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Abstract

We use elementary arguments to prove results on the order of magnitude of certain sums
concerning the ged’s and lem’s of k positive integers, where k& > 2 is fixed. We refine and
generalize an asymptotic formula of Bordelles (2007), and extend certain related results of
Hilberdink and Téth (2016). We also formulate some conjectures and open problems.
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1 Introduction

Consider the ged-sum function

n

G(n) ==Y (k,n) =Y dp(n/d)  (neN),

k=1 din

where ¢(n) is Euler’s totient function. The function G(n) is multiplicative and the asymptotic

formula
$2 /
> G = i <log:17 b2y % _ ig;) + O, (1.1)

holds for every € > 0, where ~ is Euler’s constant, and 6 is the exponent appearing in Dirichlet’s
divisor problem. See the survey paper [8] by the third author.
The function

n<x

G<—1>(n)::§n: L _soe/d) o),

k=1 (k’ n) din d

is also multiplicative. Bordelles [1, Th. 5.1] deduced that

Z G(_l)(n) - %gﬂ L0 <x(log a;)2/3(log log a:)4/3> . (1.2)

n<x
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The error term of estimate (1.2) comes from the classical result of Walfisz [9, Satz 1, p. 144],
Z o(n =0 (az(log 2)%/3(log log a:)4/3) . (1.3)
n<x

We remark that recently (1.3) was improved by Liu [4] into
R(z)=0 <x(log 2)?/(log log :13)1/3> , (1.4)

therefore, this serves as the remainder of (1.2). Also see the preprint by Suzuki [7].
The lem-sum function

L(n) := Z[kz n| (1 + ngo (n €N).

k=1

was investigated by Bordelles [1], Tkeda and Matsuoka [3], and others. The function L(n) is not
multiplicative and one has, see [1, Th. 6.3],

Z L(n) = SCC((3)) +0 ( (log )%/ (log log x)4/3> . (1.5)

n<x

By using (1.4), the exponent of the log log x factor in the error of (1.5) can be improved into

1/3.
Now let
—~ 1
=D -
=Yg em
Bordelles [1, Th. 7.1] proved that
1
>~ L (m) = =5 (loga)? + Allog2)? + Olog @), (1.6)

n<x

with an explicitly given constant A.
By the general identity

Z mn—QZZmen Z¢(nn),
m,n<x n<x m=1 n<x

valid for any function v : N> — C , which is symmetric in the variables, (1.1), (1.2), (1.5) and
(1.6), together with the remark on (1.4) lead to the asymptotic formulas

$U2 /
2, (mm) =75 <10gx 2y - % - @ - CC((22))> +O(a10). (1.7)
2 (mln) - %xz +0 (a(log z)*(loglog 2)'/* ), (1.8)



[m,n| = %(32))3:4 +0 (az?’(log 2)%/3 (log log x)1/3> , (1.9)

3
2]

and

Z [mln] = %(log x)* + Ay (log z)* + O(log ), (1.10)

mn<x

respectively, where A; = 2A.
It is easy to generalize (1.7) and (1.8) for sums with & variables by using the general identity

S Ameem) = Y x N(@a/d),

N1y N ST d<z

where f is an arbitrary arithmetic function, p is the Mo&bius function and * stands for the
Dirichlet convolution of arithmetic functions. For example, we have the next result: For any
k> 3,

1 _C(k+1) k—1
2 o on) R :”“)(“’ )

However, it is more difficult to derive asymptotic formulas for similar sums involving the lem
[n1,...,nk]. As corollaries of more general results concerning a large class of functions f, the
first and third authors [2, Cor 1] proved that for any k£ > 3 and any real number r > —1,

ni,...,np<w

Z [nh o 7nk]r _ Ar7k$k(r+1) +0 <$k(r+1)—% min(r+1,1)+e) (111)

ni,...,nE<T

and

Z <[n1, e ,nk]>r _ Ar,k$k +0 (xk—% min(r-i—l,l)-i—a) ’

n .. -n
ny,..., N T 1 k

where Ay, are explicitly given constants. Here, (1.11) is the k dimensional generalization of
(1.9). Furthermore, [2, Cor 2] shows that for any & > 3 and any real number r > 0,

Z < N1, ..., >T — Bt 1 0 <xk(r+1)—§+e) ’

i (n1,...,mk)

with explicitly given constants By ,. The proofs use the fact that (nq,...,ng) and [ni,...,n]
are multiplicative functions of k variables and the associated multiple Dirichlet series factor over
the primes into Euler products. The proofs given in [2] cannot be applied in the case r = —1.

It is the goal of the present paper to investigate the order of magnitude of the sums

Sp(x) == > n; (1.12)

Ti(z) = Y M (1.13)



Uk(x) == Z n;’ (1.14)

N1, ST
(n15emp)=1

Vele) = Y (1.15)

N1, ...,ng]’
Ny, ,NET

where k > 2 is fixed, by using elementary arguments. Theorem 2.1, concerning the sum Sy(z),
refines formulas (1.6) and (1.10) of Bordelles [1]. Theorems 2.3 and 3.1 give the exact order of
magnitude of the sums Si(x) and Uy(x), respectively, for k > 3. Theorem 4.1 concerns the sums
Vi(z), while Theorem 5.2 provides an asymptotic formula with remainder term for T (x), for
any fixed k > 2. Some conjectures and open problems are formulated as well.

2 The sums Si(x)

First consider the sums Si(z) defined by (1.12). In the case k = 2 we use Dirichlet’s
hyperbola method to prove the next result, which improves formulas (1.6) and (1.10).

Theorem 2.1.
1
Z LV (n) = P(log z)? 4+ A(logz)®> + Blogz + C 4+ O (x_l/z(log :E)2> , (2.1)
n<x
that is,

Z [ml m = %(log z)2 4+ Ay(logz)? + By logz + C, + O (:E_1/2(10g x)2> ,

where the constants A, B, C can be explicitly computed, and Ay =2A, By =2B—1, C; = C—~.
Proof. We have

mn<x

n n n/d
Dy =S Fen) 1 1_1 1.1
LY (n) = dod > r = C = > h(d), (2.2)
k=1 din k=1 dln t=1 din
(kmn)=d (t,n/d)=1
where
L BN | u(d) L1
TOED I T SR SN TUED LD B
m=1 m=1 " dl(m.n) dn © =17
(m,n)=1
p(d) p(d) p(n) 2¢(n)
7 <0gd+7—|—0< >> y ogd—|—7 +0 -
dln din
Hence,

H(x) ::Zh(n): @ Z logm—k’yZ@—i—O Z

n<lx d<zx m<z/d n<z n<x



By using the known estimates

Zlogn =zlogx — z + O(log x),

n<x
p(n) 6
n<x
ouw(n)
Y —— =0((logz)?),
n<x

we deduce that

H(z) = (wlogx—x)zﬁ _@M + %W:E—I—O((logaj)z)

2 2
d<zx d d<zx d
6 2
= F(a: log z + cz) + O((log z)*), (2.3)

with a certain constant c¢. Let 1(n) =1 (n € N), and let * denote the Dirichlet convolution. By
Dirichlet’s hyperbola method,

Y (@xh)(n)= Y (H(x/n)+h(n)|z/n]) - Ve |H(VT)

n<w n<x
= Y Hem e Y M EaE) o).
n<\x n<\/x
By partial summation,
n NG
x % = VzH(/z) + 3:/ tgt) dt,
n</z !

and using (2.3) we deduce

Z(l*h)(n):% Z (glog (%)—i—c(%))—ki—z/lﬁ <b7gt+c>%+0(\/§(10gx)2)

n<zx n<{/x

=z <%(log z)? +alogz + b> +O(Va(log z)?),

for some constants a, b, which can be explicitly calculated.
Here (1 % h)(n) = nL(=Y(n), according to (2.2), and we obtain (2.1) by partial summation.
O

It is more difficult to handle the sums Si(z) in the case k > 3. We will apply the following
general result proved by the second and third authors [5], using elementary arguments.



Theorem 2.2. ([5]) Let k be a positive integer and let f : N — C be a multiplicative function
satisfying the following properties:

(i) f(p) =k for every prime p,

(i) f(p*) = v for every prime p and every integer v > 2, where the constant implied by
the O symbol is uniform in p.

Then

Z @ = %Cf(log x)k + Dy(log x)k_l + 0 ((log x)k_z) ,

n<x

Sk(z) < (log :E)2k_l as T — 00.

where Cy and Dy are constants,

¢y =11 (1 = %)k (2 fgiy)

p

We have the following result.
Theorem 2.3. Let k > 3 be a fized integer. Then

Proof. Since [nq,...,ng] <ny---np < ¥, we can write
) ) )

Sk(x):z% oo (2.4)

n<zk N1y, N ST
[n1,..,ng]=n

Let
ar(n) == Z 1.
n1,...,nEEN
[n1,..nk]=n
Now if n < z, then the inner sum in (2.4) is just ax(n) (since n < x forces nq,...,ng < x),

while in any case it is at most ag(n). Thus

> gy < 30 2 (25)

n
n<z n<xk

To see the properties of the function ax(n) write

dapd=>" > 1= > 1= > 1=1n)k

din din [ni,...,ng]=d n1,..ni]|n niln,...,ngln

Therefore, by Mobius inversion, we have a; = p* 7", This shows that ay(n) is multiplicative
and its values at the prime powers p” are given by ay(p”) = (v +1)* —v* (v > 1). In particular,
ar(p) = 2F — 1.

Applying Theorem 2.2 for the function f(n) = az(n), with 2¥ — 1 instead of k, we get that

Z @(n) ~ ay(log x)zk_l as r — 00, (2.6)
n<x n
for some constant . Now, from (2.5) and (2.6) the result follows. O



Remark 2.4. It is natural to expect that Si(z) ~ ci(log x)zk_l as ¢ — oo, with a certain
constant c¢i. In fact, in view of Theorem 2.1, the plausible conjecture is that

Sk(x) = Pye_i(logz) + O(z™"), (2.7)

where Pye_4(t) is a polynomial in ¢ of degree 2¥ — 1 and r is a positive real number. We pose as
an open problem to find the constants ¢; and to prove (2.7).

3 The sums Uy(z)

Next consider the sums Ug(x) defined by (1.14). In the case k = 2,
6 2
Us(z) ~ F(log x) as T — 00,

and it is not difficult to deduce a more precise asymptotic formula.
We have the following general result.

Theorem 3.1. Let k > 3 be a fized integer. Then
Uk(x) =< (log x)2k_2 as x — oo.

Proof. Similar to the proof of Theorem 2.3. We have

Upx) = > W;—Z% > oL (3.1)

o]
ni,..,np<x n<zk ni,...,nE<T
(n1,..mp)=1 [P, ]=n
(n1,...,nE)=1

Let

br(n) = Z 1.

ni,...,nxEN
[n1,...,nk]=n
(n1,e5mp)=1

Now if n < x, then the inner sum in (3.1) is exactly bg(n), while in any case it is at most

br(n). Thus
bi(n) bi(n)
Y S Uk(@) < ) = (3.2)
n<e n<zk
Write
SUTTED DD SRS S
dn dn [n1,...,;np]=d [n1,....,nx) |0
(nlv 7nk):1 (7117 ,nk)::l
= > >, wld)= > ()
ni|n,...ngln d|(n,...,nk) dai1bi=n,...,0arbr=n
=Y a0 Y 1 Y 1= Y ey
ot=n a1b1=t apbp=t dt=n

7



Therefore, by Mobius inversion by = p * pu * 7. This shows that bg(n) is multiplicative and
its values at the prime powers p” are given by bp(p”) = (v + 1)* —20F + (v — 1)F (v > 1). In
particular, by (p) = 2F — 2.

Applying now Theorem 2.2 for the function f(n) = by(n), with 2¥ —2 instead of k, we deduce
that

b
Z k(1) ~ a}(log x)2k_2 as T — 00 (3.3)
n<x n
for some constant o). Now, from (3.2) and (3.3) we have Uy(x) < (log x)zk_z' O

Remark 3.2. We conjecture that Uy (x) ~ di(log x)zk_2 as r — 00, with a certain constant dj.
The sums Sk(x) and Ug(z) are strongly related. Namely, by grouping the terms according to
the values (ng,...,n;) = d one obtains

=3 Uilw/d), (3.4)
d<z

and conversely,

)= D g, /) (3.5)

d<zx

If Uy () ~ dy(log )2 =2 holds, then by (3.4) it follows that Sj(z) ~ 2k i (log 2)2"~1. Con-
versely, assume that the asymptotic formula (2.7) is true, where ¢ is the leading coefficient of
the polynomial P,x_;(¢). Then (3.5), together with the well known results

> M O((tog ), Z” logn _ .

n<x

and Shapiro’s estimates [6, Th. 4.1]

5 g (2))" - gt P s,

(m)

valid for any integer m > 2, where ¢; " are constants, imply that

Up(x) = (2¢ = 1ep(log 2)* 2 + bye_g(logz)* =+ - + by log z + O(1),

with some constants b;.

4 The sums Vj(z)
The sums Vi (x) defined by (1.15) are sums of integers. In the case k = 2 we have, according
o (1.7),
6
V- — ~ —22log . 4.1
)= 3 (mon) ~ e log (4.1

mn<x



Theorem 4.1. Let k > 3 be a fized integer. Then

2 < Vi(z) < zF(log :E)2k_2 as x — 0o.
Proof. The lower bound is trivial by nj---ng > [nq,...,ng]. Also, by grouping the terms
according to the values (nq,...,ng) = d, and by denoting M = max(my, ..., my) we have
dmyq - - - dmy, my---Mmy k—1
Vi(z) = _ = — d
( ) d zd: < [dml,...,dmk] Z< [ml,...,mk] Z
m,...,dm, < MY, M ST d<z/M
(mi,...,mp)=1 (m1,...,mp)=1
k ml DY mk k 1 k
Lz <z —— = 2"U(x),
Z< [ml,...,mk]Mk Z< [ml,...,mk] ( )
mi,...,mE<T M., M ST
(ma,...,mp)=1 (m1,...,mp)=1
and the upper bound follows from Theorem 3.1. O

Remark 4.2. We conjecture that Vj,(z) ~ A\z*(log 3:)2k_k_1 as x — 0o, with a certain constant
Ak, in accordance with (4.1) for the case k = 2. We pose as another open problem to prove this
and to find the constants \j.

5 The sums T (z)

Finally, we investigate the sums T} (z) defined by (1.13) and establish an asymptotic formula
with remainder term for it. We give a short direct proof in the case £ = 2. Then for any fixed
k > 2 we use multiple Dirichlet series to get the result.

Let
Fry =3 E e, (5.1)
k=1 [k, ]
Theorem 5.1.
> F(n) =2z + 0 ((logz)?), (5.2)
that is, )

Z ([Z:Z]) =3z + O ((logz)?) .

Proof. Let ¢a(n) =3 4, d?p(n/d) be the Jordan function of order 2. We have

n

n n)2 n
Foy = B I s =LY n@

k=1 k=1 d|(kn) dn k=1

dlk
1 ¢a(d) v/ 1 1 ¢a2(d)
2 2
== Y -=-Y i1
n ™ d = j n o q n/d



where Hy, = >0, 1/ is the harmonic sum. Therefore, using that

ga(n) _ x
D = T OO

we deduce

2
<(3) m>x m m<x
by using that
o Hn
D5 =2%0) (5.3)
n=1
which is Euler’s result. O

Theorem 5.2. If k> 2, then

Ti(r) = Brr + O ((10g $)2k_2) ;

where
[ee] [ee)
1 1 1
B = = .
n17_§k:1 [n1,...,ng]max(ny,...,ng) (2 n17_§k:1 [n1,...,ng] max(ny,...,ng)

(n1,.mp)=1

Proof. By grouping the terms according to (n1,...,n;) = d, where n; = dm; (1 < j < k),
(mq,...,mg) =1, we have

d 1
@)= Y G dml s 2 ]

dmy,....dm, <z dmy,....dm, <z

(m1,...;mp)=1 (m1,...,mp)=1
1 M
_ oy Sy
[m17---,mk] [m17---,mk]
mi,...,mE<x d<z/M mi,...,mE <
(m1,...,mp)=1 (m1,....,mp)=1

10



where M = max(myq,...,my). Let

1

h(’l’Ll,... ,’I’Lk) = {m’

if (nl,...,nk) = 1,

0, otherwise.
Hence,
Tyw)=2 > P, ome) S b, ) (5.4)
max(ni,...,ng)
NN ST N1y N ST
and we estimate the right-hand sums in turn. Here A(ny,...,ng) is a symmetric and multiplica-
tive function of k variables and for prime powers p**, ..., p"* (v1,...,v, > 0) one has
1 e _
B ) = e ATmin( ) =0,
0, otherwise.
Consider its Dirichlet series
(o]
h(nl, oy 1
H(Sl’ cet ’Sk) = Z H Z pmax(V1,...,uk)—l—ulsl—l—---—l—uksk :
ny,...,np=1 1 V1,V =0
mm(ul, WVg)=0
By grouping the terms according to the values of r = max(vy,..., ;) we deduce
e o 1
H(s1,.o88) = ]72 2. PP vy
r= V1, V=0
max(vi,...,Vg)=r
min(vy,...,v,)=0

which converges absolutely for Jts; > 0 ( <j<k).
We shall need an estimate for Hi(e,...,¢) for € > 0 (small). We have

k—1

12 7k 1 1

911 1+EZ.1<j>pj€+O<P>
p J=

Therefore,

R S EREIRS {>t

Jj= Jj=1

But Y p~'7° =log 1 + O(1) as € — 0. Thus,

Hie, ... e) = exp kZ_l <’;> 1og§ +o) | = (é)zm. (5.5)

Jj=1

11



Furthermore, for any € > 0, we have

h
S )= Y _jzzll___:g§%(7yl...nk)a/k
ni,..nE<T ni,..np<T (nl o nk)

h(nl, v ,nk)
SZEE Z< WSZEEH(c?/k,,E/k)
ni,..nE<T
Next, note that max(ny,...,ng) > (ng ---nz)"*, so that

Z h(n, .. ome) Z Mg[{(dk,...,e/k),

max(ni,...,ng) ~ (ny---ng)/E

ni,...,NE<T ni,...,nE<T

which converges. Hence,
[ee]

5k: Z h(nl,...,nk)

max(ni,...,ng)

ni,...,np=1

is finite and Sy < H(e/k,...,e/k). Also,

,Bk— Z h(nl,...,nk)

max(ny,...,ng)

Ny, ,NET

Z h(n1,...7nk)
N max(ny,...,ng)
some n; >T

<k Z h(nl,---,nk)ék Z h(ni, ... ny)

m ni~*(ning - nyg)e/k

n12N2,..., Nk n1>ng,..,ng
niy>x niy>x
k > h(ny,...,n
< — y JJL—LQ:kaH@M,“@M)
o CIRRENEL
ni,...,np=1

Hence, (5.4) and the estimates (5.6), (5.7) give
Ti(x) = Brx + O (z°H(e/k, ... ,c/k)).
Now we choose € = 1/log x and use the bound (5.5). The proof is complete.

Remark 5.3. For k = 2, Theorem 5.2 recovers Theorem 5.1. Note that

o0 o0

1 1 2 1 &
bz = ¢(3) Z mn max(m,n) - ¢(3) mE: WZ

m,n=1 =1 n=1

S

—1=3,

by Euler’s result (5.3). Is it possible to evaluate the constants fj, for any k& > 27
The sums T (z) and Ui (x) are related by the formulas

Te(w) =) Us(x/d),  Urlx) =) p(d)Ti(x/d).

d<z d<zx

12

(5.6)

(5.7)
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