYA
C-wi] =y L S77
[ w } - 02 — w2’ (S77)
Eq; _ . : :
where Z; = . The oscillator strength for the density-density response function
P

which is related to the dynamic polarizability is given in Eq.(54) in the main manuscript.

S5.1 Oscillator strength for the photon-matter response function

Next, we substitute the expression of the spectral expansion Eq. (S77)) in Eq. (S76) and by
substituting Py in Eq. (S40) yields

2%1!/2M71/2Z 7t N1/2G1/2
6QO¢,U(W) - Z{ ko' U(a)).

w? — Q2
I;

The oscillator strength is given by
P = 2wl PMVPZ ZIN S, (S78)

Also, from Eq.(36) of the main manuscript and using the Lehmann representation of the

response function x? (r’, w) the response d¢, ,(w) is given by

) /dr,;{mmomw<\Ifk|ﬁ<r/>|\1/o> ol ),

202
w Q

The oscillator strength of Eq.(S78) can be expressed as matrix elements of the internal pair
(7(r), da) as
o (x") = 29 (Wo|Ga | Vi) (Wi | 2(x)[Wo) = f775- (S79)
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S5.2 Oscillator strength for the matter-photon response function

Following similar steps as above with Eq. (S68) we obtain

(S80)

(o2

E, = —2S8V2N"1/2 [O—w21] iz, 2

P, = —20l?[C - w21}_1w§/2Jé¥. (S81)

where J (w) = 2 2 ) and J,(w) = —J/,(w). By substituting the spectral expansion Eq. (77

in E, and further substituting in Eq. (S41)) yields

Sl/QN 1/2Z ZTM1/2 1/2q)ai
on,;(r,w) = —22 2
—w

J ().

ia,l

Following a similar procedure as above, we express the density response to the external

charge current as

L S12N- 1/2Z ZTMl/Z 1/2(I).a n
on;(r,w) = Z{ S ’ (w)’

2 2
I QI Wa

where ®;,(r) = ¢f(r)p,(r) and the oscillator strength is given by
1
™= w—cbmsl/?N*l/?ZIZ}MV%}Y/Q%. (S82)

From Eq.(37) of the main manuscript and using the Lehmann representation of the response

function x7 (r,w), the response dn;(r,w) is given by

on;(r,w) =

2Qk\110ﬁ1‘ \I’k \I’k Aa\IIO 5'0{(,0
Z{ (WA (r) | Vi) (k| Ga| Vo) | dJa(w)

2 _ 02 ’
v w? — We

The oscillator strength of Eq.(S82)) can be expressed as matrix elements of the internal pair
(7(r), 4a) as
Jea(r) = 200 (Vo (r) [ Vi) (Wil Ga | Wo) = f1a- (583)
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S5.3 Oscillator strength for the photon-photon response function

We define a collective photon coordinate for the a modes Q = ) _ ¢, (in analogy with

R = ) .er; ). By perturbing the photon field through the photon coordinate with an

external charge current j,(w), we induce a polarization of the field of mode « which we

denote as Q(w) =, Ba(w)jalw). Where f,(w) is the polarizability of field of the o mode.

To first-order, the collective coordinate is given by

0Q(t) =Y 54a(t).

The field polarizability in frequency space can be written as

- 0qa(w)
ﬂa(W)_ o 5ja’(w)'

By substituting Eq. (S81)) in Eq. (S42) and using the spectral expansion yields

ZwiﬂZ[ZTwém
0o j(w) = — Z 02 _ ;2 J(,)z'
7 1

By substituting the above relation in Eq. (S85)) we obtain

2w > 2 Zh w6 (w)/2w?
Ba w)=— L = . aa
( ) ; ; Q% —w? 6]0/ (w)

which simplifies to

1 wi?7, 7t wl?
Balw) ==Y =202

2 2 _ 2
—~w; O -w

(S84)

(985)

(S86)

Eq. (S86)) is the field polarizability analogous to the atomic polarizability tensor of Eq. (52)

of the main manuscript. As in Eq.(53) of the main manuscript in which the molecular

isotropic polarizability, a(w) is defined as the mean value of three diagonal elements of the
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polarizability tensor, i.e., a(w) = 1/3 (g (w) + ayy(w) + a,.(w)), we analogously define an

absorption cross section of the field given by

4w

Ta(w) = TIm Trfa(w)/3. (S87)

For the oscillator strength, from Eq.(38) of the main manuscript and using the Lehmann

representation of the response function xi (w) the response dqq ;(w) is given by

20 (VolGa| Vi) (Vi|dar | Vo) | i (w)
a0 () =2 { : w?— Q02 : W
ok @

We find the oscillator strength

pp

- ZTwl/Q
I, 3&)3

J hadlo’

22 1
:—Q —\Ij Aa‘ll \I/ Aa/\:[] . 888
3 2 o (Woldol V) (Wil ) (589)

a/
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