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ABSTRACT. The propagation of electromagnetic waves in vacuum is often described within
the geometrical optics approximation, which predicts that wave rays follow null geodesics.
However, this model is valid only in the limit of infinitely high frequencies. At large but
finite frequencies, diffraction can still be negligible, but the ray dynamics becomes affected
by the evolution of the wave polarization. Hence, rays can deviate from null geodesics,
which is known as the gravitational spin Hall effect of light. In the literature, this effect
has been calculated ad hoc for a number for special cases, but no general description has
been proposed. Here, we present a covariant WKB analysis from first principles for the
propagation of light in arbitrary curved spacetimes. We obtain polarization-dependent ray
equations describing the gravitational spin Hall effect of light. We also present numerical
examples of polarization-dependent ray dynamics in the Schwarzschild spacetime, and the
magnitude of the effect is briefly discussed. The analysis presented here is analogous to the
spin Hall effect of light in inhomogeneous media, which has been experimentally verified.

1. INTRODUCTION

The propagation of electromagnetic waves in curved spacetime is often described within
the geometrical optics approximation, which applies in the limit of infinitely high frequencies
[18, 58]. In geometrical optics, Maxwell’s equations are reduced to a set of ray equations, and
a set of transport equations along these rays. The ray equations are the null geodesics of the
underlying spacetime, and the transport equations govern the evolution of the intensity and
the polarization vector. In particular, the geometrical optics approximation predicts that the
ray equations determine the evolution of the polarization vector, but there is no backreaction
from the polarization vector onto the ray equations. However, this model is valid only in
the limit of infinitely high frequencies, and there has been interest in calculating the light
propagation more accurately. At large but finite frequencies, diffraction can still be negligible
but rays can deviate from geodesics. This is known as the gravitational spin Hall effect of
light [50].

The mechanism behind the spin Hall effect is the spin—orbit interaction [13], i.e., the cou-
pling of the wave polarization (spin) with the translational (orbital) motion of the ray as
a particle, resulting in polarization(spin)-dependent rays. Related phenomena are found in
many areas of physics. In condensed matter physics, electrons travelling in certain materials
experience a spin Hall effect, resulting in spin-dependent trajectories, and spin accumulation
on the lateral sides of the material [26, 62]. The effect was theoretically predicted by Dyakonov
and Perel in 1971 [28, 27], followed by experimental observation in 1984 [6] and 2004 [10]. In
optics, the polarization-dependent deflection of light travelling in an inhomogeneous medium
is known as the spin Hall effect of light [13, 43]. The effect was predicted by several authors
[20, 42, 52,10, 11, 22, 23], and has recently been verified experimentally by Hosten and Kwiat
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[3%], and by Bliokh et al. [12]. The spin Hall effect of light provides corrections to the ge-
ometrical optics limit, which scale roughly with the inverse of frequency. This, and several
other effects, can be explained in terms of the Berry curvature [66, 7, 12, 13].

There are several approaches aiming to describe the dynamics of spinning particles or
wave packets in general relativity. Using a multipole expansion of the energy-momentum
tensor, the dynamics of massive spinning test particles has been extensively studied in the

form of the Mathisson—Papapetrou—Dixon equations [17, 53, 68, 15, 16]. A massless limit
of these equations was derived by Souriau and Saturnini [63, 57], and particular examples
adapted to certain spacetimes have been discussed in [25, 24, 416]. Another commonly used
method is the Wentzel-Kramers-Brillouin (WKB) approximation for various field equations
on curved spacetimes. For massive fields, this has been done in [5, 54] by considering a WKB

approximation for the Dirac equation. For massless fields, using a WKB approximation
for Maxwell’s equations on a stationary spacetime, Frolov and Shoom derived polarization-
dependent ray equations [30, 31] (see also [71, 19, 18, 36]). With methods less familiar in
general relativity, using the Foldy—Wouthuysen transformation for the Bargmann—Wigner
equations in a perturbative way, Gosselin et al. derived ray equations for photons [35] and
electrons [31] travelling in static spacetimes (see also [61, 60, 51]). The gravitational spin Hall
effect of gravitational waves was also considered in [71, 70]. However, as discussed in [50],
there are inconsistencies between the predictions of these different models, and some of them
only work in particular spacetimes.

In this work, we are concerned with describing the propagation of electromagnetic waves in
curved spacetime, beyond the traditional geometrical optics approximation. We carry out a
covariant WKB analysis of the vacuum Maxwell’s equations, closely following the derivation
of the spin Hall effect in optics [12, 55, 50], as well as the work of Littlejohn and Flynn [14].
As a result, we derive ray equations that contain polarization-dependent corrections to those
of traditional geometrical optics, and capture the gravitational spin Hall effect of light. As in
optics, these corrections can be interpreted in terms of the Berry curvature. To illustrate the
effect, we give some numerical examples of the effective ray trajectories in the Schwarzschild
spacetime.

Our paper is organized as follows. In Section 2 we start by introducing the variational
formulation of the vacuum Maxwell’s equations. Then, we present the specific form of the
WKB ansatz to be used, we discuss the role of the Lorenz gauge condition, and we state the
assumptions that we are considering on the initial conditions. In Section 3, we present the
WKB approximation of the field action, and the corresponding Euler-Lagrange equations.
Analyzing these equations at each order in the geometrical optics parameter €, we obtain
the well-known results of geometrical optics. The dynamics of the polarization vector is
expressed in terms of the Berry phase. Finally, we derive an effective Hamilton—Jacobi system
that contains O(e) corrections over the standard geometrical optics results. In Section 4,
we use the corrected Hamilton—Jacobi equation to derive the ray equations that account
for the gravitational spin Hall effect of light. The gauge-invariance of these equations is
discussed, and noncanonical coordinates are introduced. In Section 5, we present some basic
numerical examples. We consider the effective ray equations on a Schwarzschild background,
and compare with the results of Gosselin et al. [35]. The magnitude of the effect is estimated
numerically. A summary of the result, including the effective Hamiltonian and the effective
ray equations, can be found in Section 6.



Notations and conventions. We consider an arbitrary smooth Lorentzian manifold (M, g, ),
where the metric tensor g, has signature — + ++. The absolute value of the metric deter-
minant is denoted as g = [detg,,|. The phase space is defined as the cotangent bundle
T*M, and phase space points are denoted as (z,p). The Einstein summation convention is
assumed. Greek indices represent spacetime indices, and run from 0 to 3. Latin indices from
the beginning of the alphabet, (a,b, ¢, ...), represent tetrad indices and run from 0 to 3. Latin
indices from the middle of the alphabet, (i,7,k,...), label the components of 3-vectors and
run from 1 to 3.

2. MAXWELL’S EQUATIONS AND THE WKB APPROXIMATION

2.1. Lagrangian formulation of Maxwell’s equations. Electromagnetic waves in vac-
uum can be described by the electromagnetic tensor F,5. This is a skew-symmetric, real
2-form, which satisfies the vacuum Maxwell’s equations [15]

Vagjaﬁ =0, V[aﬁtﬂﬂ = 0. (2.1)

Solutions to Maxwell’s equations can also be represented by introducing the electromagnetic
four-potential A, which is a real 1-form. Then, the electromagnetic tensor can be expressed
as

Fap =2V Ag, (2.2)
and equations (2.1) become [18]
D,fAs =0, D)’ =vVPv,-vrvy,. (2.3)
This equation can be obtained as the Euler-Lagrange equation of the following action:
1 .
J=7 / Az /g Fop TP = / d*z /g A*D, Ag, (2.4)
M M

where the last equality is obtained using integration by parts.

2.2. WKB Ansatz. We assume that the vector potential admits a WKB expansion of the
form

Aa(z) = Re {Aa(x, k, e)eis(x)/e} ,
Ag(z,ky€) = Agp(, k) + €Aro(z, k) + O(€2),

where S is a real scalar function, A, is a complex amplitude, and € is a small expansion
parameter. The gradient of S is denoted as

k() = V,8(x). (2.6)

Note that we are allowing the amplitude A, to depend on k,(x). In physical terms, the limit
€ < 1 indicates that the phase of the vector potential rapidly oscillates, and its variations are
much faster than those corresponding to the amplitude A, (x, k, €).

The role of the expansion parameter € becomes clear if we consider a timelike observer,
traveling along the worldline 7 — x®(7), with proper time 7. This observer measures the
frequency

(2.5)

t*k
w=-—— (2.7)

€
where t* = dx®/d7 is the velocity vector field of the observer. The phase function S and
e are dimensionless quantities. Working with geometrized units, such that ¢ = G = 1 [69,
Appendix F], the velocity ¢t* is dimensionless, and k, has dimension of inverse length. Hence,
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w has the dimension of the inverse length, as expected for frequency. Then, an observer sees
the frequency going to infinity as e goes to 0.

We illustrate the validity condition of the geometrical optics approximation on a Schwarzschild
black hole, with Schwarzschild radius r;. For a source of light that is falling into the black
hole, the gravitational redshift formula implies that the frequency ws, measured by an ob-
server at infinity in the rest frame of the central object is smaller than the frequency measured
by an observer at finite distance from the black hole. Then, a criterion for the high-frequency
limit to hold is

€ = (woots) Tt < 1. (2.8)
Note that we could have taken any observer at finite distance of the black hole as a criterion.
The choice of the observer at infinity provides the simplest expression.

2.3. Lorenz gauge. As commonly known, Maxwell’s equations in the form (2.3) are not
hyperbolic. In particular, they admit pure gauge solutions. We eliminate this problem by
introducing a gauge, specifically, the Lorenz gauge

VPAg = 0. (2.9)
Using the identity
D, PAs + Vo VPAs = VPV AL + RapAP, (2.10)
one observes that, if Maxwell’s equations (2.3) and the Lorenz gauge (2.9) are satisfied, then
the following wave equation holds:
V“Vaﬂg + RBW.A’Y =0. (2.11)

It should then be checked that, if the wave equation (2.11) is satisfied, one obtains a solution
to Maxwell’s equations in the Lorenz gauge. Note that we consider here approximate solutions
to Maxwell’s equations
0

DAz = 0(2). (2.12)
Hence, it is sufficient to consider

VaA® = 0O(e). (2.13)
We reproduce the standard argument recovering Maxwell’s equation in the Lorenz gauge
from the wave equation (2.11), taking into account that we are considering only approximate
solutions. Assume that the wave equation holds:

VOVads + Roal = 0() & { f:fgazl% + AoV + 26V Agp = 0 (2.14)
Assume furthermore that the initial data for the wave equation (2.14) satisfy
kE*Apq = 0,
Vado® +i41%kq = 0. (2.15)
Equation (2.14) implies that
Vo Ve (vﬂﬂﬁ) = O(e7Y). (2.16)
The initial data (2.15) for the wave equation (2.14) imply that, initially,
VaoA® = 0(e). (2.17)
Observe that the condition
TPV 5 (Vah®) = O(%) (2.18)
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is automatically satisfied, where T is a unit future-oriented normal vector to the hypersurface
on which initial data are prescribed. Hence, the equation satisfied by the Lorenz gauge source
function (2.16) admits initial data as in (2.17) and (2.18) vanishing at the appropriate order
in e (at O(e!) and O(e%), respectively). This implies that Maxwell’s equations

k* Apjak, = 0
D, PAs =0(°) & { 2KV, Ag, — (kA1 + V¥ Aga) ky — KV, Apg (2.19)
— AV, + Aoy Voo + ik Ay, = 0,

are satisfied in the Lorenz gauge

E“Aoa =0

B _ 1
Vi =0(e )‘:’{ Vodo® +idy ke =0 °

(2.20)

2.4. Assumption on the initial conditions. In this paper, we consider solutions of the
vacuum Maxwell’s equations assuming a WKB ansatz (2.5), with initial conditions satisfying
the following properties:

(1) The Lorenz gauge (2.20) is satisfied initially.

(2) The initial phase gradient k% is a future-oriented null vector. This assumption is in
fact a compatibility condition resulting from the dispersion relation (3.8) below, and
the Lorenz gauge condition (2.20).

(3) Initially, the beam has circular polarization (see Section 3.4).

3. HIGHER-ORDER GEOMETRICAL OPTICS

3.1. WKB approximation of the field action. We compute the WKB approximation for
our field theory by inserting the WKB ansatz (2.5) in the field action (2.4):

J = / d*z /g Re (Aaei5/5> D.’Re (Ageis/e)
M
= % /M dz \/_5 [A*ae_is/ebaﬁ <A,3€is/e) + C.C.} (31)
n i/M A /g [AaeiS/eDaﬁ (Aﬁei5/6> n C_C_} '

Since e is a rapidly oscillating function, the Riemann—Lebesgue lemma implies, for suffi-
ciently regular f,

iS/e

/ Atz /g eF 2@/ (1) = o(0). (3.2)
M

Upon expanding the derivative terms in equation (3.1), and keeping only terms of the low-
est two orders in €, we obtain the following WKB approximation of the field action (for
convenience, we are shifting the powers of €, such that the lowest-order term is of O(e?)):

— &g = /M diz ﬁ[DaﬁA*aAﬁ - %vwaﬁ (A*V, Ay — AﬁvuA*a)] +0(3),  (3.3)
where

1 1
D, = Zk k"6E — ~ko kP,
, 2 2 (3.4)
VED, P = kH68 — 61EP — gHPk,.
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Here, Daﬁ represents the symbol [32] of the operator ﬁaﬁ , evaluated at the phase space point

(z,p) = (z,k), and we are using the notation %“DQ'B for the vertical derivative (Appendix
A) of Do, evaluated at the phase space point (z,p) = (z,k).

The action depends on the following fields: S(x), V,S(x), Aa(z,VS), V,[Aa(z,VS)],
Az, VS), V, [A** (2, VS)]. Following the calculations in Appendix B, the Euler-Lagrange
equations are

D,PAs —ie (%MDf) V, Ay — % <vﬁ#paﬁ> As=0(&), (3.5

D,PA* 4 e (%ﬂpj) Vil 4+ <vﬁ“Daﬁ> A = 0(&),  (3.6)

v, <%ﬂDaﬁ> Arog, - (%M%UDf) (A" OV, A5 — AgV, A*) | = 0(?).  (3.7)

€
2

In the above equations, the symbol DO/B and its vertical derivatives are all evaluated at the
phase space point (z, k).

3.2. Oth-order geometrical optics. Starting with equations (3.5)—(3.7), and keeping only
terms of O(e"), we obtain

D,PAgs =0, (3.8)
D PA =0, (3.9)
Y, (%“Daﬁ) Ag*Ags| = 0. (3.10)
Equation (3.8) can also be written as:
% <kuk“5§ - kakﬁ) Agg = 0. (3.11)

This equation admits nontrivial solutions if and only if Agg is an eigenvector of D.” with
zero eigenvalue. Two cases should be discussed: k is a null vector, or k is not a null vector.
Assume first that k is not a null vector, k*k,, # 0. Then, equation (3.8) leads to

kP Ao
Aoy = — kg 3.12
O kuk“ ( )
This entails that
AO[akﬁ} =0 or ?ag = V[a./[ﬁ] = O(EO). (313)

In other words, when £ is not a null vector, the corresponding solution is, at the lowest order
in €, a pure gauge solution. Since the corresponding electromagnetic field vanishes, we do not
consider this case further.

If k is null, k#k, = 0, equation (3.8) implies

kP Aoz = 0. (3.14)

This is consistent with the Lorenz gauge condition (2.20) at the lowest order in e. A similar
argument can be applied for the complex-conjugate equation (3.9), from which we obtain
kaAg™ = 0.
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Using equations (3.8)—(3.10), we obtain the well-known system of equations governing the
geometrical optics approximation at the lowest order in e:

Kkt =0, (3.15)
kAo = kaAg™ =0, (3.16)
Y, (kJ0) =0, (3.17)

where Jg = Ap**Ag, is the lowest-order intensity (more precisely, Jy is proportional to the
wave action density [07]). Equation (3.17) is obtained from equation (3.10) by using the
orthogonality condition (3.16). Using equation (2.6), we have

Vika = Vaky, (3.18)
and we can use equation (3.15) to derive the geodesic equation for k,:
k'Y, k, = 0. (3.19)

3.3. 1st-order geometrical optics. Here, we examine equations (3.5) and (3.6) at order €'
only:

8 (wrp 8 ' (v owep 8
DAy —i <V“Da ) Vudos — % <V#V“Da ) Agg =0, (3.20)
B8 *Qu iy B *Qu i 2 B *Qy
Da A5+ 4 V#Da vp,AO + 5 VMV‘MDQ Ay =0. (321)
Using equation (3.4), we can also rewrite equation (3.20) as follows:

1 1 :
VAo — 5haVido! = SksVado® — %kakﬁAl 5

1 1 1 (3.22)
+ 5406 Vuk! — 1Aoﬁvﬁka - 1Aof@’vakg =0.
Using equation (3.18), we can rewrite the last two terms as
- iAoﬁvﬁka - %Aoﬁvakg = —%Aoﬂvakﬁ. (3.23)
With the results obtained at O(e”), we also have
BsAo® =0 = Vo (kAo”) = ksVado + A" Vaks = 0. (3.24)
Then, equation (3.22) becomes
BV o+ 3 Ao Viht — L (VAo + ik Ar¥) = 0. (3.25)

The last term can be eliminated by using the Lorenz gauge (2.20). The same steps can be
applied to the complex-conjugate equation (3.21):

1
H*Vuhloa+ 3400V, =0 (3.26)
h :
VA0 + S APV R = 0.

Furthermore, using the lowest-order intensity Jy, we can write the amplitude vectors in the
following way:

Ave = VI0a04, Ao™ = \/Toag™, (3.27)
7



where ag,, is a unit complex vector (i.e. ag**ag, = 1) describing the polarization. Then, from
equation (3.26), together with equation (3.17), we obtain

k“Vuaoa = k“VMao*a = 0. (328)
The parallel propagation of the complex vector ag, along the integral curve of k* is another

well-known result of the geometrical optics approximation.

3.4. The polarization vector in a null tetrad. We observed that the polarization vector
satisfies the orthogonality condition

k¥ag, = 0. (3.29)

Consider the Newman—Penrose tetrad {kq, na, Ma, Mq} satisfying

mem® =1, koan® = —1,
kaka - nana == mama - mozma — 07 (330)
kom® = kom® = ngm® = nom® =

Since the Newman—Penrose tetrad is adapted to the vector k,, the orthogonality conditions
imply that m, and m, are functions of k.. Since the polarization vector ag, is orthogonal
to ko, we can decompose it as

aoo(z, k) = z1(x)me (2, k) + 22(x)ma(x, k) + 23(2)ka(2), (3.31)

where 21, z9, and z3 are complex scalar functions. Since ag, is a unit complex vector, the
scalar functions z; and zo are constrained by

2121+ 2520 = 1. (3.32)

It is important to note that the decomposition (3.31), and more specifically, the choice of m,
requires choosing a null vector n,. Fixing n, is equivalent to choosing a timelike vector field
tq, that represents an observer. Once n,, is fixed, the remaining SO(2) gauge freedom in the
choice of m,, is described by the spin rotation

ko = Koy  No = Ny Mo — €9mg, for ¢ € R. (3.33)

Altogether, the gauge freedom in the decomposition (3.31) is described by the little group,
that is to say the subgroup of the transformations leaving k invariant.

Using equations (3.31) and (3.19), the parallel-transport equation for the polarization vec-
tor becomes

0= /@“Vuaoa = zlk“V#ma + ZQkuvlﬂ?_”La + mak‘“vﬂzl

3.34
+ mak"uV”ZQ + kakuvu,%. ( )
Contracting the above equation with m®, m®, and n“, we obtain
kMY 21 = —21m*kHV ymeg,
kMY 29 = —2om®kH'V g, (3.35)
kMY 23 = —(z21m® + 20m™)kHV g .
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Recall that in the above equations, the vectors m, and m, are functions of x and k(x). The
covariant derivatives are applied as follows:

E*V yme = EFV , [ma (2, k)]
h v
= kM <Vuma> (x, k) + kF (Vky) (V”ma> (z, k) (3.36)
h
= E'V ma,

h
where V, is the horizontal derivative (Appendix A). It is convenient to introduce the following
2-dimensional unit complex vector, which is analogous to the Jones vector in optics [29, 9,

. 56]:
z= (2) , (3.37)

and we shall also use the hermitian transpose z!, defined as follows:

= (2 2). (3.38)
Then, the equations for z; and z can be written in a more compact form:
kMY 2 = ik Bo3z, (3.39)

where o3 is the third Pauli matrix,

- <(1) _01> , (3.40)

and B, is the real 1-form extending to general relativity the Berry connection used in optics

[9, 59]

) h h h
B, (z, k) = % (mavuma — mavuma> =im*V, m,. (3.41)
Furthermore, if we restrict z to a worldline x#(7), with &# = k", we can write
% =ik'B,o3z. (3.42)
Integrating along the worldline, we obtain
e(7) 0
o(r) = < ) e—w(ﬂ) 2(0), (3.43)
where v represents the Berry phase [9, 55]
T1
v(m) = / drk"B,,. (3.44)
70

Using either equation (3.35) or equation (3.42), we see that the evolution of z; and zy is
decoupled in the circular polarization basis, and the following quantities are conserved along
kH:
1= 221+ 2829 = 212,
! 2 (3.45)
s=2i2 — 25z = 2032,

Based on our assumptions on the initial conditions (Section 2.4), we only consider beams with

40):(3) or 2(0):<(1]>. (3.46)



Thus, we have s = £1, depending on the choice of the initial polarization state.
The results described in this section are similar to the description of the polarization of
electromagnetic waves travelling in a medium with an inhomogeneous index of refraction [9].

3.5. Extended geometrical optics. Now, we take equations (3.5)—(3.7), but without split-
ting them order by order in e. Our aim is to derive an effective Hamilton—Jacobi system that
would give us O(e) corrections to the ray equations.

3.5.1. Effective dispersion relation. By contracting equation (3.5) with A** and equation (3.6)
with Ag, and also adding them together, we obtain the following equation:

DA Ag— %6 (%ﬂpﬁ) (A*V, Ay — AV, A*) = O(e2). (3.47)
Using equations (3.4), (3.15) and (3.16), we can rewrite this as follows:

1 *ou *Q *Q
57‘%/‘6“(140 Agg + €Ag™ A1y + €A17% Apy)

- %k“ (Ao™*V,Aoq — A0a Vi Ao™) (3.48)
+ %ka (Ag™'V, Ag® — Ag"V . A™) = O(e2).
Using equation (3.16), we obtain
0= Ao*“Vﬂ (k’aAoa) = kaAo*MV'qua + AO*MAoavﬂka, (3.49)
so we can write:
i€ * o *Q i€ * o
o (A0 VAo — AV, A0™) = = Viuka Ao e Age] = 0, (3.50)

where the latter equality is due to (3.18). Then, equation (3.47) becomes

1 *Q e *a
§kuku(z40 Aoa + €Ag Ala + €A, Aoa)

. (3.51)
- 51{:“ (Ag*™V 4 Agg — A0a Vi A0™™) = O(€2).
Let us introduce the O(e') intensity:
J=A" A, = A" Ay = Ag™ Agg + €Ag ™ A1 + €A™ Agy + (7). (3.52)
Then, we can rewrite the amplitude as
Aq = VIag = VT (ags + €ar,) + O(e2), (3.53)

where a,, is a unit complex vector. Then, equation (3.51) can be expressed as follows:
1 1€ * .
§kzuk:“ — §k:“ (a0*™™V 4aoa — 0o Vuao™) = O(e?). (3.54)

This can be viewed as an effective dispersion relation, containing O(e) corrections to the
geometrical optics equation (3.15). Finally, let us assume the notation

€, *
KH = k‘“ — 5 ((Lo "‘Vuaoa - aoavuao a) (3.55)
and rewrite the effective dispersion relation takes the following form:
1
S KuK" = O(e?). (3.56)
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This equation can also be obtained directly from the effective field action (3.3), specifically
by varying the latter with respect to J.

3.5.2. Effective transport equation. Using equations (3.4), (3.15) and (3.16), the effective
transport equation (3.7) becomes

VM kH (Ao*aAoa + EAO*QAla =+ GAl*aAoa)

. %ka (Ag™ A1 + A1*® Agh) + % (Ap™ Vi Aok — AghVaAg™)
2 (3.57)

+ 1 (Ag™*V o Ap® — Ag*V o Ag™)

- EQW (AO*O(VVAOQ - AOavVAO*a)

5 = O(?).

We can perform the following replacements in the above equation:
Ag" Vo Ap! = Vo (A" Agt) — Vo Ag™ At
VaAg™ A" = Vo (Ag™ Ap®) — Ag™V o Ap“.

After rearranging terms, the effective transport equation becomes

(3.58)

VM kH (Ao*aAoa + GAO*aAla + EAI*QAOO() + %VQ (AO*[CYAOH]>

- %Ao“ (VaAg™ — ko A1™) + %Ao*“ (VaAo® +ika A1) (3.59)

- EQW (Ap™*V, Ape — Aoa Vi Ag™)

5 = O(e?).

The following term vanishes due to the symmetry of the Ricci tensor:
V,Va (AO*[O‘AO“]) — V[,V (Ag™ Ag")
= (Rawy” = Ryua”) Ao™ Ao” (3.60)
- (Ra,u - R,ua) AO*O[AOM
=0.

Furthermore, using the Lorenz gauge condition (2.20), we are left with the following form of
the effective transport equation:

VN k“u(Ao*aAoa + EAo*aAla =+ EAl*aAoa)

, (3.61)
— L (A™V, Age — AoV A0™)

5 = O(e?).

Introducing the intensity J, and the vector K, we obtain

vu{ﬂ [’f S (00" V s aoavyao*%} } =V, (IK") = 0(e). (3.62)
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This is an effective transport equation for the intensity J, which includes O(e) corrections to
the geometrical optics equation (3.17).

4. EFFECTIVE RAY EQUATIONS

4.1. Hamilton—Jacobi system at leading order. The lowest-order geometrical optics
equations (3.15) and (3.17) can be viewed as a system of coupled partial differential equations:

1

§gwjkuku = 07 (4.1)

V,u (Jok*) =0, (4.2)
where k, = V5. The first equation is a Hamilton—Jacobi equation for the phase function
S, and the second equation is a transport equation for the intensity Jy [19]. The Hamilton—

Jacobi equation can be solved using the method of characteristics. This is done by defining
a Hamiltonian function on T*M, such that

H (x,VS) = %g’“’kul{:y =0. (4.3)

It is obvious that in this case, the Hamiltonian is
H(z,p) = %g“”pupu, (4.4)

and Hamilton’s equations take the following form:
ot = SPHM =g""py, (4.5)
P = —SZ = —% 19°" Paps- (4.6)

Given a solution {z*(7), p,(7)} for Hamilton’s equations, we obtain a solution of the Hamilton—
Jacobi equation (4.3) by taking [33]:

S(2(r1), pu(m)) = / " dr [i#p, — H(z,p)] + const. (4.7)

70
Once the Hamilton—Jacobi equation is solved, the transport equation (4.2) can also be solved,
at least in principle [19]. However, our main interest is in the ray equations governed by
the Hamiltonian (4.4). The corresponding Hamilton’s equations (4.5) and (4.6) describe null
geodesics. These equations can easily be rewritten as

B4 Th 3" =0, (4.8)
or in the explicitly covariant form:
p'Voupt =1"V, " = 0. (4.9)

4.2. Effective Hamilton—Jacobi system. The effective dispersion relation (3.56), together
with the effective transport equation (3.62) introduce O(e!) corrections over the system dis-
cussed above:

) )
59””16“]471, — Zgl{:“ (a0™*V pa0q — 400 Vyao™) = 0(62), (4.10)
vﬂ{ﬂ [k“ - %g‘“’ (a0™* Va0, — aocyvyao*“)} } = 0(Y). (4.11)

12



Using equation (3.31), the effective dispersion relation becomes
1
2

where B, = By (xz,k) is the Berry connection introduced in equation (3.41), and s = %1,
depending on the initial polarization. Using equation (3.43), together with the assumption
on the initial polarization, we can write:

g kuk, — %k” (zTﬁuz - E)MzTZ> — esk' B, = O(e?), (4.12)

- %k“ (ZTGHZ - 8usz> = esk"0,. (4.13)

Since the value of s is fixed by initial conditions, the only unknowns are the phase function
S and the Berry phase . We can write an effective Hamilton—Jacobi equation for the total
phase § = S + esy:

~ 1
H (2,V5) = 59" kb, + €sk“0,y — sk B, + O(€?). (4.14)
The corresponding Hamiltonian function on 7% M is
1
H(z,p) = 59" pupy — es¢"puBu (2, p), (4.15)
and we have the following Hamilton’s equations:
OH v
it = — =g"p, —es | B* +p*V*B, |, (4.16)
Opu
. OH 1
Dy = 9 = —iﬁugo‘ﬁpapg + €SP <8ﬁgaﬁ35 + gaﬁ(?MBg) . (4.17)

These equations contain polarization-dependent corrections to the null geodesic equations
(4.5) and (4.6), representing the gravitational spin Hall effect of light. For e = 0, one recovers
the standard geodesic equation in canonical coordinates.

We can also write these ray equations in a more compact form

(Z:) B (—%; " > (gg) ; (4.18)

where the constant matrix on the right-hand side is the inverse of the symplectic 2-form, or
the Poisson tensor [15].

4.2.1. Noncanonical coordinates. The Hamiltonian (4.15) contains the Berry connection B,
which is gauge-dependent. The latter means that B, depends on the choice of m and mg; for
example, the transformation ma — mqee'® causes the following transformation of the Berry
connection:

B, — B, —V,¢. (4.19)
This kind of gauge dependence was considered by Littlejohn and Flynn in [44], where they
also proposed how to make the Hamiltonian and the equations of motion gauge-invariant.
The main idea is to introduce noncanonical coordinates such that the Berry connection is
removed from the Hamiltonian and the symplectic form acquires the corresponding Berry
curvature, which is gauge-invariant. This is similar to the description of a charged particle
in an electromagnetic field in terms of either the canonical or the kinetic momentum of the
particle. The Berry connection and Berry curvature play a similar role as the electromagnetic
vector potential and the electromagnetic tensor [14].
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We start by rewriting the Hamiltonian (4.15) as

H(x,p) = Ho(x,p) — esg"’pu B, (x,p), (4.20)

where Hy = % 9" pupy. Following [11], the Berry connection can be written in the following
way, by using the definition of the horizontal derivative

h
p!'B,(z,p) = iptm*V mq

v
= ip"m*Vma + ippe Ly ,m VPm, (4.21)
OHy _ OHy _
= za—pumavuma — zaTmanma.

The Berry connection can be eliminated from the Hamiltonian (4.15) by considering the
following change of coordinates on T*M

v
Xt =zt 4+ iesm*VHFmyg, (4.22)
P, =p, —iesm®V  my. (4.23)

Since (X, P) are noncanonical coordinates, the symplectic form transforms nontrivially under
this change of coordinates. The Hamiltonian (4.15) is as a scalar, so we obtain

H'(X,P) = H(x,p)

v
=H (X“ —iesm*VFmey, P, + iesmavuma>

(4.24)
B . OHy .o, . s
= H(X,P) — s Vimg + ies pum V,ma
— Hy(X, P).
In the new coordinate system (X, P), we obtained the following Hamiltonian:
1
H'(X, P) = 5¢"(X)PuP,. (4.25)

The corresponding Hamilton’s equations can be written in a matrix form as:

' oH"
(i_f) > _7 (g},g) , (4.26)
H oP,
where T is the Poisson tensor in the new variables. Following Marsden and Ratiu [15, Section

10.4], we obtain
p_ o F)™ 0+ (Fap),”
T ( 5B, (Fay ) (4.27)




where we have the following Berry curvature terms
(B = i($mo 5, — o,
B L T
(Fua)yy = i(V“mO‘V,,ma — VMOV yma (4.28)
ROV Ve = ma V], Vo),
(Fpa),)' = = (Fap)t, =i <%“mavyma - Vyma%“ma> .

Simplified expressions for these terms can be found in appendix C. Now we can write Hamil-
ton’s equations in the new variables:

Xt = PP esPY(Fp) M+ esTS, PoP? ()™, (4.29)
By = T§,PaP’—esP" (Fuy),, — esT8,PaP’ (Frp)”, . (4.30)
The last term on the right-hand side of equation (4.29) is the covariant analogue of the
spin Hall effect correction obtained in optics, (p x p) /|p|?, due to the Berry curvature in
momentum space [12, 55]. This term is also the source of the gravitational spin Hall effect in
the work of Gosselin et al. [35]. In equation (4.30), the second term on the right-hand side

contains the Riemann tensor, and resembles the curvature term obtained in the Mathisson—
Papapetrou-Dixon equations [1].

5. NUMERICAL EXAMPLES

To illustrate how the polarization-dependent correction terms modify the ray trajectories,
we provide here some numerical examples. For convenience, we use canonical coordinates and
treat 20 as a parameter along the rays. Hence, equations (4.16) and (4.17) become

i% =1, (5.1)
. . v,
gZVpl/ — €8 (BZ +pav2Ba>
it = : (5.2)
v
g%p, — es (BO +p°‘VOBa)
—10,9°Ppaps + €spa (0;9°°Bs + g*P9;Bg)

v
g%p, — es <BO —|—paVOBa>

Di = ) (5.3)

and pg is calculated from

1

iguypupu - EngVpMB,,(ZL‘,p) =0. (5.4)

This equation can be solved explicitly, using the fact that the velocity ¢ is future oriented:
-1 .
po = (¢”) { — (¢%pi — esg”™B,)

. 9 g . 1/2
+ [(gozpi —esg”"By)” — 9% (9" pip; — 263@9’“&)} }
15
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FIGURE 1. Results of numerical simulations illustrating the gravitational spin
Hall effect of light around a Schwarzschild black hole. The effect is exaggerated
for visualization purposes. The two figures present the same rays from different
viewing angles. The central sphere represents the Schwarzschild black hole,
and the small orange sphere represents a source of light. The blue and the
red trajectories correspond to rays of opposite circular polarizations, s = =41,
while the green trajectory represents a null geodesic. We take rs = 1, and we
start with the initial position z*(0) = (=507, 1575,0), and initial normalized
momentum p; = (1,0,0). The wavelength A is set to a sufficiently large value
to make the effect visible on this plot.

Note that in general B, depends on pg. However, since this is an O(e!) term, we can replace
the O(e®) expression for py in By,.

In order to compare with the results of Gosselin et al. [35], we consider a Schwarzschild
spacetime in Cartesian isotropic coordinates (t,z,y, 2):

1—I&\?2 Ts \4
2 iR 2 s 2 2 2
_ 1 ) :
ds <1+L}> dt +( +12) (da? +dy? + dP), (5.6)
where ry, = 2f2M is the Schwarzschild radius, and R = /22 + 32 + 22. We also define the
following orthonormal tetrad:

zigiat, e1=(1+£—;)728x, 622(1+%)728y, egz(uﬁ)”az, (5.7)

where t* = (eg)* is our choice of observer.
The Berry connection B, can be explicitly computed by introducing a particular choice
of polarization vectors. Using the orthonormal tetrad, we can easily adapt the polarization

€0

vectors used in optics [55]. We can write pt = P%(eq)*, v = V%(eq)*, and wH = W(eq)",
where the components of these vectors are given by
P 0 0
P! —P?/P, PIP3/(PsP,)
P = P2 ) V= Pl/Pp ) W= P2P3/(P5Pp) ) (58)
p3 0 —P,/Ps
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FIGURE 2. Results of numerical simulations illustrating the gravitational spin
Hall effect of light around the Sun. The effect is exaggerated for visualization
purposes. Viewing angle from above. The separation distance d is observed
from the Earth. The blue and the red trajectories correspond to rays of op-
posite circular polarization, s = 41, while the green trajectory represents a
null geodesic. We take r; = 3 km, and we start with the initial position
2%(0) = (—=107rs, 3 x 10°r4,0), and initial normalized momentum p; = (1,0, 0).

P, = /(P2 + (P2)?, Py = /(P + (P2)? + (P3)’. (5.9)

The vectors v* and w* are real unit spacelike vectors that represent a linear polarization
basis, satisfying (C.2). We now have all the elements required for the numerical integration
of equations (5.1)—(5.3). For this purpose, we are using Mathematica [39], with the NDSolve
function. The default settings for integration method, precision and accuracy are being used.

As a first step, we numerically compare our ray equations (5.1)-(5.3) with those predicted
by Gosselin et al. [35]. Up to numerical errors, we obtain the same ray trajectories with both
sets of equations. However, while the equations obtained by Gosselin et al. only apply to
static spacetimes, equations (5.1)-(5.3) do not have this limitation.

The results of our numerical simulations are shown in Figure 1, which illustrates the general
behavior of the gravitational spin Hall effect of light around a Schwarzschild black hole (the
actual effect is small, so the figure is obtained by numerical integration of equations (5.1)-(5.3)
for unrealistic parameters). Here, we consider rays of opposite circular polarization (s = +1)
passing close to a Schwarzschild black hole, together with a reference null geodesic (s = 0).
Except for the value of s, we are considering the same initial conditions, (z*(0),p;(0)), for
these rays. Unlike the null geodesic, for which the motion is planar, the circularly polarized
rays are not confined to a plane.

As another example, we used initial conditions (l‘i(O),pZ’(O)), such that the rays are ini-
tialized as radially ingoing or outgoing. In this case (not represent by any figure, since it is
trivial), the gravitational spin Hall effect vanishes, and the circularly polarized rays coincide
with the radial null geodesic.

Using these numerical methods, we can also estimate the magnitude of the gravitational
spin Hall effect. As a particular example, we consider a similar situation to the one presented
in Figure 1, where the black hole is replaced with the Sun. More precisely, we model this
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situation by considering a Schwarzschild black hole with r; &~ 3 km. We consider the deflection
of circularly polarized rays coming from a light source far away, passing close to the surface
of the Sun, and then observed on the Earth. This situation is illustrated in Figure 2. The
numerical results are based on the initial data presented in the caption of Figure 2. When
reaching the Earth, the separation distance between the rays of opposite circular polarization
depends on the wavelength. For example, taking wavelengths of the order A ~ 107% m
results in a separation distance of the order d ~ 1071 m, while for wavelengths of the order
of A & 1 m we obtain a separation distance of the order d ~ 1076 m. Although the ray
separation is small (about six orders of magnitude smaller than the wavelength), what really
matters is that the rays are scattered by a finite angle, so the ray separation grows linearly
with distance after the re-intersection point. This means that the effect should be robustly
observable if one measures it sufficiently far from the Sun. Furthermore, massive compact
astronomical objects, such as black holes or neutron stars, are expected to produce a larger
gravitational spin Hall effect.

6. CONCLUSIONS

In summary, we have presented a first comprehensive theory of the gravitational spin Hall
effect that occurs due to the coupling of the polarization with the translational dynamics of
the light rays. The ray dynamics is governed by the corrected Hamiltonian

1
H(z,p) = 59" pupy — es¢" puBy (2, p). (6.1)
Here, the first term represents the geometrical optics Hamiltonian, and the second terms
represents a correction of O(e') that is due to the Berry connection, which is given by

_ad L 0 0
B (z,p) = im*V, mqy = im* (Wma —Igme + szpo.appma> : (6.2)
Assuming the noncanonical coordinates (4.22), the corresponding ray equations are
. 2i€s _
Xt = Pl esP(Fp) !+ Wrgypapﬁm[”mﬂh (6.3)
P, = T9,P.P’+esP” [iRagm,mo‘mﬁ + (Fu)u| + esT8, PP’ (Fpo),”,  (6.4)

where the terms Fj,, and F,, and the timelike vector ¢ are given in appendix C. The term
containing mYm# is the covariant analogue of spin Hall correction term usually encoun-
tered in optics [12, 35], while the Riemann curvature term is reminiscent of the Mathisson—
Papapetrou—Dixon equations [16].

The resulting deviation of the ray trajectories from those predicted by geometrical optics is
weak but not unobservable. First of all, even small angular deviations are observable at large
enough distances. Second, as shown shown in [38], weak quantum measurement techniques
can be used to detect the spin Hall effect of light, even when the spatial separation between
the left-polarized and the right-polarized beams of light is smaller than the wavelength.

Potentially, this work can be naturally extended in two directions. Firstly, the corrected ray
equations are yet to be studied more thoroughly, both analytically and numerically. Rigorous
numerical investigations are needed to obtain a precise prediction of the effect, in particular
for Kerr black holes. Secondly, Maxwell’s equations are a proxy to linearized gravity. It is
expected that a similar approach can be carried out to obtain an effective pointwise description
of a gravitational wave packet, extending the results of [70].
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As discussed in [13], the spin Hall effect of light is directly related to the conservation
of total angular momentum. For the discussion presented so far, the considered rays carry
extrinsic orbital angular momentum, associated with the ray trajectory, and intrinsic spin
angular momentum, associated with the polarization. However, it is well known that light

can also carry intrinsic orbital angular momentum [2, 3, 11] (see also [I] and references
therein). In principle, the magnitude of the spin Hall effect can be increased by considering
optical beams carrying intrinsic orbital angular momentum [3]. The method and ansatz that

we have adopted is insufficient to describe this effect. A more realistic and more precise
approach involving wave packets, such as Laguerre-Gaussian beams, should be considered.
It may be possible to do so using the machinery developed in [17].

A formulation of the special-relativistic dynamics of massless spinning particles and wave
packets beyond the geometrical optics limit has been previously reported by Duval and col-

laborators, cf. [21] for the spin-1/2 case, see also [65]. This analysis relates the modified
dynamics to the approach of Souriau [(4], making use of so-called spin enslaving. This has
been extended to general helicity by Andzejewski et al. [1]. We expect that the Hamilton-

ian formulation presented here corresponds to a general relativistic version of the models
considered in the mentioned papers. This will be considered in a future work.
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APPENDIX A. HORIZONTAL AND VERTICAL DERIVATIVES ON T*M

Let (z*,p,) be canonical coordinates on 7M. Considering fields defined on 7% M, such as

uq(z,p) and v*(z, p), the horizontal and vertical derivatives are defined as follows [59, section
3.5]:
iy = 2 (A.la)
Opy
Ve = @Utx - Fauua + F,uppaaippuou (A.1b)
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VY = —o?, (A.2a)

o o 0
uUa = a$ava + Fg‘uv + Fﬂppgaippva. (A2b)

4=

The extension for general tensor fields on T*M is straightforward. Note that, in contrast to
[59, section 3.5], we have the opposite sign for the last term in the definition of the horizontal
derivative. This is because our fields, uq(z,p) and v¥(x,p), are defined on T*M, and not
on T'M, as is the case in the reference mentioned before. We can make use of the following
properties:

h v v v h h v
V., V'] =[VH, V] =0, VuPa = Vugas = VF'gap = 0. (A.3)

APPENDIX B. VARIATION OF THE ACTION

Here, we derive the Euler—Lagrange equations that correspond to the action

J:/ d*z /g L, (B.1)
M
where the Lagrangian density is of the following form:

L= a{sm, V,uS(@), Aa(w, VS(2)), Vi [Aa(z, VS(2))], B2
A* (2, VS(x)), V, [A* (2, VS(2))] } '

Here, S(z) is an independent field, while 4, and A** cannot be considered independent, since
they depend on V,S. Following Hawking and Ellis [37, p. 65], we define the variation of a
field U; as a one-parameter family of fields ¥;(u, x), with u € (—e,e) and x € M. We use the
following notation:

oV, (u, x)

- = AT, (B.3)

u=0

Note that the derivative with respect to the parameter u commutes with the covariant deriv-
ative, so we have:

d o8
TS =V, (5. (B.4)
d OA,  OAn _ ([0S
%Aa (u,z,VS(u,x)) = 5 + v, " <c9u) , (B.5)
G A (w2, VS (u,2))] = ¥, {dAa (u, 2,V S(u, x))]
du du (B.6)
o [PAe, 9Au g (0 '
Pl ou o av,S Y\ ou )|
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We take the variation of the action, taking special care when applying the chain rule:

oL oL
— 4 i
_ /Md x\/g{asAsw 5w, 52 (V)
oL
94,
oL

—=_V, |AA4,
+ (W“Aavﬂ { +

dJ

0=

u=0
0Aq,
0V ,.9

+ [AAQ + v, (AS)]

HA,
v, S
8A*Oé
V.S

Vo (AS)} (B.7)

9L [\ rra
+ 5 e [AA +
oL

t v, ama

v, (29)
s 20 0]}

Integrating by parts, and assuming the boundary terms vanish, we obtain:

oL oL
— 4 _ =
—/de\@{<aAa v“avMAa>AA“
u=0

+<8L v,k >AA*°‘

g

0=

oA gy, A
0L oL 0A oL oL (B8
T 95 TVl 5.5 T av,s <8Aa - V”av,,Aa>
DA% [ oL o0
T ov,.s (aA*a - V”awma) As }

Since the above equation must be satisfied for all variations AS, AA,, and AA**, we obtain
the following Euler-Lagrange equations:

0L 0L

— — 2
JAwa v“@VHA*a O(e?), (B.9)
oa~ Vige = O (B.10)

or [ o oA (o o o

95 ~ | ov,s T av,s \oA, YoV, A,
(B.11)
pA* [ oL e \] .,
T ov,.s (aA*a ~ avVA*a) = 0.
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Furthermore, equation (B.11) can be simplified by using equations (B.9) and (B.10). Thus,
as a final result, we have the following set of Euler-Lagrange equations:

0L 0L

. — (.2
oA~ Vg, av 0D
oL oL
oA, ~ Vrav,a, O (B.12)
oL oL,
% - vﬂiﬁvus == 0(6 )

APPENDIX C. BERRY CURVATURE

In order to calculate the Berry curvature terms (4.28), it is enough to use a tetrad {t*, p®, v, w®},
where t* is a future-oriented timelike vector field representing a family of observers and p® is
a generic vector, not necessarily null, representing the momentum of a point particle (ray).
The vectors v* and w®™ are real spacelike vectors related to m® and m® by the following
relations:

1 1
m® = — (v +iw?®), m® = — (v —w®). C.1
5 07+ i) 750 =) (1)
The elements of the tetrad {¢t%, p®, v*, w®} satisfy the following relations:
tata = _17 papa = R, tapa = —ew, vava = wawa = 17

C.2
1oV = taWa = Pat® = paw® = vow® = 0. (C2)
Note that the vectors v® and w® depend of p* through the orthogonality condition, while t*
is independent of p¥. We start by computing the vertical derivatives of the vectors v and
w®. Using the tetrad, we can write:

U,uoz o JTaTe] oo W, o [T
Vv :%:Clt + ot p® + cgfv® + e w®, (C.3)
i
Vi = D00 e i 4 dgh® o+ dyt® C.4
— N = ai 2p+3’l}+4w, ()
m

where ¢;* and d;* are unknown vector fields that need to be determined. Using the properties
from equation (C.2), we obtain

%u o €w ppe _ 1 B 1 b
T ek’ R (C.5)
v ew 1 )
Viw® = w——wHt* — ———w"p* + dstv°.
w? + Kk 2wl t+r T T3
Applying the same arguments to the terms Vv, and V,w,, we also obtain
V Vo = — R (ewps V07 + Kte V07 ) Ly
1
+ 55— (P V07 — ewtsV,,07) po + fa,Wa
2,42 12 1% w )
€W+ K (C.6)
V,we = — T (ewpe V,w? + KteV,w?) ty
1

(PoVyw’ — ewteV,w?) pa + 93, Va-
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Note that the fields ¢4, d3,, f1,, and g3, are undetermined within this approach, but this is

not a problem, because they do not affect the Berry curvature.

C.1. Fpp. We compute (Fp,,)"" by using equation (C.5) and setting x = 0. Since vertical

derivatives commute, we can write
v i v v v v
(Fpp)™" =i | VFMYVYmq — V/m*VFmg,

v v v v
= V"0*V*w, — VFo* VYW,
2
= - 2v[”w“]
€2w

21
= 2m[l’m“}.
2w

C.2. F,,. We have
(Fra)yys = (Vi Vima = Vi Vyima
+ ROV — ma V[ Vam? ).
The last two terms can be expressed in terms of the Riemann tensor:
i(MOV Vg = ma Vi Vym®) = iRagum®imn’.

The first two terms can be computed using equation (C.6) and x = 0:

(Fag)up = i(VMmaVVma - vymav“ma) = V0V e — V0%V g

1
= 202 <pavuvgppvuwp - pgvyvgppvuwp

— ewps V07t ,Vyw? + ewpeV, 07,V w

— ewty V07 p,Vyw? + ewtgv,jv”ppvuwp>

1 _ _
= 2.2 <pov,umappvump - pavumappv,ump

— ewpsV,mt,V,mf + ewpsV,m7t,V, m’

— ewts V,mp,V,mP + ewtgvym”ppvump>

(C.7)

(C.8)

(C.9)

(C.10)

C.3. Fpg and Fyp. Since (Fp,) /' = — (Fyp)", it is enough to compute only one term. Using

equations (C.5) and (C.6), and setting x = 0, we obtain
v v
(Fpr)ylu = Z <vumavljma - Vymavﬂma>

v v
o (0%
= V, v*V*w, — VFo*V, w,

1
= 2.2 (P Vow” — ewt; Vyw?”) vt — (pe V17 — ewts Vo, o7) wh]
1
= 2.2 [(pe Vo7 — ewt, V,m) m* — (p,V,m? — ewt,V,m?) m*].
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