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ON THE SOLUTION OF THE NONSYMMETRIC T-RICCATI EQUATION*

PETER BENNER!' AND DAVIDE PALITTAT

Abstract. The nonsymmetric T-Riccati equation is a quadratic matrix equation where the linear part corresponds to
the so-called T-Sylvester or T-Lyapunov operator that has previously been studied in the literature. It has applications in
macroeconomics and policy dynamics. So far, it presents an unexplored problem in numerical analysis, and both, theoretical
results and computational methods, are lacking in the literature. In this paper we provide some sufficient conditions for the
existence and uniqueness of a nonnegative minimal solution and its efficient computation is deeply analyzed. Both the small-scale
and the large-scale setting are addressed and Newton-Kleinman-like methods are derived. The convergence of these procedures
to the minimal solution is proved and several numerical results illustrate the computational efficiency of the proposed methods.
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1. Introduction. In this paper, we consider the nonsymmetric T-Riccati operator

Ry : RV >RV Rp(X)=DX+XTA-XT"BX +C,

where A, B,C, D e R™" and sufficient conditions for the existence and uniqueness of a minimal solution
Xinin € R™™ to

(1.1) Rr(X) =0,

are provided.

The solution of the nonsymmetric T-Riccati equation (1.1) plays a role in solving dynamics gener-
alized equilibrium (DSGE) problems [8, 21, 24]. “DSGE modeling is a method in macroeconomics that
attempts to explain economic phenomena, such as economic growth and business cycles, and the effects of
economic policy”!. Equations of the form (1.1) appear in certain procedures for solving DSGE models using
perturbation-based methods [8,24].

Taking inspiration from the (inexact) Newton-Kleinman method for standard algebraic Riccati equations,
we illustrate efficient numerical procedures for solving (1.1). Both the small-scale and the large-scale setting
are addressed. In particular, in the latter framework, we assume the matrices A and D to be such that the
matrix-vector products Av and Dw require O(n) floating point operations (flops) for any v,w € R, and B
and C low rank. These hypotheses remind us of the usual assumptions adopted when dealing with large-scale
standard algebraic Riccati equations. See, e.g., [2,5,6,9,12,16-18,20,22,23] and the recent survey paper [3].
Indeed, in this context, the solution Z is numerically rank deficient [1] and low-rank approximations of the
form ZZT ~ Z, Z e R™*, t « n, are thus expected to be accurate. We think that also in the case of the
nonsymmetric T-Riccati equation it is possible to show that the singular values of the solution X to (1.1)
present a fast decay and low-rank approximations can thus be sought. This may be proved by combining
the arguments in [1] with bounds for the decay of the singular values of the solution of certain T-Sylvester
equations [11]. However, this is beyond the scope of this paper and in section 4 we restrict ourselves to
illustrate how low-rank approximations turn out to be sufficiently accurate in the examples we tested.

The following is a synopsis of the paper. In section 2 we present the result about the existence and
uniqueness of a minimal solution X, to (1.1). A Newton-Kleinman method for the computation of such a
Xmin is derived in section 3 and its convergence features are proved in section 3.1. The large-scale setting
is addressed in section 3.2 where the convergence of an inexact Newton-Kleinman method equipped with
a specific line search is illustrated. Some implementation details of the latter procedure are discussed in
section 3.3. Several numerical results showing the effectiveness of the proposed approaches are reported in
section 4 while our conclusions are given in section 5.

Throughout the paper we will adopt the following notation. The matrix inner product is defined as
(X,Y)r = trace(Y7 X) so that the induced norm is | X|% = (X, X)p. I, denotes the identity matrix of
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order n and the subscript is omitted whenever the dimension of I is clear from the context. The brackets
[-] are used to concatenate matrices of conforming dimensions. In particular, a MATLAB-like notation is
adopted and [M, N] denotes the matrix obtained by augmenting M with N. A > 0 (4 > 0) indicates a
nonnegative (positive) matrix, that is a matrix whose entries are all nonnegative (positive). Clearly, A <0
(A<0)if-A>0(-A>0) and A > Bif A-B > 0. Moreover, we recall that a matrix A is a Z-matrix if all its
off-diagonal entries are nonpositive. It is easy to show that a Z-matrix can be written in the form A =sl- N
where s e R and N > 0. If s > p(N), where p(-) denotes the spectral radius, then A is called M-matrix.
Furthermore, we will always suppose that the following assumption holds.

ASSUMPTION 1.1. We assume that
e B is nonnegative, B >0, and C is nonpositive, C < 0.
2 2
o 1®D+(AT®III is a nonsingular M-matriz where ® denotes the Kronecker product while TT e R™ "
is a permutation matriz given by I := Y1, Z;Ll E,;®FE;,;.
The matrix F; ; € R™" in Assumption 1.1 is the matrix whose (¢,7)-th entry is 1 while all the others are
Z€ero.
Notice that I ® D + (AT ® I)II being a nonsingular M-matrix implies that the T-Sylvester operator
St : RV™ — R™" Sp(X) := DX + XT A, has a nonnegative inverse, i.e., S;'(X) > 0 for X > 0. For the
standard Sylvester operator S : R™™ — R™" S(X) := DX + X A, this is guaranteed by assuming A, D to
be nonsingular M-matrices. See, e.g. [9, Theorem A.20].

2. Existence and uniqueness of a minimal solution. In this section we provide sufficient conditions
for the existence and uniqueness of a minimal solution Xy,;, to (1.1) and our result rely on the following
fixed-point iteration

(2.1) Xo =0,

’ DXy + XA = XFBX,-C, k>0.
THEOREM 2.1. The iterates computed by the fized-point iteration (2.1) are such that
Xk+1 2 Xka k 2 07

and, if there exists a nonnegative matriz Y such that Rr(Y) 2 0, then X <Y for any k > 0. Moreover,
{ Xk }rso converges to the minimal nonnegative solution Xmin to (1.1).

Proof. We first show that X1 > Xj, for any k£ > 0 by induction on k. For k = 0, we have X; = SHH(-C) >
0=Xp as C <0. We now assume that Xz > Xz_; for a certain k£ > 0 and we show that Xz, > Xz. We have

Xp, = SPMXTBXp-0) =8 (XI'BXy) + S (-C) = S;HXTIBXy) + X1 + Xj - X;;

S}l(XgBXE) + X3 4—)(;;3 _S%I(Xg_lBXE—l - C) = 5:7_11()(’—?3)(]*C - Xg_lBXE—l) +Xf€.

Clearly, X ET > X ETJ, as X > Xj_; by inductive hypothesis. Therefore, recalling that B > 0, we have

T T
X BX;-X; BX; ;20
and Xy, is thus nonnegative.
We now suppose that there exists a nonnegative Y such that R (Y") > 0 and we show that X <Y for

any k > 0 by induction on k once again. The result is straightforward for k = 0 as Xy = 0. We now assume
that Xz <Y for a certain k£ > 0 and we show that Xz,; <Y. Since Xz <Y and B >0, X]—CTBX,; <YTBY so

that —X,—CTBXE > -YTBY. We can thus write
0<DY +Y"A-Y"BY +C< DY +Y"A-XI'BX; +C,
and since —X%BX,; +C=-DXj,, - X,:;FHA by definition, we get
0<DY +YTA- DXy, - XI A

This means that Sp(Y - Xj,;) > 0 which implies Y > Xz 4.
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In conclusion, { X} }rs0 is a nondecreasing, nonnegative sequence bounded from above and it thus has a
finite limit limg— 400 Xx = Xmin < 0. Taking the limit in both sides of (2.1) shows that X, is a solution of
the equation Ry (X) = 0. Moreover, Xy, is the minimal nonnegative solution as we showed that X, <Y
for any nonnegative Y such that Rr(Y) > 0. O

A similar result has been shown in [14, Theorem 2.3] for the (standard) nonsymmetric Riccati equation.

3. The (inexact) Newton-Kleinman method. The fixed-point iteration (2.1) may be not very well-
suited for the actual computation of the minimal solution X,,;, and a Newton-Kleinman-like method can be
more effective for this task.

The k-th iteration of the Newton method is defined as

R X (Xk+1 - Xi) = R (Xk),

where R/.[X] denotes the Fréchet derivative of Ry at X. For the nonsymmetric T-Riccati operator, we
have
RAX](Y)=DY +YTA-Y'BX - X"BY = (D-X"B)Y +Y?(A- BX),
and therefore the (k + 1)-st iterate of the Newton method is the solution of the T-Sylvester equation
(3.1) (D-X!B)Xp1 + Xi (A- BXy) =-X! BX;, - C.

Depending on the problem size n, different state-of-the-art methods can be employed for the solution of the
equations (3.1). See, e.g., [10,11]. However, we first need to guarantee that the sequence { Xy }x>o generated
by (3.1) is well-defined and it converges to Xy,in; this is the topic of the next section.

3.1. A convergence result. In this section we prove the convergence properties of the Newton-
Kleinman method (3.1). To this end, we first recall a couple of classic results about M-matrices. See,
e.g., [7, Chapter 6].

LEMMA 3.1. Let A be a Z-matriz. Then A is a nonsingular M-matriz if and only if there exists a
nonnegative vector v such that Av > 0. Moreover, if A is a nonsingular M-matriz and B > A is a Z-matriz,
then B is also a nonsingular M-matrix.

To prove the convergence of the Newton method to the minimal nonnegative solution X, to (1.1), we
also need the following lemma.

LEMMA 3.2. Assume there exists a matriz Y such that Rp(Y) > 0, then I ® (D - XL, B) + ((A -
BXuin)? ® DII is a nonsingular M-matriz.

Proof. Since Assumption 1.1 holds, I® D+ (AT @ NII=rI,>~ N, N >0, r> p(N), and we can write
I®(D-XLE B)Y+((A-BXpn)Teo DI = 1D+ (AT NII-(I® XL, B+ (BXum)! ® 1))

min min

rI-(N+(I® XL B+ (BXum)' @),

min

>0

as B, Xmin 2 0. Therefore, I ® (D~ XL B)+ ((A- BXuin)? ® DI is a Z-matrix.

min
Moreover,

(D-XT. BYY - Xmin) + (Y = Xmin) (A = BXpin) = DY - XL BY - DXpin + XL, BXnin

+YTA-YTBX i - XL A+ XTI BX .

Since Rr(Xmin) =0, =D Xmmin -~ XL, A+ XL BXm = C. Moreover, adding and subtracting Y7 BY we get

min

(D-XT. BY(Y - Xmin) + (Y = Xinin) T (A= BX1in) = Re(Y) + (Y = Xonin) T B(Y = Xoain)-

To conclude, we notice that ¥ — Xpnin > 0 as Xy, is the minimal solution to (1.1) and R7(Y) > 0. Therefore,

(D= X5nB)(Y = Xiin) + (Y = Xinin) " (A = BXiin) > Rr(Y) > 0.
This means that vec(Y — Xmin) is a nonnegative vector such that (I ® (D - XLy B) + ((A - BXnin)" ®
D)vec(Y = Xpmin) >0 and 1@ (D - XL, B) + ((A- BXuin)? ® III is thus a nonsingular M-matrix thanks

to Lemma 3.1. O



THEOREM 3.3. If the assumptions of Lemma 5.2 hold, the sequence {Xy}rso computed by the Newton
method (3.1) with Xo =0 is well-defined and Xy € Xgs1 € Xumin for any k > 0. Moreover { Xk }rso converges
to the minimal nonnegative solution Xy to (1.1).

Proof. For the Newton method (3.1) with Xy = 0, the matrix X; is given by
DX, +XTA=-C.

Since the T-Sylvester operator St has a nonnegative inverse by Assumption 1.1 and —C > 0, the first iterate
X is nonnegative. Therefore the statements

Xp < Xpe1, Xp < Xmin, 1©(D-XPB)+((A-BX3)" ® I is an M-matrix,

hold for k = 0. We now assume that they hold for a certain k& > 0 and we show them for k + 1. We start
proving that X3, > Xz. By definition, we have

(3.2) (D-X!I'B)Xp,, + X}, ,(A- BX}) =-X!BX; - C,
so that

(D - X!I'B)(Xp - Xg) + (Xp - X5) " (A- BXp) = -DXj, - X} A+ X! BX;, - C.
We can write

-DX;-XFA+XI'BX;,-C = -(D-X!I B)X;-XI(A-BX;_,)- X} BX;-X!BX;_,+X;BX;-C
= X! BX,+C-X! BX;-X!BX;_+X;BX;-C
= (Xp-Xp)"B(Xp-X5q) 20,

since Xg > X;_; and B> 0. If S(Tk)(X) = (D-X!I'B)X+X"(A-BX}), then (S;k“‘))_1 is nonnegative as the
matrix I ® (D - XgB) +((A-BX3)T ® III is a nonsingular M-matrix by inductive hypothesis. Therefore,
Xz - Xz 20.

We now show that Xy+1 € Xmin. Considering again (3.2), we see that
(DX} B)(Xge1~Xmin) + (X1~ Xmin) " (A-BX}) = =D Xpmin—X hin A+ X} BXmin+ X BXp— X7 BXp-C.

min
We change sign and by adding and subtracting X*. BXi, in the right-hand side, we get

min

(D - X{ B)(Xmin = Xg1) + (Xmin = Xge1) (A= BX;) = DXuin + XehinA — X7 BXumin — Xonin BX; + X{ BX},
+C+ XTI BXumin — X5 BXmin

= (Xumin - Xz)"B(Xumin - X3)
> 0,

where we have used the fact that Ry (Xmin) = 0, Xmin > Xj and B > 0. Since S(Tk) has a nonnegative inverse
we conclude that X, — Xz,; 2 0.

The last statement we have to prove is that the matrix I ® (D - XETHB) +((A-BXp, )T e DIl is a

nonsingular M-matrix. Since Assumption 1.1 holds, I ® D + (AT @ )I1=rI,2 ~ N, N >0, r > p(N), and we
can write

Ie(D-XF . B)+(A-BXp)Te DI = IoD+(ATe I~ (I® XL B+ (BXg,,)" ® 1))

rI-(N+(Ie XY, B+ (BX,,)" @ DI,

20

as B, Xj,, > 0. Therefore, I ® (D - X B) + ((A- BXg,,)" ® I)IL is a Z-matrix. Moreover,

k+1 min

I®(D-X' B)+(A-BXp )T e Dl>Te(D-XL, B)+((A-BXun)! ® NII
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since Xz,; < Xmin and I ® (D - XL, B) + ((A~ BXmin)T ® I is a nonsingular M-matrix by Lemma 3.2.

The matrix I ® (D - Xg;lB) +((A-BXp,,)T ®I) is thus a nonsingular M-matrix by Lemma 3.1.

In conclusion, the Newton sequence {Xj}rso is well-defined, nondecreasing and bounded from above.
Therefore, { X} }xs0 has a finite limit X, and, by taking the limit in both sides of (3.1), it is easy to show
that is also a solution of Rp(X) = 0. Moreover, we can show X < H for any k > 0 and H > 0 such that
Rr(H) >0 by induction. Since the inequality is preserved for k - +o00, X, < H and X, is thus the minimal

solution of Ry (X) =0, i.e., X, = Xin- 0

If n is moderate, say n < @(10%), dense methods based on some decomposition of the coefficient matrices
can be employed to solve the T-Sylvester equations in (3.1). For instance, in [10, Section 3] an algorithm
based on the generalized Schur decomposition of the pair (D, AT) is presented for efficiently solving a T-
Sylvester equation of the form DX + XTA = C.

If the problem dimension does not allow for dense matrix operations, equations (3.1) must be solved
iteratively. The iterative solution of the T-Sylvester equations may introduce some inexactness in the Newton
scheme leading to the so-called inexact Newton-Kleinman method and affecting the convergence features of
the latter. By using tools similar to the ones presented in [5], in the next section we show how a specific line
search guarantees the convergence of the inexact Newton method.

3.2. The large-scale setting. In this section, we consider T-Riccati equations of large dimension. In
this setting, unless the data A, B, C and D are equipped with some particular structure, equation (1.1)
is not numerically tractable. For instance, the solution X would be, in general, a dense n x n matrix that
cannot be stored. Therefore, as already mentioned, we assume that the matrices A and D are such that the
matrix-vector products Av and Dw are easily computable in O(n) flops for any v,w € R™. This is the case
when, for instance, A and D are sparse. Moreover, we assume B and C to be low rank, namely B = By BY
Bi, By e R™P and C = CTCy, C1, Cy e R?*™ where p + g << n. Equation (1.1) can thus be written as

(3.3) Rr(X)=DX+XTA-X"BBIX +CTC, =0,

and low-rank approximations to X are sought, namely we aim to compute and store only a couple of low-rank
matrices Pj, Py e R™ t « n, such that P P{ ~ X.

The results presented in the previous section are still valid also in the large-scale setting, for equa-
tion (3.3). The Newton method can be still applied and the (k + 1)-st iterate can be computed by solving
the equation

(3.4) (D - X' B1B3 ) Xps1 + Xjto1 (A= B1B3 X3) = -X,B1B3 X, — C{ Cs.

However, due to the large dimension of the problem, the exact solution to (3.4) cannot be computed and
only an approximation )N(;Hl ~ X}41 can be constructed by, e.g., the projection methods presented in [11].

The iterative solution of equations (3.3) introduces some inexactness in the Newton scheme leading to
an inexact Newton method. The convergence result stated in Theorem 2.1 no longer holds for the inexact
variant of the Newton procedure and a line search has to be performed to ensure the convergence of the
overall scheme.

Given a nonsymmetric Xj € R™"™ « >0 and 7 € (0,1), we want to compute a matrix Sy € R™™ such
that

(3.5) IRT[Xk](Sk) + R (Xi) [ p < i | R (Xi) | s
and then define the next iterate of the inexact Newton-Kleinman scheme as
(3.6) X1 = Xk + A\ Sk,

where the step size Ay > 0 is such that

(3.7) R (X + ASk) [ 7 < (1= Aea) [Rr(Xi) |

while )\ is not too small.
If we define the Newton step residual

(38) R%[Xk](sk) + RT(Xk) =: Lk+1,
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then equation (3.5) can be written as |Lg+1|F < Mi|R7(Xk)|F. Moreover, writing explicitly the left-hand
side in (3.8) we have

(D - X'B1B3)(Xp +Sk) + (Xp, + Sp) (A~ B1B X3) + X BiBY X}, + CT Ca = L1,
so that the matrix Xj,1 := X3 + S is the solution of the T-Sylvester equation
(3.9) (D= Xi B1B3 ) X1 + Xily1 (A= BiB; X)) = =X;. B1By Xy, = C{ Cy + Ly

The matrix Ly,1 is never computed and the notation in (3.9) is used only to indicate that X;ﬁl is an
inexact solution to the equation (3.1) such that the residual norm | Ly.1| is sufficiently small. Once Xpopq is
computed, we recover Sy by Sy = Xj+1 — X and the new iterate can be defined as in (3.6).

The T-Riccati residual at X1 can be written as

Rr(Xge1) = Ro(Xg + ASk) = (1= M) R + Ak Lier = ALY B1 B3 Sk,
and, if gy <7< 1 and a € (0,1-17), we have
[ R (Xg + ASk) [ 7 < (1= M) | Ricl 7 + Ml Lisr | 7 + XS BiB3 Sk < (1= aX) | Ri|

for all A e (0,(1-a- ﬁ)%]. In particular, the sufficient decrease condition (3.7) is satisfied for all
k 2
A’s in the latter interval.
For the actual computation of the step size A\; we mimic the derivation given in [5, Section 3] for the
algebraic Riccati equation, and we exploit the expression of the residual norm |Rz (X +ASk)||% in terms of

a quartic polynomial py in A. In particular,

(3.10) Pe(N) = [Ry(Xi + ASk) |7 = (1= A)2ae + A B + X165 + 20(1 = M)y — 2A(1 = N — 2X%E,
where

g = |[Re(Xi) |7, Br = | Lis |3,
(3.11) Y = (Rr(Xk), Lis1) F, o = |SE B1B3 Skl|%,

er = (Rr(Xi), SFB1BY Sk)r, & = (Li+1, 5S¢ B1BL Si)p.
The first derivative of px(\) is given by
(X)) = =2(1 = N + 2XBg + 4X305 + 2(1 = M)y — 20(2 + 3N )er, — 6A2&,,

so that
Pi(0) = =20, + 29 < (e = 1) R (X)) |7 < 0

as ny € (0,1) and Sy, is thus a descent direction.
The step size A, can be computed by exploiting the expression of the T-Riccati residual norm in terms

of pr(N). If O := min{1, (1 - a — )/ [k}, we suggest to compute A\ as

(3.12) A = argmin pg (N).
(0,6x]

The choice of the interval (0,6y] is motivated by the fact that if X; and X).1 are nonnegative matrices,
then also Xpi1 = X + g (X k+1 — X ) is nonnegative. Moreover, the sufficient decrease condition is satisfied
for )\k € (O,Hk].

Clearly (3.12) is not the only way to compute ;. For instance, in [5, Section 3.2] a step size computation
based on the Armijo rule is explored in the case of the inexact Newton-Kleinman method applied to the
algebraic Riccati equation and such approach can be adapted to our setting as well.

The inexact Newton-Kleinman method with line search is summarized in Algorithm 3.1 and in the next
theorem we show its convergence to the minimal solution X ;.



Algorithm 3.1 Inexact Newton-Kleinman method with line search (Xp = 0).
input : A, D e R™"™ By, By e R™P (,Co e R"™ £>0,7¢€(0,1), ae(0,1-7).
output: X ¢ R™"™ approximate solution to (1.1).

for £=0,1,..., till convergence do

if |Rr(Xp)|r <e-|CTCy|F then
‘ Stop and return Xy

end

Select ny, € (0,7]
Compute X;Hl s.t.

(D-XIBBN X1+ XT (A- BB X)) = -XF'B BT X\, - CTCy + Lin

where | Lys1|r <ne|Rr(Xe)| 7
Set Sk = Xk+1 —Xk

Compute Ag >0 as in (3.12)
Set X}c+1 = Xk + )\kSk

end

THEOREM 3.4. Let Assumption 1.1 and Lemma 3.2 hold and assume that for all k > 0, there exists a
matriz Xg+1 satisfying (3.9) where |Lii1|r < ne| R (Xk)| r-
(i) If the step sizes Ay are bounded away from zero, Ag 2 Amin > 0 for all k, then |Rr(Xg)|r — 0.
(i) If, in addition to (i), the matrices Li,1 are nonnegative for all k > 0, then the sequence { Xk }rs0
generated by the inexact Newton-Kleinman method with X = 0 is well-defined and X < Xg+1 € Xmin-
Moreover, { Xy }xso converges to the minimal solution Xmin of (3.3).

Proof. The sufficient decrease condition (3.7) implies that, for any £ > 0,

l
IRT(Xo)|F > HRT(XO)”F—HRT(XM)”F=};}(HRT(XI€)HF—||RT(Xk+1)||F)

4
> > | Re(Xk)|F > 0.
k=0

Taking the limit £ - +oo and using the fact that Ay 2 Apin > 0 for all &k, we have |R7(Xy)||r — 0.
The proof of (i) is given by induction on k. For k =0 we have

DX, +X{A=-CCo+ Ly, |Li|r<no|ClCop.

Since I ® D + (AT ® I)II is a nonsingular M-matrix by assumption, C7 Cy <0 and Ly > 0, the matrix X is
nonnegative. Then X := A\gX; > 0 as Ao = argmin g g1 Po(A) > 0. Moreover, Rr(Xo) = CTCy < 0. Therefore,
the statements X < Xg+1, Xk € Xumin, R7(X1) €0, and I ® (D - X} B1BY) + ((A- B1BY X},)” ® I)1I being
a nonsingular M-matrix hold for k = 0.

We now assume they hold also for a certain k > 0 and we show them for k + 1. We have

(D-XFB1By )Xy + X (A- BBy X;) = -X! B1By X, - CT Co+ Ly, | L llr <mg|Re(Xp) |r,

so that
(D-X!I'BiBY) (X1 - X5) + (X1 - X5) (A= B1By X3) = -DX; - X] A+ X; B1B3 Xf, - C{ Co + Ly,
The right-hand side in the above expression can be written as
DX - XFA+XI'BiBI X, -C{Co+ L,y = —(D-X. BiBI)X;-X!(A-B1Bj X;_,)-X; Bi1B] X},

~XIB1By Xj_1 + X{ B1B3 X - C{ Ca + Ly,
7



Recalling that Xj = (1 - A\z_;) X5 1 + A\p_, Xz and that X satisfies an equation of the form (3.4), a direct
computation shows that

DX - XA+ X[ BBy X;; - CTCo+ Ly = (X5 - X51) " B1By (X - Xj_1) - (1= Mo R (X-y)

+ L + A1 Ly 20,

as Xj > Xj_, and Ry (Xj_;) <0 by inductive hypothesis, ByBY >0, , Lg,;,L; >0, and A;z_; € (0,1]. This
implies that Xj,1 > X3 as the matrix I ® (D—X]—cTBlBQT) +((A-B, BT X;)T ® I)1I is a nonsingular M-matrix
by inductive hypothesis.
Once \; is computed as in (3.12), a direct computation shows that Xz,; = (1 - A\p)X; + A\ X7aq > X7
We now show that X7, < Xmin. To this end we can show that Xz,; < Xmin since Xz, < Xz,,. Indeed,

N = (L= 2) X5 + M Xpoy S (1= M) Xp + MKy = Xppr-
We have

(D - XFB1B3 ) (X7s1 = Xmin) + (X7s1 = Xmin)” (A= B1Ba Xz) = = DXmin — Xin A + Xohin B1 B3 X;,
+ X} B1B3 Xmin— X; B1B3 Xz - C{ Co+ L, 1,

and by changing the sign, adding and subtracting X, B; BY X, in the right-hand side, we get
(D - X! B1B} ) (X511 — Xmin) + (Xj1 = Xinin) " (A= B1B] X3) = (Xmin = X3)" B1B] (Xmin — X5) + Lyt

where we used the fact that Ry (Xmin) = 0. Since Xmin > X5 by inductive hypothesis, BleT, Lgi 20,
the right-hand side in the above equation is nonnegative so that Xj,,; < Xmin thanks to the fact that
I®(D- XETBlBQT) +((A- BB X;)T ® )11 is a nonsingular M-matrix.

To show that I ® (D - X[ BiBj)+ ((A-BiBj Xj,,)" ® Il is a nonsingular M-matrix, we can use
the same argument as in the proof of Theorem 2.1 as Xj,; < Xmin-

The last statement we have to show is Ry (Xj,,) < 0. We can write

RT(XEH) = (D - Xg+1BlB§)(XE+1 - Xmin) + (lec+1 - Xmin)T(A - BlB;XTHl) = DXin — XiinA
+ X B1B3 Xpoy + X3 B1By Xowin — X1, B1B3 X5,y - Cf Co.

min

Since X741 — Xmin €0 and I ® (D - XETHBlBQT) +((A- B1BYX;,,)T ® DII is a nonsingular M-matrix,

(D-XT Bi1BY)(Xgy1 — Xmin) + (Xp1 = Xmin) " (A - BiBY X7,1) <0 and we have
R (Xja1) <= DXmin — Xooin A+ X b B1B3 Xy + X7 B1B3 Xunin — X{,,B1B3 X5, - C1 Co

== (Xmin - XE+1)TBlBg(Xmin - Xl_c+1) <0,

as Xmin > Xj,; and BB > 0.

In conclusion, the sequence {Xj}irso computed by the inexact Newton-Kleinman method with Xy = 0
and equipped with the line search (3.12) is well-defined, nondecreasing and bounded from above. Therefore,
{ Xk }rso has a finite limit X, that is also a solution of the T-Riccati equation since

0= lim |Rp(Xp)|r=[Rr( lim Xi)|r = [Rr(X.)|r

Moreover, it is easy to show that X, < H for every nonnegative H such that Rp(H) > 0, hence X, = X0

The assumption on the nonnegativity of Ly.1 may remind the reader of the hypothesis made in [12]
for proving the converge of the inexact Newton-Kleinman method applied to the standard algebraic Riccati
equation. Indeed, in [12, Theorem 4.4], the matrix Ly is supposed to be positive semidefinite for all k.
However, as outlined in [5], this condition is hard to meet in practice and in [5, Theorem 10] a different
approach is used for showing the convergence of the inexact Newton scheme. In our setting we do not see
any particular drawback in assuming Lj,; nonnegative for every k. Moreover, if the projection method
presented in [11] is employed for the computation of Xj,1, then the nonnegativity of Lj,; may be further
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explored by exploiting the explicit form of this residual matrix given in [11, Proposition 4.3]. However, this
is beyond the scope of this paper.

The line search (3.6) can be performed also when the exact solution to (3.9) can be computed as in
the case of moderate n. If |Lgs1|r = 0 for all k& in (3.9), it is easy to show that the quartic polynomial
pr(A) has a local minimizer in (0,2] for all k£ and we can replace the computation of the step size (3.12) by
Ak = argmingg o) pr(A); Theorem 3.4 still holds. This procedure may improve the convergence rate of the
exact Newton-Kleinman method, especially for the first iterations, as shown in [4] for the standard algebraic
Riccati equation. See Example 4.1 in section 4.

3.3. Implementation details. In this section, we present some details for an efficient implementation
of Algorithm 3.1.

First of all, we recall that the computation of the Frobenius norm of low-rank matrices does not need to
assemble any n x n dense matrix. For instance, only ¢ x ¢ matrices are actually involved in the computation
of |CL Oy r as

|CT Ca |3 = trace(C3 C1CY Cs) = trace((C1CY )(C2C3)).

The most expensive part of Algorithm 3.1 is the solution of the large-scale T-Sylvester equations in
line 3. These equations can be solved, e.g., by employing the projection method presented in [11]. Given the
T-Sylvester equation

DX +XTA=-ClCy,

an approximate solution X, € R™" of the form X,, = VmYng; ~ X is constructed, where the orthonormal
columns of V,,,, W,, € R™ span suitable subspaces Ky, and Ky, respectively, i.e., Ky, = Range(V},)
and Ky, = Range(W,,). We will always assume that V;, and W,, have full rank so that dim(Ky, ) =
dim(Kw,, ) = £. If this is not the case, deflation strategies as the ones presented in [15] can be implemented
to overcome the possible linear dependence of the spanning vectors. The ¢ x £ matrix Y,, is computed by
imposing a Petrov-Galerkin condition on the residual matrix R,, = DX,, + X};A + CTCy with respect to

the space Kw,, ® Kyw,,. This condition is equivalent to computing Y;, by solving the reduced T-Sylvester
equation

(3.13) (WL DV, Yo + Y,E(VEAW,,) = ~(WECT)(CoW,,,).

See [11, Section 3]. Equation (3.13) can be solved by employing, e.g., Algorithm 3.1 presented in [10] as the
small dimension of the coefficient matrices allows for the computation of the generalized Schur decomposition
of the pair (WL DV,,,(VITAW,,)T).

The effectiveness of the projection framework presented in [11] is strictly related to the choice of the
approximation spaces Ky, and Ky, . In [11] it is shown how the selection of these spaces may depend on
the location of the spectrum A(A~TD) of A~TD. In particular, if A(A~7 D) is strictly contained in the unit
disk, it is suggested to select

}CVm = K%(A_TDv A_T[C,lrv C2TD7 and ICWm = AT ' ICVm = Kan(DA_T’ [0’11"7 C2TD7
where
K0 (AT D, A™[CT, C5]) = Range([AT[CT,C5 ], A" DATT[CT,CF )., (A" DY™A~ [CT, 3 1)),

is the block Krylov subspace generated by A= D and A~T[CT,CT]. If instead A(A~T D) is well outside the
unit disk, then the roles of A and D are reversed and we can choose

Ky, =KS(D*AT D'[cT,cT]), and Kw, =D-Ky, =K2(ATD™ ' [CT,CTY).

However, in general, the spectrum of A=7 D is neither strictly contained in the unit disk nor well outside
it and the employment of the extended Krylov subspaces

(3.14) Ky, =EK2 (A™"D,AT[cT,cT]), and Kw, = AT -EK2(ATD AT[CT,CT)),

where EKE (A™TD, A™T[CT,CT]) = KS(ATTD,AT[CT,CT) + K&, (D 'AT, D'[C],CT]), is recom-
mended in this case. It has been shown how the projection method based on the extended Krylov subspaces
9



(3.14) performs quite well in most of the results reported in [11, Section 7] and if this procedure fails to
converge, then also the projection schemes based on the block Krylov subspaces above fail as well. Therefore,
we also adopt the extended Krylov subspaces (3.14) as approximation spaces in the solution of the sequence
of T-Sylvester equations (3.4) arising from the inexact Newton-Kleinman scheme.

The coefficient matrix defining the equations in (3.4) are of the form D - X[ By B and A - By B X}, so
that the spaces

EKY (A-BBY X)) " (D-X}'B1B]),(A- BBy X;,) "'[cT,ct, xIF By, X[ By)),
and

(A- BB x;)" - EKY (A- BiBY X;.) ™" (D - X} BiBY),(A- B,BY x},)"T'[cT, ¢t xIF By, X[ B,)),
have to be computed at each Newton step k > 0. Such constructions require to solve linear systems of
the form (A+ MNT)z =y where M, N € R™P are low-rank and the Sherman-Morrison-Woodbury (SMW)
formula

(A-MNTY 1= AL  A'M(IT-NTA M) INT AT,

can be employed to this end. See, e.g., [13, Equation (2.1.4)].

Algorithm 3.2 summarizes the projection method for the solution of the (k + 1)-st T-Sylvester equa-
tion (3.4) where we suppose that the k-th iterate X is given in low-rank format, namely X} = Pl’kPQTJg,
Pk € Rnth, tr <K n.

Algorithm 3.2 Extended Krylov subspace method for T-Sylvester equations.

1
2

3

4
5

10
11

12

13
14

input : A, D e R"™" By, By e R™P, Cy,Cq e RT™ Py, Pojy € R 1 <<, &> 0, Mumax > 0
output: P’l’k+17ﬁ2’k+1 eR™ M+t ¢ 1 <, s.b. Xpeq = _’P/Lk.'.lﬁg:k_‘_l is an approximate solution to (3.4)
Set o = Pf:kBl and B = Pf:kBQ

Set H = [CT,CT, P, pat, Py 18]

Perform economy-size QR, [H, (A - B1(Bi P,)Pl)'H] = [Vl(l),Vl(Q)]'y, where 7y, € R4(a+p)x4(g+p)

Set V4 = [V, v

W1 <« orthonormalize the columns of (A — Bl,BTPg k)TV1

for m=1,2,..., till mpa.x do

Compute next basis block V41 as in [11] and set Vi1 = [Vin, Vi1
W1 < orthonormalize the columns of (A - BlﬂTPEk)TVm+1 w.r.t. W,,
Set Wm+1 = [Wm,Wm+1]
Update Ty, = WE(D = Py B3 )V, K = V,E(A= B1BT PJ )W, as in [11]
Update Gy = WZ[CT, Py ra] and Gy = WE[CT, Py 1B ]
Solve T, Y, + YLK, = -G1GT
if |Lpillp = (D = PoxaBT) (Vi Vs W) + (Vo Yo W) (A= BiB" Pay) + Po o’ Pay + CT Collp < &
then
‘ Break and go to 13

end

end

Factorize Y,, and retain ?1,m7 }727,,1 e R¥marp)xtins g, < dm(q +p), ﬁym?{m ~ Y,
Set Pl,k+1 = mel,ma PZ,I@+1 = WvaQ,m

To compute the residual norm ||Lg41|F we do not need to construct the dense n x n residual matrix
Lk+1 = (D - Pg,kaBg)(‘/mmeg) + (VrnYngy; T(A - BlﬁTpgﬁk) + Pg,kaﬁTPQ,k + OiTCQ Indeed, lt iS easy
to show that

| Lkt 7 = 1T ims1,m (€ ® Lugprg)) Yol s
10



where T,,41.m == WL, (D - Py xaBY)V,, and e, € R™ is the m-th canonical basis vector of R™. See [11,
Proposition 5.1]. At the k-th iteration of the Newton-Kleinman scheme we can set ¢ = ng|Rr(Xy)|F as
inner tolerance for Algorithm 3.2.

The computation of the coefficients in (3.11) needed for calculating the step-size A can be carried out at
low cost. Indeed, even if it is not evident, all the quantities in (3.11) consist of inner products with low-rank
matrices and they are thus cheap to evaluate as recalled at the beginning of this section. In particular, if
Xy =P kPQ i is the k-th iterate of the Newton-Kleinman scheme and X1 = Py k+1P2 k.1 15 the matrix
computed by Algorithm 3.2, then we can write

Rop(Xy) = DXy + XFA- XIB\BY X}, + C1CF
=[DPyj, Pojos —Poi (Pl B1), CT [P, AT Py, Py (Pl B2),C3 17,

Lis1 = (D - XIBiBN) X1 + XL (A- BiBT X)) + XF' B BT X, + CT ¢,
—~ ~T ~ ~ ~ "
= [DP i1, -Poraf ,P2,k+17P2,k+1,P2,k+1aT,Of]'
~ ~ ~ o o~ =T
[P ki1, Pogirs AT Prjr, —Poi(B@"), PoisiB 0317,

Sk = Xps1 = Xi = [Pris1, ~Pri][Pogs1, Por]”,

where a = P[} By, B = P{\ By, @ =Pl By and B = P, B>.

4. Numerical examples. In this section we report some results regarding the numerical solution of the
nonsymmetric T-Riccati equation (1.1). Different instances of (1.1) are considered and both the small-scale
and the large-scale scenario are addressed.

When n is moderate, the T-Sylvester equations arising from the Newton-Kleinman scheme (3.1) are
solved by means of Algorithm 3.1 presented in [10]. We show that also when equations (3.1) are solved
exactly, a line search can improve the convergence rate of the Newton-Kleinman scheme by maintaining a
monotone decrease in the residual norm. We always set the threshold for the relative residual norm to be
equal to 10712 for small n. Moreover, we report the number of iterations, i.e., the number of T-Sylvester
equations solved, to achieve such accuracy, the final relative residual norm and the overall computational
time in seconds.

For large problem dimensions, the inexact Newton-Kleinman method is employed in the solution of (1.1)
together with Algorithm 3.2 as inner solver. The tolerance for the outer relative residual norm achieved by
the Newton scheme is set to 107 while the one for the inner solver changes as the iterations proceed
accordingly to the discussion in section 3.3 where 7, = 1/(1 +k%). Also in the large-scale setting we report
the total number of T-Sylvester equations that need to be solved to get the desired accuracy, along with the
average number of inner iterations, the final relative residual norm and the computational time for solving
the problem. Moreover, since the memory requirements are one of the main issue in the numerical solution of
large-scale matrix equations, we also document the storage demand of the solution process which corresponds
to the dimension of the largest spaces (3.14) constructed. The rank of the final numerical solution is reported
to show that, at least in the tested examples, a low-rank approximate solution to (1.1) can be sought.

All results were obtained with MATLAB R2017b [19] on a Dell machine with two 2GHz processors and
128 GB of RAM.

EXAMPLE 4.1. In the first example, we consider the same coefficient matrices as in [11, Numerical test
7.1]. In particular, the matrices D, A € R™*™ come from the finite difference discretization on the unit square
of the 2-dimensional differential operators

Lp(u) = ~Ugy —Uyy +Y(1 —2)uz +yu, and La(u) = —Ugpg — Uyy,

respectively, and v = 10*. Homogeneous Dirichlet boundary conditions are considered.

We first tackle the case of moderate problem dimensions and choose B,C € R™" to be full random
matrices.

In Table 4.1 we report the results for different n.
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Table 4.1: Example 4.1. Results for different values of (moderate) n

n Its Rel. Res Time (secs)

w/o line search 394 8 8.5le-15 11.28
w/ line search 5 2.99-14 7.54
w/o line search 784 10 8.62e-14 99.94
w/ line search 8 2.32-14 73.73

Fig. 4.1: Example 4.1. Relative residual norms produced by the Newton-Kleinman with and without line
search for n = 784.

10°
&
§
S 107
=
=
0
= 107°
N
3 —e— w /o line search
o —=— w/ line search p
10715 I I I | | | | | | =
1 2 3 4 ) 6 7 8 9 10
k

For this example, the exact line search discussed at the end of section 3.2 is effective in decreasing
the number of iterations necessary to achieve the prescribed accuracy leading to a speed-up of the solution
process. In particular, a small step-size A\; is computed at the first iteration avoiding an increment in the
relative residual norm and allowing us to faster reach the region where quadratic convergence occurs. This
is apparent from Figure 4.1 where the relative residual norms produced by the Newton-Kleinman method
with and without line search are plotted for the case n = 784. We can appreciate how a monotone decrease
in the relative residual norm is obtained if the line search is performed.

In the large-scale setting, we consider low-rank matrices B = By BY, By, By € R™? and C = C,CY,
C1,Cs € R™9 such that B;, C; have unit norm and random entries for ¢ = 1,2. The matrices A and D are
as before.

In Table 4.2 we report the results for different values of p, ¢ and n.

Table 4.2: Example 4.1. Results for different values of p, ¢ and n.

n p q Itb (mner) Mem. Rank(X) Rel. Res. Time (secs)
1 1 3 (6.46) 160 28 8.33e-7 15.65
10,000 1 5 6 (6.66) 624 87 5.14e-7 52.15
5 10 6 (6.00) 1,560 186 4.39e-7 110.12
1 1 5 (10.60) 352 26 5.18e-7 69.19
22,500 1 5 convergence not achieved
5 10 convergence not achieved
1 1 convergence not achieved
32,400 1 b) convergence not achieved
5 10 convergence not achieved

We notice that for the largest values of n, the inexact Newton-Kleinman method does not always achieve
12



Fig. 4.2: Example 4.1, n =22,500, p=1 and ¢ = 5. Left: |[R7(Xz)|r/||C¥ Co|F for k=0,...,7. Right: rela-
tive residual norm produced by Algorithm 3.2 when applied to equation (4.1) (solid line) and ;- |Rr(X7)| F
(dashed line).
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the desired accuracy in terms of relative residual norm. Indeed, for a certain k > 0, Algorithm 3.2 does not
manage to solve the k-th equation (3.1) of the Newton-Kleinman scheme? and we thus stop the process. In
Figure 4.2 (left) we plot in logarithmic scale the T-Riccati relative residual norm for the case n = 22,500 and
p =1, ¢ = 5. For this example, the residual norm decreases (non monotonically) until Algorithm 3.2 is no
longer able to solve the eighth T-Sylvester equation

(4.1) (D-XTBBNXs+ XTI (A-BBTx;)T = -XTB, BT X7 - CT Cs.

In particular, in Figure 4.2 (right), the relative residual norm (solid line) produced by Algorithm 3.2 when
applied to equation (4.1) is reported. We can appreciate how the residual norm smoothly decreases in the
first 18 iterations and, after an erratic phase, it starts increasing until the 35th iteration when we stop
the procedure. In Figure 4.2 (right) we also plot the threshold (dashed line) passed to Algorithm 3.2, i.e.,
17+ |R7(X7)| F, and we can realize how the relative residual norm gets very close to the desired accuracy
without reaching it. A similar behaviour has been observed also for the other tests where the convergence has
not been achieved. We think it may be interesting to further study the convergence property of Algorithm 3.2
as also the solution of the T-Riccati equation (1.1) can benefit from this.

When the desired accuracy is achieved, the rank of the computed numerical solution X is rather small
compared to the problem size n, for all the tested values of p and ¢. This suggests that it may be reasonable
to investigate in depth the trend of the singular values of the exact solution to (1.1) in order to justify the
search for low-rank approximate solutions and the development of low-rank numerical schemes.

EXAMPLE 4.2. The second example we consider consists in a slight modification of [14, Example 6.1].

In the small-scale setting we generate a random matrix R = rand(2n,2n) € R?*»2" and define W =
diag(R1) - R where 1 = (1,...,1)T € R?". Then A, D € R™™ are chosen according to the partition

D M
ve[v )

and B =-N/|N|r. We also define the exact solution to (1.1) as an n x n matrix Xezace with random entries
and unit norm and we compute C = DX gpact + X5ooo A — X2 . BXexact-

The results for different n are collected in Table 4.3 where we also report the relative error between the
computed solution and Xexact-

The Newton-Kleinman method with line search performs in a very similar manner with respect to the
case where no line search is used. Indeed, in this example, the computed step-size A\ is always close to one,
for every k.

2Some examples where Algorithm 3.2 does not converge are reported also in [11].
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Table 4.3: Example 4.2. Results for different values of (moderate) n

n Its Rel. Res. Err. Rel. Time (secs)

w/o line search 500 3  1.06e-14  7.78e-11 10.80
w/ line search 3 348e-13  6.01e-10 10.84
w/o line search 1.000 3 14914  9.33e-10 78.59
w/ line search | 3  1.78e-13 1.45e-9 78.99

For the large-scale setting we have to construct the coefficient matrices in a different way to be able to
allocate them. To this end we compute two sparse matrices F, G € R™" with random entries via the MATLAB
function sprand® and we shift them to ensure their nonsingularity. We thus define D = F + (p(F) +1)I and
A =G+ (p(G)+20)I. As in Example 4.1, we consider low-rank matrices B = By B, By, By € R™ and
C= ClCQT, C1,C5 € R™4 such that B;, C; have unit norm and random entries for ¢ = 1, 2.

In Table 4.4 we report the results for different values of p, ¢ and n.

Table 4.4: Example 4.2. Results for different values of p, ¢ and n.

n p q Its (1nner) Mem. Rank(X) Rel. Res. Time (secs)

T 1 1(15) 32 4 6197 0.16

10,000 1 ) 5 (1.8) 144 29 1.18e-8 1.11

5 10 5 (1.8) 360 60 2.35e-9 3.27

1T 1 1(15) 32 1 64807 0.79

50,000 1 5 5(1.8) 144 20 1.18¢-8 5.44

5 10 5 (1.8) 360 60 1.19e-9 14.88

T 1 1(15) 32 1 63009 1.48

100,000 1 5 5 (1.8) 144 28 1.80e-8 11.33
5 10 5(1.8) 360 60  4.71e-10 24.49

In this example, we manage to reach the desired accuracy for every value of p, ¢ and n we tested.
Moreover, the numerical solution turns out to be low-rank in all the experiments we ran.

We notice that the computational timings in Table 4.4 are several orders of magnitude smaller than
the ones reported in Table 4.2 even when the problem dimension, the rank of B and C and the number of
outer iterations are very similar. This is mainly due to the following factors. The average numbers of inner
iterations in Table 4.2 is larger than the ones reported in Table 4.4. Therefore, even if we solve a similar
number of T-Sylvester equations to converge, the ones in Example 4.1 require a larger space to be solved
leading to an increment in both the memory allocation and the computational efforts. Moreover, each of
these inner iterations is more expensive than a single inner iteration with the data of Example 4.2 because
of the different level of fill in of the coefficient matrices. For instance, for n = 10,000, the number of nonzero
entries of A and D in Example 4.1 is approximately 50,000 while in Example 4.2 is 20,000.

5. Conclusions. By taking inspiration from the rich literature about the algebraic Riccati equation,
in this paper we investigated some theoretical and computational aspects of the nonsymmetric T-Riccati
equation. Sufficient conditions for the existence and uniqueness of a minimal nonnegative solution Xy,;, have
been provided. We have thoroughly explored the numerical computation of X,;;, and effective procedures
for both small and large problem dimensions have been proposed. The reliability of the derived schemes
has been established by showing their convergence to X,;n whereas several numerical experiments illustrate
their efficiency in terms of both memory requirements and computational time.

In the large-scale setting, low-rank approximate solutions turned out to be accurate in terms of relative
residual norm. This suggests that it may be possible to show that the exact solution X,;, presents a fast
decay in its singular values and this will be the topic of future works. The projection scheme adopted
to solve the T-Sylvester equations arising from the Newton-Kleinman iteration failed to converge in some

3The density of the nonzero entries is set to be equal to 1/n.
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cases so that the solution to the T-Riccati equation could not be computed. A robust convergence theory
for large-scale T-Sylvester equations solvers is still lacking in the literature and we think it may be a very
interesting research topic as also the numerical procedure for T-Riccati equations presented in this paper
can benefit from it.

The promising results encourage us to tackle more difficult problems with data coming from real-life
applications as the ones discussed in section 1.
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