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1. Introduction

The modeling of, e.g., mechanical and electrical systems often leads to linear dynam-
ical systems containing second-order time derivatives. In this paper, we consider linear
second-order input-output systems of the form

M3 + Ei(t) + Ka(t) = Buu(t),

(1)
y(t) = Cpz(t) + Cvi(1),
with M, E,K € R™", B, € R™™ and C},,C, € RP*" and u(t) € R™, the inputs,
z(t) € R™, the states, and y(t) € RP, the outputs of the system. In the frequency
domain, the input-to-output relation is directly given as y(s) = H(s)u(s), whereby the
so-called transfer function is given by

H(s) = (sCy + Cp)(s*M + sE + K) ' By, (2)

with s € C. In applications, the number of differential equations, n, describing the
system states, can become very large. This complicates using the model for simulations
and controller design due to the expensive costs in terms of computational resources as
time and memory. Therefore, model reduction is needed to construct a surrogate system
with a much smaller number of equations r < n, which approximates the input-to-
output behavior of (1). To use the surrogate model as the original one, e.g., applying the
same tools, the surrogate needs to have the same structure as the original system, i.e.,
the reduced-order model should also have the form

o~ ~ .

MZ(t) + BEi(t) + K2(t) =

with the new system matrices J\//.T, E,IA( e R™", §u € R™"™ and ép, 6\, € RPx7,

Due to its relevance in a lot of applications, the problem of structure-preserving model
reduction for second-order systems has already been investigated in the literature to
quite an extend. There are structure-preserving extensions of classical model reduc-
tion methods like modal truncation and dominant pole algorithms [8,40,42], moment
matching [2,16,43,44], balanced truncation [17,34,39], or for example of the Hs-optimal
iterative rational Krylov algorithm [49]. Especially, we want to mention the work of Paul
Van Dooren, and co-authors, on the second-order balanced truncation approach. In [16],
he introduced a new balancing idea that is stronger related to the origins of balanced
truncation than the other extensions. Most of the methods, extended to the second-
order system case, aim for a globally good approximation behavior, but very often, only
the local system’s behavior in the frequency or time domain is of actual interest for the
application. In case of first-order systems, the frequency- and time-limited balanced trun-
cation methods, first mentioned in [21], are aiming for such local approximations. Those
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methods have been extended in the first-order case to large-scale sparse systems [7,29]
and to systems with differential-algebraic equations [23,27].

A first attempt to generalize the limited balanced truncation methods to second-
order systems has been done in [24] for the frequency-limited balanced truncation by
making use of some formulas from [39] and for the time-limited balanced truncation
in [25] in the same way. In this paper, we are extending the frequency- and time-limited
balanced truncation methods by using all the different second-order balanced truncation
approaches from the literature [17,34,39] and correct some mistakes that were made
in [24,25] considering the issue of stability preservation. Also, we are extending the
numerical approaches to the large-scale second-order system case and present strategies
to deal with numerical difficulties aligning with second-order systems in general.

The paper has the following structure. Section 2 contains a review of the theory
for the classical and limited balanced truncation methods in the generalized first-order
system case; see Section 2.1; as well as a review of the different second-order balanced
approaches and the extensions of the limited balanced truncation methods to second-
order systems in Section 2.2. Afterwards, in Section 3, the numerical methods for solving
the large-scale sparse matrix equations with function right-hand sides are covered. Also,
the a-shift strategy and two-step methods are explained in this section, which ends with
the modified Gramian approach and remarks on the stability preservation of the methods.
Three numerical examples are then given in Section 4 to demonstrate the applicability of
the methods on large-scale sparse second-order systems. Section 5 concludes the paper.

2. The frequency- and time-limited balanced truncation methods
2.1. First-order system case

In this section, we will remind of the classical balanced truncation technique and give
an overview on the frequency- and time-limited versions of this method for the case of
first-order systems.

2.1.1. Classical balanced truncation
We consider here generalized first-order state-space systems of the form

£q(t) = Aq(t) + Bu(t), 3
y(t) = Cq(t),
with £, 4 € RV*N B e RV*m ¢ c RPN and the corresponding transfer function
H(s) =C(s€ — A)7'B, (4)

with s € C. For simplicity, we are assuming that £ is invertible and the system is c-stable,
i.e., all eigenvalues of Aé — A lie in the open left complex half-plane. The extension of
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the balanced truncation method to the descriptor system case (£ non-invertible) can be
found in [12,47]. The system Gramians of (3) are defined as

+oo +o00o

Py = % / (jwE — A) "' BBT (—jwE — A) Tdw = / £ AETIBRTETATE T gy,
—00 0
+oo +oo

Qoo = % (—jwE — A)TCTC(jwE — A)Hdw = / ETeA ETTCT e M ALg 1y,
oo 0

()

with P, the infinite controllability Gramian and £TQ..& the infinite observability
Gramian. Note that in the infinite case, the frequency and time representations of the
Gramians are equal. It can be shown that those Gramians (5) are the unique, symmetric
positive semi-definite solutions of the following Lyapunov equations

AP ET + EP AT + BBT =0,

6
ATQuE +ETQ A+ CTC = 0. ©)

The Hankel singular values are then defined as the positive square-roots of the eigenvalues
of PooETQoo&, which are a measure of how much influence the corresponding states have
on the input-output behavior of the system. The main idea of balanced truncation is to
balance the system such that

01
02

Py = STQOOE = . 5
ON

with the Hankel singular values o1 > 02 > ... > on > 0 and then to truncate states
corresponding to small Hankel singular values [35]. The complete balanced truncation
square-root method is summarized in Algorithm 1.

The balanced truncation method provides an a posteriori error bound in the H ., norm

N
|H—Hlpn. <2 ) o, (7)
k=r+1

where H is the transfer function of the original model (4) and H the transfer function
of the reduced-order model. The bound (7) depends only on the truncated Hankel sin-
gular values, which allows an adaptive choice of the reduction order. Also, this method
preserves the stability of the original model, i.e., if H was a c-stable model then also H
will be c-stable.
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Algorithm 1: Balanced truncation square-root method.
Input: System matrices A, B, C, £ from (3).
Output: Matrices of the reduced-order system .Z, E, a E.

1 Compute Cholesky factorizations of the Gramians by solving the Lyapunov equations (6) such that
Poo = RoR!l, Qoo = Loo L] .

2 Compute the singular value decomposition

) vy
LLERw = (U1 U2][*' g ] VlT} :
2
with ¥, = diag(o1, ..., 0,) containing the r largest Hankel singular values.

3 Construct the truncation matrices

_1 _1
T =R V12, ? and W =L, U1X%; *.

4 Compute the reduced-order model by
A=wW'AT, B=W'BC=cCT, E=W'ET=1I,.

The application of the balanced truncation method to large-scale sparse systems is
possible by approximating the Cholesky factors of the Gramians via low-rank factors
PomZp Zh Qoo = Zp. 2] , with Zg € RN*Fr 7 € RN*Fr and kg, kp < N;
see, e.g., [10]. The approximation of the Gramians is reasonable due to a fast singular
value decay arising by the low-rank right-hand sides [1]. For the computation of those
factors, appropriate low-rank techniques are well developed [11].

2.1.2. Frequency-limited approach

A suitable method to localize the approximation behavior of the balanced truncation
method in the frequency domain is the frequency-limited balanced truncation [21]. The
idea is based on the frequency representation of the system Gramians (5), such that the
frequency-limited Gramians of (3) are given by

Py = % / (jwE — A)1BBT (—jwE — A) " Tdw,
Q

Ra = % / (—jwE — A)~TCTC(jwE — A)~ ' dw,
)

where Q = [~wa, —w1] U [wy, ws2] C R is the frequency range of interest. It can be shown
that the left-hand sides in (8) are also given as the unique, symmetric positive semi-
definite solutions of the two Lyapunov equations

APGET + EPo AT + BoBT + BBJ, =0,

9
ATQoE +ETQaA+CHC +CTCq =0, ®)

with new right-hand side matrices Bg = £FgB, Cq = CFqE containing the matrix
functions
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Algorithm 2: Frequency-limited balanced truncation square-root method.

Input: System matrices A, B, C, £ from (3), frequency range of interest €.

Output: Matrices of the reduced-order system ﬁ, g, 5, E.
1 Compute Cholesky factorizations of the frequency-limited Gramians by solving the
frequency-limited Lyapunov equations (9) such that Py = RQR}Z, Qq = LQL;.
Follow the steps 2—4 in Algorithm 1.

)

Fq =Re (% In ((A+jW15)_1(A+jWQ5))> Pt
: (10)
=& 'Re (% In ((.A—l—ngé')(A—l—jwlS)_l)) ,

with In(.) the principle branch of the matrix logarithm. Note that in case of Q = [—w, w],
the function evaluation (10) simplifies to

Fo =Re (% In (—871./4 — ijn)> E1=E6"1Re (% In (—A571 — jw[n)) ;

see [7,38]. Also, the frequency-limited Gramians can be extended to an arbitrary number
of frequency intervals, i.e., for

¢
Q= U ([~war, war—1] U [wag—1,w2r]) ,
k=1

with 0 < w1 < ... < wy, leads to the following modification of (10)

. ¢
Fo =Re <% In (H(A+jw2k15)_1(~A+jw2k5)>> et

k=1

. 4
=& 1Re (% In (H(A+jUJ2k5)(A+jW2k15)_1>> .

k=1

See [7] for a more detailed discussion of the theory addressed above. The extension of
this method to the large-scale system case can also be found in [7] and an extension to
descriptor systems in [27]. The resulting frequency-limited balanced truncation method
is summarized in Algorithm 2.

2.1.8. Time-limited approach

The counterpart of the frequency-limited balanced truncation from the previous sec-
tion in the time domain is the time-limited balanced truncation [21]. This method
aims for the approximation of the system on a finite time interval T' = [to,ts], where
0 <ty < ty, based on the limitation of the time domain representation of the Grami-
ans (5). The time-limited Gramians of (3) are then given by
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Algorithm 3: Time-limited balanced truncation square-root method.

Input: System matrices A, B, C, £ from (3), time range of interest T'.
Output: Matrices of the reduced-order system .Z, g, a E.

1 Compute Cholesky factorizations of the time-limited Gramians by solving the time-limited
Lyapunov equations (12) such that Pr = RTR;7 Qr = LTL;.

2 Follow the steps 2-4 in Algorithm 1.

ty
PT:/65_lAtgilBBTgiTBATE_Ttdt,
to
ty

QT:/SfTe.ATE_thTcex‘:_1At571dt,

to

and it can be shown, that the left-hand sides in (11) are the unique, positive semi-definite
solutions of the two following Lyapunov equations

APrE" +EPp AT + By, Bl — By Bl =
(12)
ATQrE +ETQrA+Cl Ci, — CLCip =0,
where the new right-hand side matrices By, , = Eef At/ E-1B = A€o/ B and

Cty,; = Cef ' Ato/s contain the matrix exponential. The right-hand sides of (12) simplify
in case of tg = 0 since By = B and Cy = C. A more detailed discussion of the time-
limited theory, especially for the large-scale system case, can be found in [29]. Also,
the extension of the theory to the case of descriptor systems is given in [23]. It can be
noted that considering more than one time interval at once [to1,tf1]U---U[toe, L5, is
not practical and usually one cannot guarantee a good approximation behavior in the
single intervals. Instead it is common to take the smallest and largest time points in
the intervals to construct a new overarching time interval [¢o min, t f’max], where o min =
min{to1,...,t0¢} and to.max = max{tys1,...,ts e} such that

1
U tO ks tf k [tO,mina tf,max] =T.

The resulting time-limited balanced truncation method is summarized in Algorithm 3.
2.2. Second-order case

After recapitulating the basic ideas of the classical as well as the frequency- and
time-limited balanced truncation methods for first-order systems, in this section we will
extend those methods to second-order systems (1).
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Table 1
Second-order balanced truncation formulas. (Here, * denotes factors of the SVD not needed, and thus not
accumulated in practical computations.)

Type SVD(s) Transformation Reference
-1 -1
v UsV' = LTMR, W =LUZ% *, T=R, V% ? [39]
—1
fv *XVT = LIJR, W =T, T=R,Vi% ? [34]
-1 -1
vpm UsvVT = LIJR, W=MT"JL,US, *, T =R, V% 2 [39]
-1 -1
pm UsvT = L;JRp) W =M TJTLUS, *, T =R,WYE, * [39]
1 1
pv Usv' = LTMR, W =L U *, T=R,Vi%; ? [39]
«xV' = LTJR,, _1 1
vp b W=LUX 2, T=R,WVX, [39]
Ux*=LIMR,
*SVT = LIJR,, _1 _1
p W =L, U, ?, T=R,Vi%; * [39]

Ux*=LIMR,
UpSpV) = LTJR,, W, ~;
So
p
U, Ve = LTMR, W,

LpUpa2y, i, Tp = RpVpa
1
LVU’U,lzv)i7 Tv = vav,l

13
= s

(17]

M M

<

2.2.1. Second-order balanced truncation methods

Over time, there have been many attempts for the generalization of the classical
balanced truncation method to the second-order system case [17,34,39]. All of them have
in common the idea of linearization, i.e., the second-order system (1) is rewritten as a
first-order system. The usual linearization of choice for (1) is its so-called first companion

form
0 ow]an=] % Tglaw+]5]
N—— —— S~——
5 y(t) = [Cy gv]q(t% B -
c

where q(t) = [27(¢),#7(¢)]" is the new combined state vector. The matrix J € R™"*™ is
an arbitrary invertible matrix but usually chosen as J = I,, or J = —K, which can lead
to symmetric A and £ matrices in case of mechanical systems.

For system (13), the first-order Gramians are used, as given by (5) or (6), and then
partitioned according to the block structure in (13) such that

p, P Q Q
S A R A S a
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where B, J TQPJ are the position Gramians of (1) and P,, M TQ,M the velocity Grami-
ans. Due to Py = POT0 >0and Qu = Io > 0, also the position and velocity Gramians
are symmetric positive semi-definite and can be written in terms of their Cholesky fac-
torizations

P,=R,R], P.,=RR], Qp=0L,L), Qy=L/L].

Based on those, the different second-order balanced truncation methods are defined by
balancing certain combinations of the four position and velocity Gramians. For most of
the methods, the resulting balanced truncation is computed as second-order projection
method

M = WMT, E =WET,

~ _ (15)
Ba=WB,  C,=C,T,

I
Sl
TR
Q=
=
i€

where the different choices for W and T can be found in Table 1. There, the different
transformation formulas are summarized and denoted by the type as used in the cor-
responding references. The subscript 1 matrices denote the part of the singular value
decompositions corresponding to the largest characteristic singular values.

In contrast to the balancing methods that describe the reduced-order model by (15),
the second-order balanced truncation (so) from [17] computes the reduced-order model
by

M=S8(WJMT,)S™Y, E=S8(WJET,)S', K=5§(WJKT,), 16)
B,=S

(WSB,), Cyy = Cp T, Cy = C, .51,

where S = W,JT, and the transformation matrices Wy, Wy, T}, T, are given in the
last line of Table 1. This type of balancing can be seen as a projection method for the
first-order realization (13) with a recovering of the second-order structure.

The general second-order balanced truncation square-root method is summarized in
Algorithm 4.

Remark 1. In contrast to the first-order balanced truncation described in Section 2.1.1,
none of the second-order balanced truncation methods provides an error bound in the
Ho norm or can preserve the stability of the original system in the general case. A
collection of examples for the stability issue is given in [39]. In case of symmetric second-
order systems, i.e., M=M", E=ET, K=K, Cp = Bl and C, = 0, it can be shown
that the position-velocity balancing (pv) as well as the free-velocity balancing (fv) are
stability preserving. Note that the position-velocity balancing also belongs to the class of
balanced truncation approaches, which define system Gramians by using the underlying
transfer function structure (2). Those balancing approaches have been generalized in [15]
for systems described by integro-differential equations.
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Algorithm 4: Second-order balanced truncation square-root method.
Input: System matrices M, E, K, By, Cp, Cy from (1).
Output: Matrices of the reduced-order system 1\77 E, ?, ]§“ é'p, é’v.

1 Compute Cholesky factorizations of the first-order system Gramians by solving (6), where the
linearization (13) is used, such that P, = ROCRIQ7 Qoo = LOOL;.

2 Partition the Cholesky factors according to the first-order formulation

Roo = [m2] and Lo = [17].

3 Compute the singular value decompositions and transformation matrices as in Table 1.
4 Compute the reduced-order model by either (15) for the methods p, pm, pv, vp, vpm, v and fv or
by (16) for so.

2.2.2. Second-order frequency-limited approach

The generalization of the frequency-limited balanced truncation method for second-
order systems has been discussed in [24] for the position (p) and position-velocity (pv)
balancing from [39]. Here we will summarize their results and give a more general ex-
tension for the frequency-limited second-order balanced truncation method. The basic
idea for the approach comes from the observation that the block partitioning of the
Gramians (14) can be written as

P, =1, O]PM[O], P, =0 In]POO[IOJ,
17
Qp =[In O]Qoo[ﬂ, Q. =1[0 In]QOC[I(i], "

Therefore, the extension of the existing second-order balanced truncation methods to the
frequency-limited approach can be done by replacing the infinite first-order Gramians Py,
and Qo in (17) by the first-order frequency-limited Gramians Py and Qq from (8) corre-
sponding to the first-order realization (13). The frequency-limited second-order Gramians
are then given by

Poy =1 O]PQ[O], Po = [0 In}PQ[I?L],
18
S U B O A A "

where Pn, and Pq. are the frequency-limited position and velocity controllability
Gramians, and J'Qq ,J and MTQq M are the frequency-limited position and veloc-
ity observability Gramians. Note that P and Qq are given by (9) using the first-order
realization (13). As for the infinite Gramians, one observes that the frequency-limited
position and velocity Gramians are symmetric positive semi-definite.

According to [21,24,39], we can now define the corresponding frequency-limited char-
acteristic values as follows.



78 P. Benner, S.W.R. Werner / Linear Algebra and its Applications 623 (2021) 68-103

Algorithm 5: Second-order frequency-limited balanced truncation square-root

method.
Input: System matrices M, E, K, By, Cp, Cy from (1), frequency range of interest 2.
Output: Matrices of the reduced-order system M\, E, ?, éu ép, 6“,‘

1 Compute Cholesky factorizations of the first-order frequency-limited Gramians by solving (9),
where the linearization (13) is used, such that Po = RQRST27 Qo = LQL;I;.

2 Follow the steps 2—4 in Algorithm 4.

Definition 1. (Second-order frequency-limited characteristic singular values.)
Consider the second-order system (1) with the first-order realization (13) and the fre-
quency range of interest 2 = —Q C R.

1. The positive square-roots of the eigenvalues of Pq ,J TQQ’pJ are the frequency-limited
position singular values of (1).

2. The positive square-roots of the eigenvalues of Po,MTQq M are the frequency-
limited position-velocity singular values of (1).

3. The positive square-roots of the eigenvalues of P JTQq,,J are the frequency-limited
velocity-position singular values of (1).

4. The positive square-roots of the eigenvalues of Py M'Qq M are the frequency-
limited velocity singular values of (1).

Following the observations in the first-order frequency-limited case as well as the
second-order balanced truncation method, those characteristic singular can be inter-
preted as a measure for the influence of the corresponding states to the input-output
behavior of the system in the frequency range of interest. Anyway, there is no energy
interpretation as for the classical first-order balanced truncation method.

With (18) and the Definition 1, the resulting second-order frequency-limited balanced
truncation square-root method is written in Algorithm 5.

Remark 2. The second-order frequency-limited balanced truncation method is in general
not stability preserving. Also, the approach from [24] does not necessarily lead to a
one-sided projection as suggested by the authors and also might not produce a stable
second-order system in the end. Even so, we will discuss an approach that is potentially
advantageous in terms of stability preservation in Section 3.4.

2.2.8. Second-order time-limited approach

The extension of the time-limited balanced truncation to the second-order system
case was first discussed in [25]. As in the previous section, we are generalizing the ideas
from [25] to all second-order balanced truncation methods. In any case, the same idea
as for the frequency-limited case is applied here. That means, we replace the infinite
first-order Gramians in (17) by the first-order time-limited Gramians from (11) to get
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Algorithm 6: Second-order time-limited balanced truncation square-root method.

Input: System matrices M, E, K, By, Cp, Cy from (1), time range of interest 7.
Output: Matrices of the reduced-order system 1\77 E, ?, ]§“ é'p, é’v.

1 Compute Cholesky factorizations of the first-order time-limited Gramians by solving (12), where
the linearization (13) is used, such that Pr = RTR;, Qr = LTLTT.

2 Follow the steps 2—4 in Algorithm 4.

3

Prp =1 mf&[o], Pry =0 LAI%[?]7

Qrp =10 0lQr 5], Qro=D Ller|} ],

n

where again the first-order realization (13) was used. Following the naming scheme of [39],
Pr, and Pr, are the time-limited position and velocity controllability Gramians, and
JTQrpJ and MTQr M the time-limited position and velocity observability Gramians.
Note that Pr and Qr are given by (12) with the first-order realization (13). As for the
infinite Gramians, one observes that the time-limited position and velocity Gramians
are symmetric positive semi-definite. According to the frequency-limited characteristic
singular values, we are giving the following definition for the time-limited version.

Definition 2. (Second-order time-limited characteristic singular values.)
Consider the second-order system (1) with the first-order realization (13) and the time
range of interest T' = [to,t¢], 0 < to < ty.

1. The positive square-roots of the eigenvalues of PT,pJTQT,pJ are the time-limited
position singular values of (1).

2. The positive square-roots of the eigenvalues of Pr M TQr. M are the time-limited
position-velocity singular values of (1).

3. The positive square-roots of the eigenvalues of PTvaTQTpr are the time-limited
velocity-position singular values of (1).

4. The positive square-roots of the eigenvalues of Pr,MTQr M are the time-limited
velocity singular values of (1).

As before, the resulting second-order time-limited balanced truncation methods can be
obtained by replacing the Gramians in Algorithm 4, which is summarized in Algorithm 6.

Remark 3. As in the first-order case [29], there is no guarantee of stability preservation
for the second-order time-limited balanced truncation methods. The method suggested
in [25] only works on the first-order case and does not guarantee the preservation of
stability for second-order systems in general. An approach that is potentially beneficial
in terms of preserving stability is discussed in Section 3.4.
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3. Numerical methods

In this section, we will discuss points concerning the numerical implementation of the
proposed second-order frequency- and time-limited balanced truncation methods.

3.1. Matriz equation solvers for large-scale systems

A substantial part of the numerical effort in the computations of the second-order
frequency- and time-limited balanced truncations goes into the solution of the arising
matrix equations (9) and (12). In general it has been shown for the first-order case, that
the singular values of the frequency- and time-limited Gramians are decaying possibly
faster than of the infinite Gramians; see, e.g., [7] for the frequency-limited case. That
leads to the natural approximation of the Gramians by low-rank factors, e.g.,

P~ ZoZ8,  Pr=~ZpZ},

where Zo € RN*6 Zp € RVN*% and ¢, ¢, < N. Those low-rank factors then replace
the Cholesky factors in the balanced truncation Algorithms 1-6.

In the following three sections, we will shortly review existing approaches for these
problems and give comments on existing implementations.

3.1.1. Quadrature-based approaches

A natural approach based on the frequency and time domain integral representations
of the limited Gramians (8) and (11) is the use of numerical integration formulas. As
used for example in [24,27], the low-rank factors of the Gramians can be computed by
rewriting the full Gramians by quadrature formulas, e.g.,

Po = % /(jwé’ — A) BB (—jwE — A)Tdw
Q

Q

Y4
1
o § :'yk{(jwké’ — A)7BB(—jwrE — AT + (—jw€ — A)TIBB(jwrE — A)7 T},
k=1

where 7, are the weights and wy the evaluation points of a fitting quadrature rule, which
can be again rewritten for the low-rank factors by

Zo = [Re(B1), Im(Biy), ... Re(B¢), Im(By)],
where By, = (jwi€ — A)~1B. Note that this approach becomes unhandy considering the

time-limited case, since there, for each step of the quadrature rule, an approximation of
the matrix exponential has to be computed.
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A different approach was suggested in [7], which writes the right-hand side of the
frequency-limited Lyapunov equations (9) as integral expressions, such that the right-
hand side is first approximated and afterwards the large-scale matrix equation is solved,
using one of the approaches in Section 3.1.2 or 3.1.3. In general it is possible to approx-
imate the right-hand sides of (9) and (12) with matrix functions by using the general
quadrature approach from [26]. We are not aware of a stable, available implementation of
quadrature-based matrix equation solvers for the frequency- and time-limited Lyapunov
equations and, therefore, use the following approaches rather than the quadrature-based
methods.

3.1.2. Low-rank ADI method

The low-rank alternating direction implicit (LR-ADI) method [9,32] is a well estab-
lished procedure for the solution of large-scale sparse Lyapunov equations. Originally
developed for the Lyapunov equations corresponding to the infinite Gramians (6), the
LR-ADI produces low-rank approximations of the form Z,, ; = [Zoo j—1,&;V;] by

Vi=(A+ &) ' W, Wy = W1 —2Re(o;)V,

where &; = \/—2Rea;, Wy = B; see [5-7] for more details on this method.
The right-hand sides of the limited Lyapunov equations (9), (12) can be rewritten as

BoBT + BB, =8| Im|AT, crc+cieo=cm|Y Ir|g
In 0 I, 0

L,

By, Bl — BBl =B { ro_

Om} BT, cle,—cle, =CT [Ig _01,,] ¢,
with B = [Bq, B], CT = (c3,CT], B = [Bt,, B, ] and CT = [CtTO,C;rf}, which shows that the
right-hand side matrices are indefinite. The LR-ADI method can be extended to this case
by using an LDLT-factorization for the right-hand side as well as for the solution [30].
Note that for applying this method for the solution of the large-scale matrix equations (9)
and (12), an approximation of the matrix functions in the right-hand sides is needed
beforehand. It was noted in [7], that the information used for the approximation of the
matrix functions cannot be used in the LR-ADI method. A stable version of the LR-ADI
method in the low-rank and LDLT formats is implemented in [41]. We will use this
implementation in case the methods, described in the following section, are failing to
converge for the solution of the matrix equation but give approximations to the function
right-hand sides.

3.1.3. Projection methods

An approach that can be used to approximate the matrix functions in the right-
hand sides of the limited Lyapunov equations, as well as to solve the large-scale matrix
equations at the same time, is given by projection-based methods. Here, low-dimensional
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subspaces V, = range(Vj) are used to obtain the low-rank solutions as, e.g., Pq =
Vi PoV,T, where Py, is the solution of the projected Lyapunov equation

EPQ + anT + BQBT + BBg =0, (20)

and T = VkTS_lAVk, BQ = VkTé’_lBg and B = VkTS_lB are the projected matrices
of the frequency-limited controllability Lyapunov equation (9). The equation (20) is
now small and dense and can be solved using established dense solvers. As one can
observe, this method gives also the opportunity to approximate the matrix function
right-hand side by the low-dimensional subspace Vi, for which one can then also use
dense computation methods [26].

Usually, the low-dimensional subspace Vy, is constructed as standard [28], extended [46]
or rational Krylov subspace [18], all of which can be easily computed for large-scale sparse
systems. The implementation of the limited balanced truncation methods for second-
order systems [14], we provide, is also based on rational Krylov subspaces. We refer the
reader to [7, Algorithm 4.1] for the underlying idea of the implementation.

A drawback of the projection-based approach, especially for second-order systems, is
that the projected system matrices 7T are not necessarily c-stable, even if the orig-
inal first-order realization of the second-order system was. In fact, the quality and
performance of the projection-based solvers strongly depend on the chosen first-order
realization. Therefore, we are going to use the so-called strictly dissipative realization
of second-order systems [37] in our computations. Assuming M, E, K to be symmetric
positive definite, the second-order system (1) can be described by a first-order realization
using the following matrices

£ = K M A— —~K K-—~F
T M M | | -K —-E+4+~yM|’
(21)

B= {7]511“] , c=1C G,
with the parameter 0 < v < Ayin(E(M+$EK ~'E)~!). The advantage of this realization
is that &£ is symmetric positive definite and A+.A" symmetric negative definite. Following
that, projection methods can preserve the stability in the projected matrices Ty if the
computations are made on the corresponding standard state-space realization, obtained
by a symmetric state-space transformation using the Cholesky factors £ = LLT, i.e., the
algorithms work implicitly on a realization of the form

G(t) = LY ALTTG(t) + L7 Bu(t),
y(t) = CLTq(t).

Remark 4. Note that the realization (21) is computationally more involved than the
classical first companion form (13) or its second companion form (see, e.g., [4]), since it
is not possible to make use of occurring zeros in the block matrix structures.
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Also, by changing the first-order realization to (21), the computed Gramians change
compared to the definition of the second-order balancing methods. Therefore, let P and
@ be Gramians computed for the strictly dissipative first-order realization (21) and P
and @ be the Gramians from the first companion form realization (13). Then it holds

P=P and Q=T'QT,
with the transformation matrix

| K L
el

That means we can use the strictly dissipative realization (21) for the solution of the ma-
trix equations and for the balancing procedure just perform the easy back transformation
of the observability factor.

3.2. Stabilization and acceleration by a-shifts

So far, it was always assumed that the second-order system (1) is c-stable. But in
practice, the eigenvalues of A2M + AE + K can be very close to the imaginary axis or
even on the axis, e.g., in the case of marginal stability. This makes the usage of the model
reduction methods and matrix equation solvers very difficult. A strategy to overcome
those problems has been proposed in, e.g., [20]. There, a shift in the frequency domain
was used to move the spectrum of the pencil A — A, which had eigenvalues at zero,
away from the imaginary axis to compute the system Gramians. This approach cannot
be used the same way for the first-order realizations (13) or (21) of second-order systems
since it destroys the block structure one can exploit in the numerical implementations
of the solvers or rather the block structure that is used for the second-order balancing
approaches. Therefore, we will transfer the concept of a-shifts to the case of second-order
systems.

Let a € R+ be a real, strictly positive shift and consider the second-order differential
equations in the frequency-domain

(s*M + sE + K)X (s) = B,U(s), (22a)
Y(s) = (sCv + Cp) X (s), (22Db)
where U(s), X(s),Y (s) are the Laplace transforms of the corresponding time domain

functions and s € C the Laplace variable. Now let s = p + «, with a shifted Laplace
variable p € C. Then the equation (22a) turns into

((p+ )’ M + (p+ @) E + K)X(s) = (0> M + 2apM + o> M + pD + oF + K)X(s)
= (p°M + p(E +2aM) + (K + aE + o> M)) X (s)
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= (p°M + pE + K)X(s)
= B,U(s),

with E = E + 2aM and K = K + aE + o2M. Also, the second equation (22b) can be
rewritten as

Y(s) = ((p+a)Cy + Cp) X (s)
= (pCv + (Cp + aCy)) X (s)
= (pCV + ép)X(s)7

where 6’ = Cp + aC,. Now, the new system described by (M, E K , Bu, 510, Cy) is used
for the computation of the reduced order projection matrices W, T € R™*". Then, the

projected system (M E,K,B,, C'p7 Cy) yields the following relations

~

E=E+2a]/\4\, I?:IA(—i—aE—i—aZ]/\l\, 5p:5p+aév,

where F = WTET, K = WTKT and ép = C,T are the transformed non-shifted
matrices. Now, we consider the transformed system again in the frequency domain with
the Laplace variable p and using the back-substitution p = s — «, such that

p2]/\4\+pE+I~(232]/\4\+3E+[A( and pav—i—ép:sév—l-ap.

The back-substitution gives the resulting reduced-order model (J\//f ,E,I? ,Eu,épﬁv).
The a-shift strategy can be interpreted as a structured perturbation in the frequency
domain during the computations. Experiments have shown that such an approach works
fine for « small enough. It has to be noted that there are no theoretical results on the
influence of the chosen « concerning the quality of the reduced-order model or properties
like stability preservation and error bounds.

Remark 5. The a-shift approach can also be used either to improve the conditioning of
the used matrix equation solvers by 1mprov1ng the condition number of the shifted linear
systems solving with (02M + oFE + K ), or to improve the convergence of those solvers
by pushing the eigenvalues of \2M + M\E + K further away from the imaginary axis.

3.3. Two-step hybrid methods

The idea of two-step (or hybrid) model reduction methods has been used for quite some
time in different applications [19,31,48]. In general, two-step methods are based on the
division of the model reduction process into two phases. First a pre-reduction, which can
be easily computed and gives a very accurate approximation for the system’s behavior.
The model resulting from the pre-reduction is usually of medium-scale dimensions, on
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which the second reduction step by a more sophisticated model reduction method is
applied. This procedure has the advantage that there is no necessity of applying difficult
approximation methods for the large-scale matrix equations arising in the balancing
related approaches. Instead, the exact methods can be used on the, usually dense, pre-
reduced system.

In order to have a structure-preserving pre-reduction method, we suggest the use of
structured interpolation by rational Krylov subspaces [2,43,44]. This has been shown
to be equivalent to the use of shift-based approximation methods for the large-scale
matrix equations in Section 3.1; see [48]. The second-order rational Krylov subspaces are
generated as

£
Y = range ((siM +5E+K) 'By,..., H(siM + s, E + K)—lBu> ,
k=1

U= range ((S%M +51F+ K)™M(C, + 5,.0)",

4
. H(siM + s B+ K)fH(C'p + skC'V)H>,
k=1

with s, € C, k=1,...,¢, chosen interpolation points. Let V and U be Hermitian bases
of the same size such that V C range(V') and U C range(U), respectively, the pre-reduced
model is then generated by

My = UMMV, Epe = UNEV, Kpre = UMKV,
Bu,pre = UHBU7 C’p,pre = Cp‘/a C'V,pre = C'v‘/

For preservation of stability and the realness of the system matrices, we choose the
interpolation points to appear in complex conjugate pairs s, and Si, and replace one of
the projection matrices by U = V.

The choice of points s is crucial for the quality of the pre-reduced model. While there
are strategies for an adaptive or optimal choice of s, we suggest a simple oversampling
on the imaginary axis, which is usually enough as a global pre-reduced model.

Remark 6. For the frequency-limited case, a natural choice for the interpolation points
would be to take j€) instead of aiming for a global approximation. In this case, the
resulting frequency-limited balanced truncation will very likely not give the same results
as the large-scale approach. This observation comes from the fact, that the frequency-
limited balanced truncation still takes information about the complete system structure
into account and the pre-reduced system can be completely different from the original
one, if only a local pre-reduction is performed.
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Algorithm 7: LDL -factored sign function dual Lyapunov equations solver.

Input: A, B, C, £, Q, R from (23), tolerance .

Output: Z1, Y1, Z3, Y2 — solution factors of (23).
1 Set Ay :.A, B1 :B, Q1:Q, Ch :C, R1 :R,k:l
2 while [|[Ar + &|| > 7||€|| do

3 Compute the scaling factor for convergence acceleration
ep = JTAle
lEATTEN R
4 Compute the next iterates of the solution factors
1
Bit1 = [Bi, EA.'By], Qr+1 = {2% @ @ } )
5 Uk
Ch 5 Ry
Cry1 = [A,Zlgck] s Riy1 = { k <k Ry
5 Compute the next iteration matrix
Apyr = g Ap + SEATE.
6 Set k =k + 1.

7 end
8 Construct the solution factors

1
= —=& "By, Y1 = Qk, Zay =

Zy = E7TCl, Y2 =Ry.
1 \/5 k 2 k

Due to the required accuracy of the pre-reduced model, the dimension of it can be still
very large. Therefore, we suggest an efficient iterative solver for the Lyapunov equations
appearing in the second reduction step. In general, we consider the following stable
Lyapunov equations

AXET+EXHAT + BOBT =0,

ATX56 + ET XA+ CTRC =0, 2
where @ € R™*™ and R € RP*P are symmetric and possibly indefinite. The solution
of (23) can then be factored in the same way as the right-hand sides, i.e., X1 = Z;Y; Z]
and Xy = ZQYQZQT , where Y7 and Y5 are also symmetric matrices. For efficiently com-
puting the solutions of (23), we extend the dual sign function iteration method from [3]
for the LD LT-factorization of the solutions. As a result, we get a sign function iteration,
that solves both Lyapunov equations with symmetric indefinite right-hand sides (23) at
the same time; see Algorithm 7.

The implementation of Algorithm 7 as well as dense versions of the second-order
frequency- and time-limited balanced truncation methods can be found in [13].

Remark 7. In Step 4 of Algorithm 7, the memory requirements and operations are dou-
bling in every step due to the extension of the solution factors. It is suggested to do
LDLT column and row compressions at that point to keep the size of the factors small.

3.4. Modified Gramian approach

A drawback of the frequency- and time-limited balanced truncation methods is the loss
of stability preservation. For the first-order system case, there are different modifications
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of the methods to regain the preservation of stability, e.g., the replacement of one of the
limited Gramians by the corresponding infinite Gramian [23,27].

A different technique, proposed in [22], is the modified Gramian approach. There-
fore, the indefinite right-hand sides (19) are replaced by definite ones. Using eigenvalue
decompositions, the right-hand sides can be rewritten as

BQBT + BB = UB’QSB’QU-BF,SP CTC + CTCQ = UC’QSC’QUJQ,
BtOB;I; - Bth;rf = UB,TSB,TU;—,T7 C Cto C;rfctf = UC,TSC,TUJ,T7

where Up q, Uc a, Ug,r, Uc,r are orthogonal matrices and

Sp.a = diag(nfg,...,772Bm,07...,()), Sc.o = diag(nf, . ,ngp,O,...,O),
Spr =diag(uf,. .., 15,,,0,...,0),  Ser =diag(uS, ..., u5,,0,...,0).

et Upa.1, Uca1, Us 11, Uc 11 be the parts of the orthogonal matrices, corresponding
Let Ug a1, Uca,1, Us 1, Ue,r,1 be th f th h 1 i di
to the possible non-zero eigenvalues. The modified frequency- and time-limited Gramians
are then given as the solutions of the followin, apunov equations
hen gi he soluti f the following Lyap quati

APSI)IIOdgT + SPgOdAT + Bmod (Bmod) 0’

ATngdS + ETngdA+ (CgOd) C{r‘?od _ 0’

APRoIeT 4 ePpod AT 4 Bpod (Bmod)T =0,

ATQmOdS +5TQ,111_'10dA+ (Cmod) Cmod

with
B(led = UB@J diag(‘nlg|a'--a|n28m|)§a CmOd diag(|77(1:|,~~-7\ng\)iUcT,Q,p
mo . 1 mo . 1
By 4= Us,ra dlag(luf\ |H2m‘)2 Cr d dlag(m(ﬂw“:‘ngDng,T,l-

Using those modified Gramians for the limited balanced truncation methods also pre-
serves the stability in the reduced-order models in the first-order case. There exists
an Ho, error bound for the modified frequency-limited balanced truncation for first-
order systems [7]. Note that the limited Gramians can also be easily computed using
the projection-based matrix equation solvers with only minor changes in the algo-
rithms [7,29].

Remark 8. In general, neither the replacement of limited Gramians by the infinite ones
nor the modified Gramian approach are guaranteed to preserve the stability in the
reduced-order model when it comes to the second-order case. The stability preserv-
ing methods in [24,25] are just based on the assumption, that the same procedure as in
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Fig. 1. Setup of the single chain oscillator.

the first-order case also works for second-order systems. This is not the case, since al-
ready the classical second-order balanced truncation methods are in general not stability
preserving [39].

Despite there is no general guarantee for stability preservation as mentioned in Re-
mark 8, the modified Gramians are a potentially useful alternative to the fully limited
balanced truncation approaches. It is mentioned in [7,29] for the first-order systems
case that the local approximation quality attained by the modified Gramian approach
lies between the limited Gramians and the infinite Gramians while enforcing stability
preservation. With respect to the structure-preserving version of the limited balanced
truncation approaches, this motivates the use of modified Gramians in cases where the
fully limited approaches fail to produce stable reduced-order models by a still localized
approximation while having the chance for the construction of stable reduced-order mod-
els. The actual approximation quality of the modified Gramians compared to the infinite
and fully limited ones as well as special cases in which this approach can guarantee for
stable reduced-order models need to be investigated in future work.

4. Numerical examples

In the following, some mechanical systems of second-order form from the literature
have been chosen as benchmark examples. The experiments reported here have been
executed on machines with 2 Intel(R) Xeon(R) Silver 4110 CPU processors running at
2.10 GHz and equipped with either 192 GB or 384 GB total main memory. The computers
are running on CentOS Linux release 7.5.1804 (Core) and using MATLAB 9.4.0.813654
(R2018a). For the computations, the following software has been used:

e MORLAB version 5.0 [13], for all evaluations in the frequency and time domain,
the generation of the pictures and the dense implementations of the limited model
reduction methods used in the two-step approach,

o the limited balanced truncation for large-scale sparse second-order systems code
package [14], for the computations of the full-order limited Gramians via projection
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methods (see Section 3.1.3) and the implementation of the balancing formulas from
Table 1,

o the M-M.E.S.S. library version 2.0 [41], for computing the full Gramians with already
approximated right-hand sides.

In general, we used the projection-based methods from [14] to approximate the right-
hand sides and the Gramians. But in case that the Gramians did not converge, we used
the computed approximation of the right-hand sides from the projection methods in the
ADI method from [41] to compute a solution to the matrix equation.

For the presentation of the results, the following error measures have been used.
In the frequency domain, the point-wise absolute errors in the plots are computed as

~

|H(jw) — H(jw)||2 for the frequency points w € R and the point-wise relative error as

I H (o) —H (jw) 12
|1H (Gw)l2

of the point-wise errors in the plotted frequency region, i.e.,

. The corresponding error tables show as global errors the maximum value

~

. ~ | H (jw) — H(jw)ll2
max H(jw)— H(jw and max -
WE [Wimin,Wmax) ” (] ) <j )H2 WE[Wmin,Wmax) ||H(jw)||2

where [Wmin, Wmax] 18 the frequency region as shown in the plots. The local errors are
then the maximum values in the frequency range of interest.

In the time domain, the errors are also point-wise evaluated. The plots show
lly(t) — §(t)||2, with t € R, as absolute errors and % for the relative errors.
The corresponding error tables show again the maximum point-wise error values

max [y(t) = §(0)]> and HIOE=IGIES
t€ [tminstmax] t€[tmintmax]  ||Y(E)]]2
where [tmin, tmax] 18 the time frame as shown in the plots or rather the local time range
[to,tf] chosen for the time-limited methods.

As criterion for the computed approximation order, the characteristic values from
Definitions 1 and 2 have been used. Therefore, we truncated all states corresponding to
the singular values that in sum were smaller than the largest singular value multiplied
with the tolerance 1074, i.e.,

4.1. Single chain oscillator

As first example, we consider the single chain oscillator benchmark from [33], where
we removed the holonomic constraint to get a mechanical system without algebraic
equations. Fig. 1 shows the basic setup of the system, where the parameters are chosen
as in [33], i.e., in our experiments we have
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Fig. 2. Frequency-limited ROMs for the single chain oscillator (full-order Gramians).

my=...=m, =100,
kli...:kn_liﬂgi...:ﬁn_li y
d1:...:dn,1:(52:...:(5n,1: y

and k1 = Kk, = 4, 01 = §,, = 10. The input and output matrices are chosen to be B, = e
and Cp, = [e1, 2, e,_1]7, where e; denotes the i-th column of the identity matrix I,,. Also,
we have chosen n = 12000 masses for the system. This system doe not have any velocity
outputs Cy. The computations were done with no a-shift (o = 0).

4.1.1. Frequency domain

The frequency range of interest in this example is chosen, just for demonstration
reasons, to be between 1 and 100Hz. In Fig. 2, the resulting reduced-order models
(ROMsS) can be seen in terms of their transfer functions (a), the point-wise absolute error
(b) and point-wise relative error (c). The frequency range of interest is marked as the area
between the dashed vertical lines. Table 2 gives an overview for all applied second-order
frequency-limited methods. It can be noted that all computed ROMs are of order 2, stable
and have absolute and relative errors in the same order of magnitude. Also we note that,
as desired, the errors in the frequency range of interest are significantly smaller than in the
overall considered frequency region. For the two-step approach, we used, on the one hand,
a logarithmically equidistant sampling of 200 frequency points in the frequency region
of interest and, on the other, for a global approximation logarithmically equidistant
points between 104 and 10* Hz. After a rank truncation of the orthogonalized basis,
the intermediate ROMs had the dimension 100. Since no significant differences between
the full-order Gramians and two-step approaches could be seen, we refer the reader also
to Fig. 2 and Table 2 for the results.



Table 2
Frequency-limited ROMs for the single chain oscillator (full-order Gramians).
p pm pv vp vpm v v so
ROM sizes 2 2 2 2 2 2 2 2
Stability v v v v v v v v
Global absolute errors 1.011e-01 1.011e-01 1.011e-01 1.011e-01 1.011e-01 1.011e-01 1.012e-01 1.012e-01
Local absolute errors 4.276e-11 4.277e-11 4.276e-11 7.439e-11 7.439e-11 7.439e-11 4.276e-11 7.439e-11
Global relative errors 2.888e-01 2.888e-01 2.888e-01 2.888e-01 2.888e-01 2.888e-01 2.889e-01 2.889e-01
Local relative errors 1.766e-07 1.766e-07 1.766e-07 3.072e-07 3.072e-07 3.072e-07 1.766e-07 3.072e-07
Table 3
Time-limited ROMs for the single chain oscillator (full-order Gramians).
p pm pv vp vpm v fv )
ROM sizes 4 4 4 4 4 4 4 4
Stability v v v v v v v v
Ustep Global absolute errors 9.621e-04 1.020e-03 9.619e-04 9.401e-04 9.985e-04 9.393e-04 9.880e-04 9.568e-04
Local absolute errors 7.953e-07 6.408e-07 7.980e-07 1.456e-06 2.866e-06 1.445e-06 8.597e-07 1.170e-06
Global relative errors 4.724e-03 5.014e-03 4.723e-03 4.616e-03 4.910e-03 4.611e-03 4.853e-03 4.697e-03
Local relative errors 4.204e-05 1.256e-05 4.217e-05 4.617e-05 1.384e-05 4.634e-05 4.953e-05 4.503e-05
Usin Global absolute errors 5.232e-05 5.215e-05 5.231e-05 5.081e-05 5.045e-05 5.079e-05 5.350e-05 5.208e-05
Local absolute errors 8.600e-07 4.580e-07 8.619e-07 9.591e-07 4.961e-07 9.638e-07 9.471e-07 9.263e-07
Global relative errors 8.275e-02 8.066e-02 8.273e-02 8.030e-02 7.827e-02 8.026e-02 8.465e-02 8.231e-02
Local relative errors 3.053e-04 1.150e-04 3.062e-04 3.264e-04 1.261e-04 3.284e-04 3.526e-04 3.214e-04
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Fig. 3. Absolute and relative errors of time-limited ROMs for the single chain oscillator with inputs ustep
(a), (b) and usin (c), (d) (full-order Gramians).

4.1.2. Time domain
In the time domain, we apply two different input signals to test our ROMs

Ustep(t) = 0(t —5) and  wugn(t) = sin(t)d(t — 5), (24)

for t € [0,100] and d(¢) the Heaviside function. As time range of interest, [0, 20]seconds
has been chosen.

While Fig. 3 shows the results for the time-limited balanced truncation methods in
terms of absolute and relative errors for the two applied input signals (24), in Table 3,
the ROM sizes, maximum absolute and maximum relative errors are given. One can
observe that all ROMs are of order 4, stable and have locally significantly smaller errors
than globally.

Again, the results of the two-step approaches are only marginal distinguishable from
the results of the full-order Gramians, where we used the global sampling between 10~*
and 10* Hz to pre-approximate the system’s behavior. Therefore, those results are also
not shown here.

4.2. Crankshaft

The crankshaft is a model from the University Stuttgart, describing the crankshaft
of a four-cylinder engine [36], which is shown in Fig. 4. After discretization by the finite
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Fig. 4. Crankshaft of a four-cylinder engine [36].
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Fig. 5. Frequency-limited ROMs for the crankshaft (full-order Gramians).

element method, the constraint model is of dimension n = 42126 with m = p = 35
inputs and outputs. Due to the rigid elements, coupling the interface nodes, the system
has several eigenvalues at zero. Therefore, we apply the shift a = 0.01, as suggested in
Section 3.2, to make the system asymptotically stable during the computations of the

matrix equations and low-rank projection matrices.

4.2.1. Frequency domain

In the frequency domain, we are interested in the actual working range of the
crankshaft between 4 and 20kHz. Fig. 5 shows the results for using the full-order
frequency-limited Gramians. The frequency range of interest lies again between the two
vertical dashed lines. We can see that all ROMs approximate the frequency region of
interest better than the global region. Also Table 4 shows the desired approximation be-
havior in terms of the errors. In this example, some of the computed ROMs are unstable
as denoted by x-marks in Table 4. It should be noted that even for the same order some
methods might produce unstable models while others do not.



Table 4
Frequency-limited ROMs for the crankshaft (full-order Gramians).
P pm pv vp vpm v fv s0
ROM sizes 7 e 65 88 88 69 T 7
Stability v X v X X v 4 X
Global absolute errors 9.367e-05 3.237e-04 9.280e-05 1.141e-04 9.601e-05 9.265e-05 9.361e-05 9.345e-05
Local absolute errors 1.588e-09 1.816e-08 9.855e-10 5.497e-09 4.978e-08 4.413e-10 1.011e-10 2.818e-10
Global relative errors 4.627e+00 2.082e+01 2.353e+00 1.439e+01 4.682e+00 4.718e+00 3.963e+00 2.652e+00
Local relative errors 1.327e-03 1.754e-02 8.237e-04 5.117e-03 4.807e-02 4.261e-04 9.759e-05 2.722e-04
Table 5
Frequency-limited ROMs for the crankshaft (two-step methods).
P pm pv vp vpm v fv so
ROM sizes 84 84 67 93 93 70 84 70
Stability v X v X X v v X
Global absolute errors 1.405e-04 3.945e-04 1.026e-04 1.204e-04 1.364e-04 2.138e-04 1.065e-04 9.057e-05
Local absolute errors 2.037e-09 2.569e-08 8.225e-10 7.911e-09 3.709e-08 3.846e-09 1.297e-09 1.774e-09
Global relative errors 2.041e+00 1.400e+01 5.712e+00 7.743e+00 9.187e+00 9.393e+00 3.565e+00 2.865e+00
Local relative errors 1.967e-03 2.481e-02 6.874e-04 7.775e-03 3.462e-02 1.810e-03 1.252e-03 1.713e-03
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Fig. 6. Frequency-limited ROMs for the crankshaft (two-step methods).

In this example, we also applied the two-step approach with 200 frequency sample
points in the region of interest to generate the intermediate model of order 447. Those
results can be seen in Fig. 6. Table 5 shows that the ROMs produced by the two-step
approach are slightly larger in dimension and also partially in errors, while the same
methods (pm, vp, vpm, so) as for the full-order Gramian approach produce unstable
models.

4.2.2. Time domain
In the time domain, we consider just the first 0.01 seconds of using the crankshaft,

while the full simulation runs over a time range of [0, 0.05] seconds. As test input signals,
we apply

Ustep(t) = 30000 (¢ — 0.005) - 135 and wugin(t) = 1500(sin(10mt) + 1)6(¢t — 0.005) - 135,

where 135 denotes the ones vector of length 35. The results for the time-limited balanced
truncation with the full-order Gramians can be seen in Fig. 7 and Table 6. Only one
unstable model (vpm) was computed, which still gives suitable approximation results,
and all ROMs have small enough errors in the time domain. Even so, we recognize that
the local approximation error is only in some cases a bit smaller than the global one.

For the two-step approach, we computed 200 logarithmically equidistant distributed
samples in the frequency domain between 1072 and 10 Hz. The intermediate model
had the order 876. Since the resulting ROMs are of the same order as the ones com-
puted via the full-order Gramians, featuring the same stability properties, and are only
slightly worse in terms of the time domain errors than in Table 6, we skip the additional
presentation of those results here.



Table 6
Time-limited ROMs for the crankshaft (full-order Gramians).
p pm pv vp vpm v fv so
ROM sizes 58 58 37 132 132 59 58 59
Stability v v v v X v v v
Ustep Global absolute errors 9.442e-06 8.765e-05 2.331e-04 4.771e-06 1.567e-06 7.733e-06 1.884e-04 2.669e-05
Local absolute errors 9.442e-06 8.765e-05 2.331e-04 4.771e-06 1.567e-06 7.733e-06 1.554e-04 2.467e-05
Global relative errors 5.573e-04 8.707e-03 4.803e-02 7.460e-04 1.039e-04 4.103e-04 1.078e-02 1.731e-03
Local relative errors 5.573e-04 8.707e-03 4.803e-02 7.460e-04 1.039e-04 4.103e-04 9.845e-03 1.731e-03
Usin Global absolute errors 5.459e-06 7.231e-05 1.349e-04 3.345e-06 1.233e-06 4.472e-06 1.089e-04 2.664e-05
Local absolute errors 5.459e-06 5.245e-05 1.349e-04 2.760e-06 9.133e-07 4.472e-06 8.980e-05 1.547e-05
Global relative errors 5.559e-04 8.707e-03 4.803e-02 7.460e-04 1.028e-04 4.103e-04 9.189e-03 1.610e-03
Local relative errors 5.559e-04 8.707e-03 4.803e-02 7.460e-04 1.028e-04 4.103e-04 8.605e-03 1.610e-03
Table 7
Frequency-limited ROMs for the artificial fishtail (full-order Gramians).
P pm pv vp vpm v fv so
ROM sizes 1 1 1 1 1 1 1 1
Stability v v v v v v v v
Global absolute errors 4.409e-07 4.409e-07 4.409e-07 4.409e-07 4.409e-07 4.409e-07 1.172e-04 4.409e-07
Local absolute errors 1.046e-07 1.538e-07 1.043e-07 8.975e-08 1.558e-07 8.964e-08 1.172e-04 1.045e-07
Global relative errors 9.182e+00 9.176e+00 9.182e+00 9.181e+00 9.174e+00 9.181e+00 1.596e+01 9.182e+00
Local relative errors 1.132e-02 1.200e-02 1.132e-02 1.150e-02 1.219e-02 1.150e-02 9.557e-01 1.132e-02
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Fig. 7. Absolute and relative errors of time-limited ROMs for the crankshaft with inputs usep (a), (b) and
Usin (€), (d) (full-order Gramians).

Fig. 8. Transparent sketch of the artificial fishtail with embedded fluid chambers.

4.8. Artificial fishtail

The artificial fishtail is a mechanical system, describing the movement of a fishtail-
shaped structure by using the fluid elastomer actuation principle. Fig. 8 shows a trans-
parent sketch of the fishtail model consisting of a carbon beam in the center and a
silicon hull around. A more detailed description of the model as well as a comparison
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Fig. 9. Frequency-limited ROMs for the artificial fishtail (full-order Gramians).

of structure-preserving second-order model reduction techniques for this example can
be found in [42]. After spatial discretization by the finite element method, the resulting
second-order system has n = 779 232 states describing the model. By the actuation prin-
ciple, we have m = 1 input and a sensor is measuring the displacement of the fishtail’s
tip in all spatial dimensions, i.e., we have p = 3 position outputs and no velocity outputs.
The discretized data is available as open benchmark at [45]. The computations were done
without an a-shift (a = 0).

4.38.1. Frequency domain

In the frequency domain, the range of interest for the fishtail model lies between 0
and 20 Hz, since higher frequencies are physically not realizable. Fig. 9 shows the results
for the frequency-limited balanced truncation methods, based on the full-order Grami-
ans. Except for the fv balancing there is no visible difference between the ROMs and
the full-order model. The error plots show that the approximation reached a sufficiently
small error in the region of interest. Table 7 shows the corresponding maximum absolute
and relative error in the local and global frequency regions. It is remarkable that the
methods were able to approximate the original model, having around 780 000 states, by
stable order 1 systems in the region of interest. While the absolute errors are compara-
ble between local and global region, the relative errors show again the strength of the
frequency-limited method.

4.8.2. Time domain

In the time domain, the fishtail is simulated from 0 to 2 seconds. For our time-limited
methods we consider the time range up to 0.5seconds and as inputs, the following two
signals are considered:
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Fig. 10. Absolute and relative errors of time-limited ROMs for the artificial fishtail with inputs ugtep (a), (b)
and ugin (c), (d) (full-order Gramians).

Ustep(t) = 50005(t — 0.1)  and  ugn (t) = 2500(sin(107 (¢ — 1.35)) + 1)8(t — 0.1).

Fig. 10 and Table 8 show the results. Except for the models generated by pm, vpm and
fv, the computed ROMSs have acceptable small errors in the time domain. Also, only the
vpm ROM is unstable. The errors in the local region are sometimes a bit smaller than
the global ones as we were aiming for by the method.

The two-step approach here used 200 logarithmically equidistant sample points in the
frequency range from 10~% to 10* Hz, which gave an intermediate model of order 100.
The results of the ROMs computed by the two-step approach differ a bit from the ones
generated by the full-order Gramians. Those results can be seen in Table 9. There, the
shown errors are partially smaller or larger than in Table 8 and also we note that for the
two-step approach, the vpm model is also unstable but still gives usable results for both
applied input signals.

5. Conclusions

We extended the frequency- and time-limited balanced truncation methods from first-
order systems to the second-order case by applying the different second-order balancing
approaches from the literature. For the application of the introduced theory, we in-
vestigated numerical methods for approximating the solution of the arising large-scale



Table 8
Time-limited ROMs for the artificial fishtail (full-order Gramians).
p pm pv vp vpm v fv so
ROM sizes 4 4 2 6 6 4 4 4
Stability v v v v X v v v
Ustep Global absolute errors 5.523e-06 5.277e-03 2.320e-04 7.032e-06 oo 3.049e-05 4.650e-04 6.087e-06
Local absolute errors 5.523e-06 4.282e-03 2.320e-04 7.032e-06 [ 3.049e-05 4.650e-04 6.087e-06
Global relative errors 9.961e-03 4.577e-01 1.524e-01 4.127e-04 oo 2.799e-03 1.489e+00 8.162e-03
Local relative errors 9.961e-03 4.577e-01 1.524e-01 4.127e-04 oo 2.799e-03 1.489e+00 8.162e-03
Usgin Global absolute errors 6.103e-07 6.845e-04 8.434e-05 3.878e-06 00 1.681e-05 2.898e-05 6.237e-07
Local absolute errors 6.094e-07 6.278e-04 8.434e-05 3.850e-06 oo 1.681e-05 2.846e-05 6.129e-07
Global relative errors 9.961e-03 1.525e+01 2.819e-01 6.047e-03 oo 3.089e-03 1.489e+00 8.162e-03
Local relative errors 9.961e-03 1.549e+00 1.224e-01 8.350e-04 [ 1.192e-03 1.489e+00 8.162e-03
Table 9
Time-limited ROMs for the artificial fishtail (two-step methods).
p pm pv vp vpm v fv so
ROM sizes 4 4 2 9 9 4 4 4
Stability v v v v X v v v
Ustep Global absolute errors 5.506e-06 1.306e-03 2.308e-04 6.210e-06 1.394e-03 6.649e-05 2.229e-04 7.206e-06
Local absolute errors 5.506e-06 1.306e-03 2.308e-04 6.210e-06 1.137e-03 6.649e-05 2.229e-04 7.206e-06
Global relative errors 1.088e-02 2.335e+00 1.517e-01 2.461e-03 2.321e-01 2.253e-02 9.866e-01 4.656e-03
Local relative errors 1.088e-02 2.335e+00 1.517e-01 2.461e-03 2.321e-01 2.253e-02 9.866e-01 4.656e-03
Usgin Global absolute errors 9.836e-07 9.156e-04 8.371e-05 5.547e-07 3.619e-04 2.309e-05 9.389e-07 9.808e-07
Local absolute errors 9.885e-07 9.156e-04 8.371e-05 5.560e-07 3.887e-04 2.316e-05 9.389e-07 9.899e-07
Global relative errors 1.088e-02 2.335e+00 2.775e-01 2.613e-03 4.312e+00 1.152e-01 9.866e-01 4.656e-03
Local relative errors 1.088e-02 2.335e+00 1.218e-01 1.585e-03 6.518e-01 3.076e-02 9.866e-01 4.656e-03
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sparse matrix equations with function right-hand sides as well as techniques to deal with
the difficulties arising from the second-order system structure. The numerical examples
show that the methods work for the purpose of limited model reduction in the frequency
domain and also for some examples in time domain. By comparison of the different bal-
ancing formulas, it was not possible to determine a clear winner or loser. Depending on
the example, different balancing techniques performed better or worse than the others.
Also, stability preservation is still an open problem for this type of model reduction tech-
niques, where we pointed out that the known modifications from the first-order case are
not necessarily stability preserving for second-order systems but might be alternatives
to the fully limited balanced truncation approaches in terms of the construction of local
and possibly stable approximations.
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