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Abstract
A novel derivation of the parallel ion velocity, and the bootstrap and Pfirsch-Schliiter currents in
an imperfectly optimized (that is, almost omnigenous) stellarator magnetic field, B, is presented
that somewhat more generally recovers expressions completely consistent with previous analytic
results. However, it is also shown that, when the conventional radially local form of the drift
kinetic equation is employed, the flow velocity and the bootstrap current acquire a spurious
contribution proportional to w/v, where w denotes the ExB rotation frequency (due to the
radial electric field E) and v the collision frequency. This contribution is particularly large in
the Vv regime and at smaller collisionalities, where w/v >1, and is presumably present in most

numerical calculations, but it disappears if a more accurate drift kinetic equation is used.

1. Introduction

In stellarators and tokamaks, the flow velocity of each plasma species along the magnetic
field is affected by the cross field (radial) derivatives of the density, electrostatic potential and
temperature, and so is, therefore, the parallel current. The existence of this “bootstrap” current is
of great practical importance, but in stellarators it is still incompletely understood. It can be
calculated numerically from the drift kinetic equation, but analytical expressions have only been
derived in the so called 1/v regime of moderately small collisionality (Shaing et al. 1989;
Helander et al. 2011 & 2017), the omnigenous limit (Landreman & Catto 2012), and, more
recently, for a Lorentz collision operator extension into the /v regime of lower collisionalty
(Helander et al. 2017). In all these regimes, the theory predicts a current (or parallel flow
velocity) that is independent of collisionality, but numerical simulations (Beidler er al. 2011;
Kernbichler et al. 2016) suggest otherwise down to very small collisionalities. They also find
that the bootstrap current depends sensitively on the radial electric field — an effect not contained
in the analytical expressions.

In the present paper, a possible reason for radial electric field sensitivity is proposed. It is
shown that the standard drift kinetic equation solved by most numerical codes leads to a spurious
term in the parallel flow velocity proportional to w/v, where ® denotes the poloidal ExB

rotation frequency and v the collision frequency. (Here E denotes the radial electric field and B

the magnetic field strength.) This contribution to the bootstrap current is particularly important in
the /v regime and at smaller collisionalities, where /v >>1, and does not appear in analytical

formulas, but it will be present in most numerical simulations. However, it is also shown that this
term proportional to w /v is incorrect. It results from the use of a radially local approximation of



the drift kinetic equation, which is nearly always employed in the neoclassical theory of
stellarators, both in analytical theory and in numerical simulations. It usually seems to be
admissible, but apparently fails for parallel flows.

In the absence of turbulence, optimized stellarators attempt to confine all collisionless
charged particle orbits by clever design of the magnetic equilibrium. If the magnetic field
strength B on a flux surface (labeled by the poloidal flux function 1) depends on the toroidal
(T) and poloidal () angles in a single linear combination (M9 - NC),

B=B({,M9-NQ), (1.1)
the field is said to be quasisymmetric (Niihrenberg & Zille 1988, Boozer 1995), as in the
Helically Symmetric Experiment (HSX) stellarator (Anderson et al. 1995), and the collisionless
orbits are all confined. Here M and N are integers corresponding to the number of times a line of
constant B on a flux surface must traverse the torus toroidally and poloidally, respectively,
before closing on itself. Quasisymmetric behavior is thought to be possible on only an isolated
flux or constant pressure surface (Garren & Boozer 1991; Plunk & Helander 2018; Landreman &
Sengupta 2018; Landreman et al. 2019). More generally, confined collisionless charged particle
orbits are possible if the magnetic field has the property normally referred to as omnigeneity
(Cary & Shasharina 1997a&b), with the quasi-isodynamic behavior of the Wendelstein 7-X
(W7-X) stellarator (Niihrenberg 2010; Beidler ef al. 1990; Grieger et al. 1992) being the most
notable example (although it is only approximately realized). (Presumably this more general
property can also only be satisfied on or in the vicinity of a single flux surface.) Using v,

a=C-qV, and B variables, with q the safety factor, and B given by the Clebsch representation

B=Bb=VaxVy, (1.2)
a magnetic flux suface is omnigenous when the local condition
9 = L _ 0, (1.3)
do. |b-VBI

is satisfied, where X denotes a sum over both branches adjacent to the magnetic well. This
condition, first found by Cary & Shasharina (1997a,b), requires that the sum of the incremental
lengths d/=dB /b-VB associated with the same B on each side of the well be alpha independent
[for a more detailed explanation see Helander (2014) following Eq. (79)]. Omnigeneity is just the
condition required to make the second adiabatic invariant,

J=(Mc/Ze)§ div,, (1.4)

independent of a.,
W Meg oy 1
do.  Ze“v“ do. |b-VBI
where the subscript o on an integral is a reminder that it is to be held fixed while performing the
B integration. Here Z and M are the species charge number and mass, while c is the speed of

(1.5)

light and e is the charge on a proton. Stellarator optimization schemes try to approach these
idealized limits over a large fraction of the cross section (Henneberg et al. 2019), while



maintaining good stability properties and avoiding substantial turbulent transport, because
significant departures from omnigeneity result in unacceptably large collisional transport.

The neoclassical properties of perfectly omnigenous fields are well understood (Helander
& Niihrenberg 2009; Landreman & Catto 2012), and the effect of departures from omnigeneity
on radial particle and heat transport are becoming better documented as simulations and analysis
improve. However, understanding of the effect of departures from omnigeneity on the bootstrap
current at low collisionalities is less clear. It is likely that transitional particles that spend time
trapped in multiple wells are responsible for much of the puzzling behavior as the radial electric
field vanishes, and therefore must also be responsible for some of the sensitivity to the radial
electric field observed in simulations (Beidler er al. 2011; Kernbichler et al. 2016) but not
exhibited by the analytic expressions (Shaing ef al. 1989; Helander et al. 2011; Landreman &
Catto 2012; Helander et al. 2017). However, the procedure used here also finds that in the
presence of an ExB drift tangential to the magnetic surfaces there is a spurious modification to
the ion flow that becomes large at low collisionality on weakly non-omnigenous flux surfaces. It
introduces a different sensitivity to the radial electric field in both the bootstrap current and the
parallel flow velocity and arises when the full magnetic plus electric drift is replaced by only the
E x B drift as in most simulations (Beidler ef al. 2011; Kernbichler ez al. 2016).

When the full drift is retained the bootstrap current and parallel ion flow expressions
found here are completely consistent with the moderate or 1/v collisionality results of (Shaing et
al. 1989; Helander et al. 2011 & 2017), the omnigeous limit of (Landreman & Catto 2012), and
the moderate (1/v) and weak (\/; ) collisionality limits of (Helander et al. 2017). As in these

earlier treatments the expressions found here for the bootstrap current and parallel ion flow are
independent of collision frequency. They are obtained by a very different procedure that is valid

in the \/; and standard 1/v regimes of collisionality (Galeev et al. 1969; Ho & Kulsrud 1987;

Calvo et al. 2017), and contain slightly more explicit and compact geometrical coefficients than
(Shaing et al. 1989; Helander et al. 2011 & 2017). It is only when the full drift term term is
approximated as in simulations that spurious effects arise. The erroneous effects are considered
separately in the hope that they will provide some insight into the behavior of the simulations at
very small collisionalities.

The analytic expressions for the bootstrap current and parallel flow derived here are also
valid in the superbanana plateau regime of collisionality (Shaing 2015; Calvo et al. 2017), where
the tangential magnetic drift frequency vanishes at some pitch angle. This regime is considered
in only one published neoclassical stellarator simulation (Beidler et al. 1995) as it is not of
interest for the background ions unless the E x B drift is smaller than the magnetic drift.

The next section discusses ambipolarity and radial transport in weakly non-optimized
stellarators. Then section 3 introduces notation, evaluates drifts, and discusses transit and flux
surface averages. Important equilibrium properties are discussed in section 4. Section 5
reformulates stellarator drift kinetics to extract the terms odd in the parallel velocity as the lowest
order corrections to the Maxwellian. In section 6 the drift kinetic equation is solved properly by
retaining the full, nonlocal effects of the magnetic plus electric drifts. These results are employed



in section 7 to evaluate the parallel ion flow velocity and parallel currenty density. At low
collisionality, the specious tangential ExB term retained in most similations and for analytic
radial transport evaluations is considered and found to give rise to an incorrect modification of
the ion flow velocity and bootstrap current, which is evaluated in section 8. A brief discussion
follows in section 9.

2. Ambipolarity and radial transport

To treat collisional transport in a non-quasisymmetric stellarator it is normally assumed
that the electrons and ions are in the 1/v and v regimes, respectively. In both regimes
collisions must be retained, but ion streaming is smaller than electron streaming so the ions are
sensitive to the tangential ExB drift and the electrons are not. Consequently, as v gets small,
the electron diffusivities increase as 1/v, while the ion diffusivities decrease as \/; (Galeev et
al. 1969; Ho & Kulsrud 1987). The radial ion and electron particle losses balance and set the
electric field to maintain ambipolarity. Consequently, both collisionality regimes must be
considered when evaluating the bootstrap current.

Ambipolar operation requires considering this mixed collisionality regime where the
lowest order radial electric field, E=-V®(1), is roughly at the ion diamagnetic level (to bring
ion transport down to the electron level), given by the estimate

Zen, 00 /oy ~ =T on,; /oy, (2.1)
with the poloidal flux function 1 related to the toroidal flux function ¥ by dW =qdy, and the
safety factor q and rotational transform v related by 1q=1. The tangential ExB drift frequency
is then

W, =-Vg Vo= c@~—ial~ vi —p—zivi, (2.2)

NP Zen gy Qa’ a
while the VB drift, vy, ~p,v,/R , results in a tangental drift frequency of
Wy =—Vyp " Vo ~p,v,/aR, (2.3)

where p,and v, are the ion gyroradius and thermal speed, €2, =ZeB/Mc, and r, a, and R are the
distance from the magnetic axis, the nominal radial scale, and the major radius. The ion charge
number and mass are Z and M, . Normally w; ~Rwy, /a>>wyg, so the magnetic drift is often
neglected as small. Then, there is no superbanana plateau regime as the vanishing of the
combined magnetic and electric drift is unlikely for the background ions (at any pitch angle).

As already noted, when all collisionsless orbits are confined, a stellarator is referred to as
omnigenous, and the special case of the magnitude of the magnetic field B depending on only a
single helical variable is referred to as quasisymmetry. For an omnigenous, but non-
quasisymmetric, stellarator, ambipolarity requires that the radial electric field reduce the ion
particle transport to the typically smaller electron level by setting it at the ion diamagnetic level

as already estimated. More precisely, the ion root is given by (Landreman & Catto 2012)

0P __9p; 117n£ (2.4)

Ny oy oy



As flux surfaces become non-omnigenous the ion particle diffusivity enters the Jv regime and
decreases as the collisionality is reduced. The electron particle diffusivity increases as 1/v as

the tangential drift is unimportant. At some point the omnigenous ion root may be altered and
become sensitive to collisions as d®/dyp becomes small and it transitions to the electron root,

en 0P/ ~T dn, /oy, (2.5)
to keep the electron particle transport at the now lower ion level. If a change in the sign of
0® /0y occurs, then there are flux surfaces with very small ExB drift where the VB drift
matters (Matsuoka et al. 2015). As the VB drift vanishes at some pitch angle, there can be flux
surfaces for which superbanana plateau transport becomes important. The treatment here allows
for this possibility, but many simulations do not (Beidler ef al. 2011; Kernbichler et al. 2016).

Typically the 1/v, Jv, and superbanana plateau collisionality regimes are evaluated by

a transit averaged kinetic equation for the trapped (subscript t) particles of the form,

v, -le%wd. o _¢ h}, (2.6)

with f, a Maxwellian and h, a trapped particle modification to it. The overbar notation indicates
transit or bounce average and will be defined carefully in the next section. The tangential drift
frequency in the Jv regime is normally assumed to be just due to the ExB drift,

Vv, Va =, - Vo =-o(p) =-cod/dy , (2.7)
and is often assumed to be a flux function. Only in the superbanana plateau regime is the
magnetic drift retained in W .

In the transit averaged equation, only the radial drift term v, -Vy = vy, -V need retain
the departure from omnigeneity. Two basic approximations have been made in Eq. (2.7). The
radial component of the drift acting on h, has been neglected, and the tangential part of the drift
has been approximated by its ExB component. Although these approximations are common in
neoclassical stellarator theory, it is shown later that they can, in fact, be misleading and lead to
errors in the parallel flows.

For the electrons the tangential drift is negligible (w << v, ), giving

Vop VO, /0 ~ C{h,} ~v.h (2.8)
h,/f,,x1/v,, and electron diffusivitities proportional to 1/v,, with v_ the electron collision

te

frequency. The tangential drift frequency w matters for the ions (w >>v,). In the Jv regime

tangential and radial drift balance for the ions giving h,/f,*1/w, except in a the narrow
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boundary layer of width (v,/w)"" at the trapped-passing boundary. This boundary layer in pitch
angle, A =2uB, /v’ , is required to make f vanish and its width is set by woh,/do~v,d°h, /0N .
As its width is narrower than the usual trapped bounday layer width £, the collisionality is
assumed weak enough to satisfy v, /w<<¢ or

p,/a>>Rv,/v.=R/\, 2.9)
where A is the mean free path, with A ~v,/v, ~v_/v, and v, the electron thermal speed.



For T = 10 keV, n,=10"cm™, and B = 5 T; v,=10%cm/sec, v, =50sec”, and
p;=03cm . Then a= 100 cm and R = 1000 cm give Rv,/v,=5x10"" and p,/a=3x107, so the
resulting inequality is typically satisfied.

In the next section, the tangential and radial drifts are evaluated for an imperfectly
optimized stellarator along with transit and flux surface averages.

3. Imperfectly optimized stellarator notation, drifts and averages
To retain both the 1/v and ~/v regimes, the ion drift kinetic equation is employed
(Hazeltine 1973; Simakov & Catto 2005),

(v,b+7,)-(VE + Z?Ffo

where f, is the perturbed distribution function, C{f,} is the linearized collision operator, f, is

)+, VE, =C{£} . (3.1)

the Maxwellian

Mi 32 MV 2T(y) Mi 3/2 _ ~[M,E~Ze®()//T(})
f, = £,(p,E) = n(p)[———]"2e™ =n(Y)[——— | , 32
o =t (P.E) n(w)[ZTET(IP)] e n(w)[2nT(w)] e (3.2)

and the drift velocity (ignoring the unimportant parallel velocity correction) is
2
s R us Vi f b uhy = Vi r
V,=—BxV®+—bxVB+—bx(b-Vb)=—Vx(vb). 33
i o o ( ) o (v,b) (3.3)

The kinetic equation will be solved in ¢, a.=C-q9, B, E=v*/2+Ze®(y)/M.,and u=v’;/2B

variables, with the lowest order electrostatic potential ® taken as a flux function. The remaining
spatial variables are O and C, the poloidal and toroidal angle variables, respectively, and the full

electrostatic electric field is
E = -V[®W)+9(p,0,0)]. (34)
The magnetic field is B = Bb and the parallel velocity is v, =ovE, with €=./1-AB/B, , pitch
angle defined as A =2uB,/v’, o ==1,and B, a flux function (B} = (B*)). Here and throughout
0f, /0y is evaluated holding E fixed.
Using a Boozer (1981) representation for the magnetic field gives
B=K(y.9.0)Vy+Gy)VO+I()VL , (3.5)
with K periodic in & and T, and RG/rI~B,/B. The conventional stellarator poloidal and
toroidal covariant flux functions (G and I) are interchanged in (3.5) to more closely conform to
tokamak notation. The preceding and B=VaxVy give B=(G+ qI)B V&, as well as
B-Vo=0=B-Vy and qB-V9=B-VC.
The well depth O of the nearly omnigenous magnetic field is
6=(B,,-B,.,) /B, .+B..)- (3.6)

max min
Here B,,, and B, denote the maximum and minimum field strength on the magnetic surface in
question. As shown by Cary and Shasharina (1997a), in an omnigenous field these values are

reached not in isolated points but along lines that close toroidally, poloidally or helically on the

min



flux surface. Any departure from omnigeneity is assumed to result in smaller non-omnigenous
magnetic field variation or weak ripple such tha
d,,<<90. (3.7)

The non-omnigenous behavior can only introduce weak gradients comparable to those of the
omnigeous portion of the magnetic field (Calvo et al. 2017) in order to avoid introducing any
significant non-omnigenous magnetic wells. An additional, mild restriction on d  will be found
in section 6. The omnigenous portion of the magnetic field is assumed to be N toroidal cells (N =
0 is quasiaxisymmetry) of well depth &, with mod B contours closing on themselves after M
toroidal turns and N poloidal turns. In 1, o, and B variables d9dC =(b-V9/b-VB)dBdo. .
When performing flux surface averages it is convenient to be aware of the periodic variable

a=0a/(M-qgN) (3.8)
since @ —2m+a =0a for M toroidal circuits and N poloidal circuits on a constant B curve. As
there are two points on either side of the B minimum, B , in each of the N cells, both sides must
be summed or integrated over and are referred to as branches (Landreman & Catto 2012).

In v, o, B variables the divergence of an arbitrary vector A is

A-VB A-Va AV
V-A=B-V(=——)+B-VB 39
( ) [a—( ) ﬁ(B VB)] (3.9)
The tangential ExB drift is then
2
5, Va-vp v BYexVE) g op 8 (MB ) Buiv_ 0P 0 3.0
QB-VB p QB-VB  Q oy P
with o positive for the ion root, and the radial drift is
- - _ vB-VyxVB. BV’ :
v, Vi =vb-V(——— -—Lb-VB—(=—— 3.11
o VP =vb-V( OB VB ) Q aa(b VB) (3.11)

Using pressure balance to find b xVy - (VB -b-Vb)=0 as in Helander & Niihrenberg (2009) and
Landreman & Catto (2012), gives the alternate radial drift form

V= B ‘Vyp xVB V”B -V(ﬁ

B-VB Q

where for a quasisymmetric flux surface with B, =B[l- dcos(MO-NOQ)],

B-VyxVB __ MI+NG
B-VB M-gN ~

with the tokamak and quasiaxisymmetric cases given by N = 0.
The transit average of an arbitray function A is defined variously as

z $ deAly,  dtA § dOANDVY ¢ dBA/vb-VB
Cfdery dr §dOvbdVY  =F dB/vb-VB
with dt=d//v,=d9/v)b-VO=dB/v,b-VB. The integrals are over a full bounce for trapped

particles and over a complete poloidal circuit for passing. A sum X is inserted in integrals over

) (3.12)

<RB, (3.13)

, (3.16)

all allowed B as a reminder that both "branches" or sides of the magnetic well must be integrated
over (the two "branches" are on either side of the minimum B in each identical stellarator cell).



The subscript o on an integral means that it is to be held fixed while performing the integration.
In a transit averaged description passing particles trace out flux surfaces, and it can take a
passing particle many toroidal circuits in a non-omnigenous magnetic field to return to close to
its starting field line point (Helander 2014). In particular, the passing flux surface average of v,

can be viewed as
(v), = lim( [ dev B [ drB)=(fdosfdBy,/BVB)/(fdosfdB/BVB).  (3.17)
This expression is consistent with the usual definition of the flux surface average of any quantity

A sampling the entire flux suface:
$dcfdOA/B-VY $difdOA/B’  fdazfdBA/B-VB

A)= — = = — . 3.18
) $dcgdd/B-VY  $digdd/B°  fda=$dB/B-VB G149

The relation between transit and flux surface averages for passing and A(y,o,B,v,\) is
K|p =(BA/V,), /(B/V,),. (3.19)

A few useful properties associated with a MHD equilibrium are briefly discussed next.

4. MHD equilibrium properties and radial drift
Some useful relations follow from conditions associated with force balance and
ambipolarity. Force balance (JxB=cVp) and charge conservation (V-J=0) require there be
no radial current (J-Vap=0), where p= p,+p. is the total pressure and the current density is
T=cB?Bx Vp(y)+ J”B . Ambipolarity, T-V =0, requires Vy-VxB=0=V-(BxVy), giving
B-VyxVB B B’
- = ' - = 4.1
) - (B VB) (.1)
Integrating along a field line (fixed o) on the flux surface traced out by the field line gives
B-VyxVB 4 1 dB'B' B-Vyx VB dB' B'
ST Xy = (P Yy <—f )
B-VB doy b'-VB B-VB ,b'"VB

B-V(

, 4.2)

where B =(B’) is chosen so that the lower limit will satisfy b-VB0=0 as desired. The o
derivatives are always at fixed B unless otherwise noted, and dB,/dc.=0 . In an omnigenous
system the lower limit B, of the integral over B can be replaced by another o independent value
such as B = B, or B= B, - The last equality in (4.2), follows upon flux surface averaging.

As aresult, ambipolarity always requires

B-VyxVB ,B-VixVB oF
T (43)
B-VB B-VB Joa Jdo
where the integrals over B are at fixed o, and F, is defined as
f@B. (4.4)
 b'"VB'

Integrating over both branches on elther side of the the single minimum B=B_, gives
(9F, /00y =0 according to (1.3).



In Egs. (4.2) and (4.4), the integrals are taken at fixed {p and a (therefore following a
field line) starting from a point where B'=B, and proceeding along the field to the point where
B'=B. As already mentioned, in an omnigenous field, all level curves B =B, wrap around the
torus poloidally, toroidally, or helically (Cary & Shasharina 1997a), so that it is indeed possible
to find a point where B=B, on each field line within one period of the device. The field is
allowed to be non-omnigenous, but only slightly so, in order that it still possesses this property.
Otherwise it would be difficult to ascribe any precise meaning to these integrals.

Force balance and charge conservation require a geometrical function U proportional to
J, to exist satisfying

B-V(U/B)=B-VyxVB?=V-(B?BxVy). (4.5)
Rewriting using the divergence in y,a and B variables,
U B-VyxVB 6
B- ——=——)=-b'VB—(=—— 4.6
(B B’B-VB A (b VB) (*0)

Using the same procedure to integrate over the flux surface traced out by a field line leads to

B-VyxVB _, 9 % dB' 5
SB[ = = Y(y)B?. 47
B-VB aai B'-VB' W) -7

Flux surface averaging gives Y

B- lexVB B 0 dB'
Y(y)B*)=(BU) - (——"—— : 4.8
(W) = (BU) - (E 2. (e fBVB,> @8
Eliminating Y yields
U (BU) B-VyxVB 9 % dB' 1 B-VyxVB 9 = dB'
__< 2>=( 2‘1’p P =Y D= « v )— (B’ f ,>) (4.9)
B (B) B°B-VB daj; B'-VB (B*) B-VB B'-VB
Terms in U/B that are only flux functions do not contribute to B-V(U/B). Therefore, picking
B- lexVB B d dB'
BU , 4.10
(BU)=(==——)-(B f e (4.10)
where the last term vanishes for an omnigenous flux surface due to (1.3), leaves
B-VyxVB 9 '+ dB'  B-VyxVB dB'(B”-B
_BVUVE _po 0 dB'_ BVUXVE, < > O BB g
B-VB ay B-VB B-VB doy  B'“VB

and the last form follows by using ambipolarity. As a result, BU is a flux function for a
quasisymmetric flux surface, or when summed over both branches on an omnigenous surface.
Otherwise, BU is nearly a flux function when B?>> B*~B?, where B = B, and B= B,

The next section formulates the drift kinetic equation in a particularly convenient form.

5. Drift kinetics for imperfectly optimized stellarators
To find the modifications to the Maxwellian it is convenient to let
f, =h(r,v)-Ze¢f, /T, 5.1
then using form (3.12) for the radial drift, h satisfies



BwaVBaf qV(ﬁ
B'VB oy Q

where radial nonlocality and tangential drift are included in v,-Vh  via v,-Vyoh /9y and

v,bVh+V,-Vh-C{h} =- ). (5.2)

Vy'Vaoh /9o, respectively. In writing (5.2), a Ze¢v, -V(f,/T) correction to v, -Vi; is ignored
as small. For radial transport calculations and in many simulations the local approximation
v,"Vh—-woh/da is employed. However, it will be shown in the next section that this
replacement gives rise to spurious effects that will be considered in section 8. Consequently, the

full drift is retained until section 8, although in making estimates only the ExB drift is retained.
Rewriting the preceding using (4.1) gives the form

-~ VBlexVBaf Bof, - J, v
v,b-V(h+- 2)+v,-Vh-C{h} = 2v,b-VB—(=—1), 53
b V( OB VB ) {h} Qo ! P b-VB) (5.3)
and, thereby, the particularly convement form
C{h}-v,-Vh=v,b-VH=v,b-Vh+v,b -VA% =v,b-Vh+v, -pr% : (5.4)
where
H=h+Aodf,/0yp, (5.5)
A= V”B'YIPXVB aJ Vi (<B waVB> < > 0)__ (5.6)
QB-VB g0 Q B-VB o
and
jEMC dB dB'v, ’ (57)
Zey b'-VB'

with v, =v,(B',v,A). The function J is related to, but not the same as, the second adiabatic
invariant (1.4), for which dJ/dao=0 on an omnigenous flux surface. The lower limit Bin J

remains unspecified except that it must satisfy 0B/da.=0 to allow

dB'v,
dB'v, =— - 5.8
(f b VB' (f b' VB') (55
The lack of precise omnlgenelty means that V“b ‘VA no longer quite vanishes,
v, 0F, J v
vb-VA=vb V(Z—2_—")= B———” F,-J bV” =0, 59
I I ( Y ) { aB o Ny =—Vvb-V(=)= (5.9)

as o dependence causes 20F, / do=0 and 26] /0a.=0 when summed over both branches.

The kinetic equation (5.4) agrees with the omnigenous form obtained from (3.12) by
Helander & Niihrenberg (2009) and Landreman & Catto (2012). They also write

Vv, -V=v,b-VA, (5.10)
but make the replacement
B
A—>A, = \/ B- lexVB f BF d V”) (5.11)
Q 5 90 9B’ Q‘

where B=B=B,, when A <B,/B,and B=B,/\ otherwise, as their choice of the lower limit.

ax

To see the results here are consistent with their omnigenous results, integrate by parts to obtain

10



v, 9F, a1 } F, a0 V”)__&B de'aF(')(Z—)\B'/BO), (5.12)
Qo do 4 daoB' @ 2Q% B” 9o \/1-AB'/B,
where v, =v,(B'=B,v,A)=0 is needed.
The omnigenous limit is recovered only if the lower limits used by Helander &
Niihrenberg (2009) and Landreman & Catto (2012) can be employed. The alternate form given
here only reduces to their form (5.10) and (5.11) for an omnigenous flux surface. More

generally, A must satisfy (5.6) with the lower limit B of J equal to B= B, . for the passing
(M <B,/B)and B,/A for the trapped (B,/B,, =B,/B> A >B,/B) with a negligible population of
transitional particles that spend time trapped in multiple wells.

In the next section the corrections to the Maxwellian are evaluated for a non-optimized
stellarator by assuming that the population of transitional particles is small.

6. Solution for a weak departure from omnigeneity

The drift kinetic equation will be solved separately for the trapped (t) and passing (p),
using subscripts t and p as necessary for clarity. A solution to the passing kinetic equation (5.4)
is obtained by recalling (5.4) and (5.5), writing

H, =H, +H_, (6.1)
where H p >> H , - Assuming streaming dominates, then to lowest order
vb-VH, =0 , (6.2)
where
H, =H (y,v,A,0). (6.3)
To next order
v,b-VH, =C{h,} -V, Vh,. (6.4)
Upon transit averaging and using (3.19) the right side vanishes
B B._ B. 1 0 ¢, = af B
(=C{h,}), =(—=V,Vh ) =(V-(=Vsh))= ——V (H,-A, =2 )—Vd V)
Vi Vi Vi Vioy
, (6.5)
= o VI, =8, TRV ) = LV, BV )- 259 2ey)1-0
V' oy V'oy P PT oy 2

where v, -Vap=v,b VA, and V'= gﬁd@_{ﬁdﬁ /B* are employed.

The preceding careful drift kinetic treatment retaining the full nonlocal behavior of the
drift departure from a flux surface results in the constraint

B
(\]—C{hp})p =0. (6.6)
Il
However, most simulations retain effects associated with solving for h when the approximation
V,"Vh = —o(y)oh/da = o(P)(0A /da) ot /oy, (6.7)
is employed. When used in (6.5), it gives the specious constraint
B ot B&A of, B ’F, B d’J
—C{h })—w = (—2)- 1=0. 6.8
(et =0T =0 oS (), ©3)
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As the departure from omnigeneity is assumed weak (0, <<9d) and the tangential drift @ and
collision terms are small, it is tempting to perform the flux surface averages by assuming the flux
surface is omnigenous to lowest order to make (BvilaAp /da) vanish. However, as the
approximation (6.7) has been employed in most numerical simulations, integrating the right side
of (6.8) by parts in o, results in B integrals of o derivatives of the b- VB from the flux surface
averages. Therefore, any departure from omnigeneity gives (BvﬂlaAp /day =0, which will
contribute at very low collisionalities and lead to questionable behavior in the results for the flow

and bootstrap current as discussed further in section 8.
Returning to the passing constraint (6.6) leads to the lowest order relation

h,=H, -A of /0. (6.9)
Using BVyxVB/B-VB~BU <RB, the transit averaged constraint (BV[IC{hp})p= 0 suggests

that for the ions

. O O B . (6.10)
fpb, f, RBa™ a
while the equation non-averaged equation (6.4) with v,-Vh — -wdh /do gives
13 JRH JRp
Hy (o+v)RH, (@+v)Rp; 6.11)

f, v, f, v,a

where (w+Vv;)R <<v,. Here and elsewhere, p, =p,B/B,, and p,; the ion gyroradius and B the
poloidal magnetic field. As I_{p and A are odd in v, in (6.6), ﬁp from (6.4) will be evenin v, .

Here and in the next section, the correct constraint equation (6.6) is solved by considering
B_. — v, B-VyxVB,of — v MV B-VyxVB, oT

0=(—C{H - H—"F——)> — -— = —3), (6.12
GO - E g ) < H,= ot >< Sve oy 612

where conservation of momentum for ion-ion collisions, C{V”fo} =0, is employed to obtain the

final form. As the flux surface average sums over both well branches, omnigeneity is used to
neglect 9F,/do.=0 and £4J/dou=0 as small compared to the large term retained. Within a
geometric factor the preceding constraint equation is the same found as for a tokamak and for an
omnigenous flux surface (Landreman & Catto, 2012).

To form the parallel flow and parallel current density the trapped equation must also be
solved. In this case, the kinetic equation must be written in a form with the A terms appearing in
the large parallel streaming term. Recalling (5.9) means that a non-omnigeous flux surface

vV, ‘V=v,b-VA =0, (6.13)
N V“‘B ‘VA, must be retained. Therefore, using
H, =h+Adf, /oy, (6.14)
gives
H, =h+Aof, /0y, (6.15)
(and not H h ), where both H =H (p,a,v,A) and E[= Ht(lp,(x,v,}\) are even functions of v,

W1tthH =0= th h,-h = fl and H, —H,=H, . Moreover,
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H,=h+(A, -A)df, /oy, (6.16)

where
h,~ At /oy <3 p,f, /a. (6.17)
The trapped equation,
C{h}-V,Vh, = v,b-VH, = v,b-V(h,+AJf, /o), (6.18)
is transit averaged and v,-Vh, = -w0dh,/da. employed to obtain the combined Jv and 1/v form
wdh, /oo + C{h,} =v,b VA of, /9y, (6.19)

where in the small tangential drift and collision terms on the left the lowest order omnigenous
trapped orbits are used in the averages so Fll does not contribute. In the superbanana plateau
regime the magnetic drift must be retained, but as this only alters the even part of the perturbed

distribution function it does not affect the parallel flow and bootstrap current.
The assumption that streaming dominates means (w+vV)<<v,/qR ~v,/R. As a result,

using v,b VA ~ VgV~ p,v;B, and observing that the functions A, and h, are even in v,

yields the estimate
ﬂ < 6110 Vi pi
f, ~ (w+v;)Ra

where v; ~8v] is not used as the non-omnigenous VB drift dominates in (5.6) with

<<1, (6.20)

A <vRB/Q from (3.13). The unaveraged form of the trapped equation (6.18) suggests

H (@+v)R__ 621)

h, Vi\/g

so that I:I[ can be neglected as small in (6.16), giving

h,==(A, —A)of, /oy =—Aof, /oy, (6.22)
as Z[ is small. Allowing El ~ flt ,(6.17) and (6.20) yield another constraint on 0, <<9 of
5 o LOrVIR Py Ry, (6.23)
V. a A

where the mean free pathis A ~v,/v,>>R and v,>>wR .

Just as the departure from an omnigenous flux surface makes V”B ‘VA, =0, the transit
averaged radial trapped step A, no longer vanishes as
X =v”]§-Y1prB_§= v, dF, _i#o
‘' QBVB do Qda da
The trapped F, and J now depend on the field line label o so that (Bv;'9F,/00) =0 and

(6.24)

(0J/day = 0 . Moreover, the omnigenous choice for the lower limit B of J for the trapped is no

longer quite right when the maximum field on a field line varies from one end to the other and
also depends on the field line.
As h,is even in v, it will not contribute to the parallel ion flow or the parallel current

density, and there is no need to evaluate it to determine the bootstrap current.
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To find the contributions to the parallel ion flow and parallel current density the passing
constraint (6.12) must be solved. The solution procedure uses the linearized model like particle
collision operator of Kovrizhnikh & Connor (Rosenbluth et al. 1972; Connor et al. 1973),

Clg} =vQ()[L{g} +h UVu 1=vQ(v)L{g- ﬁm’uf Jo (6.25)
where L is the Lorentz operator

L{g}%vv [(P1-79)V.g]=

2B, 9. 9
ng v, a(xv,, ﬁ) , (6.26)

with L{vf} =-v,{, , and u the term retained to preserve collisional momentum conservation,
u=3T[d*VQv,g/M, [ d*vQv’{,. (6.27)

The function Q is defined as

Q(x) = i3 [(1- —)erf(x)+—dierf(x)] (6.28)

with x = v(M./2T)"?, and erf(x)=2x"" f . dte™ the error function. For ions
_2nZ'e'nmA __ 3\2n

Vi = M;/zTia/z 4 Vii» (6-29)
with v, =4 Z*e*n fnA /3M2T2 .
The flux surface averaged passing form is then
2vQB, 9 M.
(Ecte) =2 Ly S - u ). (630)

I
where based on constraint (6.12)

= vy Mv' 5 B-VyxVB, T

=H — = . 6.31
=0 Tar 21 2 QBVB 'y (631)
Integrating from A =0, and using v,dv,/dA = -Bv’/2B, leads to
oH Vv ? :
(v)), 0H, _ My (Bu)- v M v __)<B waVBﬂ ’ 6.32)
f, oA 2TB, 2Q, T 2T B-VB oy

where Q= ZeB,/M;c and
(Buy=3TM;'B" [d*vQv,(Bg)/ [ d*vQv’f, . (6.33)
The second A integration is performed to make g vanish at the trapped-passing boundary

A=B,/ B , with B the maximum value of B on a flux surface, to find

D. 2 B,/B ,
Hpi =<B waVB>(MiV _1.33)0'Vf01 JT, f dAa . (6.34)
B-VB ' 2T 2Q,T oy (J1-A'B/B,)
Using (6.9), (6.14), (6.22), and (6.34) gives
i_@ =£ _ Hpi+hti +Hti+Hpi _[i_'_ (At—At)]%: Hpi +h, +Hpi _A% . (635)
fOi 'I: fOi fOi fOi fOi alp fOi fOi aw

where the last form neglects H, and A, and uses A= A,+A, . Inserting A and the solution for

I_{pi obtained by Landreman and Catto (2012) with the geometric and notational replacements
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MI+NG ,B-VyxVB

- (== , 6.36
M-gN < B-VB ) (030
yields
£, H,+H, L Ze0 v,B-VyxVB ] 1dp, , Zedd® MV’ 5 19T,
fo; fo; T QB-VB do. p oy Toyp 2T, 2/Ti P 637)
B-VyxVB, M.v’ ovH(B,/B-L)aT, ** dn' ’ '

N2 —1.33)

<BVB 2T 77 2Q,T amp{m-wB/BO)

where H, and Hpi are unimportant for parallel flow as they must be even functions of v, with
ﬁpi<< I_{pi with I_{pi odd in v,. A Heaviside step function H(BO/E—k) , with value one for

A< BO/E and vanishing otherwise, is inserted to combine the trapped and passing forms.

The next section evaluates the parallel ion flow velocity and parallel current density
associated with the perturbed distribution function f; given by (6.37).

7. Flow and current density for a weak departure from omnigeneity
Determining the parallel ion velocity requires evaluating f d’vvh, = f d3VV”(hlDi +h,).

The procedure is straightforward to summarize. First, as ITIti and ﬁpi are even in v,
[ dPvv,(H +H,)=0. (7.1)
Also, integrating
M, [dvy Zi (a—p+2en@). (7.2)
axp o P
In addition, recalling the omnigenous result (5.12), using d’v—>2m(Bv’/B,E)dvdA as all
integrals are even in v, , and following the procedure below (49) in Landreman & Catto (2012),

M fdsW”Lafo:Mf “_[v.laF 2de.aF0<2—x‘B{BO>] LaF, ap , ;. 0P
oo 5 do. 2Q'B'y, Q do aw oy

i . (7.3)
o B 1 a1e' Bo/B' AR
_nMideW4%fd]326Fo fd)\(Z XB/BO)=(16F __)(6p Zen )
Q, % My B?da y  JI-AB/B, Qo Q ay N
where near omnigeneity is used to write W as
dB' aF
W=2B : 74
f B" do. 74
with the upper limit of B=B,_, to integrate over all B'. Moreover, (6.34) yields
Mjfd3VV||ﬁpi =<B'VII)XVB> Bf,n, 0T, ’ (75)

B-VB 'B,Q,dy
where f, is the usual effective passing fraction defined by

B,/B
3 f dA 1-1.468 . (7.6)

f =
‘ ! (JT-AB/B, ) >os

The preceding evaluation makes use of
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B,/B )\‘BO/E dn! B,/B X A B,/B A 4
d .
{ {<x/1—”B/Bo> f Jl A'B/B, { f<m> ER (7.7)

and
B,/B ® 2
_ 218 d)xdefOiV“(MiV -1.33)= 1.173p—iB. (7.8)
BO 0 0 I 2 im0
Combining these results, the parallel ion velocity, V,, , for a non-optimized stellarator is
B-VyxVB 9P B-VyxVB Bfna
0NV f V=~ r(< ”’ V4 W)( en 22 1.17(2 Y 1, (79
np B-VB (B ) Y

where (dF,/dat) is neglected as the departure from omnigeneity is weak. This result agrees
Helander et al. (2017), but expresses the geometrical factors in a more compact way thanks to
the assumption of near-omnigeniety. It thus also reduces to the omnigenous limit found by
Landreman and Catto (2012) (within minor notational differences).

Checking V-V =0 by recalling (4.6), and using

B V(fd3 v, 9J afo) BV a 3oy Yoy of, aJ Mc _( )f 2af (7.10)
Booaoy aoc B oy aB Ze da. b-VB
gives the required result
n BV, /B) = (it 7en OB v(U/B) = - (P Z2en 22y - (B2Bx V) . (7.11)
Ze 0 oy Ze o0y oy
Writing
Vi = Vuli)S +B<BV||1>/<B2> ’ (7.12)
and using lowest order omnigeneity gives
n(BY,)=- <Mx6p‘ en 22 1176025, (7.13)
Ze B-VB ' oy L) "oy

so that the Pfirsch-Schliiter flow is
2 R .

n V=S (P zen Py 2y EVRVE

ZeB oy o (B*) B-VB

Nearly all the complicated geometric behavior is in the Pfirsch-Schliiter flow.

Y+ W]. (7.14)

The treatment for the electrons is similar, but it must keep unlike electron-ion collisions
as well as like collisions. The procedure is the same as for a tokamak, as summarized in
Helander & Sigmar (2002), and an omnigenous stellarator, as employed in Landreman & Catto
(2012). The results are consistent with the more geometrically involved general stellarator results
of Helander et al. (2011 & 2017).

The bootstrap current for weakly non-optimized stellarators is most easily found from the
Landreman & Catto (2012) form by recalling the replacement (3.13). Within minor notational
differences the result is
c(Z*+227+0.75)1-1.)

B-VyxVB, dp. 9P (21Z+088)n, 9T, 1.17n9T,
<BJ||>— < >[ DY) - .
Z(Z+2) B-VB aw oy (Z*+22Z+075dp  Z Y

(7.15)
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Only the geometrical coefficients of the bootstrap current differ from the forms of Landreman &
Catto (2012) and Helander et al. (2017). When normalized to the axisymmetric tokamak result
(N =0 in the quasisymetric limit) a geometric ratio is obtained,
(BJ,) 1-f) <B waVB> NO) <B V1p><VB> 1 <]§-V1prB
(BJ,)., (-f),1 B-VB Jel' B-VB I(y)' B-VB
where the last two forms assume a dominant N and M of amplitude 0 ~r/R =¢ . For a quasi-
poloidally symmetric or, more generally, a quasi-isodynamic omnigeous, surface (BJ,)=0.

), (7.16)

The Pfirsch-Schliiter current must be consistent with V-J =0 and

J,=1° +B(BJ,)/(B*), (7.17)
giving
c dp, , 9 B-VyxVB
Jlll)S ___( P; pe)[( _ )< _:LP >+ W], (718)
aw oy (B ) B-VB
where integrating by parts gives
doW dB‘
W)« ZpdB x2PpdBBPpdo—(=——— , 7.19
(Wye 2§ Sﬁ § BB a(lb VB|)fB'3 0 (7.19)

which indeed vanishes for an omnigenous device as required by Egs. (7.15), (7.17) and (7.18). In
addition, J;* satisfies

I ap, 0p..s o, 1 B-VYxVB, W c =
B-V(~ -c(—+—)B-V(—=(——)+—)=-V: [=BxV(p, + , 7.20
( )= (aw p ) (B2< 5.VE ) Bz) [B2 (P; +p.)] (7.20)
since using (4.5) and (4.6) leads to
= 1 B-VyxVB, W U 1 -
B-V(—(——— B-V(=)=V:(—BxVy). 7.21
(B< 5.VE )+ ) (B) (B2 xV1p) (7.21)

So far no collisionality dependence enters the parallel current, unlike the simulations

(Beidler et al. 2011; Kernbichler et al. 2016) which typically exhibit dependence on v and w as
v— 0 for the bootstrap current. The geometric ratio obtained here, using momentum

conserving like particle collision operators, is the same as that of the simulations which retain
only pitch angle scattering (see Appendix). For more details on differences in coefficients of
(BJ,) and V,, see the results of Helander ef al. (2017) and Landreman et al. (2014). The second
reference also shows that at about wR /v, ~0.3 strong electric field effects begin to modify the
trapped region of phase space as found by Kagan & Catto (2010).

The preceding expressions extend the quasisymmetric results of Helander et al. (2017) by
having more compact and explicit (though less general) geometric coefficients while retaining
tangential drift. They are obtained by a somewhat more general treatment of the Jv regime than
Helander et al. (2017) which only considers the bootstrap current in the Lorentz collision
operator limit. In adddition to the Jv regime, the results presented here are valid for

superbanana plateau regime transport as only the portion of the perturbed distribution function
that is even in v, is altered for it. They reduce to the omnigenous limit (Landreman & Catto

2012) which is consistent with other earlier results (Shaing et al. 1989; Helander ef al. 2011).
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Collisional modifications in the presence of only a tangential ExB drift as employed in
most simulations are evaluated in the next section. This spurious drive is implied by the right
side shown in (6.8). In the next section it will be shown to modify the ion flow and bootstrap
current at weak collisionality. At finite ExB tangential drift, it offers a possible explanation for
some of the discrepancy between simulations and the bootstrap result of (7.15).

8. A spurious non-omnigenous collisional tangential drift modification

At small collisionality and finite tangential ExB drift, when the approximate drive term
on the right side of (6.8) is retained as in most simulations, a specious ion flow and bootstrap
current is generated as will be shown in this section. In this limit an additional contribution to

. o/ - . .
h,, defined as h;"", is found by solving the equation suggested by (6.8), namely

oo BaA 0 (B2 (w9 aJ . ,B /
— — = _C hU‘)V ) 8-1
e oS- T (2 Cmy) @)
with hL°/V= }_I“’/V . Inserting ]
2vQB, 9 e M wB, of, , 0°F, B ,/1 AB'/B,
4| h ——' { 8.2
< ||_( Vi 0)> Q, oy <8 > <80L \/1 )\B/BO‘! 5'"VB' ]>} (8.2)

The right side can be written as a A derivative by using Gradshteyn & Ryzhik (2007):
VI-Ab' 1-Ab'
NI-Ab  \[1-A(b+b)+A’bb'

(8.3)
b-b' JA-Ab)(1-2b"
— /n[2+/bb'(1-Ab)(1-Ab") +2bb'A—-(b+b")]-
{( So T l2/bb (1 -Ab)(1-Ab) (b+b)) . }
where b B/B, and b'=B'/B,. Integrating once from A =0 gives
ohe" wB,v’ of, , A &’F, , 8 '+ dB' B-B' _2vJBB'-B-B!
>_ 4< = {1- /n
M 2TB, u= 2Q,vQdy B _< =G {b'-VB'L T B, 1)
a r dB' B-B'
(— 1-Ab)(1-Ab' m{2,/bb'(1-Ab)(1-Ab") +2bb'A-(b+Db'
+Ho {b VB,{J( MA=2b) = (=)in {2/bb'(1-Ab)(1-Ab') (b+b)})}
(8.4)
Neglecting B—B' terms as small in 0 to simplify the analysis, for the moment, gives
ahw/v ‘ 2 B '
<V”>p P +M1V >_ wv 0r< 2L ) Bof_»‘dB ' VIIVII)]>} (8.5)
f, on  2TB, 2Q vQay da A5 b'-VB

where now

u=@3T [dvQvh™)/ (M, [ d*vQvfy) ==(3T [d*vQvrah™ /oh) /M, [ dVQV’E) . (8.6)
A second integration (making h‘Ij’/ " vanish at the trapped-passing boundary) is not needed. Notice
that hif’”s 9,,0p,fy/v;a exhibits w/v behavior when w>>v;, but no Jv dependence. For the

estimates of this section Q'v,0F,/do. ~dJ/do. and F, <RB are allowed.

To determine the h®" modification in the bootstrap current requires evaluating new
p p q g

parallel ion flow velocity contribution V;”" defined by
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oy oy B: ahmlv M. (Bu) vV
n,(BV;” >E<de3vvllhp/ >p=_<§0fd3 ™ > ( deV&TPfO% 8
_ oB; (fd3V VAV afo{ 0’ (F —&j:dB' (- vy, i
2vQ, (v),Qap da’ ° Ay b-VB v P
Using d’v — 2m(Bv'/B,lv,))dvd\ , recalling (7.6), and defining the velocity space average
{Q*}=(M,/3p) [ d*v*Q'f, =([dxQ"x‘e™ )/(fdxx e™), (8.8)
0
with k =-1,0, and +1, gives
B,/B
By f &y V“}‘V by _on f dvv'e, f drh f v, °pJ , (8.9)
||> (JI-AB/B,), 3° M,
and
f & VAW oty _m}d v* of, Bf* dAn _2; fd3vV2 of,
(v”) Qoy’’ y Qay (Jl—kB/Bo)p 3 Qamp. (3.10)
MV -5T. 9T
—) {—F—n—]
M Q a 2TQ oy

To obtain an analytlcally tractable estimate the last term in (8.7) is simplified further by
using the freely passing expansion A~'B,(1-v7v,v,)=(B+B')/2 for now. Then the resulting
approximation can be added to F, and treated in the same way by using
dB' v”v” Vivhy l }dEi‘(B'+ B)
' VB' v 2% b''VB'

where the fact that lower limit of the F, integral is B, , and not B = B, is unimportant since only

G, =F, wa , (8.11)

a. derivatives of G, enter.

Also needed is (8 6) which gives

3B, S 3B,wT AV of 0A
B d’vQv’f, - d’v " ) ]=—-—2 d’v e 8.12
< u>[f Qv < f ||> Q >] 2Mv <f <V||>paw da >p ( )
where
AWQf * BB f.p,
—d3V” 0y =2m [(dvv*Qf EPwQf, = 2P 8.13
TR e R AV e U L e
Also, noticing that
30/1'3
f FE V”)\.V af0> It f dAA gfcfd3VV2% 2f. (Gp Ze _) (8.14)
<v,|>p '’ o (JI-AB/B,), 3 np M, dp
gives upon using (8. 12)
< f %t V"7\,V of, 0°G, ARSI 2f, ,0° GO>(ap Zen )’ (8.15)

||> NP o’
Substituting in yields
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- 0 .
(Bu) = f.co <a F, >( 0,00P,V

—) B—= (8.16)
Ze(1-1,)vn{Q} da’ v.a
The collisional bootstrap modifica‘uon <BJ l‘f’”} to be added to (7.15) is then
cf.w V-
(BI}")=Zen,(BV,"")= < ) < )Py Zen, —)+(1 f, y M=oy, ‘—]
t A=y, {Q} o Q
(8.17)

where (3°G,/da’) as given by (8.12) only vanishes for an omnigenous flux surface, and
{Q}=0.4 and {Q'}=5.4 (Catto et al. 2001). Upon dividing by Ze , n.(BV,’) is to be added to
the parallel ion velocity expression (7.13). Forming the ratio of (8.17) divided by (7.15) gives
(BJ™) 9,
(BJ) 6V1

and therefore a specious modification of the bootstrap current. This modification should be

(8.18)

present in simulations that use the radially local form of the drift kinetic equation and does not,
in general, vanish on imperfectly quasi-poloidally symmetric or quasi-isodynamic surfaces.
To remove the approximation (8.11)-(8.12) in (8.17) the substitution
G, =F —<fd3VV”V2 afoj«ﬁdB' V”V” Yy, <fd3 v of) . (8.19)
Vi), 05 b"VB' B(v,), 0y
is required. A full generalization can be made similarly by retaining the B—B' terms of (8.4).

The spurious collisional, non-omnigenous, tangential ExB drift modification is more
important for the ions than the electrons, and dominates for 0, /v,>>98. It introduces

unphysical radial electric field dependence through both the tangential drift frequency w and a
new d®/dy force term in (8.17) so that both w and w’ terms enter. It is perhaps responsible for
some of the d®/dy dependence observed in simulations at small collisionalities (Beidler et al.

2011). However, it does not explain the descrepancy between analytical and numerical results as
w=cdP/oyp—0. This behavior must be due to the transitional particles that spend time in

multiple wells and are present, at least to some degree, in all the configurations considered in
Beidler et al. (2011). The evaluation of the transport and parallel flow associated with these
transitional particles are beyond the scope of the treatment presented here.

The new term considered in this section results in no fluxes from ( f d3Vh‘:/VVd V) and

d*vh®Y(M.v*/2)v, -V), and no frictional particle flux as [ d’vv,C{h®“}=0 for ion-ion
p i d p I p

collisions; however, it will give rise to a tangential ExB drift dependent, but collision frequency
independent heat flux, ( f d*vh?™ (Mv?/2)¥-Vp) = (Mc/Ze)(U f d*v(Mv*/2)v,C{h®"}) . To see
there is such a flux, the solenoidal vector E=B‘2]§xV1p+UB is introduced (Simakov &

Helander 2009) and the h-Vv?/2 moment of the Fokker-Planck equation formed. The absence of
an impact on the radial particle flux is consistent with the Beidler ez al. (2011) simulations.
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9. Discussion

The streamlined derivation of the bootstrap current and the parallel ion velocity presented
here is possible because the problem is formulated in a way that allows all of the odd terms in v,
to be obtained by evaluating them as part of the leading order corrections to the Maxwellian. As
a result, the only other terms that enter in lowest order are trapped terms and they are all even in
v,. The procedure results in a parallel ion flow velocity (7.9) consistent with force balance and
continuity, and leads to convenient expressions for the Pfirsch-Schliiter parallel ion velocity
(7.14) and parallel current density (7.18). The bootstrap current (7.15) and bootstrap contribution
to the parallel ion velocity (7.13) have compact and explicit geometric coefficients that agree
with the previous collisionless forms of Helander et al. (2017 & 2011) and Landreman & Catto
(2012), which are both consistent with Shaing et al. (1989). As the Helander ef al. (2017)
bootstrap current expression is derived in the Lorentz collision operator limit for the Jv regime,
the result presented here, (7.15), is the most general expression derived to date as it is valid in the
1/v,~/v,and superbanana plateau regimes.

Perhaps more importantly, a new, but spurious, collisional modification to the ion parallel
flow velocity and bootstrap current given by (8.17) and (8.19) (or its further generalization) is
found that can become substantial at low collisionalities whenever there is a tangential ExB
drift and the magnetic field is not perfectly omnigenous. In addition to the dependence of (8.17)
on the tangential drift frequency, w =cd®/dy, there is a new force term depending on dP/0y,
so terms both linear and quadratic in w occur so exhibits a sensitivity to d®/01p as observed in
the simulations. This new w/v; contribution should be present in numerical solutions of the drift
kinetic equation and may be a part of the reason these sometimes do not agree with previous
analytical expressions. Unfortunately, it does not explain the descrepancy between analytical and
numerical results as w=cd®P/0p —0. The disagreement in this limit is presumably due to
transitional particles that de-trap and re-trap in multiple wells and act to widen the boundary
layer width between at the trapped-passing boundary. These transitional particles are expected to
arise when the departure from omnigeneity becomes significant. However, the spurious /v,
contribution is an artifact of the radially local approximation of the drift kinetic equation that is
usually employed in analytical theory as well as in neoclassical codes. It disappears when the
effect of the full drift velocity on the perturbed distribution function is retained in the kinetic
equation. This result is yet another indication that it is not always logically consistent to treat
neoclassical transport in stellarators as a radially local process.

At low collisionalities, estimates indicate that the transitional ions widen the trapped-
passing boundary layer to introduce a regime linear in v, (Beidler et al. 2011; Catto 2019) that

cannot be treated by the procedures herein.
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Appendix: Lorentz forms
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The Lorentz operator form of the results for (8.17) and (7. 15) are

(B}, = Zen,(BV"), = S aG°>{ }(ap' n—) My ST, }4—1] (A1)
Vi T1Q
and
_ _ % B ‘VypxVB W A2
<BJII>L cdd fc)(aw )< B-VB > <BJ|| >L' (A2)
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