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Bell inequalities constitute a key tool in quantum information theory: they not only allow one to reveal
nonlocality in composite quantum systems, but, more importantly, they can be used to certify relevant properties
thereof. We provide a very simple and intuitive construction of Bell inequalities that are maximally violated by
the multiqubit graph states and can be used for their robust self-testing. The main advantage of our inequalities
over previous constructions for these states lies in the fact that the number of correlations they contain scales only
linearly with the number of observers, which presents a significant reduction of the experimental effort needed
to violate them. We also discuss possible generalizations of our approach by showing that it is applicable to
entangled states whose stabilizers are not simply tensor products of Pauli matrices.

Introduction. Since the first discovery by Bell more than
50 years ago, it has been known that quantum particles are
capable of sharing correlations that cannot be reproduced by
any classical means [1, 2]. Such property, usually referred to
as nonlocality, has attracted a lot of attention, not only because
of its fundamental interest, but also because of its applications
in quantum technologies. In particular, nonlocality is a key
ingredient in the framework of device-independent protocols,
among which the best known applications are in the field of
cryptography and randomness certification [3–7].

Another relevant application of nonlocality is self-testing,
which can be seen as a way of certifying both the state pro-
duced and the local measurements performed by some given
quantum devices, by simply looking at the resulting correla-
tions. Such a tool is particularly interesting because it offers a
way to guarantee that the devices are working properly with-
out the need of knowing their internal functioning. It thus
consitutes a form of device-independent certification that can
be useful for various quantum information protocols. In fact,
since its introduction in [8], self-testing has been studied in
many contexts, showing to be applicable to multipartite states
[9, 10] and any number of measurements as well [11]. More-
over, extensions to several different scenarios have also been
considered, such as steering [12], prepare-and measure frame-
work [13], networks [14, 15] and the certification of quantum
channels [16].

From an implementation perspective, a relevant challenge
is to design self-testing strategies that can be applied to real-
istic situations. Since recent experiments are capable of ad-
dressing already tens of particles [17, 18] a crucial ingredient
for a certifying strategy is to present an efficient scaling in
terms of the required resources. Indeed, any method that is
based on the full information about either the state or the ob-
served correlations is bound to become intractable already for
medium-large systems, since such information scales expo-
nentially with the number of particles involved. Interestingly,
it has already been shown that nonlocality can be assessed
with the knowledge of few-body correlations only [19–23],

which require generally a polynomial scaling number of mea-
surements to be estimated. Moreover, Bell inequalities that
consist of a constant amount of terms have also been intro-
duced [19, 20], opening the way to the first experimental de-
tections of Bell correlations in many-body systems of hun-
dreds [24] and hundreds of thousands of atoms [25].

Since nonlocality is a necessary ingredient for self-testing,
a relevant question to ask is which family of multipartite states
can be self-tested using a polynomial amount of informa-
tion about the observed correlations. Here, we address this
question by focusing on graph states, one of the most repre-
sentative subsets of multipartite entangled states that include,
for instance, Greenberger-Horne-Zeilinger (GHZ) and cluster
states. In particular, we introduce the first scalable self-testing
method for graph states based on Bell inequalities. This im-
plies introducing a new family of Bell inequalities maximally
violated by graph states whose violation, contrary to previ-
ous constructions [26–28], can be estimated by measuring a
number of correlations that scales linearly with the number of
particles. While other works have already proven self-testing
for these states with a similar amount of information [9, 10]
the main novelty of our result is its connection to the violation
of a Bell inequality, which is an advantage that can be ex-
ploited for further applications. Here we focus on two: first,
we apply the techniques from [29] to show that our inequali-
ties can self-test the graph states in a robust way, and second,
we analyse generalisations of our method that allow us to de-
rive Bell inequalities useful for self-testing multiqubit states
that are not stabilizer states.

Preliminaries. Before presenting our results, we first set
up the scenario and introduce the relevant notation and ter-
minology. We consider the simplest N -partite Bell scenario,
referred to as (N, 2, 2) scenario, in which N distant observers
share some N -partite quantum state |ψ〉. On their share of
the state, observer i measures one of two dichotomic observ-
ables, denoted A(i)

xi with xi = 0, 1 and i = 1, . . . , N , whose
outcomes are labelled ±1 (in the few-party case we will also
denote the observables by Ai, Bi etc.). The correlations ob-
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tained in this experiment are described by a collection of ex-
pectation values

〈A(i1)
xi1

. . . A(ik)
xik
〉 = 〈ψ|A(i1)

xi1
⊗ . . .⊗A(ik)

xik
|ψ〉 (1)

which are usually referred to as correlators and we arrange
them for our convenience in a vector ~c. Such quantum correla-
tions form a convex set, denoted QN . Noticeably, it contains
correlations that, even if obtained from a quantum state and
quantum measurements, can be simulated in a purely classi-
cal way. Such correlations are said to admit a local hidden
variable (LHV) model and are shortly called local or classi-
cal. They form a convex polytope, denoted PN . Yet, quan-
tum theory offers also correlations that escape the description
in terms of LHV models and Bell was the first to reveal that
[1]. To this end, he used certain inequalities—so-called Bell
inequalities—whose general form in the (N, 2, 2) scenario is

I :=
N∑
k=1

∑
1≤i1<i2<...<ik≤N
xi1

,...,xiN
=0,1

αi1,...ikx1,...xN
〈A(i1)

xi1
. . . A(ik)

xik
〉 ≤ βC

(2)
with βC being the classical bound defined as βC = maxPN

I .
Correlations ~c that violate a Bell inequality cannot be repro-
duced by any LHV model and are therefore termed nonlocal.
The best known example of a Bell inequality, defined in the
(2, 2, 2) scenario, is known as Clauser-Horne-Shimony-Holt
(CHSH) [30] and reads

ICHSH := 〈(A0 +A1)B0〉+ 〈(A0 −A1)B1〉 ≤ 2, (3)

where Ax and By (x, y = 0, 1) are dichotomic observables
measured by the respective observers. Its maximal quantum
value is 2

√
2 and is achieved by the maximally entangled state

of two qubits |φ+〉 = (|00〉 + |11〉)/
√

2 and the observables
Ai = [σX + (−1)iσZ ]/

√
2, and B0 = σX and B1 = σZ .

Here, σX and σZ are the Pauli operators.
Let us finally recall the definition of the multi-qubit graph

states. Consider a graph G = (V,E), where V is the set of
vertices of size |V | = N , and E is the set of edges connecting
the vertices. Let then n(i) be the neighbourhood of the vertex
i, i.e., all vertices from V that are connected with i by an edge.
Now, to every vertex i we associate an operator

Gi = σXi ⊗
⊗
j∈n(i)

σZj , (4)

in which the σX operator acts on site i, while the σZ opera-
tors act on all sites that belong to n(i). Then, the graph state
|ψG〉 associated to G is defined as the unique eigenstate of all
these operators Gi (i = 1, . . . , N) with eigenvalue one. The
Gi’s are called stabilizing operators of |ψG〉 and they generate
2N -element commutative group of operators stabilizing |ψG〉,
called stabilizer group.

The simplest example of a graph state, corresponding to the
two-vertex complete graph up to local unitary equivalence, is
precisely the maximally entangled state of two qubits |φ+〉.

Let us stress here that there is a direct relation between the sta-
bilizing operators of |φ+〉 and the maximal quantum violation
of the CHSH Bell inequality. Precisely, the observables realis-
ing the maximal quantum violation of the CHSH Bell inequal-
ity can be combined to obtain (A0 +A1)⊗B0 =

√
2σX⊗σX

and (A0 − A1)⊗ B1 =
√

2σZ ⊗ σZ , which constitute, up to
a constant factor, the stabilizing operators of |φ+〉. This is
exactly the relation that we exploit below to construct Bell
inequalities for graph states. In fact, our inequalities can be
seen as a generalisation of the CHSH Bell inequality to the
multipartite case.

CHSH-like Bell inequalities for graph states. We are now
ready to present our main results. We begin with a new fam-
ily of Bell inequalities maximally violated by the graph states.
Let us consider a graph G and, for our convenience, enumer-
ate its vertices so that the first one has the largest neighbour-
hood, that is, |n(1)| = maxi |n(i)| ≡ nmax. If there are more
vertices with maximal neighbourhood in G, we choose any of
them as the first vertex.

Then, to every stabilizing operator Gi corresponding to the
graph G we associate an expectation value in which the re-
spective operators are replaced by quantum dichotomic ob-
servables or combinations thereof. More precisely, at the first
site σX1 and σZ1 are replaced by, respectively, A(1)

0 + A
(1)
1

and A(1)
0 − A(1)

1 , whereas for the remaining observers, σXj
and σZj are replaced simply by A

(j)
0 and A

(j)
1 . Finally, if

there is an identity at any position in Gi we leave it as it is.
We then add the obtained correlators, multiplying the first

one by nmax, and obtain the following Bell inequality

IG : = nmax

〈
(A

(1)
0 +A

(1)
1 )

∏
i∈n(1)

A
(i)
1

〉

+
∑
i∈n(1)

〈
(A

(1)
0 −A

(1)
1 )A

(i)
0

∏
j∈n(i)\{1}

A
(j)
1

〉

+
∑

i/∈n(1)∪{1}

〈
A

(i)
0

∏
j∈n(i)

A
(j)
1

〉
≤ βCG . (5)

Notice that IG coincides with the CHSH Bell expression for
N = 2. Similarly, for higher N it can be seen as a sum of
nmax CHSH Bell expressions between the first party and some
joint measurements on the parties corresponding to the neigh-
bouring vertices, plus some number of correlators in which
the first observer does not appear. This simple structure makes
our Bell inequalities extremely easy to characterize. In fact,
as shown below, their maximal classical and quantum values
can even be computed by hand.

Fact 1. For a given graph G, the classical bound of the cor-
responding Bell inequality (5) is βCG = N + nmax − 1.

Proof. We start by noting that (5) consists of a single term
containingA(1)

0 +A
(1)
1 appearing with weight nmax, and nmax

different terms containing A(1)
0 − A

(1)
1 . Now, for any local

deterministic correlations that assign ±1 to all observables
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FIG. 1. Two examples of graphs: (a) the star graph and (b) the ring
graph.

A
(j)
xj , these two combinations are either zero or two and if one

equals two, the other vanishes. Thus, the contribution from
these terms to the classical bound is exactly 2nmax. Then, the
maximal value of the remaining correlators in (5) over local
deterministic strategies is N −nmax− 1, which together with
the first contribution results in βCG = N + nmax − 1.

Fact 2. For a given graph G, the maximal quantum violation
of (5) is βQG = (2

√
2− 1)nmax +N − 1.

Proof. We first demonstrate that βQG upper bounds the maxi-
mal quantum value of (5) and then provide an explicit quan-
tum strategy achieving this bound.

Let us consider a Bell operator BG obtained from the Bell
expression IG. It can be shown that the shifted Bell opera-
tor βQG1− BG is positive semidefinite for any choice of local
observables A(i)

xi , meaning that βQG upper bounds the maxi-
mal quantum violation of inequality (5). This is achieved by
writing this operator in the form of a sum of squares decom-
position (see Appendix A). To complete the proof let us now
provide an explicit quantum strategy for which the value of IG
equals exactly βQG . To this end, we choose the following ob-
servables A(1)

0 = (σX +σZ)/
√

2 and A(1)
1 = (σX −σZ)/

√
2

for the first observer, and A
(i)
0 = σX and A

(i)
1 = σZ for

the remaining ones. By the very definition of the state |ψG〉
corresponding to the graph G, it is not difficult to see that
for these observables and |ψG〉, the value of every correla-
tor in (5) containing combinations of the observables A(1)

x1

is
√

2, whereas the value of each of the remaining correla-
tors is one. Consequently, IG for this realisation amounts to
2
√

2nmax +N−nmax−1 = (2
√

2−1)nmax +N−1, which
is exactly βQG .

A few comments are in order. First, it follows that for any
graph G, our Bell inequalities are nontrivial, i.e., βQG > βCG .
On the other hand, the ratio βQG/β

C
G tends to a constant value

(also when nmax depends on N ).
Examples. Let us now illustrate our construction with two

examples. The first one concerns the star graph presented in
Fig. 1. For this graph |n(1)| = nmax = N − 1 and the
stabilizing operators are of the form: G1 = σX1σZ2 . . . σZN
for the first vertex and Gi = σXiσZ1 with i = 2, . . . , N
for the remaining ones. For our convenience, we apply the
Hadamard gate to all the vertices but the first one, which gives
us an equivalent set of operators: G′1 = σX1 . . . σXN and

G′i = σZ1σZi with i = 2, . . . , N . It follows that they stabilise
the N -qubit GHZ state

|GHZN 〉 =
1√
2

(|0〉⊗N + |1〉⊗N ). (6)

Let us then associate expectation values to each G′i. As the
first vertex is the one with the largest neighbourhood, we make
the assignments

G′1 → 〈(A(1)
0 +A

(1)
1 )A

(2)
0 . . . A

(N)
0 〉

G′i → 〈(A(1)
0 −A

(1)
1 )A

(i)
1 〉 (i = 2, . . . , N) (7)

which leads us to the following Bell inequality

INGHZ = (N − 1)
[
〈A(1)

0 A
(2)
0 . . .A

(N)
0 〉+ 〈A(1)

1 A
(2)
0 . . .A

(N)
0 〉)

]
+

N∑
i=2

(〈A(1)
0 A

(i)
1 〉 − 〈A

(1)
1 A

(i)
1 〉) ≤ 2(N − 1). (8)

This inequality was also found in Ref. [23] using a different
approach and it can be seen as a sum of N − 1 CHSH Bell
inequalities between the first observer and the remaining ones;
for N = 2 it reproduces the CHSH inequality. It follows from
Fact 2 that βQGHZ = 2

√
2(N−1) and it is achieved by the GHZ

state (6). It should be noticed that contrary to the well-known
Mermin Bell inequality [31] which is also maximally violated
by this state, our inequality contains a number of correlators
that scales linearly with N . Moreover, only two of them are
N -body and they involve two different measurements choices
only for the first party. All this makes our inequality for the
GHZ state more advantageous from the experimental point of
view.

As a second example we consider the ring graph presented
in Fig. 1, for which the stabilizing operators are Gi =
σZi−1σXiσZi+1 with i = 1, . . . , N , where we use the con-
vention that σZ0 ≡ σZN and σZN+1 ≡ σZ1.

As every vertex in this graph has neighborhood of the same
size, i.e., n(i) = nmax = 2 (i = 1, . . . , N), we choose the
first vertex to be the one at which we introduce combinations
of observables. Thus, following our recipe,

GN → 〈A(N−1)
1 A

(N)
0 (A

(1)
0 −A

(1)
1 )〉

G1 → 〈A(N)
1 (A

(1)
0 +A

(1)
1 )A

(2)
1 〉

G2 → 〈(A(1)
0 −A

(1)
1 )A

(2)
0 A

(3)
1 〉 (9)

and Gi → 〈A(i−1)
1 A

(i)
0 A

(i+1)
1 〉 for i = 3, . . . , N − 1. These

expectation values give rise to the following Bell inequality

Iring := 2〈A(N)
1 (A

(1)
0 +A

(1)
1 )A

(2)
1 〉+ 〈(A(1)

0 −A
(1)
1 )A

(2)
0 A

(3)
1 〉

+〈A(N−1)
1 A

(N)
0 (A

(1)
0 −A

(1)
1 )〉

+

N−1∑
i=3

〈A(i−1)
1 A

(i)
0 A

(i+1)
1 〉 ≤ N + 1, (10)

whose classical bound stems directly from Fact 1, while, ac-
cording to Fact 2, its maximal quantum violation isN+4

√
2−
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3 and is achieved by the so-called N -qubit ring cluster state
stabilized by the above Gi. Remarkably, this Bell inequality
contains only three-body nearest-neighbour correlators, i.e.,
correlators of minimal length able to detect nonlocality of the
ring state [32]. Lastly, notice that in this second example the
ratio βQG/β

C
G tends to 1 in the limit of large N , making the vi-

olation very sensitive to experimental errors for big systems.
This issue can be fixed by properly modifying the inequality
with the addition of substitutions σXj , σZj → (A

(j)
0 ± A

(j)
1 )

on other vertices j whose neighbourhood doesn’t overlap with
n(1) (see Appendix D for a detailed explanation of the gener-
alised method).

Comparison to other constructions. Let us compare our
inequalities to previous constructions of Bell inequalities for
graph states. The most general one was introduced in [26]
and then modified in [27] to allow for two measurements at
all sites. One of the key properties of the inequalities of
Refs. [26, 27] is that the ratio between their maximal quantum
and classical values is exponential in N , making them robust
against experimental imperfections. However, this last feature
is only possible due to the fact that the amount of expectation
values they contain grows exponentially with N , which cer-
tainly makes them highly impractical for experiments involv-
ing large number of parties. In contrast, our Bell inequalities
have a much simpler structure. In particular, they require mea-
suring only N − nmax − 1 expectation values, which results
in an exponential reduction in the experimental effort needed
to violate them. The price to pay is, however, that the ratio
βQG/β

C
G tends to a constant for large N .

DI applications. Self-testing. Apart from being convenient
from the experimental point of view, our Bell inequalities also
find applications in self-testing. To recall the task of self-
testing, imagine a quantum device that performs a Bell test
with some quantum state |ψ̄〉 and quantum observables Ā(i)

xi ,
producing correlations ~c. The aim of self-testing is to reveal
the structure of the system {|ψ̄〉, Ā(i)

xi } from the violation of
the Bell inequality by the observed correlations ~c

Indeed, we can prove the following fact:

Fact 3. Given a graph G, if the corresponding Bell inequal-
ity (5) is violated maximally by a state |ψ〉 and observables
Ā

(i)
j , then the following holds true: |ψ〉 is equivalent, up to

local isometries, to the state |ψG〉 associated to the graph
G and, similarly, the observables are equivalent to A(1)

j =

[σX + (−1)jσZ ]/
√

2, and A(i)
0 = σX and A(i)

1 = σZ for
i = 2, . . . , N .

Proof. The proof is in Appendix C.

It should be noticed here that, compared to other self-testing
methods for graph states, we present the first method that ex-
ploits the maximal violation of a multipartite Bell inequal-
ity. Moreover, with the aid of the approach developed in Ref.
[29] our Bell inequalities allow one to make robust self-testing
statements. In fact, the numerical results in Fig. 2 show that
the fidelity between the state |ψ〉 violating our inequalities for

two exemplary graphs and the corresponding graph state |ψG〉
is a linear function of the value IG.

Generalizations. Interestingly, our construction can be gen-
eralized so to work in cases where the stabilizer operators are
not products of Pauli operators. To give an example, let us
consider the partially entangled GHZ state

|GHZN (θ)〉 = cos θ |0〉⊗N + sin θ |1〉⊗N , (11)

with θ ∈ (0, π/4], which is stabilized by S1 =
sin 2θσX1σX2 . . . σXN + cos 2θσZ1 and Si = σZ1σZi (i =
2, . . . , N). To construct a Bell inequality maximally violated
by (11), we associate, as before, an expectation value to each
stabilizing operator Si: at the first site we substitute

σX1 →
A

(1)
0 +A

(1)
1

2 sinµ
, σZ1 →

A
(1)
0 −A

(1)
1

2 cosµ
, (12)

whereas at the remaining sites we traditionally set σXi →
A

(i)
0 and σZi → A

(i)
1 . For 2 sin2 µ = sin2 2θ, we obtain the

following Bell inequality

Iθ := (N − 1)〈(A(1)
0 +A

(1)
1 )A

(2)
0 . . . A

(N)
0 〉

+(N − 1)
cos 2θ√

1 + cos2 2θ
(〈A(1)

0 〉 − 〈A
(1)
1 〉)

+
1√

1 + cos2 2θ

N∑
i=2

〈(A(1)
0 −A

(1)
1 )A

(i)
1 〉 ≤ βC . (13)

In Appendix E we prove that this inequality is maximally vi-
olated by the state (11) and that it can be used to self-test this
state for any θ ∈ (0, π/4]. Noticeably, the case θ = π/4 re-
covers the inequality (8) for the GHZ state. Let us also notice
that for N = 2 we obtain a Bell inequality maximally vio-
lated by any pure entangled state, which is inequivalent to the
well-known tilted CHSH Bell inequality [33, 34].

Conclusion. We have introduced a family of Bell inequal-
ities that are maximally violated by the graph states and are
scalable from an experimental point of view. That is, contrary
to the previous constructions of Bell inequalities for graph
states, the number of expectation values they contain grows
only linearly with the number of parties. Furthermore, the ex-
tremely simple structure of our Bell inequalities makes them
easily applicable to robust self-testing.

It is worth pointing out that in constructing our inequalities
we follow an approach that, similarly to those developed in
Refs. [35, 36], exploits the quantum properties of the states
and measurements to be self-tested, rather than the standard
approach based on the geometry of the set of local correla-
tions.

Our considerations provoke further questions. First, it
would be interesting to see whether the approach presented
here can be generally applied to entangled states stabilized by
operators that are not just products of Pauli matrices. Here we
showed that such generalization is possible for partially en-
tangled GHZ states. Second, it would be of interest to inves-
tigate whether this approach can be exploited for multipartite
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FIG. 2. Fidelity with the target graph state, numerically estimated as a function of the relative observed violation (β − βC)/(βQ − βC) of
the corresponding Bell inequality constructed with our method. The plots show the case of a GHZ state (left) and ring graph state (right) of
N = 7 particles.

states of higher local dimensions; in particular, the multiqudit
graph states, for which no Bell inequalities are known. Let us
also mention that another method to derive Bell inequalities
from stabilizing formalism was presented in [16]. It would
be of interest to explore possible connections between both
approaches.
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Appendix A: Sum of squares decomposition

Here we provide a more detailed proof of Fact 2. For com-
pleteness let us also state the fact here.

Fact 2. For a given graph G, the maximal quantum violation
of (5) is βQG = (2

√
2− 1)nmax +N − 1.

Proof. Let us consider dichotomic observables A(i)
xi for each

observer and construct from them the Bell operator corre-
sponding to the Bell expression IG,

BG : = nmax(A
(1)
0 +A

(1)
1 )⊗

⊗
i∈N(1)

A
(i)
1

+
∑

i∈N(1)

(A
(1)
0 −A

(1)
1 )⊗A(i)

0 ⊗
⊗

j∈N(i)\{1}

A
(j)
1

+
∑

i/∈N(1)∪{1}

A
(i)
0 ⊗

⊗
j∈N(i)

A
(j)
1 , (14)

By direct checking it is not difficult to see that the shifted Bell
operator βQG1 − BG can be decomposed into the following
sum of squares

βQG1− BG =
nmax√

2
(1− P1)

2
+

1√
2

∑
i∈N(1)

(1− Pi)2

+
1

2

∑
i/∈N(1)∪{1}

(1− Pi)2
, (15)

where Pi are operators defined as

P1 =
A

(1)
0 +A

(1)
1√

2
⊗
⊗
i∈N(1)

A
(i)
1 , (16)

Pi =
A

(1)
0 −A

(1)
1√

2
⊗A(i)

0 ⊗
⊗

j∈N(i)\{1}

A
(j)
1 (17)

for i ∈ N(1), and, finally,

Pi = A
(i)
0 ⊗

⊗
j∈N(i)

A
(j)
1 (18)

for i /∈ N(1) ∪ {1}. This immediately implies that βQG1 −
BG � 0, and since the decomposition (15) holds true for
any choice of local observables A(i)

xi , we have that βQG upper
bounds the maximal quantum value of IG, that is,

max
QN

IG ≤ βQG . (19)

To prove that (19) turns into an equality, let us consider the
following observables

A
(1)
0 =

1√
2

(σX + σZ), A
(1)
1 =

1√
2

(σX − σZ) (20)

for the first observer and A
(i)
0 = σX and A

(i)
1 = σZ for

i = 2, . . . , N . By a direct check one sees that for these ob-
servables and the graph state |ψG〉 the value of IG is exactly
βQG , which completes the proof.

Appendix B: Self-testing graph states

In this section we provide the proof of Fact 3, which for
completeness we state formally here.

Fact 3. Given a graph G, if the corresponding Bell inequality
(5) is violated maximally by a state |ψ〉 and observables Ā(i)

j ,
then the following holds true:

Φ[(Ā
(i1)
ki1
⊗. . .⊗Ā(i1)

ki1
) |ψ〉] = (A

(i1)
ki1
⊗. . .⊗A(i1)

ki1
) |ψG〉⊗|aux〉,

(21)
where Φ = Φ1 ⊗ . . . ⊗ ΦN with Φi being the local isometry
defined in Fig. 3, |aux〉 is some state encoding uncorrelated
degrees of freedom,

A
(1)
j =

1√
2

[σX + (−1)jσZ ] (22)

and

A
(i)
0 = σX , A

(i)
1 = σZ (i = 2, . . . , N). (23)

Before proving this fact, we need some preparation. Let us
consider a graph G and the corresponding graph state |ψG〉.
Let us also assume that the Bell inequality (5) associated to
this graph is maximally violated by a state |ψ〉 and observables
Ā

(i)
j . We then consider the following operators

X ′1 =
1√
2

(
Ā

(1)
0 + Ā

(1)
1

)
, Z ′1 =

1√
2

(
Ā

(1)
0 − Ā

(1)
1

)
,

(24)
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and X1 = X ′1/|X ′1| and Z1 = Z ′1/|Z ′1|. We also denote Xi =

A
(i)
0 and Zi = A

(i)
1 for i = 2, . . . , N . It is not difficult to

check that all these operatorsXi and Zi with i = 1, . . . , N are
unitary; for i = 2, . . . , N this follows from the fact that A(i)

j

are Hermitian and have eigenvalues ±1, whereas for i = 1 it
stems from the polar decomposition (see, e.g., Ref. [11]). Let
us finally choose as isometry the so-called SWAP isometry,
whose output reads as follows

Φ
(
|+〉⊗N ⊗ |ψ〉

)
=

∑
τ∈{0,1}N

|τ〉 ⊗

 N⊗
j=1

X
τj
j Z

(τj)
j

 |ψ〉 ,
(25)

where Xi and Zi are those defined above and we have also
defined Z(τj)

i = [1 + (−1)τjZj ]/2, while the summation is
over all N -element sequences (τ1, . . . , τN ) with each τi ∈
{0, 1}. Notice that the action of this isometry is to perform a
unitary operation Φ = Φ1⊗. . .⊗ΦN on the state |+〉⊗N⊗|ψ〉,
where each unitary Φi acts on the i-th particle of |ψ〉 and one
of the qubits in the state |+〉. A visual representation of a
local branch of the isometry Φi is shown in Fig. 3. We are
now ready to prove Fact 3.

|+〉

ρi Zi

H

Xi

FIG. 3. A local branch Φi of the SWAP gate Φ = Φ1 ⊗ . . . ⊗ ΦN .
The isometry can be viewed as a unitary with each branch acting on
the i-th particle of |ψ〉 and one ancillary qubit in the state |+〉.

Proof. For the sake of simplicity let us assume that 2 ∈ n(1)
(notice that this can always be done by relabeling the ver-
tices). Let us also notice that, as shown in Ref. [34], one
has X1 |ψ〉 = X ′1 |ψ〉 and Z1 |ψ〉 = Z ′1 |ψ〉, and so in what
follows we will denote the operators in Eq. (24) by X1 and
Z1, respectively.

The first step of our proof is to show thatX1 and Z1 as well
as Xi and Zi with i = 2, . . . , N anticommute when acting on
|ψ〉, that is,

(XiZi + ZiXi) |ψ〉 = 0 (i = 1, . . . , N). (26)

To prove that (26) holds true for i = 1 it suffices to use the
definitions (24). Then, to prove (26) for the rest of vertices, let
us first consider the case i ∈ n(1). For these vertices, the sum
of squares decomposition (15), implies the following relations

X1 |ψ〉 =
⊗
i∈n(1)

Zi |ψ〉 ,

Z1 |ψ〉 = X2 ⊗

 ⊗
i∈n(m)\{1}

Zi

 |ψ〉 , (27)

which can equivalently be stated as

X1 ⊗

 ⊗
i∈n(1)\{m}

Zi

 |ψ〉 = Zm |ψ〉 , (28)

Z1 ⊗

 ⊗
i∈n(m)\{1}

Zi

 |ψ〉 = Xm |ψ〉 , (29)

where m ∈ N(1). By plugging Eqs. (28) and (29) into Eq.
(26) we have

(XmZm + ZmXm) |ψ〉 =

(Z1X1 +X1Z1)⊗
⊗

i∈n(1,m)

Zi

 |ψ〉 = 0 (30)

where n(1,m) stands for the neighbours of the first and the
mth vertex (excluding these two vertices). Due to the fact
that, as proven before, X1 and Z1 anticommute, the right-
hand side of the above relation vanishes which gives us (26)
for all i ∈ n(1).

Let us then prove the anticommutation relation (26) for all
vertices that are not in n(1) but are neighbours of those be-
longing to n(1). Consider a vertex j /∈ n(1), which is a
neighbour of a vertex k ∈ n(1). For it the decomposition
(15) implies the following relations

Xj |ψ〉 =

Zk ⊗ ⊗
i∈n(j)\{k}

Zi

 |ψ〉 (31)

and

Zj |ψ〉 =

Xk ⊗
⊗

i∈n(k)\{j}

Zi

 |ψ〉 , (32)

from which one obtains

(XjZj + ZjXj) |ψ〉 =

(ZkXk +XkZk)⊗
⊗

i∈n(j,k)

Zi

 |ψ〉
= 0, (33)

where the last equality stems from the anticommutation rela-
tion for Xk and Zk.
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Noting that there are no isolated vertices in the graph, we
can repeat the above procedure until (26) is proven for all ver-
tices.

Having the anticommutation relations (26) for all vertices
of the graph, the remainder of the proof is exactly the same
as that of Theorem 4 in Ref. [10] (see Appendix F therein).
However, for completeness we present it here.

Let us go back to the action of the unitary operation Φ =
Φ1 ⊗ . . . ⊗ ΦN on the state |+〉⊗N ⊗ |ψ〉. Let us consider
a particular term from output state given in (25), correspond-
ing to the sequence τ which has k > 0 ones at the positions

j1, . . . , jk:

|τ〉 ⊗

 ⊗
j /∈J(τ)

Z
(0)
j

⊗
 ⊗
j∈J(τ)

XjZ
(1)
j

 |ψ〉 , (34)

where J(τ) = {j1, . . . , jk}. Also, for τ let us denote by
n(τ) the number of edges connecting vertices denoted by
labels j ∈ J(τ) (without counting the same edge twice).
Consider then one of the vertices from J(τ), denoted by j1,
and let the number of its neighbors in J(τ) be n̄(j1), i.e.,
n̄(j1) = |J(τ) ∩ n(j1)|. Due to the anticommutation rela-
tion {Xj1 , Zj1} |ψ〉 = 0, the expression (34) can be rewritten
as

|τ〉 ⊗

 ⊗
j /∈J(τ)

Z
(0)
j

⊗
 ⊗
j∈J(τ)\{j1}

XjZ
(1)
j

⊗Xj1Z
(1)
j1
|ψ〉

= (−1)n̄(j1) |τ〉 ⊗

 ⊗
j /∈J(τ)

Z
(0)
j

⊗
 ⊗
j∈J(τ)\{j1}

XjZ
(1)
j

⊗ Z(0)
j1
|ψ〉 , (35)

where we have also used the following relation

Xi |ψ〉 =
⊗
j∈N(i)

Zj |ψ〉 , (36)

that stems from the sum of squares decomposition (15) and
the fact that Z(1)

j Zj = −Z(1)
j . By using the anticommutation

relations (26) as well as the relations (31), in a similar way
we can get rid of all the operators Xj appearing in (34). This
allows us to rewrite (34) as

(−1)n(τ) |τ〉 ⊗

 N⊗
j=1

Z
(0)
j

 |ψ〉 . (37)

After plugging the above into Eq. (25), one obtains

Φ
(
|+〉⊗N ⊗ |ψ〉

)
=

=
∑

τ∈{0,1}N
(−1)n(τ) |τ〉 ⊗

 N⊗
j=1

Z
(0)
j

 |ψ〉
= |ψG〉 ⊗ |aux〉 ,

(38)

where we used the expression for a graph state in the compu-
tational basis

|ψG〉 =
1
√

2
N

∑
τ∈{0,1}N

(−1)n(τ) |τ〉 .

This completes the proof. The proof for self-testing of mea-
surements goes along the same lines as the one for the state
(see for example Appendix E of [10]).

Appendix C: Fidelity bounds

Here we adopt the techniques introduced in [29] to inequal-
ity (8) to derive fidelity bounds that depend on the quantum
violation observed.

Let us recall the main ingredients of the method from [29],
adapting them to our purposes. To this end, we consider a Bell
inequality (5) corresponding to a graph G and a multipartite
state ρN of unspecified local dimension reaching the violation
β of it. Define the extractability of |ψG〉 from ρN as

Θ(ρN → ψG) = max
Λ1,...,ΛN

〈ψG|(Λ1 ⊗ . . .⊗ ΛN )(ρN ) |ψG〉 ,
(39)

where F (ρ, σ) = ‖√ρ√σ‖21 is the state fidelity, |ψG〉 is the
graph state corresponding toG, and the maximisation is taken
over all local quantum channels Λi. Notice that the formula-
tion in terms of quantum channels is equivalent to first adding
local ancillas in any states and then performing local unitaries
which extract the desired state |ψG〉 into these registers. Thus,
the aim is to find the isometry under which the state ρN is
closest to the desired state |ψG〉.

The aim is to put a lower bound on Θ(ρN → ψG) in terms
of the violation β. For this purpose, we notice that the fidelity
in Eq. (39) can equivalently be written as

tr[ρN (Λ†1 ⊗ . . .⊗ Λ†N )(|ψG〉〈ψG|)], (40)

where Λ†i are dual maps of the quantum channels Λi. Now,
proving for some particular channels Λi an operator inequality

K := (Λ†1 ⊗ . . .⊗ Λ†N )(|ψG〉〈ψG|) ≥ sBG + µ1 (41)
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with for some s, µ ∈ R, where BG stands for the Bell oper-
ator corresponding to the Bell inequality (5) and constructed
from any possible dichotomic observables would imply the
following inequality for the extractability

Θ(ρN → ψG) ≥ sβ + µ. (42)

Proving an operator inequality (41) for arbitrary local ob-
servables in BG is certainly a formidable task. However, due
to the fact that here we consider the simplest Bell scenario
involving two dichotomic measurements per site, one can ex-
ploit Jordan’s lemma, which, as explained in Ref. [29] reduces
the problem to basically an N -qubit space. That is, the local
observables A(i)

xi can now be parametrized as

A(1)
x1

= cosα1 σX + (−1)x1 sinα1 σZ , (43)

and

A(i)
xi

= cosαi σH + (−1)xi sinαi σV (44)

for i = 2, . . . , N , where σH = (σX + σZ)/
√

2, σV =
(σX − σZ)/

√
2 and αi ∈ [0, π/2]. This gives rise to a Bell

operator BG(~α) that now depends on the angles αi. Let us
then consider particular quantum channels

Λi(x)[ρ] =
1 + g(x)

2
ρ+

1− g(x)

2
Γi(x)ρΓi(x) (45)

and the dependence on the measurement angle is encoded in
the function g(x) = (1+

√
2)(sinx+cosx−1) together with

the definition of Γ(x) = Ma
i if x ≤ π/4 and Γ(x) = M b

i if
x > π/4. Lastly, we define Ma,b

1 = σX , σZ and Ma,b
i =

σH , σV for i = 2, . . . N .

We now want to prove that for all possible choices of αi,
the following inequality is satisfied

K(α1, . . . , αN ) ≥ sBG(α1, . . . , αN ) + µ1 (46)

for some choice of s, µ ∈ R, which, as exampled earlier,
would imply an inequality for the extractability.

We have performed numerical tests to derive bounds of the
kind (46) for the inequality for the GHZ state and the ring
cluster state for values of N ≤ 7. The applied procedure
works as follows: given a fixed s, estimate the corresponding
µ by numerically computing the minimal eigenvalue of the
operator K+ sBG and minimizing over all the angles αi. No-
tice that to have a fidelity bound that leads to fidelity 1 at the
point of maximal violation, the inequality (46) has to become
tight for the measurements angles leading to the maximal vi-
olation, that is αi = π/4 for all i = 1, . . . , N . As a second
step, we therefore estimated numerically the minimum value
of s for which the corresponding bound still satisfied such a
property. This led to linear bounds with the optimal slope.

Appendix D: Increasing the quantum violation

Here we explain in more detail how our Bell inequalities
can be modified to allow for higher ratios βQG/β

C
G .

Given a Bell inequality (5) corresponding to a graph G,
consider a vertex j ∈ V that neither belongs to n(1) nor it
shares a neighbour with the first vertex. Then one can ap-
ply a second substitution σXj → A

(j)
0 + A

(j)
1 and σZj →

A
(j)
0 − A(j)

1 at that vertex. This gives us the following Bell
inequality

IG : = nmax

〈
(A

(1)
0 +A

(1)
1 )

∏
i∈n(1)

A
(i)
1

〉
+
∑
i∈n(1)

〈
(A

(1)
0 −A

(1)
1 )A

(i)
0

∏
j∈n(i)\{1}

A
(j)
1

〉

+nj

〈
(A

(j)
0 +A

(j)
1 )

∏
i∈n(j)

A
(j)
1

〉
+
∑
i∈n(j)

〈
(A

(j)
0 −A

(j)
1 )A

(i)
0

∏
k∈n(i)\{j}

A
(k)
1

〉

+
∑

i/∈n(1)∪{1}∪n(j)∪{j}

〈
A

(i)
0

∏
k∈n(i)

A
(j)
1

〉
≤ βCG , (47)

for which, as before, it is not difficult to analytically compute
its maximal quantum and classical values. They read

β
(2)
G,Q = N + nmax + n(j)− 2 (48)

and

β
(2)
G,C = (2

√
2− 1)[nmax + n(j)] +N − 2, (49)

respectively, where the superscript indicates the fact we

have played our trick with two sites. It then follows that
β

(2)
G,Q/β

(2)
G,C ≥ βQG/βCG for any graph G.

We can repeat the same procedure with any other vertex
which does not belong to n(1) nor n(j) and does not share
any neighbour with neither vertex 1 nor j. In such a way we
can increase the ratio again. This clearly comes at the cost
of increasing the number of expectation values appearing in
the Bell expression. Notice, however, that their linear scal-
ing with N is preserved even in the case in which the above
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mentioned substitution is applied to any available vertex. In-
deed, consider the extremal case in which the replacement
withA(i)

0 ±A
(i)
1 appears for some party i in all the terms in the

sum in (5). Since such terms correspond to the N generators
Gi of the stabilizer group, the resulting amount of correlators
is exactly 2N . One can use a similar argument to see that the
ratio βQG/β

C
G is always bounded and cannot exceed

√
2.

1

2

3

4

N � 1

N

N � 2

FIG. 4. Pictorial representation of the method to generate Bell in-
equalities with higher quantum violation, taking the ring graph state.
The vertices coloured in yellow are the ones for which the substitu-
tion σXj → A

(j)
0 +A

(j)
1 and σZj → A

(j)
0 −A

(j)
1 is applied.

As an illustrative example let us turn back to the inequal-
ity (10) for the ring graph state. To improve the quantum-
classical ratio, our methods tells us to choose a vertex whose
neighbourhood does not interesect with n(1)∪{1}. As a can-
didate to apply the second substitution we take vertex 4 so to
obtain the following Bell inequality

I
(2)
ring := 2〈A(N)

1 (A
(1)
0 +A

(1)
1 )A

(2)
1 〉+ 〈(A(1)

0 −A
(1)
1 )A

(2)
0 A

(3)
1 〉+ 〈A(N−1)

1 A
(N)
0 (A

(1)
0 −A

(1)
1 )〉

+2〈A(3)
1 (A

(4)
0 +A

(4)
1 )A

(5)
1 〉+ 〈(A(4)

0 −A
(4)
1 )A

(5)
0 A

(6)
1 〉+ 〈A(2)

1 A
(3)
0 (A

(4)
0 −A

(4)
1 )〉

+

N−1∑
i=6

〈A(i−1)
1 A

(i)
0 A

(i+1)
1 〉 ≤ N + 2, (50)

with a corresponding quantum violation of β(2)
Q = N − 6 +

8
√

2. Let us then notice that we can repeat our trick for all
vertices 3i+1 for i = 1, . . . , bN/3c as each pair of them does
not belong to each others’ neighborhoods nor shares a com-
mon vertex (see Fig. 4 for a pictorial representation). Thus we
can generate a series of bN/3c Bell inequalities whose classi-
cal and quantum values can easily be computed and are given
by

βCk = N + k, βQk = N + (4
√

2− 3)k (51)

with k = 1, . . . , bN/3c. The sequence satisfies βQk+1/β
C
k+1 >

βQk /β
C
k for any k and the ratio attains its maximal value for

N = 3L, k = L, amounting to exactly βQN/β
C
N =

√
2. The

resulting inequality read as follows

Imax
ring :=

L∑
i=1

2〈A(3i)
1 (A

(3i+1)
0 +A

(3i+1)
1 )A

(3i+2)
1 〉

+〈(A(3i+1)
0 −A(3i+1)

1 )A
(3i+2)
0 A

(3i+3)
1 〉

+〈A(3i−1)
1 A

(3i)
0 (A

(3i+1)
0 −A(3i+1)

1 )〉. (52)

Appendix E: Self-testing the partially entangled GHZ state from
its stabilizers

Here we look at the method used to derive Bell inequalities
for graph states as a more general strategy, so to apply it to
other states as well. We will show how to do it for the partially
entangled GHZ state of the following form

|GHZN (θ)〉 = cos θ |0〉⊗N + sin θ |1〉⊗N . (53)

For this state it is possible to define N independent stabilizing
operators:

S1 = sin 2θσX1σX2 . . . σXN + cos 2θσZ1 (54)

for the first site, and

Si = σZ1σZi (55)

for sites i = 2, . . . , N . Indeed, one can verify that
Si|GHZN (θ)〉 = |GHZN (θ)〉 for any θ ∈ [0, π/4] and
i = 1, . . . , N .

We will start by showing how to generalize the self-testing
method introduced in Appendix B for the graph states and
then building on that we will derive Bell inequalities for (53).
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Self-testing proof. Let us begin by making the following
substitutions

X ′1 =
A

(1)
0 +A

(1)
1

2 sinµ
, Z ′1 =

A
(1)
0 −A

(1)
1

2 cosµ
, (56)

with their regularized versions being X1 = X ′1/|X ′1|, Z1 =

Z ′1/|Z ′1| and Xi = A
(i)
0 , Zi = A

(i)
1 for i = 2, . . . , N . Notice

that the operators for the first observer anticommute by con-
struction, while all the remaining ones square to identity, that
is, X2

i = Z2
i = 1.

Suppose now that we are given a Bell expression I whose
maximal quantum value βQ is achieved by a state |ψ〉. Let
us assume, moreover, that the corresponding Bell operator B
admits the following sum of squares

c(βQ1− B) =

N∑
i=1

α2
i (1− S̃i)2, (57)

where we identify with S̃i the stabilizer operators with the
substituted operatorsXi, Zi. Such a decomposition would im-
ply that the state |ψ〉 satisfies the stabilizing conditions

S̃i |ψ〉 = |ψ〉 (58)

with i = 1, . . . , N .
We now proceed to show that, with any choice of operators

of the kind of (56), the above two equations suffice to self-test
the partially entangled GHZ state for any θ ∈ (0, π/4].

First, let us see how the stabilizing conditions allow to
prove that all the pairsXi, Zi anticommute and square to iden-
tity when acting on the state.

Let us begin with X1 and Z1. First, from the definitions
(56) we directly see that

{X1, Z1} = 0. (59)

Then, from the conditions (58) and the fact that Z2
i = 1 for

any i = 2, . . . , N we immediately obtain Z1 |ψ〉 = Zi |ψ〉,
which implies that

Z2
1 |ψ〉 = Z1Zi |ψ〉 = S̃i |ψ〉 = |ψ〉 , (60)

and, as a result, that S̃2
i |ψ〉 = |ψ〉. To finally prove thatX2

i =
1, we rewrite (56) as

X1 =
1

sin 2θ
(S̃1 − cos 2θZ1)X1, (61)

where X1 = X2 . . . XN . Due to the fact that X2
1 = 1, we then

have

X2
1 =

1

sin2 2θ

[
S̃2

1 − cos 2θ{S̃1, Z1}+ cos2 2θZ2
1

]
. (62)

From the very definition of S̃1 we can rewrite the anticommu-
tator appearing in the above as

{S̃1, Z1} = sin 2θ{X1, Z1}X1 + 2 cos 2θZ2
1

= 2 cos 2θZ2
1 , (63)

where the second equality stems from the anticommutation
relation (59). The identity (63) allows us to simplify Eq. (62)
as

X2
1 =

1

sin2 2θ

(
S̃2

1 − cos2 2θZ2
1

)
, (64)

which, due to the fact that S̃2
1 |ψ〉 = Z2

1 |ψ〉 = |ψ〉, directly
implies that X2

1 |ψ〉 = |ψ〉.
Let us now turn to the operatorsXi andZi for the remaining

sites i = 2, . . . , N . We have already noticed that X2
i = Z2

i =
1, so in what follows we prove that they anticommute. With
the aid of Eq. (54) we can express Xi as

Xi =
1

sin 2θ
Xi
(
S̃1 − cos 2θZ1

)
, (65)

where Xi = X1 . . . Xi−1Xi+1 . . . XN . This, after some
straightforward maneuvers, allows us to write

{Xi, Zi} |ψ〉 =
1

sin 2θ
Xi
[
{S̃1, Z1} − 2 cos 2θZ2

1

]
|ψ〉

(66)
To see that the right-hand side of the above equation vanishes
it suffices to use Eq. (63). We have thus established that

{Xi, Zi} |ψ〉 = 0 (67)

as well as X2
i |ψ〉 = Z2

i |ψ〉 = |ψ〉 for all i = 1, . . . , N .
Let us now use them to prove our self-testing statement with
the isometry Φ = Φ1 ⊗ . . . ⊗ ΦN with each Φi traditionally
defined as in Fig. 1. As above, each operator Φi acts on one
of the particles of state |ψ〉 and a qubit state |+〉, giving

Φ
(
|+〉⊗N ⊗ |ψ〉

)
=

∑
τ∈{0,1}N

|τ〉 ⊗

 N⊗
j=1

X
τj
j Z

(τj)
j

 |ψ〉 ,
(68)

Let us first show that all terms in (68) except for τ =
(0, . . . , 0) and τ = (1, . . . , 1) vanish. To this end, consider
a sequence τ in which τm = 0 and τn = 1 for some m 6= n.
For such a sequence we can rewrite the corresponding term in
(68) as  ⊗

j 6=m,n

X
τj
j Z

(τj)
j

⊗ Z(0)
m XnZ

(1)
n |ψ〉

=

 ⊗
j 6=j1,j2

X
τj
j Z

(τj)
j

⊗XnZ
(1)
1 Z

(0)
1 |ψ〉 , (69)

where we used the anticommutation relation for Xn and Zn
as well as the fact that Zi |ψ〉 = Z1 |ψ〉 for i = 2, . . . , N .
Noticing then that Z(1)

1 Z
(0)
1 = 0 as both Z(i)

1 are unnormal-
ized projections onto orthogonal subspaces, we see that (69)
amounts to zero.

Hence, the expression (68) reduces to the following two
terms
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Φ
(
|+〉⊗N ⊗ |ψ〉

)
= |0〉⊗N ⊗

(
Z

(0)
1 . . . Z

(0)
N

)
|ψ〉+ |1〉⊗N ⊗

(
X1Z

−
1 . . . XNZ

−
N

)
|ψ〉

= |0〉⊗N ⊗ (Z
(0)
1 )N |ψ〉+ |1〉⊗N ⊗

[
X1(Z

(1)
1 )NX2 . . . XN

]
|ψ〉

= |0〉⊗N ⊗ Z(0)
1 |ψ〉+ |1〉⊗N ⊗

[
Z

(0)
1 X1 . . . XN

]
|ψ〉 , (70)

where to obtain the second equality we exploited conditions (58) for all i = 2, . . . , N , whereas the second equality follows
from the fact that [Z

(j)
1 ]2 |ψ〉 = Z

(j)
1 |ψ〉 for j = 0, 1 and the anticommutation relation (59). Using then (54), the above can be

rewritten as

Φ
(
|+〉⊗N ⊗ |ψ〉

)
=

1

sin 2θ

[
sin 2θ |0〉⊗N ⊗ Z(0)

1 |ψ〉+ |1〉⊗N ⊗ (Z
(0)
1 S̃1 − cos 2θZ

(0)
1 Z1) |ψ〉

]
=

1

sin 2θ

[
sin 2θ |0〉⊗N + (1− cos 2θ) |1〉⊗N

]
⊗ Z(0)

1 |ψ〉
= |aux〉 ⊗ |GHZN (θ)〉 , (71)

where |aux〉 = (1/ cos θ)Z
(0)
1 |ψ〉. To obtain the second

equality we used the facts that S̃1 stabilizes |ψ〉 and that
Z

(0)
1 Z1 = Z

(0)
1 , while the last one is a consequence of the

two well-known trigonometric relations sin 2θ = 2 sin θ cos θ
and 1 − cos 2θ = 2 sin2 θ. This completes our self-testing
statement.

Deriving the Bell inequality. Now, what is left to show is that
(57) can indeed be satisfied and thus give rise to a non-trivial
Bell inequality. We will see that this can be done by choosing
the free angle µ and the αi parameters accordingly. To do so,

let us first compute the square of the stabilizing operators

S̃2
1 =

1

2

(
sin2 2θ

sin2 µ
+

cos2 2θ

cos2 µ

)
1

+
1

4

(
sin2 2θ

sin2 µ
− cos2 2θ

cos2 µ

)
{A(1)

0 , A
(1)
1 } (72)

and

S̃2
i =

1

2 cos2 µ
1− 1

4 cos2 µ
{A(1)

0 , A
(1)
1 } (73)

for i = 2, . . . , N . With these identities the sum of squares
(57) can be expanded as

N∑
i=1

α2
i (1− S̃i)2 =

N∑
i=1

α2
i1− 2

N∑
i=1

α2
i S̃i +

1

2

[(
sin2 2θ

sin2 µ
+

cos2 2θ

cos2 µ

)
α2

1 +
1

cos2 µ

N∑
i=2

α2
i

]
1 (74)

+
1

4

[(
sin2 2θ

sin2 µ
− cos2 2θ

cos2 µ

)
α2

1 −
1

cos2 µ

N∑
i=2

α2
i

]
{A(1)

0 , A
(1)
1 }. (75)

Now, we want the term standing in front of the anticommuta-
tor to vanish. This can be done by setting: α2

1 =
√

2(N − 1)
and α2

2 = . . . = α2
N =

√
2 and the angle µ so that 2 sin2 µ =

sin2 2θ. This gives

N∑
i=1

α2
i (1− S̃i)2 = 2

{
2
√

2(N − 1)1−
[

(N − 1)
√

2S̃1 +
√

2

N∑
i=2

S̃i

]}
, (76)

where we keep the
√

2 factor inside the curly brackets for fur-
ther convenience. We can thus identify βQ = 2

√
2(N − 1)

and the remaining terms appearing on the left-hand side of the

above as the Bell operator

B = (N − 1)
√

2S̃1 +
√

2

N∑
i=2

S̃i. (77)

This, after substituting the expressions of the operatorsXi, Zi
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in terms of arbitrary observables for all i, leads us to the fol- lowing Bell inequality

Iθ := (N − 1)〈(A(1)
0 +A

(1)
1 )A

(2)
0 . . . A

(N)
0 〉+ (N − 1)

cos 2θ√
1 + cos2 2θ

(〈A(1)
0 〉 − 〈A

(1)
1 〉)

+
1√

1 + cos2 2θ

N∑
i=2

〈(A(1)
0 −A

(1)
1 )A

(i)
1 〉 ≤ βC , (78)

where βC is the classical bound that we compute below. For
this purpose, we can optimize Iθ over all the deterministic
strategies corresponding to the different choices A(i)

xi = ±1.
Given the simple form of the inequality, we can divide into the
two subcases A(1)

0 = ±A(1)
1 and notice that the maximum is

attained in the case in which the observables of the first party
take opposite signs, which results in

βC(θ) = 2(N − 1)
1 + cos 2θ√
1 + cos2 2θ

. (79)

Notice that βC(π/4) = 2(N − 1) and we recover the limit
case of the GHZ state and inequality (8), while for θ = 0 one
has βC(0) = 2

√
2(N − 1) and there is obviously no quantum

violation. Moreover one can see that βC(θ) is a decreasing
function of θ in the considered interval. This implies that (78)
is violated for any value of θ in the given interval. Interest-
ingly, in the case N = 2 we obtain a self-testing inequality
for the partially entangled two-qubit state that is inequivalent
to the known tilted CHSH [33, 34]. .
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