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Abstract
In device-independent quantum information processing Bell inequalities are not only used as
detectors of nonlocality, but also as certificates of relevant quantumproperties. In order for these
certificates towork, one very often needs Bell inequalities that aremaximally violated by specific
quantum states. Recently, in Salavrakos et al (2017Phys. Rev. Lett. 119 040402) a general class of Bell
inequalities, with arbitrary numbers ofmeasurements and outcomes, has been designed, which are
maximally violated by themaximally entangled states of two quantum systems of arbitrary dimension.
In this work, we generalize these results to themultipartite scenario and obtain a general class of Bell
inequalitiesmaximally violated by theGreenberger–Horne–Zeilinger states of any number of parties
and any local dimension.We then derive analytically theirmaximal quantum andnonsignaling values.
We also obtain analytically the bound for detecting genuine nonlocality and compute the fully local
bound for a few exemplary cases.Moreover, we consider the question of adapting this class of
inequalities to partially entangledGreenberger–Horne–Zeilinger-like states for some special cases of
low dimension and small number of parties. Through numericalmethods, wefind classes of
inequalitiesmaximally violated by these partially entangled states.

1. Introduction

Bell inequalities [1] have traditionally been used as witnesses of nonlocality in composite quantum systems, but
with the advent of device-independent quantum information processing they gained a completely new role as
certificates of relevant quantumproperties. It is nowadays awell-established fact that the violation of Bell
inequalities not only certifies the presence of entanglement in a device-independent way, but it can also certify
e.g. that true randomness has been generated in the process ofmeasuring a quantum system [2]. Among their
certification properties, Bell inequalitiesmay serve as device-independent witnesses of theminimalHilbert
space dimension of the underlying quantum system [3]. Themaximumexponent of their certification power is
known as self-testing [4], which allows one to determine the state andmeasurements performed solely from the
observation of themaximal violation of certain Bell inequalities (see, e.g. [5]).

Inmany of these device-independent applications, in particular in randomness certification [2] or self-
testing [4, 5], one needs Bell inequalities whosemaximal quantum values are known alongwith the quantum
realisation (that is, a quantum state and quantummeasurements) achieving them. This is not an easy task in
general, because, phrasing alternatively, one needs Bell inequalitiesmaximally violated by specific quantum
states and/or specific quantummeasurements.Whilemany constructions of Bell inequalities, both in the
bipartite andmultipartite cases (see, e.g. [6–18]), have been proposed to date, the quantum realisation
maximally violating these inequalities is characterized only for a proper subset of them, andmost of these
inequalities involve two-outcomemeasurements. In the bipartite case these are for instance: the Clauser–
Horne–Shimony–Holt (CHSH)Bell inequality [6], which ismaximally violated by themaximally entangled state
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of two qubits, its generalization, called the tiltedCHSH [7], which ismaximally violated by any partially
entangled two-qubit state, and the generalizations of theCHSHBell inequality to inequalitiesmaximally
violated by themaximally entangled state of arbitrary local dimension and variousmeasurements [19–21],
devised only recently.Moving to themultipartite case, examples of Bell inequalities for which the realization of
themaximal quantumviolation is known are: theMermin Bell inequality [22], the class of Bell inequalities
maximally violated by themultiqubit graph states [15] (see also [23] for the recent alternative construction), or a
class of two-setting Bell inequalities introduced in [16] and tailored to theN-partite Greenberger–Horne–
Zeilinger states of arbitrary local dimension
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for which themaximal quantumviolationwas determined only later in [24].
Themain aimof this work is to design a new family of Bell inequalities for which one can efficiently

determine themaximal quantumviolation alongwith the quantum realisation achieving it.We provide a
general class ofmultipartite Bell inequalities valid for any number ofmeasurements and outcomeswhose
maximal quantum violation is attained by theGreenberger–Horne–Zeilinger (GHZ) state ofN qudits (1). To
this end, we exploit and, at the same time extend to themultipartite scenario, the approach in [19] to construct
Bell inequalities for themaximally entangled state of two qudits GHZ d2, ñ∣ . Noticeably, this approach exploits the
properties of the quantum state andmeasurements to derive Bell inequalities, rather than the geometry of the set
of local correlations.We then characterize the obtained inequalities: (i)first, we compute theirmaximal classical
values for the simplestmultipartite scenarios (note that forN=2 these values were already computed
analytically in [19]), (ii)wedetemine theirmaximal quantum value by finding a sumof squares decomposition
of the corresponding Bell operator, and (iii) compute theirmaximal nonsignaling values. In the spirit of [19, 25],
wefinally discuss generalizations of our Bell inequalities to certain partially entangledmultipartite states.

Noticeably, our class of Bell inequalities reproduces the two-setting Bell inequalities introduced in [16] and
later studied in [24]. On the other hand, it belongs to a broader class ofmultipartite Bell functionals considered
in [26]. Nevertheless, this last work, although it reproduces notable inequalities such as the ones presented in
[27], it does not single out the class of Bell inequalities nor the properties we provide in this work.Moreover, here
we provide a different approach to compute themaximal quantum violation that is based on the sum-of-squares
decomposition of the Bell operator.

Themanuscript is organized as follows. In section 2we recall all the relevant notions for further
considerations. In section 3we derive our family of Bell inequalities, whereas in section 4we characterize them
by providing theirmaximal classical (numerically, in the simplest scenarios), quantumand nonsignaling values.
In section 5we put forward possible generalizations of our construction to partially entangledGHZmultiqudit
states, andwe present our conclusions in section 6.

2. Preliminaries

Bell scenario and correlations. Let us consider a Bell scenario inwhichN distant partiesA1,K,AN share some
physical system. In each round of the experiment, each partyAi performs one ofmmeasurements on their share
of this system, and eachmeasurement yields one of d outcomes.We label themeasurement choices and
outcomes of partyAi by xiò;{1,K,m} and aiò;{0,K, d−1}, respectively, while Ai x, i

denotes the
implementedmeasurement. Suchmeasurements lead to correlations that are described by a collection of
conditional probability distributions

p a a x x, , , , , 2N N a a x x1 1 , , ; , ,N N1 1¼ ¼ ¼ ¼{ ( ∣ )} ( )

inwhich a xp p a a x x, , , ,N N1 1¼ ¼( ∣ ) ≔ ( ∣ ) stands for the probability of obtaining outcomes a a a, , N1 ¼≔ ( )
upon performingmeasurements x x x, , N1 ¼≔ ( ) by the parties. These probabilities are typically ordered into a
vector

p p a a x x, , , , . 3N N a a x x
md

1 1 , , ; , ,N N

N

1 1 = ¼ ¼ Î¼ ¼


{ ( ∣ )} ( )( )

By slightly abusing terminologywe also call the collection (2) correlations.
Now, the set of allowed vectors p


varies depending on the physical principle they obey. First, let us consider

correlations that satisfy the no-signaling principle which prohibits faster-than-light communication between
parties.Mathematically, this is equivalent to saying that the conditional probabilities p a x( ∣ ) satisfy the following
set of linear constraints
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p a a a x x x p a a a x x x, , , , , , , , , , , , , , , , 4
a

i N i N
a

i N i N1 1 1 1

i i

å å¼ ¼ ¼ ¼ = ¼ ¼ ¼ ¢ ¼( ∣ ) ( ∣ ) ( )

for all x x,i i ¢ and a a a a, , , , ,i i N1 1 1¼ ¼- + and x x x x, , , , ,i i N1 1 1¼ ¼- + and all i. Correlations obeying the no-
signaling principle form a convex polytope that wewill denote by N m d, , .

The polytope N m d, , contains the set of quantum correlations, which are those that can be represented as

p M Ma x Tr 5N x
a

N x
a

1, , N
N

1
1r= Ä ¼ Ä( ∣ ) [ ( )] ( )

for someN-partite quantum state ρN of generally unconstrained dimension and local positive semi-definite
measurement operators Mi x

a
, i

i that define the xithmeasurement (with outcome ai) performed by partyAi. Since
Mi x

a
, i

i are positive-operator valuedmeasure (POVM) elements, they form a resolution of the identity:
Ma i x

a
,i i

i å = . Similarly to the nonsignaling set, the quantum set N m d, , is also convex, however, it is not a
polytope.Moreover, as shown in [28], N m d, , , is a proper subset of N m d, , as there exist correlations obeying the
no-signaling principle that do not have the above quantum realization (5).

Finally, the set of correlations that admit the local hidden variable (LHV)models is formed by those p

for

which every a xp( ∣ ) can bewritten as a convex combination of product deterministic correlations, that is,

p p p a x p a xa x , , . 6A A N N1 1 N1å l l l= ¼
l

( ∣ ) ( ) ( ∣ ) · · ( ∣ ) ( )

Hereλ is some classical information (which can also be interpreted as a hidden variable or shared randomness)
and p a x , 0, 1i i l Î( ∣ ) { } for all ai, xi andλ. Inwhat followswewill also refer to correlations admitting the above
representation as to local or classical. Likewise the nonsignalling set, the local set is a polytopewhose vertices are
product of deterministic correlations, i.e. p p a x p a xa x A A N N1 1 N1

= ¼( ∣ ) ( ∣ ) · · ( ∣ )with each p a x 0, 1A i ii
Î( ∣ ) { }.

It is important to notice that N m d, , is a proper subset of N m d, , andBell was the first to prove that not all
quantum correlations admit an LHVmodel. To this end, he used the concept of Bell inequalities—linear
inequalities constraining the local polytope N m d, , that take the general form

I T p a x , 7
a x

a x
,

, å b≔ ( ∣ ) ( )

whereTa,x is a table of real numbers, while b is the so-called classical bound of the Bell inequality defined as
Imax p N m d, , b = Î

 . Analogously, let us denote by b and b , respectively, themaximal quantumand
nonsignaling values of I, i.e.

I Isup , max , 8
p p

N m d N m d, , , ,







b b= =
Î Î  ( )

where the supremum stems from the fact that the set of quantum correlations is in general not closed [29].
Formost of knownBell inequalities   b b b< < . In particular, if  b b< for some I, we call the

corresponding Bell inequality proper. Finally, the violation of a Bell inequality by some correlations p

implies

that p

does not admit the LHVmodel, inwhich case it is called nonlocal.

In themultipartite case (N>2), yet another set of correlations can be considered–the set of Svetlichny
correlations [30]. To define it formally, let us group the partiesA1,K,AN into two disjoint subsetsG and
G A A G, , N1= ¼¯ { }⧹ such that G G, ¹ Æ¯ . Now, the correlations p


are called bilocal with respect to the

bipartition G G∣ ¯ if

p p p pa x a x a x, , , 9G G G G G G G Gå l l l=
l

( ∣ ) ( ) ( ∣ ) ( ∣ ) ( )∣ ¯ ¯ ¯ ¯

where aG (aḠ) and xG (xḠ) are outcomes andmeasurement choices corresponding to the observers fromG (Ḡ),
whereas p a x ,G G G l( ∣ ) are any probability distributions corresponding to the parties inG.We then call p


bilocal

if p a x( ∣ ) can bewritten as a convex combination of p a xG G ( ∣ )∣ ¯ that are bilocal with respect to various bipartitions

G G∣ ¯ . On the other hand, if p

does not admit the above form, thewe call such correlations genuinelymultipartite

nonlocal.
In a given Bell scenario (N,m, d) bilocal correlations form a convex set N m d, , , and for a given Bell expression

Iwedenote by b itsmaximal value over N m d, , , that is, Imax p N m d, , b = Î
 . Violation of I  b by some

quantum correlations p

indicates that these correlations are genuinelymultipartite nonlocal.

Let us stress here that the above definition of bilocality was proven to be inconsistent with the operational
interpretation of nonlocality [31, 32], and to recover consistency it is enough to require that p a x ,G G G l( ∣ ) and
p a x ,G G G l( ∣ )¯ ¯ ¯ obey the no-signaling principle. Nevertheless, it is still of interest to consider the Svetlichny
definition of bilocality as any quantum correlations that are genuinely nonlocal according to it are also genuinely
nonlocal according to the definitions of [31, 32].

Aparticularmultipartite Bell expression. Let us illustrate the above concepts with the following example of a
multipartite Bell expression introduced in [18, 26], whichwe state here in the probability picture as
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where n and n are expressions given explicitly by

P X n P X n 11n

m

, , 1
, , , ,

N

N N

1 1

1 1 1 1 å= = + =
a a

a a a a
¼ =

¼ ¼
-

- -[ ( ) ( )] ( )

and

P X n P X n1 1 , 12n

m

, , 1
, , , ,

N

N N

1 1

1 1 1 1 å= = - - + = - -
a a

a a a a
¼ =

¼ ¼
-

- -[ ( ) ( )] ( )

whereX and X are linear combinations of the variables Ai x, i
defined as

X A A1 13
j

N
j

j, , 1,
2

1
, 1N j j1 1 1 1å= + -a a a a a¼

=

-
+ -- -( ) ( )

and

X A A1 , 14
j

N
j

j, , 1, 1
2

, 1N j j1 1 1 1å= - + -a a a a a¼ +
=

+ -- -( ) ( )

wherewe use the convention that A A 1j m j, ,= +g g+ for any γ=1,K,m and any j=1,K,N, andαN≔1.
Moreover, all the equations X k, , N1 1

=a a¼ - or X k, , N1 1
=a a¼ - in equations (11) and (12) are to be taken

modulo d.While, themaximal classical value of Iex is in general unknown, its Svetlichny bound is straightforward
to determine and amounts to m m 1Nex 2

b = -- ( ) [18, 26].
It was proven in [18] that the Bell inequality (10) is violated (but notmaximally) by theN-qudit GHZ state

GHZN d, ñ∣ togetherwith the following observables

U F F U V F F V, , 15x x d d d x x x d d d x1, 2,A A= W = W ( )† † † †

for thefirst two parties, and

W F F W

W F F W N

W F F W N

W F F W N

W F F W N

, even

, odd

, even

, odd
16

x x d d d x

N x
x d d d x

x d d d x

N x
x d d d x

x d d d x

3,

1,

,

A

A

A

= W

=
W

W

=
W

W

-


⎪

⎪

⎪

⎪

⎧
⎨
⎩
⎧
⎨
⎩

( )

† †

† †

† †

† †

† †

for the remaining parties, where

F
d

i j
1

, diag 1, , , 17d
i j

d
ij

d
d

, 0

1
1å w w w= ñá W = ¼

=

-
-∣ ∣ [ ] ( )

where dexp 2 w p= ( ) is the dth root of unity and 1 02 + = .Moreover,

U j j V j j W j j, , , 18x
j

d
j x

x
j

d
j x

x
j

d
j x

0

1

0

1

0

1
m m må å åw w w= ñá = ñá = ñág z q

=

-
-

=

-

=

-
-∣ ∣ ∣ ∣ ∣ ∣ ( )( ) ( ) ( )

with γm(x)=(x−1/2)/m, ζm(x)=x/m, and θm(x)=(x−1)/m for x=1,K,m. Notice that for the case
N=m=2, these reproduce the optimal CGLMPobservables [8] andwewill use them to construct our Bell
inequalities.Moreover, for these observables and the state GHZN d, ñ∣ , all the probabilities appearing in both n
and n (see equations (11) and (12)), that is,

P X n P X nand 19, , , ,N N1 1 1 1= =a a a a¼ ¼- -( ) ( ) ( )

are independent of the choice of , , N1 1a a¼ - and are equal for any n d0, , 1= ¼ - , that is,
P X n P X n, , , ,N N1 1 1 1

= = =a a a a¼ ¼- -( ) ( ) (see appendix for the proof).Wewill later exploit these properties in
our construction of Bell inequalities.

Generalized correlators. For further purposes we notice that correlations (2) can also be equivalently
represented by correlators instead of conditional probabilities. However, due to the fact that herewe consider an
arbitrary number of outcomes, we need to appeal to generalized correlators. These are in general complex
numbers that are defined through theN-dimensional discrete Fourier transformof the probabilities p a x( ∣ )
according to the following formula
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p a x , 20x
k

N x
k

k

a k
1, , N

N
1

1A A å wá ¼ ñ = ( ∣ ) ( )( ) ( ) ·

where the sum is over allN-tuples k kk , , N1= ¼( )with each k d0, , 1i = ¼ - . It is then not difficult to see that
1x

k
N k
k

1, , N

N
1

1A A á ¼ ñ∣ ∣( ) ( ) for all configurations of x x, , N1 ¼ and k k, , N1 ¼ .Moreover, if k 0i = for some i, then
the no-signalling principle (see equation (4)) allows one to rewrite.

. 21x
k

N x
k

x
k

i x
k

i x
k

N x
k

1, , 1, 1, 1, ,N

N

i

i

i

i

N

N
1

1
1

1

1

1

1

1A A A A A Aá ¼ ñ = á ¼ ¼ ñ- +-
-

+
+ ( )( ) ( ) ( ) ( ) ( ) ( )

In particular, 1x x1,
0

1,
0

N1
A Aá ¼ ñ =( ) ( ) for any sequence of xi. The inverse transformation gives

p
d

a x
1

. 22
k

N x
k

N x
ka k

1, , N

N
1

1A Aå w= á ¼ ñ-( ∣ ) ( )( · ) ( ) ( )

We remark that we have used a different letter to denote the new variables instead of Ai x, i
because the values that

these new variables take are from the regular d-gon in the complex plane, with vertices 1, , d 1w¼ -{ }. Note that
for d 2= , the correlators take values from 1, 1-[ ].We also note that for d 2> these values are not completely
independent: for instance, since the conditional probabilities p a x( ∣ ) are real, its discrete Fourier transformwill
satisfy the relations

, 23x
k

N x
k

x
d k

N x
d k

1, , 1, ,N

N

N

N
1

1
1

1A A A A *á ¼ ñ = á ¼ ñ- - ( )( ) ( ) ( ) ( )

where z* denotes the complex conjugate of z and the kiʼs are takenmodulo d.
In the case of quantum correlations p a x( ∣ ), i x, i

A can be seen as the Fourier transformof themeasurement
operators Mi x

a
, i

i , that is,

M . 24i x
k

a

ak
i x
a

, ,A å w= ( )( )

Phrasing alternatively, one can think of the operators i x
k
, i

iA( ) with k d0, , 1i = ¼ - as an observable

representation of a d-outcomemeasurement Mi x
a
, i

i{ }with outcomes labelled by 1, , , d 1w w¼ - . Let us also notice
that if Mi x

a
, correspond to a projectivemeasurement, then i x,A are unitary operators with eigenvalues

1, , d 1w¼ - (or, equivalently, they satisfy i x
d
,A = ).Moreover, in such a case i x

k
,A( ) are simply kth powers of i x,A ,

i.e. i x
k

i x
k

, , i
A Aº( ) .

3. The construction

Let us nowmove on to our construction of Bell inequalitiesmaximally violated by theGHZ states (1) of any local
dimension d and any number of partiesN. To this endwe follow the approach introduced in [19] to derive Bell
inequalitiesmaximally violated by themaximally entangled states of two qudits.Moreover, we impose the
condition that themaximal quantumvalues of the Bell inequalities we here derive are by design obtained for the
optimalmeasurements (16).

3.1. The case of three observers (N=3)
Tomake our considerationsmore accessible, wefirst present our construction in the case of three observers
(N= 3). As alreadymentioned, we nowdenote the partiesA,B andC, whereas their outcomes and
measurements choices as a b c, , and x y z, , , respectively. The departure point of our considerations is the
following generalization of the Bell expression in equation (10),

I . 25m d
n

d

n n n n3, ,
0

2 1

 å a b= -
=

-

( ) ( )
⌊ ⌋

Here, the variables defined in equations (13) and (14) simplify to

X A B C X A B C, 26, 1 , 1 1= - + = - + -a b a a b b a b a a b b+ - + + -¯ ( )

and therefore n and n can bewritten as

P A B C n P B A C n 27n

m

, 1
1 1 1 å= - + = + - - =

a b
a a b b a b a b

=
+ - + - +[ ( ) ( )] ( )

and

P A B C n P B A C n1 1 . 28n

m

, 1
1 1 1 å= - + = - - + - - = - -

a b
a a b b a b a b

=
+ - + - +[ ( ) ( )] ( )

Moreover, na and nb are our free parameters that we are going to determine. Notice that for
n d1 2 1n na b= = - -[ ( )], one recovers themultipartite Bell inequalities (10). Notice also that the reason to
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consider the above generalization of (10), inwhich the free parametersmultiply n and n stems from the fact
that for the state GHZN d, ñ∣ and the optimalmeasurements (15) and (16), whichwe later use tofind our
inequalities, all probabilities contributing to n and n are equal (see appendix for the proof).

We nowwant to exploit these degrees of freedom in order to construct Bell inequalitiesmaximally violated
by GHZ d3, ñ∣ . However, in order to fully appreciate the symmetries inherent in Bell inequalities and thus
significantly simplify our considerations wewill write the Bell expression (25) in terms of complex correlators
(20) instead of probabilities. After some short algebra one finds that

P A B C
d

1
29

k

d
k k k k

1
0

1

1A B Cåx w- + = = á ña a b b
x

a a b b+ -
=

-
-

+ -
-( ) ( )

and

P A B C
d

1
. 30

k

d
k k k k

1 1
0

1

1 1A B Cåx w- + - = = á ña a b b
x

a a b b+ + -
=

-

+ + -
-( ) ( )

With the aid of these formulas our Bell expression (25) can be conveniently rewritten as

I
d

1
, 31m d

m

k

d
k k k

3, ,
, 1 0

1

1A B Cå å= á ñ
a b

a a b b
= =

-

+ -
- ( )( )

where the new variables k
Aa

( ) are defined as

a a 32k
k

k
k

k
1A A A*= +a a a+ ( )( )

with

a . 33k
n

d

n
kn

n
k n

0

2 1
1å a w b w= -

=

-
- +[ ] ( )

⌊ ⌋
( )

Notice here that as, due to the convention, m 1 1A Aw=+ , and therefore in the particular case of ma = ,

equation (32) reads a am
k

k m
k

k
k k

1A A A* w= +( ) . Let us also notice that the term in equation (31) corresponding
to k 0= is a constant and therefore it is not included in the Bell expression.

Now, tofix our free parameters na and nb n d0, , 2 1= ¼ -( ⌊ ⌋ )we require that for the optimal
observables (16) the following conditions

GHZ GHZ 34k k k
d d1 3, 3,A B CÄ Ä ñ = ña a b b+ -

- ∣ ∣ ( )( )

are satisfied for all m, 1, ,a b = ¼ and k d1, , 1= ¼ - . In other words, wewant tofind such na and nb that

the resulting operator k k k
1A B CÄ Äa a b b+ -

-( ) stabilizes theGHZ state GHZ d3, ñ∣ , or that theGHZ state is its
eigenstate with eigenvalue one. To solve the above equationswe need the explicit forms of the kth powers of the
measurements (16). After simple algebra onefinds that

d k n n n k n , 35x
k d k x

n

k
k x

n k

d

0

1 1
m mA å åw w= - + ñá + - ñág g- -

=

-

=

-

∣ ∣ ∣ ∣ ( )( ) ( ) ( )

d k n n n k n , 36y
k

y
k d k y

n

k
k y

n k

d

0

1 1

m mB B å åw w= = - + ñá + - ñáz z- -

=

-

=

-

( ) ∣ ∣ ∣ ∣ ( )† ( ) ( ) ( )

and

d k n n n k n . 37z
k d k z

n

k
k z

n k

d

0

1 1
m mC å åw w= - + ñá + - ñáq q- -

=

-

=

-

∣ ∣ ∣ ∣ ( )( ) ( ) ( )

By plugging (35)–(37) into the conditions (34), one obtains the following systemof linear equations for the
coefficients ak:

a a

a a

1,

1,
38

k
k m

k
k m

k
d k m

k
d k m

2 2

2 2

*

*
w w
w w

+ =

+ =

-

- - -⎪

⎧⎨
⎩ ( )

( ) ( )

with k d1, , 2= ¼ ⌊ ⌋. This system can be directly solved, giving

a
m

k d
2 cos 2

1, , 2 . 39k

k d
m

2
4w
p

= = ¼
- ⎢

⎣⎢
⎥
⎦⎥( )

( ) ( )/

Having explicit formof ak, we can now excavate the coefficients na and nb from the systemof equations (33).
The latter consists of d 2⌊ ⌋equations involving d2 2⌊ ⌋variables,meaning that it does not have a unique
solution, and the solutionwill not be real in general. To avoid this problemwe equip (33)with d 2⌊ ⌋additional
equations of the form
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a 40
n

d

n
kn

n
n k

k
0

2 1
1 *å a w b w- =

=

-
- +( ) ( )

⌊ ⌋
( )

whichwill enforce na and nb to be real. Both sets of equations (33) and (41) can bewrapped up into a single set of
the form

c , 41
n

d

n
kn

n
k n

k
0

2 1
1å a w b w- =

=

-
- +( ) ( )

⌊ ⌋
( )

inwhich c ak k= for k d1, , 2= ¼ ⌊ ⌋and c ck k*= - for k d 2 , , 1= - ¼ -⌊ ⌋ . In order to solve this systemwe
consider the cases of odd and even d separately. For odd d, (41) has the same number of equations and variables,
and thuswe expect a unique solution, which after rather straightforward but tedious calculations is found to be

d m
g n g d

1

2
tan

2
2 42n ma

p
= -⎜ ⎟⎛

⎝
⎞
⎠ ⎢⎣ ⎥⎦[ ( ) ( )] ( )

and

d m
g n m g d

1

2
tan

2
1 1 2 43n m mb

p
= + - +⎜ ⎟⎛

⎝
⎞
⎠ ⎢⎣ ⎥⎦[ ( ) ( )] ( )

with n d1, , 2= ¼ ⌊ ⌋and g x x m dcot 1 2m p +( ) ≔ { [ ( )] }.
Then, in the case of even d the equations for k d 2= and k d 2= - are the same, and therefore the system

(41) consists of d 1- equations for d variables. The additional variable we thenfix in such away that the
obtained na and nb assume the same form as for odd d.

3.2. Generalization to an arbitrary number of parties
It turns out that the above considerations remain valid if one considers an arbitrary number of partiesN.

Let us consider the sameBell expression as in (25), i.e.

I , 44N m d
n

d

n n n n, ,
0

2 1

 å a b= -
=

-

( ) ( )
⌊ ⌋

inwhich now n and n are defined for anyN in (11) and (12). By using the discrete Fourier transformwe can
rewrite it in terms of the complex correlators as

I
d

1
, 45N m d

m

k

d
k

i

N

i
k

, ,
, , 1 1

1

2
, 1

1

N

i i

i

1 1

1 1

1
A Aå å =

a a
a a a

¼ = =

-

=
+ -

-

-

-

- ( ) ( )( ) ( )

where 1Na = . The variables k
1

Aa
( ) are, as before, combinations of k

1, 1
A a and k

1, 11
A a + given by

a a 46k
k

k
k

k
1, 1, 11 1 1

A A A*= +a a a + ( )( )

for m1, ,1a = ¼ , where, as before, m1, 1 1,1A Aw=+ . The coefficients ak are defined in equation (33). Notice
also that the Bell expression (66) does not contain the term corresponding to k 0= as the latter is only a constant
that can always bemoved to the classical bound; for this reasonwe changed the notation from IN m d, , to IN m d, , .
The values IN m d, , and IN m d, , are related by the following formula

I I
m

d
, 47N m d N m d

N

n

d

n n, , , ,

1

0

2 1

å a b= + -
-

=

-
 ( ) ( )

⌊ ⌋

and so for a particular choice of the coefficients na and nb , given the value of our Bell expression in one
representation, we can easily compute it in the other representation.

Now, the above formof the Bell expression suggests the conditions one needs to impose on the variables na
and nb in order to obtain a Bell inequalitymaximally violated by theN-partite GHZ state GHZN d, ñ∣ . Namely, the
following systemof equations

GHZ GHZ , 48k

i

N

i
k

N d N d
2

, 1
1

, ,i i

i

1 1

1
A AÄ ñ = ña a a

=
+ -

-
-

-⨂( ) ∣ ∣ ( )( ) ( )

with the same conventions as above, should hold for any sequence of ia ʼs and kwith themeasurements being
given in (16). After some tedious calculations onefinds that this leads to the same systemof equations for ak aswe
obtained in the tripartite case (38); its solution is given in (39). Thus, our Bell inequalities for any number of
parties are determined through the same coefficients na and nb as in the case N 3= .

To summarize, in the probability representation our class of Bell inequalities is given by (44)with na and nb
stated explicitly in equations (42) and (43), respectively, while in the correlator representation it is given by (66)
with ak being of the form (39).Moreover, for this choice of na and nb , we have
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S
m d

d

m

1

2
1 tan

2
cot

2

1

2
, 49

n

d

n n
0

2 1

å a b
p p

- = - +
=

-
⎜ ⎟

⎪ ⎪

⎧⎨
⎩

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎛
⎝⎜
⎢
⎣⎢

⎥
⎦⎥

⎞
⎠⎟

⎤
⎦⎥

⎫⎬
⎭≔ ( ) ( )

⌊ ⌋

and consequently the Bell expression in the probability and correlator forms are related through the following
simple formula

I I m d S2 . 50N m d N m d
N

, , , ,
1= + - ( ) ( )

To conclude this part, let usmention the Bell expressions obtained here belong to amore general family of
Bell expressions considered in [26], some ofwhich independently discovered in [27]. However, in theseworks it
is only shown that high-dimensional GHZ states can exhibit fully randomand genuinelymultipartite quantum
correlations. Ourmethod is such that the inequalities are built from the property that themultiqudit GHZ state
and givenmeasurementsmaximally violate it.

4. Characterization

Herewe characterize our class of Bell inequalities.We first aim at computing their local bound. As this turns out
to be a hard task, we provide the local bound only for the simplest scenarios; recall that in the bipartite case the
classical valuewas computed analytically in [19].We then determine theirmaximal quantum value, showing at
the same time that this value is attained by the state GHZN d, ñ∣ andmeasurements (15) and (16).We finally obtain
themaximal nonsignaling value of IN m d, , .

4.1. Classical and Svetlichny bounds of our inequalities
Let us begin by noting that our Bell expression IN m d, , can bewritten in a simpler form as

I , 51N m d
n

d

n n, ,
0

1

å a=
=

-

ˆ ( )

where n is given in equation (11) and n na a=ˆ for n d0, , 2 1= ¼ -⌊ ⌋ and n d n1a b= - - -ˆ for
n d d2 , , 1= ¼ -⌊ ⌋ (notice that in the odd d case 0d d2 2a b= =⌊ ⌋ ⌊ ⌋ ).

Let us also recall that to compute themaximal classical value b of our Bell expressions IN m d, , it is enough to
maximize the latter over the vertices of N m d, , , or, in other words, over all deterministic assignments A di x, i

Î [ ]
for x m1, ,i = ¼ and i N1, ,= ¼ , i.e.

Imax , 52
A d

N m d, ,
i k i N k M, ,

b =
Î Î Î

( )
{ [ ]} [ ] [ ]

for which IN m d, , given in (51) rewrites as

I X n X n, , , 53N m d
n

d

n

m

, ,
0

1

, , 1
, , , ,

N

N N

1 1

1 1 1 1å åa d d= +
a a

a a a a
=

-

¼ =
¼ ¼

-

- -ˆ [ ( ) ( )] ( )

where ,d (· ·) denotes theKronecker delta, whereas the variablesX and X are defined in equations (13) and (14).
To facilitate the computation of the classical valuewewant to express themaximum in (52) in terms of theX

and X variables, instead of Ai x, i
. To do this, we need to remove all the linear dependencies between X , , N1 1a a¼ -

and X , , N1 1a a¼ - . Let us illustrate what wemean by this with the bipartite case inwhich the classical valuewas
computed analytically for anym and d in [19].

Let us then assume that N 2= and notice that the variables Xa and Xa are related to Aa and Ba by the
following formula

X

X

X

X

H

A

A
B

B

1
1

, 54m

m

m

m

1

1

1

1

=








⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
( )

where

H
b

1 0 0
0 , 55 


= -

-

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )

b 0, 0, , 0, 1 T= ¼ -( ) and i i 1i
m

0
1 = å ñá +=

- ∣ ∣. In order tofind a linearly independent set of Xa and Xa, we
want tofind all linear combinations such that
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a g X h X 0, 56å+ + =
a

a a a a[ ] ( )

where a, ga and ha are some coefficients to be determined. For this purpose, wewant to determine the kernel of
HT, which in this case consists of a single vector 1, 1, , 1 T¼( ) . Consequently, we arrive at the condition for the
bipartite Bell expression I m d2, , constructed in [19], which is

X X d1 mod . 57
m

0

1

å + º -
a

a a
=

-

[ ] ( )

As proven in [19], this allows to nest the optimization of the classical bound and use a dynamic programming
procedure tofind it efficiently. Indeed, one can re-express the optimization in (52) in terms of the X X,a a, but
with the condition stemming from (57).

This allows us towrite

Imax , 58
X X d X X d

N m d

, : 1 mod

, ,b =
åÎ + º-a a
a

a a

⎧⎨⎩
⎫⎬⎭

( )
[ ]

and eliminate the variables in the optimization successively thanks to the formof (53). The corresponding
classical bound of I m d2, , is then found to be [19]:

d m
m g g

m
mg

d1

2
tan

2
2 1 0 1

1
2

2
. 59m d

m m m
2, ,
b

p
= - - - -⎜ ⎟ ⎜ ⎟⎛

⎝
⎞
⎠

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝⎜
⎢
⎣⎢

⎥
⎦⎥

⎞
⎠⎟

⎤
⎦⎥( ) ( ) ( )

Inwhat followswe attempt to formalize the procedure tofind the classical bound of the inequality for a
larger system size. Herewe outline the steps, but several obstacles arise in themultipartite case that we currently
do not see how to overcome.

Let us consider an arbitrary number of observersN. Likewise, wewish tofind all a g h, , dÎa a such that

a g X h X d0 mod . 60å+ + º
a

a a a a[ ] ( )

Note however, that nowa is a vector and therefore one expects the solution set to bemultidimensional. In other
words,H is a squarematrix only for N 2= . If N 2> we shall have on the left hand side of (54) a

m1 2 N 1+ -( )-component vector of Xaʼs and Xaʼs, whereas on the left hand sidewe shall have a
( mN1 + )-component vector of observables. Therefore, the number of terms in the kernel ofHTwill grow
exponentially withN, implying therewill be an exponential number of non-trivial constraints in the
maximization analogous to (58). In order tofind them, using equations (13) and (14), the above equation can be
expanded as

a g A h A g h A d1 0 mod . 61
i

N
i

i1, 1, 1
2

1
, 1i i1 1 1å å å+ - + - - º

a
a a

a
a aa a a a+

=

-
+ --[ ] ( ) [ ] ( )

This gives a set of equations thatmake the coefficients in front of AN , N 1a - congruent to d0 mod :

g h d k m0 mod 1 . 62
k: N 1

 å - º
a

a a
a =-

[ ] ( ) ( )

Similarly, for j N1 < < , wemake the coefficient in front of Aj k, congruent to d0 mod :

g h d k m0 mod 1 . 63
k: 1j j1

 å - º
a

a a
a a+ - =-

[ ] ( ) ( )

Then, the coefficient thatmultiplies A1, 1a is

g h d k m0 mod 1 , 64
k

k k
:

, 1,

1

1 1  å - º
a

a a
a

a a
=

= ¢ = - ¢[ ] ( ) ( )

where , , N2 1a a a¢ º ¼ - .We have also an equation for the constant term in equation (60). Herewe have to take
into consideration that A A 1i m k i k, 1 ,= +- + for k 0> and any i N1, ,= ¼ .

In order to appropriately do the substitutions of the Xaʼs and Xaʼs, one needs to performGauss elimination
on a basis of this kernel. However, we note that the equations (60) are over d , which is afield only of d is a prime
number. Therefore, for some values of d, inversesmay not exist, and it can bemuchmore complicated to obtain
a good basis of Hker T . This was not a problem for N 2= as Hker T was generated simply by a vector of ones. In
addition, it is unclear how to later exploit the properties of the g function thatwere used in [19] in order tofind
an analytical formof N m d, ,b for N 2> .

Thus, even though the procedure above helps to slightly reduce the complexity of the optimization in some
particular cases with a fewnumber of particles, we resort to numerics in the general case. As pointed out in
theorem1, we have that d d3,2, 3,2,

 b b= and its value is thus given by expression (59). For completeness, we
include the classical bound values in the simplest Bell scenarios in tables 1 and 2.
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On the other hand, it is quite direct to obtain an upper bound on themaximal value of IN m d, , over the
Svetlichny correlations. Precisely, the results of [26] allow us to state the following theorem.

Theorem1.The Svetlichny bound of IN m d, , is bounded from above as mN m d N m d, , 2 2, ,
 b b- , where m d2, ,

b is the
classical bound of the bipartite Bell inequality given explicitly in (59).

Proof.The proof is given in [26]. ,

It is worthmentioning that for the case N 3= and m 2= the bound d3,2,
b is also saturated by fully product

probability distribution (see also table 1)

p p a x p b y p c za x 65A B Cloc =( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) ( )

such that p x p y p z0 0 0 1A A C= = =( ∣ ) ( ∣ ) ( ∣ ) for all x y z, , . So, d3,2,
b is also the classical bound of the

corresponding Bell inequality. In general, however, the classical and Svetlichny bounds differ.

4.2.Quantumandnonsignaling bounds
Let us nowmove on to the quantum and nonsignaling bounds.

Theorem2.Themaximal quantum value of IN m d, , is m d d1Q
N m d N, , 1b = -- ( ) .

Proof.Toprove that Q
N m d, ,

b is an upper bound on themaximal quantum value of IN m d, , we can follow the
method of [26]. Here, however, we follow an alternative approach exploiting the sum-of-squares decompositon
of the shifted Bell operator, whichmight be of use for such applications of nonlocality as self-testing.

To this end, let us consider a Bell operator N m d, , constructed from the Bell expression IN d m, , with some

observables i x, i
A (that is, unitary operators such that i x

d
, i

A = ):

B
d

:
1

. 66N m d

m

k

d
k

N

i
i

k
, ,

, , 1 1

1

2
, 1

1

N

i i

i

1 1

1 1

1
A Aå å= Ä

a a
a a a

¼ = =

-

=
+ -

-

-

-

-⨂( ) ( )( ) ( )

Table 1.Maximal classical and Svetlichny values of IN m d, , for N 3= , m 2, 3= and d 2, 3, 4= .

N 3= , m 2=

d 2 3 4
d d3,2, 3,2,

 b b= 4.2426 3.0416 3.5953

N 3= , m 3=
d3,3,

b
13

3
13 cot 17 tan 4 tan1

6 3 18 9

2

9
- -p p p⎡⎣ ⎤⎦( ) ( ) ( ) 10 17 2 14 6

4 3

- + +

=7.5056 =6.1760 =6.9765

d3,3,
b 8.6603 7.3132 8.1115

Table 2.Maximal classical and Svetlichny values of IN m d, , for N 4= , m 2, 3= and d 2, 3, 4= . It was not possible
for us to compute the value of 4,3,4

b due to its computational complexity.

N 4= , m 2=

d d 2= d 3= d 4=
d4,2,

b cot tan5

2 8 8
+p p⎡⎣ ⎤⎦( ) ( ) 3 310

3

5

6
+ - +( ) 10 cot 5 cot1

8 16

3

16
-p p( ) ( )[

16 tan tan
16

3

16
+ +p p( ) ( )]

=7.0711 =4.7169 =5.8301

d4,2,
b 8.4853 6.0829 7.1905

N 4= , m 3=

d4,3,
b

35

3
5 cot 7 tan 2 tan7

6 3 18 9

2

9
- -p p p⎡⎣ ⎤⎦( ) ( ) ( ) (n.a.)

=20.2073 =16.2537

d4,3,
b 25.9808 21.9394 24.3345
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Our aimnow is to prove that the operator
N m d

N m d
, ,

, , b - is positive semi-definite for arbitrary observables
i x, i

A with the identity operator  being of defined on the correspondingHilbert space. This can be achieved by

decomposing
N m d

N m d
, ,

, , b - into a sumof squares. To bemore precise, let usfirst consider the simpler case
of m 2= and introduce the following operators

P . 67k k

i

N

i
k

, ,
2

, 1
1

N i i

i

1 1 1 1

1
A A= - Äa a a a a¼

=
+ -

-
- -

-⨂( ) ( )( ) ( ) ( )

Then, by a direct check onefinds that the following decomposition

d
P P

1

2
68

N d
N d

m

k

d
k k,2,

,2,
, , 1 1

1

, , , ,

N

N N

1 1

1 1 1 1
  å åb - =

a a
a a a a

¼ = =

-

¼ ¼
-

- -
 [ ] ( )( ) † ( )

holds true. In the case of arbitrary number ofmeasurements, the above sumof squares needs to be slightly
modified. Let us introduce the following operators

T 69k
k

k
k

k
k

k
, 1,2 , 1, 2 , 1, 3A A A* *m n t= + +a a a a a a+ + ( )( )

for m1, , 2a = ¼ - and k d1, , 1= ¼ - , where the coefficients are defined as

m

m

m m

m

m

m

m

m

m m

2 cos 2

sin

sin sin 1
,

2 cos 2

sin 1

sin
,

1

2 cos 2

sin

sin 1 4 cos 2
, 70

k

d k m

k

d k m

k

d k m

k

,

1 2 2

,

2 2

,

2 2

2 ,
1

m
w

p
p

pa p a

n
w

p
p a

pa

t
p

pa
p a

w
p

n

=
+

=-
+

=
+

= -

a

a

a

a a

+ -

-

-
-

( )
( )

( ) [ ( ) ]

( )
[ ( ) ]

( )

( )
( )

[ ( ) ] ( )
( )

( )( )

( )

( )

for i m1, , 3= ¼ - and k d1, , 1= ¼ - , while for i m 2= - and k d1, , 1= ¼ - they are given by

m m

m m

m

m

2 2 cos 2 cos
,

2 2 cos 2 cos
,

cos

2 cos 2
. 71

m k

d k m

m k

k d k m

m k

2,

2 2

2,

2 2

2,

m
w
p p

n
w w
p p

t
p
p

=-

=-

=

-

- -

-

-

-

( ) ( )

( ) ( )

( )
( )

( )

( )

( )

Then, the sumof squares is given by

d
P P

m

d
T T

1

2 2
. 72N m d

N m d

m

k

d
k k

N m

k

d
k k, ,

, ,
, , 1 1

1

, , , ,

2
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1

1
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a
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-

¼ ¼

-

=

-

=

-
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[ ] [ ] ( )( ) † ( ) ( ) † ( )

To conclude the proof, let us notice that for the state GHZN d, ñ∣ and themeasurements (15) and (16) the value of
IN m d, , is clearly m d d1N 1 -- ( ) , which follows from the fact that for this realisation each correlator in IN m d, ,
assumes value one (see equation (48)). N m d, ,

b is thus themaximal quantumvalue of IN m d, , . ,

Theorem3.Themaximal nonsignaling value of IN m d, , equals its algebraic bound and it is given
by m2N m d N, , 1

0b a= - .

Proof.Toprove this statement we use the formof IN m d, , given in equation (51). As shown in [19] (see the
supplementalmaterial), n0 a a for any n d0 1  - , and consequently one obtains the following bound
by putting all the terms in 0 equal to one:

I m2 . 73N m d
N

, ,
1

0 a- ( )

Now, there exists a nonsignaling probability distribution forwhich this inequality is saturated. For the first
portion ofmeasurement choices it is defined as

p a a

d
a f

, , , 1, , 1,

1
, 1 , ,

0, otherwise

, 74

N N N N

N
i

N
i

i N

1 1 1 2 2 1 1

1
1

1
1 1å

a a a a a a

a a

¼ + - ¼ + -

=
- = ¼

- - -

-
=

-
-

⎧
⎨⎪
⎩⎪

( ∣ )

( ) ( ) ( )
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for m0, , 1ia = ¼ - and i N1, , 1= ¼ - , where the function f is defined as

f H m, , 1 1 . 75N
i

N
i

i i1 1
1

2
1

1åa a a a¼ = - + - --
=

-
-

+( ) ( ) ( ) ( )

withH being the discreteHeaviside step function, defined as H x 1=( ) if x 0 and H x 0=( ) otherwise. This
function f is introduced to take into account the convention A A 1i m k i k, ,= ++ , whichmodifies the condition
defining the probabilities in the Bell expression. Indeed, looking at the expression (11), one sees that if for all
i N1, , 2= ¼ - , m1 1i i 1 a a+ - -+ , then f 0= , but if for some jʼs, m1 1j j 1a a+ - > -+ , then f
could be different than 0.

Then, for the other portion ofmeasurement choices it is defined as

p a a

d
a f

, , 1, 1, , 1,

1
, 1 , ,

0, otherwise

, 76

N N N N
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i

N
i

i N

1 1 1 2 2 1 1

1
1

1
1 1å

a a a a a a

a a

¼ + + - ¼ + -

=
- = ¼

- - -

-
=

-
-

⎧
⎨⎪
⎩⎪

( ∣ )

( ) ( ) ( )

where the function f is defined in the sameway as f, but also takes into account that 11a + can be larger than
m 1- . Thus

f H m f, , 1 , , . 77N N1 1 1 1 1a a a a a¼ = - + - + ¼- -( ) ( ) ( ) ( )

For all the remaining choices ofmeasurements we define

p a a
d

, , , ,
1

. 78N N N1 1a a¼ ¼ =( ∣ ) ( )

Let us now recall the no-signalling principle formany parties. For the distribution of elements
p a a x x, , , ,N N1 1¼ ¼( ∣ ), themarginal p a a x x, , , ,i i i ik k1 1

¼ ¼( ∣ ) for any subset i i, , k1 ¼{ }of theN parties should be
independent of themeasurement settings of the remainingN−k parties:

p a a x x p a a x x, , , , , , , , . 79i i N i i i i1k k k1 1 1¼ ¼ = ¼ ¼( ∣ ) ( ∣ ) ( )

It is not difficult to verify that the distribution presented above obeys the no-signaling principle. Tracing out a
single subsystemone always obtains amaximally randomprobability distribution. ,

Let us notice that in theorem2we compute themaximal quantum value of our Bell expression in the
correlator representation (66), whereas in theorem3we compute themaximal nonsignalling value in the
probability picture. To obtain these values in the other picture one can use equation (50).

Let us also notice that both these values are related to the same values of the bipartite SATWAPBell
inequality by a factor mN 2- . Thus, the results about the relative scaling of these bounds from [19] holds formany
parties. In particular m mlim 2 tan 2d

N m d N m d, , , ,
 b b p p=¥ ( ) ( ), and so the separation between themaximal

nonsignaling and quantum values becomes smaller for largerm.
On the other hand, the classical value N m d, ,

b does not seem to obey mN m d N m d, , 2 2, ,
 b b= - (see tables 1 and

2), and therefore one can expect that the behaviour of the ratio N m d N m d, , , ,
 b b will exhibit a behaviour for large d

orm different from m d m d2, , 2, ,
 b b (see [19]).

4.3. Special cases
Let us here briefly discuss the formof our Bell expressions in the special cases of d 2= and any m 2 , and
m 2= and any d 2 . In thefirst one, equation (44) simplifies to

I , 80N m, ,2 0 0a= ( )

where m1 2 cos 20a p= [ ( )] (notice also that 00b = ). Then, in the correlator picture there is a single number
a m1 2 cos 21 0a p= = [ ( )]and therefore

a , 811
1 11 1 1A A A= +a a a +( ) ( )( )

where m1, 1 1,1A A= -+ . Then, the Bell inequality in the correlator picture can bewritten as

I
a

2
, 82N m

m

i

N

i
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N

i
N m

, ,2
1

, , 1
1,

2
, 1 1, 1

2
, 1

, ,2

N

i i i i

1 1

1 1 1 1A A A A å   b= +
a a

a a a a a a
¼ = =

+ - +
=

+ -
-

- -


⎡
⎣
⎢⎢

⎤
⎦
⎥⎥ ( )

where 1Na = . This a generalization of the bipartite chained Bell inequalities [33] to themultipartite scenario
(see also [27] for an extension in a similar spirit, albeit inwhich theGHZ state does not yield themaximal
violation in general). In fact, for N 2= , after dividing by a 21 , one obtains
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I m2 1 , 83m

m

2, ,2
1

1A B A B å= á ñ + á ñ -
a

a a a a
=

+ [ ] ( ) ( )

where m 1 1A A= -+ , which is the chained Bell inequality [33].
In the case of m 2= and any d, IN d,2, is given in equation (44)with the coefficients in the probability picture

simplifying to

d
g k

d d
g k

d

1

2
1 tan

4
,

1

2
1 2 1 tan

4
, 84k

d
k

d
2 2a

p
b

p
= + - = + - -⎜ ⎟ ⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥( ) ( ) ( ) ( ) ( )

whereas in the correlator picture to a 2k
k d2 8w= -( ) .

5. Classes of inequalities tailored to partially entangled states

In this section, we investigate whether Bell inequalities of the form (44) can be tailored to give a class of
inequalitiesmaximally violated by partially entangled states. This is a natural question to ask, given that in the
case of two parties, theCGLMP [8] and the SATWAP [19] inequalities aremaximally violated by different
entangled states, and are both of the form (44)with different coefficients ma and mb .Wefirst present the case
N 2= , d 3= whichwas already studied in [25], and then consider extensions to new cases N 3, 4=
and d 4= .

5.1. N m 2= = , d 3=
In this special case, equation (44) gives a class of Bell inequalities involving two parameters C0 0 0 0  a b- ,
whereC is themaximal classical value.However, we can always divide thewhole expression by one of them, say

0a (provided that it is positive), reducing the number of free parameters to one. As a result we obtain the
following class of Bell inequalities

J P A B P A B P A B P A B

P A B P A B P A B P A B C

1

1 1 1 , 85
2,2,3 1 1 2 2 1 2 2 1

1 1 2 2 1 2 2 1 3
x
x x

= + = + = - + =
- = - + = - + = + = +

( ) ≔ ( ) ( ) ( ) ( )
[ ( ) ( ) ( ) ( )] ( ) ( )

parametrized by a single parameter ξ, defined as 0 0x b a= . It turns out that the classical bound of these
inequalities can be easily found bymaximizing J2,2,3 x( ) over all local deterministic strategies, which gives

C

4 , if 1,

3 , if 1 1,

2, if 1.

863


 


x

x x
x x

x
=

- -
- -

⎧
⎨⎪
⎩⎪

( ) ( )

Moreover, numerical tests using theNavascués–Pironio–Acín (NPA) hierarchy [34] indicate that for 1x - ,
the Bell inequality (85) is trivial, meaning that itsmaximal quantum violation equals its classical bound.
Consequently, inwhat followswewill concentrate on the case 1x > - . It is not difficult to see that for 1x = the
class (85) reproduces thewell-knownCGLMPBell inequality [8], which is known to bemaximally violated by
the partially entangled state [35]:

1

2
00 11 22 87

2
y

g
gñ =

+
ñ + ñ + ñg∣ (∣ ∣ ∣ ) ( )

with 11 3 2g = -( ) , whereas for 3 1 2x = -( ) it gives the SATWAPBell inequality. In both cases the
optimal CGLMPobservables (expression (15) for N m 2= = ) are used.

The questionwewant to answer now is whether by changing ξ between the above two values we can obtain
Bell inequalitiesmaximally violated by partially entangled states (87) for various values of γ. To answer this
question let usfirst take the observables (15) and compute the value of the Bell expression for the state (85). This
gives us the following function of ξ and γ:

,
4

3

3 2 3

2
. 88

2
 x g

g g xg
g

=
+ + -

+
( ) ( ) ( )

Tofind itsmaximal value for afixed ξ, we need to satisfy the following condition , 0 x g g¶ ¶ =( ) , which is
equivalent tofinding the root of a second degree polynomial in γ. Themaximal value of , x g( ) is found to be at

4 4 25 2 1 2 32 1 2g x x x x= + + - -+( ) [( ) ] , and it is given by

1

3
5 2 25 4 1 . 89max x x x x= - + + +( ) [ ( ) ] ( )

Of course, the above derivation is not a proof that, for a given ξ, max x( ) is themaximal quantumviolation of
the Bell inequality (85), however, based on our numerical studywe conjecture this to be the case. Notice first that
for 1x = and 3 1 2x = -( ) , the expression (89) reproduces themaximal quantum violations of the
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CGLMP and SATWAPBell inequalities, respectively. Then, we have tested our conjecture for other values of ξ by
using theNPAhierarchy, whichwe implemented using the Yalmip toolbox [36] and the SeDuMi solver [37] in
Matlab. TheNPAhierarchy provides outer approximations to the quantum set of correlations, and for a given
Bell inequality, it allows one tofind an upper bound on themaximal quantumviolation of the Bell esxpression.
We employed this technique for values of 0.99, 100x Î -[ ]with the step 0.01, and for all these values of ξ the
value obtained agrees with (89)up to solver precision 10 8- , which is a strong implication that it is themaximal
quantumviolation of the corresponding inequality. Note that for 0.99, 42x Î -[ ], the level AB1 + of the
hierarchywas sufficient, while for 42, 100x Î [ ]we used the level 2, except for a small amount of values in the
interval 85, 100[ ] for which the level AAB2 + was necessary.

In [25], we also showed how this class of inequalities can be used to self-test partially entangled states using
themethod of [38].

5.2. Extension to N 3, 4=
The extension of the last section tomore parties turns out to be straightforward.We follow the same procedure:
we start from (44) for N 3, 4= , m 2= , d 3= , and divide it by one the parameters so thatwe obtain a one-
parameter class of Bell expressions

J , 90N ,2,3 0 0 x x= -( ) ( )

with N 3, 4= (let us notice here that both 0 and 0 defined in equations (11) and (12) depend onN).We can
compute the classical bound of these expressions, obtaining

C

8 , if 1,

2 3 , if 1 1,

4, if 1

913,2,3


 


x

x x
x x

x
=

- -
- -

⎧
⎨⎪
⎩⎪

( ) ( ) ( )

and

C

16 , if 10 11,

10 5 , if 10 11 2 5,

8, if 2 5.

924,2,3


 


x

x x
x x

x
=

- -
- -

⎧
⎨⎪
⎩⎪

( ) ( )

Let us now consider the following partially entangledGHZ states

GHZ
1

2
0 1 2 . 93N N N N

2g
gñ =

+
ñ + ñ + ñg
Ä Ä Ä∣ (∣ ∣ ∣ ) ( )( )

As in the previous subsection, we compute the values of ,N x g( )( ) N 3, 4=( ) for the corresponding partially
entangledGHZ states and themeasurements (15) and (16), and thenwe solve , 0N x g g¶ ¶ =( )( ) to obtain
the optimal

4 4 25 2 1

2 3
, 943 4

2

g x g x
x x x

= =
+ + - -

( ) ( ) ( )( ) ( )

which is the same value as for N 2= . Substituting (94) into the values of the Bell expressions, one obtains

2 1 2 25 4 1 , 95max
3 x x x x= + + + +( ) ( ( ) ) ( )( )

and 2max
4

max
3 x x=( ) ( )( ) ( ) .We conjecture that they are themaximal quantumviolations of J3,3,2 x( ) and J4,3,2 x( ),

respectively.
To support this conjecture, we use theNPAhierarchy.With the change of scenario, it takesmore time to

solve each SDP, sowe do not check asmany values of ξ as in the section above. For N 3= , we checked values of
1, 5x Î -[ ]with step 0.1 and found that the gapwas of order 10 7- or lower. For N 4= , we checked values of
1, 2x Î -[ ]with step 0.5 and found that the gapwas of order 10 8- or lower.

6. Conclusion

In this work, we have designed a new family of Bell inequalities in themost general scenario involvingmd-
outcomemeasurements per observer such that theGHZ state ofN quditsmaximally violates it, for anyN and d.
Whereas the natural approach towards finding new, useful, families of Bell inequalities is typically based on
exploiting the geometry of the set of local correlations (i.e. trying to characterize the facets of the so-called local
polytope), tailoring Bell inequalities to quantum states of interest has proven to be amuchmore successful
approach towards the certification of quantumproperties of these states [19, 20, 25]. This shift of approach is
perhaps surprising, as CHSH inequality, the simplest non-trivial Bell inequality, possessesmany of the
properties one desires to certify in practice (e.g. self-testing the singlet state of two qubits). However, one should
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have inmind that there is no a priori reasonwhy these desirable properties of CHSH should be inherited inmore
complicated Bell scenarios, simply because local hidden variable theories have nothing to dowith quantum
theory.

Therefore, in order to certify, in a device-independentmanner, properties of quantum states of interest, the
roadmapwe here suggest looks like amuchmore promising approach: one generates a probability distribution
in the set of quantum correlations that is extremal and exposed (i.e. is the uniquemaximizer of a Bell functional)
and certifies thismaximal violation by giving a sumof squares decomposition of the Bell operator.We note that,
although in our approach the difficulty of computing themaximal quantumbound is removed, by construction,
nowfinding the classical bound of such inequality becomes in general a non-trivial task. In ourworkwe have
computed it exactly in the simplest Bell scenarios with the aid of numerics. Observe, however, that in order to
certify the quantumproperties of interest, it is not necessary to compute exactly the classical bound of the
inequality, and a relaxation of its value (e.g. given by an outer approximation of the local polytope e.g. [39, 40])
will suffice.

We have also shown that ourmethod can be adapted to other families of GHZ-like states, in analogy to non-
maximally entangled states of two qudits [19, 25]. This is possible because ourmethod is fully analytical, thus
enabling us to further introduce analytical parameters and obtain the result only using elementary differential
geometry techniques.

Finally, the inequalities we here present can be testedwith currently-available technology. In the bipartite
case [19], their application had already been shown in an integrated photonics device [25].
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Appendix. Proof that the correlators in equation (19) are equal

Here our aim is to show that for themeasurements (15) and (16) and theGHZ state, all the probabilities in
equations (11) and (12), that is,

P X k P X kand 96, , , ,N N1 1 1 1= =a a a a¼ ¼- -( ) ( ) ( )

with k d0, , 1= ¼ - (recall that the equalities in the arguments of these probabilities aremodulo d), are
independent of the choice of , , N1 1a a¼ - and are equal for any k d0, , 1= ¼ - .

To this end, let usfirst notice that the eigenvectors of the observables (15) and (16) can bewritten as (see [8]
and [18])

a x
d

,
1

, 97
q

d
q a x

1 1
0

1
m1 1å wñ = g

=

-
-∣ ( )[ ( )]

a x
d

,
1

, 98
q

d
q a x

2 2
0

1

m2 2å wñ = z

=

-
- -∣ ( )[ ( )]

for thefirst two observers, and

a x
d

,
1

99i i
q

d
q a x

0

1
1 N

i m i
1å wñ = q

=

-
- -+∣ ( )( ) [ ( )]

for i N3, ,= ¼ . Recall that in these formulas x x m1 2mg = -( ) ( ) , x x mmz =( ) , and x m1mq = -( ) .
Thismeans that the joint probability of obtaining ai by partyAiuponmeasuring the observable i x, i

A on the state
GHZN d, ñ∣ reads
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wherewe denoted m2 1 2N m
N

,L = - -[ ( ) ] ( ).
Let us then concentrate on P X k, , N1 1

=a a¼ -( ) and consider first the case when m1i i1 a a+ -- for
i N2, , 1= ¼ - . Substituting then x1 1a= , x 1i i i1a a= + -- with i N2, , 1= ¼ - and xN Na= in
equation (100), we canwrite
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where m m1 1 2 1 2m N m
N

,
1L¢ = L - + - =+[ ( ) ] ( ) ( ), and to get the last line we used the fact that the

expression under thefirst sumdoes not depend on ai and that due to the constraint there are dN 1- elements in
that sum. Clearly, the expression appearing on the right-hand side of the above formula does not depend on ia .

Let us then assume that for some i, m1i i1a a+ - >- . For all such iʼs we use the convention that
A A 1i m i, ,= +g g+ , which implies that P X k P X k f, , , ,N N1 1 1 1

a= = ¢ = +a a a a¼ ¼- -( ) ( ( ))where in X ¢,
1i i1a a+ -- are replaced by m1i i1a a+ - -- for all those iʼs for which m1i i1a a+ - >- .
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where to the third line follows from the fact that, as above, the expression under the sumdoes not depend on aiʼs
and that there are dN 1- terms in that sum.Again, this formula does not depend on ia ʼs and equals the one in
equation (101).

In a similay way one proceeds with P X k, , N1 1
=a a¼ -( ). There are, however, two differences with respect to

the previous case: first, in equation (100) one substitutes x 11 1a= + instead of x1 1a= , second, the condition
for outcomes in equation (101)modifies to a k1i

i
i

1å - = -+( ) . Nevertheless, after some calculations onefinds
that P X k P X k, , , ,N N1 1 1 1

= = =a a a a¼ ¼- -( ) ( ) for any k and any choice ofmeasurements ia , which is what we
wanted to show.
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