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Summary 

A new method is introduced to solve the turbulent diffusion equation with 
depth-dependent current. Some simple models are derived from it, which especially 
discuss the influence of nonlinear current profiles, boundaries and depth-dependence 
of the exchange coefficients. 

Einige l~isbare ScherdispersionsmodeHe (Zusammenfassung) 

Eine neue Methode zur L6sung der turbulenten Diffusionsgleichung re_it 
tiefenabhfingiger Geschwindigkeit wird entwickelt. Damit werden einige einfache 
Modelle aufgestellt, die besonders den Einflug yon nichtlinearen Stromprofilen, 
undurchdringlichen Wfinden und Tiefenabhfingigkeit der Austauschkoeffizienten 
darstellen. 

Sur queiques modules resolubles de la dispersion de cisaillement (R6sum6) 

On pr6sente une nouvelle m6thode pour r6soudre l'6quation de la diffusion de 
la turbulence avec un courant d6pendant de la profondeur. Quelques modules simp- 
les en d6rivent, qui repr6sentent surtout l'influence de profils de courants non 
lin6aires, des limites imperm6ables et de la d6pendance 5 la profondeur des coeffi- 
cients d'6change. 
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exchange coefficient 
element of power series expansion of Air, A22 or A33 
maximum of At1, A33 
effective exchange coefficient (for definition see section 4.2) 
coefficient of power series expansion of velocity u 
coefficient of power series expansion of the velocity 
calibrated concentration 
approximated calibrated concentration 
discrete Fourier transform coefficient of the velocity gradient 
function (see Appendix 1) 
coefficient of the power series expansion o f f  
depth of the channel 
half the depth of the channel 

index for space co-ordinates (j  = 1, 2, 3) 
maximum of the vertical exchange coefficient (section 4.2) 
indices giving the degree of the moments with respect to x, y, z 
total mass 
boundaries of summation 
Brunt-Vfiisfilfi frequency 
index for space co-ordinate (n = 1, 2, 3) 
dimensionless functions (see section 3.4) 
summation indices (see Appendix 1) 
Lagrangian correlation f t ~ ' r _  
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source term 
Lagrangian integral time scale (with respect to x or z) 
time 
characteristic velocity 
velocity component in x direction 
velocity in x s direction 
Volume 
velocity-component i n y  direction 
wind velocity in 10 m altitude 
vertical velocity 
Okubo-Pritchard diffusion velocity 
horizontal co-ordinate (x 1 = x) 
space co-ordinate 
horizontal co-ordinate (x2 = y) 
vertical co-ordinate (x 3 = z), z positive upwards 

power series expansion of the moments with respect to time t 
phase 
Hay-Pasquill transformation factor 
Dirac-Delta function 
summation indices 
arbitrary quantity 
variance (in x, z direction) 
shear generated part of o- x 
part of  o- x generated by horizontal turbulence 
angular frequency 
o~ 

0 Cd V weighted mean of 0 
--o9 

1 Introduction 

In the discussion of the consequences of environmental pollution on the marine ecosy- 
stem it is an important factor to know the spread of the pollutant. The mixing process is 
often dominated by the effect of shear dispersion ( K u l l e n b e r g  [1974]). 

Basic work on modelling this effect has been carried out by T a y l o r  [1953], Bowden  
[1965], O k u b o  [1967], Fenne l  [1979] and Y o u n g ,  Rh ines  and G a r r e t t  [1982], who 
all consider the case of a momentaneous source. 

In the following sections, a new method of solving the shear dispersion problem is 
introduced and some simple models, describing various basic aspects, are derived from it. 

2 The method 

In this section, a method is developed, that reduces the turbulent diffusion equation 
with depth-dependent current to a closed system of linear ordinary differential equations for 
the moments. 

The semi-empirical turbulent diffusion equation is 

~C ~C ~ A,s = S ( x s ) ~ ( t -  to). (1) 
at  +us ~x s ~x, 

t is the time, uj is the velocity component in the xfdirection, A, s is the exchange coefficient 
tensor, S is the source term, fi is the Dirac-Delta function, n and j  are indices running from 1 
to 3, and C is the concentration, which is calibrated in such a way, that 

~ C d V = I .  
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The weighted mean 

S 0CdV is noted as{0}. 
- o 0  

By means of the Reynolds transport theorem 

d t  {0} = ~ (OC) + (2) 

V 

where 0 is an arbitrary quantity, and under assumption that both the concentration and its 
gradient tend to 0 if the distance from the source point tends to infinity, F ranz  [1982; 1984] 
obtains from 

a 
~xj uj = 0 

and from, (1) and (2) 

6 { 8 0  ~ } {~Xj (  ~X~)} d--/{o} = g ;  + uj Uxj 0 + A.j . 

A.j is assumed as usually, 0 for n 4 = j. By introducing horizontal homogeneity, one can 
express A.j and u i as power series of the vertical coordinate z: 

N 

u(z, t) - ul(z,  t) = 2 av(t) zv 
v = 0  

N 

v(z, t) = u2(z, t) = 2 b~(t) z~ 
v = O  

NX 
Al l ( z ,  t) = Z Ax~ z~ (4) 

v = 0  

Ny 
Az2(Z , t) = Y'. Arvz ~ 

v = 0  

Nz 
A33(z  , t) = ~2 Az,  z~. 

v = 0  

Setting 0 = xky~z m, (3) and (4) result in the reduction formula: 

d N 
a t  {xkyIzm} = k • a v { x k - l y I z  re+v} 

v = o  

N '  

q-l ~ b,~{xkyt-lz m+'~} 
v = 0  

Nx 
+ k ( k - l )  Z Ax~{xk-ZY~zm+V} ' 

v = O  

Ny 
+ l ( l - 1 )  ~2 Ar~{xkyt-Ez m+~} 

v = 0  

Nz 
+ m  ~, ( m + v - - l )  Azv{xkytzm+V-2}. 

v = 0  

(5) 
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I f  Nz < 2, a closed system of  linear differential equations is described, which may  be solved 
successively. In this way, it is possible to calculate the exact solution for any desired moment  
o f  the concentrat ion distr ibution,  which can inversely be calculated from its moments.  A 
method,  allowing the calculation of  an approximate  dis tr ibut ion when only a l imited num- 
ber of  moments  are known, is given in Appendix  1. 

The solution for some  simple cases are computed  in the following. 

3 Space-independent exchange coefficient 

In this section, the exchange coefficient is assumed to be space-independent,  and the 
dis t r ibut ion shall not  be affected by any boundaries.  

3.1 S t e a d y  c u r r e n t  

To shorten the formulas  this case will be first discussed in two dimensions,  the x-axis lies 
in the direction of  the current  and z is positive upwards.  Thus (5) reduces to: 

d N 
dt {xkzm} = k ~. a,{xk-lz m+~} 

v=O 

+ k(k - 1) axo {xk- i z  m} (5') 

+ m(m - 1) Azo{XkZm-2}. 

This describes a set of  ordinary  l inear differential equations,  which can be solved successi- 
vely by time integration. 

To obtain the variance with N = 3, to = 0 and 

S(xi) = 6 (x) 6 (y)  6 (z) (6) 

the following moments  have to be calculated: 

{z} = 0 

{z;} = 2Az0 t 

{z 3} = o 

{z 4} = 12AZot 2 

{~} = o 

{z 6} = 120A3o t 3 

{x} = ao t + a2 Azo t 2 

{xz} = a 1 Azo t 2 + 4 a3 A2o t 3 

14 
{xz 2} = 2aoazo t2 + ~- azA2o t3 

{xz 3} = 6 al  Agzo t 3 + 36 a 3 A3zo t 4 

{xZ} = 2Axot +a2tZ + (23 a2 + 2aoaz) Azot3 

(7 ) 
+ aZ+5ala3 A2zot4+~a3Azo 

= {x 2} - {x} 2, this yields: Thus, for the variance a 2 

a2= 2Axot + ~ + a2 + 5ala3 

(7) 

(8) 
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I f  the distribution can be described by a 6-function at t = 0, then the odd moments in 
the z direction are always equal to 0. The even moments are the same as those resulting from 
Fickian diffusion without a current profile. 

The vertical moments in this case are not affected by the current profile at all, and are 
expressed by: 

{z 2"+1} -- 0 

{z 2"} = ~ A}0 t". (9) 

For  the linear current profile, the variance reduces to: 

2 Azo a 2 t 3 cr~ = 2Axot + 

which was first given by O k u b  o [-1967]. He obtained this result by Laplace transformation 
of  the turbulent diffusion equation, and soluting the resulting linear partial differential 
equation of  first order with the method of  characteristics. 

In many experiments, an increase of  the variance proportional to t 3 w a s  found, e.g. by 
O k u b o  [1971] and K u l l e n b e r g  [1974], which leads to the assumption t h a t - i n  those cases 

- the linear shear is dominating. In the following, the effect of  the nonlinearity will be 
compared with that term. A term will be considered as significant if it is greater than 5 % of  
the linear shear dispersion term. 

2Axo t is significant, if t < 8 ~/Axo/(Azo a~) 
a2 is significant, if Azo t > a~/(4Oa]) 
a3 is significant, ifAzot>al/(15Oa3) 

The influence of  the nonlinearities grows with time, and dominates for large diffusion 
times. 

To find out whether or not the resulting distribution is Gaussian, the 3rd and 4th 
moments are calculated. The result, if assuming ao = 0 for simplicity, is: 

{xZz} = 5ala2A2o t4 + 32a2a3A3zo ts 

{x2z 2} = 4Axo t 2 + a~ A2zo t 4 + u2 ~ z o '  

202 824 2 4- t  6 + ~ -  ala3A3o ts + ~ -  a3Az0 

{x 3} = 6agAxoAzo t3 + 5a~a2A2o t5 

( 139a~)A3zo t6 8352 2 4 t7 + 60ala2a3 + ~ -  + ~ f -  a2a3Azo 

{x3 z} = 6al AxoAzo t3 + 24a3AxoA~o t" + 2a~ A~o t5 

(496 ala22 + 181 2 "~ 
+ \ 15 ~ -  a'a3) A3~ 

10284 "~ 35208 3 s 8 (9436 a]a3 + axa2 A4zot7 + 
+ \ 35 ~ f f -  J ~ 5 -  aaAz~ 
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{x4} =12AZxot2 + 8a2AxoAzot4 + (l-~6-a~ + 6Oal aa) AxoA2ot5 

864 2 3 4 _ 4 , d 2  .6 + ~ -  a3AxoAzo t6 + ~ Ulazo t 

(1084 4472 2 2~ 
+ \ 35 a3a3+5- ata2) A ~ 

(12891 5473 7632 at aZa3 ) A4ot 8 
+\ 35 

51392 ) (86944 al a3 + aZa2 AzSo t9 +\ 35 

1340084 ~4 A6 .10  
q-  - -  u 3 / ~ z o  t . 175 

Referred to the centre of gravity, this yields: 

{x g} = {x 3 } -  3{x} {x 2} +2{x} 3 

3 2 2 5 64a~)A3zot6 = ala2Azot +(45ala2a3+~ 

1368 2 4 t 7 
q- ~ a 2  a 3  Azo 

{Xo*} = {x 4} - 4(x 3} {x} + 6{x 2} {x} 2 - 3{x} 4 

=12A2xot2+Sa~AxoAzot4+(7@a~+60a~a3) AxoA2ot5 (10) 

864 2 3 6 4 _4 A2 .6  + ~ a3AxoAzot +~al~zo* 

) + \ ~ -  a 3 a3 - a~ a2 z ~ -  A~o t7 

(12891 2 2 912 6162 ata2a3 ) A4zotS 
+ \  35 a l a 3 q - ~ a 4 q - ~  - 

268592 "~ 1340084 _4,6 ,to 
+ \(8694435 ata3 + --105 a2a2) ASz~ + - - 1 7 5  tl3JJ-z~ " 

The 3rd moment, which gives the skewness of the distribution, is only different from 0, if a2 is 
different from 0. The skewness of the distribution is produced by the part of the current that 
is symmetric to z = 0. 

4 {384 a3 3352 a2a2 ) A3ot 7 {x 4 } - 3 a ~ = - ~ a ~ A x o A z o t  5 + \~-f t a 3 - ~ -  

( 1 ~ 0 2 2 2 1 7 6  5882ala2aa )A4ot 8 (11) 
+ - -  a t a 3 -[- ~ a~ + - - 7 -  

(71824 ata~ + 256496 ) + \ ~ f f -  ~ a2 a 2 AzSo t 9 

246244 4 6 t t O  + ~ -  aa Azo 
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Fore a more convenient representation, the 4th moment,  as resulting from a Gaussian 
distribution with the same variance, has been subtracted from (10). The linear part only 
contributes to the deviation from the Gaussian distribution when interacting with the nonli- 
near parts of  the current profile; a result to be expected, because O ku  b o [ 19671 and C a r t e r 
and O k u b o  [-1965] have shown that the solution in the case of  a linear current profile is 
Gaussian. 

An algorithm that may help in calculating higher moments is given below. With 

N~ 

{ x  g z " }  -- ~2 ~(k, m, p ) t "  (12) 
t~=0 

(5 ~) results in: 

e ( k , m , # )  = k- ~ a ~ c ~ ( k - l , m + v , # - l )  
# v = o  

k ( k  - 1) 
+ - -  Axoc~(k  - 2, m,  # - 1) (13) 

# 

r n ( m  - 1) 
+ A z o ~ ( k ,  m - 2, l~ - 1).  

# 

For  negative indices c~ is equal to 0. The same is valid for # = 0. An exception is 

~(0, 0, 0) = 1. (14) 

N~ is less than or equal to ( N +  1)k + rn /2 .  
Thus it is possible to compute every desired moment  o f  the distribution with a compu- 

ter, if av and Ajj are known. 

3.2 O s c i l l a t i n g  c u r r e n t  

It is assumed that 

3 

u( z ,  t) = Z a v z  ~ sin(cot + fl) (15) 
v=O 

where co is the angular frequency and fl the phase of  the motion. 
For  large diffusion times, co t ~> 1 (5 I) in combination with the initial conditions (6) and 

the current (15) results in the following approximated expression of  the variance: 

~r 2 = 2 A x o  t 

a~ (2 t + t cos 2(cot + fl)) + A z o  j 

azZ (8 t 2 + 4 t 2 cos 2 (co t + fl)) (16) + Aio 

+ A2 ~ al a3 ~ W -  (18 t 2 + 12 t 2 cos 2 (co t + /?  )) 

+ Azao a2 (96t a + 60t 3 cos2(cot + fl)). 
J 

The complete solution is given in Appendix 2. 
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3.3 U n s p e c i f i e d  t ime d e p e n d e n c e  of  the  c u r r e n t  

Another problem arises if one has the records of two current meters at the same loca- 
tion, but different depths z t and z 2. If  lz~ - Zz[ is not too large, the depth-dependence of the 
current can be approximated by 

~u(z, t) u(zt ,  t) -- U(Zz, t) 

~ Z  Z 1 - -  Z 2 

The same can be carried out for the y component. If  the source point of the distribution lies 
between z~ and z 2 and when setting z -- 0 at this point, the current profile is given approxi- 
mately by: 

au(t)  
u (z, t) ~ u (0, t) + ~ z 

= u ( O , t ) + z  ~2 c~ ~=o 2- (eip~ e i~ '  + e - ~  e - i ~ 9 '  

where c~ is the Fourier transformed of the velocity gradient. Transforming the equation into 
a co-ordinate system moving with u(0, t), (5 l) yields with flo = 0 and o% = 0: 

{z 2} = 2Azo t 
{x) = o 

{xz}  = Co Azo t 2 

u ~ e-iP. 1)e_i~o.t ] e~P" ( ( i o ) , t - 1 ) e i~~  ( ( - ico,  t - +1)  + Azo ,-~1 c, [_ _ ~~ 2 - o)2 

4 = {x 2} 

= 2Axo t 

2 c~ Azo t 3 +g 

+ Azo ~ e i ~  - -  ico~t 2 e i o ~ t  - -  2 t - - -  
v = 1 (Dr (Dr (Dr 

+ e - i / ~ ( i o v t 2  e-i~ e _ i C o ~ t  2~)  1 

2[ ( ,  3i i i )  N Cv _ _  e i m ~ t  
+ Az~ v~l .~-ojv e 2i#~ - ~ t e2iC~ -- -4 --(D v e2it~ ~- fD v --  4m~ 

i (eico~ t _ e_iO~t) + 2 t +  - -  - 
O) v 

1 e_Eio~t  3 i 
+ e  - 2 i r  - ~ t  +4~o~ 

( + Azo ~ e i ( t ~ v + ~ - )  (17) 
v = l  # = 1  (,0v 

- -  e-  2 i ~  - --toni e-i~~ + 4@~)1 

('Or t e i (~+o~. ) t  + Z ( e i ~ .  t - -  1) 

(o v --b (D u (.o u 

+ ( _ ~ + i  u im~ ~ .  (e,(~.+~.) , 
((n~ + c%)2J - 1)) 
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~- ei(/~g-/~v) t ( ' ~  v i (eiC%t t e i(~-~ + - -  - 1) 
03 v (.0~ 

+ ~ o~ + (~,, - ~ ) U  (e~~176 l) 

_[_ei(flv_/3t~) - - (  D v ei(o)v_cou)t - i (e_iCot~ t 
o), t - -  - 1) 

V o v -  O) u 

) ~ , , W  (e"'v- ~','~' - 1),/ 

.~_e_i(/~v+/~u)( (D v te_i(,ov+,o,)t  __i (e_i~.t_j) 
k ~v -{- ~u O)u 

+ c% + ~ou 

When N = 1 and/71 = - re/2 this is identical to the case of  the O k u b o  [1967] model 
and gives the same result. 

(17) makes it possible to calculate the shear generated part of  the variance from current 
measurements direct, if the vertical extension of  the tracer is much smaller than the thickness 
of  the layer. 

Nevertheless, it is necessary to know the vertical exchange coefficient. Conversely, it 
should be possible to calculate Azo from the current data and the measured variances. 
K u l l e n b e r g  [1971 and 1974] gives empirical relations between the environmental condi- 
tions and the vertical exchange coefficient. Assuming that the stress does not vary with 
depth, he gives for near surface layers: 

W12o d(ul ,  u2) 
Azo = 9 - 1 0  -8 N2 ~ -  dz 

NBv isthe Brunt-V/iis/il/i frequency, and W1 o is the wind velocity at 10 m height, which has to 
be greater than 5 m/s. 

For  weak winds, where the turbulence is shear-generated, Kullenberg gives: 

AzoNZv = 4.1 �9 i 0 - 4 u ~  2 d(ul,  U2) 
dz 

3.4 T i m e - d e p e n d e n t  v e r t i c a l  e x c h a n g e  c o e f f i c i e n t  

If  the fact that the extension of  the patch may be smaller than the largest eddies is taken 
into consideration, it is possible to use the T a y l o r  formula [1921]: 

t t' 
~2(t) = 2 S dt' S dt" u(t ')" u(t' - t"), 

0 0 

which is originally defined for the relative diffusion of  two fluid particles. However, it is 
assumed here that it is still valid if we are dealing with the transport of  a passive tracer. This 
yields in the following the exchange coefficient: 

Axo(t) = b/~ 2 idrRL(~) .  
0 
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RE is the Lagrangian velocity correlation. The integral 

d~RL(~) = TL 
0 

is a constant. RE can be approximated,  as was proposed by T a y l o r  [1921], by: 

RE(z ) = exp (--  z/TL). 

ire is the Lagrangian integral time scale. 
The same calculations can be made for the vertical exchange coefficient Azo. These 

calculations yield the following results: 

Axo = At (1 - exp ( -  t/TLx) (18) 
Azo = A3(I - e x p ( -  t/TLz ) 

In combinat ion with a steady linear current profile, and with (5~), this yields: 

{z 2} = 2A3 t 1 - ~ -  (1 - e x p ( -  t/Tez)) 

{xz}=2A3al[~--tTi~z-T2z(exp(-t/TLz)-l) 1 

{x 2} = 

(V)2 
= 5  t + 6  

- 6 ( ~ ) 3 - ( 1 - e x p r  ~ ]  
\ TLZ/JA 

2 A3a~ t3p(t) + 2A1 tQ(t). 
3 

(19) 

The dependence of  P(t) and Q(t) on time is shown in Fig. 1. For  diffusion times much 
smaller than the Lagrangian integral time scale, Q can be approximated by the function 
t/2 TLx. For  larger times, Q = 1 is a good approximation.  

Fig. 2 gives the relationship between nondimensional time t~ TLz and the contribution 
of  the horizontal turbulent diffusion to the variance o-~r 

a ~ h = 2 A l t  1 ~-(1--exp(--t/TLx)) . 

This expression was first given by T a y l o r  [1921]. For  small times the variance incre- 
ases proport ional  to t 2, resulting in the Okubo-Pri tchard model  (O k u b  o [1962]) if horizon- 
tal isotropy is assumed and the model is expanded in 3 dimensions. The Okubo-Pri tchard 
diffusion velocity Wop is given by: 

Wop ~--- ~ ~ .  

For  times much larger than TLx, the present model yields Fickian diffusion with At. The 
characteristic time scale to for the distinction between the two cases is tc = 2 TLx. 
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Fig. I. 
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Variance generated by horizontal  turbulent  diffusion a~h/2A 1 TLX versus time t/TLx (for 
definitions see section 3.4) 
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N e u m a n n  [1978] applied this model to atmospheric diffusion, obtaining quite good 
results. It may be possible to apply this model to marine turbulent diffusion too. Results 
from large-scale experiments with drifters in the Pacific, carried out by K i r w a n  et al. 
[1978], show the same characteristics as Fig. 2. TLx values of  between 4 and 10 days are 
estimated from the graphs. 

For  small diffusion times, as defined by t/TLz < 1, P(t) can be approximated by P(t) 
= t/4 TLZ, whereas P(t) is approximately I for large times. The shear generated part  of  the 
variance azs increases as t 4 for small times, whereas for large times o-~s increases as t 3, and 
the present model becomes equivalent to O k u b o ' s  [1977]. The relationship between a2 s 
and non-dimensional time t/TLz is shown in Fig. 3. 

A 1 and TLX can be obtained from tracer experiments. A1 is given by: 

A 1 = bl~ 2 T L X  , 

u]. must be measured in a Lagrangian frame of  reference. Under certain conditions (stationa- 
rity and homogeneity) this is equal to the velocities u' z measured in an Eulerian frame. Thus, 
there are various ways of  determining A 1, TLx and u' z from simultaneous current measure- 
ments and tracer experiments, and it is possible to compare the results. 

Besides that, one can introduce the H a y - P a s q u i l l  hypothesis [1959], which states 
principal similarity in the shape of  the Lagrangian and the Eulerian correlation function and 
introduce the transformation RL(yt) = RE(t). Hay  and Pasquill obtained 7 = 4 in the at- 
mosphere under a wide range of  stability conditions, but  the spread is considerable. S c h o t t  
and Q u a d f a s e l  [1979] obtained y = 1.4 4- 0.4 for rhodamin experiments in the Baltic. 

, , , , , , , I  , , , , , , , I  , , , , , , , , I  

10 5- 

10 4 .  

f ~  

~, lO3. ~.  

! = 
< 
O~ 101. 

>~ 10 0. 

0,4 10-I. 

10-2' r 

lO-3- r 

10-4- 

I o "  i l l i l l l ~ l O 0  l J I I I I J ~ '  o ,  1 l i I I i l  

t /  TLZ " 

Fig. 3. Variance generated by shear dispersion erZs/(2/3 A 3 a 2 TL3z) versus time t~ TLz (for definitions 
see section 3.4) 
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3.5 S p a t i a l  e x t e n d e d  s o u r c e  

It  is impossible to material ize a momentaneous  point  source exactly. How to calculate 
the moments  in the case of  a spatial ly extended source is shown by a simple example. 
Assuming a current  varying l inearly with depth,  the origin of  the coordinate  system is chosen 
in such a way that  the first moments  o f  the dis tr ibut ion vanish. The solution of  (5 ~) is: 

~ = {z 2) 
t 

= { z 2 ( t  = 0)} + 2 y A~odt'  
0 

t ~ dt"A { x z } = { x z ( t = O ) } + I a l { z 2 ( t = O ) } d t ' + Z a l i d t ' j  zo 
0 0 0 

o~ = {x ~} (20) 

t 

= {x2(t = 0)} + 2 a l  I a l { x z ( t  = 0)}a t '  
0 

t t ~ 

+ 2 1 dt'al I dt"al {z2(t = 0)} 
0 0 

+ 4 ~ dt' al i dt" al dt'" Azo 
0 0 0 

+ 2 i dt'Axo. 
0 

Assuming the current  to be s teady and {x 2 (t = 0)} = {xz(t = 0)} = 0, (20) yields the 
term a~ {z z (t = 0)} t 2 in addi t ion  to the shear generated par t  of  the variance. This result was 
obtained by K u l l e n b e r g  [1972] f rom geometrical  arguments.  

3.6 E x p a n s i o n  to  t h r e e  d i m e n s i o n a l  s p a c e  

There are many  ways to expand the aforement ioned calculations to three dimensional  
space. Some of  them are shown in brief. 

a) The current as a function o f z  and t has only one component ,  which will be taken as being 
the x direction. The moments  containing merely x and z remain the same as in the two 
dimensional  case. The variance in y direct ion is given by o -2 = 2A~ o t. 

b) The current has only one componen t  in the x direction but  is a function of  y, z, and t: 

N 

u =  Z (a~z~ + b J ) .  
v = O  

The resulting reduct ion formula  is: 

d N 

dt {xkYlZ'n} = k Z (a~ {xk-lyZzm+~} + by {x k- iy~+ ~zm}) 
v = 0  

+ k(k  - 1) Axo {xk-Zytz m} 

+ 1(l- 1)Ayo {x~/- 2z"} 
+ m(m - 1)Azo {xky'zm-2}. 

( 5  TM) 
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Assuming a steady current and the initial conditions (6), one obtains: 

~r 2 = 2 Axo t 

2 2 3 (~  ) 72 2 3 t5 (21) + ~ a i A z o  t + a2+5ala3 A 2 o t ' + ~ a 3 A z o  

3 ) + ~ b t A r o t  + b~+5btb 3 AZot4+7---~bZA3o tS. 

For  the linear case C a r t e r  and Okubo [1965] obtained: 

1 2  3 2 2  ff2 = 2Axot + gal Azo t -t- ~ bt Aro t3 

(in my notation), which is in contradiction to the aforementioned result (21). This is explained 
by an error of  Carter and Okubo in computing the variance (see Appendix 3). 

c) The current is dependent upon depth and time only: 

N N 

u= Z avz v and v= Z bvz v. 
V = 0  V = 0  

The resulting reduction formula is: 

d 
at  {xkytzm} = k ~ av{Xk-tytzm+v} 

v = 0  

N 

+ t E bv{xkY'-t~ m+~} (Sv) 
V = 0  

+ k(k - 1) Axo{Xk-2/z "} 
+ / ( / -  1) Aro {xkyt-Zz m} 

+ m(m - 1) A z o { x k y l z m - 2 } .  

With a steady current, and the initial conditions (6), this yields: 

2a~Azot 3 + {4_a 2 ) 72 2 3 5 a 2 = 2Axot + ~ \3 2 "~ 5ala3 A2o t4 + ~ a 3 A z o t  

2 2 3 {4_b2 ) 72 2 3 5 (22) 
c r 2 = 2 A r o t + ~ b ~ A z o  t + l k  3 2+5btb3/A2ot4+~baAzo t 

cr 2 = 2Azo t. 

K u l l e n b e r g  [1972 and 1974] gives the following results for u = (ato + a t cos(cot) . z  and 
v -- bl sin(~ot) - z with (6) as initial conditions: 

2 a~ a 2 
a~i( = ~ Azoa2o t3 + ~2 A z o t -  f~-m3 Azo sin2cot 

- 4 at~ A + 4 al~ Azo sincot ~ - -  zotCOS2cot o93 

9 b 2 b~ato 
~ = ~ j Azot + a~co~ (2alo - aO Azot 

2 bZ(at _ 4alo  ) 
+ Azo b ~  sin 2 cot - Azo sin co t 

2co ~ a~co 3 
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al = 0 is excluded. The present method yields a contradictory result: 

2 Azoa2ot3 + 2Azoaloa 1 . sin cot - ~ -  (1 - cos ~ot) = 

o a  a 2 ( (  1 ) 3 sin2cot 2si ;c~ ) (23) 
+ ~ z o o 2  t 1 - ~ c o s 2 c o t  + 4  co 

~zr=2Az0 ~ -  t + ~ c o s 2 o ) t  4 

Kultenberg's result must be wrong; because for the limit as ~ 0 and both b~ and a~ 0 + 0, ~K 
increases to infinity. 

4 Depth dependence of the vertical exchange coefficient 

This case will again be treated in two dimensions. The three dimensional case can easily 
be derived analogous to the cases in the foregoing section. (6) is always taken as initial 
condition and steady currents are assumed. 

4.1 Vertical  exchange coeff ic ient  vary ing  l inear ly  with depth  

In this case, (5) reduces to 
d N 

d t  {xkzm} = k 2 a~{ xk-~zm+~} 
V = I  

+ k(k - 1) Axo {xk-2z "} (5 n) 

+ m(rn - 1)Azo{XkZ m-z} 
+ mZAzl {xkzm-1}. 

This set of ordinary differential equations can be solved by successive time integration. 
The result obtained for the variances is: 

~2 = 2Azo t + A21 t 2 

2 3+  ~zx=2Axo t+aZ ( ~Azo t  1 2 Azl t 4) 

( , 4 )  
+ala2 4AzoAzlt4 + i~A3zlt 5 

82 2 s 

[4 2 4 116 2 5 8 4 ) +a~3Azot +~AzoAzlt +gAzlt 6 
/ 

/'186 2 -5-376 3 6 ~-456 t + a2 a3 ~ -  Azo Azl t 5 + Azo Azl t + A~l t 7 
/ 

/'72 3 5 831 2 2 1044 4 7 2169 A6 its ) 
+ a~ ~ Azot + ~ -  AzoAz~ t6 q~ T AzoAzl t + ~ -  

The results for the moments necessary to calculate the variances are given in Appendix 4. 
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4.2. V e r t i c a l  e x c h a n g e  c o e f f i c i e n t  v a r y i n g  as z 2 

With Azl = 0 (the case Azl +- 0 shall not be discussed here because of  the rather tedious and 
voluminous calculations, the result is given in M i k o l a j e w i c z  1-1984]), (5) reduces to: 

d N 
dt {xkz'} = k 2 a~{ xk-~z''+~} 

v=O 

Nx { Xk-2Zm+v} (5III) + k(k.-1) Z Axv 
v--O 

+ m(m - 1)Azo {xkz m-2} 
+ m(m + 1)Az2 {xkz m} 

This describes a closed system of  ordinary differential equations, which can be solved succes- 
sively by the method of variation of the constant. For  the variances one obtains: 

a2 __ I Azo ( e 6 a Z 2 ,  1) 
3 Az2 

a 2 = 2 Axo t 

+ Ax2 --A22 e6Az~t - -9 + ~ Az2 t 

1 Az3~ (e hazer - 1) - ~ (e 2az2t - 1) + 5 Az2 t 

A2o l- 13 ~ 2 0 A z 2 t  1 12Azzt 
+ala3 -2 -  - - r e  ~ 0 ( e  - - Az2 L8400 - 1 ) -  1) 2~(e  6 a ~ : t -  1) 

19 (eZA~2t_l)_}Azzt  ] 

2AZoV 3 ;e2Oaz2t I (e12A~t -1 )  
a 2 ~242 L 4 - ~  t -- 1 ) -  324" 

50 6Az2t 4 4 
+ 3 ~ ( e  - 1 ) -  ~ A z 2 t e  Az2t- 135 

-2A3~ V l ~ ( e  42Az2t- 1 ) -  17 20A t 
+ u3 ~252 [_29106" ~ (e z2 _ I) 

2 (e6Azzt + ~ ( e  12Azzt- 1) + 1) 
360" 189 

13 t l  _l(eZAz2 t_l)+~Az2 �9 

1~5 Azzt] 

(25) 

The moments  necessary for the calculation of the variances are given in Appendix 5. In the 
limit Az2 ~ 0, this yields (9). The time t only appears as the product  Az2 t. Az21 can be 
interpreted as a timescale characteristic for vertical mixing. If[ Az2 t [ ~ 1, the tracer does not 
"feel" the boundaries, this case is equivalent to the case with a constant vertical exchange 
coefficient. 
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In the following, it is assumed that  Az2 = - Azo/h 2. Thus, the vertical exchange coeffi- 
cient is given by: 

A 3 3 ( z ) = A z o  1 - ~  . (26) 

A33 becomes 0 for [z[ = h and negative for Iz[ > h. This is equivalent to solid boundar ies  at 
[ z [ =  h and thus forming a channel. To prove this, the vertical moments  {z z"} for large 
diffusion times [Az2t]>> 1 have been calculated. The moments converge with the limits: 

1 h2 lim {z 2} = 
A z 2 t - +  - o o  

2 h4 
l im {z~} = 5 

A z 2 t ~  - -  

2 h6 lira {z 6} = ~ , 
A z 2 t  ~ - -  o o  

which are equal to the moments  that  a dis t r ibut ion with constant  concentrat ion between - h 
and + h and 0 outwards  would yield. 

In  the case of  a channel with a tracer equally distr ibuted over depth,  it  is known (e.g. 
T a y l o r  [1953] and B o w d e n  [1965]) that  the variance increases linearly with time, resul- 
ting in a constant  effective diffusivity 

1 da2x 
Axeff = ~ d t 

(25) yields an effective diffusivity in the large time limit Az2 t ~ - I of: 

/ + 25 al a3 + 2 a2) h~ + 2 3  a2 h 8  Axaf Axo J Axeh2 + 6 Azo 135 2 j  ~ozo 210 3Azo,  
(27) 

which is in agreement with the result one obtains using Bowden's  method for the same depth  
dependence of  current  and Vertical exchange coefficient. 

To investigate the influence of  the nonlinearit ies of  the current profile and the impene- 
trable boundar ies  on the variance, a "Gedanken"exper imen t  was conducted.  The current is 
assumed to be steady and the stratif ication to be neutral. By assuming that  the vertical 
exchange coefficients for mat ter  and momen tum have the same shape, E l d e r  [ /959]  has 
shown that  a depth  dependence equal to A33 = K-  (1 - z2/h 2) leads to a logari thmic current 
profile, if  the stress varies l inearly with depth: 

u(z) l n Z + h  u.  ln 2h . . . .  Uo. (28) 
U~ Z 0 Z 0 

The arbi t rary  value of  1/40 of  the depth  of  the channel H = 2h is now chosen for the friction 
depth  z o. u o is the maximum velocity at the upper  layer. To fit the present models,  u (z) was 
expanded as a Taylor series at z = 0: 

u(z) l n H  - in 2z o + v=lv- ( -  - -  

uo l n H -  lnzo 
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The result for various N is shown in Fig. 4. Fig. 5 illustrates the non-dimensional relation- 
ship between the shear generated part of  the horizontal variance ~2 s and the time t. The 
following 4 cases are given: 

1) u =  ~2 avz ~ A33 = K 1 -  
v = 0  

, ( z ; )  
2) u = ~2 a~ zv A33 = K 1 - 

v = 0  

1 

3) u = ~ a v z  v 1 3 3  = K 
v = o  

3 

4) u = Z a~ z~ A33 = K. 
v = 0  

Case 3 is equal to O k u b o ' s  model [1967]. For  small diffusion times Kt /h  2 < 0.1, Okubo 's  
model provides quite a good approximation of  the variance erzs, resulting in an increase of  
cr2 s as t 3. For  large times, the non-linearity of  the current profile generates a greater increase 
of  the variance (case 4), whereas the effect of  the boundaries results in a diminished increase 
(case 2). Those two effects compensate each other, so that for times less than Kt /h  2 < 0.3, 
case 1 and 3 are nearly equal. For  larger diffusion times, the variance in the cases 1 and 2 
increases linearly with time, as has been described by T a y l o r  [1953] and B o w d e n  [1965]. 

In Fig. 6, the non-dimensional effective exchange coefficient is shown as a function of  
non-dimensional time. For  diffusion times t > 3hZ/K, Axeff is constant. 

For  a parabolic vertical exchange coefficient and for a current profile of  the shape 

N 

U ~ ~ a v z  v, 
v=O 

1.0 

! 
0.0 

' 

----N=IO / 

I I 
0.0 1.0 

u / u  o , ,  

Fig. 4. Velocity u versus various approximations versus depth z /H (for definitions see section 4.2) 
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Fig. 5. Shear generated part  of  the variance 62sK2/(ugh4 ) versus t ime-Kt/h 2 (for definitions see 
section 4.2) 
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Fig. 6. Effective exchange coefficient (Axerr - Ax)K/ (uZh 2) (for definit ions see sect ion 4.2) 
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B o w d e n ' s  model [1965] yields: 

Ax~ff K v - ~  # (#  + 1) 
~/ #=i v = #  

{ { 
~I=i # = 1  v = #  

where the b u are given by: 

The results are given below for  various N: 

(29) 

N Axeff " K/(u~" h ~) 

1 0.0124 
3 0.0179 

10 0.0239 

The relative error of  Ax elf generated by the approximation of  the current is about 25 % with 
N = 3, whereas it is about  50 % with a linear current profile. 

5 Hypothetical dependence of the variance upon time 

In this section, the possible dependence of  variance upon t ime-  according to the results 
presented is reviewed in brief. 

The horizontal spread of  tracers is due to two additive effects: shear dispersion and 
horizontal turbulent diffusion. The horizontal turbulent diffusion produces an increase of  
a~h as t 2 for small diffusion times (t ~ 2 TLx ) and a linear increase in time for t >> 2 TLx. The 
contribution of  shear dispersion a~s increases as t 4 for as long as t ~ 4 TLz. For intermediate 
diffusion times (4 TLz ~ t ~ hZ/Azo), it increases as t 3, and for large times (t >> hZ/Azo) it 
increases linearly with time. 

Summarized this might give the following picture: Firstly a~ increases as t 2, because of  
horizontal turbulent diffusion. I f  the condition 

1/~-~ 
t c = 2 . 5 V ~ 4 T t z  

is fulfilled, the variance first grows a s  t 4 for tc ~ t ~ 4TLz and then as t a for 
4 Ttz ~ t ~ hZ/Azo . If  t~ ~ 4 TLz, then the t 4 range is non-existent. In the literature, the t 4 
range is not mentioned. This can be explained by the fact that either the conditions for its 
existence were not fulfilled in some experiments, or that it has not been recognized, because it 
is unusual to distinguish between several ranges, and very often O k u b o ' s  model [1967] has 
been used, and the residuum has been explained by the uncertainties of  the measurements. 
O k u b o  [1971] considers mass balances as low as 50% to be permissible. For  very large 
diffusion times (t >> hZ/Azo) the variance increases linearly in time. 

In Fig. 7, the consequences of  the aforementioned considerations are shown. For  u' 2, 
w' 2, Ttz and [dv/dz [, values obtained from a rhodamin experiment in the open Baltic - 
described in M i k o l a j e w i c z  [1984] - are used. TLx has been chosen to be about  5 days. 
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Fi Z. 7. Hypothetical dependence of the variance on time. 
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Appendix 1 

A relative simple method  of  calculating an approximat ive  dis t r ibut ion if  only a limited 
number  of  moments  are known is described here. 

Due to the fact that  exp ( -  x2 /a  2 - y2/a~ _ z2/a2) is different from 0 for all x, y and z -  
if  only the variances are different from 0 - the dis t r ibut ion can-be expressed in the following 
way: 

C(x ,  y ,  z) = f ( x ,  y ,  z) e x p � 8 9  xZ/~2x - y2/(r2 - z 2 / 0 2 ) .  (A1) 

where f is a real function. I f  C has derivatives of  all orders, then f has too, and can be 
expressed as a power  series expansion ( B r o n s t e i n  and S e m a n d j a j e w  [-1979]): 

f(x,y,z)= ~ ~. kgp~,xPyqz ". (A2) 
p q r 

The moments  are defined as: 

{ x k / z ~ }  = I ~ I  d V C x k / z " .  (A3) 
- c o  
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With (A2) this yields: 

{xkY 'z=} = I f l d V x k y  'z'' Z Z gpqr'exp 1 X2 

l( 
p q r --oo 

y 2  

X 2 y2 z 2) 
4 4 

The integrals are clearly defined and yield ( G r 6 b n e r  and H o f r e i t e r  1-1958]): 

(1 + ( -  1) k+r) 1 . 3 . 5  ... ( k + p -  1) k+p+l 

v q r 2 2 
/ + q + l  

( 1 + ( - 1 )  '+~) 1 - 3 - 5 . : . ( I t q - 1 ) , / 7 , 2 o 2 ,  2 

2 l+q 2 T  

( 1 + ( - - 1 )  m+~) 1 - 3 - 5 . . . ( m + r - - 1 ) , # 2 r  2~+~+~2 
2 m+r  V 1~I,2GZ) 

2 2 

(A4) 

(AS) 

Stopping the summation at N > p + q + r results in: 

N N - p  N - p - q  3 

{xky 'zm}'~ • E Z gpqr'ng'Ukx +"+~'a~ +q+*'a~ +r+l"2-Ls 
p=O q = 0  r = 0  

�9 ( 1 +  ( -  1)k+P)' (1  + ( - -  l)Z+a) - ( 1 +  ( - -  1) re+r) 

�9 1" 3" 5 " . . .  ( k + p - 1 ) "  1" 3" 5 " . . . "  ( l +  q -  1) 

-1 " 3 - 5 " . . . - ( m + r -  1). 

(A6) 

I f  the moments  are known for all k, I and m, with k + l + m < N, a closed system of  linear 
equations is defined that  can be solved by the methods of  linear algebra. 

CN is defined as: 

CN.'= p=o2 q=o~2 r=o~' gPqr(N)'xPYqzr'exp2 a~ a~ (A7) 

and lim CN = C. 
N-+oo 

The convergence can be improved by a t ransformat ion of  the co-ordinate system, thus 
eliminating the first moments  and the mixed second moments.  

Appendix 2 

The complete solution for the oscillating current is: 

{?.+1} = 0 

(2n)! 
{z2"}= n! A",ot" 

{x} = - a~ (cos(cot + fl) - cosfl) 
(D 

+ 2 Azo ma~2~ (sin (~o t + fl) - sin fi) - 2 Azo t a2 cos (a) t + fl) 
( . 0  
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{xz} = 2 Azo ~ (sin ((0t + [3) - sin/?) - 2 Azo t a !  cos ((0 t +/?)  
co 

( 2 ) 
- cos/~)  + 12AzZo a3(0 2 ~  sin((0t + f i ) -  t2cos (co t+/?)+ ~ 2  (cos(cot+/?) 

{xz 2} = - 2Azo t a~  (cos ((0t § - cos/3) - 12AzZo t z a2 cos (cot +/?) 
(0 co 

a2 a2 
- 4 A 2 o  t ~ -  sin f i  + 20 A2o t --(02 sin ( ( 0  t + / ? )  

a2 + 16A2o (cos ((0t +/?) - cos/?) 

a l  
{xz3 } = _ 12Az2o t2 am,(0 cos (cot +/3) + 12A2o t ~ -  (sin ((0t + fi) - sin/?) 

a 3 
- 120 A3o t 3 a3(0 cos ((0 t +/?) + 288 A3o t 2 ~ -  sin ((0 t +/?) 

a3 a3 
+ 432A3o t (03 cos (cot +/?) - 144A3o t (03 cosfi 

- 288Az3o a3 ~ -  (sin ((0t +/?) - sin/?) 

{x 2} = 2Axo t 

+ 2 a;  (cos/? - 2cos((0t + fl) cosfi + cos 2 (cot + fl)) 
(02 

a~  a2 / 
+ 2Azo 7 t § t cos 2 (cot +/?) - 2 t cos fl- cos (cot +/3) 

sin 2((0t + fl) - sin2fl 

(0 

cos /?  - cos ( (0 t  + / ? )  
- 2sin/? 

(0 

~-a 2 ( 1 
+2Azo t +  ~ t c o s 2 ( c o t + / ? )  

3 sin 2 ((0 t +/3) - sin 2/3 
4 (0 

- 2sin/? cos/? - cos((0t + / ? ) )  
/ (0 

+2A~ ~ a 2 ( s in2((0t+/?)  
~ f  5 t z -k  3 tZcos2((0t -k  fl) - 8t (0 

cos2((0t + fl) - cos 2/? 
-- 8 (02 ~- 16 cos/? 

- 4 sin/? sin((0t +/?) - sin/?~ 
(.02 / 

+ 2 cos fi sin ((0 t +/?)(0 - sin/3) 

cos  ( (0 t  + / ? )  
+ 4t sinfi 

(0 

cos  ((0t + / ? )  - cos /?  

(02 
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2A~o ala3 ( sin 2(cot + #) - s in2# ~ -  \9t2 + 6tZ c~ + #) - 15t + 
CO 

cos(cot + fl) 27 c o s 2 ( c o t + f ) - c o s 2 #  
+ 12t sinfi 

co 2 (D 2 

cos(cot + #) - c o s #  
+ 24 cos # ~ z 

+ 2A3o a2 ( t3 - -  ~ -  48 117t 2 sin2(o)t+#)co 

+ 30t3cos2(cot  + fl)- 225t 

cos(cot + #) 
+ 144t cos# co2 + 

cos(cot + #) - c o s #  
- 288 sin fl co3 

~ = {x  2} - {x}2 

= 2Axo t 

+ A z o ~ -  2 t + t c o s 2 ( c o t + f l ) -  

- 12 sin# sin(cot + fl_) - s i n # )  
09- / 

t 
1 4 4 - -  0) 2 

cos 2(cot +/3) 
0) 2 

369 sin2(cot + #) - s in2# 

2 coa 

- 144 cosfl sin(cot + 13) - sin f )  
0) 3 ] 

2 co 

4 sinfl cos(cot + fl) - cos ft.) + 
O9 / 

+A~o a2 ( sin2(e)t + fl) 
8t2 + 4t2 c~ + fl) - 1 2 t  co 

- 1 4  cos 2 (cot +(D 2fl) - cos2#  + 32 cos # cos (co/_ -[-(D 2fl) - -  COS#_) 
Y 

a l  a 3  { sin 2(cot + fl) -- sin 2fl 
+ A~o ~ -  \ 1 8 t  2 + 12t 2 cos2(cot + f l ) -  30t 

O9 

cos (cot + #) cos 2 (e)t + #) - cos 2 # 
+ 24 t sin fl 27 

co O92 

+ 48 cos/3 cos(cot + fl) - cosfi _ 24 sinfl sin(cot + fl) - s inf l )  
O) 2 032 ; 

+A3o ~-a2 (96 t 3 + 60 t 3 cos 2(cot + fl) _ 234t 2 sin 2(cot + f l ) c o  

t cos 2 (cot + 13) cos (cot + fl) 
- 288 ~ - 450 t (.02 -1- 288 t COS fl 092 

sin 2(COt + #) -- sin2fl cos(cot + #) -- cos/? 
+ 369 -- 576 sin O33 693 

- 288 cosfi sin(cot +/3) - s infl)  
(-03 / 

3 s in  2 (e) t + # )  - s in  2 # 
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Appendix 3 

The C a r t e r  and O k u b o  [1965] model is reviewed briefly in O k u b o  [1968]. The 
calculation error appears  when the variance is computed f rom the concentrat ion A - 14 ((3) 
in O k u b o  [1968]). The concentration is symmetrical in y and z, which means that inter- 
changing y and z and the corresponding exchange coefficients and shear parameters  do not 

oo 

change the result. When the operator  ~ ~ ~ x 2 dxdy dz, symmetrical in y and z too, is applied 
-oo  

on that  expression, the resulting expression must also be symmetrical. Carter  and Okubo ' s  
result for a 2 is not, whereas the present author 's  is. 

The second derivation of  A 13, with respect to (ik) divided by the total mass M and 
taken at k = l = rn = 0, gives the variance a 2. 

The result obtained in this way is: 

2 2 2 3 aax = 2Axot + ~ (Arobl + Azoal)t , 
which is in agreement with (21). 

Appendix 4 

The moments  necessary to calculate the variance in the case of  the vertical exchange 
coefficient varying linearly with depth are: 

{z} = Azl t 

{Z 2} = 2Azo t + 2A21 t z 

{z 3} = 12AzlAzo t2 + 6Az31 t 3 

{z 4} = lZA~o t2 + 72AzoA21 t 3 + 24Agl t 4 

{z 5} = 180AZoAzl t 3 + 480AzoA31 t 4 + 120Az51 t 5 

{z 6} = 120A3o t 3 + 2160AZoA21 t 4 + 3600AzoAgl t 5 + 720Az61 t 6 

{x} = alAz l t  2 +a2Azo t2 +~a2Az l t  3 +4a3AzoAzlt  3+ a3A3zlt 4 

{x z}=al  Azot 2 + g A 2 z l t  3 + a 2 1 , ~ -  zo z x t 3 + 5  

( 51Aglt5) + a 3  4A2~ -r 19Az~ iO 

/'17 3 

/'14 z 3-68 2 4 ~92 ) +a2  3-Azot 3 + AzoAz t + A h t  5 
/ 

( ) + a3 51A2zoAzl t4 + ~ -  AzoA3zl t 5 + ~ -  A51t 6 

{xz 3 } = al  (6 A~o t 3 + 32 Azo A2z~ t 4 + 9 Ago t 5) 

( 694 146A5 ) 
+ a  2 62AZoAz l t4+~-AzoA31t  5 + ~ -  z l t  6 

2733 t5 3864 4 4653 A6 tT" ~ +a3 3 6 A 3 ~  -Az~  q--~ -Az~ 35 z l  // 
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2 3 {x 2 } = a  2(~Azot  + ~  2 , \) 

+ ax a2 5 AzoAzl # + ~ zl t 5 

( 1 0 2 A A 2  47A4 ) +ala3 5 A Z o t 4 + ~  zo z l t S + ~  zl t6 

+ a  2 5 A z o t 4 + ~ 5  AzoA~lt 5+ A~lt 6 

/'226 2 5 1253 526 A5 ) 
+a2a3~5 -Az~ + ~  -Az~ 35 zlt7 

/ 

6 , 04 , 46 3 
+a~\__A3zotS + ~ - A z o A z l t  + ~ - A z o A z l t  + ~ 4 ~ a z l t  ) 

+ 2 Axo t 

Appendix 5 

The moments necessary to calculate the variances when the vertical exchange coeffi- 
cient is varying with depth as z 2 are: 

0 

A 7 e2~ - -7 e6A~t + 

z2m +1} : 

{ ~ 6 }  = 

{~} = 

{~z} = 

XZ : 

XZ } : 

A3zo 5 e42Az2 t _  9 e20Azz t + e 6 A z 2 t _  
A ~  231 77 21 

Az~ ( 1  (e6Az2t--1)-- 1 ) 
A2 ~ a2 ~ ~ Az2 t 

A2 ~ a l  - ~ + + 

1 e2OAz2 t 1 e6Azzt_]_ _ e 2 A z 2 t _  
+ A3~ ~ - 14 6 

A2o // 3 13 11 
~ 2 z 2 3 2 ~  e E ~  Azzt 63 

11)  
270 + 9 Az2t 

+ i e 6 a z 2 t  I eZaz2t + 13"~ 
63 -- IO / 

AZzo 3 e20Az2 t I elZAz2 t 1 e6azzt  + e2Az2t - 
A3z--~ al 280 - 40 - 28 26 

Az3o ( 1 e42Azz t  17 e2OAz2t[_ 1 e12Az2 t 
+ A~- a3 \ ~  154~ 60 
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Azo 2 ( 1  ( e a A z 2 t _ l ) _  1 1 ) 
{x 2} = Az3~ a 1 ~ ~ (e 2az~' - 1) + 5 Azz t 

51 (e6Az2 t j )  11 e6Az2t + A2oa 2 3 (e 20Az2t -  1) + - - 
A z * 2 2 4 9 ~  7938 ~ Az2 t 

1 1 2 t + ~ A z 2 I +  ~Az2t 2 
/ 

Az20 ( 1 3  (e2OAz2t l ) _  1 (el2Az2t l ) _  1 (e6az2 t 1) 
+ A ~  al a3 8 - ~  ~ 28 

19 (e2Az2 t 1 ) -  2 ) 
+ 60 ~Az2t 

A3zo _2 ( 1 (e 42Az2t- 1) _ _ _ 1 7  (e 2~  1) 
+ ST-  a3 ~ 15400 f lZ 2 

;0 ) 1 (el2az2t_l)+ 22_(e6Az2t 1)_ (eZAz2t 1 )+]~5Azz t  
+ 3~6 189" 

+ 2 Axo t 

1 Azo 2 Azo 
+ ~Ax2 --A~ 2 (e 6Azat - 1) - ~ Ax2 Az2 t. 
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