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Abstract: A class of nonlinear control-affine systems with bounded time-varying drift is
considered. It is assumed that the control vector fields together with their iterated Lie brackets
satisfy Hérmander’s condition in a neighborhood of the origin. Then the problem of exponential
stabilization is treated by exploiting periodic time-varying feedback controls. An explicit
parametrization of such controllers is proposed under a suitable non-resonance assumption.
It is shown that these controllers ensure the exponential stability of the closed-loop system
provided that the period is small enough. The proposed control design methodology is applied
for the stabilization of an underwater vehicle model and a front-wheel drive car.
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1. INTRODUCTION

The paper focuses on the stabilization problem for a class
of nonholonomic systems in the control-affine form. As the
number of control inputs in such systems can be signifi-
cantly smaller than the dimension of the state vector, this
causes certain challenges in control design. There exists
a number of approaches which allow to stabilize control-
linear nonholonomic systems (see, e.g., Coron (1992);
Astolfi (1994); Morin et al. (1999); Zuyev (2016), and
references therein). However, the stabilization problem
becomes even more complicated for control-affine systems
with unstable drift terms. Controllability properties and
motion planning problems of control-affine systems were
discussed, e.g., in De Luca and Oriolo (1995); Godhavn
et al. (1999); Pomet (1999); Aguilar (2012); Jean and
Prandi (2015); Zuyev and Grushkovskaya (2017). While
rather general results have been obtained for motion plan-
ning problems, stabilization of nonholonomic systems with
drift is mainly studied for specific classes of systems (see,
e.g., M’Closkey and Morin (1998); Reyhanoglu et al.
(1999); Bullo et al. (2000); Floquet et al. (2000); Wang
et al. (2004); Yang and Yang (2010); Gao et al. (2011);
Zhao and Wu (2013), and Kolmanovsky and McClamroch
(1995); Michalska and Torres-Torriti (2003) for a survey).
A more general class of control-affine systems was con-
sidered in Hermes (1980); Michalska and Torres-Torriti
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(2003), where stabilizing controllers have been proposed
under the assumption that the system is strongly control-
lable and can be approximated by a system with nilpotent
Lie algebra, and that the drift term vanishes at the origin.
In this paper, we propose a class of control functions
that stabilize the origin of an underactuated control-affine
system with time-varying drift term. In general, we do not
assume that the drift vanishes at the origin, which leads
to the practical asymptotic stability of the correspond-
ing closed-loop system. For a special class of drift terms
vanishing at the origin, we show that the trajectories of
the system exponentially tend to zero. We also do not
involve the drift vector field in the controllability rank con-
dition. In Section 2, we formulate the problem statement
and present a novel stabilizability result as an the exten-
sion of the control design approach from (Zuyev (2016);
Grushkovskaya and Zuyev (2018)). Section 3 contains the
proofs. Several examples are presented in Section 4.

2. MAIN RESULTS
2.1 Problem statement

Consider a system

m
&=g(t,x)+ Y filx)u;, z€DCR", (1)

i=1
where x = (z1,...,2,)" is the state, u = (uy,...,uy,)" €
R™ is the control, f; € C®(D;R"™) describe the system
dynamics, and g : R x D — R" is the drift term related to
the system dynamics or to disturbances. In this paper,

2405-8963 © 2019, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.
Peer review under responsibility of International Federation of Automatic Control.

10.1016/j.ifacol.2019.11.771



Victoria Grushkovskaya et al. / IFAC PapersOnLine 52-16 (2019) 156-161 157

we propose a family of control laws for stabilizing the
origin of system (1) under the assumption that the vector
fields f; together with their first- and second-order Lie
brackets span the whole n-dimensional space, and the drift
g satisfies certain boundedness assumptions.

Assumption 1. (Rank condition). Let S; C {1,2,...,m},
Se C {1,2,...,m}?, S3 C {1,2,...,m}3 be sets of indices
such that [S1| + |[S2| + |S3| = n and, for each = € D,

Span{fl f]l’f]Q]( ) [[ffuffz]vffs] (1‘)‘ (2)
i€S1, (j1, j2) €S2, (€1, L2, l3)€S3 } =R".

Assumption 2. (Boundedness of the drift). For each com-
pact set £ C D, there exists a7 > 0 and M, > 0 such that,
for any to > 0, ||g(t, z)|| < M for all t € [tg, to+7], z € €.

To stabilize system (1) at z* = 0, we adopt the con-
trol design approach previously proposed for the case
g(t,x) = 0 in Zuyev et al. (2016); Grushkovskaya and
Zuyev (2018). Note that the presence of non-zero drift may
affect significantly the system behavior and complicates
the stabilization problem. Therefore, the results of the
above mentioned papers cannot be directly applied, and
more sophisticated analysis is required.

2.2 Notations and definitions

Definition 1. We say that there is a resonance of order
N € N between the pairwise distinct numbers kq, ..., k,,
if there exist relatively prime integers cq, ..., ¢, such that
ler] + ... 4+ |en] = N and e1ky + ... + cpkn = 0.

Similarly to the approaches of Clarke et al. (1997); Zuyev
(2016), we will exploit the sampling concept. For a given
€ > 0, define a partition 7. of [0,4+00) into the intervals
[tj,tj+1)7 tj = Ej7 ] = O7 1,2, e

Definition 2. Given a feedback u = h(t,z), h : [0,+00) x
D — R™ & > 0, and 2° € D, a w.-solution of (1)
corresponding to x° and h(t,z) is an absolutely continuous
function x(t) € D, defined for t € [0,+00), such that
z(0) = 2° and i(t) = f(x(t),h(t,x(t;))), t € [tj,tj+1),
for each j=0,1,2,. ...

For f,g : R" — R", x € R", the directional derivative is
denoted as L, f(z) = lim w, and [f, g](z) =
s—

Lsg(z) — Ly f(x) stands for the Lie bracket. Throughout
this paper, ||a|| denotes the Euclidean norm of a vector
a € R™, and the norm of an n X n-matrix F is defined as

171 = supyy =1 I Fyll

2.8 Control functions

Given positive real numbers € and -y, we define the control

functions ug, k=1,...,m, as
k,e
wp = hi(to) = Y ai ()6l (1)
i1 €51

1
v Y fo@en 6

(J1,52) €S2
2
-3 § : 3/ (k.e)
+¢e 3 ahbés ¢[1é2[3

(£1,€2,£3)€S3

where the state-dependent vector function

a(x) = (ail (l‘) ‘i1€S1 » Qg jo (I>‘(j1,j2)€$'2’

.
Qg 0005 (m)|(617627e3)653) eR"®

is chosen as

a(x) = —yF H(a)x (4)
with some control gain v > 0, and qﬁgf’a)(t) = Okiy s
k . 2WK ;4
o\ (t, 2)=2 /Ty, (5kj151gn(aj1,j2 (z)) cos —H2¢
Itk
+5kj2 sin Mt) ;
€
k, 2Tk 01050 t
‘béle?& t)=2 3/2772%3@1@2@3 R4ty 0565 (5k131 cos Tt
. 2TK2g, 050,51
+0ke, sin %
2 t 2 t
+0k0,COS T bt sin W@?eﬂg ) (5)

Here §; is the Kronecker delta, and the integer parame-
teIrs Ky, jo, Kie1£ats5 K2r,0,0, are specified according to the
following assumption.

Assumption 3. (Absence of resonances). The positive in-
Legers Kijyjo» K10105055 K20102055 K30 6285 = 1010505 T K20, 0205,
and Kag, 05 = Koty0005 — Klot,05 aT€ pairwise distinct,
and there are no third-order resonances between Ksp r,e,
(s = 1,...,4), except those imposed by the definition of
K301 00035 K4 0503 -

2.4 Stabilization of system (1)

Consider the matrix

]:(SC) = ((fi(@)jlesl ([fjl’fj2]($))(j1,j2)es2
([[f@la f€2]7 ffs] (x))(£1,£2,£3)653>’

which is nonsingular in D provided that condition (2)
holds. The main result of this paper is the following
theorem.
Theorem 1. Let D C R™, f; € C3(D;R"), i = 1,...,m
Suppose that Assumptions 1-2 hold in D and there exists
an a > 0 such that | F~(z)|| < « for allx € D, where
the matriz F(x) is given by (6).
If the functions ui, = h3(t,x), k = 1,...,m, are defined
as in (3)—(5) with the parameters satisfying Assumption 3,
then for any 6, p > 0 there exist v, > 0 such that, for any
€ (0,¢], the m.-solution of system (1) with the initial
data z(0) = 2° € B;(0) is well-defined on t € [0,+00) and

2@l < l|2°(le™" + p for all t € [to, t1),
and ||z(t)] < p for all t € [t1,00),
with some X\, t1 > 0.

(6)

The proof is given in Section 3.1. Note that the proof
provides a constructive procedure for choosing v, A and .
Theorem 1 gives the practical exponential stability condi-
tions of the point = 0. Obviously, to stabilize system (1)
in the practical sense at any other point z* € D, one
can take a(z) = —yF ~!(z)(z — z*). Under some stronger
assumptions on g(t, x), even local exponential stability can
be achieved, as stated in the following corollaries.

Corollary 1. Let D C R™, f; € C3(D;R"), i = 1,...,m.
Assume that Assumption 1 holds in D and there exists an



158 Victoria Grushkovskaya et al. / IFAC PapersOnLine 52-16 (2019) 156-161

a > 0 such that ||[F~1(z)|| < a for all z € D, where the
matriz F(x) is given by (6). Assume also that there are
Mg, Ly >0 and 69 > 0 such that

glt.2) < My, att,2) = g(t,v)]| < £ylle =yl

for allt > 0,2,y € Bs,(0). If the functions u, = hi,(t,x),
k=1,...,m, are defined as in (3)—(5) with the parameters
satisfying Assumption 3, then for any 0 > 0 there exist
v,& > 0 such that, for any ¢ € (0,£], the m.-solution of
system (1) with the initial data x(0) = z° € Bs(0) is well-
defined on t € [0, 4+00) and

lz()]| = O(e™

The proof of Corollary 1 is in Section 3.2.

) as t — oo, with some A > 0.

3. PROOFS OF THE MAIN RESULTS

8.1 Proof of Theorem 1

For any 2% € D, let p,8,6’ > 0 be such that B,(0) C
Bs(0) € Bs(0) € D, and My = supwemei(x)H,
M, = . B @i lg(t,z)|l. Let o = min {T %}
and U¢(20) = ax S |hs(t, 2°)|. Here we assume that

v > 0 is fixed, since, as it will be shown later, v can
be defined 1ndependently on €. From (Grushkovskaya and
Zuyev (2018)), for every € € (0,¢9),

U (@) < curnla®) + ey |2 a0] + e

(7)
Ue(2°) < ¢y ¥/ev|20,
where
2/3 3/4
cu1 = an/|S1], cuz = 4\/7ra( Z K1 ) ,

(J1,J2)€S2

5/6
|/€2 _ K2 |2/5
2010543 1014243 ’
(£1,£2,03)€S3

Cuz=6V 271'%4(

and

0”2/3 0”1/6

Cy = Cu1||z +Cu2||m + Cy3-

The integral representation

x(t) — 20 = / (Zfz
yields that, for any z° € Bs(0), € € (0,¢0),

2(t) — 2% < M e, ¥/ev]|a0] +eM, for all ¢ € [0,€].
For d = min{§’ — 6, $p} > 0, let &1 be the smallest positive
root of the equation

Mie, 3/e7d +eM, = d.
Then for any € € (0, min{eg, e1}), the solutions of (1), (3

(3)
with x(0) € Bs are well defined in D (||z(¢)|| < ¢’) for
t €[0,¢], and

if [l%) < 5

Nhi(s,x )Jrg(s,x(s)))ds

then lz(@)|| < p for all t € [0,e].  (8)

Then we use the Chen—Fliess series to represent the .-
solution of system (1) at time ¢, taking into account the
drift term ¢(t, z) and formula (4):

—$ +e Z fi(z am )
J1€51
te Z [fjl?fh](xo)ajljz(xo)
(J1,J2) €S2

+e Z Hféwféz]’ffs](xo)a’eleﬂs(xo)

(£1,62,63)€ S5 9)

T 0are) + () + () + / " g(s,a(s)ds

20 e 4 / o(s, 2(s))ds + Q(a, &)
0
+rg(e) +1ale),

€ 81

/ZLngl (sl,xo)dSstl
o =1
+/// > Lal ()
0 Jij2=1
X hs (82, O)hjl(Sl, )d83d82d$1

E€ 81 82 83
e [ [rarn e
J1,J2,d3=1 00000
x RS, (83,7 2%)dsdszdsadsy,

)hs (82, )h;l(sl,

m E€ 81 S2 S3

o= 3 11]]

J1-3a=100 0 0
xhs, (54,x0)h§3 (537x0)h§2 (827.’L'O)hjl(S],.’L‘O)d84d33d82d81.
We omit the explicit expression for (a, €) due to the space
limits. Similarly to (Grushkovskaya and Zuyev (2018);
Grushkovskaya et al. (2018); Zuyev and Grushkovskaya
(2019)), it can be shown that there exist cq,cq,cp > 0

such that, for any z° € m,
12(a, )| < calellzIN/®,
Irg ()] < egMge®?|2°(1"3, [lrs(e)]l < es(ell=®)**.
Applying these estimates to (9), we conclude that
(@)l < (1 =e)[a®]| + o (e)e™*[la®['/* + Mge,  (10)
where o(c) = cqd®/® + £/ (cyMy + c48). Assume z° €

Bs(0)\B,/2(0). Then the latter inequality can be rewritten
as

- 0 7/6 0
o (e)]l < (1 = 2)[1a°]| + e (p) 9] + 2
= (1-2M)|2’]],

M g(e)etso(2)"

Lfm ij3 ij2 I (2(s4))

Lel|l2°)|

where \y = v — . Taking v > ZM—Q,
we ensure that there exists a Ao > 0 such that v —
ZMy 5 o For any A € (0, A2), let €5 = min { 3 €

¢ is the smallest positive root of the equation

0(5)51/6<Z)2/3 =X — A

Then, for any e € (0, = min{eg,e1,e2}), if [|2°]] > &,
then

} where

lz(e)]l < (1 = X))
Since 2° € Bs(0) then z(e) € Bs(0), and we repeat the
above argumentation for the solutions z(t) of system (1),
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(3) with the initial conditions z(e) € Bs(0). Thus, we
conclude that there exists an N € NU {0} such that

la(ie)l = £ for all j = 0,... . N =1, [lz(Ne)| < £,

which implies that the solutions z(t) of system (1), (3
with the initial conditions x(0) = 2° € B;(0) are we
defined for all ¢ € [0, (N + 1)¢], and
llz(je)|l < ||2°(|e=*¢ for all j =0,...,N.

Furthermore, [lz((N + 1)e)|| < p from (8). If |lz((N +
1)e)|| > £, we apply again the same reasoning and obtain
|lz((N +2)e)|| < [l#((V + 1)e)||. Otherwise, (8) implies
|z((N + 2)e)|| < p. Thus, for any € € (0,&), the solutions
of system (1), (3) with the initial conditions z(0) = z° €
B;(0) satisfy the following properties:

=

lz(0)] <& = Jla@)ll < l|l2°[le™ + g for all £ > 0,

and there exists a t; > 0 such that ||z(¢)| < p for t > ¢;.

8.2 Proof of Corollary 1

As it follows from Theorem 1 and its proof, for any
0,09 > 0, there exists an & > 0 such that, for any
€ (0,2], the m.-solution of system (1) with the initial
data z(0) = 2° € B;(0) is well-defined on ¢ € [0, +00) and
z(t)|| < ||2°||e=*t + 6o for all t € [to,t1), (11)

and ||z(t)]] < dp for all ¢ € [t1,00),

with some Ay, t; > 0. The proof is similar to the proof of
Theorem 1 with D = By, (0), so we just briefly describe the

main differences. Let us analyze the behavior of solutions
of system (1) in Bs, (0).

Let 2° € Bs,(0). Using the integral representation of z(t),
the Gronwall-Bellman inequality, estimate (7), and the
assumptions on g(t,x), we conclude that

z(t) — 2°|| < ¢ /|20 for all ¢ € [0, €], (12)
where ¢; = (./\/lfcu\‘ﬁ + M958(€50)2/3)6['fc“' v ev00+Ly
and Ly is such that — f(y)H < Ly|lz — y|| for all
z,y € Bs(0). Furthermore,

lg(t.a@)ll < Mgllz@)]® < Mg(I2°] + [l (t) - 2°[))°
< M ||Z°)|(02 + cx ¥/e)? for all t € [0,¢].
(13)

Then the term ry(e) in (9) can be estimated as ||74(¢)|| <
¢,(e)|Z°N*/3 with some &, > 0. Consequently, the esti-
mate (10) can be written as
(@)l <(1 —7e)ll2®) + 5 (e)e™ |2 /¢
+eMg|lZ°11(85 + o VE)?
—(1= (v = My8§ = e/1(e)) ) 2°].

Here 6(c) = cq + (€80)Y/%(Ey + ¢f), o1(e) = 5(e)5y/°.
Taking v > M08, A2 € (0,7 — M,d), and & as the
smallest positive root of the equation £/6g;(s) = A,
we obtain ||z(e)]] < (1 — X2¢)||2°||. Repeating the above
argumentation for an arbitrary 7% € Bs,(0), we conclude
that

le(e)l < &, for j=0,1,2,....  (14)

For any ¢t > 0 and ¢ € (0,& = min{&y,&;1}), we have

~=([EJ)+ (1)
(e (™)

Using (14), we obtain the following estimate:
3 /M= _22
lz(®)]| < pa /|0 e (15)

with 1 = (¢, ¥ + 53/3). Choosing £ = min{&, &}
and summarizing (11) and (15), we conclude that, for any
€ (0, ], there exists a t; > 0

|20l 2t 4 6o for t € [0,1),
()] < {

. A
w1V ||z (t)] e~ Tlforte [t1,00),

which proves the Corollary.

la(®)] < |2t

< 3

4. EXAMPLES
4.1 Underwater vehicle with drift

Consider the equations of motion for an autonomous
3D underwater vehicle studied, e.g., in Barraquand and
Latombe (1989), and assume that the motion of the vehicle
is also affected by external disturbances:

ka

where (x1,x2,x3) are the coordinates of the center of
mass, (24, 5, ¥g) describe the vehicle orientation (Euler
angles), u; is the translational velocity along the Ox; axis,
(ug,us3,uq) are the angular velocity components, and the
vector fields of the unperturbed system are

fi(x) = (cos x5 cos zg, cos x5 sin xg, — sinx, 0, 0, O)T,
f2(z) = (0,0,0,1,0,0) ",

f3(2)=(0,0,0, sin z4tg x5, cos x4, sin 24 sec 355)T7

r)ug + g(t), (16)

fa(2)=(0,0,0, cos z4tg x5, — sin x4, cos T4 sec Ts) ' .
The drift term in (16) accounts for the external distur-

bances caused by waves and ocean currents, and we choose
the following form for g(t):

g(t) = (0,d, asin(wt +b),0,0,0)",
where a,b,d,w are some positive constants. The rank
condition (2) is satisfied in the domain D = {z € R°| —
<£E5< }Wlthsl—{1234}52—{(13)( )},
53 — (. Then the matrix (6) takes the form
( ) - (fl( )a f2( )7 f3( )a f4(w)a [f17f3](x)7 [flaf4]($))a
x

and we may write controls (3) as uy = hi(t,z):

Tr\a13(:v oS 27rk13t

hi(t,z) =a1(x) + 2 sign(ai3(x))
+ 2 sign(aa(x

/7r|a14 x)| COS 2wk14t
h5(t, ) =az(z),

hé(t, LC) =a3(:1c) +2 Tr‘alz’(x)‘ sin 277"313t
hi(t,x) :a4( ) +2 7F\¢114(I)‘ sin 271'!;1415’

with a(z) = (a1(x), az(z), a13(x), a14(x))T =—yF Hz)z.
The behavior of system (16) with controls (17) is illus-
trated in Fig. la). For numerical simulations, we take

(17)
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Fig. 1. Time-plots of the trajectories of system (16) with controls (17).

.
g(t) = (0,2,5sint,0,0,0)", x 5,10,10,2%, 2, —7)

e =0.1, v =10, k13 = 1, k4 = 2. To illustrate Corol-
lary 1, assume that the drift is described by g(¢t,z) =
(O,:E:f( ), 25(t)sint,0,0,0) 7. As it is shown in Fig.1b), the
trajectories of system (16) tend asymptotically to zero in
this case.

4.2 Front-wheel drive car

As an example of a nonholonomic system satisfying con-
dition (2) with the second-order Lie brackets, consider
a kinematic model of the front-wheel drive car (see,
e.g., De Luca and Oriolo (1995)):

2
i1 = ful@)ur,
k=1

where (z1,22) are the Cartesian coordinates of the rear
axle center, the angle x3 defines the car orientation with re-
spect to the xi-axis, x4 is the steering angle, u, us denote
the driving and the steering velocity input, respectively;
thus the vector fields of the system are given by

f1(x) = (cosxz cos xy, Sin T3 COS X4, Sin 24, O)T7

fo(z) = (0,0,0,1)"
It can be verified that the rank condition (2) is satisfied
with S1 = {1,2}, S2 = {(1,2)}, S5 = {(1,2,1)}, so that
the matrix F(z)= (f1(z), f2(2), [f1, f2] (@), [[f1, f2], f1] (2))
is nonsingular in R*. If the control input acts with an
error, i.e. uy = h§(t, z) + ni(t, ), where ng(t, z) are some
disturbances, then the system equations can be interpreted
as the system with drift~

a1 —ka

x)up + g(t, ), (18)

where g(t,z) = E fr(x)ng(z,t). According to the pro-

posed design procedure we take controls of the form (3):
hi(t,z) =a1(x) + 2 sign(ai2(x))

+ 2 6/2772(7%121—

mlaiz(z)]

cos 2”’?”

k
621121)11121 (z) CoS 27776;1211‘:

x (1+ 2hant i ), (19)
Bt ) =ag(w) + 2/ szl iy, 2mhuat
+ QQ/QW (k2121—7€;121)a121(3¢) sin 2mk2121t
with E )
a(z) = (a1 (x), as(x), ara(x), a1 (2)) " = —4F1(2)a.
For the numerical simulation, we take n; (¢, x) = 2 cos 107t,
na(t, ) = sin20mt, 20 = (5 3,-Z, g)T, =05~ =15,

kio =7, k1121 = 3, ko121 = 1. The corresponding plots are
depicted in Fig. 2

5. CONCLUSIONS

We have considered a class of nonholonomic systems with
time-varying drift term satisfying certain boundedness as-
sumptions. Extending the approach of Zuyev et al. (2016);
Grushkovskaya and Zuyev (2018), we have obtained a
family of time-periodic control functions with rather sim-
ple formulas for state-dependent coefficients. It should be
emphasized that the considered systems with vanishing
controls, in general, do not admit the trivial equilibrium.
It is also crucial that the exponential decay estimates
have been derived without assuming that the drift can

be compensated by a linear combination of control vector
fields.
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Fig. 2. Time-plots of the trajectories of system (18) with
controls (19).
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