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1 Introduction

Studying exactly solvable models in 2D QFT can help us get a deep understanding
of general field theory. The next step is naturally taken to consider the deviation
from these exactly solvable models. In the language of renormalization group flow,
in general the study of deformations by turning on relevant operators is under more
controllable than irrelevant deformations which may introduce infinite divergences in
the UV. However, a special kind of irrelevant deformation of 2D QFT was shown to have
a number of remarkable properties even in the UV [1-3]. Such deformation preserves the
integrability if the undeformed theory is integrable, also the spectrum and the S-matrix
can be calculated. In addition, the deformed theory can be renormalized perturbatively
systematically [4].

Among these deformations there is a special one, referred to as 7T deformation,
have attracted much attention recently [5-28]. Here T is related to stress tensor of the

theory. The deformed Lagrangian S(\) can be written as

%(;\) = /dzzTT(z), (1)
where the operator TT(z) was first introduced in [1]. For conformal field theory, it was
found that the partition function of deformed theory can be computed and remains
modular invariant, and one can even obtain Cardy-like formula in deformed CFT.
Meanwhile, there are other different perspectives on the TT deformation [29,30], and
applications in string theory [31-42]. More interestingly, from holographic dual point
of view, it is suggested that the TT deformed 2D CFT dual to AdS; gravity with finite
cutoff in the radial direction [43]. Evidence for this non-CFT /non-AdS kind of duality
including matching of the energy spectrum, holographic entanglement entropies, exact
holographic renormalization and so on. For recent progress on holographic aspects of
TT deformation see also [44-55].

There are many directions to generalize the TT deformation, then an interesting
question to ask is that what will happen when additional symmetry is presented in the
theory, for example, conformal symmetry discussed above. In [56-59] (see also [60,61]),
the authors have taken into account the supersymmetry, more specific, N' = (0, 1)

and extend SUSY with N' = (1,1),(2,0), (2,2) was considered. In these studies, the
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supersymmetric version of 7T operator appeared in eq.(1) was constructed based on the
supercurrent multiplet [62], and the deformed Lagrangian is also given for free theory
with or without potential. Taking N' = (1,1) for example [56], the deformed action
takes the form
Sa = S0 + )\/d200(0) (2)
with
O(o) = / 46+ do-O/(C). (3)
Here O(§) = J14+(Q)T--—(Q) = T-(Q) T+(C), (T4++, J-) and (J-__, J+) are two pairs
of superfields, which include stress energy tensor (For more details for this construct,
please refer to [56]). Moreover, it was shown that the deformation constructed in this
way preserves solvability and supersymmetry. Furthermore, the operator O in eq.(2)
is equal to bosonic T'T as appeared in eq.(1) up to total derivative terms vanished on
shell
O =TT + EOM's + total derivatives. (4)

Similar relationships between bosonic T'T and its supersymmetric counterparts are also
hold in other extend SUSY mentioned above.

In this work, we are interested in studying the correlation functions in 77 defor-
mation of superconformal field theory perturbatively. Correlation functions are fun-
damental observables in QFT, thus it is of great importance to study the correlation
functions in its own right. The behavior of correlation functions was studied in both
TT [19,45] and JT [17] perturbatively, and unperturbatively in deep UV region by J.
Cardy [18]. Inspired by these progress, here we would like to add supersymmetry to the
undeformed theory. Since we will work with Euclidean signature, we would like to focus
on our attention to the superconformal field theory with A" = (1,1) and N = (2,2)
supersymmetry. As discussed above the operators O and T'T are equal on shell up to
some total derivative terms, thus we will employ the latter as the definition for 77T de-
formation in the process of computing correlation functions. Here we have to emphasize
that we only focus on the deformation region nearby the undeformed CFTs, where the
CF'T Ward identity still holds and it is not necessary to take account the effect of the
renormalization group flow of the operator with the irrelevant deformation. Therefore,

the conformal symmetry can be considered as an approximate symmetry up to the first
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order of the T'T deformation and the correlation functions can also be obtained nearby
the original theory. Moreover, both in holography and quantum field theory, these
correlation functions can be also applied to obtain various interesting quantum infor-
mation quantities in the deformed field theory, e.g. the Rényi entanglement entropy of
local quench in various situations [63-65], entanglement negativity [66], entanglement
purification [67], information metric [68,69], etc.

The remaining parts of the paper are organized as follows. In section 2, we first
briefly review the Ward identity in (1,1) superconformal and also the correlation func-
tions in undeformed theory, then formulate the 2-,3-, and n-point (n-pt) correlation
functions with 7T inserted, the last step is to perform the integral in conformal per-
turbation theory using dimensional regularization. In section 3, we first discuss the
Ward identity and undeformed correlators in (2,2) superconformal field theory. Then
following the same line as section 2, we compute the 2-,3-, and n-point deformed corre-
lation function. In section 4. We discuss the dimensional regularization methods used

in section 2 and section 3. In the final section, conclusions and discussions will be given.

2 N=(1,1) superconformal symmetry

In this section we review (1,1) superconformal symmetry and the corresponding Ward
identity. The coordinates on superspace are analytic coordinates Z = (z,6) and anti-
analytic coordinates Z = (z,) where z, z are two complex coordinates and 6,6 are
Grassmannian coordinates. The (1,1) superconformal algebra is the direct sum of (1,0)
and (0,1) algebra, thus for simplicity we may subsequently only write out the analytic

part. For (1,1) theory the superderivative is [70-73]
D =0y +00., D*>=0,. (5)

The superfield
J(Z)=0(z)+0T(z) (6)

generate analytic supercoordinates transformations of in superspace. Here T'(z) is
stress-energy tensor of the theory and © is generator of supersymmetry transforma-

tions. Similar expression can be write out for J(Z)



Under analytic supercoordinates transformations with parameter E(Z), a local su-
perfield ®(Z, Z) obeys

558(2,7) = [Jp, ®(Z, Z)] = f dZ'E(Z")J(2)®(Z, Z) (7)

dez% dz/de. (8)

A superfield ®(Z, Z) is called primary superfield if it transforms as

with

®(2,Z) — (0f)*(0f)* (2, 2) 9)
under conformal transformation

Z =(20) = Z' = (f(2),VO:-f(2)0), Z=(%0) = Z'=(f(2),\/0f(2)0). (10)

Here A, A are the anomalous dimensions of ®(Z, Z). The infinitesimal version of eq.(9)

5p0(Z,Z) = B(2)0,8(2, Z) + %DE(Z)D(I)(Z, Z)+ NO.E(Z)®(Z,Z),  (11)

where only the analytic part of the transformation is considered. Furthermore, one can
obtain the OPE between the superfield J(Z) containing stress tensor 7'(z) and primary
superfield ® with dimension A, which is the generalization of OPE between stress tensor
and primary field T'(2)¢(2’) in CFT. This can be done by substituting eq.(11) back to

eq.(7) and using super-Cauchy theorem % which implies

)

f ALE(Z) 2 = B(Z) (13)
1

]4 A2\E(Z) 5~ = DE(Z) (14)

azE2) % —0.6(2) (15)
12

de’E(Z’)ZH: :9Z = E(2) (12)



where the SUSY invariant distance Zi9 = 21 — 29 — 6105 and 615 = 0; — 05. We then
obtain the following OPE [72]

0 _ 11 _ 0 _
29 CI)(ZQ,Z2)+§Z—D<I>(Z2,Z2)+AZ—12<I>(ZQ,Z2). (16)

Z2
AP 12 12

J(21)®(Z,) =
From this OPE, the A" = (1, 1) superconformal Ward identity can be written as
(J(Z0)®1(Z1, 21)...®p(Zy Z))

90’><<I>1(Zl,Zl)...<I>n(Zn,Zn)). (17)

-2 (ZoZa“ 2Z()@D HAig
and similar expressions for J(Z).

It is important to apply Ward identity to global superconformal transformation
whose algebra osp(2|1) is a subalgebra of superconformal algebra. By employing Ward
identity and the fact that correlator of primary superfields is invariant under global
superconformal transformation since it is a true symmetry of the theory, these correla-
tors will be highly constrained. And similar to the cases in bosonic CF'T, it is possible
to completely fix 2- and 3-point correlators up to to some constant factors. The 2-pt

correlator is

_ _ 1 L _
<(I)1(Zl, Z1)®2(ZQ, Zg)> = Cl2ﬁa A= Al = Ag, A= Al = Ag (18)
Z12 Z12

with ¢ a constant and 3-pt correlator is

3
_ _ _ 1
(@1(Z1, 20)@(Z, 22)@s(Zs, 7)) = ( ]] oy ) (s + danthned),  (19)
1<j=1

where the second factor in the right hand side can also be written as
Ci23 + 0/12391235 = 012360/12391235/6123. (20)

Here cy93, ¢}o5 are constants, A;; = A; + A — €Ay, and 693 is defined as

1
Oijr. = —F———=
 Zij Lkl
which is invariant under global conformal transformation. By definition 6,53 is Grassmann-

odd, thus #%,; = 0 and eq.(20) follows.

(GZZJk + HjZ,ﬂ + HkZz] + 92939k>7 (21>



As for n-pt correlators with n > 4, they depend on 2n coordinates z;,60;,7 =1, ...,n,
and 5 constraints corresponding to 5 generators of osp(2|1). Thus there are 2n — 5
independent variables in n-pt correlators. Actually, there exists the same number of

independent osp(2|1) invariants, i.e. 2n — 5, which are [72]
w; 5912]', ] :3,...,7’L, UkEzlggk, k::4,...,n, (22)

where 619; is defined in eq.(21) and Z;;j; is an analogue of cross ratio in CF'T

Zij
jkl Zliij ( )
In terms of these variables the n-pt function can be determined as
_ _ - 1 ~ _
(D1(Z1, 20)e @ (Z, Z0)) = ( I1 )f(w,-,w,-,Uj,Uj) (24)

with Z#j Aj; = 2A;,A;; = Aj; and similar for Aij. Here f is a function can not be
fixed by global superconformal symmetry, and it depends on the theory under consid-
eration.

With the results discussed above, we can compute the TT deformed correlators.

The variation of action under T'T deformation can be constructed as

58S =\ / P2TT(2) = -\ / 2z / d0d0J(2)J(Z), (25)

where the minus sign comes from the anti-commutation nature of §. Thus to first order

in A the variation of n-pt correlator is

—A/dzz/dﬁd(?(J(Z)J(Z)(I)(Zl, 7). 9(Zy, Z)). (26)
Note that the correlator inside the integral can be evaluated via Ward identity. In the
following section we will compute eq.(26) for n = 2,3 and n > 4.
2.1 2-pt correlators

In this section we will consider the 2-pt correlators with 77 deformation. The unde-

formed correlator takes the form as eq.(18)

= = c
(B1(Z1, 21)®o(Za, 2)) = —5x o (27)
Z12 Z12



First consider only holomorphic component of stress tensor inserted in above correlator

2./ O 1 Ao
Z) Py ®,) = (i — D, Z—Ol)qnb 28
(J(Z2)P192) ; ZOi82+2ZOi + 7 (D1 D,), (28)
where 6y; = 0—0;, Zy; = z—2z;—00;, and the derivatives on the right hand side can act on

both holomorphic and antiholomorphic parts of ($;®,). For example, for holomorphic

part 1 1 1 0
0, —n = —2A . Dy = 2A— 2 29
1Z122A Z122A+1 Z122A Z122A+1 ( )
and for antiholomorphic part °
1 2A - 26,6
e Y 1 ) 1v2
- 2122A Z%zA_ld (Z12)<1 * 212 )7 (32)
Therefore
(J(Z2)P1Ds)
= -==—(—"—)-— =+ = Al —+ =) — 0,05)0 [OM0)
< Zlg <Z()1 z02> 2192 (Z(]l + Z02) + <Z§1 + 232> 201 (Zl2 + ! 2) (212))< ! 2>
=P(D,D,)
(33)

Similarly, the correlator with antiholomorphic component of stress tensor inserted, i.e.

(J(Z)®,®,) can be obtained by making the replacement Z — Z,0 — 6 in P defined
above, and we denote it as (J(Z2)®,®y) = P(P,P,).

A simplification can be made by noting that to extract (7'(z)®;P2) from eq.(33),
one need to integrate eq.(33) over 6, and the J-function term in eq.(33) contains no 6
thus gives no contribution to (T'(z)®,Ps). In view of this point, we will neglect the

d-function terms in both P and P hereafter.

5Useful formulae o
1 1 91 92 91'3' Hij 91 91

1_1 _by o OO 30
Zij  Zij - 250 Ziy omg Zip g (30)
And the differential
1 1 6,0 - 20, 0. -
9., = = azl(f %) - 5(212)(1 A 2), 3(212) = 206 (212), (31)
AP Z12 Ziy Z12

where 8@% = §(z12) is used.



Having obtained (.J(Z)®,®,) we are in position to consider (J(Z)J(Z)®;®,) which

follows as

[\

O 1 AboiN - -
(770192) = 37 (F20 + 55Dt 7 JI(2)0105) = (G + F)(J(2)21®,),

(34)
where in the second step for later convenience we name the terms involving derivatives

as (&, and the remaining terms as F

G = Z 902 DZ, F = ZAH‘” (35)

i=1 Oz

with n = 2 in the present case. To evaluate the right hand side of eq.(34), first consider
the anticommutator between P and J = F' + G, noting P, G, F' are all Grassmannian

odd
{J,P}R = J(PR)+ P(JR)

= FPR+ G(PR) + PFR + P(GR)

(36)
= FPR+ (GP)R— P(GR)+ PFR+ P(GR)
= (GP)R
with R = (®;P,). Hence we obtain
(JJ®,®s) = (PP + (GP))(®,P,), (37)
where the first term on the right hand side
— — 2 901 902 912 1 901 902
PP =AA( — —|— — — — — + -
( 212 (201 202> 212 (Z()l + Z02> T (2,’81 + 2’82)) (38)

2 /6 0 0 1 0 0
(A ) ()
Z1a \Zor  Zo2 Z1o\Zo1  Zyo 201 202
Here we have omitted d-function terms in both P and P as mentioned above. The

second term in eq.(37) is

0 i 1
GP AZ (Z(;Z 2Z0Za * 2Z029’a )

xvéﬂ%—%>2x%+ﬁww%+%»




where the third term in the first bracket, i.e. ﬁ@,@zi... = %meiazi“" will vanish after
integral over [ df, and the second term dp, P = 0 since P does not dependent on 6;.

Thus the only term needed to compute is

oi 2 (0 Oy 912 1 001 Ooo
SR (A2 ) (e E) w
Z Zoi Z12 \Zo1 202 Z12 Z(n Zo2 zél zég ( )
It turns out the contributions from the second and third terms in the second bracket

are nonzero after integration [ dfd, which is

/ &2z / d0dIGP = 2A / &2z (9192 + 1) (5(2)(z01) + 5(2)(202)) (41)

212 \201\2 |Z02|2

where we use f dzzS(ZZ—Olf) = 0, which can be obtained in polar coordinates. This term
is divergent and it should be dropped, which can be seen as follows. By observing
eq.(41), one find that it only depends on A while not on A, in other words, this term
is not symmetric under the interchange of A and A. However (JJ®,...) = —(JJ®;...)
should holds (the minus sign appears due to J(Z) is Grassmann odd), which implies
the correlator (J.J®...) should be symmetric under interchange of A and A. From this

reasoning we will drop these terms. Finally we obtain the integrals as
/d22d9d9<J(Z)j(Z)q)1(Zl,Zl)q)n(Zg,ZQ)>/<(I)1(Zl,Zl)q)n(ZQ,Zg)>
_ — 2 901 902 912 1 901 902
:AA/dzzdé’d@[(——(———) ( )+ (o 2)) @2
Zia \zo1 202 Z12 Zon  Zo2 2’01 2’02 (42)
2 (0 0 6 1 001 O
()« ()
Zi2 \Zor  Zo2 Zia NZo1  Zo2 201 202
Expanding the integrand, there will be nine terms. We will consider the first term

here and list the remaining eight terms in appendix. These integrals can be explicitly

performed by employing dimensional regularization which is discussed in section 4.
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More concretely, the first term is (Consider the case A = A) ©

/szdeH o (@ - @> (@ = @)

Zi9Z1a \Z01 202/ \Zo1  Zo2

4N? /2 1 1 1 1
GG )
212212 201 202 201 202

Tll

A2 (44)
=— —(Z11(21, 21) + Ti1 (22, 22) — Ti1 (21, 22) — Ti1 (29, 21))
212212
4N2 2
__ _2<—— 1 2 1 »
ZaZm T\ ¢ +Infze[" + 7+ Inm

where in the second step we used the notation introduced in eq.(134), and ~ is Euler

constant and € is an infinitesimal constant.

1-11(22‘,2]‘) = /d2zL. (45)

20i 20

This integral is computed in setion 4, and we only quote the results in the last line

of eq.(44). € is a infinitesimal constant coming from dimensional regularization.
Therefore putting together the results of the nine integrals leads to
1 / - - = - -
— — d*zd0dO(J(2)J(Z)®1(Z,, Z,)®o(Zy, Zo
(D1(Z1, Z1)P2(Z2, Z2)) W2)12) )2 ) (47)
47TA2( ot [z 4 29 + 21 2)
= — = —_ = 11212 ’7 nmT— .
ALYAL: €
In principle by setting 6; o — 0, one can get the results for bosonic CFT, which is
4 \? 4
~ (- 2+ 2l + 2y + 2w - 2). (48)
|212| €
6Useful relations 0 ) . g
Mﬂ:—g/w—:i,ﬁmﬂzL 43
/ Zo1 o1 Zo 24 (43)
"Also T1 can be evaluated in an alternatively way as
AN? , /1 1N, 10 1
Tn=- VALYAL /d Z(Z_()l - 2_02) (5_01 - 5_02)
4A2|2’12|2 / 2 1
= - - d _—
Z2Z12 |201[?[202/
(46)
*—74A2|Z12|2I (21, 22, 21, Z2)
- 212212 1111(#~1, 22, <1, <2
AA? 2 )
= Zn 27T( - +1In|z12]° + v+ logm + O(e)).

which is equal to result in eq.(44). The integral in the last step was computed in [19].
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Comparing this with the CFT results given in eq.(8) in [19] as
4 A?

el

One can find that the last constant is different in eq.(48) and eq.(49). This difference

4
<—E+2ln|zlg|2+2”y—|—21n7r—5>. (49)

can be understood from the way we performing the integrals. On one hand, we can use

dimensional regularization to evaluate the integral directly

1 AnA? 4
/d% 22t A (—E+2ln|z12|2+2fy+21n7r—5>, (50)

|201[*|z02|* - |212[?
which will result in eq.(49). On the other hand, we can compute the above integral in
an indirect way as we did at the beginning, i.e., Firstly, expanding the integrand into
several terms as below, then using dimensional regularization to compute each integral,

finally adding up the contribution of individual term

4
z 1 1 1 1 1 1
/dzz%:/d2z<7+7— )(7—0—7—_ - >
| z01]*| 202] 201 Zha Ao1202/ \Zgy  Zge  Zo1Zo2

4t A? 4
T (———|—21n|212|2—|—27+21n7r—2),
€

(51)

R
which leads to eq.(48). The difference between eq.(48) and eq.(49) can be eliminated
by redefine e.

2.2 3-pt correlators

The general form of 3pt correlators can be written as
<(I)(Z1, Zl)q)(Zg, Zg)q)(Zg, 23)> = 003036[191230_123, (52)

where a, ¢ are two undetermined constants and for later convenience we denote
3 3

OFH%, 0s=[] ! (53)

,Aij .
1<j=1 g 1<j=1 Zij

As discussed in 2-pt correlators in the previous section, we first consider the correlator
(JP,Po®P3) which can be calculated by using the definition of G, F' in eq.(35) as follows
(G + F)0305¢2 1230123
:F03@36a9123§123 + [G(Ogég)]ea%zgéma + 0303[G6a9123§123]
:(F + P)03036a0123§123 + Og(GOg)Eael%él% + OgO_ga[(Gelgg)élgg - 9123(G§123)]6a6123él23
—)(F + P + a(G9123)§123)03@36“9123§123,
(54)

12



where P (defined by GO3 = PO3) turns out to be

Ay (901' Ori )

p= 2
L

. ) (55)
ik ki Zoi 220

In the last step of eq.(54) we have omitted the ”crossing” terms such as GOs, GO
(By crossing terms we mean the terms with holomorphic derivative 0, acting on an-
tiholomorphic coordinates, or 0; acting on holomorphic coordinates, which will result
in a d-function as d,(1/Z) = 6(z). Note that we have encountered crossing term as in
eq.(32) in the 2pt correlator case), since these terms will vanish when integrating over

6. To be concrete, taking the term GO3 for example

~ 0 Os1 - - - 0, o~ ~
GO3 = — ( 12A1291925(Z12) + EA13(93915(231) + —3A2392‘935(Z23))O3
201 B 201 202 S
_ Ba3 _ A23_5(2’32) L 031 _ A13_5(231_) _ 012 A125(212)
2202 Zém 22%23—12?113 2201 Zém Z2A323 Z?)Alm—l 2201 Zﬁm 1ZA23 ZAU
(56)
thus fdé’GOg = 0.
With (J®;®,®3) in hand, we can go on to consider (J.J®;Py®s3)
(G + F)(G + F)030;¢ 0202
=(G + F)(P + F — ab123(Gb93)) 05051230123
(57)

(F 4 P 4 a(Gb123)0123) (F + P — ab153(Gh133))

— a(G@lgg)(Gélgg) + &9123(G(65123)) + G(F + p)] 03036a9123§123.

Let us first focus on the last two terms which are crossing terms. After some computa-

tion the last term is

/dedeG (P+F)= —22

For the same reason as discussed below eq.(41), this term should be dropped out. As

52 (0 NG d
+ 3 0 (Zo’)eke’A,-k. (58)

|ZOZ i hik E

for the term G(G0)23), after employing the anti-commutator

(6,61 =37 (2 520 (it (o )0+ 3 (224 525) (e (i )0

204

+Z(9°’ 22;) g(zm))<1+299) 0y, + ;(?—Ouzz;)(—é(zm))(u

20i 200 204
(59)

13

200,

204

)1

2%

7



G(GO133) can be written as

G(Gémg) — {G G}émg

S ()i ()

204

+Z(902 220@) S(ZOZ-))@O#%)&-H‘H?,

204

where the term G693 is omitted in the first step, and also for 0., 0145 in the second step

since they do not contain 6. Thus finally we get
5(201)0; -
/dzzdﬁdHG(Gﬁlgg Z:/d2 #'0)8@2.«9123, (61)

which is also singular and should be dropped. This can be seen by noting that if we
interchange the position in (J(Z)J(Z)®;...), and to consider (J(Z)J(Z)®;...) we will
obtain a term different with eq.(61) as

/d22d9d¢9G G9123 Z/dz ZOZ 89 9123 (62)

|Zo \2

thus the appearance of eq.(61) implies the identity (J(Z)J(Z2)®;...) = —(J(Z)J(Z)®...)
does not hold. Thus we must drop the crossing term eq.(61). From this consideration
we will omit all the crossing terms without explicitly pointing out in the following case
with n > 4 point correlation functions.

Finally we obtain the 3pt correlator as

m /d23d9d9<J(Z)j(Z)CI)1(Z1,Zl)(I)2(Z2’Z2)(I>3(ZS’Zg)>
0

:/dzz[ Z é:: (i + gzgz) + Z é + az (%8216123 + 298 89 9123)%23}

ik ki ~0i %
0] 3 ZA (G g) g e X (g i)

- GZ ( a219123 + Z%Z 091.6’123) X Z (;()iazi9123 + %5@9123)

(63)
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Let us first consider the terms containing no a

LI ETETOIE S (PR TET0M " HEY)

Zs;
i k,k#i L
A Ay _ 0:0; A, 0.0;N;  +
:—Z[IH ZZ,Z] ZZ TJ+IQQ(Zi,Zj)(Z _'_AZ)(Z#_FAJ)
ke ki Ll Zyi Zij ke ki 22y 1iAj 22,
_ Ay 0,0, 010 A Ay
"‘Ilg(zi,Zj) Z (Z#—i‘A )_'_121(2272])(2 +AZ>ZTJ:|
k ki Zyi Li#j 22, k ki 22y 1i#j Zij
(64)
Next evaluating the a'-terms which contains two parts, the first part is
1 1 0:.0; Ais 9
Vi =— d2 B —( sl A)]e ( .0 7 )
1= GZ/ 2Zk2 . — + Z kkz?él 57, + 123 8 ;U123 + 2% g] ~=505.0123
— (barred «» unbarred)
Ai A — Az
= - GZ [111(22‘7 Zj) Z Z/:: 9123azj9123 +I12(Zi7 Zj) Z 2Z]];91239 89 ‘9123
1] k,k#i k,k#i
Ok0:A; 5 1 _ 0,0, A; _
+ To1 (2, Zg)< Z k2Zki , + Ai)912352j9123 + 5122(% Z])( Z kQZki , + Ai) 912393'89]9123]
ke ki ke ki
— (barred <> unbarred),
(65)
and the second part is
1 0; 1 - 0;
Vig = — azij: <Z_m i 222 9123) (Zjazjelz?, + 9% 83 =505, 9123)
_ 1 o 1 _
=—a Z (Ill(zi> Zj)azi912382j9123 + 5112(2’2‘, Zj)(azi9123)9ja§j9123 + 5121(21', Zj)9i86i912382j9123a
ij
(66)

As for the a-term denoted as Vi, by observing eq.(63) we find Vo = —aViaf1930103,

thus Vis + Vo = ‘/126_[191239_123. In summary, the result for 3-pt correlators with 7T

15



perturbation to first order is

1
(D1 D2P3)

2
=-> [—w(—g +1In|z;* + v+ Inm)

/ d*2d0d0(J(Z)J(2)1(Zy, 2,)Po(Za, Zo)P3(Z3, Z3))

A A Ak AV N
X Z Z “EZE 1 ‘91238239123 +a=— 8,2]‘9123‘9123 + aazﬁlz?,az]ems@ 91239123)

i iy ki Zy I i
7 Ay
0,,0123)0;05 0 —af1230123 Ay, A
Z”( (et e v Zik Z 27);
k ki Ll#£j

Z 1
+a Z Lj ]la 91239123 ta Z Zk 91239 89 9123)

1] le k ki ki
™ A _ 7 25 A, A
— — | =(0;0p,0123)05,0 61230123 019305.0
2 (2( b, 0123) 0z, 0123€ +ta Z 57, 1280z 0123
ke ki
Al ki D Az'
+ ab;0p, 01230123 Z = Z Z ——]]>
LiAj 2Zlﬂ k ki 22 1i#j Zij
(67)
where the identity >, ki Ay = 2. is used to simplify the final expression.
2.3 n-pt correlators
For n point with n > 4, the undeformed correlator functions take the form as

with
—Nij A 55—
=112z, o.=][2;"" (69)
i<j 1<j

Assuming all ®; have the same dimension (A, A), we have

n—1

Again the crossing terms GZZ-]-M, G@ijk, GO,, do not depend on § and we will not consider

these terms below. Now evaluate

(J®,..0,) = (F + G)0,0,.f = (F + P)O,0O,f + Q0,0,, (71)

16



where P takes the same form as eq.(55) with summation from 1 to n, and

Q= (CUIFE+ Gl = 3 (ats+ o -Dk), 72)

where we introduced the notation 82, D 9}t which act on z;, 6; but not on Z;,6;, and
similarly let 82LJ,D]-L,8§L act on z;,0; but not on z;,6; (thus 02(1/2]-) = 0). When
inserting J.J, yields

(F+G)(F+ P)O,O,f +Q0,0,]

73
=(F + P)(F + P)O,O.f + Q(F + P)0O,0,, + (F + P)Q0,0,, + (GQ)0,,0, 73)
with B
=0 b
Q=2 (G2 + 52,0280 + 57,0%7) (1)

j=1
Naively the last term in eq.(73) looks like a crossing term, but this is not the case as

can be see below

6Q=- Y (2 + 52 (0,00 (6 5F) - 0,m) (65))

(75)
1 . of af
Y (o) - we (o)
where for example one has
of *f Pf N\ _ 4rOf
50, ~ 2 ((6; Vou o+ (ij)awjaﬁ) =G0 (76)

with G® acting only on U;, w; but not on U;, w;. Eventually one can get

/dedeGQ Z[zm<_%a§85jf_%ag%f)+ 6, (- 1, OROLT + 8€naL_f>].

2
2z§; 20;

(77)

17



In summary the TT deformed correlator is of the form

ﬁ/d%d@dé(J(Z)J(Z)q)l(ZhZl)"'q)"(Z”’Z”»

=[S [ g e w (Tt e a)]

i kk L kA

4 &h%(z@ﬁ;iwﬂ

le 205

1,1#£j VRN ) o
DACERE EOT I ERE I S0)
ik 1 QQAZ 1
_ZJ . Z,::zm OZ.( o, 270 PO H(j@LH DLf)f}
+Z :Zi()i(—%j@ff@fjf ‘) 2o O0h ! f)+3 ( RaLf+9—Ja 05 1))
(78)

Hence using the results for integrals in section 4, the final result is

ﬁ/d2zd9d9<J(Z)J(Z)‘1>1(Zl>Zl)'“q)"(z"’Z")>

2
:Z [—W(—E—l—ln|zij|2—l—7+ln7r)
ij

x(_z% ﬁ_ ZAU ZZZ’@L aRaLff)

k,k#i LI#j LI#j 2 k,k#i
(X A"'fz%‘?lﬂ 0%+ ZZ“A“ S pinok ;- G0tk 1)
N R N féz 22y " a2 0% %)
™ ki N, Al; R Al; kil Ap 0; 1
Iy eyt gy S s gl L]
Zij N prti 22 Li#j 2 1i#j ar k ki 22 2 f

(79)
Setting n = 4, the above results can be used to investigate, for example, the OTOC.

The superfield can be written as

D(Z,7) = ¢+ by + Opy + 00 f (80)

and its conjugate

&(Z,2) = ¢f — oyl — 0yl + 00 f1 (81)

18



To consider the OTOC involving two fields ¢, 1, from (45) in [19], at first order one of

the 4pt functions needed to compute is
P(21, 2‘1)¢T (22, Z2)11 (23, 23)¢1(Z47 Z4))a
/ d0sd0, / d*2d0d0(J(2)J(Z)1(Zy, 20T (Za, Zo)®(Z3, Z3) P (Z4, Z4)) g, -5, —00—8y—01—0,—0

—/d9394{2 [—w<— % —l—ln\zij|2+”y+ln7r>

i#]

(TSR R RS D

Zki i

k ki LI+ Lz Y pgg R

—1<ZAlkAf—|—8RfA iy Z zkeaLf 591838Lf>

— 4 Jj4 2

i i ke ki 2

A A 0;

- (ay ”f+(523 SO+ ML by 005 )|

“i 1l#j Ll#j
X H Zz'j o ZijA” } |91=§1:92=§2=94=§3:07

i<j

(82)
where in the integrand, we can replace Z;; — zij, Zij — Zij. In the bosonic CFT, 4-pt
correlators can be expressed as conformal blocks whose universal properties are known
in some cases, thus the OTOC can be computed [74], while in eq.(82) the function f is

unknown in general. Thus it is more difficult to compute OTOC here.

3 N=(2,2) superconformal symmetry

For (2,2) superconformal symmetry, the coordinates on superspace is divided into holo-
morphic Z = (z,0,6) and antiholomorphic part Z = (Z, 0, 9:) respectively. In parallel
with the situation in (1,1) case, (2,2) superconformal group is a direct product of (2,0)
and (0,2) superconformal group which acts on Z and Z respectively. Thus we will only
write out the holomorphic coordinates explicitly hereafter. For holomorphic part the

covariant derivatives are [70,71,75-77]
D=0y +00.,, D=0;+00., (83)
which satisfy D? = D? = 0,{D, D} = 20.. The energy momentum superfield is
J(Z) = j(2) +i0G(2) +i0G(2) + 2007 (z), (84)
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and similar for J(Z). Here T'(2) is stress tensor of the theory, and G(2),G(z) are two
supersymmetric generators, j(z) corresponds to the U(1) symmetry of rotation of the
two supersymmtries.
Super-analytic transformation can be defined via the transformation law of covariant
derivatives as
D= (D¢)D', D= (D§)D' (85)
Superconformal primary fields are defined such that under super-analytic transforma-

tion they transform as
®(Z) = (DY )AT2(DY A2 (7)) (86)

where A, J are the dimension and charge of ® respectively. The OPE between energy

momentum superfield J(Z) and primary superfield have been considered in [75,77]

0,50 0,50 0 09 — (7
1(20)0(2,) = 28820202, 120292 5 4201 92 bz, 2 po2,) 422,
12 Z12 Z12 Z12 Z%Q )
87

where Z12 = 212 — ‘919_2 — 9_192 (also Zlg = Z19 — 519:2 — 9:152). In analogy with (1,1) case

in the previous section, from this OPE, we can get the Ward identity as ®

(J(Z0)®1(Z1, 21)..00(Zn, Z0))

& 00i0o; 00i0o; Boi Ooi = Qi
- gy 2ip, Sp g
z * Zoi 1 Zoi Zoi i Zoi

) (D1(Z1, 20)e0-®(Zon, Zo)).

(88)
In NS sector the n-pt correlators on the right hand side of eq.(88) are constrained by
Ward identity corresponding to global superconformal Osp(2|2) transformation [77].

When n = 2, the correlator is fixed as

- - 1 012012 A 51~51
(D(Z1, 20)®u(Z, 20)) = — gz e ™ B eP 007 (89)
Zl2 Zl2

where Ay = Ay, Q1 + Q2 = 0 and similar for A, Q. Note here we have written the

antiholomorphic part explicitly.

8For the N = 2 Super-Cauchy theorem see [75]
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For n = 3 the correlators take the form

(q) (Zh Z1)®2(Z27 qu)?, Zs, Z3 <H Z ) €xXp (Z Am Z >5Q1+Q2+Q3 0

1<j

3
A, 0,0,
X (HZU J) exp (ZAZJ é"])6Q1+Q2+Q370
1<j K

i<j

(90)

with AU = _Ajia Z?:l,j;ﬁi AZ] = _Qi> and similar for the Aija Qz Note that not all AZ]
are fixed, this is because for 3-pt case there are nine coordinates (z;,6;,6;),i = 1,2,3,
and eight generators for osp(2|2), thus there remains one degree of freedom which

corresponds to the invariant quantity

6)129_12 931 9_31 9239_23
Ry = + + 91
B 7 Z31 Zs3 (51)

with Ry, = 0.
The n-pt correlators can be fixed by Ward identity up to an undetermined function
<<I>1(Z1,Zl)...<1>2(Zn,Z )>

([T 75) o (S a2 e (3

Z”Z”

)

(92)
X f(Il, T2y ey L3-8y L1y L2y +eey x3n—8)52i Qi,Oézi Qi,0
Ay = —Aji, Ay = Ay, Z Ay = —Qi, Z Ay =24,
J,J#i J,J#i
where z; is Osp(2|2) invariant variables which may be either R;;;, or Z;x
Rijk: J j_'_ ik ]k+ kiVk - 74kl (93)

Zy  Zw o Zw TN ZuZy
It should be point out that only 3n — 8 variables R;ji, Zi;i are independent.
In parallel with (1,1), we can now define 77T deformed correlators for (2,2) case.

The variation of action under 7T deformation can be constructed as
5S =\ / P22TT(2) = A / 42z / d0d0d06.J(2)J(Z), (94)
Also to first order the n-pt correlators is
) / 42z / d0d0dodd(J(2)T(2)0(Z1, Z1)...0(Zn, Z0)). (95)
In the following section we will consider eq.(95)) with n = 2,3 and n > 4.
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3.1

Up to a constant prefactor, the 2-

2-pt correlators

1
(P (Zl,Zl)(I)g(Zg,Zg» — e 72
787

pt correlators take the form as

Q 912012 Q2912912
Z12 e

Zi2

(96)

To obtain 7T deformed correlators, first consider only the correlators with holomorphic

component of stress tensor inserted, from eq.(88), this is

<J®1q>2> = (F‘l‘ G)<q>1q)2>,

(97)

where for later convenience we introduced G, F' such that G contains derivatives and F

does not

GZ(

901901 ‘902
ZOZ Z 0i 0

Yo, _ Yo ‘,), F= Z(m Gy

T2
ZOZ

Z) (98)

To evaluate eq.(97), firstly, let us consider the crossing terms (holomorphic derivatives

0. acting on antiholomorphic coordinates or vice versa) in eq.(97). In analogy with the

(1,1) case, it can be shown that this kind of terms vanish when integrating over 6, 6,

thus it will not contribute to the final results eq.(95). Explicitly, consider the crossing

term G-z ¢
ZIQ

G~ . /d&d@Z(

/d@dé’(—@l _ Ty ey T 2( _

902 902 902
Z 01

901 901 6)02 6)02

b
ﬂa)#
Zoi /73

901 éOl

D, -

902 §02

201 201 202 202 201

where in the last step we have used

)

9Some useful expressions

/ 404606 — 1.

22

1 1 ~ élég + 6,0, 51925152
- = —822 (5(212)( 2 — 5
Z12 Z12 212 212

1 1 Hoéi + éoei eoéiéoei
= 2 22—,
Zoi  z0i 20 0i

0oi  0oi 00000  Ooi  boi  000:00;  00ibo;  Ooibo;

Zoi  zoi 2. Zoi  zoi 2 Zoi 2o

2A Ly
2™ 2w
(102)

). (103)

(99)

(100)

(101)



_ 5,000
In the same manner one has [ d0diGe?* %2 = 0. Therefore we can derive eq.(97) in

the following without considering crossing terms, which is

with
901‘901 902902 1
= - 105

and P is defined as (similar for P, F)

PEG<(I)1(I)2>/<(I)1(I)2>
0016 0026 1 016 02021\ 22
:—4A< 01%01 02 02)_+<01 21+ 02 21)

201 202 AP 201 Zoz AP
0016 o206 012615 /0016, 0026 (106)
_(()1 21+ 02 21)——2622 12 12(01 o1 bo2 02)
Z(n Zo2 Zi2 12 201 202
O o2 912 901 9_02 012
Q2<201 Zoz>Z12 Q2<Zo1 Zo)zu'

Having obtained eq.(97), next we can investigate (J.J®;®y)
=(F + P)(F + P)0y0, + [G(F + P)|{®,®,).

Note that the last term is also a crossing term which can be dropped by the same

reason as discussed around eq.(58). Finally, we get the first order T'T deformation of

2-pt correlators

1
(D1Dy)

_ / &?2d0dAdidi(F + P)(F + P)

/ d22d0d0d0d0 (] TD, )

[l ) - B (- D)k - (G )

23 23 201 202 201 *02
0, 0 \ 0212 012612 1 01 05 \ 012 0, 0 \ 012
— |-+ = + 2 _ ) = —_ = — —— )=
(Zgl 282) Zlg Q2 2%2 <ZOI 2’02> Q2<Zgl 282) Zlg Q2 (ZOl 232> Z12
1 1 1y 1 ) 2.
(e d) e By s(L L)L (R By
- 201 202 2’01 202 201 2027 Zyo 201 2’02 ?12
0, 0y 092 6,50 1 8, G\ 6 6,  0,\ 0
_(%jL%) 21 +2Q 12212<———>—Q2<%— 22) 12 Q2<1_ 2) 12.
201 *02 le <12 NRO1 202 201 %02 Z 12 201 (15%2) AP
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Further Performing the integral over z using dimensional regularization, yields

2 — ~ ~ —
B,0y) /d 2d0dOdOdo{J J D, Py)
B 2 9 4A 912912 4A 912912
_2w<—z+ln\zij\ +V+ln7r+(’)(6))<212 )(2— 200, )
B l(% n 2@291229_12) <4A~512 n Q2 (91 + 92)912 B Q2 (é + 92)912
Zij \Z12 219 AT Z12 Z12 (109)
s 4A212 912 (él + 92) §12(91 + 92) 4A — élgélg
_ AR TR LT RIN (T2 g
Z,’j( Z12 +Q2 212 Q2 212 )(Z12 + Q2 2%2 )
T 4A 912912 — = ~ _ = ~
+ W<Z—l2 +2Q ) ) <2Q2 90 + 2@29191>
_ 012015
v (Z”) (2Q29191 +2Q29292> 5T )

3.2 3-pt correlators

Using Ward identity, the 3pt correlators take the general form as

(P1(Z1, 21)®o(Za, Za)P3(Zs, Zs) = (HZ ”) eXp( ij Z )5Q1+Q2+Q30

1<j 1<J
T Ay i 0i;0:5
< (T125%) exp (Do A4 o )31+ @ +as0
i<j i<j v
(110)

Following the same line as 2-pt correlators, we first consider
(JP1D2P3) = (G + F)(D1DyD3). (111)

It can be shown that the crossing terms do not contribute, i.e.

/d@d@G(gZi;A”> — 0, /d@d@Gexp (ZA” 2 ) —0. (112)

1<J

Therefore we only need to consider

o(ll7)- 3 (g 2t 2 1)
) e - (113)
EP1<H ZZ.;A”)

i<j
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and

G exp ( Z Ajj 929” )

i<j w
Oorbor , 0,10, L Bok O Oo 0., 0,0,
= 2 AR Ok Ay Ok g T exp A, 2971 114
j,;ék< 20k J Zj2'k ZOk jZk ZOk J ij) (; j 2 ) ( )
0.0
EPQ exp ZAU 1771) .
( i<j Zij )

Thus we obtain (J®Py®3) = (F' + P, 4+ ) (P1P2P3), and it follows that
(JJ®1By03) =(G + F)(G + F)(D;0y0y)

(Py 4 Py 4 F)(Py + Py + F){(®,D,®3) + [G(P, + Py + F)|(D10,®3),
(115)

where the last term should be dropped as discussed in previous sections. Substituting

the expression of Py, P, F' into eq.(115), we have

/ d22d0d0dOdO( ] T D, Dy D)

(D1 Do D3) o B B
/d2 Z 2 i i (0s0; + Ox0:) Bir. 2iAik—9ik§ik - e_zkAkz%
i ik ZOk Zik, Zok Zik 20k Zik 20k Lk
O . O Qi0:0;
zOkA ik >+Z( 24 ZOZ+2 ZOZ ﬂ
2 Ajk 1 (9k6’ + 9k9 )A 1 - éjke:jk ék - Q:kj
( = —2 A= — Ak
20k Z]k 20k ij 20k Zik 20k ij
Hk _ ék Q, «9 «9
— A=)+ — 27— + 22
ng ]kZ]k> ;( Z(]j 0_] >]
(116)

Using Z” Lk Ay = 2Ay, the first and second line of the integrand can be expressed as

2 Api 1 (0:0 + 0:0,) A 1 Oribri 0 O 0:i0:0y,
z;;ék ( a Z_Oz' L * _3 Ly a 2Z_OiAkiZ—1%i B ZOZAZk<Z7/k - 2 )
0; Ori 0100 1 Qi0;0;
zOZAkZ(sz B 22 )) +Z:<_2Aiz_gi+2 23, )]
1 (20 2040k Ay 1 /20D 0:0;1, — 0:0,, 2Q.0; 9
:ig;ék(_z_m< T T 22 >_z_§i( Zi + A Zik >>+22: zs;

(117)
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Consequently, the final result for 3-pt correlators are

1 _ = _
20k 2040k A 20 299A
—Z[(_W—Hm\ by tinr 4 0(e)) 30 (22 4 Tkt § (220 0
kizk K ki Ljl ZU “lj

71' <2Akz 29k19szkz> Z (leAlj n A-l ~j§jl — éjéjl)

ZU k,itk Zkl 1,71 le ’ Zjl

™ ZmAm eezk 0:0ix 20 291]51][11]'

kT m

Zij MZ#C < i Zik ) UZ ( 7 zlzj )

™ QA]“ 29k29k2Ak2 2Al 29l Ql Al

-z Z( )2@99 7 2Q.0:6; Z( iy S J)]

Zzg k,itk Zkz Z] 1,54l 1% le

(118)

3.3 n-pt correlators

The n-pt function can be fixed by Ward identity up to an undetermined function

<‘1>1(Zl,21)-~-q’ (Zns Zn))

(g3 ) o (S A7) e (3

ZZJZ 1 i'

%l

y Z ) (119)

X f(fl, T2y vy T3n—8; T1, T2, -oy xSn—8)5Zi Qi,o(;zi Qi,05

where x; can be either of the following invariant variables

Hijéij n ejkéjk i ekzékz 7 _ ZijZkl

Ik Zij Zik Zi TH 21 i, (120)
Note that only 3n — 8 of R;;; and Z;;; are independent.
Let us first consider only holomorphic component J(Z) inserted
(J1...0n) = (G + F)(P1...Dy), (121)

where we will encounter new crossing terms G}?ijk, GZijkl in addition to these appeared

in eq.(112). By using eq.(103) it can be checked that they will vanish, i.e.

/ d0dOG R, = 0, / d0dOG Z;j, = 0. (122)
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Thus we will not consider crossing terms in eq.(121), then

(G+ F){(P1..9,) = (P + P+ F)($,...9,,)

1

=P+ P+ F)(®y..9,) + Q(<I>1...<I>n)?,

where Py, P, be of the same form as defined in eq.(113) and eq.(114). Here ) equals
G f, which is

af 0
Q (Z(GR”k) 8ka + Z GZZ]kl 8Z£kl)

(123)

=5 (o (@m0 2157) + g (g + 00 215

(124)
- (@m3h - 0un)gh)

EZ (QQZzeonaif 90_7180 f_ gﬂa}%f>

where for simplicity we have abbreviated R;;; as R, Z;j, as Z and suppressed the
summation Rupe > Ziw- Note in the first step in eq.(124) we omit the terms vanishing
after integration over 6, 6. Following the same way we introduce Q as

Q _ Z (2‘92::90n aL T+ ‘90n Z(m f) (125)

n

Next consider (JJ®;...®,), which is
(G + F)(G + F){(®,..0,)
=(F 4+ P)(F + F)(®1...9,)) + Q(F + P)(®..9,) /f + (F + P)Q(®;..®,) /f (126)
+ (GQ)(®1...8,) /[ + [G(P + F)|(®,...D,,),
where the last term should be dropped as discussed in previous sections. And the term

(GQ)(®;...D,) /[ is very similar to the (1,1) case as discussed in eq.(75), which is not

a crossing term. Actually,

2‘902 90@ 90@ ‘902 290n ‘90n HOn HOn
GO = Z( g aR)( 20k + 20, ZonaL) £, 27

thus

~ o~ = 2 92 92 é 9
/d@d@d@d@GQ =3 (Z—Oia;j + 0 Z—ga;f) (;aL + 20+ ?ai)f

(128)
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Gathering all the results together, we then have

ﬁ / d2=d0dOdOdD (T T®,...D,)
2 Ay 1 (0k0; + 0,0;) Aig 0k Ok Ok
/d2 _z_Z- Tz Z; h Z_Af’f] e
ikt 0k Zik 0k ik 0k jk ZOk kj
0y 01 1 Qi0:0;
Ry P L —2A,— 421t
2o ]ijk> i ZZ: < 25, i 2 >]
2 Ay 1 (Bkbi+0,0) A, 6;.0 k Ok Or;
x Z <_z_2. +§_ 7. o Z_Aﬁkj ’ 2 A]Z]
ik itk Ok Zik Ok ik Ok jk 0k kj
0. - 01 10646 ) 1
Ly P L2 — oA, = 2 _n "ok )
AP EE St SIRDIETAE R pE S
2 Azk 1 (ékgz +§kéz)A2k 1 - ékék Hk - Hk
X ozt 2 ST e Mg
i itk Ok Zik 0k ik 0k ik 20k kj
gk _ O X 1 ngzéz
— A2 —2A;— +2
ng ]ijk> i ZZ: < Zgi i Z(?)’z' >]
2 Azk 1 (Qkél + §k9i)Azk 0, k@ i 0y, ék
+ Z < 2ok Zik z Z; B z_A j 2j 22 Ak]Z]
i kyitk Ok ik <ok ik Ok Zik Ok kj
O\ O , Q0 L L Ongn 1
T2 Jk >+Z< 2 >]X§n:(z—az7lf—_a f—Ta f)?
0; 0; O O, 1
2 R R L L L
+/dz<z< o +;ag +—a )(—8%—#78 +—a >f>?
(129)

Note that the first term of the integrand has the same form as 3-pt correlators in
eq.(116) except for the summation here runs from 1 to n instead of 3 in eq.(116). After
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integration the final result is

1 .=
——— [ d?2d9dAdOdo (T T ...D,
(D1...®),) / (JT®1...Pn)
20k 2010k Ari 2A 20,,0,; A
_Z<—7T———|—ln\zu\2+’y—|—ln7r+(’) (> Dl G 2)
ij kit = K ki 521 2 “lj
20 29k Hk A 2AL; 29k16k2Akl 1
+208 - ] S 20L f— + 40k ot
k%;;]< ij zkj ) z;é <Zkz 22, > i f (A f)
Wi 2040 Api 58 - 00— 00
+Z;(Z( ki k; k) (Zl]~l]_’_Ale]l J]l)
U ik Zki Zhi R “il
Zki Ak - éék - gék 1 2Aki 29k29_k214kz > Al =~ AL 1
+ 20F J et LN bt L) Je + 0.0 f+0.0L )=
fk%:éj< Zkj Aok “jk )f k,k;éz'( Zki 2 )< ’ ejf ’ 9Jf>f

+ (20, OF O1LF + 20,07 O )f)

- 21i D 0:0;x — 0;0;, 2A;; 20,0, 4,
+Z Zij < Z < Zki A Zik )l§1< sz] : 12] ])

Rt 4 gk 284 | 261041\ 1 il |, 00 — 00\ o op 1
+(9Z89if+928@jf>k%;j(2kj e )f+k%( o A )20 ff

+ (20:050F f + 20,08 0% f)?)

X Spltrtoii ¥ (2 B0 )
ij

20 29l 91 A
B Z (4Q20 & Z?L ff +2Qi6:0: 127;[ ( lj] ]le j ))

(130)

As an application, we briefly discuss the 4-pt functions that might be useful in the
study of the deformed OTOC. The superfield in (2,2) superspace takes the form

O(Z,2) = ¢+ by + ..., (131)

where there are total 16 terms at the right hand side, and we only explicitly write out
the first two components since we are only interested in correlators involving ¢, 1, as

we did in (1,1) case. The conjugated superfield then is
o2, 2) = ot — oyl + ... (132)
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Thus the following operator appeared in first order perturbation of OTOC

¢(21,21)0" (22, Z2)1h1 (23, Z3)] (24, Za) )
/ dfsdf, / d?2d0d0(J(Z)J(Z)D(Zy, Z1) (133)

x OV (Zy, Zo)B(Zs, Z3)0' (Z,, 24)>|61:6_1:62:6_2:94:9_3:0791:51:0

can be computed by utilizing eq.(130).

4 Dimensional regularization

Using Feynman parametrization and dimensional regularization one can obtain the

following basic integral [17] (Let 27 # 25)
_ o, 1 2 2
Ti1(z1,20) = | d*z—— :—7r<——+1n|212| —|—7+ln7r> + O(e) (135)
201202 €

with € being a infinitesimal constant. Next consider Zy5(z1, Z2) with 2z # 29
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where in the last step d = 2 is set directly since there is no divergence in the integral,

and analytical continuation of the dimension is not required. Here V; = 27%2/T'(d/2)

0The notation of integrals is taken the same form as [19]

_ oy d?z
Lav,eosamobrss o (Zis o B 2o 5 2 ) = (2= 2i)9 (2= 2, )0 (2 — Zj,)0r -+ (2 — 25, )0
(134)
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is the area of (d — 1)-sphere with unit radius, also we denote A? = (1 — u)u|z12|* and

use the coordinates transformation
z=y+uzn+ (1 —u)ze, 200 =y— (1 —u)z12, 2020 =y + uzio (137)
Let us mention that the result in eq.(136) is consistent with eq.(135), i.e. they satisfy

05,L11 (2, 2j) = Tia(2, Z5).

For Zys(21, Z2) with z; # 2o, similarly we can obtain
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(138)
In summary, by using dimensional regularization we can obtain the following basic

integrals which appear in N' =(1,1) case
2
Ill(ziu Zj) = —W(—E + In |Zij|2 + Y + Inm + O(E)),

Tia(2, %) = ;—j Ton (2, %) = —;—] Ton(2, %) = 0, (139)
Ti(2i,2) =0, a2, %) =0, Toa(2, %) = 0,
where in the last line the integrals with two points coincide are listed. For these integrals
by translation symmetry, we can set z; = 0, thus there is no scale in the integrals and we
can set these integrals equal zero in dimensional regularization. Note that the integral
T2 (i, Z;) is proportional to a delta function 6 (z;;) in (B.7) of [17]. However, we will
omit this delta function here due to the fact that once we let z; = z; in Tyy(2;, Z;), as
mentioned above, by translation symmetry there is no scale in the integral. Thus the
term 8 (z;;) in (B.7) of [17] is simply replaced by zero in eq.(139).
By using Feynman parametrization, following the same line as above, we can also

obtain the integrals needed in the N' = (2,2) case, which are
T m

A (ZZWZ') ) 7. (Zivz') = )
13 J (Zw)2 31 J (Zij)2 (140)
To3(2i5 Z5) = Iso(2is Zj) = Lss(2, 25) = 0,
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where we also let the integrals with two points coinciding with each other vanish.

5 Conclusions

In the paper we investigated the correlation functions with TT deformation for A/ =
(1,1) and NV = (2,2) superconformal field theory perturbatively to the first order in
the coupling constant. This extends previous work on the correlation function from
bosonic CFT to supersymmetry case. Much like the bosonic CFT, the undeformed 2-
and 3-point function almost fixed by global superconformal symmetry, while the n-pt
(n > 4) functions dependent on a undetermined function f. By using superconformal
Ward identities, we work out the correlation functions with 7T operator inserted. It is
shown that all the integral in first order perturbation can be decomposed into several
basic integral as listed in the last section. As a consequence, we only need to evaluate
these integrals, which have been done with dimensional regularization. As a possible
application, we briefly mentioned the OTOC under deformation. Unlike the bosonic
CFT, where the conformal blocks in 4-pt functions can be used to evaluate the OTOC,
for superconformal field theory, there is an unknown function f in 4-pt functions. Thus
more information about the function f is required to study the OTOC of superconformal
field theory.

In the present paper we only considered the effect of 7T deformation on correlation
functions perturbatively near the IR conformal fixed point. Since 7T deformation is
believed to have good behavior in the UV, it is interesting to study the correlation
functions of superconformal theory in the UV as what has been done for the bosonic
CFT in [18]. Another interesting problem is to study the correlation functions in
N = (1,0) and N' = (2,0) theories, which exist for Lorentz signature. Possibly, one

can also consider the JT deformation in supersymmetry theory recently studied in [61].
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A Integrals in 2pt-correlators

There are nine terms in eq.(42), the first one have been considered in eq.(44). Below by

using the integrals in section 4 we list the remaining eight terms in the integral eq.(42).

The second term
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The fifth term
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The eighth term
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The ninth term
A20,0,

12
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Finally, the total contribution from the eight terms is
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