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ABSTRACT

Conventional analysis has shown that strong wind shear enhances the entrainment buoyancy flux in the

convective boundary layer. By conditioning the entrainment zone into regions of turbulent (i.e., strongly

vortical) and nonturbulent (i.e., weakly vortical) flow, some unexpected aspects of this process are

revealed. It is found that turbulent regions contribute the most to the entrainment buoyancy flux, but that

as wind shear increases, the magnitude of the buoyancy flux in turbulent regions remains approximately

constant, or even decreases, despite substantially stronger buoyancy fluctuations. The reason is that the

correlation between buoyancy and vertical velocity fluctuations decreases with increasing wind shear, to

the extent that it compensates the stronger buoyancy fluctuations. In free convection, this correlation is

high because the vertical velocity is mainly determined by the buoyancy force acting in the same direction.

Under strong shear conditions, buoyancy is no longer the only external source of vertical velocity fluctu-

ations and their correlation consequently decreases. Hence, shear enhancement of the buoyancy flux in the

entrainment zone is primarily due to an increase of the turbulent area fraction, rather than a change of flux

inside the turbulent regions.

1. Introduction

Wind shear is well known to modify fluxes at the top

of the convective boundary layer (CBL). For weak

shear conditions at early states of CBL development,

fluxes have been noted to decrease compared to the

shear-free CBL (Fedorovich et al. 2001; Conzemius

and Fedorovich 2006; Pino and de Arrellano 2008),

which may be related to the ‘‘shear sheltering’’ effect

described by Hunt and Durbin (1999). The focus of

this study, however, is strong shear conditions, which

notably enhance fluxes at the top of the CBL. This is

commonly attributed to the additional shear pro-

duction of turbulent kinetic energy (TKE), which acts

to increase the magnitude of fluctuations in both the

velocity field and thermodynamic properties (Pino et al.

2003; Fedorovich and Conzemius 2008). The growth of

the CBL, as well as the evolution of boundary layer

clouds, depend crucially on these changes.

One of the more important properties with regard to

CBL growth and cloud dynamics is the buoyancy flux.

To understand the mechanisms behind shear enhance-

ment of the buoyancy flux, Kim et al. (2003) employed

quadrant analysis and found that buoyancy and vertical

velocity fluctuations in each quadrant are increased by

the large amplitude oscillations of the CBL top induced

by strong wind shear.

While quadrant analysis is helpful in determining

the sign of fluctuations that contribute to entrainment

(Sullivan et al. 1998), other aspects are more difficult to

extract. One important issue is external intermittency,

which is the property that at the free edge of a turbulent

flow, themotion is in some places turbulent and in others

not turbulent (Pope 2001). The alternation between

turbulent and nonturbulent regions can be seen in vi-

sualizations, for example, as a pattern of alternating
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regions of high and low vorticity magnitude. In the

CBL, external intermittency arises due to the en-

trainment of weakly vortical air from the free atmo-

sphere and the ascension of strongly vortical thermals

from the CBL interior. For convenience, the terms

‘‘turbulent’’ and ‘‘nonturbulent’’ are commonly used

in the atmospheric community to refer to these strongly

and weakly vortical regions, respectively, and we adopt

that terminology here (Stull 1988; LeMone et al. 2019).

While motion within the nonturbulent regions is

primarily downward, the turbulent motion within

thermals is not unidirectional and hence quadrant

analysis, which splits motion into ascending and de-

scending air, is insufficient to distinguish turbulent

from nonturbulent regions. As a result, quadrant

analysis may be intermingling a number of different

wind shear effects.

In the presence of external intermittency, the mag-

nitude of the buoyancy flux is determined by several

factors: how large the turbulent area is, how strong the

buoyancy flux is in the turbulent regions compared to

the nonturbulent regions, and how much mean prop-

erties differ between the two regions. This can be

expressed analytically as

hb0w0i5 a
T
hb0w0i

T
1 a

NT
hb0w0i

NT
1 a

T
a
NT

(hbi
T
2 hbi

NT
)

3 (hwi
T
2 hwi

NT
),

(1)

where angle brackets denote averaging in the horizontal

plane, aT and aNT 5 1 2 aT are, respectively, the tur-

bulent and nonturbulent area fractions, h�iT and h�iNT

denote the mean inside turbulent and nonturbulent re-

gions, respectively, and hb0w0iT 5 hbwiT 2 hbiThwiT and

hb0w0iNT 5 hbwiNT 2 hbiNThwiNT. Equation (1) will be

derived in section 2d. It shows that by taking external

intermittency into account, there are several different

plausible hypotheses for how wind shear could lead to a

stronger buoyancy flux in the entrainment zone:

1) Due to the larger amplitude oscillations of theCBL top,

wind shear creates a larger difference in mean proper-

ties between turbulent and nonturbulent regions, in-

creasing the term (hbiT 2 hbiNT)(hwiT 2 hwiNT).
2) Wind shear generates more vigorous fluctuations

within the turbulent region, increasing the term hb0w0iT.
3) The large-scale structures in the CBL change when

wind shear is added, which alters the distribution

of turbulent patches in the entrainment zone and

thereby aT and aNT.

Each of these changes can contribute to a larger

buoyancy flux, but currently their individual contribu-

tions are unknown. Understanding these contributions

could help to improve CBLmodels (Neggers et al. 2006;

Siebesma et al. 2007; Mellado et al. 2017). In this paper,

we introduce themethod of conditional analysis as a way

to understand the interplay between these different

contributions toward wind shear enhancement of the

entrainment buoyancy flux.

Partitioning of the flow into regions of high and low

vorticity magnitude requires the detection of small-scale

fluctuations in the enstrophy field. Direct numerical

simulation (DNS) has been used with success in this

regard for classical flows of engineering importance

(Bisset et al. 2002;Mellado et al. 2009; vanReeuwijk and

Holzner 2014), as well as in studies of unstratified pen-

etrative convection (Holzner and van Reeuwijk 2017)

and gravity currents (van Reeuwijk et al. 2018). Despite

DNS gaining traction in the study of sheared CBLs

(Jonker et al. 2013; Haghshenas and Mellado 2019), it

has not yet been applied in that context in combination

with conditioning on turbulent and nonturbulent re-

gions. A further goal of this paper is therefore to assess

whether the Reynolds numbers we are able to achieve

nowadays withDNS are sufficiently large for this kind of

conditional analysis to be useful in the CBL.

Conditioning statistics into turbulent and nonturbu-

lent regions has been used in a variety of canonical flows

in fluid mechanics, such as wakes, jets, and turbulent

boundary layers (Corrsin and Kistler 1955; Kovasznay

et al. 1970; da Silva et al. 2014a). Deardorff et al. (1980)

first considered the use of this kind of conditional

analysis in laboratory studies of the CBL, noting that a

description of the entrainment zone in terms of the

turbulent area fraction, rather than in terms of buoyancy

profiles, would aid comparison with mechanically driven

flows. In the stable boundary layer, partitioning of

the flow into turbulent and nonturbulent subvolumes

has indicated that properties within turbulent regions

remain similar with changing stratification strength

(Ansorge and Mellado 2016). By considering the

unstable boundary layer here, we help to bridge work

across a variety of boundary layer regimes.

This paper is organized as follows. In section 2 we

provide an overview of our simulations and the basics of

conditional analysis. In section 3 we explain the method

we use to partition the flow into turbulent and non-

turbulent regions. We then explore how wind shear

modifies the turbulent area fraction in section 4 and

the buoyancy flux in section 5. A summary is given in

section 6.

2. Numerical simulations and analysis methods

We consider a barotropic CBL that is forced by a

constant and homogeneous surface buoyancy flux
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B0 and that grows into a linearly stratified free at-

mosphere. Such conditions are representative of the

afternoon atmospheric boundary layer over land. We

consider the limit of zero Coriolis parameter. The

velocity and buoyancy frequency in the free atmo-

sphere are denoted U0 and N0, respectively. Our

setup is identical to that in Haghshenas and Mellado

(2019), the only difference being that we have continued

one of the simulations further into the quasi-steady state

of the CBL. Full details of the simulations are given in

the aforementioned work, but here we recapitulate the

most essential information.

a. Governing equations

We solve the conservation equations for mass, mo-

mentum, and energy in the Boussinesq approximation:

= � u5 0, (2a)

›u

›t
1= � (u5u)52=p1 n=2u1 bk , (2b)

›b

›t
1= � (ub)5 k=2b , (2c)

where u(x, t) is the velocity vector with components

(u, y, w), x 5 (x, y, z) is the position vector with z as

the vertical coordinate, t is time, k 5 (0, 0, 1) is the

unit vector in the vertical direction and p is the

modified pressure divided by a constant reference

density. The buoyancy b is related to the virtual po-

tential temperature uy via b ’ g(uy 2 uy,0)/uy,0, where

uy,0 is a constant reference value and g is the gravi-

tational acceleration. The parameters n and k are

the kinematic viscosity and the thermal diffusivity,

respectively.

b. Simulations

All simulations have periodic lateral boundary con-

ditions and are statistically homogeneous in the hor-

izontal directions. The surface is aerodynamically

smooth. The velocity field satisfies impermeable, no-

slip boundary conditions at the surface and imper-

meable, free-slip boundary conditions at the top of

the domain, which is placed sufficiently far above the

CBL to not influence its evolution. An initial velocity

field is constructed that is zero at the surface and a

constant value in the free atmosphere, U0, aligned

with the x direction.

The buoyancy field satisfies Neumann boundary con-

ditions at both the top and bottom of the domain. At the

surface, ›zb 5 2B0/k, and at the top of the domain,

›zb5N2
0 . The initial buoyancy field is set such that the

buoyancy increases linearly with height with gradient N2
0

in the free atmosphere. The upper 15%–20% of the

computational domain contains a sponge layer, which

relaxes all profiles back to their initial state, so as to

attenuate the reflection of gravity waves.

Once the initial conditions have been sufficiently

forgotten, statistical properties in the sheared CBL

depend only on the control parameters {n, k, B0, N0,

U0} and, due to statistical homogeneity in the hori-

zontal directions, the independent variables z and t.

Dimensional analysis thus dictates that the number of

control parameters can be reduced from five to three.

Choosing N0 and B0 to nondimensionalize the prob-

lem, one finds the following three nondimensional

control parameters: the Prandtl number, Pr [ n/k, a

reference buoyancy Reynolds number,

Re
0
[

B
0

nN2
0

, (3)

and a reference Froude number,

Fr
0
[

U
0

N
0
L

0

, (4)

where

L
0
[

 
B

0

N3
0

!1/2

(5)

is a reference Ozmidov length. The Ozmidov length

represents the largest scale at which overturning of

eddies is uninhibited by the stratification (Dougherty

1961; Ozmidov 1965). Naturally one can define dif-

ferent Reynolds and Froude numbers using alterna-

tive length and velocity scales, such as the boundary

layer depth, h, and the convective velocity scale,

w
*
5 (B0h)

1/3 (Deardorff 1970). However, as explained

in Haghshenas and Mellado (2019), local scales are im-

portant in the entrainment zone, and the scales L0 and

N0 prove convenient. These local scales might depend

on whether one considers the quasi-steady state of a

CBL penetrating into a linearly stratified atmosphere,

or the case of a strong capping layer, where the buoy-

ancy jump might be more relevant than N0. We only

consider the former case.

The Prandtl number characterizes the properties

of the working fluid, the Reynolds number can be

thought of as a measure of the scale separation

present in the flow (see section 3 for more details) and

the Froude number characterizes how strong the wind

shear is. We fix the Prandtl number to be equal to one

in all of our simulations as this is similar to the Prandtl

number of air. Most of our analysis is conducted at
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Re0 5 42, but in appendix B we assess the Reynolds

number dependence of some flow properties, for

which we also consider simulations at Re0 5 25 and

Re0 5 117. Our analysis compares simulations at

Fr0 5 0, a shear-free case, with a simulation at Fr0 5
20, a strong shear case corresponding to wind speeds

of around U0 5 10–15m s21 for typical midday con-

ditions over land. We will occasionally refer to sim-

ulations at Fr0 5 10 and Fr0 5 15 to verify some

aspects of wind shear effects, but we do not show

the data in the figures for purposes of clarity. In

Table 1 we give an overview of the simulations used in

this study.

As for the dependence of statistical properties on

the independent variables {z, t}, we use the non-

dimensional form {z/zenc, zenc/L0}. The variable zenc is

the encroachment length scale:

z
enc

[

�
2N22

0

ðz‘
0

[hbi(z, t)2N2
0z]dz

�1/2

, (6)

where z‘ is located far enough into the free atmo-

sphere for the integral to be approximately inde-

pendent of z‘. In both the shear-free and the sheared

cases, zenc characterizes the depth of the mixed layer.

By means of an integral analysis of the evolution

equation for the buoyancy, Eq. (2c), one obtains the

following relationship between the encroachment length

and time:

z
enc

L
0

5 [2N
0
(11Re21

0 )(t2 t
0
)]

1/2
, (7)

where t0 is a constant of integration. The nondimen-

sional height zenc/L0, which describes the temporal

evolution of the CBL growth, proves convenient to

use as opposed to a nondimensional time such as N0t

because one can estimate it directly from a sounding

according to Eq. (6), and it removes the uncertainty

introduced by the integration constant t0 (Garcia and

Mellado 2014). We focus on the quasi-steady regime

(zenc/L0 $ 15), when TKE production is approxi-

mately balanced by viscous dissipation, and the time it

takes for CBL properties to change significantly is

long compared with the turnover time of the large,

energy-containing eddies.

In summary, the dependence of statistical properties

on {n, k, B0, N0, U0; z, t} can be expressed in non-

dimensional form as {Re0, Pr, Fr0; z/zenc, zenc/L0}. The

reason we analyze the system using nondimensional

variables is that it removes redundancy, since various

combinations of the dimensional parameters can yield

equivalent results. This implies that we need only one

simulation to cover all possible combinations of the

dimensional parameters that yield the same nondi-

mensional parameters. For example, our simulation at

Fr0 5 20 could correspond to a day where the free-

tropospheric wind speed is U0 5 10m s21, the buoy-

ancy frequency is N0 5 1022 s21 and the surface

buoyancy flux is B0 5 2.5 3 1023m2 s23, or equiva-

lently to a day where U0 5 15m s21, N0 5 0.75 3
1022 s21 and B0 5 4.2 3 1023m2 s23. Moreover, such

an approach allows comparisons to be made between

atmospheric measurements, physical experiments, and

numerical simulations. For instance, a CBL in the real

atmosphere with a mixed-layer depth of zenc 5 1 km, a

surface buoyancy flux of B0 5 0.5 3 1022m2 s23 and a

buoyancy frequency of N0 5 0.8 3 1022 s21 is compa-

rable to a tank experiment of a CBLwith amixed-layer

depth of zenc 5 0.5m, a surface buoyancy flux of B0 5
2.5 3 1025m2 s23 and a buoyancy frequency of N0 5
2.15 3 1021 s21 because both cases correspond to a

state of CBL development of zenc/L0 ’ 10.

We can match typical atmospheric values of all non-

dimensional parameters except for the Reynolds num-

ber. Consequently, simulations at different Reynolds

numbers are required to assess the dependence of our

results on this parameter (see appendix B).

c. Structure of the entrainment zone

We define the entrainment zone as the region of

negative buoyancy flux, which starts at approximately

zenc in all cases, and has a two-layer structure (Garcia

and Mellado 2014; Haghshenas and Mellado 2019).

This distinction into two sublayers helps to explain

how entrainment zone properties vary in time and

how they depend on environmental conditions. The

lower sublayer is located around zi,f, the height of

minimum buoyancy flux, and the upper sublayer is

located around zi,g, the height of maximum mean

buoyancy gradient. Wind shear thickens the entrain-

ment zone and hence reference heights in the sheared

CBL are higher up than in the shear-free CBL.

TABLE 1. Simulation properties. The Reynolds number (Re0) is

defined in Eq. (3) and the Froude number (Fr0) is defined in

Eq. (4). The fourth column shows the final time of the simulations.

The fifth column shows how the height of minimum buoyancy flux

(zi,f) varies between zenc/L0 5 15 and the final time of the

simulation.

Re0 Fr0 Grid zenc/L0 zi,f /zenc

25 0 2560 3 2560 3 512 35 1.14–1.14

25 10 1280 3 1280 3 512 35 1.16–1.15

25 15 1536 3 1536 3 576 35 1.19–1.16

42 0 2560 3 2560 3 896 33 1.14–1.14

42 20 3072 3 4608 3 960 26 1.24–1.16

117 0 5120 3 5120 3 1024 22 1.15–1.15
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However, over time, shear effects diminish and the

entrainment zone tends toward the convection-dominated

regime (see column 5 in Table 1).

The entrainment flux ratio is defined as the mini-

mum of the buoyancy flux normalized by the surface

flux: 2hb0w0izi,f /B0. Since we are seeking to explain

how wind shear increases this quantity, much of our

analysis will take place at the height of minimum

buoyancy flux.

d. Conditional analysis preliminaries

To investigate how properties differ between tur-

bulent and nonturbulent regions in the entrainment

zone and how they evolve over time, we use condi-

tional statistics (Dopazo 1977; Antonia 1981). The

conditional mean of a dependent variable f may be

expressed as

hfi5 a
T
hfi

T
1 a

NT
hfi

NT
, (8)

where, as mentioned in section 1, aT and aNT 5 1 2 aT
are, respectively, the turbulent and nonturbulent area

fractions, and hfiT and hfiNT are, respectively, themean

inside turbulent and nonturbulent regions. From the

definition f0 [ f 2 hfi, one obtains the following ex-

pression for the conditional variance:

hf02i5 a
T
hf02i

T
1 a

NT
hf02i

NT
1 a

T
a
NT

(hfi
T
2 hfi

NT
)2 ,

(9)

where hf02iT 5 hf2iT 2 hfi2T and hf02iNT 5 hf2iNT 2
hfi2NT. The first term on the right-hand side of Eq. (9) is

the contribution from the variance inside turbulent re-

gions, the second term is the contribution from the

variance inside nonturbulent regions, and the third term

is caused by the difference between the mean inside

turbulent and nonturbulent regions, hereafter referred

to as the mean difference term.

Similarly, one can derive an expression for the vertical

flux of f as

hf0w0i5 a
T
hf0w0i

T
1 a

NT
hf0w0i

NT
1 a

T
a
NT

(hfi
T

2 hfi
NT

)(hwi
T
2 hwi

NT
). (10)

In section 5, we will show how wind shear affects each

of the contributing terms in Eq. (10) for f 5 b.

3. Definition of turbulent and nonturbulent regions

To proceed with the conditional analysis, we need to

define where the flow is turbulent and where it is not.

Previous studies have focused on configurations where

turbulent regions are embedded in essentially irrota-

tional regions. In such situations, turbulent regions are

typically defined based on a low enstrophy threshold,

below which the flow may be considered approxi-

mately irrotational (da Silva et al. 2014a). In the real

atmosphere, however, the free troposphere is not ir-

rotational due, for instance, to gravity waves. Still, the

scale separation between the enstrophy values char-

acterizing the boundary layer and those characterizing

the free atmosphere is huge (of order 106, as explained

below). This large scale separation can be used to

distinguish between turbulent and nonturbulent re-

gions. Stirring mixing is strongly enhanced in the

so-defined turbulent regions compared to the nontur-

bulent regions, and we want to study the effect of this

distinction on entrainment properties. There is one

aspect, though, that remains to be ascertained: in our

simulations, we can only achieve a limited scale sepa-

ration between the enstrophy inside the CBL and the

enstrophy in the free atmosphere, and in the following

sections, we will assess whether this is large enough to

make a meaningful distinction between turbulent and

nonturbulent regions.

Although we do not study the turbulent/nonturbulent

interface itself, we do draw upon previous work on

the matter, which, as mentioned, typically defines

turbulent regions based on a low enstrophy threshold.

Due to the intrinsic arbitrariness associated with

choosing a threshold, in this study we consider a range

of different thresholds. For the sake of clarity of fig-

ures, however, in the main part of the text, we mostly

show results at a single reference threshold. Discussion

of the dependence of our results on the chosen threshold

may be found in appendix A.

Various methods for selecting an enstrophy threshold

have been employed in past studies of the turbulent–

nonturbulent interface. One method commonly em-

ployed in shear-driven boundary layers is to find a

range of thresholds where the turbulent volume frac-

tion is insensitive to changes in the threshold (da Silva

et al. 2014b; Watanabe et al. 2018). This is closely re-

lated to the structure of the probability density function

(PDF) of enstrophy, which has two peaks connected by a

plateau: one above the boundary layer at low ens-

trophy values, indicating the nonturbulent region, and

one within the boundary layer at high enstrophy

values, indicating the turbulent region (Borrell and

Jiménez 2016). In shear-driven boundary layers, the

plateau in the enstrophy PDF corresponds to where

the turbulent volume fraction becomes insensitive to

the threshold (Watanabe et al. 2018). Thus, a thresh-

old can equivalently be chosen by locating the saddle

point in the PDF. The physical meaning of a threshold
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chosen in this way then becomes clear: it divides be-

tween enstrophy values more likely to be found in the

boundary layer and enstrophy values more likely to be

found outside of it.

The enstrophy PDF in the CBL has a similar struc-

ture to that in the shear-driven boundary layer, albeit

with a reduced scale separation. As already indicated

before, this is due to the presence of gravity waves in

the free atmosphere, which themselves possess vor-

ticity. For this reason, some authors have suggested

using the potential vorticity as a turbulence indicator

for stratified flows, as in the absence of diffusion,

gravity waves possess zero potential vorticity (Riley

and Lelong 2000; Watanabe et al. 2016). In appendix

C, we show that the potential vorticity only results in a

marginal increase in scale separation in our simula-

tions and it also turns out to be a rather unsuitable

turbulence indicator in the CBL, but in any case, our

conclusions remain similar even when using it as a

conditioning variable. In the following, we therefore

only consider conditioning on enstrophy.

We first define a reference enstrophy scale in the

mixed layer in order to normalize the PDFs. This can be

derived from the relationship between enstrophy, v2,

and the viscous dissipation rate of TKE, «:

h«i5 nhv2i1 2n
›2hv2i
›z2

, (11)

which simplifies to

h«i’ nhv2i , (12)

because the second term on the right-hand side of

Eq. (11) is small in the mixed layer. It then follows that

hv2i; h«i
n

;
B

0

n
, (13)

where the last relation follows from an integral anal-

ysis of the TKE evolution equation in the quasi-steady

regime of the CBL (Fedorovich et al. 2004). We

therefore define a reference enstrophy scale in the

mixed layer as

v2
0 [

c
«
B

0

n
. (14)

This reference scale is verified in Fig. 1 with c« 5
0.1. We note that the definition of v2

0 in Eq. (14) in

terms of B0 and n is appropriate for the convectively

driven boundary layer, and is analogous to the stan-

dard definition used in purely shear-driven boundary

layers in terms of the friction velocity (Borrell and

Jiménez 2016).

Under typical midday conditions in the real CBL,B0’
(0.3–1) 3 1022m2 s23 and n 5 1.5 3 1025 m2 s21,

yielding enstrophy values in themixed layer of order 10–

103 s22 (for c« of order 0.1–1). In the free atmosphere,

which is dominated by gravity wave motion, the

FIG. 1. Probability density functions of enstrophy at zenc/L0 5 20

averaged over an interval Dzenc/L05 2. The black dots indicate the

mode of the PDF at each height. The star shows the approximate

saddle point. The lower and upper orangemarkers on the left-hand

side indicate zi,f and zi,g, respectively. The orange markers on the

bottom axis indicate the range of enstrophy thresholds considered

in this study. The reference scale v2
0 is defined in Eq. (14) with

c« 5 0.1.

3232 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 77

D
ow

nloaded from
 http://journals.am

etsoc.org/jas/article-pdf/77/9/3227/4999236/jasd190345.pdf by M
AX-PLAN

C
K-IN

STITU
TE FO

R
 M

ETEO
R

O
LO

G
Y user on 15 O

ctober 2020



enstrophy scales with N2
0 ’ (0:4–3:2)3 1024 s22. Hence,

the scale separation between the boundary layer and

free atmosphere, v2
0/N

2
0 ’Re0, is of order 10

5–107, dem-

onstrating that the scale separation increases with in-

creasing Reynolds number (see also appendix B). In

numerical simulations, however, the Reynolds number

and the corresponding scale separation in the flow deter-

mine how many grid points are required, and thereby the

size of the simulation. This is strongly constrained by

computational resources and we are therefore limited to

Reynolds numbers much smaller than those characteriz-

ing the real atmosphere (Mellado et al. 2018).As observed

in Fig. 1, in our simulations at Re05 42, we only achieve a

scale separation of order 102. Nonetheless, this is sufficient

tomake a distinction between turbulent and nonturbulent

regions, as will be demonstrated in later sections.

As previously mentioned, the intrinsic arbitrariness as-

sociatedwith choosing a threshold to distinguish turbulent

from nonturbulent regions warrants the consideration of a

range of thresholds. We show this range in Fig. 1 through

the orange ticks on the bottom axis. The highest threshold

value roughly corresponds to the mean enstrophy value in

the mixed layer, while the lowest threshold value corre-

sponds to an enstrophy value slightly larger than that

characterizing gravity waves in the free atmosphere. In

section 4 we further justify this range of thresholds.

For conciseness and to better see the effects of wind

shear, we focus our main discussion based on one ref-

erence threshold. To identify a reference threshold for

our analysis, we find an approximation to the saddle

point in the enstrophy PDF as follows. First, we find the

mode of the PDF at each height (the black dots in Fig. 1).

Then,we search along that set of points forwhere there is a

jump in enstrophy values between two consecutive grid

points. The size of this jump has to be tuned somewhat

depending on the case. We choose the size of the jump to

be a factor of at least 1.53 v2/v2
0 in the Fr05 0 case and a

factor of at least 3 3 v2/v2
0 in the Fr0 5 20 case. The

saddle point is then approximated as the mean value be-

tween thepoints oneither sideof the jump(the star inFig. 1).

To give a visual impression of turbulence defined by

the reference threshold, in Fig. 2 we show horizontal and

FIG. 2. Cross sections of the enstrophy logarithm at time zenc/L0 5 20. (a),(b) x–y cross sections at the height of

minimum buoyancy flux, (c),(d) x–z cross sections in the central y plane. (a),(c) Fr0 5 0 and (b),(d) Fr0 5 20 (mean

wind from left to right). The color scale has black as the threshold indicated by the star in Fig. 1. The full horizontal

domain is shown and is equal to 215L0 3 215L0 in both cases.
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vertical cross sections of the enstrophy field. Enstrophy

values below the reference threshold are blacked out

and what remains has the characteristic features of tur-

bulent plumes in the shear-free case (Figs. 2a,c) and of

horizontal rolls in the sheared case (Figs. 2b,d).

One of the main effects of wind shear is to increase

the height of the saddle point from zi,f to zi,g. The

correspondence of the saddle point to these refer-

ences heights is seen more clearly in Fig. 3a. While it is

expected that the saddle point in the enstrophy PDF

lies within the entrainment zone, it is not obvious why

it should lie so close to a reference height based on the

mean buoyancy profile or the buoyancy flux profile.

Comparing with simulations at Re0 5 25 for the in-

termediate Froude numbers Fr0 5 10 and Fr0 5 15

(not shown), we find that the saddle point hovers

around zi,f in the Fr0 5 10 case, supporting the finding

of Haghshenas and Mellado (2019) that wind shear

effects are only present above Fr05 10. In the Fr05 15

case, the saddle point is around zi,g, but does not fol-

low it so closely as in the Fr0 5 20 case. In particular,

the height of the saddle point does not decrease as

much over time as does zi,g. This suggests that there

is not a strict relation between the height of the

saddle point in the enstrophy PDF and the reference

heights in the entrainment zone based on buoyancy

profiles.

While it is unclear how to explain the exact location of

the saddle point in each case, it is possible to explain the

relative location of the saddle point from one case to

another. The saddle point is higher up in the sheared

CBL because the turbulence intensity only starts to

decay around the height zi,f (Fig. 1b). This is because the

height of maximum shear production of TKE is close to

zi,f and hence turbulence continues to be generated up

to this height. In the shear-free CBL by contrast, tur-

bulence starts to decay upon entering the stably strati-

fied entrainment zone (i.e., slightly above zenc; Fig. 1a),

as there is no turbulence production mechanism there.

Consequently, the saddle point in the enstrophy PDF

occurs lower down.

Themagnitude of the enstrophy saddle point is similar

between the two cases, though slightly smaller in the

sheared case due to the saddle point being closer to the

nonturbulent region (Fig. 3b). The reference threshold

we use for each Fr0 case in the following sections is the

mean value of the respective curve in Fig. 3b.

4. Turbulent area fraction

One of themost important variables in the conditional

analysis we perform is the turbulent area fraction, aT
[see Eq. (1)]. As we will see, this property is also the one

most directly affected by the definition of turbulent

and nonturbulent regions. We therefore evaluate how

changes to the enstrophy threshold impact the turbulent

area fraction, while still maintaining our primary goal of

investigating wind shear effects.

In Fig. 4, we show the turbulent area fraction aT as a

function of height and threshold. The structure of these

profiles mirrors the structure of the PDFs considered in

FIG. 3. Time evolution of the location of the saddle point in the

enstrophy PDF: (a) height of the saddle point and (b) enstrophy

value of the saddle point. Here and in the following, lines indicate

the average over an interval Dzenc/L0 5 2.
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the previous section. Turbulence starts to decay with

height as soon as it enters the entrainment zone in the

shear-free case, and maintains a constant value up to

zi,f in the sheared case.

While it is important to assess how properties

change with the threshold, it is equally important to

realize that not all thresholds are physically mean-

ingful. In particular, if the threshold is so high that

nowhere is considered turbulent, then aT / 0 in the

intermittent region. On the other hand, if the thresh-

old is so low that everywhere is considered turbulent,

then aT / 1 in the intermittent region. In both these

cases, the conditional statistics become mathemati-

cally equivalent to the conventional statistics, as can be

seen from Eqs. (8)–(10), and the conditioning thus

loses any physical meaning. For this reason, we only

consider thresholds that result in 0:1, (aT)zi,f , 0:9

in the shear-free CBL as physically plausible. From

Fig. 4a, we can estimate the corresponding interval of

enstrophy thresholds to be 21:5& log10(v
2
th/v

2
0)& 0:5,

indicated in Fig. 4 by the orange ticks on the bottom

axis (also shown in Fig. 1). Within this range, which

spans two orders of magnitude, a comparable threshold

on enstrophy in the shear-free and sheared cases al-

ways results in a higher turbulent area fraction in the

sheared case at the same reference height. Thus, while

changing the threshold alters themagnitude of turbulent

and nonturbulent properties, the relationship between

the shear-free and sheared cases remains qualitatively

the same. This is shown to hold in appendix A for a

number of different properties.

By considering properties at a single threshold, we can

better see the effects of wind shear. For our reference

threshold defined in section 3, wind shear increases the

turbulent area fraction in the mixed layer by around

15%, but in the entrainment zone the effects are more

significant (Fig. 5a). We see in Fig. 5b that at Fr0 5 20,

the turbulent area fraction at zi,f has increased by around

70% of the shear-free value. Since the thresholds used

are comparable between Fr0 5 0 and Fr0 5 20, we at-

tribute this increase of turbulence coverage to the

changing structure of convective plumes (see Fig. 2).

Indeed, if the same threshold value used in the Fr0 5 20

case were used in the Fr0 5 0 case, the turbulent area

fraction at zi,f would increase, but still not exceed that in

the sheared case (see Fig. 4). Wind shear thus defini-

tively spreads turbulence over a wider area in the

entrainment zone.

One might imagine that the spreading of turbulence

under sheared conditions is related to the well-known

transition from convective cells to streamwise rolls. The

formation of horizontal roll vortices in the moderately

convective boundary layer was detected early in obser-

vations and are sometimes visible in the form of cloud

streets, indicating that the structures pervade right up to

the top of the boundary layer (LeMone 1973). This was

later rationalized by Khanna and Brasseur (1998), who,

through extensive visualizations from large-eddy simu-

lation (LES), showed that ‘‘coherent sheetlike updrafts

FIG. 4. Contour plots of turbulent area fraction as a function of

height and enstrophy threshold at zenc/L0 5 20. The contours are av-

erages over an interval Dzenc/L0 5 2. The black dashed line indicates

the reference threshold (themean value of the saddle point in Fig. 3b).

The lower and upper orangemarkers on the left-hand side indicate zi,f
and zi,g, respectively. The orange markers on the bottom axis indicate

the range of enstrophy thresholds considered in this study.
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turn at the capping inversion to form the often-observed

large-scale streamwise roll vortices.’’ In a more recent

LES study, Salesky et al. (2017) showed that roll-type

organization in the CBL exists up to values of themixed-

layer stability parameter of 2zi/L 5 15–20, where zi is

the CBL depth and L is the Obukhov length. In our

simulations at Fr0 5 20,2zi,f/L varies between 7 and 21

during the time period 15# zenc/L0# 26, indicating that

the CBL is indeed in the regime where streamwise roll

vortices have been found to exist.

Still, one could ask whether the change of organiza-

tion from cells to rolls necessarily implies a larger tur-

bulent area fraction at the height of minimum buoyancy

flux. The answer to this question is perhaps less to do

with organization and more to do with the TKE budget.

In the shear-free CBL, the buoyancy flux term, that

was a source of TKE in the mixed layer, becomes a sink

term in the entrainment zone. Turbulence is not gener-

ated in the entrainment zone in this case, it is only

transported from the mixed layer. Thus, turbulence

starts to decay very quickly inside the entrainment zone

(see Fig. 1a) and hence the turbulent area fraction im-

mediately starts to reduce from its mixed-layer value

(Fig. 5a). In the sheared CBL by contrast, shear pro-

duction of turbulence in the entrainment zone causes the

turbulent area fraction to remain high.

Based on Fig. 5a, one might think that (aT)zi,f in the

Fr0 5 0 case is only smaller than in the Fr0 5 20 case

because the mixed-layer turbulent area fraction is

smaller. However, this is not true. If a lower enstrophy

threshold were chosen in the Fr0 5 0 case in order to

enforce the same mixed-layer turbulent area fraction

as in the Fr0 5 20 case (i.e., 21:5&v2
th/v

2
0 & 2 1), the

rapid decay of turbulence in the entrainment zone

would still result in a smaller turbulent area fraction at

zi,f (see Fig. 4). Moreover, a smaller mixed-layer tur-

bulent area fraction in the shear-free CBL is consis-

tent with the observation that free-tropospheric air

can be carried deep into the boundary layer by large-

scale downdrafts without too much mixing (Lohou

et al. 2010; van de Boer et al. 2014; Fodor et al. 2019).

This effect is more prominent in the shear-free CBL,

where the descending branches of the convection cells

are much less rotational than the ascending turbulent

plumes (Fig. 2c). Wind shear facilitates plume merg-

ing in the mixed layer (Fig. 2d) and hence the greater

turbulence coverage in the sheared CBL.

Figure 5b bears a strong resemblance to the evolution

of the total buoyancy flux at zi,f over time at different

Fr0 (see Fig. 5a in Haghshenas and Mellado 2019). This

already suggests that the turbulent area fraction may

be a key variable in controlling the magnitude of the

entrainment flux under different shear conditions, lend-

ing support to the third hypothesis in section 1. We ex-

plore this possibility further in the following section.

5. Wind shear effects on the buoyancy flux

Using the reference threshold defined in section 3, we

show each of the three terms in Eq. (1) as a function of

FIG. 5. Turbulent area fraction as a function of (a) height at zenc/

L0 5 20 and (b) time at zi,f. The threshold used in each case is the

mean value of the respective curve in Fig. 3b. The markers on the

left-hand side in (a) indicate zi,f.
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height in Fig. 6a for each Fr0. It is immediately evident

that the turbulent contribution is by far the largest to the

total buoyancy flux and that wind shear does little to

modify the other two terms. We can therefore already

eliminate the first hypothesis posed in section 1 and write

hb0w0i’ a
T
hb0w0i

T
. (15)

We have seen that, in the sheared CBL, the turbulent

area fraction at zi,f increases by around 70% of its shear-

free value, whereas the increase in the magnitude of the

total buoyancy flux at zi,f between Fr0 5 0 and Fr0 5 20 is

around 50%. By Eq. (15), this suggests that hb0w0iT should

in fact become somewhat smaller with increasing Fr0 and

this is verified in Figs. 6b and 6c. Even with a lower

enstrophy threshold in the shear-free case, the buoyancy

flux in turbulent regions remains similar to that in

the sheared case, as shown in appendix A, which

would seem to eliminate our second hypothesis that

fluctuations become stronger in turbulent regions with

increasing wind shear and thereby enhance the en-

trainment buoyancy flux. Although the first two hy-

potheses posed in section 1 were perhaps the more

intuitive ones, our third hypothesis is confirmed: it is the

increase in the turbulent area fraction with wind shear

that is the main reason for the increase in the magnitude

of the total buoyancy flux.

a. Why is the mean difference term so small?

It is not immediately obvious why our first hypothesis

failed. In this section, we explore why the mean differ-

ence term turns out to be so small.

FIG. 6. (a) Contributions to the total buoyancy flux according to Eq. (1). The markers on the left-hand side

indicate zi,f. (b) Buoyancy flux within turbulent regions as a function of height at zenc/L05 20. (c) Entrainment flux

ratio conditioned to turbulent regions as a function of time.
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Figure 7 shows the mean buoyancy and the mean

vertical velocity separately in turbulent and nontur-

bulent regions. The mean buoyancy in nonturbulent

regions tends toward the background buoyancy pro-

file N2
0z. The mean buoyancy in turbulent regions

corresponds to air ascending from the mixed layer. As

the turbulent thermals mix with their environment,

their mean buoyancy increases, resulting in a differ-

ence between hbiT and hbiNT of approximately 0.1benc
in the upper-entrainment-zone sublayer and free at-

mosphere (benc [N2
0zenc).

Themean vertical velocity in nonturbulent regions is

negative in the lower-entrainment-zone sublayer due

to entrained air moving down toward the boundary

layer interior. Further up, hwiNT becomes dominated

by gravity wave motion, which, averaged over the

horizontal plane, becomes zero. The mean vertical

velocity in turbulent regions decreases to zero in the

lower-entrainment-zone sublayer, which can be in-

terpreted as a weakening of turbulent plumes as they

penetrate into the overlying stratification. This effect

is clearer in the shear-free CBL, as the vertical motion

is stronger than in the sheared CBL. Fluctuations

about zero in the upper-entrainment-zone sublayer

and free atmosphere are due to limited statistical

convergence as aT becomes small.

Despite there being a relatively large difference

between hwiT and hwiNT in the lower-entrainment-

zone sublayer, the similarity between hbiT and hbiNT

there results in a negligible contribution from the

mean difference term in Eq. (1). In the upper-

entrainment-zone sublayer, where the difference in

the mean buoyancy between turbulent and nontur-

bulent regions increases, the mean velocity tends to

zero in both regions and hence the mean difference

term is also small there. This illustrates how nuanced

the situation is, in that the mean buoyancy and mean

vertical velocity can differ quite substantially be-

tween turbulent and nonturbulent regions, but the

differences depend on height and precisely where

there is a large difference in one variable between the

two regions, it is cancelled out by an approximate

equivalence between the two regions in the other

variable.

b. Why does the buoyancy flux in turbulent regions
not increase with wind shear?

We have seen that the turbulent contribution

dominates the buoyancy flux, but that as wind shear

increases, the magnitude of hb0w0iT does not increase

as one might expect from the increase in TKE. This

leads us to examine more closely the second hy-

pothesis posed in section 1 about whether wind shear

generates more vigorous fluctuations within the turbu-

lent region.

In Fig. 8, we show the buoyancy and vertical velocity

root-mean-square (rms) conditioned to turbulent re-

gions. Figures 8a and 8c show the vertical profiles. It can

be seen that the buoyancy rms profiles in the shear-free

and sheared cases lie on top of each other, whereas the

FIG. 7. (a) Mean buoyancy as a function of height and (b) mean

vertical velocity as a function of height at zenc/L0 5 20. The scales

benc and w* are defined as benc [N2
0zenc and w*[ (B0zenc)

1/3. The

markers on the left-hand side indicate zi,f.
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vertical velocity rms profiles diverge from one another.

However, when looking only at the height of minimum

buoyancy flux (Figs. 8b,d), (brms)T in the sheared CBL is

at least 50% larger than in the shear-free CBL, while the

vertical velocity rms in turbulent regions is hardly af-

fected by wind shear. This behavior occurs because wind

shear compounds two effects: first, the change in the

vertical profile and second, the change in the height of

zi,f. On the one hand, (brms)T increases with height in the

entrainment zone, regardless of whether wind shear is

present. But since zi,f moves higher up with shear, the

buoyancy rms is larger at that reference height in the

sheared CBL. On the other hand, (wrms)T decreases with

height in the shear-free CBL, but curves back on itself in

the sheared CBL.Hence the change in the profile and the

change in the height of zi,f occur in such a way that they

effectively cancel out. This highlights the difficulty of

ascertaining shear effects on entrainment-zone proper-

ties, as different effects can compensate each other.

It is perhaps surprising at first that the buoyancy flux

within turbulent regions remains unchanged, or even

weakens with wind shear (Figs. 6b,c), despite buoyancy

fluctuations becoming stronger in turbulent regions at

zi,f (Fig. 8b). However, as we have seen, vertical velocity

fluctuations in turbulent regions at the same reference

height do not increase with wind shear (Fig. 8d). This

suggests that the two signals are not in phase with one

another.

Kim et al. (2003) found that above zi,f, temperature

fluctuations tend to advance vertical velocity fluctua-

tions with a phase difference of around p/2 and hence

the buoyancy flux weakens, even though fluctuations are

FIG. 8. (a),(b) Buoyancy rms and (c),(d) vertical velocity rms in turbulent regions as a function of (a),(c) height at

zenc/L0 5 20 and (b),(d) time at zi,f for Fr0 5 0 and Fr0 5 20. The markers on the left-hand side in (a) and

(c) indicate zi,f.
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strong. We see here that when conditioned to turbulent

patches, a phase difference must also exist at zi,f. We

quantify this by calculating the correlation coefficient

between buoyancy and vertical velocity fluctuations

within turbulent regions, as shown in Fig. 9. In the shear-

free CBL, vertical velocity fluctuations are induced by

buoyancy forces and there is a negative peak in the

correlation due to warmer air moving down and cooler

air moving up. When wind shear is added to the system,

buoyancy is no longer the only external source of ver-

tical velocity fluctuations and the correlation conse-

quently decreases.

By expressing the buoyancy flux in terms of the cor-

relation coefficient,

hb0w0i
T
5 (r

bw
)
T
(b

rms
)
T
(w

rms
)
T
, (16)

it becomes clear that even though the buoyancy rms

becomes stronger in turbulent regions at zi,f, the de-

crease in the correlation coefficient compensates, or

even overcompensates that increase, such that the

buoyancy flux remains similar or weakens within tur-

bulent regions under sheared conditions.

6. Summary and conclusions

The shear enhancement of the entrainment flux in

the CBL is compounded by external intermittency: an

alternation of turbulent (i.e., strongly vortical) and

nonturbulent (i.e., weakly vortical) regions. Analysis

tools employed in the past have not distinguished the

various effects that wind shear can have on properties

within these different regions. Here we have employed

conditional analysis on direct numerical simulations of

the shear-free and sheared CBL to investigate what

this method can reveal about shear effects on en-

trainment that is otherwise hidden by conventional

statistics.

We have shown that evenwith themoderateReynolds

numbers we are able to achieve in our simulations, a

clear distinction between turbulent and nonturbulent

regions is possible. Peaks in the probability den-

sity function of enstrophy representing the turbulent

boundary layer and the nonturbulent free atmo-

sphere are separated by two orders of magnitude. As

shown in appendix C, this scale separation increases

only marginally when considering the potential vor-

ticity, and low values of the potential vorticity inside

the mixed layer, leading to a small mixed-layer tur-

bulent area fraction, ultimately led us to favor ens-

trophy as a conditioning variable. Nonetheless, the

results and conclusions are robust, both with respect

to the two conditioning variables, and within the two-

decade range of enstrophy thresholds considered in

our analysis.

As a first application, we have demonstrated the

utility of this kind of conditioning for understanding

shear effects on entrainment. We have found that the

largest contribution to the entrainment flux ratio,

2hb0w0izi,f /B0, comes from turbulent regions and not

FIG. 9. Correlation between buoyancy and vertical velocity

fluctuations in turbulent regions as a function of (a) height at zenc/

L0 5 20 and (b) time at zi,f. The markers on the left-hand side in

(a) indicate zi,f.
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from the difference in mean properties between tur-

bulent and nonturbulent regions. Yet the main reason

that the entrainment flux ratio increases with wind shear

is not because the flux itself becomes stronger in tur-

bulent regions, despite what might be expected from the

increase in turbulent kinetic energy. Although buoyancy

fluctuations do become stronger under sheared condi-

tions, there is a compensating effect due to the decrease

in the correlation between buoyancy and vertical ve-

locity fluctuations. Hence, the main reason the entrain-

ment flux increases with wind shear is simply due to

there being a larger turbulent area in which entrainment

can take place more efficiently than in nonturbulent

regions.

In light of these results, it would be interesting to

reconsider the case of weak shear conditions in a

future study, where the entrainment buoyancy flux

initially reduces compared to the shear-free case. It

is thought that this is due to the redistribution of the

kinetic energy of thermals to horizontal velocity

fluctuations (Fedorovich et al. 2001). Given our

findings though, an alternative possibility is that

weak shear reduces the correlation between buoy-

ancy and vertical velocity fluctuations more than it

increases the turbulent area fraction. These two hy-

potheses could be examined and compared through a

conditional analysis of the Reynolds stress transport

equation.

The importance of the turbulent area fraction for

governing changes in conventional statistics was also

identified by Ansorge and Mellado (2016) for the stably

stratified Ekman layer. As originally proposed by those

authors, this suggests a novel approach to the parame-

terization of fluxes within the atmospheric boundary

layer. We have seen that in the entrainment zone of the

CBL, vertical fluxes can be approximated as hf0v0i ’
aThf0v0iT. A standard method could then be used for

modeling the flux within turbulent regions, while the

turbulent area fraction could be expressed as a function

of z/zenc and Fr0. This idea is similar in design to mass-

flux approaches used for the parameterization of cu-

mulus convection, where the cloud core area fraction is

modeled as a function of the specific humidity (Neggers

et al. 2006). In this regard, it would also be interesting

to apply the conditioning procedure presented here to

properties such as the humidity and temperature vari-

ance, which are key to understand and model cloud

formation, but their dependence on environmental

conditions in the entrainment zone is difficult to as-

certain (Mellado et al. 2017).

The potential applications of this kind of conditional

analysis need not be restricted to the dry CBL. Cloud

boundaries coexist with the turbulent/nonturbulent

interface, but do not normally coincide (Moeng et al.

2005; Mellado 2017). While conditioning on the liquid

water content to distinguish between cloudy and non-

cloudy air has been used in the past to study various

aspects of cloud mass transport, entrainment and de-

trainment (de Roode and Wang 2007; Jonker 2008),

further useful insights may well be gained by condi-

tioning statistics into turbulent and nonturbulent re-

gions. For instance, when the cloud boundary is well

inside the turbulent region instead of close to the

turbulent–nonturbulent interface, the properties of

the turbulent fluctuations might be closer to those of

homogeneous turbulence, which would facilitate its

modeling.
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APPENDIX A

Dependence on Enstrophy Threshold

To ascertain to what extent our results regarding wind

shear effects on the buoyancy flux, the buoyancy rms

and the vertical velocity rms depend on the threshold

chosen to distinguish turbulent from nonturbulent re-

gions, we examine these properties as a function of

threshold.

Figures A1a and A1b show the conditioned buoyancy

flux at zi,f. As explained in section 4, nonturbulent statistics

(left column of Fig. A1) in the limit of increasing thresholds

converge with turbulent statistics (right column of Fig. A1)

in the limit of decreasing thresholds and this converged

profile is equivalent to the conventional statistic.Within the

range of thresholds 21:5& log10(v
2
th/v

2
0)& 0:5 given in

section 4, where 0:1& (aT)zi,f & 0:9 in the shear-free case

and the conditioning may be considered meaningful,

hb0w0iT at zi,f is similar, or smaller at Fr0 5 20 compared

to Fr0 5 0. Hence this result is not an outcome of the

specific threshold we chose.
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FIG. A1. (a),(b) Buoyancy flux, (c),(d) buoyancy rms, and (e),(f) vertical velocity rms at zi,f conditioned to

(a),(c),(e) nonturbulent and (b),(d),(f) turbulent regions as a function of enstrophy threshold at zenc/L0 5 20.

The dashed lines indicate the reference threshold defined in section 3. The gray shaded areas indicate the range

of thresholds where the turbulent area fraction in the shear-free case is greater than 0.9 or less than 0.1.
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Figures A1c andA1d demonstrate that the increase of

the buoyancy rms with wind shear is also independent of

the specific threshold chosen. Both (brms)T and (brms)NT

are larger at zi,f in the Fr0 5 20 case across the full

range of thresholds considered. Figures A1e and A1f

show that (wrms)T at zi,f remains similar between

Fr0 5 0 and Fr0 5 20 for a comparable threshold

within the range 21:5& log10(v
2
th/v

2
0)& 0:5.

APPENDIX B

Reynolds Number Dependence

Since we are restricted to low to moderate Reynolds

numbers, it is worthwhile to consider the extent to which

changes to the Reynolds number influence our results.

Reynolds number effects are strongest for the shear-free

CBL so in this section, we only show results relating

to Fr0 5 0.

As expected, Fig. B1 indicates that the scale separa-

tion between the boundary layer and free atmosphere

increases with Reynolds number. The scale v2
0 charac-

terizes the enstrophy in the mixed layer for all Reynolds

numbers considered and as the Reynolds number is in-

creased, the characteristic vorticity magnitudes in the free

atmospheredecrease in comparison, as seenby a shift in the

upper lobes of the PDFs toward smaller normalized ens-

trophy values. Correspondingly, the saddle point also

moves to smaller enstrophy values.

The change in the PDFs with increasing Reynolds

number is also reflected by the turbulent area fraction

in Fig. B2. Contours indicating a nonzero turbulent

area fraction in the free atmosphere show a marked

shift toward lower normalized enstrophy values as

Re0 increases from 25 to 117. The contours within the

upper-entrainment-zone sublayer (i.e., around the

height zi,g) consequently flatten. This suggests that at

the very high Reynolds numbers that characterize the

real CBL, the turbulent area fraction would become

very insensitive to the threshold in the upper-entrainment-

zone sublayer.

APPENDIX C

Potential Enstrophy as a Conditioning Variable

Because gravity waves possess vorticity, this reduces

the scale separation between the turbulent boundary

layer and the nonturbulent free stream compared to

nonstratified flows. One way this problem could be

countered is to use potential enstrophy, rather than

enstrophy, as a turbulence indicator (Riley and Lelong

2000; Watanabe et al. 2016). Here we assess the suit-

ability of potential enstrophy as a turbulence indicator

in the CBL and verify the robustness of our results with

respect to this alternative conditioning variable.

The potential vorticity is defined as P [ v � =b. We

therefore require an estimate of the magnitude of the

buoyancy gradient in the mixed layer to provide a

FIG. B1. Probability distribution functions of enstrophy at

zenc/L0 5 20. The black dots indicate the mode of the PDF at

each height. The star shows the approximate saddle point. The

lower and upper orange markers on the left-hand side indicate

zi,f and zi,g, respectively. The reference scale v2
0 is defined in

Eq. (14) with c« 5 0.1.
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reference scale for P. We start by estimating the buoy-

ancy variance dissipation rate as

khj=b0j2i; b2
rms

z
enc

/w
rms

, (C1)

where zenc/wrms is the eddy turnover time. Our Eq. (C1)

follows the scaling arguments of Wyngaard (2010)

and is analogous to their Eq. (5.21). Then, by esti-

mating brms ; B0/wrms and wrms ; (zencB0)
1/3 and

using the definitions of L0 [Eq. (5)], n/k [ 1, and Re0
[Eq. (3)], one finds a reference buoyancy gradient

scale in the mixed layer as

j=bj[ c
b
N4

0Re
0

�
z
enc

L
0

�24/3

. (C2)

This reference scale is verified with cb5 0.1 in Fig. C1.

FIG. B2. Turbulent area fraction as a function of height and

enstrophy threshold at zenc/L0 5 20. The black dashed line indi-

cates the magnitude at which the saddle point in Fig. B1 is located.

The lower and upper orange markers on the left-hand side indicate

zi,f and zi,g, respectively.

FIG. C1. Probability density functions of the buoyancy gradient

at zenc/L05 20. The reference scale j=bj0 is defined in Eq. (C2) with
cb 5 0.1.
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From the definition of P, Eq. (14), and Eq. (C2), the

reference scale for potential enstrophy in the mixed

layer is

P2
0 [ c

b
c
�
N6

0Re20

�
z
enc

L
0

�24/3

. (C3)

It should be noted that since v � =b 5 jvjj=bj cosa,
where a is the angle between the two vectors, the

product of v0 and j=bj0 will overestimate the magni-

tude of the potential vorticity in the mixed layer if the

vorticity and buoyancy gradient vectors are not well

aligned. Figure C2 indicates that P2
0 indeed overesti-

mates the potential enstrophy in the mixed layer by

about two orders of magnitude, suggesting that the

vorticity and buoyancy gradient vectors are far from

parallel. This was verified by checking the cosine of the

angle between the two vectors, which was found to be

close to zero everywhere (not shown). Hence, the

vorticity and buoyancy gradient vectors are approxi-

mately perpendicular, as also shown byKerr (1985) and

Ashurst et al. (1987) for the vorticity and passive scalar

gradient.

Since potential vorticity cannot be propagated by

gravity waves, the only way the free atmosphere can

obtain potential vorticity in our simulations is through

diffusion. Due to restrictions on the Reynolds number,

viscous and diffusive effects are much stronger in our

simulations than they would be in the real atmosphere.

Diffusive effects do diminish away from the boundary

layer, as may be seen from the decreasing potential

enstrophy values of the mode of the PDF in the free

atmosphere in Fig. C2, but still, it is clear that little has

been gained in terms of scale separation compared to

using enstrophy.

We use the samemethod for approximating the saddle

point as described before, the jump size between con-

secutive grid levels being a factor of roughly 1:5P2/P2
0 in

the Fr0 5 0 case and a factor of roughly 5P2/P2
0 in the

Fr0 5 20 case. The mean value of the saddle point over

time is used as the threshold on potential enstrophy for

distinguishing between turbulent and nonturbulent re-

gions. Using this method, the turbulent area fraction is

shown in Fig. C3. The vertical profile indicates that there

is a smaller turbulent area fraction within the mixed

layer than inside the lower-entrainment-zone sublayer.

This unintuitive outcome is due to the behavior of the

buoyancy gradient in the CBL, which strongly affects

the magnitude of the potential vorticity. Because the

buoyancy gradient increases sharply from the mixed layer

to the entrainment zone, the potential enstrophy follows

suit (see alsoFig.C2).Thismeans that for a given threshold,

there is a larger area where the potential enstrophy is

greater than the threshold in the entrainment zone and

hence why there is a bigger turbulent area fraction there

than in the mixed layer. For this reason, the potential ens-

trophy is somewhat less suitable than the enstrophy as a

turbulence indicator in the CBL.

FIG. C2. Probability density functions of potential enstrophy at

zenc/L0 5 20. The black dots indicate the mode of the PDF at each

height. The star shows the approximate saddle point. The lower

and upper orangemarkers on the left-hand side indicate zi,f and zi,g,

respectively. The reference scaleP0 is defined in Eq. (C3) with cb5
c« 5 0.1.
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Nevertheless, we can still assess how robust our results

are using the potential enstrophy as a conditioning

variable. With our reference threshold, the increase in

the turbulent area fraction at Fr0 5 20 is around 30% of

the shear-free value (Fig. C3), while the increase in the

total buoyancy flux is around 50%. Hence, there is a

contribution of around 20% that is not explained by the

increase in the turbulent area fraction. In Fig. C4, we

show the buoyancy flux at zi,f over a range of potential

enstrophy thresholds. As in Fig. A1, we have greyed

out threshold ranges where, in the shear-free case,

(aT)zi,f . 0:9 and (aT)zi,f , 0:1. Within the range of

FIG. C4. Buoyancy flux at zi,f conditioned to (a) nonturbulent

and (b) turbulent regions as a function of potential enstrophy

threshold at zenc/L0 5 20. The dashed lines indicate the reference

threshold. The gray shaded areas indicate the range of thresholds

where the turbulent area fraction in the shear-free case is greater

than 0.9 or less than 0.1.

FIG. C3. Turbulent area fraction as a function of (a) height at

zenc/L0 5 20 and (b) time at zi,f. The threshold used in each case is

the mean value of the saddle point in the potential enstrophy PDF

between 15 # zenc/L0 # 30. The markers on the left-hand side in

(a) indicate zi,f.
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physically meaningful thresholds, the buoyancy flux

in turbulent regions varies by no more than 20%

between the shear-free and sheared cases. This ex-

plains the additional contributing factor, but also

shows that the turbulent area fraction is still the

leading order parameter in the shear enhancement of

the entrainment flux and thus the main conclusions of

this paper are robust with respect to the conditioning

variable.
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