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Abstract: We argue that generic field theories defined on null manifolds should have an

emergent BMS or conformal Carrollian structure. We then focus on a simple interact-

ing conformal Carrollian theory, viz. Carrollian scalar electrodynamics. We look at weak

(on-shell) and strong invariance (off-shell) of its equations of motion under conformal Car-

rollian symmetries. Helmholtz conditions are necessary and sufficient conditions for a set

of equations to arise from a Lagrangian. We investigate whether the equations of motion

of Carrollian scalar electrodynamics satisfy these conditions. Then we proposed an action

for the electric sector of the theory. This action is the first example for an interacting

conformal Carrollian Field Theory. The proposed action respects the finite and infinite

conformal Carrollian symmetries in d = 4. We calculate conserved charges corresponding

to these finite and infinite symmetries and then rewrite the conserved charges in terms of

the canonical variables. We finally compute the Poisson brackets for these charges and

confirm that infinite Carrollian conformal algebra is satisfied at the level of charges.
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1 Introduction

Null manifolds play starring roles on the stage of gravitational physics. Two of the most

important classes of null manifolds are the null boundaries of asymptotically flat spacetime

(henceforth referred to as I±) and the event horizons of generic black holes.

In asymptotically flat spacetimes, the observables are the S-matrix elements and the

asymptotic states of the S-matrix are defined at the null boundary I±. Null infinity is

thus central to the formulation of quantum field theories in asymptotically flat spacetimes.

The symmetries at I± should also be encoded in the S-matrix. These symmetries at

the boundary of spacetime are formally understood in terms of the asymptotic symmetry

group (ASG). The ASG for asymptotically flat spacetimes in d = 4 at null infinity turns

out to be the infinite dimensional Bondi-Metzner-Sachs (BMS) group [1, 2] instead of the

expected Poincare group. This long-ignored BMS symmetry is now being used extensively

to investigate the infra-red structure of gauge theories and gravity. The interplay between

asymptotic symmetries, soft theorems and memory effects is opening up new avenues of

investigation in quantum field theories and gravity [3].

Our other null surface of interest is the event horizon of a generic (non-extremal)

black hole. This is of course the surface of no return for observers falling into the black

hole. Intriguingly, on the event horizon, BMS symmetries have been discovered recently

[4, 5] (see [6–10] for related work on symmetries of black hole event horizons) and this has

been linked to a path that may lead to a possible resolution of the infamous black hole

information loss paradox.

The notion of holography first arose in the context of black hole thermodynamics

and the fact that the entropy of a black hole is proportional to the area of its event

horizon, rather than its volume. This lay the ground for the revolutionary proposal which

linked gravity in d dimensions with a theory without gravity living in d − 1 dimension

[11, 12]. Holography today is mainly understood through the AdS/CFT correspondence

[13] for asymptotically AdS spacetimes. But we should also remember that black hole event

horizons are inexorably linked to the idea of holography.

In holography, the symmetries of the dual field theory arise from the asymptotic sym-

metries of the bulk theory. This was first exemplified by the work of Brown and Henneaux

[14] for AdS3, which can be thought of as a precursor of the Maldacena correspondence.

Following the same line of thought, in the construction of a holographic correspondence

for asymptotically flat spacetimes, BMS symmetries should play a central role and should

dictate the symmetries of any putative dual theory [15, 16]. Also, going beyond holography

in asymptotically flat spacetimes, to the first idea of holography, a field theory dual to a

generic black hole thought to be living on its event horizon, would also have to inherit the

symmetries of the horizon. So in this case again, field theories with BMS symmetries arise

as the main characters on the stage. In this paper, we will be interested in the construction

and properties of such field theories.

Null surfaces are characterised by degenerate metrics. We are interested in defining

field theories on these surfaces. One of the ways to achieve this is to look at a systematic

singular limit on a usual relativistic field theory on a space-like surface and give it an
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infinite boost. In terms of spacetime, this can be achieved by sending the speed of light

c in the field theory to zero [17]. The underlying group then contracts from the Poincare

group to what is known as the Carrollian group. We also want the field theory to live on

the null surface and not move off it. So we will need that it be a massless theory. So we

are led to a conformal version of the Carroll group, which has recently been shown to be

isomorphic to the BMS group [18]. The above can be considered as a heuristic argument

as to why there is a generic BMS symmetry associated to any field theory constructed on

a null surface.

The field theories that we are interested in are thus conformal field theories, defined

on manifolds where the Riemannian structure has been replaced by a Carrollian structure.

Since the Carrollian algebra is defined by a c→ 0 contraction of the Poincare algebra, it is

natural to construct the Conformal Carrollian Algebra (CCA), by the same contraction now

applied to the relativistic conformal algebra [19]. In this paper, we review this construction.

An interesting aspect of our previous algebraic approach has been the construction of an

infinite dimensional lift for the CCA in arbitrary spacetime dimensions, which potentially

makes it stronger than its relativistic parent [20, 21]. We also comment on this. We

then look more geometrically at the construction of symmetries by considering conformal

isometries of Carrollian manifolds and defining the symmetries for flat conformal Carrollian

structures. We find that these symmetries form a general class of algebras characterised

by an integer N of which the N = 2 member is the algebra that follows from the c → 0

contraction of the relativistic conformal algebra and is isomorphic to the BMS algebra.

Having defined the background manifold of the field theories, we then go on to detailing

the Carrollian field theories themselves. As with the algebra, one of the systematic ways

of developing these field theories is to look at the c→ 0 limit of relativistic conformal field

theories. This has been the path we have explored before in [20, 21]. Theories so obtained

generically exhibit infinite dimensional BMS symmetry at the level of equations of motion.

This led us to conjecture that infinite dimensional symmetry enhancements were a feature

of the Carrollian version of any relativistic CFT [21].

One of the drawbacks of this procedure of taking singular limits on relativistic CFTs

was that there was no systematic way to do the same on the action and hence no pre-

scription of how to build an action formulation for the contracted theory.1 Although we

don’t directly solve this problem in our present paper, we construct our first example of

an action of an interacting conformal Carrollian theory. In [23], an action for Carrollian

electromagnetism was put forward. In this paper, we examine Carrollian electrodynamics

coupled to a massless scalar. We revisit our earlier formulation of finding symmetries of the

equations of motion first and then put forward the notion of strong (off-shell) invariance

of the equations of motion under certain symmetries, following [24, 25]. We show that

Carrollian scalar electrodynamics displays strong invariance under the infinite conformal

Carrollian symmetry in d = 4, which is indicative of an action formulation of the theory.

We do a further analysis of Helmholz conditions following [26] which form necessary and

sufficient conditions for a set of equations of motion to arise from an action. We then

1See however [22] for action formulations of Carrollian theories.
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put forward an action principle for the theory and look at the symmetries of the proposed

action. We calculate the conserved charges corresponding to the finite and infinite Carrol-

lian symmetries by using the Noether procedure similar to [23]. We finally compute the

Poisson brackets to investigate the realisation of the corresponding algebra at the level of

the conserved charges.

2 Carrollian symmetries and conformal extensions

2.1 Ultra-relativistic limit of conformal symmetry

The ultra-relativistic limit of conformal symmetries arises by performing an Inönü-Wigner

contraction on the relativistic generators of conformal group. We implement this by taking

the following limit on a d dimensional Minkowski spacetime coordinates:

xi → xi, t→ εt, ε→ 0. (2.1)

Here, i = 1, . . . , (d−1). This implies taking the speed of light c→ 0. We apply this scaling

and limit on the generators of relativistic conformal symmetry and regularise them. For

example, the ultra-relativistic boost generator can be written from the relativistic boost

generator in the following way:

J0i = t∂i + xi∂t → εt∂i +
1

ε
xi∂t ⇒ Bi = lim

ε→0
εJ0i = xi∂t.

In this way, the spacetime contraction (2.1) on the generators of relativistic conformal

symmetries give the following finite generators,

Bi = xi∂t, Jij = (xi∂j − xj∂i), H = ∂t, Pi = ∂i,

D = (t∂t + xi∂i), K = xixi∂t, Kj = 2xj(t∂t + xi∂i)− (xixi)∂j . (2.2)

These generators give rise to following non-vanishing Lie brackets,

[Jij , Bk] = δk[jBi], [Jij , Pk] = δk[jPi], [Jij ,Kk] = δk[jKi], [Bi, Pj ] = −δijH,
[Bi,Kj ] = δijK, [D,K] = K, [K,Pi] = −2Bi, [Ki, Pj ] = −2Dδij − 2Jij ,

[H,Ki] = 2Bi, [D,H] = −H, [D,Pi] = −Pi, [D,Ki] = Ki. (2.3)

We will call the algebra in (2.3) the finite Carrollian Conformal Algebra (fCCA), consist-

ing of boosts Bi, rotation generators Jij in (d − 1) spatial dimensions, time translation

H, spatial translation Pi, dilatation D and temporal and spatial part of special conformal

transformation (SCT) K,Ki respectively. The sub-algebra {Jij , Bi, Pi, H} forms the Car-

rollian algebra which is the c → 0 limit of the Poincare algebra. It is of interest to point

out that the generators {Jij , Pi, D,Ki} form a so(d + 1), the conformal algebra of d − 1

dimensional Eucledian space, which is another subalgebra of fCCA = iso(d+ 1).

In [20, 23], an injective homomorphism X : fCCA ↪→ CCA was constructed. Here

CCA is an infinite dimensional lie-algebra with an infinite dimensional abelian ideal. The
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key to this infinite dimensional extension of the finite algebra found through the limit is

the time translation generators with arbitrary spatial dependence:

Mf = f(x1, x2, . . . , xd−1)∂t =: f(x)∂t. (2.4)

Here, f(x) is an arbitrary polynomial of degree α, valued in space of tensors transforming

under so(d − 1) generated by Jij . When f(xi) = 1, xi, xkxk we obtain Mf = H,Bi,K ∈
fCCA respectively. The finite generators {Bi, Jij , H, Pi, D,K,Ki} along with Mf for arbi-

trary f constitute the infinite dimensional CCA. As a Lie algebra, CCA is the semidirect

sum: so(d + 1) I+ A, of the conformal algebra of d − 1 dimensional Eucledian space with

the infinite dimensional abelian ideal A generated by elements like Mf .

The action of the so(d+ 1) part on A, induced from fCCA (for d ≥ 4) is [21, 23]:

[Pi,Mf ] = M∂if , [D,Mf ] = Mh, where h = xi∂if − f,
[Ki,Mf ] = Mh̃, where h̃ = 2xih− xkxk∂if,
[Jij ,Mf ] = Mg, where g = x[i∂j]f. (2.5)

It is easy to see that Aα are invariant subspaces of the adjoint action of D and Jij ∈
so(d− 1), whereas each Mf ∈ Aα is an eigenvector of D with eigenvalue α− 1. Although,

not essential for the purpose of our paper, it would be useful for analysing ultra-relativistic

conformal field theories in d ≥ 4 to again organize each Aα into irreducible representations

of so(d− 1).

2.2 The N-Conformal Carroll Algebra

Having started with a purely algebraic approach to the construction of Conformal Carrol-

lian symmetries, we now turn to a more geometric method. As is well know, relativistic

conformal symmetry algebra is the algebra of conformal isometries in Minkowski space.

Following the same route, we wish to build the conformal algebra on Carrollian manifolds.

Carrollian manifolds are non-Riemannian manifolds equipped with a degenerate rank-2

symmetric covariant tensor g and a nowhere vanishing vector field ξ, defining the kernel of

g: iξg = 0. For our present purpose, we need not consider extra structures like connection

on a Carroll manifold. With the present structure at our disposal, the most straightforward

way to think about conformal transformations on Carroll manifolds, is to consider those

transformations which preserve the doublet (g, ξ) upto conformal scaling factors:

£Xg = µg, £Xξ = λξ. (2.6)

Here µ and λ are a-priori unrelated real numbers. To draw a parallel with physics in

Minkowski spacetime, we consider a d dimensional ‘flat’-Carroll manifold with topology of

R× R(d−1), so that in the chart (t, x1, x2, . . . , xd−1):

g = δijdx
i ⊗ dxj , ξ = ∂t. (2.7)
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For this simple case, one can readily find the solution to the differential equations (2.6) as:

X = f(x)∂t + ωj ix
i∂j + pi∂i + ∆(xi∂i −

2λ

µ
t∂t)

+ ki

(
2xi
(
−2λ

µ
t∂t + xk∂k

)
− xkxkδij∂j

)
(2.8)

where ωij (anti− symmetric),∆, ki are constants of integration and f is an arbitrary func-

tion of x1, x2, . . . , xd−1. Due to arbitrariness of the functions f , the Lie algebra of vector

fields X above is infinite dimensional. For regularity of the finite transformations, we

choose

− µ

λ
= N, N ∈ Z+ (2.9)

We will call this above infinite dimensional algebra theN -conformal Carroll algebra (CCAN ).

Comparing the generators of ultra-relativistic algebra as presented in the previous subsec-

tion, with (2.8) above, we see that the algebra discussed earlier indeed is isomorphic to the

present one when we consider N = 2.

The generators of CCAN differ from (2.2) in case of level N Dilatation D(N) and spatial

part of SCT K
(N)
i .

D(N) =

(
2

N
t∂t + xi∂i

)
, K

(N)
j = 2xj

(
2

N
t∂t + xi∂i

)
− (xixi)∂j . (2.10)

It is natural to ask how the algebras of CCAN differ from each other for different N ,

or in particular from the case of N = 2. To this end, we first note that the subalgebra

{Jij , Pi, D(N),K
(N)
i } is actually same for all N and is isomorphic to so(d+1). However the

action of so(d+ 1) on A is different from (2.5) and has explicit dependence on N , therefore

the concise way to write CCAN would be as so(d + 1) I+N

(⊕
α≥0Aα

)
. Explicitly, for

Mf ∈ Iα the N dependent action is:

[D(N),Mf ] = (α− 2

N
)Mf ,

[K
(N)
i ,Mf ] = Mh̃N

∈ Aα+1, where h̃N =

((
α− 2

N

)
xi − xjxj∂i

)
f. (2.11)

For the purposes of this paper, we will be mainly focused on d = 4. In d = 4, we can rewrite

the generator of infinite dimensional Abelian ideal more explicitly (as in [20], [21]):

Mf = Mm1,m2,m3 = xm1ym2zm3∂t. (2.12)

The explicit form of the algebra becomes

[Px,M
m1,m2,m3 ] = m1M

m1−1,m2,m3 ,

[Jxy,M
m1,m2,m3 ] = m2M

m1+1,m2−1,m3 −m1M
m1−1,m2+1,m3 ,

[D(N),Mm1,m2,m3 ] =

(
m1 +m2 +m3 −

2

N

)
Mm1,m2,m3 ,

[K(N)
x ,Mm1,m2,m3 ] =

(
m1 + 2m2 + 2m3 −

4

N

)
Mm1+1,m2,m3

−m1(Mm1−1,m2+2,m3 +Mm1−1,m2,m3+2). (2.13)

Similar expressions hold for other components of Pi,K
(N)
i and Jij .
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2.3 Representation Theory of CCA

Now, we will review the transformation of different fields under different CCA generators.

Classical fields can be considered to be tensors on the Carrollian manifold and the Carrollian

generators of diffeomorphism act by Lie derivative on them. However here we will look into

fields having different spin and scaling dimensions which will not necessarily be tensors. In

order to understand this point we will describe here the scale-spin representation of infinite

CCA.

Scale- Spin representation In the scale- spin representation, the states are labeled by

their scaling dimension ∆ and spin j in d = 4.

D|Φ〉 = ∆|Φ〉, J2|Φ〉 = j(j + 1)|Φ〉. (2.14)

For d > 4 this representation theory can be generalised. The fields then transform in

irreducible representations of the rotation generating subalgebra so(d − 1) and also have

scaling dimension ∆. Similar to the state operator correspondence in 2d CFT, we postulate

lim
(xi,t)→(0,0)

Φ(xi, t)|0〉 = |Φ〉. (2.15)

The generators are promoted to operators and the brackets become commutators:

[D,Φ(0, 0)] = ∆Φ(0, 0), [J2,Φ(0, 0)] = j(j + 1)Φ(0, 0). (2.16)

Also,

[H,Φ(t, x)] = ∂tΦ(t, x), [Pi,Φ(t, x)] = ∂iΦ(t, x). (2.17)

Following [20], the Conformal Carrollian primaries are defined as

[Ki,Φ(0, 0)] = 0, [K,Φ(0, 0)] = 0, [Mf ,Φ(0, 0)] = 0 for the degree of polynomial α > 1.

(2.18)

As the primaries are not eigenstates of Carrollian boosts Bi, we employ Jacobi identity

to write the action of boosts on the primaries following [20]. Then the most general

transformation under boost becomes [21]

[Bk,Φ(0, 0)] = qΦk + q′Φδik. (2.19)

Here, {Φ,Φk} are primaries of different spins (0, 1) and {q, q′} are some constants to be

determined from the input from dynamics.

Thus we are ready to write the transformation of spin 0 and spin 1 primaries under

different Conformal Carrollian generators. To write down the expression for the transfor-

mations of a generic field Φ, we use the relation

δεΦ(t, x) = [εQ,Φ(t, x)], (2.20)

where Q denotes the generators of the infinitesimal symmetry transformations and ε is the

symmetry parameter.
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For scalars (ϕ):

Rotation: δωφ(t, x) = ωij(xi∂j − xj∂i)φ(t, x),

Boost: δBφ(t, x) = bj(xj∂tφ(t, x) + rφj(t, x)),

Translation: δpφ(t, x) = pj∂jφ(t, x),

Dilatation: δ∆φ(t, x) = (∆ + t∂t + xi∂i)φ(t, x),

SCT: δkφ(t, x) = kj
[
(2∆xj + 2xjt∂t + 2xixj∂i − xixi∂j)φ(t, x) + 2trφj(t, x)

]
Supertranslation: δMf

φ(t, x) = f(x)∂tφ(t, x) + rφj(t, x)∂jf(x). (2.21)

For gauge fields (B,Ai):

Rotation: δωB(t, x) = ωij(xi∂j − xj∂i)B(t, x),

δωAl(t, x) = ωij
[
(xi∂j − xj∂i)Al(t, x) + q′δl[iAj]

]
,

Boost: δBB(t, x) = bj [xj∂tB(t, x) + qAj(t, x)],

δBAl(t, x) = bj [xj∂tAl(t, x) + q′δljB(t, x)],

Translation: δpB(t, x) = pj∂jB(t, x),

δpAl(t, x) = pj∂jAl(t, x),

Dilatation: δ∆B(t, x) = (∆′ + t∂t + xi∂i)B(t, x),

δ∆Al(t, x) = (∆′ + t∂t + xi∂i)Al(t, x),

SCT: δkB(t, x) = kj
[
(2∆′xj + 2xjt∂t + 2xixj∂i − xixi∂j)B(t, x) + 2tqAj(t, x)

]
,

δkAl(t, x) = kj
[
(2∆′xj + 2xjt∂t + 2xixj∂i − xixi∂j)

]
Al(t, x)

+2klxjAj(t, x)− 2kixlAi(t, x) + 2tq′klB(t, x),

ST: δMf
B(t, x) = f(x)∂tB(t, x) + qAi(t, x)∂if(x),

δMf
Al(t, x) = f(x)∂tAl(t, x) + q′B(t, x)∂lf(x). (2.22)

For fields of higher spin, the action of the generators can be similarly constructed. Since

in this paper, we will only be interested in fields of spins 0 and 1, we don’t explicitly write

the general case down. Another point to note in the above is that we have chosen the

dilatation eigenvalue of Ai and B to be the same. This is because we anticipate both the

fields as coming from a relativistic vector which would have a single dilatation eigenvalue.

This, in a purely non-relativistic set-up, is not a strict requirement, but as the theories

that we consider arise in the Carrollian limit of Lorentzian theories, we will stick to this

assumption.

Representation theory for generalised level N:

Now, we will discuss the difference in the representation theory for a generalised level-N of

CCAN . The action of the level-N Dilatation (2.15) and the conditions for the Conformal

Carrollian primaries get modified to

[D(N),Φ(0, 0)] = ∆Φ(0, 0), [K
(N)
i ,Φ(0, 0)] = 0. (2.23)
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Subsequently,

U−1D(N)U = D(N) +
2

N
tH + xiPi,

U−1K
(N)
j U = K

(N)
j +

4

N
tBj + 2D(N)xj + 2xkJjk +

4

N
txjH + 2xjxiPi − xixiPj .

Using the above we can find the action of the generators on fields of different spin.

For scalars (ϕ):

δ
(N)
∆ φ(t, x) = (∆ +

2

N
t∂t + xi∂i)φ(t, x),

δ
(N)
k φ(t, x) = k

(N)
j

[
(2∆xj +

4

N
xjt∂t + 2xixj∂i − xixi∂j)φ(t, x)

+
4

N
trφj(t, x)

]
. (2.24)

For gauge fields (B,Ai):

δ
(N)
∆ B(t, x) = (∆′ +

2

N
t∂t + xi∂i)B(t, x),

δ
(N)
∆ Al(t, x) = (∆′ +

2

N
t∂t + xi∂i)Al(t, x),

δ
(N)
k B(t, x) = k

(N)
j

[
(2∆′xj +

4

N
xjt∂t + 2xixj∂i − xixi∂j)B(t, x) +

4

N
tqAj(t, x)

]
,

δ
(N)
k Al(t, x) = k

(N)
j

[
(2∆′xj +

4

N
xjt∂t + 2xixj∂i − xixi∂j)

]
Al(t, x)

+2klxjAj(t, x)− 2kixlAi(t, x) +
4

N
tq′klB(t, x). (2.25)

3 Interacting Carrollian Field Theory

As advertised in the introduction, we shall be concerned with field theories that live on null

surfaces and these are Conformal Carrollian field theories. We wish to build prototypical

models of such field theories. In previous works [20, 21, 23], Carrollian electrodynamics and

Carrollian Yang-Mills theories have been constructed at the level of equations of motion.

(See also [27] for earlier work on Carrollian electrodynamics.) In [21], Carrollian scalar

and fermionic field theories, as well as (massless) matter fields coupled to Carrollian gauge

theories were addressed. We wish to now build towards an action formulation of an inter-

acting Carrollian field theory. The specific example we have in mind is Carrollian scalar

electrodynamics. We will be inspired by previous construction of an action for Carrollian

electrodynamics [23].

3.1 Carrollian electrodynamics: a quick recap

We begin with a brief recapitulation of the the simplest Carrollian gauge theory, Carrollian

electrodynamics. The Carrollian theory of electrodynamics can be classified into two sectors
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based on the scaling of the gauge field components (B,Ai). Here, B is the temporal

part of the gauge field, and Ai is the spatial part. These two sectors are known as the

Electric and Magnetic sector. In the Magnetic sector, as the name suggests, magnetic field

dominates over electric field and the gauge fields scale in a particular way: B → εB, Ai →
Ai, ε → 0, while in the other sector, electric field dominates over magnetic field and the

corresponding scaling is B → B, εAi → Ai, ε→ 0. The equations of motion for Carrollian

Electrodynamics are

Electric Sector: ∂i∂iB − ∂i∂tAi = 0, ∂t∂iB − ∂t∂tAi = 0, (3.1a)

Magnetic Sector: ∂i∂tAi = 0, ∂t∂tAi = 0. (3.1b)

The above formalism can be extended for its counterpart containing massless matter fields,

viz. Carrollian electrodynamics with scalars and fermions. In the field theories with mass-

less matter, we need to scale the scalar and fermion fields accordingly. In [21], it was shown

that each of these two theories could have Electric and Magnetic sectors within them. Each

of the Electric and Magnetic sectors is further divided into more subsectors. The origin of

the diverse subsectors lies within different possibilities of the scaling of constituent matter

fields. In this paper, we are primarily interested in the Electric sector of Carrollian scalar

electrodynamics. We will also briefly discuss the Magnetic sector.

3.2 Carrollian scalar electrodynamics

We aim to realise Carrollian scalar electrodynamics as a limit of its parent relativistic

theory. We begin our analysis writing the Lagrangian density of relativistic electrodynamics

coupled to massless scalar field.

L = −1

4
FµνFµν + (Dµφ)†(Dµφ). (3.2)

Here, the field strength Fµν is defined as Fµν = ∂µAν − ∂νAµ. The gauge field Aµ and the

massless scalar field φ are charged under U(1) gauge group. The gauge transformations

are given as,

Aµ(x)→ Aµ(x) + ∂µα(x), φ(x)→ e−iα(x)φ(x). (3.3)

Here, α is the gauge transformation parameter. The gauge covariant derivative is Dµ =

∂µ+ ieAµ and e is the coupling parameter. The relativistic equations of motion of massless

scalar field φ and gauge field Aµ are given as,

DµD
µφ = 0, (3.4a)

∂µF
µν − ie[φ†(Dνφ)− φ(Dνφ)†] = 0. (3.4b)

Our objective is to look into the Carrollian version of the above theory.

3.2.1 Electric sector

We reach the Electric sector of Carrollian scalar electrodynamics by taking the following

scaling on complex scalar field φ (also its conjugate φ?) and the coupling parameter along

with the scaling on the gauge fields:

φ→ εφ, φ? → εφ?, e→ e

ε
, B → B, Ai → εAi. (3.5)
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We should point out that here unlike our previous construction of Carrollian scalar elec-

trodynamics in [21], the electric charge also gets scaled. This will be important when we

are looking to construct an action formulation later.

Plugging the usual spacetime scaling for the Carrollian theories xi → xi, t→ εt, ε→ 0

and the field scalings (3.10) into the relativistic equations (3.4) we recast the equations of

motion for the Electric sector of Carrollian scalar electrodynamics as

∂t∂tAi − ∂t∂iB = 0, (3.6a)

∂i(∂tAi − ∂iB)− ie (φD?
t φ

? − φ?Dtφ) = 0, (3.6b)

∂t∂tφ− e2B2φ+ 2ieB∂tφ+ ie(∂tB)φ ≡ DtDtφ = 0. (3.6c)

The gauge covariant derivative is Dt = ∂t + ieB and its conjugate is D?
t = ∂t − ieB.

3.2.2 Symmetries of the electric sector

Now we will check the symmetries of the above equations of motion. We want to see if

the theory posses finite Conformal Carrollian symmetries. Then we will investigate if there

can be an infinite enhancement of these symmetries. The check of these symmetries in the

present section is at the level of equations of motion.

Following [20], the symmetries of a generic equation D◦Φ(t, x) = J under a symmetry

group G is realised in the following way:

δε (D ◦ Φ(t, x)) = D ◦ δεΦ(t, x) = D ◦ [εαQα,Φ(t, x)] = 0. (3.7)

Here the differential operator D acts on a field Φ(t, x) of arbitrary spin and J is a source

term in the equation of motion. The associated algebra of the symmetry group G has

generators Qα, and εα is an infinitesimal parameter associated with the particular trans-

formation. The appearance of zero on the RHS of (3.7) confirms the symmetry of the

equation of motion under the particular transformation.

We implement the above method for checking the symmetries of equations (3.6). Under

finite Carrollian transformations,

δD[(3.6a)] = 0, δKj [(3.6a)] = 0,

δD[(3.6b)] = ie{(∆′ −∆)− (∆− 1)} (φ(∂tφ
?)− φ?(∂tφ)) + 4(∆− 1)Bφ?φ,

δKj [(3.6b)] = 2(∆′ − 1)
[
∂i(∂iB − ∂tAi) + 2∂iB − ∂tAi

]
− 4(∆− 1)

[
ie(φ∂tφ

? − φ?∂tφ)

− 2e2Bφ?φ
]
− 2ier

[
(φ∂tφ

?
j − φ?∂tφj) + t(φ∂tφ

?
j + φj∂tφ

? − φ?∂tφj − φ?j∂tφ)
]
,

δD[(3.6c)] = (∆′ − 1)
[
ieB∂tφ+ ie∂t(Bφ)− 2e2B2φ

]
,

δKj [(3.6c)] = 2xj

[
{(∆′ − 1) + (∆− 1)}ie∂t(Bφ)− 2(∆′ − 1)e2B2φ+ (∆′ − 1)ieB∂tφ

]
.

(3.8)
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The dilatation eigenvalues of the fields (φ,B,Ai) are all ∆ = ∆′ = d−2
2 = 1 2. Also, the

boost labels of the scalar and gauge fields are r = 0, q = 0, q′ = 1. Hence, the RHS of the

above equations vanish indicating that the equations are invariant under finite Conformal

Carrollian symmetries in d = 4. Under infinite Carrollian transformations,

δM [∂t(∂tAi − ∂iB)] = 0, δM [DtDtφ] = 0, δM [(3.6b)] = 0. (3.9)

Here also, the RHS vanishes as r = 0, q = 0, q′ = 1. Hence, the theory possess finite and

infinite Conformal Carrollian Symmetry at d = 4, at the level of equations and motion.

3.2.3 Magnetic sector

The magnetic sector of scalar electrodynamics involves the scaling of the scalar and gauge

field in the following manner:

φ→ εφ, φ? → εφ?, e→ e

ε
, B → εB, Ai → Ai, ε→ 0. (3.10)

The scaling of the fields along with the ultra-relativistic spacetime scaling reduce the rel-

ativistic equations (3.10) to

∂t∂tAi = 0, ∂i∂tAi = 0, ∂t∂tφ+ e2A2
iφ = 0. (3.11)

These are the equations of motion for the magnetic sector of Carrollian Scalar electro-

dynamics. Using methods described for the electric sector, it can be shown that these

magnetic sector equations are also invariant under the infinite set of Conformal Carrollian

generators.

4 Towards an action formulation

Our main focus has been the study of symmetry properties of Carrollian scalar electrody-

namics. Recent works [20, 21, 27], various aspects of Carrollian field theories, including

symmetry properties, have been studied at the level of equations of motion. The issue of

symmetries and ultimately the question of quantum upliftment of these symmetries via

Ward identities is most efficiently handled if we have an action describing the local field

theory and the symmetry generators in question act point-wise on the fields, following the

standard Noether procedure. In order to proceed in this direction, in this section we pass

our equations of motion of Carrollian scalar electrodynamics for symmetries and for other

dynamical structures (3.6a) and (3.11) through a couple of stringent checks as follows.

2The Carrollian scaling dimension is obtained from the relativistic scaling dimension by taking UR

scaling on the relativistic dilatation generator [20].

Drel = xi∂t + t∂i + ∆rel UR limit−−−−−→ xi∂t + t∂i + ∆rel.

Hence, the form of the dilatation generator does not change after taking the limit. It suggests, the scaling

dimension also remains unchanged ∆rel = d−2
2

= ∆(Carrollian).
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4.1 Strong invariance

In this section, we adopt a recent formulation of strong invariance of equations of motion

following [25]. For systems which at best are described by equations of motion of the form

E(Φ, ∂Φ) = 0, the first step towards building of an action formulation would be the check

of the validity of the on-shell condition:

δ?E(Φ, ∂Φ) ≈ 0 (4.1)

for a symmetry generator δ?. But, this is a rather weak condition as has been exemplified

recently in [25]. In fact, a subset of these weak symmetries of equations of motion might

not qualify as symmetries of action, had there been one. One then resorts to a stronger

condition. In principle, the data of equations of motion is sufficient to check this strong

condition of invariance. In order to understand this, one starts by designating the equation

of motion ‘conjugate’ 3 to a degree of freedom ΦI as Φ̆I = 0 by variational principle. In

terms of Φ̆, the condition [25] for a transformation to be a strong invariance of the theory

is:

δ?Φ̆
K = −δ(δ?ΦI)

δΦK
Φ̆I . (4.2)

This evidently is a stronger statement than (4.1) δ?Φ̆
K ≈ 0.

Symmetries having the property of being strong invariance are of major interest in light

of recent developments in classical integrability [24, 25] in a couple of classical supersym-

metric field theories. An infinite dimensional Yangian algebra describing these otherwise

‘hidden’ non-local (and hence non-Noetherian symmetries) symmetries is responsible for

integrable structure in the systems in concern. In this program of establishing Yangnian

invariance, only those locally acting generators which are strong invariance for equations

of motion are regarded as the ‘level-zero’ generators.

We do not venture into unravelling an infinite class of hidden symmetries for Carrollian

field theories of our interest. However, we would like to see whether Carrollian scalar

electrodynamics theory checked above for weak Carrollain conformal invariance (3.8), (3.9)

pass through the dynamically non-trivial and more stringent check of strong invariance as

well. We will start off with a well understood Lorentz invariant theory which possesses an

action formulation as a warm-up exercise.

4.1.1 A warm-up exercise

Before going to the theory of our interest, let us demonstrate the idea invariance through

a straightforward example of a free theory. For that, we will consider a relativistic real

massless scalar field ϕ(x) in d-dimensional spacetime. The Lagrangian density is given by

L = −1

2
∂µϕ(x)∂µϕ(x), (4.3)

3In case the theory has an action S[Φ, ∂Φ], the notion of conjugacy is understood via the variation on

the space of dynamical variables δS[Φ, ∂Φ] = Φ̆ δΦ which of course results in the equation of motion Φ̆ = 0.
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and the equation of motion is

ϕ̆ := ∂µ∂µϕ(x) = 0. (4.4)

We wish to examine the weak and strong invariance of (4.4) under Poincare transforma-

tions. The action of Poincare generators on ϕ is given by

δPσϕ = ∂σϕ, δLρσϕ = (xρ∂σ − xσ∂ρ)ϕ. (4.5)

For this theory, ZI = ZK = ϕ. Therefore, the weak condition becomes

δ?ϕ̆ ≈ 0 where ? = Pσ, Lρσ. (4.6)

Under the action of translation on (4.6) becomes,

δPσ ϕ̆ = ∂µ∂µ(∂σϕ) = ∂σ(∂µ∂µϕ) = ∂σϕ̆ ≈ 0. (4.7)

Similarly, under the action of Lorentz transformations, the weak condition is given by

δLρσ ϕ̆ = ∂µ∂µ(xρ∂σϕ− xσ∂ρϕ) = (xρ∂σ − xσ∂ρ)∂µ∂µϕ ≈ 0. (4.8)

We see that (4.4) is weakly invariant under Poincare transformations (4.5). Next step will

be to check whether (4.4) satisfy strong condition or not. Under translation Pσ, the LHS

of (4.2) is given by

δPσ ϕ̆(y) = ∂µ∂µ(∂σϕ(y)) = ∂σ(∂µ∂µϕ(y)) = ∂σϕ̆(y). (4.9)

The RHS of (4.2) is given by

−
∫
ddx

δ(δPσϕ(x))

δϕ(y)
ϕ̆(x) =

∫
ddx

δϕ(x)

δϕ(y)
∂σ(∂µ∂µϕ(x)) = ∂σ(∂µ∂µϕ(y)). (4.10)

We see that LHS = RHS is satisfied. Here, in LHS, ∂σ = ∂
∂yσ whereas in RHS, we start by

taking ∂σ = ∂
∂xσ in the integral and the final result becomes dependent on the coordinate

yσ. Under Lorentz transformation, (4.2) becomes

LHS: δLρσ ϕ̆(y) = ∂µ∂µ[(yρ∂σ − yσ∂ρ)ϕ(y)] = (yρ∂σ − yσ∂ρ)∂µ∂µϕ(y).

RHS: −
∫
ddx

δ(δLρσϕ(x))

δϕ(y)
ϕ̆(x) =

∫
ddx

δϕ(x)

δϕ(y)
[(xρ∂σ − xσ∂ρ)∂µ∂µϕ(x)]

= (yρ∂σ − yσ∂ρ)∂µ∂µϕ(y). (4.11)

The equation (4.4) is strongly invariant under Poincare transformations. Let us also check

the strong invariance under scale transformation (D). The action of dilatation on scalar

field ϕ is given by

δDϕ = (xτ∂τ + ∆̃)ϕ, (4.12)

where ∆̃ = d−2
2 is the scaling dimension of field ϕ. Under D, we have

LHS: δDϕ̆(y) = ∂µ∂µ[(yτ∂τ + ∆)ϕ(y)] = (yτ∂τ + ∆̃ + 2)∂µ∂µϕ(y).

RHS: −
∫
ddx

δ(δDϕ(x))

δϕ(y)
ϕ̆(x) =

∫
ddx

δϕ(x)

δϕ(y)
[(xτ∂τ + d− ∆̃)∂µ∂µϕ(x)]

= (yτ∂τ + ∆̃ + 2)∂µ∂µϕ(y). (4.13)

We see that (4.4) is strongly invariant under scale transformation.
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4.1.2 Carrollian Electrodynamics

We have explained the importance of having strong invariance in a field theory and its

connection to Yangian symmetry. We have also explicitly looked for strong invariance in a

relativistic scalar field theory which serves as an example for what we will be doing next.

We will now move to the electric sector of Carrollian Electrodynamics and see the strong

invariance under Carrollian symmetry.

Strong invariance of Electric sector

The equations in Electric limit can be written down as

Ăi = ∂t∂tAi − ∂t∂iB = 0, (4.14a)

B̆ = ∂i∂iB − ∂i∂tAi = 0. (4.14b)

To see the strong invariance of (4.14), we will use the representation of Carrollian algebra

where we define the action of Carrollian generators on gauge fields B,Ai given in (2.22).

This representation is determine by the set of values (∆,Σ, q, q′). For this sector, the values

are given as

∆ = 1, q = 0, q′ = 1. (4.15)

The expression for strong invariance (4.2) for this case becomes

δ?B̆(t, x) = −
∫
dd−1y dt′

[δ(δ?Ai(t′, y))

δB(t, x)
Ăi(t

′, y) +
δ(δ?B(t′, y))

δB(t, x)
B̆(t′, y)

]
, (4.16a)

δ?Ăi(t, x) = −
∫
dd−1y dt′

[δ(δ?Aj(t′, y))

δAi(t, x)
Ăj(t

′, y) +
δ(δ?B(t′, y))

δAi(t, x)
B̆(t′, y)

]
.(4.16b)

Under Carrollian generators (Bl, D,K,Kl), the left hand side of (4.16b) for (4.14a) becomes

δBlĂi = xl∂tĂi, δKĂi = x2∂tĂi,

δDĂi = [t∂t + xl∂l + (∆ + 2)]Ăi,

δKlĂi = (2xlt∂t + 2xlxk∂k − x2∂l + 2∆xl + 4xl)Ăi

+(2− 2∆)δli∂tB + 2xkδliĂk − 2xiĂl. (4.17)

Similarly, the right hand side of (4.16b) for (4.14a) becomes

δBlĂi = xl∂tĂi, δKĂi = x2∂tĂi,

δDĂi = [t∂t + xl∂l + (1−∆ + δll)]Ăi, (4.18)

δKlĂi = (2xlt∂t + 2xlxk∂k − x2∂l − 2∆xl + 2xl + 2xlδkk)Ăi + 2xkδliĂk − 2xiĂl.

We will now move to the strong invariance of (4.14b). Under ultra-relativistic generators,

the left hand side of (4.16a) for (4.14b) becomes

δBlB̆ = xl∂tB̆ − Ăl, δKB̆ = x2∂tB̆ − 2xiĂi,

δDB̆ = [t∂t + xl∂l + (∆ + 2)]B̆,

δKlB̆ = (2xlt∂t + 2xlxk∂k − x2∂l + 2∆xl + 4xl)B̆

−2tĂl + (4∆ + 2− 2δii)∂lB − (2∆ + 4− 2δii)∂tAl. (4.19)
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Similarly, the right hand side of (4.16a) for (4.14b) becomes

δBlB̆ = xl∂tB̆ − Ăl, δKB̆ = x2∂tB̆ − 2xiĂi,

δDB̆ = [t∂t + xl∂l + (1−∆ + δll)]B̆,

δKlB̆ = (2xlt∂t + 2xlxk∂k − x2∂l − 2∆xl + 2xl + 2xlδkk)B̆ − 2tĂl. (4.20)

From above analysis, we conclude that the equations (4.14) are strongly invariant under

Carrollian generators in d = 4 dimensions.

Apart from these finite generators, the infinite Carroll ‘super-translations’ parameter-

ized by arbitrary space dependent functions f(x) also satisfy the strong invariance condi-

tions. For example, we have:

δMf
B̆ = ∂2(f Ḃ)− ∂i∂t

(
fȦi +B∂if

)
(4.21)

On the other hand, explicit calculations involving the transformations rules (4.16a) give

the following

−
∫
dd−1y dt′

[δ(δMf
Ai(t

′, y))

δB(t, x)
Ăi(t

′, y) +
δ(δMf

B(t′, y))

δB(t, x)
B̆(t′, y)

]
= −∂if∂t

(
Ȧi − ∂iB

)
+ f∂i∂t

(
∂iB − Ȧi

)
. (4.22)

Comparing (4.21) and (4.22) off-shell and repeating the same exercise for δMf
Ăi, we con-

clude presence of strong invariance in Mf generators.

Strong invariance of Magnetic sector

After checking the strong invariance of the Electric sector for Carrollian electrodynamics,

we move our attention to the magnetic one. We will see in the analysis that the Magnetic

sector does not have strong invariance under the Carrollian generators. This statement is

important as it also hints towards the lack of action formalism for this particular sector.

We will postpone this discussion for the later part of the paper. The equations of motion

for the magnetic sector is given by,

B̆ = ∂i∂tAi = 0, (4.23a)

Ăj = ∂t∂tAj = 0. (4.23b)

The values of the constants for this sector are given by

∆ = 1, q = 1, q′ = 0. (4.24)

We consider the first equation (4.23a). We plug in the action of Carrollian generators on

the fields B,Aj into equations (4.16a) and (4.16b). We also use the values of the constants

(4.24). Here, we explicitly show the case for dilation, boost and infinite dimensional gen-

erators. It can also be seen for the other generators. For the first equation, the LHS of

(4.16a) becomes

δBlB̆ = xl∂tB̆ + Ăl, δDB̆ = [t∂t + xl∂l + (∆ + 2)]B̆, δMf
B̆ = f∂tB̆ + (∂if)Ăi. (4.25)
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While, the RHS of (4.23a) becomes

δBlB̆ = xl∂tB̆, δDB̆ = [t∂t + xl∂l + (4−∆)]B̆, δMf
B̆ = f∂tB̆. (4.26)

Similarly, for the second equation (4.23b), the LHS of (4.16b) takes the following form,

δBlĂj = xl∂tĂj , δDĂj = [t∂t + xl∂l + (∆ + 2)]Ăj , δMf
Ăj = f∂tĂj . (4.27)

The RHS of (4.16b) gives,

δBlĂj = xl∂tĂj − δljB̆, δDĂj = [t∂t + xl∂l + (4−∆)]Ăj , δMf
Ăj = f∂tĂj − (∂if)B̆.

The LHS and the RHS match for neither of the equations in (4.23) Hence, from the above

analysis it is clear that the Magnetic sector of Carrollian electrodynamics does not have

strong invariance under Carrollian generators.

4.1.3 Carrollian scalar electrodynamics

We will look at the strong invariance under Carrollian generators for equations of motion

of Electric limit. The equations in Electric limit can be written down as

Ăi = ∂t∂tAi − ∂t∂iB = 0, (4.28a)

B̆ = ∂i∂iB − ∂i∂tAi + ie[(φ∂tφ
∗ − φ∗∂tφ)− 2ieBφφ∗] = 0, (4.28b)

φ̆∗ = ∂t∂tφ+ ie(∂tB)φ+ 2ieB(∂tφ)− e2B2φ = 0. (4.28c)

To get the strong invariance for (4.28) we will use the action of Carrollian generators

on gauge fields (2.22) and φ (2.21). The set of values of the constants appearing in the

representation theory are taken as

∆′ = 1, q = 0, q′ = 1,∆ = 1, r = 0. (4.29)

We took ∆′ for the gauge fields and ∆ for the scalar field. The expression (4.2) for this

theory becomes

δ?Z̆K(t, x) = −
∫
d3y

δ(δ?Z
I(t, y))

δZK(t, x)
Z̆I(t, y). (4.30)

Here, Z(t, x) = Ai, B, φ
∗, φ. Under the Carrollian conformal generators, the left hand side

of (4.30) for (4.28a) becomes

δBlĂi = xl∂tĂi, δKĂi = x2∂tĂi,

δDĂi = [t∂t + xl∂l + (∆′ + 2)]Ăi,

δKlĂi = (2xlt∂t + 2xlxk∂k − x2∂l + 2∆′xl + 4xl)Ăi

+(2− 2∆′)δli∂tB + 2xkδliĂk − 2xiĂl,

δMf
Ăi = f∂tĂi. (4.31)
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Similarly, the RHS of (4.30) for (4.28a) becomes

δBlĂi = xl∂tĂi, δKĂi = x2∂tĂi,

δDĂi = [t∂t + xl∂l + (1−∆′ + δll)]Ăi,

δKlĂi = (2xlt∂t + 2xlxk∂k − x2∂l − 2∆′xl + 2xl + 2xlδkk)Ăi + 2xkδliĂk − 2xiĂl,

δMf
Ăi = f∂tĂi. (4.32)

We will now move to the strong invariance of (4.28b). Under (Bl, D,K,Kl), LHS of (4.30)

for (4.28b) becomes

δBlB̆ = xl∂tB̆ − Ăl, δKB̆ = x2∂tB̆ − 2xiĂi,

δDB̆ = [t∂t + xl∂l + (∆′ + 2)]B̆ + (2∆−∆′ − 1)[ie(φ∂tφ
∗ − φ∗∂tφ)]

+(2∆− 2)[2e2Bφφ∗],

δKlB̆ = (2xlt∂t + 2xlxk∂k − x2∂l + 2∆′xl + 4xl)B̆

−2tĂl + (4∆′ + 2− 2δii)∂lB − (2∆′ + 4− 2δii)∂tAl

+(4∆xl − 2∆′xl − 2xl)[ie(φ∂tφ
∗ − φ∗∂tφ)] + (4∆− 4)xl[2e

2Bφφ∗],

δMf
B̆ = f∂tB̆ − Ăi∂if. (4.33)

Similarly, the right hand side of (4.30) for (4.28b) becomes

δBlB̆ = xl∂tB̆ − Ăl, K.B̆ = x2∂tB̆ − 2xiĂi,

δDB̆ = [t∂t + xl∂l + (1−∆′ + δll)]B̆,

δKlB̆ = (2xlt∂t + 2xlxk∂k − x2∂l − 2∆′xl + 2xl + 2xlδkk)B̆ − 2tĂl

δMf
B̆ = f∂tB̆ − Ăi∂if. (4.34)

Finally, we will show the strong invariance of (4.28c) under Carrollian symmetry. The left

hand side of (4.30) for (4.28c) becomes

δBl φ̆
∗ = xl∂tφ̆

∗, K.φ̆∗ = x2∂tφ̆
∗,

δDφ̆
∗ = [t∂t + xl∂l + (∆ + 2)]φ̆∗ + (∆′ − 1)[ie(∂tB)φ+ 2ieB(∂tφ)− 2e2B2φ],

δKl φ̆
∗ = (2xlt∂t + 2xlxk∂k − x2∂l + 2∆xl + 4xl)φ̆

∗

+(2∆′ − 2)xl[ie(∂tB)φ+ 2ieB(∂tφ)− 2e2B2φ],

δMf
φ̆? = f∂tφ̆?. (4.35)

On similar note, the right hand side of (4.30) for (4.28c) becomes

δBl φ̆
∗ = xl∂tφ̆

∗, K.φ̆∗ = x2∂tφ̆
∗,

δDφ̆
∗ = [t∂t + xl∂l + (1−∆ + δll)]φ̆

∗,

δKl φ̆
∗ = (2xlt∂t + 2xlxk∂k − x2∂l − 2∆xl + 2xl + 2xlδkk)φ̆

∗,

δMf
φ̆? = f∂tφ̆?. (4.36)

The equations (4.28) are strongly invariant under Carrollian generators in d = 4 dimensions.

Of course, since the EOM of the magnetic sector of Carrollian electrodynamics are not

strongly invariant under the conformal Carrollian generators, the EOM with the inclusion

of scalar would also not be invariant. We hence don’t venture into the magnetic sector.
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4.2 Helmholtz conditions for Carrollian Scalar ED

We have shown above that the Electric sector of Carrollian Scalar Electrodynamics enjoys

strong invariance under infinite Carrollian Conformal generators in d = 4. This is a strong

hint towards the existence of an action formulation. In this sub-section, we provide further

evidence for the existence of such a formulation. We will check if indeed the equations of

motion in question can come as Euler Lagrange equation of an action.

The necessary and sufficient conditions to determine the “inverse” problem of calculus of

variation is given by the Helmholtz conditions [28–30]. In [26], the Helmholtz conditions

were used for determining uniquely an action for the equations of motion of the magnetic

sector of Galilean electrodynamics and violated for the corresponding magnetic sector.

Here, we aim to check the Helmholtz condition for the electric sector of Carrollian scalar

electrodynamics. For this, we write down the equations of motion for the Electric sector

of Carrollian scalar electrodynamics in a slighly modified notation following [26].

T0 = B̆ = ∂i∂iB − ∂i∂tAi + ie [(φ∂tφ
? − φ?∂tφ)− 2ieBφ?φ] , (4.37a)

Ti = Ăi = ∂t∂tAi − ∂t∂iB, (4.37b)

Tφ? = φ̆? = −∂t∂tφ− ie(∂tB)φ− 2ieB(∂t)φ+ e2B2φ. (4.37c)

The Helmholtz conditions for a set of equations TA involving fields and their derivatives

uA, (uA)ab (assuming there are at most second order derivatives) are:

∂TA
(∂uB)ab

=
∂TB

(∂uA)ab
(4.38a)

∂TA
(∂uB)a

+
∂TB

(∂uA)a
= 2∂b

∂TB
(∂uA)ab

(4.38b)

∂TA
∂uB

=
∂TB
∂uA

− ∂a
∂TB

(∂uA)a
+ ∂a∂b

∂TB
(∂uA)ab

(4.38c)

Here, the fields are described by uA. Hence, the indices A,B can take the values 0, i or

φ? corresponding to each of the fields present in the theory B,Ai, φ. The variation of

the equations of motion TA are w.r.t the fields uA or their first and second derivatives

(uA)a and (uA)ab respectively. The EOM of the electric sector of conformal Carrollian

scalar electrodynamics that we have been interested in (4.37) indeed do satisfy the above

Helmholtz conditions. In the appendix A, we give the details of this computation.

Let us reemphasise an important point here. We chose to scale the electric charge in our

formulation of Carrollian scalar ED (see (3.10)) as opposed to our earlier construction in

[21]. As mentioned earlier, this was to facilitate the formulation of an action principle. One

can check that the equations of motion of our previous formulation of Carrollian scalar ED

does not satisfy the Helmholz conditions and hence cannot arise from an action without

the inclusion of additional fields. We discuss this in detail in appendix B.

5 Action for Carrollian scalar electrodynamics

We discussed the concept of strong invariance in general. We have also seen that the

field theories such as Carrollian electrodynamics and Carrollian scalar electrodynamics
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possess strong invariance. The strong invariance suggests that the Carrollian symmetries

are present at the level of action for these theories. Our analysis of Helmholz conditions

further reinforced this idea. In this section, we propose an action for the electric sector

of Carrollian scalar electrodynamics. This will be the very first example of an action of

an interacting field theory which respects Conformal Carrollian invariance in d = 4. The

equations of motion (3.6) will follow from the proposed action.

5.1 The proposed action

Our proposal for the Lagrangian for the electric sector of conformal Carrollian scalar elec-

trodynamics in d dimensions is

L =

∫
Σ

(
1

2

[
(∂iB)2 + Ȧ2

i − 2Ḃ ∂ ·A
]
− (D?

t φ
?)(Dtφ)

)
dd−1x. (5.1)

Here we have used the following convention

Dtφ = φ̇+ ieBφ, D?
t φ

? = φ̇?− ieBφ?, Ḃ = ∂tB, Ȧi = ∂tAi, φ̇ = ∂tφ, ∂ ·A = ∂iAi. (5.2)

The spatial slice Σ has a topology IRd−1 with t = constant. The metric on Σ is δij . The

action is given by S =
∫
dtL. Varying the action we get

∂t(∂tAi − ∂iB) = 0, DtDtφ = 0, D?
tD

?
t φ

? = 0, (5.3a)

∂i(∂tAi − ∂iB)− ie (φD?
t φ

? − φ?Dtφ) = 0. (5.3b)

The equations of motion are the same as those obtained from the limiting approach (3.6).

We have assumed that at the boundary ∂Σ, the variation of the fields are zero. Alterna-

tively,

∂iBδB|∂Σ = 0, ḂδAi|∂Σ = 0. (5.4)

5.2 Symmetries of the action

Now, we will analyse the symmetries of the action. In a general relativistic set up, consider

an infinitesimal transformation on a generic field φ(xµ), such that

φ(xµ)→ φ(xµ) + αδφ(xµ). (5.5)

Here, α is the parameter of infinitesimal transformation. The Lagrangian L is written

in terms of the spatial integral of Lagrangian density L. The corresponding action in d

dimensions (µ = 0, 1, . . . d− 1) is

S =

∫
dtL =

∫
dt dd−1xL (φ, ∂µφ). (5.6)

This infinitesimal transformation (5.5) is called a symmetry if it leaves the equation of

motion invariant. Alternatively, it means that the action remains invariant. Hence, the

Lagrangian L is allowed to differ at-most by a total derivative term under the transforma-

tion of the field in (5.5).

– 20 –



As an example, consider the relativistic scalar field Lagrangian density L = |∂µφ|2 −
m2|φ2| and the infinitesimal spacetime translation xµ → xµ + αµ. The parameter of

infinitesimal translation is α. The relativistic scalar field φ transforms under translation

as, δφ(x) = αµ∂µφ(x). The Lagrangian density transforms as,

L → L+ δL, where, δL = αµ∂µL. (5.7)

The above equation shows that L transforms as a scalar under translation. It implies that

the scalar field Lagrangian has translational symmetry.

Now, we will employ the similar technique to our case in the Carrollian set up. We

will talk about the symmetries of the action, as described by the Lagrangian (5.1). For

short hand notation we write,

L =

∫
Σ
dd−1x

(
1

2

[
(∂iB)2 + Ȧ2

i − 2Ḃ ∂ ·A
]
− (D?

t φ
?)(Dtφ)

)
.

Varying the Lagrangian we get,

δL =

∫
Σ

1

2

[
2(∂iB)∂i(δB) + 2(∂tAi)∂t(δAi)− 2(∂iAi)∂t(δB)− 2(∂tB)∂i(δAi)

]
−
(

(Dtδφ)?Dtφ+D?
t φ

?Dtδφ+ ie(φD?
t φ

? − φ?Dtφ)δB
)
dd−1x.

(5.8)

We will be using the variations of the fields (φ,B,Ai) with scaling dimensions (∆,∆′)

under different Carrollian generators (2.21), (2.22). We will plug them into (5.8) to check

the symmetries of the Lagrangian. Thus, we obtain the variation of the Lagrangian under

finite and infinite Carrollian generators,

δDL =

∫
Σ
dd−1x

[
∂t

(
1

2

[
(∂iB)2 + Ȧ2

i − 2Ḃ ∂ ·A
]
− (D?

t φ
?)(Dtφ)

)
− 2(∆− 1)(Dtφ

?Dtφ) + (∆′ − 1)
(

2e2B2φ?φ− ieB(φ?∂tφ− φ∂tφ?)

+ (∂iB)2 + (∂tAi)
2 − 2(∂iAi)(∂tB)

)]
, (5.9a)

δKL =

∫
Σ
dd−1x

[
∂t

(
2kj t

(1

2
[(∂iB)2 + Ȧ2

i − 2Ḃ ∂ ·A]− (D?
t φ

?)(Dtφ)
))

+2∂t(k
jAjB) + kj{4(∆′ − 1)xjL − 4(∆′ −∆)((Dtφ)?Dtφ)

−2iexj(∆
′ − 1)(φ?Dtφ− φ(Dtφ)?)− 2(∆′ − 1)Aj∂tB}

]
, (5.9b)

δMf
L =

∫
Σ
dd−1x ∂t

[
(f(x)

(
1

2

[
(∂iB)2 + Ȧ2

i − 2Ḃ ∂ ·A
]
− (D?

t φ
?)(Dtφ)

)]
. (5.9c)

The vanishing of the terms other than the total derivative terms constraint the scaling

dimensions of scalar and gauge field to be ∆ = 1 = ∆′. Hence, the finite and the infinite

Conformal Carrollian symmetries are preserved at the level of action for scalar electrody-

namics in d = 4.

We have thus been able to provide an intrinsic description of Carrollian scalar elec-

trodynamics without recourse to any relativistic theory and any limit. The equations of

motion matches with our limiting construction in Sec 3.1. As emphasised before, (5.1) is the

first example of a Lagrangian of an interacting theory with infinite Conformal Carrollian

symmetry in d = 4.
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6 Conserved charges and charge algebra

In the previous section, we observed that the proposed Lagrangian (5.1) for the interacting

Carrollian theory of scalars and electrodynamics has infinite Conformal Carrollian sym-

metries in d = 4. The Noether theorem states that for every continuous symmetry of the

Lagrangian there exists a conserved current. The charge associated with the current is con-

stant in time. The aim of the current section is to find out the conserved charges associated

with the infinite Conformal Carrollian symmetries. Later, we would like to understand if

the Conformal Carrollian algebra is realised at the level of the charges.

6.1 Conserved charges corresponding to the symmetries

We will use the Noether procedure to find the conserved charges corresponding to the

symmetries of the Lagrangian (5.1). First, let us chalk out a systematic procedure we

would be employing heavily to find out the charges. A generic Lagrangian in d spacetime

dimensions can be written as a function of a field ϕ and its derivatives (∂tϕ, ∂iϕ).

L = L(ϕ, ∂tϕ, ∂iϕ). (6.1)

Consider the transformation of the field ϕ → ϕ + δ1ϕ. Varying the Lagrangian on-shell,

we get the equation of motion for the generic field ϕ. Hence, schematically we can write,

δL =

∫ [
∂tΘt + (EOM of ϕ) δ1ϕ

]
dd−1x. (6.2)

Here Θ is a function of ϕ, ∂tϕ, ∂iϕ, δ1ϕ containing all the total derivative terms of the

variation of Lagrangian. Let the field satisfying the equation of motion be denoted by ϕ̃.

Then the above equation gets modified to

δL =

∫
dd−1x

(
∂tΘt(ϕ̃, ∂tϕ̃, ∂iϕ̃, δ1ϕ̃)

)
: on-shell. (6.3)

Next, consider an infinitesimal symmetry transformation of the field ϕ→ ϕ+ δ2ϕ. As it is

a symmetry transformation, the Lagrangian is allowed to differ only by a total derivative

term. Hence,

δL =

∫
dd−1x

(
∂tαt(ϕ, ∂tϕ, ∂iϕ, δ2ϕ)

)
: off-shell. (6.4)

The above equations (6.3) and (6.4) must be equal onshell (for ϕ = ϕ̃) and also for a

symmetry transformation (when δ1 = δ2). Alternatively,

∂tΘt = ∂tαt : (For ϕ = ϕ̃, δ1 = δ2), or, ∂t(Θt − αt) = 0. (6.5)

Hence, the conserved charge corresponding to the continuous symmetry transformation is

given by

Q =

∫
(Θt − αt) dd−1x. (6.6)

We will be using the above formulation to find the conserved charges for the finite and

infinite Conformal Carrollian generators. Below we show a few of the intermediate steps

of the calculation.
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Result for Θt (on-shell):

Varying the Lagrangian (5.1), we first compute the temporal part of Θ according to (6.3)

Θt = Ȧi δAi − ∂ ·AδB − (Dtφ)? δφ− δφ?Dtφ. (6.7)

Results for αt (off-shell):

Next, we calculate the temporal part of α for each of the finite and infinite Conformal

Carrollian generators following (6.4). They are given by

Rotation: αt(ω) = 0,

Translation: αt(p) = 0,

Dilatation: αt(∆) = t
[1

2
(Ȧk)

2 +
1

2
(∂kB)2 − Ḃ ∂ ·A− (Dtφ)?Dtφ

]
,

SCT: αt(k) = 2xit

(
1

2
Ȧ2
l +

1

2
(∂lB)2 − Ḃ ∂ ·A− (Dtφ)?(Dtφ)

)
ki + 2kiBAi,

Supertranslation: αt(f) =
1

2
f
[
Ȧ2
i + (∂iB)2 − 2Ḃ ∂ ·A− 2(Dtφ)?(Dtφ)− (∂i∂if)B2

]
.

(6.8)

We have seen that for the Dilatation and Special conformal transformation (SCT), the

Lagrangian is a total derivative, if the scaling dimensions of scalar and gauge fields are 1

(∆ = ∆′ = 1).

Now we will be calculating the corresponding conserved charges from Θt and αt that

we have just computed. We will use the transformation of scalar and gauge fields under

different Carrollian generators as defined in (2.21) and (2.22) and plug them back in (6.5)

and (6.6). Thus, the corresponding conserved charges are written as

Conserved Charges:

Rotation: Q(ω) =

∫
dd−1x ωij

[
Ȧk
(
x[i∂j]Ak + δk[iAj]

)
− (∂ ·A)

(
x[i∂j]B

)
(6.9a)

− (Dtφ)?(x[i∂j]φ)− (x[i∂j]φ)?(Dtφ)
]
,

Translation: Q(p) =

∫
dd−1x pl

[
Ȧi∂lAi − ∂lB ∂ ·A− (Dtφ)?∂lφ− ∂lφ?Dtφ

]
, (6.9b)

Supertranslation: Q(f) =
1

2

∫
dd−1x

[
f(x)(Ȧ2

i − ∂iB)2 − 2f(x)(Dtφ)?(Dtφ)
]
, (6.9c)

Dilatation: Q(∆) =

∫
d3x

[1

2
t
(

(Ȧi)
2 − (∂iB)2

)
+ Ȧi(xj∂jAi)− (∂ ·A)xj∂jB

+(AiȦi −B ∂ ·A)− t(Dtφ)?φ̇− t(φ̇)?Dtφ+ t(Dtφ)?(Dtφ)

−(Dtφ)?(xj∂jφ)− (xj∂jφ)?Dtφ− (Dtφ)?φ− φ?(Dtφ)
]
, (6.9d)

SCT: Q(k) =

∫
d3x ki

[
2xj(ȦiAj − ȦjAi) + Ȧj(2xixk∂k − xkxk∂i + 2xi)Aj + txi(Ȧj)

2

+((2ȦiB − xi(∂lB)2)t− 2AiB)− (2xi + 2xixk∂k − xkxk∂i)B(∂ ·A)

+2txi

(
(Dtφ)?(Dtφ)− (Dtφ)?φ̇− (φ̇)?(Dtφ)

)
− 2xi ((Dtφ)?φ+ φ?(Dtφ))

−(Dtφ)?(2xixk∂k − xkxk∂i)φ− (2xixk∂k − xkxk∂i)φ?(Dtφ)
]
. (6.9e)
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The above charges are the conserved charges for the finite and infinite Conformal Carrollian

generators for scalar electrodynamics.

6.2 Realisation of charge algebra

The previous subsection dealt with finding the conserved charges for the finite as well as

infinite Conformal Carrollian symmetries possessed by the Lagrangian (5.1). Here we want

to realise the CCA (2.3),(2.5) at the level of the conserved charges (6.9).

The first part of the Noether theorem describes the conserved charges associated with

the continuous symmetry transformation. The second part of the Noether theorem says

that the algebra of the symmetry generators is realised at the level of the charges. Al-

ternatively, the Poisson brackets of the charges in terms of canonical variables reproduce

the symmetry algebra. In this section, we will first rewrite the conserved charges in terms

of the canonical variables. Next, we will compute the Poisson brackets of them and then

interpret the results.

Let us first identify the phase space variables in our interacting Conformal Carrollian

scalar electrodynamics theory. The canonical momenta corresponding to the scalar φ and

the gauge fields B,Ai are given as,

πφ = −(Dtφ)?, =⇒ φ̇? = −πφ + ieBφ?, (6.10a)

π?φ = −(Dtφ), =⇒ φ̇ = −π?φ − ieBφ, (6.10b)

π0 = −∂ ·A, (6.10c)

πi = Ȧi. (6.10d)

The third equation (6.10c) is a first class constraint in the theory. We will talk about its

importance soon.

Now, we will be plugging the canonical momenta (πφ, π
?
φ, π0, πi) into the conserved

charges (6.9). Thus we will be rewriting the conserved charges in terms of the phase space

variables. The conserved charges are given as
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Rotation: Q(ω) =

∫
dd−1x ωij

[
πk
(
x[i∂j]Ak + δk[iAj]

)
+ π0

(
x[i∂j]B

)
+πφ(x[i∂j]φ) + π?φ(x[i∂j]φ)?

]
, (6.11a)

Translation: Q(p) =

∫
dd−1x pl

[
πi∂lAi + π0∂lB + πφ∂lφ+ π?φ∂lφ

?
]
, (6.11b)

Supertranslation: Q(f) =
1

2

∫
dd−1x

[
f(x)(πi − ∂iB)2 − 2f(x)(πφ)?(πφ)

]
, (6.11c)

Dilatation: Q(∆) =

∫
d3x

[1

2
t
(
(πi)

2 − (∂iB)2
)

+ πi(xj∂jAi) + π0xj∂jB +Aiπi

+Bπ0 − ietB(φπφ − φ?π?φ) + πφxj∂jφ+ π?φxj∂jφ
?

+φπφ + φ?π?φ − tπφπ?φ
]
, (6.11d)

SCT: Q(k) =

∫
d3x ki

[
2xj(πiAj − πjAi) + πj{(2xixk∂k − xkxk∂i + 2xi)Aj

+txiπj}+ {t
(
2πiB − xi(∂lB)2

)
− 2AiB}+ π0(2xi + 2xixk∂k

−xkxk∂i)B + 2txi
(
−πφπ?φ − ieB(πφφ− π?φφ?)

)
+ 2xi

(
πφφ+ π?φφ

?
)

+πφ(2xixk∂k − xkxk∂i)φ+ (2xixk∂k − xkxk∂i)φ?π?φ
]
. (6.11e)

Now we are ready to analyse the Poisson brackets of these charges. As, there are only first

class constraints (see (6.10c)) involved in the theory, we do not need to calculate the Dirac

brackets, but only the Poisson brackets [31]. At this point, let us pause for a moment to

understand what it means in relation with CCA. Suppose, a1, a2, a3 are generators of CCA

such that

[a1, a2] = a3. (6.12)

As, a1, a2, a3 generate symmetry transformations of the underlying theory, there are con-

served charges corresponding to each of them. Let us describe them by Q(a1), Q(a2), Q(a3).

Then, we obtain the following computing the Poisson brackets of the charges

{Q(a1), Q(a2)} = Q(a3). (6.13)

Equation (6.13) is explained as the realisation of the CCA algebra in terms of the charges.

We will now explore the Poisson brackets of the charges in (6.11). First, we will

calculate the Poisson brackets of the charges corresponding to the finite CCA generators.

Consider the Poisson brackets between the dilatation charge Q(∆) and translation charge

Q(p). It turns out

{Q(∆), Q(p)} = −Q(p). (6.14)

Here we have used the following relations,

{φ(x, t), πφ(y, t)} = δ3(x− y),

{Ai(x, t), πj(y, t)} = δijδ
3(x− y),

{B(x, t), π0(y, t)} = δ3(x− y). (6.15)
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The above Poisson brackets (6.14) reflects the CCA bracket[
D,Pi

]
= −Pi. (6.16)

Similarly, consider another finite CCA bracket between rotation and translation[
ωijJij , p

kPk

]
= (ωijpk)(δkjPi − δkiPj) = p̃kPk. (6.17)

Here, ωij , pk are the parameters of rotation and translation. We rewrite p̃kPk = (ωijpj)Pi−
(ωijpi)Pj . Now, in terms of the charges we obtain

{Q(ω), Q(p)} = Q(p̃). (6.18)

The above Poisson bracket is a direct manifestation of (6.17). Let us now, consider some

other examples relating the infinite CCA generators.

[Pi,Mf ] = M∂if , [D,Mf ] = Mh, where h = xi∂if − f,
[Ki,Mf ] = Mh̃, where h̃ = 2xih− xkxk∂if,
[Jij ,Mf ] = Mg, where g = x[i∂j]f. (6.19)

In terms of the charges we obtain,

{Q(p), Q(f)} = Q(h′), where, h′ = pl∂lf, (6.20a)

{Q(∆), Q(f)} = Q(h), where, h = xj∂jf − f, (6.20b)

{Q(k), Q(f)} = Q(h̃), where, h̃ = (2xixk∂k − xkxk∂i − 2xi)f, (6.20c)

{Q(ω), Q(f)} = Q(g), , where, g = ωijx[i∂j]f. (6.20d)

All of the above results confirm the CCA algebra being satisfied at the level of charges.

Now, we arrive at the most interesting CCA bracket which concerns both of the infinite

generators. CCA suggests that the infinite supertranslations Mf commute.

[Mf1 ,Mf2 ] = 0. (6.21)

In terms of the charges for the infinite supertranslations we obtain,

{Q(f1), Q(f2)} = 0. (6.22)

There is no emergence of central terms in the Poisson brackets. The above relation is the

direct realisation of (6.21).

7 Concluding remarks

7.1 A quick summary

Our principle achievement in this current work has been the construction, for the first

time, of an action of an interacting Carrollian conformal field theory, viz. Carrollian

electrodynamics coupled to a massless scalar.
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We started from relativistic scalar electrodynamics and reached its Carrollian version

through ultra-relativistic scaling. Carrollian scalar electrodynamics, like its closely related

cousin Carrollian electrodynamics, shows two distinct sections depending on the scaling

of the gauge field components. In the electric sector, the electric field dominates over the

magnetic sector, and the opposite happens in the magnetic sector. We checked for symme-

tries of both the sectors of the theory at the level of equations of motion and found infinite

dimensional conformal Carrollian invariance.

Next, we reviewed the notion of strong invariance following Beisert et al [24] and applied

this to the case at hand. More precisely, we looked at weak (on-shell) and strong (off-

shell) invariance of the equations of motion of Carrollian scalar electrodynamics under

infinite Carrollian symmetries at the level of equations of motion. This was indicative of

the existence of an action principle, which was further reemphasised by the fact that these

equations satisfied the Helmholz conditions.

We then proposed our action for the electric sector of Carrollian scalar electrodynamics

(5.1). Varying the action, we could reproduce the equations of motion obtained previously

from the limiting procedure. Our action was invariant under infinite conformal Carrollian

symmetry at d = 4 and served as the first example of an action for an interacting Carrollian

theory.

Next, we constructed the conserved charges corresponding to the finite and infinite sym-

metries employing the Noether procedure. As a final check, we showed that the infinite

CCA is realised at the level of charges. We did not find any central extension term while

calculating the Poisson brackets of these charges.

7.2 Discussions

There are some obvious and some not so obvious generalisations that follow from the

current work. Below is a list of them.

• Magnetic sector: It is clear from our discussions that the Magnetic sector of Carrol-

lian electrodynamics and scalar electrodynamics cannot have an action formulation

without the inclusion of extra fields. In [26], the magnetic sector was analysed from

the point of view of Helmholz conditions and it was found that the addition of an

extra scalar or an extra vector does not help. We would like to find the minimal set

of extra fields required to formulate an action principle for this theory. This is work

in progress.

• Carrollian Yang-Mills: We would like an action formulation for Carrollian Yang-Mills

theory, which was formulated earlier [20, 21] in terms of equations of motion. These

theories are very interesting with many different sectors, all of which exhibit infinite

dimensional BMS symmetries. Although important in its own right, this is going to

be the stepping stone of our attempt to understand the limit of AdS/CFT as we go

on to describe briefly below.
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• Supersymmetric Carrollian theories: It is of great interest to formulate supersymmet-

ric field theories on null backgrounds. These Super Carrollian field theories would

possibly inherit an infinite dimensional symmetry as well, akin to the infinite dimen-

sional lifts for super Galilean symmetries, found e.g. in [32]. We also briefly discussed

Yangian structures in this paper. It is likely that these structures will naturally arise

in Carrollian theories when we are looking at supersymmetric versions. Questions of

integrability would be best addressed in this set-up. It would also be interesting to

formulate these theories, and their background symmetries in more geometric terms,

as we reviewed for the bosonic case early in our paper.

• Flat holography: One of our primary goals of this programme is to systematically

build a concrete example for a field theory holographically dual to asymptotically flat

spacetimes. For this we wish to start with the best known example of the gauge grav-

ity duality, viz. the original Maldacena correspondence between gravity on AdS5×S5

and N = 4 Super Yang-Mills (SYM) theory. We wish to take a systematic limit on

both sides of the correspondence. Taking the limit on the bulk AdS radius going to

infinity of course gets one to asymptotically flat spacetimes. This also corresponds to

the ultra-relativistic contraction of the boundary field theory [19]. Taking this cue, it

is natural to attempt the construction of the Carrollian version of N = 4 SYM and

the hope is that this will be the concrete example we are looking for. The prospect

of infinite dimensional symmetries makes this venture even more tantalising.

• Tensionless strings: Our construction of Carrollian field theories have further im-

plications for string theory in the tensionless limit, where BMS symmetries arise

as residual symmetries on the worldsheet [33, 34] and relatedly the physics of the

Hagedorn phase transitions [35].
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Appendices

A Helmholtz Conditions for Carrollian Scalar ED

In this appendix, we elaborate on the Helmholtz conditions for Carrollian Scalar ED that

we briefly explained in Sec 4.2 The Helmholtz conditions for a set of equations TA involving

fields and their derivatives uA, (uA)ab are given by

∂TA
(∂uB)ab

=
∂TB

(∂uA)ab
(A.1a)

∂TA
(∂uB)a

+
∂TB

(∂uA)a
= 2∂b

∂TB
(∂uA)ab

(A.1b)

∂TA
∂uB

=
∂TB
∂uA

− ∂a
∂TB

(∂uA)a
+ ∂a∂b

∂TB
(∂uA)ab

(A.1c)

In our case, the equations of motion are cast as

T0 = ∂i∂iB − ∂i∂tAi + ie [(φ∂tφ
? − φ?∂tφ)− 2ieBφ?φ] , (A.2a)

Ti = ∂t∂tAi − ∂t∂iB, (A.2b)

Tφ? = −∂t∂tφ− ie(∂tB)φ− 2ieB(∂t)φ+ e2B2φ. (A.2c)

The satisfaction of the conditions can be seen in the tables below.

First Helmholtz Condition

LHS RHS a, b

∂T0
(∂Ai)ab

= −1 ∂Ti
(∂B)ab

= −1 a = i, b = t

∂Tφ?

(∂B)ab
= 0 ∂T0

(∂φ?)ab
= 0 for all a, b

∂Tφ?

(∂Ai)ab
= 0 ∂Ti

(∂φ?)ab
= 0 for all a, b

Second Helmholtz Condition

LHS RHS a, b

∂T0
(∂Ai)a

+ ∂Ti
(∂A0)a

2∂b
∂Ti

(∂B)ab

= 0 = 0 for all a, b

∂Ti
(∂B)a

+ ∂T0
(∂Ai)a

2∂b
∂T0

(∂Ai)ab

= 0 = 0 for all a, b

∂Tφ?

(∂B)a
+ ∂T0

(∂φ?)a
2∂b

∂T0
(∂φ?)ab

= −ieφ+ ieφ = 0 =0 for (a = t, all b)

hold also for other values of a

∂Tφ?

(∂Ai)a
+ ∂Ti

(∂φ?)a
2∂b

∂Ti
(∂φ?)ab

= 0 = 0 for all a, b
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Third Helmholtz condition

LHS RHS a, b

∂T ?φ
∂B

∂T0
∂φ? − ∂a

∂T0
(∂φ?)a

+ ∂a∂b
∂T0

(∂φ?)ab

= −2ie∂tφ+ 2e2Bφ = 2e2Bφ− 2ie∂tφ for a = t, all b

holds trivially for all other values

∂T0
∂φ?

∂φ?

∂B − ∂a
∂φ?

(∂B)a
+ ∂a∂b

∂Tφ?

(∂B)ab

= −2ie∂tφ+ 2e2Bφ = 2e2Bφ− 2ie∂tφ for a = t, all b

holds trivially for all other values

∂T ?φ
∂Ai

∂Ti
∂φ? − ∂a

∂Ti
(∂φ?)a

+ ∂a∂b
∂Ti

(∂φ?)ab

= 0 = 0 for all a, b

∂T0
∂Ai

∂Ti
∂B − ∂a

∂Ti
(∂B)a

+ ∂a∂b
∂Ti

(∂Ai)ab

= 0 = 0 for all a, b

∂Ti
∂B

∂T0
∂Ai
− ∂a ∂T0

(∂Ai)a
+ ∂a∂b

∂T0
(∂Ai)ab

= 0 = 0 for all a, b
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B No action for Carrollian SED without scaling e

In [21], we analysed the symmetries of the electric sector of Carrollian scalar

eletcrodynamics. The major difference was that we did not scale the coupling parameter

e in the earlier approach. Also, we considered the complex scalar field ϕ in terms of two

real scalar fields {ϕ1, ϕ2} such that ϕ = ϕ1 + iϕ2. The scaling involved was

B → B, Ai → εAi, ϕ1 → εp1ϕ1, ϕ2 → εp2ϕ2. (B.1)

Here, {p1, p2} are two arbitrary constants. We identified the allowed values of {p1, p2} in

our analysis by imposing consistency conditions. There were several allowed sectors with

different values of {p1, p2}. The symmetries of the equations of motion for all of these

sectors exhibited invariance under the infinite dimensional CCA. For our analysis here,

let us choose an arbitrary sub sector {p1 = 0, p2 = 1}. The corresponding equations of

motion are

T0 = ∂i∂iB − ∂i∂tAi + 2e
[
(ϕ2∂tϕ1 − ϕ1∂tϕ2)− eB2ϕ2

1

]
= 0, (B.2a)

Ti = ∂t∂tAj − ∂t∂jB = 0, (B.2b)

Tϕ1 = ∂t∂tϕ1 = 0, (B.2c)

Tϕ2 = ∂t∂tϕ2 + e [2B∂tϕ1 + ϕ1∂tB] = 0. (B.2d)

The invariance of the equations of motion under infinite Carrollian Conformal generators

in d = 4 is essentially the condition of weak invariance. We would like to check here

whether these equations of motion satisfy the Helmholtz conditions. For convenience, we

are only showing the non vanishing values for each of the conditions.

First Helmholtz Condition

LHS RHS a, b

∂T0
(∂Ai)ab

= −1 ∂Ti
(∂B)ab

= −1 a = i, b = t

Rest of the values vanish trivially.

Second Helmholtz Condition

LHS RHS a, b

∂T0
(∂ϕ1)a

+
∂Tϕ1
(∂B)a

2∂b
∂Ti

(∂B)ab

= 2eϕ2 = 0 for a = t, all b

∂T0
(∂ϕ2)a

+
∂Tϕ2
(∂B)a

2∂b
∂Tϕ2

(∂B)ab

= −2eϕ1 + 2eϕ1 = 0 = 0 for a = t, all b

∂Tϕ2
(∂ϕ1)a

+
∂Tϕ1

(∂ϕ2)a
2∂b

∂Tϕ1
(∂ϕ2)ab

= 2eB = 0 for a = t, all b
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Third Helmholtz condition

LHS RHS a, b

∂T0
∂ϕ1

∂ϕ1

∂B − ∂a
∂ϕ1

(∂B)a
+ ∂a∂b

∂Tϕ1
(∂B)ab

= −4e2B2ϕ1 − 2e∂tϕ2 = 0 for a, b

∂T0
∂ϕ2

∂ϕ2

∂B − ∂a
∂ϕ2

(∂B)a
+ ∂a∂b

∂Tϕ2
(∂B)ab

= 2e∂tϕ1 = −e∂tϕ1 for a = t, b

From the above tables, it is evident that the Helmholtz conditions are not satisfied and

hence, we can not formulate an action which gives the equations of motion in (B.2)

without the addition of further fields into the system. This is the reason why we chose to

scale the electric charge in our formulation of Carrollian scalar electrodynamics in this

paper.
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